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Abstract

In this memoir, we develop a theory of bordered HF� using the link surgery formula
of Manolescu and Ozsváth. We interpret their link surgery complexes as type-D mod-
ules over an associative algebra K , which we introduce. We prove a connected sum
formula, which we interpret as an A1-tensor product over our algebra K . Topologi-
cally, this connected sum formula may be viewed as a formula for gluing along torus
boundary components.

We discuss several important examples. As a first example, if K1 and K2 are
knots in S3, and Y is obtained by gluing the complements of K1 and K2 together
using an orientation reversing diffeomorphism of their boundaries, then our theory
may be used to compute CF�.Y / from CFK1.K1/ and CFK1.K2/. By computing
the type-D modules for rationally framed solid tori, our theory gives a version of the
link surgery formula for rationally framed links. As a final example, we use our theory
to derive the Heegaard Floer homology of all 3-manifolds which bound the plumbing
of a tree of disk bundles over 2-spheres.
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homology, link surgery complex, bordered Heegaard Floer homology
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Chapter 1

Introduction

In this memoir, we define several algebraic objects associated to compact, oriented
3-manifolds with parametrized torus boundary, and prove a gluing formula. For the
purposes of this memoir, we use the following definition (compare [27, Section 1.1]).

Definition 1.1. A bordered manifold with torus boundary consists of a compact and
oriented manifoldM such that @M ŠT2 andM is equipped with a choice of oriented
basis .�; �/ of H1.@M/.

IfM1 andM2 are two bordered manifolds with torus boundaries, a natural gluing
operation is to glue �1 to �2 and glue �1 to ��2. This is motivated by the following
fact. Suppose that M1 and M2 are the complements of two oriented knots K1 and
K2 in S3, which are given integral framings �1 and �2. Let �W @M1 ! @M2 denote
the orientation reversing diffeomorphism which sends �1 to �2 and �1 to ��2. Then
there is a diffeomorphism

M1 [� M2 Š S
3
�1C�2

.K1#K2/:

This basic topological fact is reviewed in Appendix A.
The algebraic objects we define are reformulations of Manolescu and Ozsváth’s

link surgery formula [32], recast using the framework of type-D and type-A modules
of Lipshitz, Ozsváth and Thurston [27].

Using the above topological observation about surgeries on connected sums, our
gluing formula amounts to a formula for the behavior of the link surgery formula
under connected sums.

1.1 The knot surgery algebra

We begin by describing our associative algebra K , which is an algebra over the idem-
potent ring I D I0 ˚ I1. Here each Ii is a copy of F D Z=2Z. We define

I0 �K � I0 D F ŒU;V� and I1 �K � I1 D F ŒU;V;V�1�;

where F ŒU; V� denotes a polynomial ring in two variables and F ŒU; V; V�1� is its
localization at V. We set I0 �K � I1 D ¹0º. There are two special algebra elements
�; � 2 I1 �K � I0, and we define

I1 �K � I0 D F ŒU;V;V�1�˝ h�i ˚ F ŒU;V;V�1�˝ h�i;
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where h�i and h�i denote copies of F . The elements � and � satisfy the relations

�U D U� and �V D V�;

�U D V�1� and � V D UV2�:

We typically write U for the product UV.
The algebra K is an associative algebra, i.e., we can think of it as an A1-algebra

which has vanishing actions �j for j ¤ 2. Although seemingly asymmetric between
U and V, as well as between � and � , the above algebra admits a more symmetrical
description. See Remark 7.1. We work with an asymmetric presentation of the alge-
bra K because it mirrors an asymmetric construction of the Heegaard Floer surgery
formulas which frequently simplifies computations.

1.2 Surgery formulas as K-modules

Ozsváth and Szabó [43] proved that if K � S3 is a knot, then the Heegaard Floer
homology groups HF�.S3

�
.K// are computable from the knot Floer complex of K

[37,47]. If � is an integral framing onK, their construction produced a mapping cone
complex X�.K/, which satisfied

H�.X�.K// Š HF�.S3�.K//:

(The bold font denotes coefficients in the power series ring FJU K.)
Manolescu and Ozsváth [32] extended this formula to links in S3. They proved

that if L � S3 is a link with integral framing ƒ, then there is a complex Cƒ.L/,
defined using the link Floer homology of L [41], such that

H�.Cƒ.L// Š HF�.S3ƒ.L//:

In Section 8.5, we describe how to naturally reinterpret the data of Ozsváth and
Szabó’s mapping cone complex X�.K/ both in terms of a right type-D module
X�.K/

K and a left type-A module KX�.K/.
In Section 8.6, we extend this interpretation to the link surgery formula. If ` is a

positive integer, we define the `-component link algebra to be

L` D

Ò
F

K DK ˝F � � � ˝F K:

To an `-component link L � S3, we define in Section 8.6 a type-D module

Xƒ.L/
L` :

Remark 1.2. We think of the map v in Ozsváth and Szabó’s mapping cone formula
as being encoded by the algebra element � 2K . The map h is encoded by the algebra
element � 2K .
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The description of the link surgery formula given by Manolescu and Ozsváth
is an infinite direct product of free modules over FJU1; : : : ; U`K. In particular, it is
very large and sometimes challenging to do direct computations with. On the other
hand, the type-D module Xƒ.L/

L` that we describe contains all of the algebraic
information of the link surgery formula, but is always finite-dimensional over F . For
example, the complement of the 0-framed trefoil has the type-D module shown in
Figure 1.1.

x0

y0 z0

z1

V U

V�2.U�C�/ �CU�

Figure 1.1. The type-D module for the 0-framed trefoil complement. The superscript indicates
the idempotent.

