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Abstract

Fix an arbitrary compact orientable surface with a boundary and consider a uniform
bipartite random quadrangulation of this surface with n faces and boundary compo-
nent lengths of order /n or of lower order. Endow this quadrangulation with the
usual graph metric renormalized by n~'/#, mark it on each boundary component, and
endow it with the counting measure on its vertex set renormalized by n~!, as well as
the counting measure on each boundary component renormalized by n~1/2. We show
that, as n goes to infinity, this random marked measured metric space converges in
distribution for the Gromov—Hausdorff—Prokhorov topology, toward a random limit-
ing marked measured metric space called a Brownian surface.

This extends known convergence results of uniform random planar quadrangula-
tions with at most one boundary component toward the Brownian sphere and toward
the Brownian disk, by considering the case of quadrangulations on general compact
orientable surfaces. Our approach consists in cutting a Brownian surface into elemen-
tary pieces that are naturally related to the Brownian sphere and the Brownian disk
and their noncompact analogs, the Brownian plane and the Brownian half-plane, and
to prove convergence results for these elementary pieces, which are of independent
interest.

Keywords: random maps, scaling limits, Brownian sphere, Brownian disk,
Brownian surface, Gromov—Hausdorff—Prokhorov topology
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Chapter 1

Introduction

1.1 Context

Random maps, seen as discrete models of random two-dimensional geometries, have
generated a sustained interest in the last couple of decades. An important instance
of this line of research are the results by Le Gall [67] and the second author [80],
showing that a uniform random quadrangulation of the sphere with n faces, seen as
a random finite metric space by endowing its vertex set with the usual graph met-
ric renormalized by n~'/*, converges in distribution toward the so-called Brownian
sphere, or Brownian map. The aim of the present work is to generalize this result
to the case of general compact orientable surfaces. Let us start with some elements
of context.

Random surfaces as scaling limits of random maps. While the idea that continuum
random geometries should be obtained as scaling limits of random maps originates
from the physics literature on two-dimensional quantum gravity [44, 59, 88], this
question was first approached in the mathematical literature in the pioneering work
of Chassaing and Schaeffer [37], who studied the model of uniformly chosen ran-
dom quadrangulations of the sphere, and found in particular that the proper scaling
factor in this case was n~'/4. Marckert and Mokkadem [76] then constructed a can-
didate limiting space today called the Brownian sphere, and showed the convergence
toward it in another topology than the Gromov—Hausdorff topology. Le Gall [65] later
showed that the sequence of rescaled metric spaces associated with uniform random
quadrangulations of the sphere was relatively compact. Finally, Le Gall [67] and the
second author [80] showed by two independent approaches that the previous sequence
converges toward the Brownian sphere.

It is known that the Brownian sphere arises as a universal scaling limit for many
models of planar maps that are uniformly chosen in a certain class, given their face
degrees, and provided that face degrees are typically all of the same order of magni-
tude; see [1,3,4,16,24,41,67,77]. See also [72] for models of maps that fall out of
this universality class.

The scaling limits of quadrangulations on surfaces that are more general than the
sphere were considered by the first author in [21, 22], who showed similar results
to the above, but only up to extraction of appropriate subsequences, leaving a gap
that amounts to uniquely characterize the limit. This gap was filled in the particular
case of the disk topology in our previous work [25]. In particular, we showed that
auniform quadrangulation of genus 0 with one boundary component having n internal
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—1/4 and when

faces and perimeter 2/,, weakly converges, once scaled by the factor n
I, ~ L~/2n, toward a random metric space called the Brownian disk of perimeter L.
Two alternate constructions of Brownian disks were proposed by Le Gall [68, 70],
allowing in particular to show that Brownian disks arise as connected components
of the complement of metric balls in the Brownian sphere, conditionally given their
areas and boundary lengths. See also [18,74, 83].

Besides the case of the sphere and the disk, only a few results have been obtained
for maps on compact surfaces. Namely, it has been shown that uniform quadrangula-
tions of a given compact surface with a boundary exhibit scaling limits [19, 20, 22],
all of the same topology as the considered surface, and geodesics to a uniformly cho-
sen points were studied [22]. More recently, it was shown that uniformly distributed
essentially simple toroidal triangulations (that is, triangulations of the torus with-
out contractible loops or double edges forming cycles that are homotopic to 0) also
exhibit scaling limits [15], which are believed to be the same as for random quad-
rangulations. See also [10] for a scaling limit result of Boltzmann random maps with
annular topology.

There has also been a growing interest in noncompact versions of these models,
especially as they bridge some Brownian surfaces with so-called uniform infinite ran-
dom maps, which are maps with infinitely many faces that first arose in a work by
Angel and Schramm [12], as local limits of random finite maps. Three main models
of noncompact Brownian surfaces have been identified: the Brownian plane [40], the
Brownian half-plane [13,52], and the infinite-volume Brownian disk [13], which can
be thought of as noncompact versions of the Brownian sphere and Brownian disks,
either with unbounded or bounded boundary. See [75] for a framework unifying those
objects. The first two of these models will play an important role in the current work.

This whole line of research crucially depends on strong combinatorial techniques,
and in particular on bijective approaches [0, 28, 90] that allow to give very detailed
quantitative information on the geodesic paths in random maps and their scaling lim-
its. The present work is no exception. See, for instance, [11,66,71,79,81] for results
related to the structure of geodesics in the Brownian sphere, [69] for a recent survey,
and [39] for another approach called peeling. We note, however, that, so far, these
methods are restricted to models of maps chosen uniformly, conditionally given their
face degrees, as alluded to above.

Random surfaces via Liouville quantum gravity metrics. A line of research paral-
lel to the above consists in building the limiting spaces directly as continuum random
metrics in planar domains or Riemann surfaces. This approach also finds its roots in
the physics theory of Liouville quantum gravity [88]. In the case of Brownian sur-
faces, this has first been implemented by Miller and Sheffield in a series of works
[82-85], where they use a growth model called quantum Loewner evolution (QLE)
to define a random metric on the plane, whose metric balls are described by QLE,
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and whose law as an abstract metric space is equal to that of the Brownian plane.
Local variants of the construction allow to define the Brownian sphere in this way.
The Miller—Sheffield metric is in fact a special element of a one-parameter family
of Liouville quantum gravity (LQG) metrics, that have been defined as scaling lim-
its of first-passage percolation models in mollified exponentiated Gaussian free fields
landscapes [46,55]. See [47] for an overview of LQG metrics.

These constructions operate entirely in the continuum, and naturally ask whether
canonical embeddings of random maps in the sphere are compatible with the con-
vergence toward the Brownian sphere, in the sense that the metrics induced by the
embedding converge to the random metric of Miller—Sheffield. Such a result was
recently obtained by Holden and Sun [58] (which is the last piece of a vast research
project, described in details in this reference), who showed the joint convergence of
the metric and the area measure generated by a uniform plane triangulation embedded
via the Cardy—Smirnov embedding in an equilateral triangle. We refer to the overview
article [51].

The existence of a canonical conformal structure for Brownian surfaces was also
approached in a more direct way by Gwynne, Miller and Sheffield in [56, 57]. Their
method, which has been implemented so far for the plane, half-plane, sphere and disk
topologies, consists in taking limits of discrete embeddings obtained directly from the
continuum limit by considering Poisson—Voronoi tessellations with a finer and finer
mesh, and showing that the random walk on the discrete approximation converges to
Brownian motion in the plane. In passing, this allows one to define Brownian motion
on the Brownian surfaces under consideration.

Random surfaces and conformal field theories. While the definition of LQG met-
rics applies to any field that “locally looks like” the Gaussian free field, the exact law
of the latter is of crucial importance to obtain the exact law of random surfaces that
arise as scaling limits of maps, and this law can be obtained from Liouville confor-
mal field theory [88]. Here, rather than dealing with random metrics, one is rather
interested in the computation of partition functions defined from the field, and it has
been shown recently in a rich body of work — see [45,50,61] and references therein —
that this theory has a probabilistic interpretation in terms of Gaussian multiplica-
tive chaoses, which are random measures defined in terms of the Gaussian free field.
This approach has unveiled fundamental integrability properties for planar Gaussian
multiplicative chaoses, which can be used to provide exact distributions for various
quantities related to the LQG metrics, hence to the scaling limits of random maps. For
instance, in [10], the authors compute the law of the conformal modulus of a Brown-
ian annulus, which is a member of the family of Brownian surfaces described in the
present work.

The interplay between these approaches provides a wealth of methods to prove
various properties of random surfaces [91], and the geometric properties of the
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Brownian surfaces, as well as the other LQG metrics, are the object of intensive cur-
rent research.

1.2 Generalities and terminology on maps

Surface with a boundary. Recall that a surface with a boundary is a nonempty
Hausdorff topological space in which every point has an open neighborhood home-
omorphic to some open subset of R x Rx. Its boundary is the set of points having
a neighborhood homeomorphic to a neighborhood of (0,0) in R x Rs¢. When it
is nonempty, this set forms a one-dimensional topological manifold. In this work,
we will only consider orientable compact connected surfaces with a (possibly empty)
boundary. By the classification theorem, these are characterized up to homeomor-
phisms by two nonnegative integers, the genus g and the number b of connected
components of the boundary. We denote by Zl[f ] the compact orientable surface
of genus g with b boundary components, which is unique up to homeomorphisms.
It can be obtained from the connected sum of g tori, or from the sphere in the case
g = 0, by removing b disjoint open disks whose boundaries are pairwise disjoint
circles.

Map. A map is a proper cellular embedding of a finite graph, possibly with multiple
edges and loops, into a compact connected orientable surface without boundary. Here,
the word proper means that edges can intersect only at vertices, and cellular means
that the connected components of the complement of the edges, which are called
the faces of the map, are homeomorphic to two-dimensional open disks. Maps will
always be considered up to orientation-preserving homeomorphisms of the surface
into which they are embedded. The genus of a map is defined as the genus of the
surface into which it is embedded; we speak of plane maps when the genus is 0.
We call half-edge an oriented edge in a map. With every half-edge, we may associate
in a one-to-one way a corner, which is the angular sector lying to its left at the origin
of the half-edge. Note that this makes sense because the surfaces we are considering
are orientable. We say that a corner, or the corresponding half-edge, is incident to
a face f if it lies into f. We also say that the face is incident to the corner or the
half-edge in this case. The number of half-edges (or equivalently, of corners) incident
to a face is called its degree.

A map is rooted if it comes with a distinguished corner — or, equivalently, a half-
edge — called the root. Rooting is a very useful notion as it allows to kill the sym-
metries of a map. In fact, when dealing with nonrooted maps, we will systematically
count them by weighting each map m by a factor 1/Aut(m), where Aut(m) denotes
the number of automorphisms of m. The latter is also equal to 2| E (m)|/ R (m), where
E(m) is the edge set of m, and R(m) is the number of distinct rooted maps that can
be obtained from the nonrooted map m. Therefore, with this convention, the weighted
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number of nonrooted maps in a given family of maps with a given number e of edges
is simply the cardinality of the set of rooted maps from this same family, divided
by 2e.

Map with holes. We will consider maps with pairwise distinct distinguished ele-
ments, generically denoted by #1, £2, ..., fig, that can be either faces or vertices.
These distinguished elements are called the holes of the map, a given hole being
called either an external face or an external vertex, depending on its nature. The
nondistinguished faces and vertices are called the internal faces and internal vertices.
The degree of a hole, also called its perimeter, is defined as O for an external vertex
or as the degree of the face for an external face. Beware that the boundaries of the
external faces are in general neither simple curves, nor pairwise disjoint. As a result,
the object obtained by removing them from the surface in which the map is embedded
is not necessarily a surface. Note that, however, removing from every external face
an open disk whose closure is included in the (open) face results in a surface with
a boundary.

Bipartite map. Finally, we say that a map is bipartite if its vertex set can be parti-
tioned into two subsets such that no edge links two vertices of the same subset.

Tuples. The many tuples considered in this work will conventionally be denoted
by a boldface font letter (possibly with a subscript) and their coordinates with the
same letter in a normal font, with the index written as a superscript, as in x =
(x',...,x"), for instance. When x is a tuple of real nonnegative numbers, we set
x| = >_i_, x'. We denote by xy the concatenation of x with y. Finally, when
concatenating with a 1-tuple, we often identify it with its unique coordinate, writing,
for instance, x0 = (x!,...,x",0).

1.3 The Gromov-Hausdorff-Prokhorov topology

In this memoir, a metric measure space is a triple (X, dyx;, (), where (X, dx) is
a nonempty compact metric space and px is a finite Borel measure on X,. We say
that two metric measure spaces (X, dx, ) and (Y, dy, uy) are isometry-equivalent
if there exists an isometry ¢ from (X, dx) onto (¥, dy) such that uy = ¢« ux.
This defines an equivalence relation on the class of all metric measure spaces.
If (X,dx, nyx) and (¥, dy, uy) are two metric measure spaces, the Gromov—Haus-
dorff—Prokhorov metric (GHP metric for short) is defined by

dGHP((‘xv an MX)’ (y’ dy’ ,LLy))

- ¢;§?£z{d§(¢(x)’ V() Vv dz (e, Yeiy)}, (1.1)
VY >Z
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where the infimum is taken over all choices of compact metric spaces (Z, dz), and all
isometric maps ¢, ¥ from X, ¥ to Z, where d g is the Hausdorff metric on compact
subsets of Z, and d ; is the Prokhorov metric on finite positive measures on Z, defined
as follows. First, for any ¢ > 0 and any closed subset A C Z, we denote by

& __ .1
A —{ZGZ.J}Ielgdz(Z,y)<8}

its e-enlargement. Then, for any compact subsets A, B C Z,
d%(A,B) =inf{e >0: A C B®and B C A%},
and, for any finite Borel measures p, v on Z,

dy(u,v) = inf{e > 0 : forall closed A € Z, u(A) < v(4°) + ¢
and v(A) < u(A4°) + &}

Equation (1.1) defines a metric on the set M of isometry-equivalence classes of
metric measure spaces, making it a complete and separable metric space. The refer-
ences [93, Chapter 27] as well as [2,68] discuss relevant aspects of the GHP topology,
with some variations, as the exact definition of the metric may differ from place to
place.

More generally, for £, m > 0, we will consider £-marked, m-measured metric
spaces of the form (X, dx, A, i &), where

e (X,dx) is a nonempty compact metric space,
* Aisan {-tuple, called marking, of nonempty compact subsets of X, called marks,
* L is an m-tuple of finite Borel measures on X.

We often consider marks that are singletons; in this case, we identify the singleton
with the point it contains. We define the £-marked, m-measured Gromov—Hausdorff-
Prokhorov metric (still GHP metric for short) on such spaces by

dgl_’;;) (X, dx, A, pyx), (¥,dy,B, py))

= ,nf {dz(@(X).v(¥) v max dz($(4").v(BY)
Y ->Z

P J J
v max dy (. Valty)},

where the infimum is taken over the same family as in (1.1). Again, this defines
a complete and separable metric on the set M6 of isometry-equivalence classes of
£-marked, m-measured metric spaces, where (X, dx, A, w ) and (¥, dy, B, uy) are
isometry-equivalent if there exists an isometry ¢ from X onto ¥ such that ¢ (A= B!
for 1 <i </ and ¢« ;Lgc = u{y for 1 < j <m. Note that we have dg)ﬁ},) = dgpp. Finally,
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the space M©, d(GZ})I) = (M®&0, dgﬁ%)) of £-marked compact metric spaces without
measures is the so-called £-marked Gromov—Hausdorff metric (GH metric for short).

As a first example, we will sometimes use in the present work the point space {o}
consisting of a single point, seen as the element ({0}, (0....,0),(0,...,0)) € M&m
for any values of £ and m.

In what follows, we will often simply use the terminology “marked” or “mea-
sured” instead of “f-marked” or “m-measured” if the numbers £ or m are clear from
the context. Furthermore, when m > 2, we will often single out the first measure by
writing it as a separate coordinate, writing (X, dx, A, (tx, vx), for instance. The
reason is that this first measure will often be an area measure whereas the other
will be boundary measures, and these have different natural scales, as we will see
shortly.

1.4 The main convergence result

Brownian surfaces. For k > 0, a quadrangulation with k holes is a bipartite map
having k holes #1, . .., #; and whose internal faces are all of degree 4. For' n € Z>o
andl = (I',...,1%) € (Zs0)¥ (with the convention that (Zs()° = {@}), we define the
set Q[lg} of all genus g rooted quadrangulations with k holes having n internal faces,
and whose holes /1, . .., fiy are of respective degrees 21, ...,2] k. see Figure 1.1 for
an example.

Likewise, we denote by QE} the set of nonrooted quadrangulations of genus g
with n internal faces and half-perimeters given by /. Since maps are counted with an
inverse factor given by the number of automorphisms, the weighted cardinality of this
set is o]

Z 1 _ |Qn,1|
Aut(q)  4n +2|I)°
q

Q)

(1.2)

where |6Lg}| is the cardinality of (_Q)Lg}, and 4n + 2||I|| is the number of oriented
edges, hence of potential roots, in any element of Q,[lg }
It will be useful to notice for further reference that the quadrangulations with k

holes in (_)),[f } orin Q,[f } all have the same number of internal vertices, namely
n+ ||l +2-2g—k. (1.3)

Indeed, let us consider such a map, and denote by v, e, f, its number of vertices,
edges, faces. The number of external faces is thus f — n so that the desired number

I'We will write Z=0 =1{0,1,2,...} the set of nonnegative integers, as well as N =
{1,2,3,...} the set of positive integers.
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Figure 1.1. A quadrangulation from 6[119] (4.1.2.0.0)" The root is the corner c«. Here, 11, 2,
and /3 are external faces, while 74 and £ 5 are external vertices.

isv —k + f — n. Furthermore, counting the corners yields 2e = 4n + 2||I||, and the
result follows from the Euler characteristic formulav —e + f =2 — 2g.

If q is a quadrangulation with k holes, we can view it as a k-marked, (k + 1)-mea-
sured metric space, in the following way. We let V(q) be the vertex set of q, and dq
the graph metric on this set. We let

Iq = (V(h1).....V(hp),

where for 1 <i <k, V(#;) is either {#;} if 4; is an external vertex, or the set of
vertices incident to #; if it is an external face. We let g and v3q be the measures
on V(q) and the elements of dq defined by

Hq = Z v, v§q= Z my8y,

veV(q) veV(h;)

where my, the multiplicity of v, is the number of corners of the face #; that are
incident to v (by convention, we set my,, = 1 for an external vertex #;). These are
respectively called the area measure and boundary measures. While we believe that
our results also hold when véq is replaced by the counting measure on V(#;) (without
multiplicities), it turns out that the above definition makes matter simpler. We asso-
ciate with the quadrangulation q the space

(V(q), dq, 8(], p(,q, v3q) c M(k,k-}—l)‘
Our main result exhibits a family

s¥l. g¢=0. Lel|]0.00
k>0
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of random marked measured metric spaces, where S[,‘f] will be called the Brownian
surface of genus g with boundary perimeter vector L and unit area. The latter family

—
describes the scaling limits of uniform random elements of Q,[f ]n, in the following
sense. Define the scaling operator €2, by

Qn(q) = (V(q), (%)1/4% aq, %uq, (1.4)

1
L)
N
The scaling constants (8/ 9)1/ 4 and /8 are here to make the upcoming description
of S[f] simpler in Sections 3.4 to Chapter 6. Our main result is the following.

Theorem 1.1. Fix g, k > 0. Let L = (L', ..., L¥) be a k-tuple of nonnegative real
numbers and, forn > 1, letl, = (I}, ... ,l,’f) € (Z=0)* be such that Il/v2n — L
asn — oo for1 <i <k. Let Q, be a random variable that is uniformly distributed

over 6%’}". Then y
2(0n) % S

where the convergence holds in distribution in the space (M%K+1, dgcﬁp+l)).

By our discussion on nonrooted maps, note that the same statement holds if Q,
is rather distributed over the set Qg’tgn of nonrooted maps, with a probability pro-
portional to the inverse of the number of automorphisms. Note however that this
automorphism number is equal to 1 for the vast majority of maps [89], so we expect
that our results also hold for genuine uniform random nonrooted maps.

If S[l‘jg] = (X,dx, A, iy, vyx), we will call wx the area measure, and vy the
boundary measures. Note that ( is a probability measure, since (1.3) implies that
[V(Qn)| ~nasn — oo, while Vgc has total mass L for 1 <i <k, so Vgc is the trivial
zero measure if L' = 0.

Note that, for (g, k) = (0, 0), the above result amounts to the aforementioned
convergence of plane quadrangulations to the Brownian sphere [67, 80], while for
(g.k) = (0, 1) with L' > 0, it corresponds to the convergence of quadrangulations
with a boundary to the Brownian disk [25]. Note however that the statement of the
present memoir is slightly stronger, since it is formulated in terms of the marked
GHP topology rather than the weaker GH topology. In the case (g, k) = (0, 0) of
the Brownian sphere, it amounts to the GHP topology since there are no marks and
only one measure; this stronger form appears, for instance, in [5, Theorem 1.2] and
[68, Theorem 7].

Topology and Hausdorff dimension. Let us also list some basic properties of the
limiting metric spaces, which justify the terminology of Brownian surfaces. We say
that a metric space is locally of Hausdorff dimension d if any nontrivial ball has
Hausdorff dimension 4.
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Proposition 1.2. Let L = (L', ..., L) be fixed and let b denote the number of pos-
itive coordinates of L. Almost surely, the random metric space S[Lg] is homeomorphic
to X l[)g]) is locally of Hausdorff dimension 4, and, if b > 0, each of the b connected
components of its boundary, considered as a metric space by restriction of the metric
on S[f], is locally of Hausdorff dimension 2.

This statement is an immediate corollary of a result from [22], showing that,
in the case b = k, any subsequential limit in distribution of n~1/4Q,, satisfies the
stated properties. The case b < k is easily obtained from there by the observation
concerning null perimeters at the end of this section. However, our method of proof
of Theorem 1.1 will also provide an alternative and rather transparent proof of Propo-
sition 1.2, once an analogous statement has been established for the noncompact
analogs of the cases of the sphere and disk, namely, the Brownian plane and the
Brownian half-plane [13, 40, 52] (see Section 3.8). We also mention that the case
(g,k,b) = (0,1,0) was obtained in [21] (see also [29]).

A comment on notation. Throughout this memoir, we will often work in fixed topol-
ogy and consistently use the following pieces of notation, as in the above statement:

» g for the genus of the surface,

ek for the size of the boundary perimeter vector, that is the number of holes in the
discrete maps,

e b, asin boundary, for the number of nonzero coordinates in the boundary perime-
ter vector,

e p, as in puncture, for the number of null coordinates in the boundary perimeter
vector.

Beware that the latter two numbers do not always correspond to the numbers of
external faces and external vertices in the discrete maps, since we only require that
1,/~2n — L. However, for n sufficiently large, the b holes corresponding to the b
nonzero coordinates in the boundary perimeter vector are external faces; each of the p
remaining holes can be either a vertex or a face but, in the latter case, it should be
thought of as a “small face” in the sense that its perimeter is of order o(4/n), and we
will see that this implies a diameter of order o(n!/4).

Method of proof. We prove Theorem 1.1 by some surgical methods, and from the
known cases g = 0 and k € {0, 1}. Heuristically, we will cut Q,, along well-chosen
geodesics into a finite number of elementary pieces of planar topology, to which we
can apply a variant of the cases (g, k) € {(0,0), (0, 1)} of Theorem 1.1. The idea
of cutting quadrangulations along geodesics into so-called slices appears in Bouttier
and Guitter [29, 30]. The use of these slices and the study of their scaling limits
play an important role in Le Gall’s proof [67] of the uniqueness of the Brownian
sphere (they are called maps with a piecewise geodesic boundary in this reference)
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and are crucial to our study [25] in the case of the disk. More specifically, in the
latter reference, we view Brownian disks as a continuum version of the slice decom-
position.

The proof of Theorem 1.1 relies on similar but yet different ideas, and will require
the introduction of other types of surgeries on objects that we call (composite) slices
and quadrilaterals (with geodesic sides). The core of the proof of Theorem 1.1 con-
sists in showing scaling limit results for these elementary pieces, as stated in Theo-
rems 2.6 and 2.8. We believe that these results are of independent interest, as elemen-
tary pieces and their scaling limits might serve as building blocks in other models of
random surfaces. In order to prove this result, it turns out that it is simpler to view
the discrete and continuum elementary pieces as embedded into noncompact version
of the Brownian sphere and disk, namely the Brownian plane and half-plane defined
in [13, 40, 52]. We stress that the description of the Brownian half-plane in terms
of gluing of composite slices considered in Section 4.3 below is related to the slice
decomposition of metric bands property used by Miller and Qian [81] for studying
geodesic stars in the Brownian sphere.

Theorem 1.1 generalizes the case of the sphere at two different levels, one given
by the positive genus and one given by the addition of a boundary. Although these
two levels of generalization rely to some extent on similar ideas, the difficulties that
they generate are of quite different nature. The case of the disk, which was the focus
of [25], relied on relatively well-understood objects, but required gluing an infinite
number of such objects, which in principle could create problems in the limit. On the
other hand, the surgery involved in the general case consists in gluing a bounded num-
ber of objects, but the objects themselves will turn out to be of a more complicated
nature.

Null perimeter coordinates. We end this section by the following observation relat-
ing Brownian surfaces in case of null perimeter coordinates. The operations of adding
or removing a mark used in the following proposition are given by Lemmas 3.1
and 3.4 in Chapter 3.

Proposition 1.3. Ler L = (L', ..., L*) €[0,00)%, and LO = (L', ..., L¥,0). Then
the space S[f(]) has same distribution as the space S ,‘f” , where, denoting by [ the area
measure of the latter space, a random u-distributed point has been added to the set of
marks of S%] in (k + 1)-th position (and the zero measure has been added as a trivial
(k + 1)-th boundary measure).

Consequently, if L' = 0 for some giveni € {1,2,...,k}, and if L denotes the vec-
tor L with i -th coordinate removed, then S[ig] has same distribution as the space S[If’r]
with its i -th mark and (trivial) i -th boundary measure removed.

Proof. Letus fix I, = (I},.. .,l,’f) € (Z>0)¥ such that I} ~ /2nL7 for1 < j <k,
and let O, be uniformly distributed over QLg}n. Setting 1,0 = (I}, ..., 1k, 0),

s tno
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a uniformly distributed random variable Q, in (_))Lg }nO may be obtained by choosing
an extra distinguished external vertex fix, uniformly at random among the internal
vertices of O, that is, according to the measure 11, conditioned on the set of inter-
nal vertices. Since the number of distinguished vertices in Q,, is at most k, while the
total number of vertices is asymptotically equivalent to n, the GHP limit of the quad-
rangulation Q/, rescaled as in Theorem 1.1 is the same as if we had chosen fx;
uniformly at random among the set of all vertices of Q,. By Theorem 1.1 applied
to 0, and Lemma 3.1 below, we obtain the result. The second part of the statement is
obtained by permuting or removing marks and measures appropriately, as discussed
in Lemma 3.4 below. ]

As an example, the Brownian sphere Sg] can be seen as S\’

(0.0) by forgetting
its two marks. Anticipating on the construction of the Brownian surfaces in Sec-
tion 3.4, this provides a nontrivially equivalent construction of the Brownian sphere
as the gluing of one quadrilateral with geodesic sides, rather than the one from

[67,80].

1.5 Scaling limits of Boltzmann quadrangulations

We may also consider scaling limits for models of quadrangulations with holes in
which the area and perimeters are not fixed, but rather weighted by Boltzmann factors.
We introduce the following sets of nonrooted maps:

Qf = L]0 forg=0. 1< L|zaot

n>0 k>0

and

Q€. p) = | | Q¥ forg.b.p>0.
leNb

where 107 stands for the sequence / to which we append p terms equal to 0.
We then let ‘W be the o-finite measure on the set of nonrooted quadrangulations
with an arbitrary number of holes and arbitrary genus, given by

1
w — 12~ lalg—ldqll ,
(q) Aut()
where |q| is the number of internal faces of q, and ||dq|| is the sum of the perimeters of
its holes. The reason for the choice of the weights 1/12 and 1/8 for the internal faces
and perimeters comes from the following enumeration result, which will be proved in
an extended form in Proposition B.1, in Appendix B.
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Proposition 1.4. Fixb > 0and L € (0,00)?. Let (1,,,n > 0) be a sequence of integers
such that l,"l ~ N2nL" as n — oo for 1 <i < b. Then there exists a continuous
Sunction tg of L such that
W(Ql:f:}n) ~ tg(L)n(Sg_7)/2+3b/4.
n—>o0

The function #, (L) is related to the so-called double scaling limit of maps, as de-
scribed in [48, Chapter 5], and its Laplace transform can be computed by solving
Eynard and Orantin’s topological recursion. The method presented in Appendix B is
based on the bijections presented in Chapter 2.

Forany g >0, p >0, L €[0,00)? and 4 > 0, if (X, d, A, u) is a random
variable with same law as S[,f'/] JA» e define the Brownian surface of genus g with
boundary perimeter vector L and area A as a random variable Sgg ]L with same law as
(X, AVAd A, Ap). IE L € | ]y-4(0.00)? and p > 0, we let LO? € [0,00)2*+P be the
sequence L to which we appena p terms equal to 0.

For integers g, b, p > 0, and for L € (0, oo)b, setting k = b + p, we define
a o-finite measure on M *-*+1) by the formula

&1 ( — —7)/2+3b/4 L [¢]
s¥1 () _/(0 oo)dAA(sg I+ /+Pzg(ﬁ)1@(sjwp €-).

The measure S[f,]p is a o-finite measure that “randomizes” the area measure of
the Brownian surface of genus g with b boundary components of lengths given by L,
as well as p marked vertices, in the sense that its conditional law given having total
area A is that of S,[4g, ]Lop.

Recall that the scaling operator €2, is defined by (1.4); here, we use it for any

n € (0, 00).

Theorem 1.5. Let g, b, p € Zsg, let k = b + p, let L € (0, 0)?, let K > 0, and
let F:M&,+D) 5 R be a continuous and bounded function that is supported on the
set of spaces (X,dx, A, Ly, vx) such that Ly (X) € [1/K, K]. Let (I4,a > 0) be
a family where l; € N? is such that l}; ~ \/mLifor 1 <i < b. Then, it holds that

a5(g—1)/2+3b/4+PW(F(Qa_1 (o ,,) a—w) S[ii]p(F)-

Qo

Note that our main result, Theorem 1.1, can be seen as a “local limit” version
of Theorem 1.5, in the sense that it gives the conditional statement of this last result
given Q‘[Ig_]l 1,07 taking a = 1/n. There is also a version of this theorem, where the
perimeters given by L are left free as well. For g, b, p > 0, we define the o-finite
measure

[g] [g]
St () = / Az sl o)
(0,00)

s



Introduction 14

Corollary 1.6. Let g, b, p € Zso, k =b + p, K > 0, and let F: M®*+D 5 R
be a continuous and bounded function that is supported on the set of spaces
(X, dx. A, px.vx) such that px(X) and vi.(A"), 1 <i < b, all lie in [1/K, K].
Then it holds that

20/25& D244 W(F(Q 1 (Q)) e s, ,,))—>s i)

Interestingly, the measure S[f]p is finite in the particular cases g = 0, b = 1 and
pe{0,1},or g =0,b=2and p = 0; it can be checked that it is infinite in all
other cases. By computing the functions 79(L) in the case b € {1, 2}, we obtain three
probability distributions by normalizing the measures SE(Z])’O, 82) 1 SEOL], .0 Those

are the law of the free Brownian disk of perimeter L € (0, 00):

[ele] L3
d4 ——ex <
0 V2w A3 P

the law of the free pointed Brownian disk of perimeter L € (0, 00):

L?
FBD, = )IP’(S[O])A €-),

o0

L L2
dA —— ex ( P e,
0 V2mA3 P ) (£,0).4 )

FBD; =

and the law of the free Brownian annulus of boundary perimeters L, L’:

(L+1L) (L+L)?
AL (- LY

FBA, 1/ = / dA
0 V2mA3 24

(0]
JBSE Ly
Note in particular that

FBD; = lglﬁ)lFBAL ..

These laws, as well as the associated o-finite measures 8101,, 810]1, 8[200, play an impor-

tant role in [10].

In the case b = 0, the two previous statements are in fact the same, since
SEZg’]p = Sg‘ﬂ,. This measure describes the scaling limit of quadrangulations with no
boundary, p marked vertices, and free area measure. In this case, the quantity ¢, ()
is equal to the classical universal constant , arising in map enumeration; see [17,62].
Explicitly, the numbers t, = 2°872T'((5g — 1)/2)t, satisfy 7o = —1 and the recur-
sion

(5g + 1)(5¢ — 1) 1 &
Tg41 = 3 Tg + 3 Z ThTg+1-h, &= 0.

h=1

In this case, we thus have the following formula:

s ) =1, /(0 ad AGEDI2Hrp Sl e ),
,00
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1.6 Perspectives

A natural question, which we plan to investigate in future works, is to derive the ana-
log of Theorem 1.1 for bipartite quadrangulations on nonorientable compact surfaces,
using the bijective techniques developed in [23, 34]. The first step of showing the
existence of subsequential limits for nonorientable quadrangulations without bound-
ary has been taken in [34]. Addressing this question would complete the catalog of
compact Brownian surfaces.

As mentioned in the first section of this introduction, an important aspect is that
of universality of the spaces S[,‘f"]. In fact, we expect these spaces to be the scaling
limits of many other models of random maps on surfaces. In the case of the Brownian
sphere S[g], this was indeed verified for several models; see the references mentioned
above. In the case of Brownian disks, we showed in [25] that the spaces SE(EI) appear
as scaling limits of many conditioned Boltzmann models. This approach to univer-
sality should generalize to our context, at the price of some specific technicalities.
We will not address this question here, but will comment more on this in Chap-
ter ©.

It would be most interesting to complete the bridge between Brownian surfaces
and LQG metrics and CFT (conformal field theory). As was pointed to us by Jason
Miller, in order to define a canonical conformal structure and Brownian motion on
Brownian surfaces, it would be natural to investigate whether the construction of
general Brownian surfaces given in the present memoir, by gluing elementary pieces
of disk topologies along geodesic boundaries, can be made compatible with the ap-
proach of [56,57] mentioned in the introduction. Knowing that such a structure exists,
one can try to delve even further into its integrability properties. The works [45, 50]
state precise conjectures linking Liouville CFT with scaling limits of the area mea-
sure of random maps (without boundary) after suitable uniformization. In a nutshell,
the LQG metrics are local objects that can be defined globally by using charts and
atlases on general Riemann surfaces. However, fixing a surface amounts to fixing
the conformal modulus of the LQG metric, while Brownian surfaces have a random
modulus. Hence, the computation of the law of this modulus is an important ques-
tion, which has been solved by [10] in the case of the annular topology. It seems that
the case of general compact surfaces should be approachable as well given the recent
developments on conformal bootstrap in Liouville CFT [49, 94].

We also mention that random surfaces with boundaries of the type studied in this
memoir are related to the study of self-avoiding paths in random geometries. See
[53, 54] for more on this in the case of the gluing of two Brownian half-planes or
disks. It would be interesting to explicitly describe the scaling limits of self-avoiding
paths and loops on maps of fixed topologies as gluings of Brownian surfaces along
boundaries. As Nina Holden pointed to us, this would involve presumably difficult
computations of the partition functions for self-avoiding loops in fixed classes of the
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fundamental group of the surface, although this problem simplifies in the case of the
self-avoiding loop on a Brownian sphere [9].

1.7 Organization of the memoir

In Chapter 2, we present the extension of the famous Cori—Vauquelin—Schaeffer bijec-
tion allowing to encode a quadrangulation with a simpler tree-like structure carrying
integer labels on its vertices. We also present a variant of the bijection, which leads
to the definition of the elementary pieces into which we decompose a quadrangula-
tion. We finally state the relevant scaling limit results for these elementary pieces.
In Chapter 3, we present the surgical operation we need in order to reconstruct a met-
ric space from its elementary pieces, namely gluing along geodesic segments. The
proofs of Theorem 1.1 and Proposition 1.2 are given in Section 3.4. In Chapters 4
and 5, we present the metric spaces forming the continuum elementary pieces into
consideration and explain how they are natural building blocks of the Brownian plane
and half-plane, which are the noncompact analogs of the Brownian sphere and disk,
and we tweak known convergence results to these noncompact Brownian surfaces
to prove that the continuum elementary pieces are the scaling limits of the discrete
elementary pieces. Finally, we give in Chapter 6 an alternate description of Brow-
nian surfaces that does not involve gluing operations and that is closer to the usual
definition of the Brownian sphere and disks.



Chapter 2

Variants of the Cori-Vauquelin—-Schaeffer bijection

As is customary when studying on scaling limits of maps, this work strongly relies
on powerful encodings of discrete maps by tree-like objects. We now present vari-
ants of the famous Cori—Vauquelin—Schaeffer (CVS) bijection [38,90] between plane
quadrangulations and so-called well-labeled trees, and its generalizations by Chapuy—
Marcus—Schaeffer [35] for higher genera and by Bouttier-Di Francesco—Guitter [28]
for plane maps with faces of arbitrary degrees. We only give the constructions from
the encoding objects to the considered maps and refer the reader to the aforemen-
tioned works for converse constructions and proofs.

2.1 Basic construction

Let m be a map, rooted or not, and f be a face of m. Starting from a choice of
a corner co in f, we index the subsequent corners of f in counterclockwise order
as (c;j,1 € Z) (forming a periodic sequence). Let A: V(m) — Z be a labeling of the
vertices of m by integers. We extend the definition of A to the corners of the map by
setting A(c) = A(v) if v is the vertex incident to the corner c. In what follows, we will
either consider that A is defined up to addition of a constant, or that the value of A at
some corner is fixed, for instance, that A(co) = 0.

We say that (m, A) is well labeled inside f if A(cj+1) > A(c;) — 1 forevery i > 0.
In particular, if (m, A) is well labeled inside f and e is a half-edge of m such that
both e and its reverse e are incident to f, then |A(e™) — A(e™)| < 1, where e, e™
denote the origin and end of e. Note that this will be the case for every edge when m
is a map with a single face.

Let (m, 1) be well labeled inside f. With the above notation, let us define s(i) =
inf{j > i :A(c;) = A(c;) — 1} € Z U {oo} and the successor of ¢; as s(c;) = c(i),
where ¢ 1S by convention the unique corner incident to a vertex v that is added in
the interior of f, and which naturally carries the label A(v4) = min{A(c;),i € Z} — 1.
Clearly, s(c;) is then well defined for all corners (distinct from ¢, ), and only depends
on the corner ¢; and not on the particular choice of the index i. The CVS construction
inside the face f consists in

* linking by an arc every corner ¢ incident to f to its successor s(c), in such a way
that arcs do not cross, which is always possible due to the well-labeling condi-
tion,

e deleting all the edges of m.
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This construction results in an embedded graph' denoted by CVS(m, A; f), whose
vertex set consists of v, and the vertices of m incident to f, and whose edges are
the arcs between the corners of f and their successors. By construction, the edges
of CVS(m, A; f) are in bijection with the corners of m incident to f. If m is rooted
inside f, say at the corner ¢;, then CVS(m, A; f) naturally inherits a root at the
corner preceding the arc linking ¢; to s(c;). Note that the well-labeling condition,
as well as the output CVS(m, A; f), are invariant under addition of a constant to A,

as they should.
We will also need an interval variant of this construction, where we fix a se-
quence, also referred to as an interval, of subsequent corners I = {co,c1,...,Cr}

of a face f of m, and only ask that (m, A) is well labeled on I in the sense that
A(ci+1) = Alc;j) — 1 for 0 <i <r — 1. In this case, we set

Ae = min{A(c;),0<i <r}—1 and £ = A(c;) — Ax.

Instead of a single extra corner ¢, we introduce inside f a sequence of distinct con-
SeCutive COrNers Cr41,Cr4+2, - - - , Cr4+¢, incident to new vertices vy 41, Vr+42, - - -, Up4¢
with labels A(c;) — 1, A(c;) — 2, ..., A«. The successor mapping s is then defined
for all corners except ¢, ¢. We let CVS(m, A; I') be the resulting (nonrooted) embed-
ded graph whose edges are the arcs. In this embedded graph, the following are of
particular interest:

(1) the apex vy 4¢, which will usually be denoted with a subscript *;

(2) the maximal geodesic, which is the chain of arcs linking cg, s(cg), s(s(co)),
..., Cr4+¢, and which will always be denoted with the letter y and depicted in
red (darker color) in the figures;

(3) the shuttle, which is the chain of arcs linking ¢, ¢y +1, . .., Cr4¢, and which
will always be denoted with the letter £ and depicted in green (lighter color)
in the figures.

Note that the two latter are paths from the first and last corners of I to the apex.

The construction generalizes to several intervals I, J, ... that pairwise share at
most one extremity. In the case of a shared extremity, say I = {co,c1,..., ¢} and
J ={cj. ¢y, ..., cl,} with ¢, = ¢g, one first duplicates the common corner before

applying the construction, in the sense that the copy ¢, is used in the shuttle of 7
and c( is used in the maximal geodesic of J; see Figure 2.1. In this construction, each
interval yields a distinct apex, maximal geodesic, and shuttle, and the construction
results in an embedded graph denoted by CVS(m, A; 7, J, ...). Plainly, the ordering
of the intervals does not affect the construction.

'Tn general, this embedded graph is not a map of the surface into consideration. In all the
constructions we will use in this work, it will, however, always turn out to be a map.
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Figure 2.1. Performing the interval variant of the Cori—Vauquelin—Schaeffer bijection with two
intervals sharing an extremity. The interval / consists of the corners in the purple (darker) area,
starting with ¢ and ending with ¢, while J consists of the corners in the red (lighter) area,
starting with ¢(, and ending with c/.,. The interval I yields the apex v, maximal geodesic y,
and shuttle &, while J yields v}, y’, and €, respectively. As will be the case in all the figures,
the maximal geodesics are in red (darker colored boundary) and the shuttles in green (lighter
colored boundary).

We make the important observation that any chain ¢, s(c), ..., s*(c) of con-
secutive successors induces a geodesic chain for the graph metric in the resulting
embedded graph CVS(m, A; 7, J,...), that is, a path of minimal length between its
extremities. This is simply because, by construction, any arc of the resulting embed-
ded graph links two vertices u and v such that [A(u) — A(v)| = 1, and because A
decreases by 1 at every step on a chain of consecutive successors. In particular, the
maximal geodesics and shuttles of CVS(m, A; I, J, .. .) are geodesic chains.

2.2 The generalized Chapuy—Marcus—Schaeffer bijection

Encoding quadrangulations. As a first example, let us perform this construction on
—

a particular class of maps. Forn € Zsg and I = (I',...,1K) € (Zs0)*, we let MLg}

be the set of labeled rooted maps (m, A) satisfying the following properties:

* m is a map of genus g with n + Zle I' edges, one internal face fi and k

holes #1, ..., fix, rooted at a corner of its internal face f,
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o for all i, the hole #; is of degree / I if it is an external face, then it has a simple
boundary,’

« foranyi # j,if #; and £; are faces, then they are not incident to any common
edge,

e (m, 1) is well labeled inside f.
We similarly define the set MLg} of labeled nonrooted maps. Setting

10=(1,...,1%,0),

the CVS construction applied to the internal face f,. provides a bijection between
and Q[g '10» through which the k first holes correspond, while the extra hole /111
of the quadrangulation is the extra vertex v, of the construction. In case of rooted

i 3 vilel olel
maps, it yields a one-to-two correspondence” between M,"; and Q,”7,.

Decomposition into elementary pieces. Let us now perform the construction on
the same set of maps ME } but with well-chosen intervals. We will decompose
a map of MEf’Z } into a collection of labeled forests indexed by an underlying structure
called the scheme. For the remainder of this section, we exclude the cases (g, k) €
{(0,0), (0, 1)} leading to encoding objects not entering the upcoming framework.
We fix (m, 1) € ML),

Let m be the nonrooted map obtained from m by iteratively removing all its ver-
tices of degree 1 that are not holes. The resulting map m may be seen as a submap
of m: the map m is obtained from m by appending rooted labeled trees at its corners.
We call nodes of m the following vertices:

¢ the external vertices of m,
 the vertices of m having degree 3 or more in m.

These nodes are linked in m by maximal chains of edges not containing any nodes
other than their extremities. Replacing every such chain with a single edge yields
a nonrooted map s, called the scheme of m. It has one internal face, still denoted
by f«, and k holes, still denoted by 41, ..., fix; see Figure 2.2.

We denote by E (s) the set of half—edges incident to the internal face of s; this set
is partltloned into the set 1 (s) of half-edges whose reverses belong to E (s) as well,
and the set B(s) of half-edges whose reverses do not belong to E (s). (We used the
letter I for internal and B for boundary.) The set B(s) is further partitioned as

Bs)= || B0,

1<r<k

%A face has a simple boundary if it is incident to as many vertices as its degree.

3The factor 2 comes from the fact that the corners of fi correspond to the edges of the
resulting map, each edge corresponding to 2 half-edges. We refer the interested reader to [22,
Section 3.1] for a presentation of the reverse mapping.
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Figure 2.2. Top: A labeled map from M[613] (6.3.0)" The outlined vertices are its nodes and the
thicker edges correspond to the map m. Boffom: The corresponding scheme.

where B, (s) is either empty if £, is a vertex, or the set of half-edges of E (s) whose
reverses are incident to #£, if it is a face. We consider e € E(s). It corresponds to
a chain ey, ..., ¢; of half-edges in m. Let us denote by ¢, and c; the corners of m
preceding e; and succeeding e; in the contour order. In m, there are several corners
that make up ¢, and c,. The corner interval /. is the interval of corners of m from the
first corner corresponding to ¢, to the first corner corresponding to c¢,. Observe that,
in m, the tree grafted at c, is thus covered by /., whereas the tree grafted at ¢, is not.

By construction, Ue B ) 1, is equal to the set of corners of fi and each extrem-
ity of these intervals is shared by exactly two such intervals. More precisely, the
intervals I,, e € E (s), with their last corner removed give a partition of the corners
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Figure 2.3. Performing the interval bijection on the labeled map from Figure 2.2. Top. Two
elementary pieces are represented: one quadrilateral with geodesic sides in red (light color,
bottom left), and one composite slice in blue (even lighter color, around #5). Bottom. The inter-
val bijection yields a decomposition into 4 composite slices and 7 quadrilateral with geodesic
sides. Here, only the maximal geodesics and shuttles are depicted. We let the edges of the orig-
inal scheme figure on this output map, but these are neither edges nor chains of edges of this
output map (remember that the edges of the original map are never edges of the output map).

of f«. Applying the interval CVS construction CVS(m, A;{/.,e € E (s)}) gives a nat-
ural decomposition of the quadrangulation (q, v«) = CVS(m, A; f;) into submaps,
whose study, starting in the next section, is the key to this work; see Figure 2.3. These
submaps are called the elementary pieces of (q, v«) and are of two types: the ones
corresponding to half-edges of l_f(s) are called (composite) slices and the ones corre-
sponding to half-edges of I (s) are called quadrilaterals (with geodesic sides). They
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Figure 2.4. The parts of the labeled map from Figure 2.2 encoding the elementary pieces. The
two parts (in red and blue) corresponding to the (red) quadrilateral with geodesic sides and the
(blue) composite slice depicted in Figure 2.3 are extracted.

are not rooted and come with distinguished vertices on their boundaries that will be
discussed later on.

The elementary piece corresponding to the half-edge e € E (s) is encoded by the
part of the labeled map (m, A) corresponding to

e cither the interval I, if e € E(s),
e ortheunion I, U [z ife € i (s), where e denotes the reverse of e.

These encoding parts are depicted in Figure 2.4. Note that, when e € I (s), the ele-
mentary pieces corresponding to e and to its reverse e are the same map; only the
distinguished vertices on the boundary will differ (more precisely be given in a differ-
ent order). We refer the reader to [22, Section 3.4.1] for more on this decomposition,
keeping in mind that, in the latter reference, the maps are rooted and the root is
encoded in the scheme, which essentially amounts in seeing the root of the map as an
extra external vertex.
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Finiteness of the number of schemes. We will elaborate more on elementary pieces
in the next two sections and end this one with a simple combinatorial lemma. We say
that a map with holes is a scheme if it has one internal face, all its external faces
have a simple boundary and do not share a common incident edge, and all its internal
vertices have degree 3 or more.

Lemma 2.1. For fixed values of (g, k) ¢ {(0,0), (0, 1)}, there are finitely many
genus g schemes with k holes and these have at most 3(2g + k — 1) edges and
2(2g + k — 1) vertices.

Proof. As there is a finite number of maps with a given number of edges, the bound
on the number of edges yields the finiteness of the considered set.

Let v, e, f be the number of vertices, edges and faces of a given scheme as
in the statement, and let b be its number of external faces (so that p = k — b are
external vertices). By construction, we have f = b 4 1 and the vertices are all of
degree at least 3, except possibly up to p of them, which have degree at least 1. The
sum of the degrees of the vertices being twice the number of edges, we obtain 2e >
3(v — p) + p, and we see by the Euler characteristic formula v —e + f =2 —2g
that the considered scheme has at most 6g + 3k — p —3 < 3(2g + k — 1) edges, and
at most 2(2g + k — 1) vertices, using that k = p + b. [

2.3 Composite slices

We call plane forest a collection f = (t°, ..., t/=1, p!), for some | > 1, of rooted plane
trees (the last one being reduced to the vertex-tree), which we view systematically as
a map by taking an embedding of every t' in the upper half-plane R x R>o, with
root p’ at the point (i, 0), and in which p’ is linked to p’~! by the line segment
between (i,0) and (i — 1,0) for 1 <i < /. The union of these line segments is called
the floor of the forest. The resulting embedded graph, which we still denote by f
(see, e.g., the left of Figure 2.5), is a nonrooted plane map coming with the two
distinguished vertices p = p® and p = p'; it is in fact a plane tree, but we insist on
calling it a forest.

We let a be the total number of edges of t°, . .. A and I = {co,C1,...,Coa+1)}
be the interval of corners of f that are incident to the upper half-plane (hence excluding
the corners that are “below” the floor), starting from the root corner of t° and ending
with the only corner incident to p’, arranged in the usual contour order. We now
equip f with an integer-valued labeling function A: V(f) — Z, again defined up to
addition of a constant, that we require to satisfy the well-labeling condition in the
interval /. In this case, it means that

e A(u)—A(v) € {—1,0,1} when u and v are neighboring vertices of the same tree,

e forl <i <I, wehave A(p') > A(p'~1) — 1.
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Figure 2.5. The interval Cori—Vauquelin—Schaeffer bijection giving composite slices. On this
example, the forest has @ = 7 edges and [ = 3 trees (remember that the last vertex-tree does
not count as a “real” tree). The boundary of q has three parts: the maximal geodesic y (in red),
the shuttle & (in green) and the base B (in burgundy). Its tilt is 4.

The map sl = CVS(f, A; I) is then a nonrooted plane quadrangulation with one
hole having a internal faces. Setting A, = min{A(v) : v € V(f)} — 1, we see that the
boundary of sl has length 2(A (o) — A« + 1). It contains three distinguished vertices:
p, the apex v (the extra vertex with label A), and p, as well as three distinguished
paths:

(1) the maximal geodesic y, which has length A(p°) — A4;
(2) the shuttle &, which has length A(p!) — A4;

(3) the remaining boundary segment, called the base and denoted by B, con-
sisting in the arcs connecting the root vertices of the trees. More precisely,
if ¢; denotes the last corner of the tree t’, then the part of the boundary of sl
between p' and p'*! consists in the arc linking c¢j to s(c;) and the succes-
sive arcs linking ¢; 1, s(cj+1),5(s(cj+1)), ..., s(c;j). As a result, this base
has length A(p’) — A(p°) 4 2I. Moreover, any vertex of the base is at dis-
tance at most maxj <;<; [A(p*) — A(p'~!)| + 1 from some element of the set

0.0y

Note that, as is the case in Figure 2.5, the base may overlap with the other distin-
guished paths. Furthermore, as noted at the end of Section 2.1, the maximal geodesic
and the shuttle are geodesic chains. On the contrary, the base is not a geodesic in
general.

Definition 2.2. A map obtained by this construction will be called a discrete com-
posite slice, or simply slice for short: its area is the integer a, its width is the integer [
and its #ilt is defined as the integer

§ = A(p) — A(p).
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The terminology of composite slices, width and tilt are borrowed from [27]; how-
ever, the reader should mind that our exact definitions differ slightly from those in
that reference.* Note also that, in the present work, we use the simplified terminol-
ogy of slice in order to designate a composite slice. Beware that these have not to be
confused with similar objects existing in the literature, in particular in our previous
work [25], called elementary slices or also slices for short; they actually correspond
to composite slices of width 0, objects that we do not consider here.

We record the following useful counting result.

Proposition 2.3. The number of slices with area a, width | and tilt § is equal to

o | 2a +1\ (2] +5—1
3 b
2a +1 a -1

which can also be recast as

1248/230;(2a + 1) P (8),

where Qg(u) is the probability that a simple random walk hits —{ for the first time at
timeu, and Py(j) =P(G1 +---+ Gy = j), where G1, G, . .. are independent ran-
dom variables with shifted Geometric(1/2) law, i.e., such that P(G, = j) = 27/72
for j > —1.

Proof. The term 5 al 7 (2“a+l) is the number of forests with [/ trees and a nonfloor

edges, the term (21 +_51—1) counts the number of possible ways to well label the roots,
and the term 3¢ counts the number of ways to well label the other vertices, since it
amounts to choosing a label difference in {—1, 0, 1} along each edge.

The probabilistic form is a simple exercise using the encoding of forests and
geometric walks by simple walks, yielding

) 2a + 1 5 2l +6—1
=229 0,(2a + 1 d = 2248 p;(5).
() 0iCatn) aa (70 /®)
See Section 4.4 and [21, Lemma 6]. [ ]

An important feature of the construction is that the labels on V/(sl) inherited from
those on V (f) are exactly the relative distances to v, in sl:

da(v,vs) = A(v) — As, v € V(sl),
and that the following bound holds:

du(ci.¢j) < M) +A(e) =2 min Ae,) +2. i <. @1
1<r=<j

“In particular, in [27], the width is the length of the base, equal to 2/ + § in our notation,
and the tilt is the opposite —§ of what we call the tilt in this memoir.
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If sl is a slice, using a slightly different convention from that of Section 1.4,
we view it as the marked measured metric space in M®-?) given by

(V(sl). dy. 3sl. 11, vg)  with 3sl = (B. . 7. 7.6). 22)

where each boundary part is identified with the vertices it contains, where g is the
counting measure on the vertices of sl that do not belong to the shuttle, and where vg
is the counting measure (with multiplicities) on B \ {p}. The measures g and vg
are respectively called the area measure and the base measure of the slice. It might
be surprising at this point to include p and p in the marking as these can be found
from the other three marks; they are here to enter the framework of geodesic marks
introduced in Section 3.2. The idea is that the data of (p, y) suffice to recover the
maximal geodesic as an oriented path, whereas the data of y (as a set of vertices) do
not give the orientation of the path.

2.4 Quadrilaterals with geodesic sides

Consider a double forest, that is, a pair (f, f) of plane forests with the same number of
trees. Let 7 > 1 denote this common number of trees and recall that this means that f
and f have / trees plus an additional vertex-tree. Similarly to the previous section,
we represent it by letting

 the floors be both sent to the chain linking the points (i, 0) € R2, where 0 <i <h,

» the trees of f be contained in the upper half-plane R x R, the i-th tree attached
to(i —1,0)forl1 <i <h,

e and the trees of f be contained in the lower half-plane, the i-th tree attached to

(h—i+1,0)forl <i <h.

We obtain a nonrooted plane map, which we denote by f U f, coming with the two
distinguished vertices p = (0,0) and p = (A, 0). Here also, it is in fact a plane tree
having two distinguished vertices.

Welet I = {cp,c1,...,Crqa+n} be the interval of corners of f U, in facial order,
that are incident to the upper half-plane, and I = {Cy, 1, ..., Coz+s) the interval
of those incident to the lower half-plane, where a (resp. @) is the number of edges
in the trees of the upper (resp. lower) half-plane. As mentioned during Section 2.1,
we use the slightly unusual convention that c,,45 # o (and similarly ¢oz.45 # co):
this means that the first corner incident to p is “split” in two corners, one in the upper
half-plane and one in the lower half-plane.

Finally, assume that, in its unique face, the map f U f is well labeled by an integer
function A: V(f U f) — Z defined up to addition of a constant: this simply means that
A(u) — A(v) € {—1,0, 1} whenever u and v are neighboring vertices. See Figure 2.6
for an example. Note that, equivalently, a well-labeled double forest ((f, f), 1) can be
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Vs
Figure 2.6. The interval Cori—Vauquelin—Schaeffer bijection giving quadrilaterals with geo-
desic sides. The quadrilateral with geodesic sides has half-areas 5 and 4, width 3, and tilt 1.

seen as a well-labeled vertebrate, that is, a well-labeled tree with two distinct dis-
tinguished vertices p, p, where the interval I corresponds to the consecutive corners
in the contour order from p to p, which contains all the corners incident to p and
stops at the first corner incident to p, and I is defined similarly with the roles of p, p
exchanged.

The map qd = CVS(fU f,A;1,7) is then a nonrooted plane quadrangulation with
one hole having a + @ + h internal faces. Its boundary contains the four distinguished
vertices p, the apex v, associated with I, p, and the apex Uy associated with 7, as well
as the maximal geodesics y, ¥ and shuttles &, E, with obvious notation.

Definition 2.4. The quadrilateral with geodesic sides, or simply quadrilateral for
short, associated with ((f, f), A) is by definition qd = CVS(f U f, A; I, I). Its width,
half-areas, and tilt are respectively the numbers £, a and a, A(p) — A(p).

Observe that the parameters of a quadrilateral can be recovered from the map qd
and the distinguished vertices p, p. Furthermore, the quadrilateral associated with
((f, ), 1) is obtained from the one associated with ((f, ), 1) simply by switching the
distinguished elements p with p, y with ¥, and & with § It has the same width, its
half-areas are switched and its tilt is reversed.

Proposition 2.5. The number of quadrilaterals with half-areas a, a, width h and tilt §
is equal to

12979h 0 (2a + 1) Q1 (2a + h) My, (8),

where Qg has been defined in Proposition 2.3, and My(j) =P(Uy +---+ Uy = j),
where Uy, U,, ... are independent uniform random variables in {—1,0, 1}.
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Proof. As in the proof of Proposition 2.3, the number of forests with /z floor edges
and o nonfloor edges is 221" Q, (2« + h), so the number of double forests with
proper parameters is 472" 0, (2a + h) 0, (2@ + h). Then, the number of possible
labelings of the floor vertices is the number of walks with £ steps in {—1, 0, 1} going
from O to §, which equals 3" M}, (8). The final term 3¢+ counts the possible labelings
of the nonroot vertices in the double forest. |

If qd is a quadrilateral, we will view it as a marked measured metric space in
M1 given by

(V(qd), dga, 9qd, pga) with dqd = (p, y,§,p,7.§), (2.3)

where each boundary part is identified with the vertices it contains, and where f14q is
the counting measure on the vertices of qd that do not belong to the shuttles. We call
this measure 1qq the area measure of the quadrilateral.

2.5 Scaling limits of elementary pieces

In this section, we state two important results that will be crucial in the proof of
Theorem 1.1. These show that, under appropriate hypotheses, random discrete slices
and quadrilaterals converge in distribution in the GHP topology toward “continuum
analogs” of these objects.

We first fix three sequences (a,) € (Zso)Y, (I,) € NN and (6,) € ZYN such that

) 9\1/4
dn L, L>0 and (—) 5, — AcR. (24)
n n—oo /2n n—>oo 8n n—o00

Recall that a slice is seen as an element of M2 given by (2.2) and that Q,, is the
scaling operator defined in (1.4).

Theorem 2.6. Let Sl,, be uniformly distributed among composite slices with area ay,
width 1, and tilt §,,. Then we have the convergence

(d)
Qn(Sly) —> Sla,z,A
n—>oo
in distribution in the space (M, dg;ﬁ,)). The limit is called a (continuum compos-
ite) slice with area A, width L and tilt A.

This theorem will be proved in Chapter 4, where a detailed characterization of
the limiting object will be given. For the time being, this theorem should be taken as
a definition of the spaces Slg, 1, A.

The following statement deals with the case of vanishing areas and widths, and
will be useful in Section 3.7 below.



Variants of the Cori—Vauquelin—Schaeffer bijection 30

Corollary 2.7. Let the sequences (an) € (Zso)Y and (I,) € (Zso)Y satisfy I, =
o(/n) and a, + I, = O((I,)?). Let Sl,, be the vertex map whenever I, = 0, or be
uniformly distributed among slices with area a,, width [, and tilt O otherwise. Then
we have the convergence toward the point space

Qn (Sln) {Q}

in distribution in the space (M2 dg}ﬁ:)).

Let us sketch in a few lines why this is indeed a consequence of Theorem 2.6.
By the assumption that a,, + I, = ©((l,)?), the sequence ((a, + 1)/ (»)?), restricted
to the values of n for which [,, # 0, is bounded away from 0 and oco. This compact way
of writing this property covers in fact the two following situations. If (/,,) is a bounded
integer sequence, it simply means that (a,) is a bounded integer sequence, in which
case the statement becomes trivial. If (/,,) is unbounded, then it means that (a, /(I,)?)
is bounded away from O and co. In this case, Theorem 2.6 easily implies that the
diameters of 2,4, (S1,) form a tight family of random variables. Since a, = o(n), the
conclusion follows. Note that, up to extracting subsequences, we may always assume
that we are in one of the two situations discussed above.

We will derive Theorem 2.6 from the known convergence of the uniform infinite
half-planar quadrangulation toward the Brownian half-plane. The former naturally
contains a family of slices and the latter contains a continuous “flow” of continuum
slices. These consist in free versions of the objects considered here so that we will
need to finish with a conditioning argument.

We now turn to quadrilaterals, which are seen as elements of M (1) given by
formula (2.3). We consider four sequences (a,), (@) € (Zso)Y, (h,) € NN and
(8,) € ZN such that, as n — oo,

an a, — h 9

1/4
n s as0, & Ao, S H >0, (—) 5, —> A €R. (2.5)
n n 2n 8n

Theorem 2.8. Let Qd,, be a random variable uniformly distributed among quadrilat-
erals with half-areas a, and a,, width h,, and tilt 8,. Then we have the convergence

Qn (Qd) QdAAHA

in distribution in the space (M©V dgH;)) The limit is called a continuum quadrilat-
eral with half-areas A and A, width H and tilt A.

As for slices, the proof of this result is postponed to Chapter 5, where a detailed
characterization of the limiting object will be given. The idea of the proof will be
similar to that of Theorem 2.6, using the uniform infinite planar quadrangulation and
Brownian plane as reference spaces instead of the half-planar versions mentioned
above.



Chapter 3

Marking and gluing along geodesics

In our previous work [25], we proved Theorem 1.1 in the case of disks (for the
GH topology) by writing Q, and SE(EI) as gluings of appropriate subspaces along
geodesic segments, namely so-called slices in the discrete setting and their scaling
limits in the continuum. The fact that the number of gluings needed was infinite
caused some difficulties (which we mainly overcame by noticing that any geodesic
between two typical points may be broken down to a finite number of pieces lying
in different such subspaces). In contrast, in this work, we will only need to consider
gluings of a finite number of subspaces along geodesic segments. As this operation is
well behaved in a more general setting, we present it in this chapter. But first, we col-
lect a number of useful lemmas on the GHP topology.

We will use the following notation. If p  is a finite positive measure on a set X,
we let Ly = i/ (X) be the normalized probability measure. If wx = 0, we use
the convention iy = 0. If o = (u!, ..., u™) is a finite family of nonnegative mea-
sures, we let L = (!, ..., a™).

3.1 Useful facts on the Gromov-Hausdorff—-Prokhorov topology and
markings

Recall the definitions of (M©) d(GZIj[';')) and (M©®, d(cfl){) from Section 1.3. If the
space (X, dx, A, o) is an element of ME™ and r € (Z )™ is such that

r/ =0 whenever /1,& =0,
we may consider the variable

(X, dx, A(x], ... oxt) - (X7, X))

rl

J are

taking values in MEHIED | where, for each ] e {1,...,m}, the points x{, co Xy
i.i.d. sampled random variables with law ﬁ& (if the latter measure is 0, then this still
makes sense since r/ = 0); we denote by Mark, ((X, dx, A, L), -) the law of this
random marked metric space. Some care is actually needed here since we are consid-
ering isometry classes of metric measure spaces. See [79] for an accurate definition
of this notion, which is immediately generalized to our setting where we incorporate
the extra marks given by A, and several measures. The following lemma states that
one can formulate the GHP convergence entirely in terms of the GH convergence of

randomly marked spaces.
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Lemma 3.1. Let (X,, dx,, Ax, /an), n>1,and (X,dx, A, L) be elements
of M The following statements are equivalent:

(i) The space (X, dx,, An, L x, ) converges to the space (X, dx, A, px) in
[/ £,m)
MEm dee).
(ii) One has px;, (Xn) = p 5 (X) coordinatewise as n — oo and, for every r €
(Z»0)™ such that r’ = O whenever /;L;C = 0, it holds that

Markr((x?h dxn ) An, Ian)s ') n:o)o Markl‘((xa dX7 A? I'Lx)a ')

for weak convergence of probability measures on (M| d(GeJ”r”)).
Proof. The implication (i) = (ii) is an easy generalization of known results. See
[79, Proposition 10] for the case where the measures are probability measures, and
[68, Section 2.2] for a generalized context with finite measures; our extended context
of marked measured metric spaces adds no difficulty. To show the converse implica-
tion, we argue as follows. By taking the trivial case r = 0™ of (ii), we obtain that
{(Xn, dx,, An),n > 1} is relatively compact in M®, d((Z - Since the sequences
(/,Lx (Xp),n = 1) are bounded, this implies that {(X,, dxn, nx,),n > 1}1is
relatively compact in (M ¢-") dgH'g) ). Solet (X', dx/, A, ) be a limit in M)
along some subsequence of (X, dx,,, An, iy, ). By using the implication (i) = (ii),
we obtain that, for every r such that r/ = 0 whenever [Léc =0,

Mark,((X, dx, A, py),-) = Mark, (X', dx/, A, ocr),+).