In our memoir, the most fundamental object is the type-D module Xƒ.L/
L` . To

change a type-D algebra factor of K to a type-A algebra factor, we tensor with an
algebraically defined “identity bimodule”

KjK ŒI
c�:

Ignoring completions, KjK ŒI
c� is a type-A module over K ˝F K . (We write KjK

instead of K ˝F K to indicate a specific behavior with respect to completions, which
we call the split Alexander condition.)

The bimodule KjK ŒI
c� extends to a type-AA bimodule KjK ŒI

c�FŒU �, which is
also useful to consider. Unlike the type-D modules Xƒ.L/

L` , which are all finitely
generated over F , the type-A and DA bimodules in our theory are usually not finitely
generated.

Manolescu and Ozsváth’s link surgery formula Cƒ.L/ is recovered by tensor-
ing our type-D module Xƒ.L/

L` with `-copies of the 0-framed solid torus module,
which we denote by K ŒD0�FŒU �. Here, a “0-framed solid torus” refers to the comple-
ment of a 0-framed unknot in S3.

Algebraic completions (e.g., direct products and power series coefficients) inter-
act with the algebra K in subtle and interesting ways. The algebra K has a natural
filtration by right ideals

J0 � J1 � � � � :
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This filtration equips K with a topology where the subspaces Jn form a basis of opens
centered at 0. This equips K with the structure of a linear topological chiral alge-
bra, which is important for our theory. In Chapter 7, we define algebraic categories
of Alexander modules, which consist of linear topological vector spaces with appro-
priately continuous actions of K . These are the categories where our link surgery
modules live.

1.3 Pairing theorems

One of the central results of our memoir is a connected sum formula for the Mano-
lescu–Ozsváth integer surgery formula. Suppose L1 and L2 are two links in S3,
which have framings ƒ1 and ƒ2, as well as distinguished components K1 � L1
andK2 � L2. In Section 8.6, we describe how to compute Cƒ1Cƒ2.L1#L2/ in terms
of Cƒ1.L1/ and Cƒ2.L2/. Here, L1#L2 denotes the connected sum of L1 and L2
along K1 and K2, and ƒ1 Cƒ2 denotes the framing where we sum the framings on
K1 andK2 and leave the others unchanged. We will interpret this connected sum for-
mula as an A1 tensor product over the algebra K . We use the algebraic formalism of
Lipshitz, Ozsváth and Thurston [25, 27, 28], though our proof of the pairing theorem
is independent of their proof in the standard bordered setting [27].

Our formula is simplest to state when we are working with knots.

Theorem 1.3. Suppose that .Y1;K1/ and .Y2;K2/ are two knots in integer homology
3-spheres with integral framings �1 and �2. Then

X�1C�2.Y1#Y2; K1#K2/ ' X�1.Y1; K1/
K y� KX�2.Y2; K2/:

Here, y� denotes a completed version of Lipshitz, Ozsváth and Thurston’s box
tensor product [27]. There is also a version of the above theorem for links.

Theorem 1.4. Suppose that L1 and L2 are two links in S3 with integral framings
ƒ1 andƒ2, and that we have two distinguished componentsK1 � L1 andK2 � L2.
Then

Cƒ1Cƒ2.L1#L2/ ' Xƒ1.L1/
K y� KXƒ2.L2/:

In Section 8.6, we describe several more general versions of the pairing theorem.
One version allows us to compute

Xƒ1Cƒ2.L1#L2/L`1C`2�1 y� K ŒD0�FŒU �: (1.1)

In the above, D0 denotes the module for the 0-framed solid torus. In the tensor prod-
uct, we are tensoring the K-action on D0 with the K-factor of L`1C`2�1 which
corresponds to K1#K2. The reader should think of tensoring D0 as corresponding
to gluing in a solid torus K1#K2. See Remark 3.6 for more details about this tensor
product.
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We will show in Section 15.3 that the module in equation (1.1) is homotopy equiv-
alent to an appropriate tensor product of the three modules

Xƒ1.L1/
L`1 ; Xƒ2.L2/

L`2 ; and KjK ŒI
c�FŒU �:

We think of tensoring with KjK ŒI
c�FŒU � as corresponding to gluing torus boundary

components together.
In some sense, the tensor product formulas above use up the two actions of K ,

and hence are not convenient for taking connected sums of more than two links along
a single component. To take the connected sum of more than two components, we
define pair-of-pants bimodules

KjKW
K
˛ˇ;˛ and KjKW

K
˛ˇ;ˇ :

In Chapter 15, we study these bimodules, and we prove that they can be used to com-
pute the type-D module over K after taking the connected sum of link components.
There are additional modules for other combinations of ˛ and ˇ subscripts. There are
multiple modules because of different choices of arc systems in the construction of
the surgery formula. (See Section 1.7 for more details.)