Now, let m’ be the number of nonzero elements of g, fix r > 0 and set r/ =
rld oy Let (X, do, (A AS x] L xh L x) be the (€ + rm)-
marked metric space with law Mark.((X, dx, A, px), "), and set 0, = (6’ 1<
j <m), where 6/ = LS x/ lf/Lx ;éOandGJ 01f,ux = 0. It is a con-
sequence of the law of large numbers that (X, dx, A, 0,) converges almost surely
in M®™ ag r — o0, to (X, dx, A, ILx); see, for instance, [68, Lemma 5]. Apply-
ing this same result to (X', dx/, A’, jt oc/) allows us to show that (X', dx/, A, ﬁ’X,)
is isometry-equivalent to (X, dx, A, Ly ). Since px(X) = p o (X’') is the limit
of p 5, (Xn), we conclude. [

We also recall that, often, the most useful way to estimate GH distances is via
the notion of distortion of a correspondence. A correspondence between two sets X
and Y is a subset R C X x ¥ whose coordinate projections are X and ¥. We will
often write x R y instead of (x, y) € R. If X and ¥ are endowed with the metrics dyx
and dy, the distortion of the correspondence R is the number

dis(R) = sup{|dx(x,x") —dy(y,y) :x Ry, x' Ry}
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IfA=(A',...,AY and B = (B',..., B) are markings of X and of ¥, we say that
the correspondence R between X and Y is compatible with the markings if for every
1 <i<{ RN (A x B')is acorrespondence between A’ and B'.

Lemma 3.2 ([79, Section 6.41). It holds that
A (X, A, dx), (Y, B, dy)) = mfdls(m)

where the infimum is taken over correspondences compatible with the markings.

Correspondences are also useful for estimating GHP distances when used togeth-
er with the notion of couplings, which are measures on the product of the two spaces
to be compared. The following is a direct adaptation of [68, Lemma 4], which treats
the case of M (-1,

Lemma 3.3. Let (X, dx. A, jy) and (Y,dy,B, juy) be elements of ME™ for some
f, m > 0. Let ¢ > 0, and let R be a correspondence between X, and Y compatible
with the markings and of distortion bounded above by . For 1 < j < m, let v/ be
a finite measure on the product X x Y such that v/ (R€) < € and, letting px, py be
the coordinate projections onto X, and ¥,

dx (15, (px)xv?) vV dy(uy, (py)v?!) < e
Then dgﬁ'g)((x, dx, A, ), (Y,dy,B, uy)) < 3e.

Finally, we state an elementary lemma whose proof is straightforward and
omitted.

Lemma 3.4. The mappings

(X, dx. (A", A ) > (X, dx, (AVU A2 A3, .. AY . o).
(X, dx. (A',... A ) > (X, dx. (AY, ... A ) wy)

are 1-Lipschitz from (M ™ d(z m)) to (ME=1m) d(z " m)) the mappings

(X, dxc. A, (s - 1W3) > (X, doc, AL (1 + Wis Wags - - -+ %)),
(X, doc, A, (Lhe, oo %)) = (X, doe, A, (s - pW51)
are 2-Lipschitz and 1-Lipschitz from (M¢™ d(( m)) to (M&m=1 d([ - 1)) and,
for every permutation o of {1,2,...,{} and T of{l, 2,...,m},
(X, do, (A, ..., AY), (ube. o )
= (X da, (A0, A7), (gD ™))

is an isometry from (M©™) dgﬁ’g)) onto itself.
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3.2 Geodesics in metric spaces

We now discuss the important notion of geodesics in metric spaces, as well as its
relations with GHP limits.

In a metric space (X, dx; ), compact or not, a geodesic is a mapping y: [0, [] = X
defined on some compact interval' [0, /] and that is isometric, i.e., satisfies

dx(x(s), x(®) =t =sl, 0=s,1=L. (3.1

The points x(0), x(f) are called the extremities of y, and [ = dx(x(0), x(£)) is the
length of the geodesic, denoted by length,, (x), or simply length(x) when there is
little risk of ambiguity. The space (X, dx) is called a geodesic space if, for every pair
of points x, y € X, there exists a geodesic with extremities x, y.

The range x ([0, length(y)]) of a geodesic path is called a geodesic segment.
An oriented geodesic segment is a pair (x(0), x([0, length(x)])) made of a geodesic
segment and a distinguished extremity, called its origin. Note that an oriented geo-
desic segment uniquely determines the geodesic y, since y(¢) is the unique point
at distance ¢ away from the origin. For this reason, we will systematically identify
geodesics with oriented geodesic segments and use the same piece of notation for
both of them.

In a marked measured metric space (X, dx, A, y), some pairs (A, A7) of
marks might be oriented geodesic segments; such pairs are called geodesic marks.

Geodesic marks and GHP limits. The following proposition states that geodesic
marks nicely pass to the limit in the GHP topology.

Proposition 3.5. Let (X, dx,,An, kx,), n > 1, be a sequence of marked mea-
sured compact metric spaces that converges to some limit (X, dx, A, L) in the
GHP topology. Suppose that i, j are fixed and that, for every n, the pair of marks
(AL, A{;) = y, is a geodesic mark. Then the pair of marks (A', A7) = y of A is also
a geodesic mark. Moreover, it holds that

length(y) = nlglgo length(yy).

Proof. The wanted property deals only with the marks and not with the measures,
so it suffices to establish the proposition in the space M© of marked, nonmeasured
spaces. Without loss of generality (by Lemma 3.4), we may and will assume that
i=1andj =2.

By Lemma 3.2, we may find a sequence of correspondences R, between X,
and X that is compatible with the markings A, and A, and whose distortion

"'We allow / = 0 in this definition.
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&n := dis(R,) goes to zero. From now on, we will never need to refer to marks other
than the first two.

Let y,z € A'. Since A} contains a single point, which we denote by x,, = ¥,(0),
we have x, R, y and x,, R, z,sothatdx(y,z) <&, forevery n > 1, entailing y = z.
So A! is a singleton, which we denote by 4! = {x}.

Next, leta € A2 and a,, € A,Z, be such that a,, R, a. Then

|dX(x’a) - dx,, (xn» an)| < é&n,

which implies that dx;,, (Xn,an) = dx(x,a) asn — oo, and in particular, dx (x,a) <
lim inf, _, o length(y,), and therefore
max dx (x,a) < liminflength(y,).
acA? n—00
In the other direction, let ¢ < limsup,,_, ., length(y,). We claim that there exists
at least a point ¢; € A% such that dy(x, ¢;) = t. This will entail that length(y,)
converges to [ = max,c42dx(x,a). To see the claim, observe that, at least along
a suitable extraction, there exists a sequence ¢, — ¢ such that length(y,) > t,. Along
this extraction, let y,(#,) be the unique point of y, such that t, = dx;, (xn, Yn(ts)),
and let g, be an element of A2 such that y, (t,) R, gn. Then |dx(x, gn) — ta| < n,
so that, possibly by further extracting, (g,) converges to a limit ¢; € A2. It then holds
that dyx (x, ¢;) = t, as claimed.
Now fix 5,7 € [0, [] with s < ¢, and let a, b € A? be such that dx (x,a) = s and
dx (x,b) = t. By the triangle inequality, we have dx (a,b) >t — s, and, on the other
hand, if a, R, a and b, R, b with a,, b, € A2, then

dx(a,b) = dx,, (an,bn) +éen = |dxn (xn’bn) - dxn (xn’an)l + én
< ldx(x,b) —dx(x,a)| + 3¢n
=t —s54 3¢g,,

where in the second line, we have used the fact that a,,, b, lie on a geodesic having x,,
as one of its extremities. Letting n — oo, this shows that dx (a, b) =t — s, and in
particular, taking ¢t = s shows that the point ¢; of the preceding paragraph is the
unique point of A2 at distance ¢ from x. We conclude that y is an oriented geodesic
segment with length / and origin x. |

Maps as compact geodesic metric spaces. So far, we have been seeing maps as
finite metric spaces. We may also interpret a map m as a compact geodesic metric
space, by viewing each edge as isometric to a real segment of length 1 (this is called
the metric graph [32] associated with m). Note that the restriction of the metric to the
subset corresponding to the vertex set of m is the graph metric, so that the two metric
spaces corresponding to m are at dgy-distance less than 1/2. In the scaling limit, this
bears no effects.
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With this point of view on maps, note that, in the notation of Sections 2.3 and 2.4,

* (p,y) and (p, §) are geodesic marks of sl,
o (p.y), (5. ), (0, 7), and (p, §) are geodesic marks of qd.

3.3 Gluing along geodesics

Quotient pseudometrics. Let (X, d) be a pseudometric space, that is, a set equipped
with a symmetric function d: X? — R U {oo} that vanishes on the diagonal and
satisfies the triangle inequality. Then {d = 0} is an equivalence relation on X, and
the quotient set X/ /{d = 0} equipped with the function induced by d (still denoted
by d for simplicity), is a true metric space, meaning that d is also separated.

Let R be an equivalence relation on X. Let d / R be the largest pseudometric on X
such that d /R < d and that satisfies d/R(x, y) = 0 as soon as x R y. By [32, Theo-
rem 3.1.27], it is given by the formula

m
d/R(x,y) :inf{Zd(xi,yi):m >1, X1, Xy Y1y e oo Ym € X, X1 = X,

i=1

Ym =Y, ¥i Rxj4q fori € {1,...,m—1}}.(3.2)

In this setting, the set {d /R = 0} is another equivalence relation on X that contains R,
possibly strictly. We let (X, d)/R = (X /{d/R = 0},d/R) and call it the gluing of
(X, d) along R.

A simple observation is that if Ry, R, are two equivalence relations on X, then
we have the equality of pseudometrics on X

(d/R1)/Ry = (d/R2)/Ry = d/R, (3.3)

where R is the coarsest equivalence relation containing Ry U R,. This expression is
indeed a direct consequence of (3.2) and the fact that x R y if and only if there exist
some integer m and points xo = X, X1,..., X, = y such that (x;—1,x;) € Ry U R,
foreveryi € {1,2,...,m}.

Gluing two spaces along geodesics. Let (X, dx), (¥, dy) be two pseudometric
spaces and y, £ be two geodesics in X and Y, respectively, where the definition of
a geodesic given by (3.1) is naturally extended to pseudometric spaces. The pseudo-
metric of the disjoint union X U ¥ is defined by

dx(x,y) ifx,yeX,
dxuy(x,y) = qdy(x,y) ifx,yed,

00 otherwise.
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We define the metric gluing of X and ¥ along y and £ by letting / = length(y) A
length(§) and by setting

G(X.¥:y.§) = (X U¥Y.dxuy)/R. (3.4

where R is the coarsest equivalence relation satisfying y(¢) R £(¢t) for every t € [0, [].

In this particular case, the fact that y and £ are geodesics greatly simplifies (3.2).
Indeed, y; R x;j+1 and y;4+1 R x; 42 imply that dxuy (vi, Xi+2) = dxuy (Xi+1, Vi+1)-
In other words, using twice the relation R does not create shortcuts. As a result, the
pseudometric of the gluing is the function dg whose restrictions to X x X and ¥ x Y
are dyx and dy, respectively, and

dg(x,y)=dg(y,x) = teif(l)f[]{dx(x, (@) +dy¢(),y)} ifxeX, yel¥y. (3.5)

Remark 3.6. In fact, equation (3.5) holds in the more general setting of gluing along
isometric subspaces [31, Chapter 1.5], the underlying isometry in our context being
y(t) — &£(t). We will not need this level of generality here.

If(X,dx, A yx) € M &™) and (Y,dy,B,pny) € M@ m) are marked measured
metric spaces, we may view G(X, ¥; y, £) as an element of MEF¢-m+m") by agsion-
ing marks and measures

(p(AY),....p(4%,p(BY),....p(BY))

and /
(Pl - - s P Paflys - - Pl ),

where p: X UY — G(X, Y, y, &) is the canonical projection. With a slight abuse
of notation, we will keep denoting these by AB and p 4 ft5. Observe that y and &
may themselves be part of the marking, in which case they induce the same marks
p(y) = p(§) in the glued space. Observe also that geodesic marks in A or in B remain
geodesic marks in AB, due to the fact that, by definition, (X, dx) and (Y, dy) are
isometrically embedded in G(X, Y; y, §).

Finally, observe that the gluing of the point space as an element of M) with
(Y,dy, B, ny) along £ only has the effect of prepending ¢ times £(0) to B and m
times the zero measure to fLy.

Gluing two geodesics in the same space. A similar gluing procedure” can be defined
for two geodesics y, € in the same pseudometric space (X, dx). We again set [ =
length(y) A length(§) and then define

G(X;7.8) = (X, dx)/R,

’In fact, since we are allowing points at infinite distance, the gluing G(X, ¥; y, £) could be
seen as a particular case of gluing of a single space along two geodesics, but we refrain to do
so as we will mostly be interested in gluing true metric spaces.
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where R is the coarsest equivalence relation satisfying y(¢) R £(¢) forevery t € [0, [].
The quotient pseudometric dg (x, y) may be condensed into

dx(x.y) A teif})f[]{dx(x, y(0) +dx(§@). )}

A int dx (e £0) +dx(v(0). ) (36)

Similarly to the above, the space G(X; y, ) naturally inherits the marking A and
measures [y that X' may be endowed with, simply by pushing those forward by
the canonical projection X — G(X; y, £); by a slight abuse of notation, we keep the
piece of notation A, u o for these inherited objects. Note however that it is not true
in general that geodesic marks in (X, dx) remain geodesic marks in G(X; y, ). Let
us state a useful comparison result between dx and dg.

Lemma 3.7. Let (X, dx) be a pseudometric space with two distinguished geode-
sics y, &. Denote by dg the pseudometric on G(X;y, €) as in (3.6).
(1) Foreveryx,y € X,

dg(x.y) < dx(x.y) < dg(x,y) + R(y.§),

where R(y, &) is the Hausdorff distance in the space (X, dx) between the
initial segments of y, & that are glued together, i.e., of length (.

(i) Foreverye>0andx,y € X, ifdx(x,y) <eanddx(x,y) Ndx(y,y) > ¢
(orifdx(x,&) Adx(y,&) > ¢), it holds that

dg(x,y) = dx(x,y).

Proof. Let us first prove (i). The first inequality is a direct consequence of (3.6).
To prove the other bound, simply observe that for every ¢ € [0, /] we have

dx(x,y) < dx(x,y(1)) + dx(y(1).§@)) + dx(§(1). y)
< dx(x,y(1)) +dx (@), y) + R(y.§).

Taking the infimum over ¢, and then applying the same reasoning with the roles of y, &
interchanged, we obtain the result by (3.6).

The proof of (ii) is even more straightforward. Under our assumptions, it holds
that both do (x, y(¢)) + dx (v, &(t)) and dx (x, £(t)) + dx(y, y(t)) are greater than
e > dx(x,y) for every choice of 7, so that dg (x, y) must be equal to dx;(x,y). m

Gluing and GHP limits. Henceforth, we mostly focus on compact geodesic spaces.
The gluing of one or two geodesic spaces along geodesics is again a geodesic space by
general results presented in [32]. The gluing operation also preserves the compactness
of the spaces that are glued together. Furthermore, if a compact metric space is the
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Gromov—Hausdorff limit of a sequence of compact geodesic spaces, then it is also
a compact geodesic space [32, Theorem 7.5.1].

The next result shows that the gluing operations behave well with respect to the
GHP metric. For simplicity, we state it with the first marks of the markings but it
obviously holds up to index permutations, using Lemma 3.4, for instance.

Proposition 3.8. Let (X, dx,, An, kyx,) and (Y, dy,, By, py, ) be geodesic
marked measured metric spaces that converge in the marked GHP topology to
(X, dx, A, p), (Y,dy,B, wy). Assume that the first pairs of marks (A}, A2) = y,
and (B, B?) = &, of X, and of ¥, are geodesic marks for every n > 0. Then the
first two marks of A and of B are geodesic marks vy, &, and

G(Xn, Yn: Vn. En) = G(X,Y:y.§)

in the GHP topology.

Similarly, if we now assume that the first four marks are such that (A}, A%2) = y,
and (A3, A%) = &, are geodesic marks, then the same holds for the first marks y, &
of A, and

G(Xn; Vns&n) njo)o G(X;y.8)

in the GHP topology.

In order to prove this proposition, we are first going to state and prove a useful
lemma that allows one to deal only with the situations where the geodesics along
which the spaces of interest are glued have the same lengths. While Lemma 3.4
showed that the operation of merging two marks is continuous on (M(e’m), dgﬁrg)),
this lemma states that in the case of geodesic marks, the natural splitting operation is
continuous. If y is a geodesic mark and r € [0, length(y)], the splitting of y at level r

is the two geodesic marks (y(0),{y(¢): 0 <t <r}), (y(r),{y(),r <t <length(y)}).

Lemma 3.9. Let (X, dx,, An, itx,), n > 0, be a sequence of geodesic marked
measured metric spaces converging in the GHP topology toward a geodesic marked
measured metric space (X,dx, A, | ), and assume that, say, the first pairs of marks,
are geodesic marks y, and y. Denote by , = length(y,) and [ = length(y) their
lengths. Let ry, € (0, i) be real numbers such that r, — r € (0, (). Then the conver-
gence X, — X still holds in the GHP topology after replacing the marks y, and y
in A, and A, with their splittings y,, v,, and y', y" at levels r,, and r, respectively.

Proof. Since the desired property does not involve the measures, it suffices to estab-
lish it in the space of marked, nonmeasured spaces. Let R be a correspondence
between X, and X compatible with the markings. We fix ¢ > dis({R) and consider
the enlarged correspondence

Re={(x,y) € Xy x X :3(x",y") € R, dx, (x,x") vdx(y,)y') <e}.



Marking and gluing along geodesics 40

By the triangle inequality, the distortion of R® is at most dis(R) + 4&. Moreover,
we claim that for s € [0, ;] and ¢ € [0, [] such that |t — 5| < & — dis(R), it holds
that v, (s) R¢ y(¢). Indeed, since R is compatible with the markings, for every s, ¢ as
above, there exists u such that y, (s) R y(u), so

Is —u| = |dx, (Yn(5), n(0)) — dx (y(u),y(0))| < dis R,

and therefore |dx (y(¢), y(u))| = |t —u| < |t —s| + |s — u| < &, as wanted. From
this, we conclude that R® is compatible with the geodesic marks y,, y" and y,/, y”,
as soon as & > |r, —r| Vv |f — []. Choosing a sequence of correspondences R, with
vanishing distortion and taking e, = (dis(Ry,) V |rn — | V | — []) + 1/n yields the

result. n

Proof of Proposition 3.8. With the help of Lemma 3.9, we may and will assume
that y,, &, have same length for every n. The fact that the limiting marks are geodesics
marks with same length comes from Proposition 3.5. We will first establish the result
for marked, nonmeasured spaces, from which we will deduce the full result thanks to
Lemma 3.1.

Let R and R’ be two correspondences between X, and X and between ¥, and Y,
compatible with the considered markings. Identifying X, and ¥, (resp. X and ¥)
with their canonical embeddings into G(X,,, Yy; yn, &,) (resp. into G(X, Y; y, £)),
we consider R” = R U R’ as a correspondence between G(X,, Yy yu, £,) and
G(X,¥Y;y,§), obviously compatible with the other marks. In order to bound its dis-
tortion, let us take x;, R x and y, R y.

We let 4, = length(y, ) = length(&,) and [ = length(y) = length(§) be the lengths
of the considered geodesics and we denote by d,, and d the metrics in the previous
gluings. From (3.5) and by compactness, there exists ¢ € [0, [] such that

d(x,y) = dx(x,y() + dy(E(@). y).

Then there exist #,, 1, € [0, f,] such that y,(#,) R y(t) and &,(z,) R’ £(t). As aresult,

dn(Xn, yn) < dx, (Xn, Yn(tn)) + du(Yn(tn), &n ([rlz)) + dy,, (§n (tr/z)’ Vn)
< dx(x,y () + dis(R) + dn(yn(tn), &n(1,)) + dy(§(2), y) + dis(R')
<d(x,y) +dis(R) + dis(R') + dn (¥ (tn), & (1))
Using the facts that y,, &,, y, § are geodesics and y,(0) R y(0), £,(0) R’ £(0),
we easily obtain
dy (Vn ([n)’ En ([;/1)) = |an (Vn (0), Vn (tn)) - dyn (En (0)7 ‘i:n (trll))l
< |dx(y(0), y(2)) — dy(£(0), £ ()| + dis(R) + dis(R")
= dis(R) + dis(R').
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Using a symmetric argument, we obtain
|dn (xXn, yn) — d(x, y)| = 2(dis(R) + dis(R")).

Adding to this the simpler cases where the pairs of points we compare belong both
to R or both to R’, we obtain

dis(R”) < 2(dis(R) + dis(R’))

and the first statement easily follows for the GH topology (without the measures).

Let us show that the result still holds when considering the measures. We assume
for simplicity that the terms of u 4, iy are all nonzero, since the case of a vanish-
ing measure, say ,ugc, is equivalent to the fact that p,& (X)) — 0. Denote by m, m’
the numbers of coordinates of w x, ty and sample r(m + m’) independent points
x—(x] 1<z <r1<] <m)andy—(yj I1<i=<rl=<j=<m), wherex]
has law i’ 5 and y has law /,Ly We identify these points with their images in the
glued space by the canonical projection X U¥ — G(X, ¥; y, £). We assume that
wax, (Xy,) > 0and py, (¥,) > 0, which hold for  sufficiently large since, as n — oo,
mx, (Xn) = pnax(X) > 0 and py, (Y,) = ny(Y) > 0. We proceed similarly to
sample r(m + m') random points x, = (x,{’i), y, = (y,{,i) in G(Xyu, ¥ Vn, &n)
with laws ﬁgcn and ﬁ]?n as appropriate. Lemma 3.1 guarantees that the marked spaces
(Xy,dx,, Anxy,) and (Y,,dy,,B,y,) converge to (X, dx,Ax) and (¥, dy,By)
in distribution in the GH topology. Applying the result of Proposition 3.8 proved
above in the case without measures, we obtain the convergence in distribution of
the glued space G(Xn, Yn; vn, &,) with markings A,B,x,y, to G(X,¥Y;y, §) with
the marking ABxy. Since x,, y, and x, y are also independent samples from
the renormalized measures wy , my, and py, Ly viewed as measures on the
glued spaces, an application of the converse implication of Lemma 3.1 implies the
result.

The second part of the statement dealing with metric spaces that are glued along
two marked geodesics is shown in a similar fashion. We leave the details to the
reader. ]

3.4 Proof of Theorem 1.1

Let g,k € Z>o be fixed; as in Section 2.2, we exclude the cases (g, k) € {(0,0), (0, 1)}
of the sphere, the pointed sphere, or the disk. Recall that the case (g, k) = (0, 0) of
the sphere is already known. The case (g, b, k) = (0, 1, 1) of the disk is partially
known but has not been treated in the complete setting of Theorem 1.1. In fact,
it may actually enter the following framework: in this case, the decomposition of
Section 2.2 yields only one well-labeled forest (and thus one unique slice) indexed
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by a degenerate scheme with one external face having one unique vertex with a self-
loop edge. This creates a small ambiguity coming from the choice of the first tree in
the forest, which can be overcome by randomization when considering random maps.
The case (g,b, k) = (0,0, 1) of the pointed sphere would yield an even more degen-
erate decomposition with a one-vertex map as a scheme and a unique composite slice
of width 0, object that is not introduced in this work.

Instead of considering these extensions and objects, we rather obtain these cases
by using Proposition 1.3 at the end of Section 1.4. More precisely, provided The-
orem 1.1 holds for (g, k) = (0, 2), we infer the case (g, k) = (0, 1) as follows
Let[! € Zs be such that /! //2n — L' as n — oo and Q,, be uniform in Q ](l‘
Then choose a vertex uniformly at random among the internal vertices of Qn’and
denote by Q; the map obtained from Qn_l)y declaring the chosen vertex as a sec-
ond hole. Since Q;, is clearly uniform in QLO’](Z 1,00 the case (g, k) = (0, 2) of The-
orem 1. 1 implies the convergence of the corresponding metric measure space to-
ward S( L1 0)° and finally the convergence of the metric measure space corresponding
to Q, toward the space SE L]l), defined as SE L]l .0y With its second mark and second
boundary measure forgotten.

3.5 Gluing quadrangulations from elementary pieces

We start by interpreting the observations of Section 2.2 in the light of the previ-
ous section for a deterministic map. Letn € Zsg and I € N be fixed, let qE€ Q,[f}
and v, € V(q). The CVS construction being one-to-one, there is a unique labeled ma,p
(m, 1) € M,[f:} that corresponds to (q, v«). We denote by s the scheme of m and
by (EP¢, e € E(s)) the collection of elementary pieces of (q, v«). We emphasize
that the decomposition strongly depends on the distinguished point v, and not only
on q.

Ifee B (s), we let ¢, £¢ and B¢ be the maximal geodesic, shuttle, and base of the
slice EP?, and we let ¢, v¢ be the associated area and base measures defined at (2.2).
Ifeel (s), we let y¢, £, 7€, &€ be the maximal geodesics and shuttles of EP?, where
the first two correspond to I, and the latter two to Iz, in the notation of Section 2.2;
we also let ¢ be the associated area measure defined at (2.3). Note that EP® yields
the same map as EP® with the same measure; only the marks are ordered differently,
namely 7¢, £¢, y¢, £°.

The construction of q from (m, 1) consists in connecting every corner of m to its
successor, and the paths following consecutive successors are geodesic paths all aim-
ing toward v.. On the other hand, the construction of the elementary pieces from
(m, A) consists in performing the interval CVS bijection on every interval /., in
the notation of Section 2.2. The only difference between these constructions lies on
the shuttles of these elementary pieces: if ¢ is a corner in some interval I, whose
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successor in the interval bijection belongs to the shuttle £¢, then in order to obtain q
we should rather connect c to its successor s(c) in the contour order around fx. This
successor will belong to some interval I/ arriving later in contour order around fi —
note that this interval can be /I, itself. Note also that this successor s(c) belongs to the
maximal geodesic y¢ . Moreover, interpreting q and its elementary pieces as compact
geodesic marked metric spaces, it is straightforward to see that the identifications
correspond to metric gluings along geodesics.

Iterative gluing procedure. In order to reconstruct q from EP?, ¢ € E(s), rather
than connecting the shuttle vertices to their actual successors all at once, we will
proceed progressively by first connecting only those whose successors belong to the
maximal geodesic of the elementary piece that arrives immediately after in contour
order around f.

We now formalize this idea. Let « denote the cardinality of E(s). We arrange
the half-edges ey, ..., e, incident to the internal face of s according to the contour
order, starting at an arbitrarily chosen half-edge. While following the contour of the
internal face fi of m, we successively visit the elementary pieces EP%, 1 <i <k,
which are themselves viewed as marked measured geodesic metric spaces. The recon-
struction of q will be done recursively in « steps, resulting in a sequence of marked
(k + 1)-measured metric spaces (g, . .., .. At the i-th step, q;+; will be obtained
from q; by gluing EP® along (part of) its marked maximal geodesic y%. At the
same time, we will do some operations on the markings and measures, namely re-
orderings, unions of marks and sums of measures, which are all continuous by Lem-
ma 3.4.

We need to keep track of the boundary marks and the geodesics yet to be glued as
marks. More precisely, the marking of q; is (y2, &2, ! €L, ...y &' BL, ..., ,Blk),
where
. yl.j, l’ 0 < j < u;, are geodesic marks,

. il, cees ,311‘ are called the boundary marks. By convention, certain of these marks

may be empty, in which case they are simply discarded from the marks.
The mark & is the mark along which the subsequent gluing producing q;4; will
occur, and u; represents the number of quadrilaterals that have been involved only
once in the gluing procedures up to the i-th step. Each of these quadrilateral yields
two marks ylzi , Sij for some j € {l,...,u;}, corresponding to the unvisited half of the
quadrilateral, which will have to be glued at a further step. Finally, each q; will come
with measures p;, v;, where u; is called the area measure and v; = (vil, e vlk) is
the k-tuple of boundary measures.

We initiate the construction by letting 1o = 0, qo € M@*+1 be the point space
with the two marks 7/8, Eg being the unique point, and measures o9 = 0, vy = 0~.
We also let all the boundary marks be empty.
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Figure 3.1. The gluing procedure in the case where EP¢ is a slice. In this picture and the
following ones, the black wiggly curve depicts all the marks different from ylp_l, 5?—1' The
reader should bear in mind that, in general, q;—; has no reason to present a planar topology as
in these pictures. The boundary SZ.O_ 1 of q;—1 is glued to the maximal geodesic y¢/, and the
base of EP¢ is added to the r-th boundary mark of q; —; whenever e; is incident to #,. The first
two geodesic marks are updated according to (3.7), which leads to the two alternative situations
described in this figure, depending on which of E?_l and y ¢ is the longest: the unglued part of
these geodesics becomes part of E? or of y?.

Next, provided that q;—; has been constructed for some i € {1,...,k}, we de-
fine q; by considering the following cases, depicted in Figures 3.1-3.3.
o Ife; € B, (s) for some r € {1, ..., k}, meaning in particular that EP?! is a slice,
we set

q; = G(q;—1,EP% ;£ |, y°),
and mark it as follows. We update the boundary marks by setting
Br = pr_ UBs, B =B, forr' e{l,... . k}\{r}.
We update the geodesic marks by letting®
VP =vi UNEL), & =€ UE\ ), 3.7)

and, setting u; = u;_, we let yij = yij_l and Eij = él.j_l for 1 < j < u;. Finally,
we update the measures by

i = i1 4+ &, v =l v = forr e {1, kY \ {r).

This case is illustrated in Figure 3.1.

3In (3.7), we use the convention set in Section 3.3 for marks in a glued space: in particular,
after gluing, one of the marks y¢i, E?_l is contained in the other, depending on which is longest.
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Figure 3.2. The gluing procedure in the case where EP¢ is a quadrilateral that was not
involved previously in the construction. The boundary 5?_1 of q;— is glued to the maximal
geodesic y¢i . The first two geodesic marks are again updated according to (3.7), leading to two
possible situations depending on which of ’g‘?_l and y¢ is the longest. Only one of these situ-
ations is represented on this figure. In this case, the two geodesic boundary marks ¢ and £
are added to the marking; they will be involved in a later construction step.

&¢i yCi

Figure 3.3. The gluing procedure in the case where EP¢ is a quadrilateral, one side of which
was already involved in a previous construction step. The boundary E?_l of q;—1 is glued
to the maximal geodesic y¢i, which had been introduced as a geodesic mark in this previous
construction step. The first two geodesic marks are again updated according to (3.7), and the
geodesic marks y¢i, £¢ are removed from the remaining marks.

o Ife; € ! (s), meaning in particular that EP¢! is a quadrilateral, we keep the bound-
ary marks unchanged by setting 87 = BI_, for 1 <r <k, wesetv; = v;_1, and
consider the following two possible situations.

- Ife; ¢{e;,1 < j <i}, thatis, if the unoriented edge corresponding to e; is
visited for the first time, we let again

Qi = G(qi—1, P 67, y©),

and update its geodesic marks as follows. We update the first two geodesic
marks by (3.7). We set u; = uj—y + landlety! =y  and & =&/ | for
Ui e

1 < j <u; — 1. Finally, we set yiui =y, §; g%, and w; = pwi—1 + pé.
This case is illustrated in Figure 3.2.
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- Ife; efe;,1 < j <i},saye; = ey, thatis, if the unoriented edge correspond-
ing to e; is visited for the second time, then y¢ = y°t is a mark of q;_1:
it is the mark y¢ = )/Z ¢ of qp and stays a mark of the subsequent spaces
qe+1s - - -»qi—1- Similarly, §¢ = £°¢ is a mark of q;_;. We let

a4 = G(qi—1; 61, v%),

we update the first two geodesic marks by (3.7), and, setting u; = u;—; — 1,
we let (yl.j, Sij, 1 < j < u;) be the sequence ()/ij_l, ij_l, 1 <j <wuj_y) from
which the terms y¢ and £¢ have been removed. Finally, we set y; = (i—1.
This case is illustrated in Figure 3.3.

It is important to notice that, in q;, all the marks yij s Sij ,0 < j <u;,are geodesic
marks. Indeed, each of these paths always take the form of a chain of consecutive
successors, which therefore must be a geodesic; more precisely, these are the maximal
geodesics and shuttles of the interval CVS bijection on the intervals I, U--- U [,
and [3; foreach j <i suchthate; € f(s) \{e1,...,ei}.

At the end of this inductive procedure, we have connected all shuttle corners of
some interval /,, to their actual successors in m whenever these lie on some /,;, with
1 <i < i’ <. It remains to connect the shuttle corners in some /., whose actual
successor in m lies in some [, with 1 < i’ <i <. Butone can observe that u, = 0,
so that q, carries exactly two geodesic marks y?, £2. The shuttle corners yet to be
connected are exactly those of S,? , and should be matched to the successive corners
of y2. Therefore, as marked metric spaces, we have q = G(qy; y?, £2), with marks 7,
1 <r <k, which are precisely the connected components of the boundary dq, ordered
as they should.

It is also possible to view all these gluing operations at once, as shown in Fig-
ure 3.4.

Measures. We claim that the previous equality @ = G(qy; Y2, £2) only holds as k-
marked, (k + 1)-measured metric spaces up to a difference in the supports consisting
of a bounded number of vertices. When considering rescaled measures through the
operator €2, this small difference will be of no importance in our limiting arguments.

First of all, the boundary measures of the external faces match. This is because
the boundary of a given external face of q is made of the bases, say f%1,..., 8/,
of several slices that satisfy B¢ N B¢+1 = {p®e} for 1 <€ < j withi;4; = i; and
where we denoted by p* the final point of the base of EP®. Since the base measure
of the slice EP? is the counting measure on 8¢ \ {p€¢}, the resulting measure in the
gluing is the counting measure on the boundary of the considered external face of q,
as desired.

For the boundary measures of the external vertices, the measure in q is the count-
ing measure on the singleton consisting of the external vertex, while the correspond-
ing boundary measure in the gluing is the zero measure.
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Figure 3.4. Reconstructing q by gluing its elementary pieces along geodesics. On this example,
we have k = 14. Although we used the same scheme as in Figure 2.2 without #3 (for lower
complexity), beware that the labels here do not match those from the top of Figure 2.2. On the
top, the half-edges of E (s) are arranged according to the contour order. With each one of them
corresponds a “triangle,” which is either a slice (here, with e, es, eg, e11) or “half” a quadri-
lateral, depending on whether the half-edge belongs to E(s) or I (s). The five matchings of
the corresponding “halves” of quadrilaterals, that is, the matchings of half-edges in I (s), are
represented with light colors. The vertices of these triangles are represented at a height corre-
sponding to their label, where A}, = minz, A — 1. The geodesic marks of the pieces may be
involved in multiple gluings. For instance, the shuttle of the leftmost triangle is involved in
three gluings; it is split in three parts, corresponding to the triangles that can be “seen” to its
right (those corresponding to e, e5, and e7).

For the area measure, by convention, we decided that in the elementary pieces,
the measures were taken on vertices outside of the shuttles. In doing so, after each
gluing operation where a piece of a shuttle is glued to a piece of a maximal geodesic,
the corresponding vertices are counted only once, as they should, except possibly for
the vertices p, p of the quadrilaterals, since they lie both on a maximal geodesic
and on a shuttle, and are therefore not part of the counting measures by convention.
Therefore, the final gluing is naturally equipped with an area measure that is the
counting measure on all but at most 2(2g 4+ k — 1) vertices, which is an upper bound
on the number of vertices of the scheme by Lemma 2.1.
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Conclusion. We finally observe that the number « of gluing operations necessary to
obtain q is uniformly bounded in n. Indeed, the number of edges of s is, by Lem-
ma 2.1, smaller than 3(2g + k — 1).

As a result, Theorem 1.1 will directly follow from subsequent applications of
Proposition 3.8 once we will have shown that, after a proper scaling, the elemen-
tary pieces of a uniform quadrangulation jointly converge in distribution in the GHP
topology.

3.6 Scaling limit of the collection of elementary pieces

We now fix L = (L',..., L¥) € [0, 00)k. We let b and p be the numbers of indices i
such that L? > 0 and L? = 0 respectively. In order to ease notation, we assume that
L',...,L> > 0while L6%1 ... Lk =0,

Limiting measure for size parameters. We denote by S* the set of rooted genus g
schemes with k holes, %1, ..., A, being faces, #p41, ..., fix being vertices of de-
gree 1, and whose internal vertices are all of degree exactly 3. These are called
dominant schemes. Lets € S* be fixed and denote its root vertex by vg. We let 75 be
the set of tuples

((ae)eel:f(s)’ (he)eei(s)’ (Ie)eEE(s)’ (AU)UGV(S))

in (R20)E® x (Rs0)® x RE® x RV® such that
° ZeeE(s) a = 1’
e h®=nh¢foralle e i(s),
. Zeeé,-(s) € =L'forl <i <bh,
o AV =0.
There is a natural Lebesgue measure £¢ on Jg defined as follows. First, if J is
a finite set, and L > 0 a positive real number, we let Alj be the Lebesgue measure on
the simplex {(x/, j € J) € (Rx¢)” : Z]GJ x/ = L}. The latter measure can be defined
as the image of the measure ¥); e dx’ 1{2 ey xi <L}s where J' is obtained from J
by removmg one arbltrary element j’, by the mapping (x/, j € J') — (X/, j € J),
where x/" = 1 — D jer X
Next, let /(s) be an orlentatlon of [ (s), that is, a set containing exactly one ele-
ment from {e, e} for every e € I (s). We let :ﬁ be the measure @), 1) 4 Line > 03-
Similarly, we let £y be the measure ®vev/(s) dAY, where V'(s) = V(s) \ {vo}.
Finally, the measure £ is the image measure of

1
A ® I(S)®®AB()®:CV(S)
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by the mapping that associates with
((ae)eeé(s)v (he)eGI(S)’ ((Ie)eeéi (s)’ 1<i < b), (A’v)vGV’(s))

the unique compatible element of 75, that is, such that h® = h¢ for every e € I (s), and
such that A%0 = 0.

We let Paramy, be the probability measure on | g« {s} x 75 whose density with
respect to the measure ) " g« 0s ® Ly is

— H gre@) [] ae@) [T pre®®) J] pae@). 38

eel(s) e€B(s) ec(s) ecB(s)

where p;(x) = exp(—x2/(2t))/~/2xt is the Gaussian density, g, (1) = (x/1) p: (x) X
1~} is the (stable 1/2) density for the hitting time of level —x by standard Brownian
motion, SA¢ = A€ T _ A forec E (s), and Z is a normalizing constant, equal to the
integral of the remaining display. Beware that the third product is over I(s), not ! (s)-

Scaling limits for size parameters. Next, let (I,) = (I}, ...,l,’f) and Q, be as
in the statement of Theorem 1.1. We let v,y be uniformly distributed over the set
of internal vertices of Q,, whose cardinality given by (1.3) only depends on the
parameters. Consequently, (Qn, vy) is uniformly distributed over the set of quad-
rangulations from Q o 1,0° seeing v, as a (k + 1)-th hole. The rooted labeled map
(M, Ay) correspondmg via the CVS correspondence is thus uniformly distributed
over IVILg }” . We denote by S, the scheme of the nonrooted map corresponding to M,
and we root S, uniformly at random among its half-edges, incident to internal or
external faces, but such that the corresponding edge does not belong to the boundary
of fip41, ..., fig. Note that we could have rooted S,, from the root of M,, by asking
that the root of M, belongs to the forest indexed by the root of S, but this would have
introduced an undesirable bias. Here instead, from the unrooted map corresponding
to M, the map M, is rooted at a uniform corner incident to its internal face. Fur-
thermore, the boundaries of the holes #1441, ..., #if are excluded from the possible
rootings of S, since they should be thought of as having null length in the limit.

Fori € {b+1,...,k}, the hole #; of M, is called a vanishing face if it is a face,
that is, if l,i > 0. The corresponding hole #; of the scheme S, is called a tadpole if it is
made of a single self-loop edge incident to a single vertex of degree 3. We let S, be the
map S, in which every tadpole corresponding to a vanishing face #; has been shrunk
into a single vertex, still denoted by #;, in the sense that the corresponding self-loop
has been removed. Note that the root of S, is never removed in this operation, so
that S, is always rooted.

Forgetting the root of Q,, we let (EP¢,e € E (S5)) be the collection of elementary
pieces of (O, v;). For the half-edges e € B(S ), we let A2, L¢ be the area and
width of the slice EPj,. For e € i (Sn), we let A2, HY be the ﬁrst half-area and width
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of the quadrilateral EP¢; note that A¢ is the second half-area of EP. Recall that
the vertices of S, are in one-to-one correspondence with the nodes of M,,: for every
v € V(S,), we denote by A} the label of the corresponding node, where we choose
for the labeling function A, the representative giving label O to the root vertex of .Sj,.

Proposition 3.10. As n — oo, with probability tending to one, every vanishing face
of My, induces a tadpole in Sy, and, on this likely event, for every e € |_|{»€=b_,_1 Bi(Sy),
it holds that A% + L¢ = O((L%)?) in probability.

Moreover, the following convergence in distribution holds:

(So (/;1: )eeE"(Sf;)’ (\I/_I%)eei(s;;)’ (\];Qfl_n)eeé(sg)’ ((%) 1/4Az)veV(S,‘{))

()
n—go (Sv (Ae)eei'(s)v (He)eei(s)a (Le)eeé(s)ﬂ (AU)UGV(S))7 (39)

where the limiting random variable has the law Paramy described in the previous
paragraph.

This proposition is a generalization of [22, Proposition 15]. Given its technical
nature, we postpone its proof to Appendix B.

Scaling limits of the elementary pieces. As (M, A,) is uniformly distributed over
the set M[g] ,» conditionally given (3.9), the random variables EP¢, e € E (Sn),
are only dependent through the relations linking EPe with EP{ for e € I (S,). More-
ovet,

e ifec E(S,,), then EP;, is uniformly distributed among slices with area A¢,
width L¢ and tilt AS" — A2,

. ifeel (S»), then EPy, is uniformly dlstrlbuted among quadrilaterals with half-
areas A¢ and A%, width H¢ and tilt Ae —A¢ .

Applying the Skorokhod representation theorem, we may and will assume that the
convergence of (3.9) holds almost surely. Since, by Lemma 2.1, there are finitely
many possible schemes, this furthermore implies that S; = S for n sufficiently large.
Together with Theorems 2.6 and 2.8, the above observations entail that the collection
of rescaled random metric spaces (2, (EPy), e € E (S,)), converge in distribution in
the GHP topology toward a family (EP¢, e € E (S)) of continuum elementary pieces
with the following law conditionally given the right-hand side of (3.9):

. ifeeB (S), then EP? is a continuum slice with area A¢, width H¢ and tilt
ACT —AC

e ifeel (S), then EP? is a continuum quadrilateral with half-areas 4¢ and A°,
width H¢ and tilt A¢™ — A€,

We write y(EP?), &(EP), w(EP®), and either B(EP?), v(EP?) or 7(EP?), £(EP®)
the marks and measures of EP¢, with an obvious choice of notation. As continuum
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elementary pieces have only been defined as limits in the GHP topology of discrete
elementary pieces so far, these marks and measures are the limits of the corresponding
marks and measures of the discrete pieces.

We treat the elementary pieces corresponding to the vanishing faces thanks to
Corollary 2.7. We define, for every hole #; of S, with b + 1 <i < k, the elementary
piece EPﬁ” as EP{ if B; (Sy) = {e} or the vertex map otherwise, marked five times
at its unique vertex and endowed twice with the zero measure (thinking of it as an
“empty slice”). By Proposition 3.10 and Corollary 2.7, with probability tending to 1,
each one of the rescaled random metric spaces €2 n(EPf;L" ), b+ 1 <i <k,converges
in distribution in the GHP topology toward the point space (note that the tilt of EPfi
is always equal to 0).

3.7 Gluing pieces together

We can now complete the proof of Theorem 1.1 by applying Proposition 3.8 at every
step of the inductive construction of Section 3.5.

We work on the event of asymptotic full probability of Proposition 3.10 and
assume that n is large enough so that S; = S. We denote by k = |E(S)| + p and
let ey, ..., e be the sequence made of the half-edges of E (S), as well as the exter-
nal vertices of S, listed in contour order. Since S is dominant, these external vertices
are fipy1, ..., k. Applying the construction of Section 3.5 to the random quad-
rangulation Q,, up to adding the gluing of the point space for each external vertex
(not changing the markings and measures), we obtain a sequence Q, 1, ..., Qn Of
marked measured metric spaces.

The limiting space S[f] is obtained from (S, (EP%, e € E (S))) by recursively
defining a sequence of marked measured metric spaces Sp, . .., S, in the following
way. For 0 <7 < k, the marked measured metric space S; will carry geodesic marks
v/, &,0 < j <u;, boundary marks B!, ..., ,Bf‘ , an area measure /i;, and boundary
measures v}, ..., vlk.

We initiate the construction by letting 1o = 0, Sg € M@K+ be the point space
with the two marks yg, Sg being the unique point, and measures o9 = 0, vy = 0~.
We also let all the boundary marks be empty.

Next, given S;_; for some i € {1, ..., }, consider the following cases:

o Ife; € E,(S) for some r € {1,...,k}, set
8i =G(Si—1.EP1 £,y (EP)),
Bl =Bl UB(EPS), Br =pr forr’'e{l,....k}\{r}, (3.10)
W=7 UGEP\NEL),  E=EEPT) UYL, \ yEP)),
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and, setting u; = u;_1, let yij = yij_l and Elj = Eij_l for 1 < j < u;. Finally,
welet ; = pi—1 + w(EP®), v =v/_, + v(EP*) and vi’/ = virll forr’ #r.

4

o Ife; € f(S), set BI = BI_,, v =vl_, for1 <r <k, and consider the following

two possible situations:

- Ife; ¢{ej,1 <j <i},let

Si = G(Si—1,EP%; &) |, y(EP%)),

2 Si—1>»

update the first two geodesic marks by (3.10), and, setting u; = u;—1 + 1,
lety/ =y/ jand&/ =&/ forl <j <u; —1,andy;" = y(EP%), " =
£(EP®). Finally, set u; = wui—1 + w(EP®).

- Ife; efej, 1 <j<i},let

Si = G(Si—1; &, y(EP)),

update.the first two geodesic marks by (3.10), and, setting u; = u;—; — 1, let
(y].& .1 <j <u;) be the sequence (y;_,,& |, 1 < j <u;—y) from which
the terms y (EP¢) and &£ (EP¢ ) have been removed. Finally, set ;; = ;1.

e Ife; is an external vertex of S, setS; = S;_;.

Finally, we let S[Lg] = G(S,: £2,2), seen as an element of M*-*+1 equipped with
the marking (8., ..., BX) and measures pi,, v.. An application of Proposition 3.8 and
of Lemma 3.4 at every step of the construction shows that, for every i € {1,...,«},
the rescaled marked measured metric space Q,(Q,,;) converges to S; in the marked
GHP topology, and finally €2,,(Q,) converges to S%] by a final application of Propo-
sition 3.8 and the observation regarding the measure supports in the final gluing

mentioned at the end of Section 3.5. This completes the proof of Theorem 1.1.

3.8 Topology and Hausdorff dimension

In this section, we derive from Proposition 1.2 in the case (g, k) € {(0, 0), (0, 1)}
an alternate proof of Proposition 1.2 in the other cases. In the spherical case, Propo-
sition 1.2 was obtained by Le Gall and Paulin [73] thanks to a theorem of Moore
by seeing the Brownian sphere as a rather wild quotient of the sphere by some
equivalence relation. The same result was later obtained in [78] through the theory
of regularity of sequences developed by Begle and studied by Whyburn. The latter
approach was generalized in [20-22] in order to obtain the general cases.

Our approach of decomposition into elementary pieces gives a rather direct and
transparent proof of Proposition 1.2 in the case (g, k) ¢ {(0,0), (0, 1)} provided the
following lemma, which will be obtained in Chapters 4 and 5, and which amounts to
Proposition 1.2 for the noncompact analogs of the cases (g, k) € {(0,0), (0, 1)}.
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Lemma 3.11. Almost surely, a slice or a quadrilateral is homeomorphic to a disk and
is locally of Hausdorff dimension 4. Its boundary as a topological manifold consists
in the union of its marks, the intersection of any two marks being empty or a singleton.
Furthermore, in the case of a slice, the base is locally of Hausdor{f dimension 2.

Now, a quadrangulation from Q,[f}n is “not far” from being homeomorphic

to X l[vi ], where b, is the number of external faces, in the sense that we can “fill in”” the
internal faces with small topological disks and “fill in” the external faces by thin topo-
logical annuli without altering the metric and in such a way that the resulting object
is homeomorphic to X I[fi I'and at bounded GH distance from the quadrangulation (see
[22, Section 4.3.3] for more details about this procedure). The decomposition of the
quadrangulation into elementary pieces gives a decomposition of this surface into
pieces that are no other than the elementary pieces of the quadrangulation with faces
filled in and a thin rectangle added on the bases of the slices; see Figure 3.5.

Figure 3.5. Left. Topological disk corresponding to an elementary piece of a quadrangulation.
Right. Decomposition of the surface associated with a quadrangulation into surfaces homeo-
morphic to disks. Here also, we used the same scheme as in Figure 2.2 without /3.

With the notation of the previous section, Q, yields a surface homeomorphic
to X l[;i Vand its elementary pieces EPy,, e € E(S,), yield surfaces homeomorphic to

disks.

. Ifeel (S»), then the boundary of the surface associated with EP;, consists in the
two maximal geodesics and the two shuttles of EP¢.

. IfecB (S»), then the boundary of the surface associated with EP;, consists in the
maximal geodesic, the shuttle, as well as three sides of the added thin rectangle.

Then gluing back these disks along their boundaries in the same way as they were cut
gives back the surface X l[;i I, Forgetting the slice corresponding to a tadpole topolog-
ically amounts to fill in the corresponding vanishing face. Assuming that »n is suffi-
ciently large, all the vanishing faces correspond to tadpoles in the scheme. So the glu-
ing of the elementary pieces without the slices corresponding to tadpoles yields Zl[)g I
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In the limit, we glue topological disk exactly in the same way (using markings that
are topologically equivalent), so we obtain the same surface. The result about the
topology follows.

The statement about the Hausdorff dimension is even more straightforward as we
glue along geodesics a finite number of objects that are locally of dimension 4 and
the boundary is the union of the bases of the slices, which are all locally of Hausdorff
dimension 2.



Chapter 4

Convergence of composite slices

The goal of this chapter is to prove Theorem 2.6 on the convergence of slices to
their limiting slices. To this end, we are first going to derive a “free” version of this
result by finding slices with a free area and tilt within the uniform infinite half-planar
quadrangulation. The latter is known to converge to the Brownian half-plane, which
itself contains a “flow” of continuum slices with free areas and tilts; these are shown
to be the scaling limits of the discrete slices. We conclude by a conditioning argu-
ment to pass from free to fixed area and tilt. First, let us start with deterministic
considerations.

4.1 Metric spaces coded by real functions

Here we borrow some material from [13, Section 2.1], with however several slight
differences, in order to describe in a unified fashion the various random metric spaces
we will use. Let € (resp. 6(2)) be the set of continuous functions of one variable
(resp. of two variables) defined on some nonempty closed interval:

e= || eur
I closed interval
I1#O

and
e®= || ced:w.

1 closed interval
1#2

For a function f € €(I,R), we denote by I(f) = I its interval of definition and by
T(f) =infI and ©(f) = sup [ its extremities. The set € is naturally equipped with
the topology of uniform convergence over compact subsets of R; more precisely, the
topology induced by the following metric:

diste(f, g) = |arctan(?(f)) — arctan(7(g))| + |arctan(z( f)) — arctan(z(g))|
£y 4 i, S0 [FE) VAT = (@) ViAo

n>1 te[—n,n]

We also equip €@ with a straightforward adaptation diste(2).
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4.1.1 R-trees coded by functions
R-trees. For f € €ands,t € [ = I(f) withs <, set

f(s,t) =inf f 4.1)
- [s.7]
and, fors,t € I, set

dr(s,t) = f(s)+ f@)=2f(snt,s V1) 4.2)

This formula defines a pseudometric on /, which is continuous as a function from / 2
to Rxo, since dr(s,t) < 2w(f;[s At,s Vt]), where w(f;J) = sup; f —inf; f.
We let 7y = (I /{dy = 0}, dy) be the associated quotient space, and ps: I — T be
the canonical projection, which is continuous since dy is. The space Ty is a so-called
R-tree, that is, satisfies the following:

» For every two points a,b € T, there exists a geodesic from a to b, that is, an iso-
metric mapping y4.5:[0,dr(a,b)] — Tr with x4 5(0) =a and x, 5 (dy(a,b))=b.

* The image of the path y, 5, which we denote by [a, b]r, is the image of any
injective path from a to b.

If I is compact, we let a«(f) = pr(t«), where t, is any point at which f attains
its overall minimum. In this case, for t € I and a = ps(¢), the geodesic segment

la,a«(f)]r is given by
la.ax()]f =pr{s et Au,t V] f(s) < f(u), Yu e [s At,s Vv 1]}).

In the case where I is unbounded, we will systematically make the extra assumption
that
when 7(f) = —oo, inf f(t) = —occor lim f(¢) = oo,
<0 t——00

4.3)
when 7(f) = oo, inf f(t) =—occor lim f(z) = oo.
t>0 t—> o0
In particular, it holds that
Vs eI, lim  dy(s, 1) = o0, 4.4)

|t|—>o0,tel
which implies that T is locally compact, as the reader may easily check.

Gluing two R-trees. Next, given two functions f, g € € with common interval of
definition

I=1(f)=1()

both satisfying (4.3), we define another pseudometric on / as the quotient pseudo-
metric (defined by (3.2))

Dyg(s,t) = dg/{dy = 0}, 4.5)
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and equip the quotient set My, = I/{Dyg = 0} with the metric Dy.. Note that
Dyg: 1% — Ry is continuous since

|Dfg(s.1) = Dyg(s'.1')| < Dpg(s.s) + Dyg(t.1)
<2w(g:[sns',sVvs')+2w(g [t At tVvL]).

For this reason, the canonical projection psg: I — Mjy,, is continuous. We may view
(Mg, Dyg) as gluing the R-tree T, along the equivalence relation defining the
R-tree 7. In fact, since either of dr(s,t) = 0 or dg(s,t) = 0 implies Dr, = 0,
the canonical projection py ¢ factorizes as

Prg = Tf ©OPf = g © Pg;

where mp: Ty — My, and mg: Ty — My, are two surjective maps. Note that these
functions are continuous: if @, = pr (t,) converges to some point a, then, up to taking
extractions (and using (4.4) if I is unbounded), we may assume that #,, converges to
some limit #, and then py (#) = a by continuity of ps, while ¢ (a,) = psg(ty) con-
verges to Pre (1) = mr(a). As a consequence, every geodesic segment [a, b] s in 77,
and every geodesic [c, d]g in T is “immersed” into My, via the mappings ¢, 7g.

4.1.2 Composite slices coded by two functions

Slice trajectory. We say that (f, g) is a slice trajectory if f, g € € have common
interval of definition 7/,

Vs,tel, de(s,t) =0 = g(s) = g(t), (4.6)
if inf I = —o0, then

lim f(t) =400 and inf g(t) = —o0,
t—>—00 t<0

and, if sup I = oo, then

inf f(t) = —oco and inf g(t) = —o0.
t=0 >0

In particular, f and g both satisfy (4.3) in the case where I is noncompact, and the
quantity f(inf /) € R U {400} is always well defined.
In the remainder of this section, we fix a slice trajectory ( f, g), and call the metric
space
Slf.g = (Mg, Dr)

the slice coded by ( f, g). For the moment, we focus on deterministic considerations;
the functions f, g will be randomized in the following section.
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Marks and measures. The slice Sl naturally comes with the following distin-
guished elements.

Geodesics sides. For every t € I, we set

I'y(r) =inf{s >t :g(s) = g(t)—r} forr € R5g such that ;rgg(s) <g(t)—r,
sel

EBi(r) =sup{s <t :g(s) = gt)—r} forr € R such that }r<n;g(s) <g@)—r.
sel

In particular, we have dg (I';(r), 8,(r)) = 0 for every ¢ € I and every r satisfying

both inequalities above.

We extend the definition given in Section 3.2 of geodesics to paths y: [0,00) = X
that satisfy (3.1) for every s, ¢t € Rx¢. In this case, the point y(0) is called the origin
of y, its length is set to length(y) = oo by convention, and the range of y is called
a geodesic ray. The geodesic ray uniquely determines the geodesic y by the same
argument as for finite length, since the origin of a geodesic ray is the unique point a
such that, for any s > 0, the number of points in the ray at distance s from a is one.

We observe that I'; and E; are geodesics (possibly of infinite length) from ¢ for
the pseudometrics d, and Dy, in the sense that, for every r, r’ such that I';(r)
and I'; (+') are defined,

dg(Te(r), Te(r")) = Dyg(Te(r), Te(r) = |r' — 1|, 4.7

and the same holds with E in place of I';. This fact is immediate for dg by definition.
In fact, when I is compact, one checks that the images of py o I'; and p, o &, are

the geodesic segments [pg (¢). @« (g|(z,sup 171)] ¢ and [Pg (1), ax(g]fint 1,17))] ¢ in T
For Dy, this fact follows from the bound

1g(s) — g(s')| < Dyg(s,s') <dg(s.s"), s,5" €l,

where the first inequality is an easy consequence of the fact that (f, g) is a slice
trajectory.
Therefore, for ¢ € I, the paths defined by

ve(r) =prg(Te(r)), 0=<r <g()—g(ssupl), r eR,
£(r) =prg(Bi(r)), 0=<r<g)—g(nfl,1), reR,

are two geodesics (possibly of infinite length) from ps ¢ (¢), sharing a common initial
part. As mentioned in Section 3.2, we will often identify these paths with the pairs
formed by their origins and image sets, the latter being 7¢ ([pg (¢). @ (g|[z,5up 171)] )
and 7r¢ ([pg (1), ax(g|fint 1.11)]g) When I is compact.

The slice M, comes with zero, one, or two geodesic sides. If inf / > —oo, then
the geodesic y = yiqy is called the maximal geodesic of My, and, if sup I < oo, the
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geodesic § = &p is called the shuttle of My, . If inf I = —o0 (resp. sup I = 00),
we let y_oo (resp. £x) be the empty set. If 1 is a bounded interval, then the paths ;¢ ;
and &g, 7 have a common endpoint at the apex

Xx = Prg(s+) = 7 (ax(g)).
where s, denotes any point s in / such that g(s) = inf; g.

Base. For x € R, we define
Ty =inf{t € I : f(t) = —x} € R U {o0},

the hitting time of level —x by the function f, with the convention that inf @ = oo.
Note that, for x € R, T, # —oo because of the fact that ( f, g) is admissible. By con-
vention, we also set Too = —T—oo = 00. The base of Sy, is the set

B =pre({Tx: —f(infI) < x < —inf [} NR).

Note that the set inside brackets projects via py to a geodesic in T¢. When I is com-
pact, the base is the path ¢ ([ps (T- f(int 1)) Pr (T—inf; £)]), and in general, it is the
increasing union of the paths

wr([pr (Tx), pr(Ty)]p), —f(@nfl) <x <y < —inf f, x,y €R.

Measures. Finally, denoting by Leb; the Lebesgue measure on the interval J, the
slice Sy, is endowed with the following measures:

 the area measure 1 = (py,¢)+Leby,

» the base measure v, defined as the pushforward of Leb[_ f(inr 1),—inf, f/]nR by the
mapping x > pre(Tx).

Gluing slices. In what follows, we will make a slight abuse of notation and identify
intervals of the form [a, co], [—00, a] for @ € R and [—o0, oo] with the intervals
[a, 00), (—00, a] and R, respectively. For L, L’ in the extended line R U {#o00} such
that — f(inf 1) < L < L' < —inf; f, we define the restrictions f£-L) and g(L-L")
of f and g to the interval [Ty, T7/] N I, yielding also a slice trajectory. We may
therefore define the slice coded by (/&L g(L-L)) and denote it by

g&:L) — (M(L,L/)7 D(L,L/)) — (Mf(L,L’),g(L,L’), Df(L,U)’g(L,L/)).

We let p&L: [Ty, T/ — MEL) be the canonical projection, y &L, gL
,B(L’L/) be the maximal geodesic, shuttle, and base, and ;L(L’L/), v(L:L) be the area
and base measures of SI©-L).

This family of metric spaces is compatible with the gluing operation in the fol-
lowing sense, illustrated in Figure 4.1.
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xLL.L)

E(L.L,)
xLL/‘LN)
w.m
AL ) §
g(L.L") g|(L".L")
pre(TL) - ——a 7.2 (T17)
BLL) pre(Tr) BL-L)

Figure 4.1. Gluing slices encoded by a slice trajectory: the gluing of SIE-L) with SI¢E-L"

results in SIZ-L”), Here, T; > —o0 and Tz~ < co. We denoted by xiL/’L”) the apex
of SIL"-L™) and xiL’L/) the apex of SI(L’L/), which, on this example, is also the apex
of SILE-L™) Consequently, the shuttle & (L.L") is obtained by the union of & (L".L") and the part
of E(L’L’) that is not glued to y(L/’L”), whereas the maximal geodesic y(L’L”) = y(L’L,), as
stated at the end of Proposition 4.1. The bases and measures simply add up. The fact that the
slices depicted here are topological disks does not hold true in general; it will, however, be the
case for the random processes we will consider in the upcoming sections.

Proposition 4.1. Let — f(inf]) < L < L' < L” < —inf; f be in the extended real

line. Then
sIL-L") — G(S|(L’L )’ g|(L ,L//); E(L’L/)’ y(L/’L”))'

Moreover, the marks and measures satisfy
y yEE U (D B,
E(L’LN) — E(ngLN) U (E(L,L/) \ V(L’,L”)),

(L.L") _

ﬁ(L’LN) — ﬂ(LsL/) U ﬁ(LlsL”),
M I'L(L,L/) + /J/(L/sL”),

pLL") — (L) 4 (L")

(L.L") _

with the convention that, in the right-hand side, sets and measures are identified with
their images and pushforwards by the canonical projections in SIE-L),

Proof. In the disjoint union [Tg, Tz/] U [Ty, Tr], in order to avoid ambiguities due
to the fact that the point 77/ belongs to both intervals (thus should be duplicated),
we use a superscript 0 for points in the first interval and a superscript 1 for points
in the second interval. We observe that d (... can be seen as a quotient pseudo-
metric d/ Ry, where d is the disjoint union pseudometric on [T, Tr/] U [Ty, Tp~]
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given by d(s,t) = dg(s,t) if s, t belong to the same of the two intervals above and
d(s,t) = oo otherwise, and R; is the coarsest equivalence relation containing

{(B1,(N°.Tr,, (N, 0 =7 < g(T) — g(TL. Te) v g(Tor, Tor)}.

Note also that, as 77 is a hitting time, the equivalence relation {d,... = 0}
factorizes over these two intervals, in the sense that if dy...) (s,7) = 0 with s # 1,
then s, ¢ must belong to the same interval [Tr, Tr/] or [T/, Tr~]. So if R, is the
equivalence relation on the above disjoint union given by (s*,#/) € R, if and only if
dr(s,t) =0andi = j € {0, 1}, using (3.3), we have

DA = (d/R1)/Ra = (d/R2)/Ry = (DEE) u DEED) /Ry,
which is precisely the quotient metric of G (SIE-L) | §|(L"-L"); g(L.L) [, (L/.L7))

Checking the claimed formulas for the marks and measures of SIL-LY s straight-
forward. u

We finish this paragraph with a very strong identity, saying that the distances in
a slice SI%-L) encoded by a restriction of the slice trajectory ( f, g) are in fact the
restrictions of the distances in the “whole” slice Sy, .

Corollary 4.2. Let (f, g) be a slice trajectory on the interval I, and — f(inf I') <
L < L' < —inf; f. Then D\LL)) s the restriction of the function Dygto[Ty, Ty

Proof. This is a direct consequence of the preceding proposition, which entails that
Dy ¢ is the pseudometric obtained by gluing SIE-LY) with SIL sup 1) along £(Z-L)
and yL"s 1) and then by gluing the resulting space SIC5* 1) with SI0" /L) along
yEsw D) and gnflLL) - Since at each stage, the spaces that are glued together are
isometrically embedded in the resulting gluing, we obtain that SIL-LY g isometrically
embedded in S0 50 1) — Slfg. |

4.2 Random continuum composite slices

We now randomize the functions f, g considered in the preceding section in var-
ious ways to construct random spaces of interest. For a fixed continuous function
f € € with0 € I(f), the snake' driven by f is a random centered Gaussian process
z ,f ,t € I(f)) with Z({ = 0 and with covariance function specified by

E[(z] =2z =ds(s.0). s.t e I(f). 4.8)

ILiterally, this is rather called the “head of the snake driven by f”; see [63].
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As soon as f is Holder continuous, which will always be the case in this memoir,
this process admits a continuous modification; we systematically consider this con-
tinuous modification of Z/. If now Y is a (almost surely Hélder continuous) random
function, then the random snake driven by Y is defined as the Gaussian process Z¥
conditionally given Y.

By (4.8), it holds that Z S =z tf whenever d¢ (s, t) = 0, so that, provided f sat-
isfies the required limit conditions if 7( f) is noncompact, the pair (f, Z/) is a slice
trajectory. In what follows, we will let (X, W): (f, g) — (. g) be the canonical pro-
cess on €2,

Below and throughout this work, we use, for any process Y defined on an inter-
val I, the piece of notation ¥ ; = infs<; se1 Y.

Let us proceed to the definition of continuum slices, which arise in Theorem 2.6.
Fix A, L € (0,00) and A € R. We let Slice4, 1, A be the probability distribution under
which

» the process X is a first-passage bridge’ of standard Brownian motion from 0
to —L with duration A4,

* conditionally given X, the process W has the same law as (Z; +{_x,,0<t < A),
where Z is the random snake driven by X — X, and £/+/3 is a standard Brownian
bridge of duration L and terminal value A / V3, independent of X and Z.

To be more precise, the process { = (¢;,0 < ¢ < L) is Gaussian, with E[{;] =
tA/L fort € [0, L] and

L—t
Cov(s.8r) = 3¥, 0<s<t<L.