In Section 15.4, we relate the pair-of-pants bimodules to a surgery description of
the 3-manifold P � S1, where P is a pair-of-pants (i.e., a twice punctured disk).

Remark 1.5. The above pairing theorems give formulas for gluing two bordered
manifolds along torus boundary components. Another important operation is to glue
two boundary components of a single bordered 3-manifold together (i.e., self-gluing).
Our pairing theorems do not cover this. We will investigate this in a future work.

1.4 Splicing knot complements

A basic topological operation is to glue the complements of two knots together using
an orientation reversing diffeomorphism of their boundaries. 3-manifolds obtained in
this manner are referred to as splices. Dehn surgery is a special case of splicing.

Splicing in the context of Heegaard Floer homology has been studied by many
authors. See [5, 9, 10, 18] for some examples. Using bordered Heegaard Floer homo-
logy [27], it is possible to compute cHF of spliced manifolds. Despite the interest in
splicing, there is to date no general description of HF� of splices.

In this memoir, we give a description of HF� of splices in terms of knot Floer
homology. If �WT2 ! T2 is an orientation preserving diffeomorphism, then we will
describe a bimodule K Œ��

K . We think of this bimodule as the bordered invariant for
Œ0; 1� � T2 with basis .�;��/ on ¹0º � T2 (where we write � and � for a standard
basis of H1.T2/), and .�.�/; �.�// on ¹1º � T2.
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Theorem 1.6. Let K1 and K2 be knots in S3 and let M1 and M2 be their comple-
ments. Let �W @M1 ! �@M2 be an orientation preserving diffeomorphism. Then

CF�.M1 [� M2/FJU K ' X�1.K1/
K y� K Œ��

K y� KX�2.K2/FJU K:

The bimodule K Œ��
K is constructed by factoring the diffeomorphism � into the

following generators of MCG.T2/:

(1) �.�/ D � and �.�/ D �˙ �.

(2) �.�/ D ˙� and �.�/ D ��.

In both of the above cases, the bimodule K Œ��
K is obtained from the surgery complex

for the Hopf link. We remark that the Hopf link has complement Œ0; 1��T2, so taking
a connected sum with the Hopf link and then surgering on the original knot has the
effect of changing the boundary parametrization.

In general, we do not yet have a closed formula for the bimodule K Œ��
K for an

arbitrary diffeomorphism �, nor do our techniques imply independence of the bimod-
ule K Œ��

K from the above presentation. We plan to address both of these questions
in a future work.

Remark 1.7. When K1 and K2 are knots in S3, the modules X�1.K1/
K and

KX�2.K2/FJU K are determined by the full knot Floer complexes CFK1.K1/ and
CFK1.K2/, up to homotopy equivalence.

1.5 Dual knots

As a special case, our techniques recover the dual knot formula of Eftekhary [4] and
Hedden–Levine [11] by taking a connected sum with the Hopf link. We recall that
they computed the knot Floer complex of the dual knot � � S3

�
.K/ in terms of the

knot Floer complex CFK1.K/. Note that the dual knot � � S3
�
.K/ may be obtained

by taking the connected sum of K with a Hopf link, and then performing �-framed
surgery on K.

In our present memoir case, taking the connected sum of K with a Hopf link and
performing �-framed surgery corresponds to taking the tensor product of X�.K/

K

with the Hopf link surgery complex, viewed as a DA bimodule KH K
ƒ . Using homo-

logical perturbation theory, we describe a smaller model, which we denote by KZK
ƒ .

Taking the box tensor product with this minimal model and then restricting to idem-
potent I0 recovers the model of Eftekhary and Hedden–Levine (modulo differing
notational conventions). We sketch the equivalence of our model of the dual knot
complex with the Eftekhary and Hedden–Levine model in Section 17.4.

Our analysis of the Hopf link complex builds on joint work by the author with
Hendricks, Hom and Stoffregen in [14], where an extension of the dual knot formula
is proven for Hendricks and Manolescu’s involutive knot Floer homology [15].
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1.6 Examples

We compute many basic examples in this memoir. The most fundamental is the
type-D module for the Hopf link. We compute this in Chapter 16, and compute a
minimal model of the corresponding DA bimodule in Chapter 17. This example is
important for applications and computations. Combined with the tensor product for-
mulas, it also gives a computation of the Heegaard Floer homology of all 3-manifolds
obtained as the boundary of a plumbing of disk bundles over S2, plumbed along
a tree. This is explored further in [56], wherein the equivalence of Heegaard Floer
homology and the lattice homology of Némethi [34, 35] is proven.

In Section 18.2, we describe the type-D modules of rationally framed solid tori
DK
p=q

for p=q 2 Q [ ¹1º. The type-D modules DK
p=q

can be viewed as naturally
recovering the rational surgeries complex Xp=q.K/ of Ozsváth and Szabó [44] in the
sense that

Xp=q.K/ Š DK
p=q
y� KX0.K/

for any knot K in S3.

Remark 1.8. IfL� S3, then by tensoring type-D modules of the form DK
p=q

with the
type-A module Kj���jKX.L/, we obtain a version of the link surgery formula which
allows for rational surgeries on L.

As another example, we show that there is a homotopy equivalence of type-D
modules

DK
1 ' Cone.f 1WDK

n ! DK
nC1/;

for some type-D morphism f 1. Tensoring with this homotopy equivalence recovers
the surgery exact triangle in Heegaard Floer homology. This example is reminiscent
of the original setting of bordered Heegaard Floer homology [27, Section 11.2].

1.7 Arc systems

We also prove several important technical results about the link surgery formula of
Manolescu and Ozsváth [32]. We recall that the link surgery formula requires, for
each knot component Ki � L, a choice of embedded arc Ai � S

3 which connects
two base points on Ki . We furthermore require the arcs to be pairwise disjoint and to
be disjoint from L except at their endpoints. We call any such collection A a system
of arcs. To a system of arcs, Manolescu and Ozsváth’s construction produces a chain
complex Cƒ.L;A/.

Given a knot K � Y , there are two natural choices of arc systems on K. These
are obtained by connecting the two base pointsw;z 2K with an arc that runs parallel
toK. We say the arc system is beta-parallel if the arc runs from z tow and is oriented
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in the same direction asK. We say that the arc system is alpha-parallel if it runs from
z to w and is oriented oppositely to K. Given a Heegaard knot splitting † for K, the
arc system is alpha-parallel if the arc is parallel to the subarc of K which lies in the
alpha handlebody, and similarly for beta-parallel arcs. To a link L � Y , there are 2jLj

arc systems which can be constructed via this procedure, where we choose each arc
to be either alpha-parallel or beta-parallel. Our theory also allows arc systems where
some of the arcs are neither alpha-parallel nor beta-parallel. Although these seem less
natural, they appear naturally in our proof of the connected sum formula.

There is an analogous asymmetry in Lipshitz, Ozsváth and Thurston’s theory [27].
In their theory, for a bordered 3-manifold Y they consider Heegaard diagrams with
boundary where some set of the attaching curves are properly embedded arcs. For
each boundary component of Y , they must choose whether the arcs which abut that
boundary component are alpha arcs or beta arcs. See Figure 1.2 for an example of a
bordered Heegaard diagram with alpha arcs.

A

Figure 1.2. Left: A bordered Heegaard diagram for a solid torus in the Lipshitz–Ozsváth–
Thurston theory. Right: A Heegaard diagram of an unknot with a beta-parallel arc system A

(passing through the alpha curve). In our theory, the corresponding bordered manifold would
be represented by the module for an unknot (whose complement is a solid torus). The choice
of alpha arcs on the boundary of the bordered Heegaard diagram on the left is analogous to the
choice of a beta-parallel arc system on the right.

For a system of arcs A we obtain a surgery complex Cƒ.L;A/ and a type-D
module Xƒ.L;A/

L. Manolescu and Ozsváth’s result may be interpreted as showing
if each arc of A is alpha-parallel or beta-parallel, then

HF�.S3ƒ.L// Š H�.Cƒ.L;A//

as modules over FJU K. They only consider arc systems which are beta-parallel. In
our work, we study the dependence on the arcs system, which turns out to be rather
subtle. As a first step, we prove the following theorem.



Arc systems 9

Theorem 1.9. If A is any system of arcs for L, then there is relatively graded iso-
morphism of vector spaces

HF�.S3ƒ.L// Š H�.Cƒ.L;A//:

If the arc ai 2 A is either alpha- or beta-parallel, then the isomorphism is of FJU K-
modules, where U acts by Ui on H�.Cƒ.L;A//.

The isomorphism between the link surgery complexes for different systems of
arcs is somewhat subtle. For example, we will construct two systems of arcs A1 and
A2 on the Hopf link H for which

Xƒ.H;A1/
L2 6' Xƒ.H;A2/

L2 (1.2)

as type-D modules. See Section 16.3. On the other hand, for type-D modules asso-
ciated to knots, alpha-parallel and beta-parallel arc systems give the same modules.
This follows from [56, Remark 5.7].

In Chapter 13, we will describe a general formula for the effect of changing the
arcs in the link surgery formula. One important special case is when we want to
change an arc from alpha-parallel to beta-parallel, or vice versa. This may be achieved
by tensoring with a rank 1 DA bimodule KT K . In Chapter 14 we study this bimodule.
It is algebraically related to the base point moving map investigated by Sarkar [49]
and later by the author [53].

The arc systems also play an important role in the connected sum theorems and
our construction of the pair-of-pants modules in Chapter 15. Note that in the Lipshitz,
Ozsváth, Thurston bordered theory, the gluing formula requires one to tensor an
“alpha bordered” module with an “alpha bordered” module. From a Heegaard dia-
grammatic perspective, this is natural because it is most natural to glue an “alpha
bordered” Heegaard diagram to an “alpha bordered” Heegaard diagram to get a Hee-
gaard diagram of the glued manifold (since we cannot glue alpha arcs to beta arcs).