With this definition, it is simple to see that Sliceq, 7 A is indeed carried by slice tra-
jectories defined on the interval I = [0, A].

Definition 4.3. The (composite) slice with area A, width L and tilt A, generically
denoted by Sly4, 1. A, is the 5-marked® 2-measured metric space Sly,w under the law
Slice4, 1. A, endowed with the marking

dSla,z,a = (B, v0.£4)

comprising its base and two geodesic marks, namely its maximal geodesic and its
shuttle, as well as its area and base measures u, v.

The piece of notation Sl A for the marking comes from the fact that the union
of the three marks gives the topological boundary of Sl 1A, as stated in Lemma 3.11.

%A first-passage bridge of Brownian motion can be defined from Brownian motion stopped
when first hitting —L by absolute continuity; see [25].

3Recall from Section 3.2 that each geodesic mark counts for 2 marks, the first one being its
marked extremity.
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4.3 The Brownian half-plane, and its embedded slices

There is a natural relation between slices and the Brownian half-plane [13,52], which
we now introduce. Let (B;,t > 0), (B;,t > 0) be two independent standard Brownian
motions, and let (IT; = B; — 2 infig<s<;1 Byt > 0) be the so-called Pitman transform
of B/, which is a three-dimensional Bessel process. Recall the piece of notation X ; =
infg<; Xs. We let Half be the probability distribution on €2 under which

* the process X has same distribution as (B;1{;>0y + I1—;1;;<0y,7 € R), and

* conditionally given X, the process W has same distribution as (Z; 4 {_x,.t €R),
where Z is the random snake driven by X — X, and £/ /3 is a two-sided standard
Brownian motion,* independent of X and Z.

The measure Half is carried by slice trajectories defined on the interval R. We
note that we can make this definition more symmetric using standard excursion the-
ory, in a way similar to the encoding triples of [75]. For this, we let Ty, — = limz4f, Tr/
and denote by

X(L) — (L + XTL_+t’O 5 t E TL - TL_)’
W = Wy, _4,,0<t<Tp—Tp)

the excursion of X above its past infimum at level —L and the corresponding piece
of W, respectively. Note first that the process {7, = W7, , L € R, is under Half a stan-
dard two-sided Brownian motion multiplied by +/3. Then, conditionally given ¢, the
point measure on R x € x € given by

MALAX W) = Y~ Sy ww)
LeR:Tp #Typ—

is a Poisson measure with intensity 2dLN¢, (d(X, W)), where N is the o-finite
“law” of the lifetime process and head of the Brownian snake (started at x) driven
by the Itd measure of positive excursions of Brownian motion. The process (X, W)
is then a measurable function of { and M by Itd’s reconstruction theory of Brownian
motion from its excursions.

Definition 4.4. The Brownian half-plane, which is generically denoted by BHP, is the
1-marked 2-measured metric space Sly w considered under Half, endowed with the
one mark dBHP = f, its area measure y and its base measure v.

There is only one mark here, the base; there is no maximal geodesic nor shut-
tle since the interval of definition is R. The name comes from the fact that BHP is

“This means that (£ /+/3, x > 0) and (¢_x/~/3, x > 0) are independent (one-dimensional)
standard Brownian motions issued from 0.
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homeomorphic to the half-plane R x R, its boundary as a topological manifold
being equal to the base; see [13, Corollary 3.8].

In the light of Proposition 4.1, the Brownian half-plane can be seen to have a nat-
ural Markov property. First, let 6;: f +— f(t + ) — f(¢) be the translation operator
on €. We claim that Half is invariant under 07, , since its action simply consists in
translating by L the time in process £, and the first coordinate of M, which leaves their
laws invariant. For similar reasons, for every L € R, the processes (X (O-L), W (©-L)),
(X (700 W (=00 and (07, X L) g7, WL+ are independent under Half,
since they are respectively functionals of the independent random elements

(¢, 0<x <L), M((0, L] x € x €),
Ly, x <0), M((—00,0] X € x €),
Cr+x —CL,x >0), M((L,0) X € x€).

Free slices. Note that, under Half, the process X (*L) is simply a standard Brow-
nian motion killed at its first hitting time of —L, while the process (WT()(:’L) / V3,
0 < x < L) is a standard Brownian motion killed at time L. For this reason, the law
of (X ©-L) w©.L)) ynder Half is the mixture

o0
FSlice;, = /
0

where p;, g, are defined after (3.8). In what follows, a random metric space with
same law as SIC®L) under FSlice; will be referred to as a free (composite) slice of
width L. This, together with Proposition 4.1, yields the following result.

qr(A) dA/ p3L(A)dA Sliceq 7, A, 4.9)
R

Proposition 4.5. Fix L < L' < L" in the extended line. Then, under Half, it holds that
SIL-LD = G(SIE-L) QLML g (L.LY) o) (LLL™)) where the spaces SIE-L), SI(LLT)
are independent. Moreover; if L and L' are finite, then SI L)
L'— L.

is a free slice of width

Recall that this result is illustrated in Figure 4.1, which can be completed by
extending the brown segment into a line, letting the half-plane above be BHP, the
line being its base B = B(7°%%)_ This also suggests that SI“-L?) is the bounded
connected component of the complement of )/(L’L/) ué (L:L) jn BHP. More precisely,
the following holds.

Proposition 4.6. For every L < L’ in R, almost surely under Half, the geodesics
y(L’L/) and é(L’L/) meet only at the apex x,(‘L’L/), and meet the base 8 only at their
respective origins px,w (1) and px,w (TL’). Moreover, SIL-LY) s the closure of the
bounded connected component of the complement of the union of these two paths
in BHP. It is therefore homeomorphic to the closed unit disk, with boundary given by
the union of the three sets BL-L), y L) and £ LL) \which meet only at px.w(TL),
pX,W(TL/) and xiL’L/).
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Proof. This proposition is proved in the same way as [13, Lemma 6.15]. Let us recall
briefly the ideas. For any point € R, welet X;(r) =inf{s >t : X; = X; —r} for0 <
r < X; — X, so that the range of px o X is the geodesic path [px (7), px (T-x,)]x
in Tx. Its image by wy defines a path o; starting at px,w (¢#) and ending at the point
px,w(T-x,) of the base. Moreover, almost surely, any path o;, ¢ € R, do not inter-
sect a geodesic ys5, s € R, except possibly at the starting point of either pyx w (s)
or px,w (¢). This implies that any point pyx w (¢) of SIZ-LY) that is not in the union
y(L’L/) Ué (L.L) can be linked to the bounded segment ﬂ(L’L/) of the base of BHP
by the path o, without intersecting y& L)y & (L.L) except perhaps at its endpoint.
This latest possibility can be discarded by noting that, with probability 1, we have
T_x, ¢ {Ty. Tr/}. Similarly, a point py,w (f) of BHP outside of SI%-L) is linked
to the unbounded set B \ BLL) of the base of BHP by the path o, which does
not intersect y (& L)y & (L.L") This means that SI“>L) is the closure of the bounded
connected component of BHP minus y (&L U g(L.L)), [

The above discussion shows that the Brownian half-plane contains a natural
“flow” of free slices. We can also link directly the slices of Section 4.2 with the
Brownian half-plane via an absolute continuity argument. Recall the definitions of p;
and ¢, after (4.9).

Lemma 4.7. Let us fix 0 < K < L, as well as A > 0 and A € R. For every non-

negative function G that is measurable with respect to the o-algebra generated by
(X OB W O.K) e have

Slice, 1, A[G] = Half[pa 1 A (Tk. K, Wr) - G,

where ) )
qr-1(A—A") pa-1r)(A—A")

qr(4) p3L(B)
Proof. This comes from similar statements for Brownian bridges and first-passage

bridges; see, for instance, [19, (18) and (19)]. For bounded measurable functions f, g
onC,for0 < A < Aand0 < K < L,

paLa(A L A) = (4.10)

Slice, . A f(X|[0,47) - £(¢|10,x7)] (4.11)
B qr-x, (A —A') Pa-k)(A — k)
= Half[f(X|[0’A/])W1{XA/>_L} : g(§ [O,K]) P3L(A) ]

Here, the factor 3 in the index of the Gaussian density function comes from the fact
that £/+/3 is a bridge of standard Brownian motion. We replace A’ by Tk by a stan-
dard argument, writing

f(X(O’K)) = nlgfolo Z Li—12-n<rg<iz—ny J (X

i>0

[0,i2—])5
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using dominated convergence and applying the above equality (4.11) to A’ = i27",
noting that 1¢;—1)2—n <74 <i2—n} f (X |[0,i2—n]) is a function of X|[g,i2—n]-

The result follows by noting that W (©-X) is built in the same way from X (©-K)
and {|[o,x] under Slicey,z, A as from X (©0-K) angd {|[0,x) under Half. ]

We may now prove the statement about the topology and Hausdorff dimension of
a slice.

Proof of Lemma 3.11 for slices. First, almost surely, the Brownian half-plane is ho-
meomorphic to the half-plane [13, Corollary 3.8], is locally of Hausdorff dimension 4
and its boundary is locally of Hausdorff dimension 2. The latter facts are obtained
from similar statements for Brownian disks [21] thanks to [13, Theorem 3.7] allowing
us to couple arbitrary balls of BHP centered at the root px,w (0) with balls of large
enough Brownian disks, centered at a point on the boundary.

Hence, under the probability distribution Half, for any L. < L’, by Corollary 4.2,
the metric space SIC-LY) s almost surely locally of Hausdorff dimension 4 and its
base (L.L) jg locally of Hausdorff dimension 2. Furthermore, it is homeomorphic to
the disk by Proposition 4.6 and its boundary is the union of its three marks g& L),
)/(L’L/) and & (L.L)  whose pairwise intersections are identified singletons.

Now, arguing under Slice4, 1., o, we use the fact from Proposition 4.1 that SI0:L) =
G(SI0L/2) g|(L/2.L), £(O0.L/2) 1, (L/2,L)) | emma 4.7 entails that, almost surely, un-
der this probability distribution, the law of SIO-L/2) g absolutely continuous with re-
spect to that of the same random variable under Half, and so is homeomorphic to
a disk. Now, we observe that, under Slice4 1, A, the process HTL/Z(X (L/2,L) W(L/Z’L))
has same distribution as (X ©-L/2 W (©.L/2)) which we leave as an exercise to the
reader. Therefore, under this law, SI(L/2.L) hag same distribution as SI%-£/2) and both
are homeomorphic to a disk. We conclude that the same is true for SI®L) since it
is obtained by gluing two topological disks along two segments of their boundaries.
The identification of the marks given in Proposition 4.1 easily yields the desired prop-
erty on the marks of SI(®-L)_ The facts on the local Hausdorff dimension are obtained
similarly. ]

4.4 The uniform infinite half-planar quadrangulation

We now define a slight variant of the classical uniform infinite half-planar quadrangu-
lation (UIHPQ) [13, 14,33,43], the half-planar version of the uniform infinite random
planar quadrangulation, in the following way. Let Fo, = (T*,k € Z) be a two-sided
sequence of independent Bienaymé—Galton—Watson trees with a geometric offspring
distribution of parameter 1/2. Conditionally on F,, we let /\go be a uniformly chosen
well-labeling condition function, meaning that every tree TX is assigned a well-
labeling condition function giving label O to its root vertex, independently, uniformly
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at random. Lastly, and independently of Fo, and A, we let (bx, k € Z) be a doubly-
infinite walk with shifted geometric steps, meaning that by = 0 almost surely, and
that by — bx—1, k € Z, are independent and identically distributed random variables
with P(by = r) = 27772 for every r € {—1,0,1,2,...}. For a vertex v € T¥, we
let Aoo(v) = bg + A%, (v), and call (Fuo, Aoo) the infinite random well-labeled forest.
We then embed F in the plane in such a way that all trees are contained in the upper
half-plane, and the root p¥ of T is located at the point (k,0) € R2. We also link
consecutive roots pk , pk+1 by a line segment. We then let (¢;,i € Z) be the sequence
of corners of the upper half-plane part of the resulting map, in contour order from left
to right, with origin the first corner ¢ incident to p°. The UTHPQ is then the infinite
map QO obtained by applying the CVS construction to (Foo, Aoo), that is, by linking
every corner to its successor as defined in Section 2.1, and removing all edges of the
forest afterward. The root of Q. is defined as the corner preceding the arc from ¢
to its successor. Note that, in this case, there is no need to add an extra vertex with
a corner Ceo.

Remark 4.8. The difference between this definition of the UIHPQ and the one ap-
pearing in the mentioned references is a slight rooting bias. Indeed, the simplest
way to obtain the usual definition is to consider a two-sided simple random walk
(zi,i € Z) and construct the sequence (b, k € Z) from it as follows. Let S¥ =
{i € Z: ziy1 —zi = —1} be the set of descending steps of (z;,i € Z) and iy =
sup(S N Z <o) the index of the descending step preceding 0. Then we define the
sequence (by, k € Z) by reindexing (z; — z;,,i € S¥) with Z in such a way that ig
corresponds to the index 0. The UIHPQ is then constructed as above with this bridge
but rooted at the corner preceding the arc linking 570 (cp) to its successor s 071 (cq)
instead of the convention we presented. Apart from this slight root shift, the resulting
law of (b, k € Z) is not exactly that of a doubly-infinite bridge with shifted geomet-
ric steps. The first step gets a size-biased distribution P(b; = r) = (r + 2)27"73,
r > —1, whereas all other steps get the desired shifted geometric distribution. See the
discussion in [13, Section 4.5.2] for more information.

The construction we use here has the advantage of making the law of the slices
invariant by translation.

Convergence toward the Brownian half-plane. Denoting by v; the vertex of Fu
incident to ¢; and by Y'(i) € Z the index of the tree to which v; belongs, we define
the contour and label processes on R by

Ci) = dpray i p D)= T(@) and A() = Aoo(vi). i €Z,

and by linear interpolation between integer values; see Figure 4.2. As is well known,
the part of the contour process corresponding to T* (counting the edge linking ok
to p¥*T1) has the same distribution as a simple random walk started at —k and killed
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(FOCM AC>O)

Figure 4.2. Contour and label processes associated with (Foo, Aoo). The edges of the floor
are represented with dashed lines. The tree TO and the corresponding part of the encoding
processes are highlighted (the corresponding floor edge and the final descending step of the
contour function are also highlighted). For instance, 73 = 17 on this example. The contour
process can be thought of as recording the height of a particle moving at speed one around the
forest. In this point of view, the root p* should be at height —k for each k € Z; this can be
achieved, for instance, by vertically translating each tree in such a way that pX is mapped to
location (k, —k) instead of (k, 0).

when first hitting —k — 1. Finally, for kK > 1, we denote by 7 the hitting time of —k
by C; its value is thus also equal to k plus twice the number of edges in the first k
trees TO, ..., Tk 1,

As the vertices of the encoding objects are preserved through the CVS bijection,
the vertex v; can also be seen as a vertex of Q. Let us define

Oo(i,j)=ono(v,-,vj), i,j e’Z.

We extend Do to a continuous function on R? by “bilinear interpolation,” writing
{s} = s — |5 for the fractional part of s and then setting

Doo(s.1) = (1 ={sH(1 = {t}) Doo(ls]. [1]) + {s}(1 = {r}) Doo([s] + 1. [1])

+ (1= {sP{1}Doo(ls]. 1] + 1)
+ {sHt} Doo(|s] + 1, [£] + 1). (4.12)
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We then define the renormalized versions of C, A, and D: for every s,¢ € R,
we set

C(2ns) A(Q2ns) Doo(2ns,2nt)
’ A = ) D ,t =

J2n (m)(8) (8n/9)1/4 ) (8.1) (81/9)1/4
The next result can be seen as a reformulation of [52, Theorem 1.11] or [13,

Theorem 3.6], proving the convergence of the UIHPQ to the Brownian half-plane
defined in Section 4.3.

Cimy(s) = . (4.13)

Proposition 4.9. On € x € x €@ it holds that
(d)
(Ciys Awys D)) —> (X, W, Dx.w), (4.14)
n—>oo

where the limiting triple is understood under Half.

This statement does not appear in this exact form in the aforementioned refer-
ences, which do not explicitly focus on the processes Cy, Ay, X, W. In [13,
Remark 6.16], it was however mentioned how to extend the results therein in order to
take into account these processes, so we will follow the line of reasoning sketched in
that work.

Proof. The proof proceeds via established convergence results for random quadran-
gulations with one external face to Brownian disks. Fix some number K > 0. We will
sample a quadrangulation with one external face, whose areas and perimeters are so
large that, in a neighborhood of 0 of amplitude K, this rescaled large quadrangula-
tion and its limit, a Brownian disk of large area and perimeter, are indistinguishable
from the rescaled UIHPQ and the Brownian half-plane, in a sense to be made precise.
In the following, we will use for all the objects related to the quadrangulation with
one external face or the limiting Brownian disk a similar notation as for those related
to the UIHPQ or the Brownian half-plane, only with a superscript prime symbol /.

Fix L > 0, which should be thought of as being large. For n > 1, we sample the
aforementioned quadrangulation Q;, with one external face as follows. First, consider
a uniform random element (M, A) of Mg) (1, Where

an = |nL] and [, = |L~2n].

We can view this as a labeled forest (F,, A),) with [, trees arranged in a circle, and
rooted at p°, ..., p/n~1, where p° is the root of the tree containing the root cor-
ner of fix. We let C,;, A}, be the contour and label process of this forest, defined as
above, starting from the tree rooted at p°. We let Q!, = CVS(M,,, A\; f«) be the
rooted quadrangulation encoded by (M, A;), and we let D) (i, j) = dQn (v;, 1)
for 0 <i,j <2a, + [,, where vlf is the i-th visited vertex of F, in contour order,
viewed as a vertex of Q). As usual, we extend D,, into a continuous function on
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[0, 2a, + [,]?. Finally, we extend the definition of these processes to the interval
[—2a, — I, 2a, + [,] by the simple translation formulas

C/(t)=C,(t +2an+1y) +1n, A,1t)=A,@+2an+1y),
t € [-2a, —1,,0],
D;;(S, t) = D;l(s + (zan + ln)l{s<0}’t + (2an + ln)l{t<0})
s,t €[-2a, —1,,2a, + 1,].

(4.15)

(4.16)

The idea behind this extension is that we are going to consider these processes in
neighborhoods of 0, so that we are really interested in the behavior of these processes
when the argument is close from 0 or from 2a, + [,.

Define their rescaled versions: for s, t € [—2a, — I, 2a, + 1],

C,(2ns) , Al (2ns) D! (2ns,2nt)

/ _ _ n ! _
C(n) (S) - m s (n) (S) (8 /9)1/4 ) (n) (S, t) - (8]’[/9)1/4 . (417)
Then by [25, (26) and Theorem 20], one has the joint convergence
()
(Cluy- Alwy- Diy) —> (X" W'.D") (4.18)

in distribution in € ([0, L]) x €([0, L]) x €([0, L]?), where (X', W', D’) is an explicit
limiting process, which is the encoding process of the Brownian disk of area L and
width +/L. In particular, the process D’ is a measurable function of the pair (X', W’).
Due to the formulas in (4.15) and (4.16), this implies the convergence of these pro-
cesseson €([—L, L]) x €([-L,L]) x €([—L, L]?), where (X', W', D’) are extended
to functions on [—L, L] or [-L, L]? in a similar way as above. Note that we choose
to omit the dependence of (X', W', D’) on L for lighter notation, but we will need
later to choose L appropriately.

Now recall that K > 0 is a fixed number. The first crucial observation is that we
may choose L large enough, so that with high probability, the laws of the restric-
tions of (X', W’, D’) and (X, W, Dx w) to the interval [-K, K] are very close. More
precisely, given ¢ € (0, 1), fix r > 0 and A > 0 such that

P(_max Dyw(0.0)>r) < g P(T_g<-K<K<Tq)>1— g
Then [13, Proposition 6.6] and its proof (Lemmas 6.7 and 6.8) show that there exists
Lo > 0 such that, for L > L, the two processes (X, W) and (X', W) can be coupled
in such a way that on some event ¥ of probability P(¥) > 1 — /3, we have

X, =X, Wi=W. Dxw(s.t)=D(s.1), (4.19)

for every s,t € [T—4, T4] such that max(Dx w (0, t), Dx,w (0, s)) < r. Given our
choice of r, A, we see that with probability at least 1 — ¢, (4.19) holds for every
s,t € [-K,K].
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Our second important observation is that, still with K and ¢ fixed, and possibly
up to choosing L even larger than the above, albeit in a way that does not depend
on n, the laws of (Cn), A (n), D)) and (C (/n), A’(n), Dén)) in restriction to the interval
[ K, K] are also close, in the sense that they can be coupled in such a way that these
restrictions coincide with probability at least 1 — . This follows from the proof of
[13, Theorem 3.6], a minor difference being that this proposition establishes that the
balls of radius (81/9)/4r centered at the root in Qs and Q;, are isometric, rather
than giving a statement on D) and Dén). Therefore, in order to show that the latter
coincide on [—K, K], one again has to choose in the first place a radius 7 > 0 so that
uniformly over 7, with probability at least 1 — &/3, the vertices v; for integers i lying
in [-2Kn,2Kn] (where we naturally let v; = v;+2an+ln for i < 0), all belong to
this ball. The existence of such an r is guaranteed by the convergence (4.18) and the
continuity of D’. Finally, we see that both sides of (4.18) can be coupled in such a way
that with probability at least 1 — &, they coincide with both sides of (4.14). Since ¢
was arbitrary, we conclude that (4.14) holds in restriction to [— K, K]. Since K was

arbitrary, this concludes the proof. ]

Seeing a slice as part of the UIHPQ. We consider a fixed L > 0 and a sequence
(I,) € NN such that
Iy R
/2}'1 n—>oo

and, for each n, we let (F,, A,) be the random well-labeled forest obtained by keep-
ing only the labeled trees T, ..., T#~! of the infinite random well-labeled forest
(Foo: Aoo), as well as the root p/» of the tree T In particular, the forest F,, has ,
independent Bienaymé-Galton—Watson trees with Geometric(1/2) offspring distri-
bution, and the labels of the root vertices of the trees (including p’*) follow a ran-
dom walk of length /,, whose step distribution is a shifted Geometric(1/2) given by
P(-=r)=2""2forr > —1.

Recall that (c;,i € Z) denotes the sequence of corners of the infinite random well-
labeled forest (Fio, Axo) and that v; is the vertex of F, incident to ¢;. According to
the construction of Section 2.3, (F,, A,) encodes a slice Q,, which is part of the
UIHPQ Qoo constructed from the whole infinite forest (Fuoo, Axo). More precisely,
the maximal geodesic (resp. shuttle) can be read inside the UIHPQ as the chain of
arcs linking cg (resp. ¢y, ) to its subsequent successors’ and the edges of the slice are
given by the arcs from ¢; to s(c;) for 0 <i < 7;,. As a consequence, the vertex v;
can be seen both as a vertex of O, and as a vertex of O, for0 <i < 1;,.

Furthermore, we can check that @, is in fact isometrically embedded in Qo
in the sense that, whenever 0 < i, j < 7;,, it holds that dg,, (vi, v;) = Deo(i, j).

L

SRecall Section 2.1.
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Indeed, similarly to Proposition 4.1, QO can be obtained as the gluing of the infinite
quadrangulation corresponding to the trees TX, k < 0, of (Fuo, Ao ), With Q,, and then
with the infinite quadrangulation corresponding to the trees TX, k > 1, of (Fao, Aoo)
along the proper shuttles and maximal geodesics. Alternatively, one may also argue
that there are no shortcuts outside Q,: for 0 < i, j < t;,, any path linking v; to v;
in Qs may be shortened to a path that stays within Q,, since the maximal geodesic
and shuttle are geodesics and since the path co — s(co) — s%(cg) — - - is a geodesic
ray that disconnects Q .

The contour function, label function and pseudometric corresponding to Q, are
thus obtained by restricting to [0, 7;,] the analog functions corresponding to Q oo.
After rescaling, their joint limit is a direct consequence of Proposition 4.9.

Corollary 4.10. On € x € x €D it holds that

@)
(Conl10., /211 A 10,53, /201 P |f0,5,, 202) =2 (X OB wOD DOD),

where we used the notation of Section 4.1, that is,

(@) the pair (X L) WLy is the restriction to the interval [0, T1] of (X, W)
distributed under Half,
(by DOL) — Dxo.L) wo.L) is the random pseudometric on R defined by (4.5).

Proof. By the Skorokhod representation theorem, we may and will assume that the
convergence (4.14) holds almost surely. Classically, the almost sure path properties
of X at time T, namely, the fact that X immediately visits the interval (—L — &, —L)
after time 77, yield that r;, /2n almost surely converges to 77,. Corollary 4.2 then
yields the result. |

4.5 Scaling limit of conditioned slices

We now derive Theorem 2.6 from the results of the previous section by standard
conditioning arguments.

Convergence of the encoding processes. First, without loss of generality, we may
assume that the contour and label processes (C, A) of the infinite random well-labeled
forest defined in Section 4.4 are the canonical processes, considered under the proba-
bility distribution P, on the canonical space. Next, fora,/ € N and § € Z, we denote
by Py,1,5 the distribution of (C|(0,24+17 A|[0,2a+1]), Where (C, A) is distributed under
Poo[ - | 7 = 2a + I, A(t;) = §]. The corresponding forest encoded by this random
process is thus composed of / Bienaymé—Galton—Watson trees with Geometric(1/2)
offspring distribution and uniform admissible labels, conditioned on the fact that the
total number of edges in the trees is a and the label of the root of the last vertex-tree
is 8. Similarly to the slice it encodes, we will say that the forest has ilt §.
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For every measurable nonnegative functional G, it thus holds that
Eg,15[G] = Eo[G((C(k),A(k)),0 <k <1) |11 =2a + 1, A(r;) = 6].

Let (¥%, k > 0) be the natural filtration associated with the canonical process (C, A).
Note that ((C(k), A(k)),0 <k < 17) is the pair of contour and label processes of the
first / trees in the forest, and that ¥, is the o-algebra generated by these first / trees
(with their labels and that of the root p’). Recall from Proposition 2.3 the definitions

of Oy, Py.

Lemma 4.11. Fix 0 < k < [, as well as a € N and § € 7. For every nonnegative
functional G that is ¥, -measurable, we have

Eq,1,5[G] = Eoo[®q,1,5(tk. k, A(Tk)) - G],

where
O vQRa+1—1t) Prp(§—J)
01(2a +1) P8

Proof. 1t suffices to prove the result when G is the indicator of the contour and label
processes of a given well-labeled forest with I’ trees, (t — [’)/2 edges, and tilt j.
In this case, E, ; s[G] is equal to the number of ways in which one can complete this
labeled forest into a well-labeled forest with / trees, a edges and tilt §, which is the
number of forests with [ — I’ trees, a + (I’ —t)/2 edges and tilt § — j, divided by
the number of well-labeled forests with [ trees, a edges and tilt §. We conclude by
Proposition 2.3. ]

Q45,10 j) =

In addition to the already fixed sequence (/,), we consider two sequences (a,),
(6,) satisfying (2.4). We will need the following direct consequence of the local limit
theorem [26, Theorem 8.4.1]. Recall the definition of ¢4, A given in (4.10).

Lemma 4.12. If the integer-valued sequence (1)) satisfies I, /~/2n — L' € (0, L),
it holds that

, ’ 9\1/4
sup q)a,,,ln,(g,, (t’ lI{l’ J) - wA,L,A(_ L/» <_> J)

, — 0.
0<t<ay,j€Z n 3n

n—oo

We start with the following conditioned version of Corollary 4.10.

Proposition 4.13. On '€ x € x €@, the triple (C(ny, A (n), D) |[0,x, /2n)2) consid-
ered under P,, ;. 5, converges in distribution to (X, W, Dx w), considered under
Sliceq 7. .

Proof. The joint convergence of the first two coordinates is standard; see, for exam-
ple, [19, Corollary 16]. Let us fix ¢ € (0, L), define [{ = [, — |ev/2n], so that
ln/~2n — L —¢, and set D(,) = D(n)l[o,rlﬁ/Zn]Z and D(On) = Dw|0,7,, /2n12-
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By the usual bound (2.1), for every i, j € [0, 17, ],

|Doo(i ATigs j A Tig) — Doo(i, j)I < Doo(i,i A7) + Doo(J, J A Tig)
<4 o(An;T, —7g) + 1),

where w( f;-) denotes the modulus of continuity of f. This implies that

T, —

. n — UE T, — Ug _
dister (D). Dfyy) < 2 + 4a)(A(,,), T) oM,

From the joint convergence of the first two coordinates, we have, for every n > 0,
limsup Py, 1, 5, (diste (Df,y. D) = 1)

n—>oo

<Slices,z A(A—Tr— + 40(W; A —Tr—;) > 1),

which tends to 0 as ¢ — 0 since Tz, — 11 = A almost surely under Slice4 7 A.
We next show that D¢, ) under P, 1, 5, converges in distribution to D©-L=#) ynder
Slice4 7. A, and use the principle of accompanying laws [92, Theorem 9.1.13] to con-
clude that, jointly with the convergence of (C(y), A(,)) to (X, W), the process D?n)
converges to the distributional limit of D(©-L~#) as ¢ — 0, which is none other than
D(O’L), due to Corollary 4.2.

To prove the claimed convergence of D) to DOL=8) e denote by Con
and A{, ) the restrictions of C(,) and A () to [0, 77 /2n] and let F be a nonnegative
bounded continuous function. Using Lemma 4.11, then Corollary 4.10 (for the choice
of L — ¢ instead of L) and Lemma 4.12 gives

Eq, 1,8, [F(C(Eny fn)s Dfn) | =E[®a, 1,8, (Tig - 1 A(Tlﬁ))F(C(en)» fn), Dfn))]
— Half{pa 1 A(To—e, L — &, Wr, ) F(X L9 W ©L=e) pO.L=e)y]
n—->oo

the latter being equal to Slices 7 a[F (X ©L=9 W (©0.L=8) D O.L=#))] according to
Lemma 4.7. u

GHP convergence. We infer from Proposition 4.13 the GHP convergence of Theo-
rem 2.6 by a standard method. First, by Skorokhod’s representation theorem, we may
assume that we are working on a probability space on which the convergence of
Proposition 4.13 is almost sure. We let Slg,1,A be the continuum slice coded by
the limiting process, and Sl, be the slice encoded by the forest whose rescaled con-
tour and label processes make up the pair (C(,), A(,)). As mentioned before Corol-
lary 4.10, Sl is isometrically embedded in Q) e, so that the process D) |fo,z;, /2n]2
under P, ;, s, projects into the metric of €2, (Sl,).

Then, from this almost sure convergence, we easily deduce that the distortion of
the correspondence R,, given by

Rn = {(V|@an+in)s)> Px,w (As)) 1 s € [0, 1]}
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between €2, (Sl,) minus its shuttle and Slq, 7, A tends to 0 as n — oo. Forgetting the
marks and measures, this gives the desired convergence in the 0-marked Gromov—
Hausdorff topology.

In order to include the marking and measures, we use the technique of enlarge-
ment of correspondences already used in the proof of Lemma 3.9. Namely, we fix
& > 0 and let R be the set of points of the form (v, x) in Sl, x Sl4,z,,A such that there
exists (w, y) € R, satisfying ds;, (v, w) < (8n/9)/*c and D(x, y) < &. As before,
the distortion of R; is at most dis(R,) + 4¢. Let us start with the marks.

Marks. For a function f € € defined over the interval I, we say that s € [ is a left-
minimum of f if f(t) > f(s) forevery t <sin I, and we call it strict if f(¢) > f(s)
for t < s in /. Note that the points of the form v; and px,w(s), where i and s are
left-minimums of A, and W respectively belong to the maximal geodesics of SI,
and Sy, 1. A, and that all points in these sets are in fact of this form, where we can
even require the stronger property that i and s are strict left-minimumes.

By the uniform convergence of A(,) toward W, for every > 0, the following
holds provided n > n¢ for some ng: every strict left-minimum of A, is at distance
at most 7/2 from some (not necessarily strict) left-minimum of W, and vice-versa,
exchanging the roles of A(,) and W. Up to increasing ng, we furthermore assume
that |(2a, + 1,)/2n — A| < n/2 as soon as n > ng. Choosing 1 small enough so that
[Dny(s,t) — Dny(s',t")| < e forevery n, |s —s'| <n, |t —t'| <n, we deduce that the
extended correspondence R, is compatible with the maximal geodesics for n > ny.

The argument is similar for the shuttles. This time, we note that elements of the
shuttle of Sl 7. A are of the form py w (s), where s is a right-minimum of the func-
tion W (with an obvious definition), while elements of the shuttle of Sl,, are at
distance 1 from points of the form v;, where i is a right-minimum of the function A,,.