It is helpful to extend the Lipshitz, Ozsváth and Thurston convention of gluing
alpha-to-alpha and beta-to-beta into our theory. In our theory, gluing is accomplished
by way of taking the tensor product with algebraically defined bimodules

KjK ŒI
c�; KjKW

K
˛ˇ;ˇ ; and KjKW

K
˛ˇ;˛:

(There are further modules for all combinations of ˛ and ˇ subscripts.) For connected
sums involving KjK ŒI

c�, the most basic theorem we prove requires one module to be
alpha bordered, and one to be beta bordered. Therefore, it is most natural to think of
the module KjK ŒI�

c as alpha bordered on one component, and beta bordered on the
other. The labeling of the modules KjKW

K
˛ˇ;ˇ

, KjKW
K
˛ˇ;˛

indicates the borderedness.
For example, tensoring two beta bordered type-D modules for knots into KjKW

K
˛ˇ;˛

gives the alpha bordered module for their connected sum.
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1.8 General bordered manifolds with torus boundary

The connected sum formula of Theorem 1.4 and the topological interpretation of
surgeries on connected sums in terms of gluing torus boundary components motivate
a definition of a potential invariant of a bordered 3-manifold with torus boundary
components.

We suppose that M is a bordered 3-manifold with n toroidal boundary compo-
nents. We may describe M as surgery on a link L, in the complement of an unlink
Un in S3, in a way which is compatible with the parametrization of @M .

We may define a type-D module X.M/Ln as follows. We begin with the link
surgery formula for L [Un, interpreted as a type-D module over our algebra LnC`,
where ` D jLj. We write Xƒ.L [ Un/

LnC` for this module. We define X.M/Ln

by tensoring the module Xƒ.L [ Un/
LnC` with ` type-A modules for 0-framed

solid tori. This corresponds topologically to performing Dehn surgery on the com-
ponents L, while identifying the components of @�.Un/ with @M . Theorem 1.4 may
be interpreted as a pairing theorem for gluing two bordered 3-manifolds with torus
boundary components together. We prove in Section 18.4 that the modules X.M/Ln ,
as defined above, are always homotopy equivalent to finitely generated type-D mod-
ules, i.e., the underlying vector space X.M/ may be taken to be finite-dimensional
over F .

In a future work, we hope to understand in what sense X.M/Ln , defined as above,
is an invariant of the bordered manifoldM . In light of equation (1.2), the modules will
in general depend on the choice of system of arcs A in S3. We make the following
conjecture.

Conjecture 1.10. If M is a bordered manifold with toroidal boundary components
which is equipped with a system of arcs A �M , then the type-D module X.M;A/L

is an invariant of .M;A/ up to homotopy equivalence. (In a subsequent work [57],
we prove the above conjecture for arc systems where each arc is either alpha-parallel
or beta-parallel.)

Remark 1.11. Our bordered modules X.M/K give useful surgery formulas for
homologically essential knots in 3-manifolds with b1 > 0. This is a setting where
the techniques of Ozsváth and Szabó [43] do not seem to have a simple adaptation.
As a concrete example, the1-framed solid torus may be viewed as the knot comple-
ment of a fiber in S1 � ¹ptº � S1 � S2. We compute in Section 18.2 the associated
type-D module, which is concentrated in idempotent 1 and has two generators, and
has ı1 encoded by the diagram

x1 y1:1CV



Chapter 2

Hypercubes and Heegaard Floer homology

In this chapter, we describe some background on Heegaard Floer homology and
homological algebra.

2.1 Background on Heegaard Floer homology

We will assume that the reader is familiar with the basics of Heegaard Floer homo-
logy [39], as well as its refinements for knots [37, 47] and links [41]. We provide a
brief review to establish notation.

Definition 2.1 ([41, Definition 3.1]). We consider the following notions of Heegaard
diagram in this memoir:

(1) A multi-pointed Heegaard diagram consists of a tuple

.†;˛;ˇ;w/

as follows. Here, † is a surface of genus g and w D ¹w1; : : : ; wnº is a non-
empty collection of base points. Also, ˛ D ¹˛1; : : : ; ˛gCn�1º, is a collection
of pairwise disjoint embedded curves on† which are linearly independent in
H1.† n w/. We assume ˇ D ¹ˇ1; : : : ; ˇgCn�1º satisfies the same condition.
In particular,† n ˛ consists of n components, each of which contains a single
base point wi 2 w, and similarly for † n ˇ.

(2) A Heegaard link diagram with free base points consists of a tuple

.†;˛;ˇ;w; z;p/

satisfying the following. We assume that wD ¹w1; : : : ;w`º, zD ¹z1; : : : ; z`º
and p D ¹p1; : : : ; pmº are collections of base points. Let n D ` C m. We
assume that ˛D ¹˛1; : : : ;˛gCn�1º and ˇD ¹ˇ1; : : : ;ˇgCn�1º are collections
of pairwise disjoint, embedded curves which each span a rank g summand of
H1.†/. We assume that each component of † n ˛ (resp. † n ˇ) contains
either a single base point of p, or contains one base point from w and one
base point from z.

Remark 2.2. Occasionally, it is helpful to allow the collections w and z to contain
free base points. In this case, we assume that if p 2 w [ z is the sole base point in a
component of † n ˛, then it is the sole base point in a component of † n ˇ.
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The curves ˛;ˇ � † determine two handlebodies, U˛ and Uˇ , with boundary †.
A Heegaard link diagram with free base points determines a 3-manifold Y and an
oriented link L � Y . In U˛ , the link L is a push-off of a collection of smoothly
embedded, pairwise disjoint arcs in † n ˛ which connect the link base points of w to
the link base points of z. In Uˇ , we assumeL is a push-off of a collection of smoothly
embedded, pairwise disjoint arcs which connect the link base points of z to the link
base points of w. We follow the orientation convention that L intersects † positively
at z and negatively at w.

Remark 2.3. Typically we assume that ifwi and zj are in a component of† n˛, then
they are also in a component of † n ˇ. This ensures that .†;˛;ˇ;w; z; p/ represents
a link with ` components and each component has 2 base points.

If H D .†;˛;ˇ;w/ is a multi-pointed Heegaard diagram for Y and s 2 Spinc.Y /,
we define CF�.H ; s/ to be the free F ŒU1; : : : ; Un�-module generated by intersection
points x of the Lagrangian tori

T˛ D ˛1 � � � � � ˛gCn�1 and Tˇ D ˇ1 � � � � � ˇgCn�1

in the symmetric product SymgCn�1.†/, such that sw.x/ D s. See [39, Section 2.6]
for the definition of the map swWT˛ \ Tˇ ! Spinc.Y /.

The differential counts pseudo-holomorphic representatives of Maslov index 1
flowlines in SymgCn�1.†/ via the formula

@.x/ D
X

�2�2.x;y/;
�.�/D1

#.M.�/=R/U
nw1 .�/

1 � � �U
nwn .�/
n � y; (2.1)

extended equivariantly over F ŒU1; : : : ; Un�.
We will frequently make use of Lipshitz’s cylindrical reformulation of Heegaard

Floer homology [23]. In this formulation, the differential counts holomorphic curves
of potentially higher genus in†� Œ0; 1��R. We refer the reader to [23] for additional
background.

Definition 2.4 (Cf. [39, Section 4.2]). We make the following definitions regarding
admissibility of Heegaard diagrams:

(1) A periodic domain on a Heegaard multi-diagram H D .†;
1; : : : ;
n;w/ is
a 2-chain P on† such that @P is an integral linear combination of the curves
from 
1; : : : ;
n and nw.P / D 0.

(2) A Heegaard diagram for a pointed 3-manifold H D .†; ˛; ˇ;w/ is weakly
admissible if each non-trivial periodic domain has both positive and negative
multiplicities.

(3) If H D .†;˛; ˇ;w; z; p/ is a Heegaard link diagram with free base points,
then we say that H is weakly admissible if .†;˛;ˇ;q/ is weakly admissible
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for each collection q � w [ z [ p such that q contains all of the free base
points and exactly one link base point from each link component.

(4) We say that a Heegaard multi-diagram .†;
1; : : : ;
n;q/ is weakly admissible
if each periodic domain has positive and negative multiplicities. A Heegaard
multi-diagram with link base points .†;
1; : : : ;
n;w; z; p/ is called weakly
admissible if it is weakly admissible for each collection q � w [ z [ p as
above.

Given a weakly admissible Heegaard diagram H , we can define a completed
version of the Heegaard Floer homology CF�.H /, which is freely generated by x 2
T˛ \ Tˇ (with no restriction on Spinc structures) over the ring FJU1; : : : ; UnK.

We now discuss link Floer homology. In this memoir, we use a slightly different
version of link Floer homology than appeared in [41]. If .†;˛;ˇ;w; z/ is a Heegaard
link diagram with no free base points and with jwj D jzj D `, we use a version of
the link Floer complex which is a free, finitely generated chain complex over the ring
F ŒU1; : : : ;U`;V1; : : : ;V`�. This version was considered in [53] and [55]. We define
CFL.†;˛;ˇ;w; z;s/ to be generated over F ŒU1; : : : ;U`;V1; : : : ;V`� by intersection
points x 2 T˛ \ Tˇ such that sw.x/ D s. The differential is similar to (2.1), except
that we weight a holomorphic curve by

U
nw1 .�/

1 V
nz1 .�/

1 � � �U
nw` .�/

`
V
nz` .�/

`
:

In the case of a doubly pointed Heegaard knot diagram, H D .†; ˛; ˇ; w; z/,
we write CFK.H ; s/ for the complex which is freely generated over F ŒU; V� by
intersection points x 2 T˛ \ Tˇ .

2.2 Hypercubes and hyperboxes of chain complexes

We now describe Manolescu and Ozsváth’s algebraic formalism of hypercubes and
hyperboxes of chain complexes [32, Section 5]. Define

En WD ¹0; 1º
n
� Rn;

with the convention that E0 D ¹0º. If d D .d1; : : : ; dn/ 2 Z�0, we define

E.d/ WD ¹.i1; : : : ; in/ 2 Zn W 0 � ij � dj ;8j º:

If "; "0 2 E.d/, we write " � "0 if the inequality holds for each coordinate of " and "0.
We write " < "0 if " � "0 and strict inequality holds at one or more coordinates.

Definition 2.5. An n-dimensional hypercube of chain complexes .C"; D";"0/"2En

consists of the following:
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(1) A group C" for each " 2 En.