The mark corresponding to the base is also treated similarly. Recall from Sec-
tion 2.3 that vertices of the base are at distance at most B, = max;<; <, |An(p') —
An(p'~1)| + 1 from some element of the floor {p°, ..., p™} of the forest coding the
slice. The process of labels (An(,o"), 0 <i <1,) forms a random walk with shifted
Geometric(1/2) increments conditioned to be equal to §, at time /,, so, under our
assumptions, it converges, after rescaling by +/2n in time and (81/9)'/* in space,
to a continuous process (which is easily checked to be the Brownian bridge ¢ =
(Wr,,0 <x < L)),sothat B, = o(nl/ 4) almost surely. Therefore, the base of Sl,, is
at Hausdorff distance o(1n'/#) from the floor {p*,0 < i < I,}. In turn, these vertices
are exactly those of the form v;, where i is a left-minimum of the contour process C,,.
Moreover, by definition, the base of S,z A consists of the points px,w (s), where s
is a left-minimum of the process X. Therefore, the same argument as for the maxi-
mal geodesic — replacing the processes A, and W by C, and X — shows that, almost
surely, for every n large enough, the correspondence R is also compatible with the
bases of Sl, and of Sl4,7 A.
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Measures. Finally, let us deal with the convergence of the measures, starting with the
area measure. To this end, note that, for 7 in [0, 2a, + I,], the contour process Cj, at
time ¢ has either a left derivative equal to +1 or to —1. Letting i = [¢] in the former
case and ;' = |7] in the latter case, the image of Lebyo,(2a,,+1,)/2n] by ¢ > vz is
the counting measure on the set of all nonfloor vertices of the encoding forest, divided
by n. Since the number of floor vertices is ) (4/n), the counting measure on all ver-
tices of Sl,, (except on the shuttle) divided by n is at vanishing Prokhorov distance
from the counting measure on nonfloor vertices of the forest, divided by n. Let wj,
be the image of the Lebesgue measure on [0, A A ((2a, + [,,)/2n)] by the mapping
t— (Uigm . px,w (t)). Then w, is carried by the correspondence R}, for every n large
enough, and its image measures on Sl, and Slq, 7, A by the coordinate projections are
at vanishing Prokhorov distances from ug),, /n and n©@L) respectively.

For the base measure, we let w, be the image of the Lebesgue measure on
[0, L Al,/~/2n] by the mapping  — (UfLsz .Px,w (T¢)). Then wy, is carried by R,
by the above discussion on the mark corresponding to the base. Moreover, the coor-
dinate projections of w,, are at vanishing Prokhorov distance, respectively, from the

counting measure on {p°, ..., pl"} divided by +/2n, and v(®L). We now observe
that, in turn, the counting measure on {0°, ..., pln} divided by +/2n, is at vanish-

ing Prokhorov distance from the renormalized counting measure (with multiplicities)
vg,/ V/8n of the base. To justify this, observe from Section 2.3 and the definition
of the interval CVS bijection that the sequence A, (wo), ..., Ap(Wos,+s,) of labels
of the vertices wy, ..., wyj,+s, of the base, taken in contour order, forms a simple
random walk starting with a —1 step, and conditioned on hitting §, at time 2/,, + §,.
Moreover, if we write the set {j € {0,...,2l, + 6, — 1} : Ay (wj+1) — Ap(wj) =—1}
of down steps of this walk as { jo, j1,. .., ji,—1} WithO = jo < j1 < jo <-++ < ji,—1,
then the i-th root p’ is equal to wj; for 0 <i < [,. Now consider a uniform ran-
dom variable U in [0, 1). Then wj, ., is a uniformly chosen forest root, while
W|(21,+8,)U| 18 a vertex of the base chosen with probability proportional to its mul-
tiplicity (and excluding p’ in both cases). Moreover, a standard large deviation esti-
mate entails that maxo<x<j, |jx — 2k| = O(logn) in probability. In turn, this easily
implies that ds), (W, > W@, +6,)U)) = O(logn) in probability, showing that the
uniform measure on the I, ~ L~+/2n elements of {p°, ..., p!»~1} is at vanishing
Prokhorov distance from the law of the vertex incident to a corner uniformly cho-
sen among the 2[,, 4+ §, ~ L +/8n corners incident to the base.

Conclusion. By Lemma 3.3, we finally obtain that

lim sup d (25 (S1), Sla,z,a) < &

n—>oo

Since ¢ > 0 was arbitrary, this concludes the proof of Theorem 2.6.



Chapter 5

Convergence of quadrilaterals with geodesic sides

The general method to prove Theorem 2.8 is the same as for slices. We start by see-
ing a discrete quadrilateral as part of a discrete map that is known to converge to
a Brownian surface, which in this case is the Brownian plane rather than the Brownian
half-plane. However, the lack of an analog of Corollary 4.2, namely that quadrilat-
erals are only locally isometrically embedded in the Brownian plane, makes matters
considerably more delicate. For this reason, we adapt the strategy we used in [25, Sec-
tion 4] when treating the case of noncomposite slices. Beware that, in this chapter,
part of the notation we will be using is slightly conflicting with that of Chapter 4:
in particular, the random times 7 will be re-defined.

5.1 Quadrilaterals coded by two functions

In contrast with slices, which were coded by a pair of functions defined on a common
interval 7, a quadrilateral will be coded by a pair of functions defined on a common
union of two intervals /_ U I, each interval accounting for one “half” of the quadri-
lateral. This leads to similar but slightly more intricate definitions. We start with the
most convenient setting, asking that sup /_ = inf /; = 0.

Recall the notation of Section 4.1.1. We adapt Section 4.1.2 to quadrilaterals as
follows. We now say that a pair ( f,g) € €2 of functions with common closed interval
of definition [ is a quadrilateral trajectory if they satisfy (4.6) and the following:

» theinterval / contains 0 in its interior and is either bounded or equal to the whole
real line R, and, letting /; = I NRs¢pand /I = I N R,

* wehaveinf;_ f =infy,_ f,and

o if I =R, theninf;>o f(¢) = inf;<o f(t) = infy>0 g(¢) = inf;<0 g(¢) = —00

We may observe that (f|7,, g|7,) is a slice trajectory, a fact that will not be used

here. For a quadrilateral trajectory ( f, g), we set

N do(s,t) for s,t € [Lors,tel_,
dg(S,[):{ g( ) +
00

for st <O

and R
Dy =dg/{dy = 0}. 6D

Note that d is the disjoint union pseudometric of the two R-tree pseudometrics dg I
and dg, . Let(M fg D f.¢) be the quotient space I/ {D e = 0} equipped w1th
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the metric induced by D f.g, still denoted by the same symbol. We call the metric
space
Qdfy = (Myg. Dyg)

the quadrilateral coded by (£, g).

We extend the above constructions to unions of two closed intervals I = I_ U [,
where I € R<g and I € Ry, as follows. First, a pair of functions ( f, g) defined
on [ is a quadrilateral trajectory if the pair (f', g’) defined by

) = f(@ +infly) fort e Iy —infly,
f(@+supl_) fortel_ —supl_,

and similarly for g’, is a quadrilateral trajectory as defined above. Note that the conti-
nuity hypothesis on f” implies in particular that f(sup /_) = f(inf 1), and similarly
for g. We then define the quadrilateral coded by ( f, g) using the exact same defini-
tions as above. Note that the mappmg t (l — inf I+)1,el+ + (¢t —sup I-)1lser_
induces an isometry from (Mfg, ng) onto (Mf/ Df/,g ).

From now on, we work in this extended framework and consider a fixed quadri-
lateral trajectory (f, g).

Geodesic sides and area measure. Foreveryr € [ \ {0}, welet [, = I_ift <Oor
I, =14 ift > 0, and set

I'y(r) =inf{s >t : g(s) = g(t) —r} forr € R such that ;ggg(s) <g(t)—r;
sel;
E:(r) =sup{s <t:g(s) =g()—r} forr € Rso such that grgg(s) <g)—r.
sely
If 0 € I, we also define I'g and E¢ by the same definition, using /o = /4 in the def-
inition of 'y, while using Ip = I_ in the definition of E(. Observe that, in contrast
with the definition for slices, the infimum of g is now taken on a subset of /;. In
particular, this implies that the ranges of I';, E; are included in /;. From the same
discussion as the one around (4.7), we see that I';, &, are geodesics for the pseudo-
metrics c?g and D 1.¢- In the case where sup I+ = oo, then, for every ¢ € I, the range
of the path T'; is a geodesic ray, and, in the case where inf /_ = —oo0, then the same
goes for &, for every ¢ € I_. This allows us to define geodesic paths in Qdy,, by the
formulas

Ye(r) = ﬁf,g(rt(r))» 0<r=<g@) —g(l’SUPIt), reR,
E:(r) =Prg(E(r)), 0=r =<g(r)—g(nfl, 1), reR,
where prg: ] — M 1.¢ 1s the canonical projection and, as above, if 0 € I, Ig = I

in the definition of y¢ and Iy = I_ in that of &;. Note that the geodesics y;, &; share
a common initial part.
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The quadrilateral Qdy,g comes with four or two geodesic sides, defined as follows.
If 1 is bounded, the particular geodesics y = yinr7, and ¥y = yiys_ are called the
maximal geodesics of Qdy,, while g_ = &upr, and § = &g are called the shuttles
of Qdy,. In this case, y, & (resp. ¥, §) have a common endpoint x,x = Ps,g(s%) (resp.
X« = Prg(5«)), where s« € I is such that g(s) = inf;, g (resp. s« € /_ is such that
g(sx) = inf7_ g). The points xx, X« are called the apexes of Qdy,. If I is unbounded,
then Qdy,; has one maximal geodesic y = yiyty, and one shuttle ? = Eupr_; we set
fo = V-0 = @.

Finally, the area measure is defined as 1 = (Ps,g)«Leby.

Gluing quadrilaterals. For x € R, we let

T, =inf{t € I1 : f(t) = —x} € R5o U {400},

Ty =sup{t e I_: f(t) = —x} € Rcg U {—00},

as well as Too = —T» = 00. Note that, here again, there is a slight difference with
the definition of Chapter 4 since, now, R and R play different roles. Recall that
inf;_ f =inf;, f =inf; f,andlet H, H" € R>¢ U {oo} be such that

OsHsH’s—irllff.

We may define the restrictions f(H-H") g(H.-H') of £ and g to the union of intervals
TWHH) = [Ty, Ty U [Ty . Ty, which is a subset of 1. The pair (f (H-H") g(H.H'))
is another quadrilateral trajectory. The associated quadrilateral is defined as

Qd D = (M(H’H/), B(H’H/)) = Qdf(H,H/),g(HsH/)-

We let ptH-H . [HH) _ jf(H.H') be the canonical projection, M(H H') be the area
measure of Qd#-H" and, whenever they exist, yH-H ), y(HH ") be the maximal
geodesics, §HH") | g(H.H') pe the shuttles.

We refer to Figure 5.1 for an illustration of the following proposition in the
upcoming context of random quadrilaterals in the Brownian plane.

Proposition 5.1. Let0 < H < H' < H” < —infy f be in the extended positive real
line. Then

Qd#H" = G (G (QdHHD, o HHD; gHLHD o (HLHD), (D gHLHD) (5.2

and it holds that

y D = HLHD g ( HLHD \ gULHD),

gUIHT = gD U (g yHLHD),
pUBHD = gD G (LD \ FURED),
g(H,H”) = E(H,H’) U (?(H’,H”) \ J7(H,H’))_
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BP

y(H‘H )

STH s(H’.H”)

QdH H")

Figure 5.1. Seeing free quadrilaterals in the Brownian plane. The union of the dark yellow
regions forms Qd‘ /- ") The dotted brown line is {p(7}) : h > 0}. Note that BP is obtained
by gluing Qd‘?-> along the geodesics y (- and £©-°°) resulting in the geodesic yo = £o.

Observe that, after the first gluing operation is performed, the marks y and §
remain geodesic, as observed in Section 3.3. Note also that the order of the gluings
in (5.2) is not important, due to (3.3).

Proof. The proof is similar to that of Proposition 4.1, and we only sketch the argu-
ment. Again, we view [ H-H") a5 a disjoint union 7H-H) ) [HH") (denoting
elements of these sets with superscripts 0, 1, respectively), where the extremities
TS, Th, and TY,, Tj, are identified. We then observe that the pseudometric 0’l\g
can be viewed as a quotient d /Ry, where d is the disjoint union metric on 7 #-#"
JWH-H") whose restriction to each interval composing this set equals the restriction
of dg to that interval, and R, is the coarsest equivalence relation containing

{(B1,,(1)°. T, (N, 0 <7 < g(Tur) — g(Tr, Tur) v g(Twr, Tu)},
{7, Ef,, (N, 0<r < g(Tp) —g(Tu, Tp) v g(Tar, Tur)}.
Moreover, the equivalence relation {dy = 0} factorizes in the sense that if dy (s,1) =0
with s, € [ (H.H ”), then it must hold that s, 7 belong either both to / (H.H') or both

to I H"-H") Therefore, setting R as the equivalence relation on / (H.H') | [(H.H")
defined by s’ R, ¢/ if and only if df(s,7) = Oandi = j € {0, 1}, we obtain

DHHY = (d/Ry)/Ry = (d/R2)/R:.

We see that d/R; is the pseudometric of the disjoint union of (I(H’H/), 13(H’H/))
and (/ (H'.H //), p#H".H ”)), while R; can be seen as the coarsest equiva_lence relation
obtained by first gluing E(H’H/) with y(H/’H”), and then V(H’H/) with S(H/’HN). |
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Due to the fact that the second gluing operation in Proposition 5.1 involves two
geodesics belonging to the same space, there is no direct analog of Corollary 4.2.
However, we have the following alternative, which is an immediate consequence of
Lemma 3.7 and a crude estimate of the length of the path E(H LHY)

Proposition 5.2. Under the same assumptions as in Proposition 5.1, it holds that for

every s,t € I(H’H/),

DA 5,1y < DHH (5.1) < DHIHD (5.1) + (g 1HHT),

Finally, we observe that the metric space (My,q, Dy,¢) obtained by metric gluing
of the pseudometric dg along the relation {dy = 0}, rather than using (ig as in the
definition of Qdyg, is related to the latter by a final gluing operation. The proof is
analog to that of Proposition 5.1, noting that dg is the gluing of Jg along the coarsest
equivalence relation containing {(I'o(7), Eo(r)),r > 0}.

Lemma 5.3. One has (My,, Drg) = G(Qdsg: 7, £).

5.2 Random continuum quadrilaterals

Let us now describe the limiting continuum quadrilaterals that appear in Theorem 2.8,
by suitably randomizing the quadrilateral trajectory (f, g). We let (X, W) be the
canonical process defined on quadrilateral trajectories. We introduce, for any pro-
cess Y defined on an interval containing 0, the piece of notation Y ; = Y (0 A 2,0 V 7).

Let us fix A, A, H € (0,00) and A € R. We let Quad, 7 4 A be the probability
distribution under which

e (X,,0<t<A)and (X_;,0 <t < A) are independent first-passage bridges of
standard Brownian motion from 0 to —H , with durations A and A,

* conditionally given X, the process W has same law as (Z; + {—x,, —A<t<A),
where Z is the random snake driven by X — X, and ¢ is a standard Brownian
bridge of duration H and terminal value A, independent of X and Z.

In this way, the probability distribution Quad, 7 y A is carried by quadrilateral
trajectories on the interval [—A, A]. We remark that, in fact, we can view W more
directly as the random snake driven by X, conditioned on the event {W, = A}, a fact
that we leave to the interested reader.

Definition 5.4. The quadrilateral with half-areas A, A, width H and tilt A, gener-
ically denote by Qd, 7 g . is the 6-marked 1-measured metric space Qdy,w under
the law Quad, 7 ;5 A, endowed with its area measure u, as well as the marking

0Qd, 1 g Ao = (1.6, 7.§), where y, ¥ are geodesic marks as usual, while &, E are
seen as (nonoriented) geodesic segments, that is, given without their origins.
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As for slices, the piece of notation dQd 4 A H.A COMES from Lemma 3.11, which
we will prove at the end of the upcoming section. The boundary of the topological
disk Qd, 7 g A is the union of y, §, 7, €, which intersect only at the points y(0) =
£(0) = Brg (0). xv. 7(0) = £(0) = Prig(4) = Prg(~A). and X

5.3 The Brownian plane, and its embedded quadrilaterals

Similarly to the fact that (free) slices can be found in the Brownian half-plane, one
can obtain quadrilaterals from the Brownian plane, as we now explain. We let Plane
be the probability distribution on €2 under which

* the process X is a two-sided standard Brownian motion,' and
» the process W is the random snake driven by X.

The measure Plane is carried by quadrilateral trajectories defined over R.

Definition 5.5. The Brownian plane, generically denoted by BP, is the metric space
(Mx,w, Dx,w) defined by (4.5), considered under Plane. Letting p: R — BP be the
canonical projection, it is endowed with the area measure ;. = p+«Lebg.

In this definition, beware that the metric is indeed defined by (4.5) rather than
(5.1), which would produce the metric space Qdy,w = Qd(©:) = (Mx,w, Dx,w).
Observe that, by Lemma 5.3,

BP = G(Qq ;) (), (53)

see Figure 5.1 below for an illustration. Alternatively, the space Qd®° can be seen
as cutting the Brownian plane along the geodesic ray yo = &p; we do not go into
further details as we will not explicitly need this property.

Note also that, despite the similarity between this definition and that of the Brow-
nian half-plane, there is no marking now because, as its name suggests, the Brownian
plane is homeomorphic to R? and so has an empty boundary as a topological surface.

One should finally mind that this definition is different from the original one given
in [40], which will be recalled in Appendix A; in a nutshell, one goes from a definition
to the other by changing X into the process obtained by taking its Pitman transform
both on R and on R <.

Free quadrilaterals. Similarly to the discussion of Section 4.3, the Brownian plane
satisfies a Markov property which can be interpreted as a “flow” of continuum quadri-
laterals. Fixing 0 < H < H' < oo, and denoting by

Og:t €Ty —Tg. Ty — Tl (t + Te)li<o + (t + Tr) 150,

I'This means that (X;,t > 0) and (X—;, ¢ > 0) are independent standard Brownian motions.
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we see that the process (X(H’H/) oy + H WHH) 69, — Wr,,) is independent
of (X ©O-H) y©.H))y (x(H'.+00) p(H'.+20)) and has same distribution as the pair
(X H'—H) 'y (H'=H)) Thjs can be proved by excursion theory of (X, W) separately
in positive and negative times; we omit the details, which are similar to those pre-
sented in Section 4.3.

Under Plane, the process (X %)) is a two-sided Brownian motion killed at its
first hitting times T, Ty of —H in positive and negative times, respectively, while
the process (WT(S’H), 0 < x < H) is a standard Brownian motion killed at time H.
This implies that the law of (X ) W ©-H)) ynder Plane equals

FQuady = /

(0,00)

4 (A (D 4AT [ pi(8) 4 Quad 1
R

where the densities p;, g, are defined after (4.9). A random metric space with same
law as Qd®-#) under FQuad g will be referred to as a free (continuum) quadrilateral
of width H. From these considerations and Proposition 5.1, we obtain the following
result.

Proposition 5.6. Let0 < H < H' < H"” < o0o. Then, under Plane, it holds that
QuUHH" = G(G(Qa(HHH"), QaH/H; gUHH) y (HLH) HLHD G A

where the glued spaces QdHH) gpg QdH-H") gre independent. Moreover, the
space QdH-H') g a free continuum quadrilateral of width H' — H.

We refer to Figure 5.1 for an illustration, which suggests, as is proved in the
following proposition, that quadrilaterals are topological disks bounded by their geo-
desic sides. In contrast with our treatment of slices, a difficulty arises from the fact
that the quadrilaterals Qd®-H" gre not isometrically embedded in BP, and, in general,
not even locally isometrically embedded (think of a point of BP lying on the geode-
sic Yo).

Proposition 5.7. For every H € (0, 00), almost surely under FQuady, the quadri-
lateral Qd®H) is g topological disk with boundary given by the geodesics y(O’H ),
gO-H) 50.H) 4y q £O-H) \opich pairwise meet only at the points y(0) = £(0), £(0) =
7(0), and the apexes xOH) and xO-H).

In order to prove this proposition and for later use, it will be important to charac-
terize the set { Dy, w = 0}.

Lemma 5.8. The following holds almost surely under Plane. For every s,t € R such
that s # t, it holds that
Dx,w(s,t) =0

if and only if either dx (s, t) = 0 or dw(s,t) = 0, these two cases being mutually
exclusive.
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Proof. According to [40, Proposition 11], it holds that Dy w (s, ¢) = 0 implies that
dx (s,t) =0ordw(s,t) = 0. The fact that these two properties are mutually exclusive
is a consequence of the fact from [65, Lemma 2.2] that almost surely, if s is a point
such that X, > X for every u € [s, s + ¢] for some ¢ > 0, then it must hold that
infyefs,s+5) Wu < Wy for every § € (0, €). In fact, [65, Lemma 2.2] is proved when
the process X is distributed as a standard Brownian excursion, and W as a random
snake Z driven by this excursion. However, being a local property of the processes at
hand, it extends easily to our setting by an absolute continuity argument. Details are
left to the reader. ]

To the terminology of Section 4.1.1, we add
la.b[; = [a.b]y \{b} fora,b e Ty.

The important consequence of this lemma for us is the following. Almost surely,
ifa,b € Tx and ¢, d € Tw, then the paths nx ([a, b]x) and ww ([c, d]w) are simple
paths. Furthermore, 7x ([a, b[y) may intersect 7wy ([c. d [,) only if 7y (a) = 7w (¢),
in which case these paths intersect at this point only. In particular, if we denote the
geodesicray px ({s > : Xy =X (t,5)}) of Tx by [px (¢), 00[y, then 7rx ([px (¢), o0[x)
is a simple path in BP. For instance, in Figure 5.1, we represented the simple path
7x ([px (0), oo[y) with a dotted brown line.

Proof of Proposition 5.7. Let us depart slightly from the setting of the statement and
fix for now two numbers 0 < H < H' < .

Claim. We assume that the geodesics yH-H ) and §(H H') do not intersect Yo in BP.
Then the following holds:
(1) The geodesics )/(H’H/), E(H’H/), )7(H’H/), §(H’H’) intersect only_at the points
x{LAD, UELED (0) = £ HHD (), X{AD and yHAHD (0) = §HHD(0) in
this cyclic order, and their union forms a Jordan curve C.

(ii) The set p(1 HH /)) C BP is the closure of the bounded connected component
of BP\ C.

Indeed, note that px (7 ) and px (Tx) are two distinct points of [px (0), o[y, so
that their images by 7y are distinct in BP. Then the paths y #-H") and £(H-H") gre the
images by 7y of the two geodesic paths [pw (Tg). ax(W HHN)]y and [pw (Tw-).
ax(WHEHENw in Ty, which by definition meet only at ax(WHHD) “and their
union is the geodesic [pw (Tx), pw (Te’)]w in Ty, which is thus projected via
to a simple path in BP. Therefore, y#-H ) and gH.H ) meet only at xiH’H N =
o (a (W HH /))). The same reasoning shows that )7(H’H ) and §<H’H ) intersect
only at )?gH H) and gives that the points xiH H) and )TiH H') are distinct points
(because they are distinct points in Jy lying inside two geodesics).
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Next, if the path y(#-H#") does not intersect yo = w ([pw (0). oo[y), then nec-
essarily the path [pw (Tg). ax(WH-H))]y must be disjoint from [pw (0), oo yys
which means that

W(Tu,Tu') > W(0,Tg) and W (Ta/,Tg) > W(TH,0).

This implies that [pw (Tx’), a*(W(H’H/))[[W is also disjoint from [pw (0), ooy,
and by projecting by 7y, that £H-H D is disjoint from Y. A similar argument applies
to )7(H’H D and §<H’H N, Therefore, under the conditions of the claim, the paths
Iow (Twr), as(WHHEN o and [pw (T ), @ (W HHD)]y are disjoint paths in Ty,
and their projections y(#:-H ) and €HH) via 7y intersect, if at all, only at their
extremities. It is indeed the case that p(Tx) = p(Ty), while, as we already saw,
xULHY) £ 5(H.H') This proves (i).

The argument for (ii) is similar to that in the proof of Proposition 4.6, where
the role of the base is now played by the infinite path 7y ([px (0), oo[y) = {p(T) :
h > 0}. Forany t € R, we let

S(r)y=inf{s >1: Xs =X, —r} forO=<r =<X;—X,,

where we recall that X; = X (0 A £,0V ). The range of px o X; is the geodesic path
[px (t),px(T-x,)]x in Tx and its image by 7y defines a path o; = p o X, from p(¢)
to p(T-x,). M?)reover, by Lemma 5.8, the paths oy, t € R, do not intersect any of
the geocﬂasics vs, S € R, except possibly at their starting points. There are now the
following possibilities:

o Ifr € I'H) then o, ends on the path (p(T}), H < h < H’). This means
that if p(r) does not belong to the four geodesics y#-H") gHH) 5(HH)
gUH.H') then we may connect it to, say, the point P(T(z+H')/2) of the bounded
set QdH-H") without crossing the four mentioned geodesics.

o Ifr ¢ THH) we distinguish two cases:
— Ift ¢ [Ty, Ty'], then o ends on the unbounded path {p(T}) : h > H}.
- Ift € (Ty,TH), theno; endson {p(T}) : 0 < h < H}.
If p(¢) does not belong to the four geodesics of interest, then it may be joined
without crossing the four geodesics either to the unbounded path {p(7y) : h > H}

or to the unbounded path {p(7) : 0 < h < H} U yy, by the assumption that y,
does not intersect the four geodesics.

This completes the proof of the claim.

Now fix H > 0 and consider another positive number H to be thought of as large.
Since we know that Qd0-Ho+H) ynder Plane has same distribution as Qd©-# ),
we may work with the former space rather than with the latter. For every ¢ > 0,
it holds that there exists some Hj large enough such that with probability at least



Convergence of quadrilaterals with geodesic sides 86

1 — ¢, the geodesics )/(HO’HO’LH ) and §<H(»H<>+H ) do not intersect yo- Indeed, this
happens whenever W (Ty,, THo+H) > W(0, TH,) or, equivalently,

WTHO — E(O, THO) > WTHO — E(THO, TH0+H)v (5.4)

and similarly in negative times. The two sides of (5.4) are independent by the Markov
property stated above; the right-hand side has a distribution that depends only on H,
while the left-hand side, which has same distribution as —W (0, Ty,) by a simple
time-reversal argument, converges to oo in probability as Hy — oo.

By the claim, we obtain that on an event happening with probability at least 1 — ¢,
the set p(I (Ho-Ho+H)) s the closure of the connected component of the complement
in BP of the paths

(Ho,Ho+H) E(Ho,Ho-i—H) —(Ho,Ho+H) g(HO,Ho-FH)

14 14

which all together form a Jordan curve. On this event, the identity on / (Ho,Ho+H)

induces, by precomposition with the projection mappings p and pfo-Ho+H) 4 pijec-
tive mapping ¢ from the compact space QdHo-Hot+H) o (] (Ho.-Ho+H)) \which is
1-Lipschitz since Dy,w < D(Ho.Ho+H) by Lemma 3.7, (5.3) and Proposition 5.6.
This shows that ¢ is a homeomorphism, and therefore, with probability at least 1 — ¢,
the space Qd(Ho-Ho+H) hag the properties claimed in the statement. Using the fact
that QdH0-Ho+H) hag same distribution as Qd®#) and that £ was arbitrary, we con-
clude. ]

The continuum quadrilaterals of the preceding section can be linked to the free
quadrilaterals embedded in the Brownian plane by an absolute continuity argument,
whose proof is similar to that of Lemma 4.7 and is omitted.

Lemma5.9. Fix0 < K < H,aswellas A >0, A > 0, and A € R. Then, for every
nonnegative function G that is measurable with respect to the o-algebra generated
by (XK w©.K)) one has

Quad, 7 ; A[G] = Plane[y,, 1 4 (Tk.—Tk. K. Wry) - G,

where

qa—1(A—A) qu_p(A— A') pp_p/ (A — A)
qu(A) qr (A) pH(A)

This allows us to obtain, as stated in Lemma 3.11, the topology of quadrilaterals.

WA,/T,H,A(Alv 1‘?, H/, A,) —

Proof of Lemma 3.11 for quadrilaterals. The proof is similar to that for slices. We
use the fact that the Brownian plane is topologically a plane [40, Proposition 13], as
well as [40, Proposition 4] to obtain that it is locally of Hausdorff dimension 4 from
the analog result about the Brownian sphere [64]. We deduce from there the desired
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properties for a free quadrilateral. To extend this result to quadrilaterals Qdy 7 g A»
which we view as Qd®#) under the law Quad 4.4 1,A» We use the fact from Propo-
sition 5.1 that it can be seen as the gluing of Qd(o H/2) and QdH/2.H) along the
boundaries & (© H/2) and V(H/z -H) on the one hand, and y© H/2) and S(H/z H) on the
other hand. By the absolute continuity relation stated in Lemma 5.9, we see that the
law of Qd®-H/2) js absolutely continuous with respect to that of a free quadrilateral
with width H/2, and the same is true for Qd*/2-#) Using Proposition 5.7, we obtain
that Qd®-H) is obtained by gluing two topological disks, both locally of Hausdorff
dimension 4, along part of their boundaries, which allows us to conclude. ]

5.4 The uniform infinite planar quadrangulation

The uniform infinite planar quadrangulation (UIPQ) is the whole plane pendant of the
UIHPQ defined in Section 4.4. It is simpler to describe and was introduced earlier [36,
42,60]. Let (T, k € Z) be a two-sided sequence of independent Bienaymé—Galton—
Watson trees with a geometric offspring distribution of parameter 1/2. We construct
an infinite tree To, embedded in the plane by mapping the roots of TX and of T™* to
the point p* = (k,0) for every k > 0, in such a way that, except for these roots, the
trees T%, k > 0 are embedded in the open upper half-plane and the trees T, k <0
are embedded in the open lower half-plane, without intersection. Lastly, we link the
roots pk, pk*1 with a horizontal segment for every k > 0.

Conditionally on T, we assign to the edges random numbers, independent and
uniformly distributed in {—1, 0, 1}, and let Aoo: V(Too) — Z be the labeling func-
tion whose increments along the edges are given by these numbers. Note that this
uniquely defines Ao, up to the usual addition of a constant. We call (T, Axo) the
infinite random well-labeled tree. We then let (¢;,i € Z) be the sequence of corners
of Ty in contour order, with origin the corner cq corresponding to the root of TP.
The uniform infinite planar quadrangulation (UIPQ for short) is then the infinite
map Qs obtained by applying the CVS construction to (T, Ao ), that is, by linking
every corner to its successor as defined in Section 2.1, and removing all edges of the
tree afterward. The root of Q. is defined as the corner preceding the arc from cg
to its successor. As with the UTHPQ, there is no need to add an extra vertex with
a corner Ceo.

As before, we denote by v; the vertex of T, incident to ¢; and by Y (i) € Z the
index of the tree to which v; belongs. We then define the contour and label processes
on R by

C(i) = dpray i, pTON — 1T (@()| and  AG) = Aoo (i) — Aoo(v0). i € Z,

and by linear interpolation between integer values; see Figure 5.2. Observe that,
in contrast with the definition of Section 4.4 for an infinite forest, there is an absolute
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Figure 5.2. Contour and label processes associated with (T, Aoo). The infinite dashed line
is the so-called spine of the tree. The tree TC and the corresponding encoding processes are
highlighted. Similarly to Figure 4.2, one might see the contour process as recording the height
of a particle moving at speed one around the infinite tree obtained by now letting p¥ be located
at (0, —k) with T grafted on its right and T—% on its left (both upright) for k > 0; see the left
of Figure A.1 for an illustration.

value in the definition of C. In fact, changing the — into a + amounts to taking the
so-called Pitman transform, which is a one-to-one mapping, so this is just a matter of
convention. We will come back to this in Appendix A. We can easily check that C is
distributed as a two-sided random walk conditioned” on C(—1) = —1.

As before, we extend C and A to functions on R by linear interpolation between
integer values. For k& > 0, we set

T =max{i <0:C(i)=—k} and 7 =min{i >0:C(i) = —k}.

Note that, for a fixed k > 0, the process (k + C(s + 7x),0 <5 < 741 — 7% ) is the con-
tour process of T%, while, fork > 1, (k + C(s + Tgy1 + 1),0 <5 <Tp — Tpq1 — 1)
is the contour process of T~* without the last descending step. Therefore, in this
notation, the forest composed of the k leftmost trees in the upper half-plane is coded

2See Remark 5.10 for the explanation of this conditioning.
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by the interval [0, tx], while the forest composed of the k leftmost trees in the lower
half-plane is coded by the interval [Tx1; + 1, 0]. This slightly annoying shift will
appear later on, in particular in the statement of Lemma 5.18.

Remark 5.10. As with the UIHPQ, the above definition gives a slight variant of
the usual UIPQ, which is similarly defined by adding a further tree rooted at p°
embedded in the lower half-plane, or equivalently, by removing the conditioning by
{C(—=1) = —1}. This bias is similar to the one we had for the UTHPQ. Here again, the
reason for using this definition is that it will give the natural semigroup property for
the discrete quadrilaterals.

We set
Doo(i, j) = doy(vi,vj), 1.] €L,
and extend it to a function on R? by bilinear interpolation between integer values,
as in (4.12). We define the renormalized versions C,), Ay, D) of C, A, Do
by (4.13). The following proposition builds on the convergence obtained in [40] of
the UIPQ to the Brownian plane. As was the case for the UIHPQ, it does not appear
in this exact form in [40] and calls for a proof, which is postponed to Appendix A.
Recall from Section 5.3 the definition of the distribution Plane.

Proposition 5.11. The following convergence in distribution holds on € x € x €
(d)
(Cons Aw)» D)) —> (X, W, Dx.w),

where the limiting triple is understood under Plane.