(2) For each pair of indices "; "0 2 En such that " � "0, a linear map

D";"0 WC" ! C"0 :

Furthermore, we assume the following compatibility condition holds whenever "�"00:X
"02En;
"�"0�"00

D"0;"00 ıD";"0 D 0: (2.2)

Definition 2.6. If d 2 .Z>0/n, a hyperbox of chain complexes of size d consists of
a collection of groups .C"/"2E.d/, together with a linear map D";"0 whenever " � "0

and j"0 � "jL1 � 1. Furthermore, we assume that the analog of (2.2) holds whenever
" � "00 and j"00 � "jL1 � 1.

Hypercubes and hyperboxes of the same size form dg-categories. If C D

.C"; D";"0/"2En and C 0 D .C 0"; D
0
";"0/"2En are two hypercubes of the same dimen-

sion, then a morphism of hypercubes F consists of a collection of linear maps

F";"0 WC" ! C 0"0 ;

ranging over all "; "0 2 En such that " � "0. We write Hom.C ;C 0/ for the space of
morphisms. There is a natural morphism differential @Mor on Hom.C ;C 0/, given by

@Mor.F /";"00 D
X
"02En;
"�"0�"00

D0"0;"00 ı F";"0 C F"0;"00 ıD";"0 : (2.3)

Remark 2.7. In Section 3.6, we will give an alternate perspective on hypercubes, and
show that the category of hypercubes of chain complexes is equivalent to the category
of type-D modules over a certain algebra.

2.3 Compressing hyperboxes

Manolescu and Ozsváth [32, Section 5] describe an operation called compression
which takes a hyperbox C D .C";D";"0/"2E.d/ of size dD .d1; : : : ; dn/ and returns an
n-dimensional hypercube bC D .bC "; bD";"0/"2En . The underlying complexes are given
by the formula bC ."1;:::;"n/ D C.d1"1;:::;dn"n/:
The hypercube structure maps are more complicated. We first illustrate the construc-
tion in the 1-dimensional case. Suppose C is the 1-dimensional hyperbox of chain
complexes

C0
f0;1
��! C1

f1;2
��! � � �

fn�1;n
����! Cn:
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The compression of the above hyperbox is the hypercube

C0
fn�1;nı���ıf0;1
����������! Cn:

In Section 3.6, we give an alternate description of compression in the 1-dimensional
case in terms of box-tensor products of DA bimodules over a certain algebra.

The same description also works for hyperboxes of size .1; : : : ; 1; d/. That is, we
view C as a 1-dimensional hyperbox where the complex at each point of E.d/ is a
hypercube of dimension n � 1. Compression in this case is given by composition of
hypercube morphisms.

For a hyperbox C of size .d1; : : : ; dn/, the compression may be defined by iter-
ating the above construction. Doing so requires a choice of ordering of the axis
directions. For concreteness, we pick the standard ordering of 1; : : : ;n. Given a hyper-
box C we define the partial compression of the i -th axis direction, denoted ci .C/, to
be the following hyperbox of size .d1; : : : ; di�1; 1; diC1; : : : ; dn/. We view the C as
a 1-dimensional hyperbox (of hyperboxes) of size .di /, where the complex at each
point in E.di / is a hyperbox of size .d1; : : : ; di�1; diC1; : : : ; dn/. The hyperbox at
point j 2 ¹0; : : : ; diº has an underlying group consisting of the sum of all complexes
at points " 2E.d/with "i D j . We apply the composition perspective of compression
for 1-dimensional hypercubes to obtain ci .C/. We then define the compressionbC D .cn ı � � � ı c1/.C/:

Compare [30, Section 4.1.2].
Of course, we can compress the hyperbox C using any ordering of the axis direc-

tions. The following is well known, and we do not claim originality for the following,
though we include it for completeness.

Lemma 2.8. If C is a hypercube of chain complexes andbC is its compression, thenbC
is independent up to homotopy equivalence of hypercubes from the choice of ordering
of the axis directions.

Proof. Given the inductive nature of the construction, it suffices to prove the case
when nD 2. Let C be a hyperbox of size .d1; d2/. Write c2.c1.C// and c1.c2.C// for
the two compressions of C . Note that the length 1 maps of c2.c1.C// and c1.c2.C//

coincide, so it suffices to consider the diagonal maps. Since we are considering hyper-
cubes of dimension 2, it suffices to show that the two diagonal maps are themselves
chain homotopic since such a chain homotopy can be used to build a morphism of
hypercubes F W c2.c1.C//! c1.c2.C// which is a homotopy equivalence. The com-
ponents of F which preserve cube points act by the identity. We define F to have no
components which increase only one cube point. We will define F to have a com-
ponent from cube point .0; 0/ to cube point .1; 1/, which acts by the above chain
homotopy between the length 2 maps of c2.c1.C// and c1.c2.C//. Assuming we can
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construct such a chain homotopy, the map F is clearly a homotopy equivalence. We
now describe how to construct this chain homotopy.

Write C�.P2/ for the following chain complex over F D Z=2. There are two
generators in degree 0, denoted e1e2 and e2e1. We define @.eiej / D 0. There is a
single generator in degree 1, denoted h1;2, which satisfies

@h D e1e2 C e2e1:

We view e1e2 and e2e1 as the paths along the boundary of a 2-dimensional cube from
.0; 0/ to .1; 1/, and we think of h1;2 as the diagonal. We think of C�.P2/ as the cell
complex for the 2-dimensional permutohedron.