5.5 Discrete quadrilaterals in the uniform infinite planar
quadrangulation

We proceed as in the last paragraph of Section 4.4. But, here, the lack of an analog
of Corollary 4.2 makes matter substantially more intricate. We consider a sequence
(h,) € NN such that

h
" 5 H>0.

/21’1 n—00

For each n, we let F, be the random forest consisting of the &, trees O, T, ...,
Th»~1 and p"», as well as F,, be the random forest consisting of the /,, trees T~
T~hn+1 . T~ and p°. The pair (F,, F,) is a double forest in the terminology of
Section 2.4 and the map F, U F, is well labeled by the restriction of A.. We denote
by O, the corresponding quadrilateral and by v., Vs its apexes; similarly to the pre-
vious section, we see it as part of the UIPQ Q.
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For each i € Z, the vertex v; of Ty, incident to ¢; can still be seen as a vertex
of O, whenty, 11 +1=<i =<1, Weset

Du(i,j) = dg,(vi,v)), Tnys1 +1<i,j <,

extend it to a function on (73,41 + 1, thn]2 by bilinear interpolation between integer
values as in (4.12), and define its renormalized version

D, (2ns.2 T 1
n( ns, nt) ‘Chn"rl—i_ <S,t E Thn

Dan(s.0) == oy n - o

(5.5)

This section is devoted to the proof of the following result, which essentially
amounts to stating that, jointly with the convergence of 2,(Q) to the Brownian
plane, the properly rescaled quadrilateral €2, (Q,) converges to Qd©-H)

Theorem 5.12. The following convergence in distribution holds in € x € x €@ x
e®:
A~ d) ~
(Cnys Awys Dny» Diny) —> (X, W, Dy, D),
n—oo

where the limiting quadruple is understood under Plane.
The first step in the proof is the following tightness statement.

Lemma 5.13. From every increasing sequence of integers, one may extract a subse-
quence along which the following convergence holds in €@, jointly with the conver-

gence of Proposition 5.11:
A d) ~
Doy 2 b, (5.6)

n—>oo

where D is a random pseudometric on [Ty, Tx].

Proof. The classical tightness argument from [65, Proposition 3.2] implies that the
laws of 13(,,), n > 1, are tight in €@ . Together with Proposition 5.11, this yields
the tightness of the laws of the sequence of the quadruples (C), Ay, D). 5(,,)),
and therefore, by Prokhorov’s theorem, their joint convergence in distribution, at least
along some subsequence, to a limiting process (X, W, Dx w, D), where the law of
the first three components is determined by Proposition 5.11. Since 13(”) is a pseu-
dometric on [(Tp,, +1 + 1)/2n, T3, /2n], and because of the convergence of C(y) to X
implying the joint convergence of the bounds of this interval to Ty, Ty, it is straight-
forward to check that all subsequential limits of these laws are carried by functions
that are pseudometrics on the interval [Tx, T]. ]

From now on, we fix a subsequence along which (5.6) holds, and only consider
for the time being values of n that belong to this particular subsequence. By the
Skorokhod representation theorem, we may and will assume that this convergence
furthermore holds almost surely.
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We define Qd as the set [Ty, Ty]/ {5 = 0}, endowed with the metric D. Beware
that it is not clear at all that Qd = Qd(®-#), and this is precisely what we want to prove.
More precisely, we aim at showing that, almost surely, for every s, € [Ty, Ty,
it holds that D (s, 1) = D©.H) (s, t), which will entail Theorem 5.12.

Since the real number H is fixed once and for all, we will use in the remainder of
this section the shorthand pieces of notation

D =DM aswellas D = Dx.

We let p: R — BP and p: [Ty, TH] — Qd be the canonical projections, which are
continuous since D and D are continuous functions. Note that, clearly, for every n,
it holds that Dy, < 13,, on [Tp,+1 + 1, ‘L'hn]z, sothat D < D on [TH, Ty]. As aresult,
there exists a unique continuous (even 1-Lipschitz) projection r: Qd — p([Tx.TH))
such thatp = w opon [Tx, TH].

The inequality D < D follows from the usual following arguments. First we come
back to discrete maps and observe that, for integers i, j € [Tp,+1 + 1. Tp,], We have
dc(i, j) = 0if and only if v; and v, are the same vertex of F, U F,, which implies
that 5,, (i, j) = 0. Next, by considering the so-called maximal wedge path consisting
of the concatenation of the two geodesics from ¢; and from c; obtained by following
subsequent successors up to the point where they coalesce, we obtain the classical
upper bound similar to (2.1):

Du(i,j) <daG,j)+2, i,j € [Thys1 +1,th,] withij >0.  (5.7)

Passing to the limit ylelds that {dy = 0} C {D = 0} and that D < dw, which imply
the inequality D < D. The converse inequality is harder and is the focus of what
follows.

Let us start with some key properties of the pseudometrics D, D, and D. The
following lemma is proved in the exact same way as [25, Lemma 14].

Lemma 5.14. The spaces Qd and Qd©H) gre compact geodesic metric spaces.

We will need the following identification of the set {D =0}, analog to Lem-
ma 5.8.

Lemma 5.15. The following holds almost surely. For every s, 1€ [Ty, Tr)withs #t,
it holds that D(s,t) = 0 if and only if either dx (s, t) = 0 or dW (s,t) = 0, these two
cases being mutually exclusive.

Proof. 1t follows very similar lines to that of [67, Proposition 3.1], and we will
only sketch the main arguments. The fact that dx (s t)=0or dw (s,t) = 0 implies
D(s t) = 0 is immediate from the inequality D < D. Conversely, assume that
D(s, t) = 0 for some s # t in [Ty, Tx]. Then, in particular, since D < D, it holds
that D(s,t) = 0, so that either dy (s,?) = 0 or dx (s, ¢) = 0, and these two cases are
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exclusive. If we are in the case that s, ¢ are of the same sign and that dy (s, 1) = 0,
this trivially implies JW (s,t) = 0, as wanted. And since dAW > dw, it cannot hold
that c/Z\W (s,t) = dx(s,t) = 0 at the same time. Hence, the proof will be complete if
we can show that the situation where dy (s, t) = 0 necessarily implies that s and ¢
are of the same sign.

For this, we argue by contradiction, assuming that ¢ < 0 < s and dw (s,t) = 0.
Note that this implies in particular that s, ¢ lie on some point of the geodesics I'y
and E, respectively, meaning that W, = inf,,¢[o,5) Wy, and W; = infy,c[; o) Wy, Then,
by the convergence of A, to W, there exist i, € [0, 73, ] and j, € [Tp,+1 + 1,0] such
that i, /2n — s and j,/2n — t, with the property that A, (i) = minge[o,;,,] An(k)
and A, (jn) = ming[j, 0] An (k). This means that v;,, lies on the maximal geodesic y,
of O, and vj, lies at distance 1 from the shuttle §n of Q.

Now any geodesic path in O, from v;,, to v;, will necessarily intersect the spine
of the tree Too at some tree root pi» with 0 < I, < h,. Let k, € [Thy+1 + 1, )]
be an integer such that vy, = p'n. In terms of the contour process C,, this means
that Cy, (k) < C, (1) for every I € [0 A ky,,0 V k,]. Up to extracting along a further
subsequence, we may assume that k,, /2n — u € [Ty, Ty] as n — 0o, and we observe
that ¥ must be such that X;,, < X; for every t € [0 A u, 0V u], and in particular,
we observe that dy (u, Tg') = dx (u, Tw) =0, where H' = —X,,. We may exclude
the case where H’ = 0 by noting that, necessarily, Wy = W, = W,, < 0.

On the other hand, since vy, lies on a geodesic path from v;, to vj,, which has
length o(1n'/4) because of our assumption that D (s, ) = 0, it holds that D (s, u) =
5(14, t) = 0. We arrive at the wanted contradiction since we have found four
points s # t, Ty # Ty that are all identified by D but such that dy (s, ) = 0 and
dx(Tg', Th) = 0. "

AsD <D < é’\W and {dy =0} C {13 = 0}, Lemma 5.15 implies that the equiv-
alence relations {D = 0} and { D = 0} coincide, and that p = p#). For this reason,
we may, and will, systematically identify points of Qd with points of Qd ) More-
over, the identity mapping Qd®-#) — Qd is continuous, and by compactness of these
spaces, we conclude that Qd is homeomorphic to Qd©-H),

Theorem 5.12 will be obtained by compactness and continuity arguments from
the following local version, stating that, locally and away either from both maximal
geodesics or from both shuttles, the three distances under consideration are equal. The
proof of the following lemma can straightforwardly be adapted from [25, Lemma 15],
so that we only sketch it and refer the reader to the latter reference for the details. In an
arbitrary pseudometric space (M, d), we denote by

d(x,A) =inf{d(x,y):y € A}

the distance from a point x € M to a subset A C M.
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Lemma 5.16. The following holds almost surely. Fix ¢ > 0, and let s,t € [Ty, Tr]
be such that D(s,t) < € and

* either D(s. Ty UT7, ) AD(t.ToUTz, ) > &,
« orD(s,EoUET,)AD( EoUEr,) > s
Then, it holds that D(s,t) = D(s,1) = D (s, 1).

Proof. Letiy, j, beintegersin [ty,+1 + 1, 73,] such thati, /2n — s and j,/2n — ¢
as n — oo. From the assumption that 5(s, t) < ¢ and the convergence of D,
toward D, we deduce that d 0, i, vj,) <e@n/ 9)1/4 for every n large enough.

Next, keeping the same notation, assume that we are in the first alternative of
the statement. Then we claim that for every n large enough, v;, and v;, must be
at dg,,-distance at least £(8n/ 9)!/4 from the maximal geodesics y, and 7, of Q.
Indeed, if we assume otherwise, then up to taking an extraction along a further sub-
sequence, we would find a point k,, € [74,4+1 + 1, 3, ] such that for every n, vg,
belongs to (the same) one of these maximal geodesics, and is at dg,,-distance at most
(81/9)1/* from (the same) one of two points v;, or v i,- To fix the ideas, assume
that vg,, is on y, and is close to v;, in the latter sense, the discussion being sim-
ilar in the other cases. Up to taking yet another subsequence if necessary, we may
assume that k, /2n converges to some u € [Ty, Ty]. Note that k,, being a time of
visit of the maximal geodesic y,, must be a left-minimum for the label process A,
restricted to nonnegative times, and, by passing to the limit, ¥ must be a left-minimum
of W restricted to nonnegative times, entailing that D (u, ') = 0. Therefore, by pass-
ing to the limit in the inequality D)(in/2n, k,/2n) < e, we would obtain that
D (s, Tp) < &, a contradiction with our assumption.

Now observe that Qo is obtained by the following two gluing operations,
from @, and the infinite quadrangulation Q;, encoded by the labeled double for-
est with trees grafted above p"#%7 i > 0, and below p"#*% i > 1.

* First, by gluing the geodesic sides &, and y,, of Q, to the (unique) maximal
geodesic and shuttle of Q. Note that the resulting infinite quadrangulation is also
obtained by performing the interval CVS construction on T, with the intervals
{ci,i <0} and {c;,i > 0}.

* Second, by gluing together the (unique) maximal geodesic and shuttle of the infi-
nite quadrangulation obtained at the first step. Note that the geodesic sides of this
infinite map are prolongations of y, and 5,,

Therefore, Lemma 3.7 (ii) applied twice (once for each gluing operation) shows that
if v,w € V(Q,) are such that dg, (v, w) < K and

» ceitherdg, (v,yn) Ado, (W, yn) > K,
* ordg,(v,yn) ANdg, (W, ¥n) > K,
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thendg, (v,w) = dg., (v, w). Applying this to v = v;,, w = v;,, and K = (871/9)1/4

yields, after passing to the limit, that D(s, 1) = D(s,t). Since D < D < D, this
yields the result in the first alternative of the statement. The second case, with shuttles
instead of maximal geodesics, is similar. |

We may finally prove Theorem 5.12.

Proof of Theorem 5.12. We follow the same lines as in the proof of [25, Theorem 11].
As we observed before, the metric spaces Qd and Qd© ) are homeomorphic. There-
fore, since the geodesics y and ¥ do not intersect in Qd©-#) | the same is true in Qd,
and similarly, the geodesics £ and § do not intersect in these spaces. Moreover, as
we know, these four geodesics intersect only at y(0) = £(0), £(0) = ¥(0), x©-H)
and x#)_ Therefore, for every x € Qd \ {y(0), 7(0), x{&) 3O} there exists
& > 0 such that the open ball B (x, ¢) of radius & around x for the metric D inter-
sects neither y U ¥ nor £ U €. By Lemma 5.16, this implies that the balls B 5(x.€),
and By (x, ¢) are isometric. Hence, Qd and Qd©®) are two compact geodesic met-
ric spaces that are locally isometric except possibly around four points. Therefore,
the lengths of paths that do not go through these four points must be the same in
both spaces. It is then easy to see that the same is true for all paths that visit each of
these four points at most once, by splitting into subpaths, and by standard properties
of lengths of paths. One concludes by observing that, given a path in Qd, one may
construct another path of length smaller than or equal to that of the initial path, and
that visits each of the four distinguished points at most once. Since a geodesic space
is a length space [32], the distance between two points is given by the infimum of
length of paths between these points. Therefore, Qd and Qd®) are isometric. u

5.6 Scaling limit of conditioned quadrilaterals

In this section, we finally prove Theorem 2.8. As a preliminary result, we will need
a simple estimate on distances in quadrilaterals. We invite the reader to recall the
combinatorial setting of Section 2.4 and to consult Figure 5.3. Let ((f,f), 1) be a well-
labeled double forest and let q be the corresponding quadrilateral. For k € {1,2,...,
h — 1}, keeping only the first k trees in f and the last k trees in f yields a submap
of f U T, well labeled by the restriction of A. We let q; be the corresponding quadri-
lateral, which we naturally see as a submap of q. We will need the following coarse
comparison between distances in q and q.

Lemma 5.17. Letw =2 + max{A(u) :u € V(q) \ V(qx)} —min{A(u) : u € V(q) \
V(qx)}. Then, for any v, w € V(qg), one has

dq(v,w) < dg, (v,w) < dgq(v,w) + @.
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Figure 5.3. Here, 1 = 5 and k = 3. On the top left, a schematic picture of a double forest (f, f),
assumed to be well labeled, and its “truncation” obtained after removing the dashed elements.
On the bottom right, a schematic picture of the corresponding quadrilaterals: the quadrilateral q
is obtained by gluing qx (in light yellow) along its sides & and y with the quadrilateral (in dark
yellow) coded by the dashed elements along its sides y and £ (only these four geodesic sides of
interest are named in the picture).

Proof. Observe that q may be obtained by gluing g along its sides £ and y with the
quadrilateral coded by the double forest obtained by taking the last 4 — k trees in f
and the first 4 — k trees in f, well labeled by the restriction of A, along its sides y
and § The lemma is then a straightforward consequence of Lemma 3.7 (i) since the
lengths of the glued geodesics are bounded by the quantity w. ]

We now prove Theorem 2.8 by proceeding similarly to Section 4.5. Recall the
notation (C(z), A(z),t € R), 1, Tx from Section 5.4. Let Py, be the law of (C, A)
and assume without loss of generality that the latter is the canonical process. Although
we use the same notation Py, as in Section 4.5, we believe that there is little risk of
confusion. For j > 1, let ; be the o-algebra generated by (C(i), A(i),0 <i < j),
and let §; be the one generated by (C(i), A(i +1),—j <i < —1). Note that ¥z,
is the o-algebra generated by the % leftmost trees of T, in the upper half-plane,
together with their labels, as well as the label of the root p”. Similarly, Y 7,4, 1s the
o-algebra generated by the & leftmost trees of T, in the lower half-plane, together
with their labels, as well as the label of the root p°: the meaning of the shift by +1 in
the process A is that we do not want to incorporate the information of the label of the

root p"*1in g 5, .
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Next, fora,a,h € N and § € Z, we denote by P, 7 , s the distribution of
(C|(—2a—h,2a+h]> N|[=2a—h,2a+h])
under
Pool:|th =2a+ h,Thy1 + 1 = —2a —h, A(zp) = 9].

The corresponding double forest encoded by this process is thus composed of
a spine p°, ..., p* of length &, onto which are grafted 2/ Bienaymé—Galton—Watson
trees with Geometric(1/2) offspring distribution and uniform admissible labels, con-
ditioned on the fact that the total number of edges in the upper half-plane % trees
is a, the number of edges in the lower half-plane / trees is a, and the label of the
last root ph is 8. The following lemma gives an absolute continuity relation between
the laws P, 7 5 5 and Po. Its proof, which we omit, is similar to that of Lemma 4.11,
using the enumeration results of Proposition 2.5. Recall from Propositions 2.3 and 2.5
the definitions of Q, and M.

Lemma 5.18. Fix the integers 0 < k < h, as well as positive integers a,a € N and
8 € Z. For every nonnegative functional G that is ¥,V §_z,_ , -measurable, we have

Eaans(Gl = Eco[Ya,a.n,8(tk, —(Tk+1 + 1), k., A(ti)) - G,

where

On-wRa+h—s5)QpwRa+h—1t)My_p(8—j)
On(2a + h) On(2a + h) M, ()

Woans(s.t.h,j)=

From now on, in addition to the sequence (%, ), we fix three sequences (a,), (),
(6x) as in (2.5). The following is a tedious but straightforward consequence of the
local limit theorem [26, Theorem 8.4.1].

Lemma 5.19. If the integer-valued sequence (h),) satisfies h,,/~/2n — H' € (0, H),
then

‘\IJ (s.t,h,, j)— ¥ (S L H BT — 0

su Jan,hn,8 s, 1, ) - A T T 7( ) ) .

Osssanp. ot B on n AAHLA 8n) )| oo
_",JEZ

0<t<ay

We proceed to the conditioned version of Theorem 5.12. Recall the definition
of D) givenin (5.5).

Proposition 5.20. On € x € x €@, the triple (Cmys Ay, ﬁ(n)) considered under
the distribution Py, . 1,5, converges in distribution to (X, W, Dxw = D),
considered under Quad A A HA
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Proof. The arguments are very close to those used in the proof of Proposition 4.13 in
Section 4.5, adding Lemma 5.17 and Proposition 5.2 to cover the additional difficulty.
The joint convergence of the first two coordinates is also standard. Then, fix ¢ € (0, H)

and set
— lev2n].

Let 5,51 and ﬁfn) be defined as in (5.5) and above, but with /¢ instead of &,. For
simplicity, for every i € R, let

= (Tg1+ D VinTg
and define j® similarly for any j € R. Define also
= (th, — the) + (The 41 — Thy+1)-
From (5.7), we obtain

1Dn(i, j) — Dn(i®, j®)| < Du(i,i®) + Du(j. j¥)
< 4o (An; k) + 1).

Using Lemma 5.17, we have for every i, j € [Te 41 + 1, T4¢ ],
|Dni. j) = DG )] < @(Aniiy) +2.

These two facts together then imply that

8

K —
diste (D). D)) < 2% + Sw(l\(n), ) +0n™Y).
We now use the convergence of the first two coordinates, implying, for every n > 0,

lim sup Pan nhnbn (distg(z) (580, ﬁ(n)) > 7])

n—>oo

< QuadA’A—,H,A(Ks + 50(W; k%) = n), (5.8

where
kK¢ =A—-TH_ ¢+ TH_e + A.

Since almost surely under Quad, 7 j . the quantity «° tends to 0 as ¢ — 0, we
deduce that the left-hand side in (5.8) also converges to 0. It remains to show that D(n)
under Py, 7. 5,5, converges toward D©-H=#) ynder Quad 4,41, to conclude, by
the principle of accompanying laws, that D(n) converges to the distributional limit
of DOH=8) a5 ¢ —» 0 which is D ©-#) by Proposition 5.2. To this end, we consider
the restrictions C£ of C(n), Ay to the intervals [(Tpe 11 + 1)/2n, Tt /2n]

(n)’ (n)
and, letting F be a nonnegative bounded continuous function, we observe that, using
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Lemma 5.18, then Theorem 5.12 (for the choice of H — ¢ instead of H) and Lem-
ma 5.19, and finally Lemma 5.9, we have
Eay an i bn 1F(Cnys Mnys Dyl
= ]EOO[qjan,En,hn On (Thﬁ ’ —-1- ?hf,-i-l s A(Thf,))G(C(sn)’ ?n)v Dfn))]
njo)o Plane[wA,g,H,A(TH—s, —Tg ¢, H —¢, WTH_S)
x G(X(O’H_g), W(O,H—s)’ ﬁ(O,H—s))]
— QuadA,/T,H,A [G(X(O’H_e), W(O’H_S), ﬁ(O,H—a))].

This concludes the proof. =

From there, we easily obtain the wanted GHP convergence by arguments similar
to those developed in the proof of Theorem 2.6 at the end of Section 4.5.



Chapter 6

Construction from a continuous unicellular map

Our proof of Theorem 1.1 gives a description of the limiting Brownian surfaces as
gluings of elementary pieces, which appear either in the Brownian plane or in the
Brownian half-plane. Although this construction has a clear geometric content, it can
be arguably cumbersome to work with, having in mind, for instance, the universal
character that the spaces S[I‘f'] are expected to bear.

Indeed, we believe that Brownian surfaces arise as universal limits for many more
classes of maps satisfying mild conditions (for instance, uniformly distributed maps)
and a more direct description seems to be useful in order to show such results. In par-
ticular, we believe that the Brownian torus is the scaling limit of essentially simple
triangulations, as considered in [15]. In fact, most of the known results of conver-
gence toward the Brownian sphere use a re-rooting technique due to Le Gall [67],
which, very roughly speaking, says that if maps in a given class are properly encoded
by discrete objects converging to the random snake driven by a normalized Brownian
excursion and if these maps and the limiting object exhibit a property of invariance
under uniform re-rooting, then the limiting space is the Brownian sphere. We expect
this approach to be generalizable to our context and we now give a description of
Brownian surfaces that is a direct generalization of the classical definition of the
Brownian sphere. This can be thought of a continuum version of the Cori—Vauquelin—
Schaeffer bijection, building on a continuum version of a unicellular map (a map with
only one internal face).

For a function f € € and s,t € I(f) witht < s, we extend (4.1) by setting

s,t) = inf
i( ) I(f)\[t,s]f

and we set, for s, ¢t € I(f),
dr(s.t) = f(s) + f(t) —2max{f (s.1), £ (t.5)}. (6.1)

The difference with (4.2) is that we now take into account the minimum of f on the
“interval” from s V f to s A t on the “circle” I(f)/{T(f) = ©(f)}.

The Brownian sphere. As a warm-up, let us first recall the definition of the Brown-
ian sphere. It is the metric space S[g] = ([0, 1], JZ)/{afe = 0}, where Z is the random
snake driven by a normalized Brownian excursion e.

Recall that the continuum random tree (CRT) introduced by Aldous [7, 8] is the
R-tree! 7. = ([0, 1]/{de = 0}, d.), hence the Brownian sphere S[g] may actually be

ISee Section 4.1.1.



Construction from a continuous unicellular map 100

seen as a quotient of the CRT. In fact, Le Gall [65] showed that the pseudometric
JZ/{de = 0}(s,t) = 0 if and only if Jz(s, t) = 0 or de(s,t) = 0, so the topo-
logical space S[g] is obtained by a continuous analog to the Cori—Vauquelin—Schaeffer
bijection.

The Brownian disk. Let us turn to the Brownian disk with perimeter L € (0, 00). Itis
the metric space S[O]) = ([0, 1], dW) /{dx = 0}, where (X, W) is the pair encoding
a slice with area 1, width L and tilt 0, that is, distributed according to Slice; z ¢
(defined in Section 4.2).
The most natural continuous object generalizing the CRT in the case of the disk
is the gluing
M) = (0. 11.dx)/R.

where R is the coarsest equivalence relation containing {dx = 0} and {(0, 1)}. Since
dW(O 1) = 0, the Brownian disk is also ([0, 1], dW)/R and can be seen as a quo-
tient of ME L) Visually, ME L) is obtained by taking a circle of length L and gluing
a Brownian forest of mass 1 and length L on it. The random snake W then assigns
Brownian labels to it (with a Brownian bridge multiplied by V/3 on the circle and

standard Brownian motions everywhere else).

The general case. The CRT and the structure M( 1) are the continuous equivalent to
the encoding objects of Section 2.2 in the particular cases of the sphere and the disk.
In general, we have a similar yet even more intricate construction, which we now
describe. Let g > 0 be fixed and L = (L', ..., L?) be a b-tuple of positive real
numbers. Let then (S, (Ae)eeE(S)’ (He)eei(S)’ (Le)eeé(S)’ (AY)yer(s)) be a ran-
dom vector distributed according to the distribution Paramy , defined around (3.8).
Conditionally given this vector, we consider the following collection of processes.
For each e € E(S),

* the process X°¢ is a first-passage bridge of standard Brownian motion from 0
to —H ¢ with duration A€,

e the process Z¢ is a random snake driven by the reflected process X¢ — X¢,

the processes (X%, Z¢), e € E (S), being independent. Independently, the process ¢
is a Brownian bridge

o of duration H¢ from A€~ to A¢™, with variance 1 if e € 1(S),
» of duration L¢ from A¢ to Ae+, with variance 3 if e € E(S).
Furthermore, for e € I (S), the bridges are linked through the relation
¢¥(s) = ¢S(H® —s), 0<s<H,
and, except for these relations, are independent. We then set, for each e € E (S),

Wf:Zf+§iX?, 0 <1t <4
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In the end, we obtain a collection of processes (X¢, W¢), e € E (S), which are
linked through the relations linking ¢ with ¢, translating the fact that the labels of
the floors of forests grafted on both sides of the same internal edge of the scheme
should correspond.

We arrange the half-edges eq, ..., e, incident to the internal face of S according
to the contour order, starting from the root, and we define the concatenation

(WS)0§s§1 = Wel ... 0 We/(’

which is a continuous process. We define dw by (6.1) as above and now define the
equivalence relation along which to glue.

Roughly speaking, we glue together Brownian forests coded by the X ¢’s accord-
ing to the scheme structure. For s € [0, 1), we denote by [s] the integer in {1,...,«}
such that

[s]-1 [s] [s]—1
Z A% <s < ZAei and (s) =5 — Z A¢ € [0, A°DY).

i=1 i=1 i=1

By convention, we also set [1] = 1 and (1) = 0. We define the relation R on [0, 1] as
the coarsest equivalence relation for which s R ¢ if one of the following occurs:

[s] =[t],  dyesn({s).{t)) =0, (6.2a)
e = ey, XENs) = XWI(s), XUy = xWe),

X151 (5) = grew — x1 gy, (6.2b)
where we wrote X [81(s) instead of X €(s1((s)) for short. Formulas (6.2a) identify num-
bers coding the same point in one of the Brownian forests, while formulas (6.2b)
identify the floors of forests “facing each other”: the numbers s and ¢ should code
floor points (second and third equalities) of forests facing each other (first equality)
and correspond to the same point (fourth equality).

Proposition 6.1. The Brownian surface S[Ifr] has same distribution as ([0, 1], JW) /R.

Let us give a similar interpretation as in the case of the disk. Let first (Xj)o<s<1
be the continuous process obtained by shifting and concatenating X°1, ..., X¢.
Then S[f] may be seen as a quotient of

Mg = (0, 1], dx)/R,

which can be pictured as follows. Starting from the random vector (S, (4°) .z (5"
(H®),. i)’ (L9, E(S))’ we first construct the metric graph obtained from S by
assigning either the length H¢ or L¢ to the edge corresponding to e. For every half-
edge e incident to the internal face of S, we then glue a Brownian forest of mass A°¢
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and length H¢ or L¢ on e. We equip this space M[f] with Brownian labels (with
variance +/ 3 on the boundary edges) and define S[f] from there by the same process
as in the case of the Brownian disk.

Proof of Proposition 6.1. First of all, recall from Section 3.6 that the Brownian sur-
face S[ig] is defined as the gluing along geodesic sides of a collection of continuum
elementary pieces distributed as follows. Conditionally given

(8. (4% e 25y (H D eeis) L) oes(s): (A Dver(s):

the elementary pieces EP¢, e € E (S), are only dependent through the relation link-
ing EP¢ with EP? and, setting A® = A" — A€,
e ifee E(S), then EP¢ is a slice with area A€, width L¢ and tilt A¢,

. ifeel (S), then EP¢ is a quadrilateral with half-areas A¢ and A€, width H¢ and
tilt A€.
Furthermore, it is straightforward from the definition of the pairs (X¢, W¢), e €
E(S), thatif e € B(S), then the pair (X¢, W¢ — A¢ ) is distributed as Slice4e 1.c ac.
When e € 1(S), we denote by

(Ye’ We) = (X§+A€ - 2X§+Ae —H°, VVse+Ae)—Ae§s§0

the process obtained by shifting the Pitman transform of X ¢ in order to obtain a pro-
cess from —H¢ to 0, as well as changing the time range to [—A¢, 0]. By standard
results on Brownian motion and random snakes, the pair obtained by concatenat-
ing (X°, W — A ) with (X¢, W€ — A°") has the law of a process distributed as
QlladAe’AF’He,Ae .

As aresult, we may assume that the elementary piece EP¢ is encoded by

« the pair (X°, W¢ — A®)ife € B(S),

« the concatenation of (X¢, W — A ) with (X¢, W¢ — A€ ) ife € I(S).

This yields a collection of elementary pieces with the proper laws and dependencies;
the fact that, for e € T (S), EP¢ and EP? are the same with exchanged shuttles and
maximal geodesics is a simple application of the Pitman transform.

For s € [0, 1], we denote by 7 (s) the projection in the gluing S[Lg] of the point (s)
of the elementary plece EP°ls], We claim that x: [0, 1] — S[g I'is onto. Indeed, for
each half-edge € € E (S), recall that the elementary piece EP€ is defined as a quotient
of [0, A€] and observe that {(s) : s such that e[s) = €} = [0, A€); furthermore, the

“missing point” A€ of EP€ is glued to a point 0 of some elementary piece, which
is 7 (s) for some s satisfying (s) = 0. Writing ds the distance in SL anddg = dW/R
it is sufficient to show that, for s,¢ € [0, 1],

dr(s. 1) = ds(m(s), 7w (¢)).
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As the pseudometric dy defined in (4.2) is unchanged by the addition of an addi-
tive constant, setting

A~

o= Jawe ife € B(S),
 N\dgeaye ifeel(S),

the quantity ds (7 (s), 7 (¢)) is the infimum of sums of the form Zf: 1de; (s;.1;), where
* €1 =ep], 51 =(s), € = ep, 50 = (1),
e forall i, it holds that
[0, A%] ife; € B(S),
Si,li € _ -
[—ASi, AS) ife € I1(S),
e foralli,
(a) eithere; = €41 € E(S) and dye«; (¢;,5i+1) = 0,
(b) ore = eir1 € 1(S) and dge;.ye; (. 5i41) = 0,
(c) orthe point ¢; of EP€ is glued to the point s; 41 of EP€i+1,

As de(u, v) = co whenever uv < 0, we may furthermore assume that, for all i,
s;t; > 0. Now, for each i, we set
[e]-1 [€]
Si= ) A% s ifs =0, 5 =) AY +s ifs <0,
j=1 j=1

where we wrote [¢] the index of the half-edge € in the ordering e, ..., ¢, of E (S).
We define 7; similarly. It is easy to check that 57 = s, 7y = ¢ and that, for each i,
we have d, (s;.t;) = dw (5i, 1;). Furthermore, for each i, we have the following:

(a) If ¢, = €41 € E(S) and dye; (¢;, si+1) = 0, then, unless t; = s;4+1 = A% (in
which case 7; = 5;41), it holds that s; < A% and t; < A, which yields that
7i RSi41 by (6.22).

(b) If e; = €41 € f(S) and dX_ZiOXEi (ti,si+1) = 0, then
— ift;si11 > 0, then?; R5;41 by (6.2a) as above,
- ift;sit1 <0, then?; R35;41 by (6.2b).

(c) If the point #; of EP¢ is glued to the point s;4; of EP¢+1, then it implies that
dw (f;,5i+1) = 0 (recall the situation depicted in Figure 3.4).

As a result, since 07W < dw, it holds that
dr(s,1) < ds(m(s), m(2)).

The converse inequality is very similar, noting that R identifies points in the ele-
mentary piece EP€ as does dye = 0 or dge,ye = 0, and that dy encodes all the
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functions de, together with the gluings of the elementary pieces. The use of dw and
not dy takes into account the gluings of shuttles with maximal geodesics of elemen-
tary pieces “overflying” the root, as, for instance, in Figure 3.4, the shuttle of EP¢14
with part of the maximal geodesic of EP¢!, or part of the shuttle of EP¢12 with part of
the maximal geodesic of EP¢7. The details are left to the reader. ]



Appendix A

Technical lemmas on the Brownian plane

We now recall the definition of the Brownian plane from [40], then show that it is
equivalent to the one we gave in Section 5.3, and we finally prove Proposition 5.11.

A.1 Equivalence of definitions of the Brownian plane

The original definition goes as follows. Let (X;,¢ € R) be such that (X;,¢ > 0)
and (X_;, ¢ > 0) are two independent three-dimensional Bessel processes. Since the
overall minimum of X is reached at 0, the maximum in the definition of 6735 — given
in (6.1) —is equal to

inf{X,,uesnt,svit]t ifst>0,
inf{X,,u ¢[sAnt,sVvt]} ifst <O.

max(X(s, 1), X(z,5)) = {

Next, define (T;, ¢t € R) to be a centered Gaussian process conditionally given %,
with covariance function specified by

E[|%, — B, |” | &] = dx(s.1).
The Brownian plane was defined in [40] as
(Mz 55 Dx ) = (R/{Dx g = 0}, Dxsg), where D g5 = du/{dz = 0}.

The following proposition shows that the definition given in Section 5.3 is equiv-
alent to the one above. Recall the piece of notation X; = X(0 A 7,0V ¢) and define
the process (IT; = X; —2X,,¢ € R) by taking the Pitman transform of X on Rx¢
and on R <.

Proposition A.1. The process (I1, W) considered under Plane has same distribu-
tion as (X, W) defined above. Moreover, as metric spaces, (Mn,w, Dnw = dw/
{dn = 0}) and (Mx,w, Dx,w) are almost surely equal.

Proof. We claim that JH = dyx. This entails that, conditionally given X, the pro-
cess W is also Gaussian with E[(Ws — W;)? | X] = dn (s, t) and, since IT has same
distribution as X by Pitman’s 2M — X theorem [87, Theorem 1.3], we see that
(IT, W) and (X, W) have same distribution. We then have

Dnw = dw/{dn = 0} = dw /{dx = 0} = Dy w.
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Checking that d~n = dy is a classical exercise, based on the fact that, for 0 <s < ¢,

O(s,t) = X(s,1) —Xs— X; and inf IT, = —X. (A.1D)

u>s

The right equation is obtained from the left one by letting + — oo, noting that,
for 7 large enough, X (s,7) = X;. The left equation comes from a straightforward
case analysis. If X; = X, then, for all u € [s, t], Xy =Xs =X, and so IT, =
Xu — X5 — X;; taking the infimum on u € [s, ¢] gives the result. If X5 > X, then
X(s,1) = X; sotheright-hand side is — X 5. Let r € [s,¢] be such that X, = X, = X;.
We have

I, = X, _2£r = _is

and, foru > s,
Hu:Xu_ziuZ_iuZ_

For 0 < s < ¢, the left equation of (A.1) entails

[[><

S

dn(t,s) = Oy + I; — 2I(s, 1)
= X; _2)=(s + X: — 2)=(t - 2(X(S’[) - és - ét) = dX(S’Z)'

For s < 0 < ¢, we have that
u>t u<s
= X(s,1) — X(5,0) — X(0,7)

and we conclude as above. The remaining case s < ¢ < 0 is treated similarly. |

A.2 Convergence of the uniform infinite planar quadrangulation to
the Brownian plane

We use here the setting of Section 5.4. The proof of Proposition 5.11 will follow
similar lines as that of Proposition 4.9, using the coupling results of [40]. As the law
of X is obtained from that of X by taking the Pitman transform on R and on R <o,
the same should be done for the contour process C of the tree Tw,. We thus define the
process (C(¢) = C(r) —2C(¢),t € R).

Note that this gives an alternate natural contour process since, for i € Z, it holds
that

C(i) = dyrar Wi, pTON + [T ()] = dig (vi. ).

In this setting of discrete trees, the Pitman transform on the contour process is
very visual: it merely consists of going from reading the trees while moving down
between trees to reading them while moving up between trees; see Figure A.1 for an
illustration. We may now proceed to the proof of the convergence of the UIPQ to the
Brownian plane.
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@

@2@

Figure A.1. Left. Representation of the infinite tree from Figure 5.2 after moving the trees in
such a way that, for k > 0, pk is located at (0, —k) with T grafted on its right and T* on
its left. Top right. Taking the Pitman transform of the contour process on R and on R <o
yields an alternate contour process. The differing parts are represented with dot-dashed lines;
they correspond to the edges of the infinite spine of the tree. Visually, the process C records
the height of a particle moving at speed one around the tree when represented as on the left.
Bottom right. Representation of the tree from Figure 5.2 where the root of TX is now located
at (k, |k|) for each k € Z. Note that, in this representation, the roots of T—% and T* differ so
that the spine is duplicated. The process € records the height of a particle moving at speed one
around this bi-infinite tree.

Proof of Proposition 5.11. Similarly to the proof of Proposition 4.9, we fix some
number K > 0 and will sample a large plane quadrangulation such that its prop-
erly scaled version and its limit, the Brownian sphere, are indistinguishable from
the rescaled UIPQ and the Brownian plane, in a neighborhood of 0 of amplitude K.
We use again a superscript prime symbol ’ for the objects related to the plane quad-
rangulation and its limit. Here, some care will also be needed when taking an inverse
Pitman transform, since this operation a priori involves more than just a neighbor-
hood of 0.

We fix L > 0 and n > 1, and consider a uniform random element (M, A})
of MLO o> Where a, = [nL], that is, M, ! is a uniform rooted plane tree with a,
edges, which we view as a map with a unique face f, and A/, is a labeling function
uniformly distributed among those yielding a well-labeled tree.
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We let (€),, &) be the contour and label function of this tree, we let

0, = CVS(M,, Xy f2)

n>“'n’

be the quadrangulation encoded by (M, A’), and we set

0,0, j) = dg;, (vi, vj)

for0 <i,j <2a,, where v; is the i -th visited vertex in M, in contour order, starting
from the root corner, and viewed as a vertex of Q;,. We extend D}, into a continuous
function on [0, 2a,]? by bilinearity, and all processes €/, £, D/ to [-2ay,, 2a,] by
the same formulas as (4.15) and (4.16) but with /,, = 0. We also define the rescaled
versions (S’(n), ’8/(n)’ ’5)’(”) exactly as in (4.17). The joint convergence

’ / / (d) / / ’
(G(n)’ )’ (n)) njo)o (.% LD )

on the space €([—-L, L]) x €([~L, L]) x €([-L, L]?) is then a consequence of
[80, Theorem 3], where the limit is as follows. Restricted to [0, L], the process X’
is a Brownian excursion of duration L and 8’ is the random snake driven by X’,
while D' is a random pseudometric, which is an explicit function of (¥, 28"). More-
over, all these processes are extended to [—L, L] by a simple translation of their
argument by L.

Let us now recall the relevant aspects of the coupling results of [40], between the
pairs (X, ) and (X', W’). It will be convenient to let

Ty =inf{t <0: X, =x}, Ty =sup{t >0:%, = x}.

Fix r > 0 and ¢ > 0. Then by [40, Lemmas 5 and 6], it is possible to find A > 1
and then o > 0 and L > 0 large, such that for L > L the two processes (X, L)
and (X', W) can be coupled in such a way that on some event & of probability
P(¥) = 1 — e, the following properties hold:

e Forevery s,t € [—a, «], one has

e It holds that B
—u < %Azt and %Azt <. (A3)

« Forevery s,t € [T4, Tu], the two conditions max(ﬁx,m(O, 1), 535,933 0,s)) <r
and max(D'(0, 1), D'(0, s)) < r are equivalent, and, if these are satisfied,
one has

D/(s.1) = Dg.w(s.1).
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This choice of coupling being fixed, let us now define (X;, ¢ € R) as the unique
process such that X; = X; — 2X is the Pitman transform of X on R and on R<g;
more explicitly,

X;—2infX; iftr >0,
X, = s>t

X;—2infX; ifr <O.

s<t

Let us also define W = . Then X indeed has the law of a two-sided Brownian
motion, and W is the random snake driven by X, so that (X, W) has law Plane. Note
that, in this particular coupling, we have T, = ’§x and T, = T, forevery x > 0, and
also Dx.w = 535,533, by the observation in the proof of Proposition A.1. Moreover,
on the event ¥, the restriction X |[TA2’TA2] is actually a function of X’ [[~et.a]- Indeed,
by (A.2) and (A.3),

X,—2 inf X, if0<t<Ty2,

Xo={ 0 =

X, — 2—a12sf§z X, ifTp<t<0
since, for 0 <t < T2, one has X(¢, 00) = X(t, T42) = X(¢, @), and similarly in
negative times.

By choosing appropriately the values of r, and enlarging the values of A and « if
necessary, then, similarly to the proof of Proposition 4.9, we obtain that (A.2) holds
on [—K, K], and that the restrictions to [—K, K]?> of ®’ and Dy, coincide with
probability at least 1 — e.

Next, keeping K, ¢ fixed, and possibly up to choosing L even larger, we need to
couple the processes (C(ny. A ). D)) and ((S"(n), 8’(n), 3)’(n)) appropriately. To this
end, we use the techniques of [40, Proposition 9]. The latter states that for £ > 0,
there exists o > 0 (independent of the choice of L arising in the definition of the
scaling constant a,) such that for every n large enough, one may couple the quad-
rangulations Q) and Q. in such a way that, with probability at least 1 — ¢, the
balls of radius aa,l,/ * around the root of Q;, and Q are isometric. The proof pro-
ceeds by coupling the encoding labeled trees (M, A),) and (Too, Aoo) in such a way
that, with even larger probability, the first |_8a,1,/ 2J generations of these trees coincide
for some § > 0, and the minimal value of A, taken on the vertices po, ,o1 e pw“'ll/2J
of T is less than —4oca,1,/ 4 By choosing R and then L large enough in the first place,
for our choice of K, we may also require that with probability at least 1 — ¢,

* the contour and label processes €, £/ of (M,,A}) and €, £ of (T, Aso) ON
the interval [-2n K, 2nK] involve only vertices of generations less than | Rn'/2],

and

* the most recent common ancestor of the vertices at generation L(Sa,i/ 2J has gen-
eration at least | Rn'/2].
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In particular, on this event, the restriction of the process C, to [-2nK,2nK] is
equal to the restriction of the process C on this same event — in words, the sec-
ond itemized event means that the spine of Ty, is determined by the data of M,
up to generation Rn'/2. Since the process C is the inverse Pitman transform of €,
it is then a simple exercise to conclude that (C(/n), A/(n), Dén)), which coincides with
(Ctn), Am), Dny) on [-K, K] with high probability, converges to some (X', W’, D),
which coincides with (X, W, Dx w) on [—K, K] with high probability. ]



Appendix B

Scaling limit of size parameters in labeled maps

B.1 Preliminaries

In this appendix, we prove Proposition 3.10, following the method of [19, Proposi-
tion 7] and [21, Proposition 7]. In the meantime, we obtain an asymptotic enumeration
result for Q)Lg}n in Proposition B.1 below, which will also allow us to deduce Theo-
rem 1.5 and Corollary 1.6 from Theorem 1.1.

Recall that (g, k) ¢ {(0,0), (0, 1)}, that L = (L', ..., L¥) is a fixed k-tuple such
that L',..., L? > 0, while L?%' ... L* =0, and that we consider a fixed sequence
of k-tuples I,, = (l,%,...,l,’f) € (Z=0)k, n > 1, such that l,’,/\/ﬂ — Liasn — o0
forl <i <k.

We furthermore assume that n is sufficiently large so that l,il > 1 foreachi < b.
We denote by S the set of rooted genus g schemes with k holes, such that #1, ...,/
are faces. Note that our assumption on n ensures that S, € S.

“Free” parameters and notation. For every scheme s € § not necessarily dom-
inant, we arbitrarily fix, once and for all, half-edges ¢y € ! (s) and ¢; € B; (s) for
1 <i < b. We fix an orientation /(s) of I (s) that contains €g, and we set I'(s) =
I(s) \ {€o}. We also let vy be the root vertex of s, and V'(s) = V(s) \ {vo}, as in
Section 3.6. Finally, we set

Bo) = || BiGs), Bi(s)= || BiGs),
b+1<i<k 1<i<b
Bj(s) = Bi(s) \{e;} for1 <i <b, By(s)= || B/

1<i<b

The motivation for introducing §+ and By is that we need a different treatment
depending on whether the hole perimeters are in the scale /1 or o(4/n). The sets with
a prime symbol should be thought of as the sets containing the parameters on which
there is a “degree of freedom.” (The reason for removing one element from I will
become clear in a moment. We will not need a §6 since the corresponding perimeters
are all asymptotically null in the scale \/n of interest.)

From now on, we use the shorthand piece of notation x€ for a family (x/) jic&
indexed by a set &. For any subset ¥ C &, we also denote by x¥ = (x/) ey the
subfamily indexed by ¥, and, in the case of real nonnegative numbers, by ||x || =
> jes X/ (note in particular that [|x || g = 0).

Counting scheme-rooted labeled maps with given size parameters. For the time
. . g
being, we do not take the areas parameters into account. We fix arooted scheme s € S,
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and size parameters A’ ®, 18©) and AV® . We say that a labeled map is scheme-rooted
on s if its scheme carries an extra root and the scheme rooted at this extra root is s.
We consider the elements of M[g} scheme-rooted on s whose size parameters are
hI © B and AV©. Reasoning as in Propositions 2.3 and 2.5, we can express the
number of such elements as

lzn—||h||/22||h||+||l||Qllhll+lllll(2n + 171D l—[ 3hthe(5le) l_[ 221‘)+8/\3Pl€(8/\e)’
ecl(s) ecB(s)

the products over /(s) and E(s) respectively counting the number of ways to label
the vertices along the edges of /(s) and E(s), and the remaining term counting the
labeled forests, which can be seen as one big labeled forest obtained by concate-
nating all the labeled forests indexed by the half-edges of E (s). After recalling that
Zeeéi(s) ¢ = 0 and that ||l||§[(s) = [ foreveryi € {1,2,...,k} corresponding to
an external face of s, we may recast this quantity as

12°8M Qi @n + 12D [T Mae @) [ Pre(8).
ecl(s) eeé(s)

Consequently, the number of elements of M[g} scheme-rooted on s (these labeled

maps are thus rooted twice) whose size parameters are h 1o lB ©® and AV® is equal to
So(h.1.3) = @+ D12 8N Qg 2n + (11
< [T Mue@®) ] Pre(®°). (B.1)

ecl(s) ecB(s)
since there are 2n + ||I|| possible rootings of the map.

Counting rooted labeled maps. Next, forn,h € N, s € § we set

Zs(hony= > ] Mpe@®) [ Pre(®). (B.2)
Ts(h,n) ecI(s) ecB(s)

where the sum is taken over the set 75(/, n) of all size parameters from labeled maps
in MLg}n scheme-rooted on s, having & edges in total on the internal edges of s. More
precisely, it is the set of tuples

(hi(s),ll}(s),AV(s)) c Ni(s) % Né(s) < 7V

such that [k | = 2h, 1] 5 , = I} for | <i <k, h® = h¢ forall e € I(s), A% = 0.
Note that the conditions

12115, = 1
may only be satisfied if /,, is compatible with s in the sense that [} = 0 < éi (s) =
foralli. As aresult, 75(h,n) = & and thus Z3 (h,n) = 0 whenever [,, is not compat-
ible with s.
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By double counting the elements of IVILg }n scheme-rooted on s, we thus obtain
that
lg] nlllnl s
M = 12"8 2 I,IDZi(h,n), (B.3
M2, Z?‘ NES)| ZNQ2h+||lnII( n 4 a2 (hm), (B3
since we sum over Useg,heN{s} X Js(h,n) the number §>; (h,1,,A) given by (B.1),
divided by the number 2| E(s)| of possible extra rootings on the scheme.

B.2 Asymptotics of the scheme

When we work with a fixed scheme, which will be the case in all but the fourth
paragraph, we drop the argument from the sets in the notation in order to ease the
reading, thus writing [ instead of /(s), for instance.

Law of the scheme. Recall that the triple (M,,, A,, S,) is a rooted, scheme-rooted,
labeled map, where (M, A,) is uniformly distributed over M[g ] , while, condition—
ally given it, S, is rooted by uniformly choosmg its root among {e g:eel (Sp) U
B+ (Sn)}. Let us fix a rooted scheme s € S whose root or its reverse belongs to
Iu §+ Writing s the nonrooted scheme corresponding to s, observe that the set
of rooted labeled maps in M[g ] with scheme s is in bijection with the set of rooted
labeled maps in M[g ] scheme rooted on s. Then,

P(Sy =s) = Z P((Mn, An) = (m,}), Sy =s)
(m,A)eM!]

n.ln
with scheme s

= Y P((My,hn) = mA)P(S, = | (Mg, A,) = (m, 1))

—
(m,A)eM5}
scheme-rooted on s

1 1 _ Zo)
= Z Z n(l.Ln. A M 7 5.l Zi(n)

heN Ta(h.n) | M7 [+ 2|By |

Whele

and Z;(n) = ) . Zj(n) is the proper normalization constant.

Schemes with tadpoles. Here, we fix a scheme s whose external faces among #;,
b+ 1 <i <k, are all tadpoles. Equivalently, each B;, b + 1 <i <k, is either empty
or a singleton. In this case, by the Euler characteristic formula,

V| = 11| = |B| = -2,

since s has |1| + |§ﬁr| +b+ |§0| edgesand 1 + b + |1§0| faces.
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Assuming that /,, is compatible with s, we write the sum over J5(h, n) in (B.2) as
an integral under the Lebesgue measure

dLy = dh?’ @ dIB+ @ dAY over (Rso)! x (Rso) P+ x RY
and obtain

Z5(h.n) = [] Pre(0) / dLg [ [ Mae(r®) T Pre(8r%).

EEE() eel e€§+

where /¢ = [! if ¢ is the unique element of B, fori > b, and

he =[he] foreeI’, b =h-> "
ecl’

1 =T1°] fore € B, 19 =1 — Zle forl <i <b,
eeglf

AV =[AY] forve V', A" =0.

(Note that the ceiling function is superfluous for integer parameters; we kept it for
notational simplicity.) In order to deal with the cases where A0 <0 or [ <0, we sim-
ply declare'
My(j) = Pe(j) =0
whenever £ < 0.
Observe that I,, compatible with s means that Eo corresponds to {i > b : l,il > 1}.
‘We then make the changes of variables in the natural scales to obtain

Z5(h,n) = 3P/278 2V /28230 4 VI 24 /2b/4-1/2 T p(0)

i>b:ll>1
8n\1/4 8n\1/4
x/dLSH(?) Mye @) [] (3) Pe(89),  (BS)
el e€By
where
h® = [v2nh®] fore e I', he° =h—ZQe,
ecl’
1€ = [V2nl¢] fore € B, 19 =1,— Y "1°for1 <i <b,
eEE;
8\ 1/4
AV = [<_n> )L”—| forveV’, A% =0.
= 9 =

IThis is just a convenience. Note that we set Mo (0) = Po(0) = 0 here, although it would
be more natural from a combinatorial point of view to set both these quantities to 1.
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We finally use the same method to treat the summation over # € N in (B.4), that is,
we see it as an integral and do the proper change of variables. We write I, >< s to
mean “l,, compatible with s”:

lln
ZS$(n) = i \f/ dhn 0, szt a1 27+ 11D Z5 ([v21h],n). (B.6)
|[71+]B4] R0
Setting h€0 =h— "o, he, 19 = L' — ZeeB/ [¢for1 <i <b,and A" =0,
by the local limit theorem [86, Theorem VII.1.6], it 'holds that, when & ~ ~/2nh,

8n\ 1/4 8n\1/4
(?) Mie (%) —> ppe (81°), (—) Pre(81%) —> pye(819),  (B.7)
n—o00 9 n—o00

and
nQmehHlllnll n +|1x1D e Gan+jL)(1). (B.8)

Consequently, provided the domination hypothesis obtained in the following para-
graph, we get the following equivalent:

Z3(n) ~ {(L) 1y, pasn”V2HERTPATT T Py (0), (B.9)

i>b:ll>1
where the constant ¢} (L) is given by

1 ,
C? (L) = —3b/2—82|V |/2—g/2—3b/4+1/2

T]+2|By|
x /R nganaar() [ L [T ne@) ] pue@).

ecl eEB+

Domination hypothesis. In order to show that the convergence is dominated, we use
the bounds of Petrov [86, Theorem VII.3.16], stating that there exists a constant C
such that, forany £ € N, j € Z,i e N,andr € N,

1

. . 1
Me(j)Vv P(j) =C— and Q;() =C 53/2m

Ve

We fix an arbitrary spanning tree of s, that is, a tree with vertex-set V' and edge-

set a subset of E. We associate with any vertex v # vy the first edge of the unique

path in the tree from v to vy and we denote by e, the unique half-edge of 7 U B that
corresponds to this edge.

We bound the integrand in (B.5) as follows. First, by (B.10), we have, fore € I’,

(B.10)

8n\1/4 8n)1/4 C <(8_n)1/4 C 2 C C

(?) M;le(Sf)f(j Vie = \9 W: §W§W'
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For h = [+/2nh] and h€0 = h — ", _;, h¢, a similar bound holds for e = €, up to
possibly enlarging the constant. Indeed, it suffices to show that 2°° is bounded from
below by a constant times V2nh€ in order to complete the computation. We may
assume that 2°° > 1 as otherwise the left-hand side is null. Then, if V2nheo < 2|1,

it immediately holds that €0 > ZIII/\ A/ 2nh0. Otherwise,

Qsozh_ZQez 2nh€0—|1/|2%\/2nh€0.

eel’

In conclusion, up to changing the constant C, it holds that, for all e € 1,

(5) e < .

=, [€ for

Similarly, up to enlarging the constant C even more, setting /¢ = L' — ) ocB’
d i

1 <i < b, itholds that, fore € B,

(%)1/41"5(@6) = %

We use these bounds whenever e ¢ Ey = {ey : v € V \ {vo}} and then, we operate
the integral with respect to dA " vertices by vertices, starting from a leaf of the fixed
spanning tree, then from a leaf of the tree remaining after removing the first vertex,
and so on until only vg remains. Since for any £ € N,

8ny\1/4 8n\1/4
J e (5) T m([(5) ") =
9 9
and similarly with Py instead of My, we obtain that, for n sufficiently large and after
integration with respect to dA V' the integrand in (B.5) is bounded by

c c
1{||h||zszh}1{||l||§,+szuL||} [1 N I1 NG (B.11)
eeI\Ey ecBL\Ey

This is integrable with respect to dh! @ di® ' and is bounded, after integration,
by some constant times some power of h. Taking r sufficiently large in (B.10) yields
that this quantity multiplied by nQ,; /5,111, (27 + Iz ) is integrable with re-
spect to dh. The claimed dominated convergence follows.

Dominant schemes. We will now see which schemes are such that Zj(n) has the
highest possible order in n. The exponent of n in the equivalent (B.9) is maximal
when |V (s)| is the largest; in this case,

[V(s)| =2Q2g + k —1).
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This equality is obtained as in the proof of Lemma 2.1, since |V (s)| being the largest
means that the vertices have the lowest possible degrees, namely 3 for the inter-
nal vertices and 1 for the external vertices. More precisely, denoting by v, e, f
the numbers of vertices, edges and faces of s, as well as ¢ the number of tadpoles
among fipy1, ..., g, we obtain

f=b+t+1, 2e=3w—k+b+t)+k—->b-—t,
and the result from the Euler characteristic formula
v—e+ f=2-2g.

Next, the local limit theorem [86, Theorem VII.1.6] yields the existence of a com-
pact set K C (0, 0o) such that, for all £ € N, \/ZP@ (0) € K. Finally, for any s € §
we denote by s° the scheme obtained by shrinking every tadpole among #511,...,
into a vertex. For any fixed dominant scheme d € §*, observe that there exists exactly
one scheme among {s € S:s°= d} that is compatible with ,,, namely the one whose
tadpoles among f1p41, . . ., fix are the holes indexed by {i > b : I} > 1}. Furthermore,
ifse S is such that s° € §*, then the external faces among £;,b + 1 <i <k, of s are
all tadpoles. We may thus use the equivalent (B.9) for these schemes. Consequently,
asn — oo,

> Zi(n) = O(n2E b T i)712), (B.12)
=5 i>bilh>1

In particular, if s has only tadpoles among its external faces indexed by b + 1 <
i < k but is such that s° is not dominant, then Z$(n) is negligible with respect to
this sum.

Nondominant schemes. We will now see that the above is the highest order in n and
that it is only obtained for the schemes that are dominant after the tadpoles shrinkage.
To this end, we fix an arbitrary scheme s € § As above, we consider an arbitrary
spanning tree of s and still denote by e, € I U B the half-edge corresponding to
veV aswellas Ey = {ey :v eV}

In (B.2), we bound Mpe(8L¢) or Pje(8A¢) thanks to (B.10) if e ¢ EV, and we
operate the sum over A " leaf by leaf as we did in the previous paragraph. Since for

any £ € N,
D M) =) Pu(j)=1.
JEZ JEZ
we obtain the bound
C

s C
Zi(h.n) = Z H NG Hﬁ NG

nl 1B ecI\Ey ecB\Ey
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where the sum is over the tuples hI l B satisfying the condltlons of J5(h,n). Seeing
the sums as integrals under the simplex Lebesgue measures Ah Al’; whenever B £
yields integrals of Dirichlet distributions (with parameter vectors containing only
1/2’s and 1’s), after renormalization by /4 or l,i. As aresult,

Z3(h,n) < pI=1=I\Ey|/2 l_[ (l’i)|Bi|_1_|Bi\EV‘/2
1<i<k
él‘;é@
— pMI/2+INEy /21 I1 (1) Bil/2+BinEy1/2-1
1<i<k

é,’;é@

where we used the symbol < to mean bounded up to a constant independent” of s, A,
and n. Since l,il is in the scale /n for i < b, the part of the product concerning these
indices is bounded by a constant times

| By \/4+1BynEy|/a=b/4

Recall that B; # @ & l,’; > 1 when [, is compatible with s. Using (B.6), which
is valid for any scheme, as well as the bound (B.10) as above to get integrability,
we obtain

Z31) S Vpyoagn VT HELD/$HAVBONEy Vamb/a=t [T iy Bil/241Bin By /21
i>b:ll>1
< e VI HEL VDbl T giyiBil/21
< 1, n ,
i>b:li>1

since I} = O (y/n) foralli,and |(1 U §+ U EO) N EV| = |V’|. Using again the Euler
characteristic formula, as well as the bound |V| < 2(2g + k — 1), we obtain
ln

s 5(g—1)/2+k—b/4 1/2
Z}(n) < 1ypesn [T a2 (%

i>b:li>1

)(Ile 1)/2

s

which gives an order lower than that of (B.12) as soon as there exists i > b such
that |§ | > 2 since i = o(4/n). As a result, the normalization constant Zi(n) is
of the order appearlng in (B.12) and Z5(n) = o(Z;(n)) whenever s° ¢ S*. In par-
ticular, P (S, € S*) — 1 as n — oo and we obtain the first statement of Proposi-
tion 3.10: with asymptotic probability 1, every vanishing face of M, induces a tadpole
in S,.

ZRecall from Lemma 2.1 that the number of edges in the schemes from S is bounded.
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B.3 Asymptotics of the size parameters

Limiting distribution of the size parameters. Given a bounded continuous func-
tion ¢ on the set

U {s} x (Rzo)i(s) X (REO)E(S) xRV,
SE?ZS":S
we set, forn,h e N,s € S,

. hi(so) lé(so) ).V(S . .
Sy =Y ¢(s, ot m’(gn/g)m) [T Mue@®) [ Pe(®®

Ts(h,n) e€l(s) eGB(s)

and
1

Zy0) = Ot 120 + 1alZ o).
T REPEA

so that

1(S9) LB(S°) V(S;)

[o(: " )] = Z()ZZS(”)

Conducting with Z° (n) exactly the same computations as the ones we did
with Z3(n), we obtain the same domination (up to sup |¢|) when s° is not domi-
nant and a similar equivalent when s° is dominant, namely (B.9), where ¢} (L) is
replaced by

(L) = — I 3b/2—g2V’(s)|/2—g/2—3b/4+1/2/
[1(s)| + 2[B+(s)|

x / dLs ¢ (s BT 1B AV TT pre @) ] pare ().

ecl(s) e€§+(s)

dh gtz (1)

>0

From the Euler characteristic formula, we obtain |f (s)| + 2|§+ (s)| =2|E(s°)| =
2(6g + 2p + b — 3) does not depend on s, and we remind that |V'(s)| = 4g +2p — 3
does not either. Let us consider a dominant scheme d € S* and an integer n € N.
Weletd, € S be the unique scheme compatible with /,, and such that d; = d. Recall
that this is the scheme obtained from d by making into tadpoles the external ver-
tices indexed by {i > b : Il > 1}. Since the above integral only involves s°, we have
cg” (L) = cg (L), and then

Z1(n) = Zzsl (n) ~ Z zflln (n) ~ nS(g—l)/2+k—b/4 l_[ Pl}; (0) Z C‘li(L),

s€ S de’s * i>b:ll>1 des ™
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and

I(S°) LB(SO) V(Sy)

H, A, 1
2[o(s 2 ) = e Al U

es*
In passing, we obtain the following asymptotic formula for the cardinality of Q)Lg }n

which readily yields Proposition 1.4 (corresponding to the case k = b), the unrooting
giving a factor 1/4n coming from (1.2). We define the continuous function in L €
(0,00)",

tg(L)= ) (L),
deS*
and we add the excluded cases (g, k) = (0,0) and (g, k, b) = (0, 1, 1), which are
needed in Section 1.5: we set

2
t0(?) = ——= and fy(L) =
2 b4
Proposition B.1. Asn — oo, it holds that

e*
|Q |~4t (L)12n8”l”” 5(g—1)/2+k—b/4 ]_[ Plf,(o)’

¢
€* + pn i>b:li>1
where e* = 6g + 2p + b — 3 is the common number of edges of all dominant schemes,
and p,? = |{i > b : 1l > 1}| is the number of external faces among hp+1, ..., hy in
the maps of MLg}n

In the excluded cases (g, k) = (0,0) and (g, k,b) = (0, 1, 1), a similar formula
holds:

Q| ~ 410(2)12"n™% and Q) || ~ 4to(L)12"8Mn =7/
"o .(ln)
for L >0andl, ~ ~/2nL asn — oo.

Proof. Recall from Section 2.2 that M[g ) isin 1-to-2 correspondence with Qn 1,0°
and that (B.3) gives its cardinality. Usmg (1 3) then (B.3) and (B.4), we obtain that

2 —>
[g] [g]
_ M
Q1 = n—|—||l,,||—|—2—2g—k| il
_5 2n + || x| 1ongltal Z |1(s)| + 2|B+(S)|Zs (n)
nt Ml +2-2g—k L2 2E@) :
E(d)]
~ 4 x 127gllnl LE@ o,
~ 2 E@ 2™
de S *
4 x 1onghtnl,SGe—1/2+k—b/a__ € Py (0) (L),
e* +pn 1>bl_l'[>l Z

which gives the desired first statement.
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The excluded cases (g, k) = (0, 0) and (g, k, b) (0,1, 1) are standard; they are
obtained similarly, by computing |Mn ]®| and |M ](l )|. More precisely, it is well
known that | 1o

|IVI,[,O]@| =3 emt —n732
’ nln+ 1! Jm

In order to compute the remaining cardinality, we proceed as in Appendix B.1 and

obtain 5 l
—> n—+
M, = 1280y, (21 + 1) Py, (0),
n

the division by /,, taking into account the fact that seeing an element of ML ]( 1) 8
a forest amounts to choose a first tree among /,,. From equivalents (B.7) and (B.8),
this yields

2 2n 1 8n\—1/4
128 —q (1)(%)  pac0).
n 9

n\2nL

which gives the desired result. ]

8, I~

Limiting distribution of the areas. We finally take into account the areas. To this
end, observe that, conditionally given

(Sn. H}i(Sn)’ Lf(s")),

the area vector Af (Sn) s distributed as follows. We arrange the half-edges e, ..., e,
incident to the internal face of Sy, according to the contour order, starting arbitrarily,
and let x; = Z =1 £j, where {; = H,’ if ej € I(Sp) ordj = Ly if ej € B(Sp).

Then, Ay', Ay' + A2, ASl + A2 + Ay2, ... are distributed as the hitting times of
the successive levels —x;, —x; — X3, —X] — X2 — X3, ... by a simple random walk
conditioned on hitting the final level — Zj_l xj =—||Hy,|| — ||Ln| attime 2n + ||I,]|.

The desired convergence (3.9) easﬂy follows from this together with (B.13), as well
as the fact that, for every e € BO(S ), we have A% + L% = ©((L%)?) in probability.

B.4 Boltzmann quadrangulations

We finally prove Theorem 1.5; in its setting,
WF(Q-1(Q)1 g1 )
1407

= Z W(Qig’ OP)W[F(Q _I(Q)) | in OP]

nela—l/K,a=1KINZ>o

ala”'K]
=a! / -1 d4 W(QLA/ Lla 02) WIF(§2,-1(Q)) | Q[ng:l]/aJJaOp]'
ala=1/K]
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By Theorem 1.1 and the definition of SI[f]L, it holds that

WIF(Ra-1(0) | Qi 4,00) 3 EIF S L00))

while Proposition 1.4 yields that

W(Q[g]

) ; ( L )(A)(Sg—7)/2+3b/4+p
LA/aJalaop alo g \/Z ’

a

Hence, Theorem 1.5 will be proved if we can show that the convergence in the last
integral expression is dominated. However, this is a direct consequence of the discus-
sion of the domination hypothesis around (B.11). Corollary 1.6 is proved in a very
similar way, this time summing over all possible values of the perimeters, which
results in the integral with respect to dL on (0, c0)®.
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