We now define another chain complex C�.Pd1;d2/. The generators consist of con-
catenations of e1, e2 and h1;2 such that the total number of 1 subscripts appearing
is d1, and the total number of 2 subscripts appearing is d2. The differential sums over
all ways of breaking a single h1;2 into .e1e2 C e2e1/. We think of the generators of
C�.Pd1;d2/ as corresponding to paths in Œ0; d1�� Œ0; d2� from .0; 0/ to .d1; d2/ which
consist of concatenations of three types of segments (horizontal unit length segments,
vertical unit length segments, or diagonal segments of L1-length 2).

Note that the hyperbox structure maps of C give a chain map

C�.Pd1;d2/! Hom.C0;0; Cd1;d2/:

The two compression procedures give chain maps

c1;2; c2;1WC�.P2/! C�.Pd1;d2/:

Note that ci;j .e1e2/ D e
d1
1 e

d2
2 and ci;j .e2e1/ D e

d2
2 e

d1
1 for both choices of i; j . In

order to show that the diagonals of bC1;2 and bC2;1 are chain homotopic, it suffices
to show that the maps c1;2 and c2;1 are themselves chain homotopic. To do this, it
suffices to show that the homology of Pd1;d2 satisfies

Hn.Pd1;d2/ Š

´
F if n D 0;

0 if n > 0:

To establish this, we describe a filtration F�n on C�.Pd1;d2/. Given an arrow se-
quence ! 2 Pd1;d2 , view ! as giving an embedded piecewise linear curve in Œ0; d1��
Œ0; d2� � R2. Consider the region R between ! and the arrow sequence ed11 e

d2
2 . We

define the filtration level of ! to be the number of unit squares in Œ0; d1�� Œ0; d2� with
integral corners and whose interiors intersect R non-trivially. Note that the subspace
F�n is preserved by @.

We now define a homotopy H WC�.Pd1;d2/! C�C1.Pd1;d2/. The map H sums
over all ways of replacing one subword e2e1 with h1;2. We observe that I C Œ@; H�
acts by the identity on ed11 e

d2
2 . We leave it to the reader to verify that if ! is a word
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with filtration level n > 0, then .I C Œ@;H�/.!/ is a sum of arrow words of filtration
level at most n� 1. Therefore, .IC Œ@;H�/N gives a homotopy equivalence between
C�.Pd1;d2/ and F (concentrated in degree 0) forN � 0. This completes the proof.

2.4 A1-categories and twisted complexes

We now recall the notion of a twisted complex in an A1-category. We refer to [50,
Section 3.l] for more background on this construction.

We recall that anA1-category C consists of a set of objects O.C/, a collection of
morphisms Hom.L;L0/ for L;L0 2 O.C/, together with a collection of higher com-
positions .�n/n�1, as follows. We assume that if L0; L1 2 O.C/, then Hom.L0; L1/
is a vector space. We assume that for each sequence L0; : : : ; Ln 2 O.C/, the map �n
takes the form

�nWHom.L0; L1/˝ � � � ˝ Hom.Ln�1; Ln/! Hom.L0; L1/:

Furthermore, we assume that for all x1; : : : ; xn (where xi 2 Hom.Li�1; Li /) the fol-
lowing associativity condition holds:

nX
iD1

nX
jDi

�n�jCi .x1; : : : ; xi�1; �j�iC1.xi ; : : : ; xj /; xjC1; : : : ; xn/ D 0:

If C is an A1-category, the additive enlargement †C of C is defined as follows.
The objects of†C consist of formal sums of the form

L
i2I Xi ˝Vi . Here,Xi denote

objects of C , Vi denote graded vector spaces over F D Z=2, and I denotes a finite
index set. The symbols ˝ and

L
are just notation. (For our purposes, we can take

Vi D F for all i .)
A morphism in †C from

L
i2I Xi ˝ Vi to

L
j2J Yj ˝Wj consists of a collec-

tion .�i;j ˝ fi;j /i2I;j2J where �i;j WXi ! Xj is a morphism in C and fi;j W Vi !
Wj is a linear map of vector spaces. We will typically write such a morphism asP
.i;j /2I�J �i;j ˝ fi;j .

If C is an A1-category, then †C is naturally also an A1-category, with compo-
sitions

�†C
n

�X
i0;i1

�i0;i1 ˝ fi0;i1 ; : : : ;
X
in�1;in

�in�1;in ˝ fin�1;in

�
WD

X
i0;i1;:::;in

�C
n .�i0;i1 ; : : : ; �in�1;in/˝ .fin�1;in ı � � � ı fi0;i1/:

It is straightforward to verify that †C is an A1-category.
Finally, we define the category of twisted complexes Tw C . A twisted complex

.X; ı/ in C consists of an object X D .Xi ; Vi /i2I in †C where I is a finite partially
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ordered set, together with an endomorphism ı 2 Hom†C .X;X/. If ı D
P
i;j ıi;j ˝

fi;j , we assume that ıi;j D 0 unless i < j . Furthermore, we assume the following
version of the Maurer–Cartan equation is satisfied:X

n�1

�†C
n .ı; : : : ; ı„ ƒ‚ …

n

/ D 0:

A morphism in Tw C is the same as a morphism in †C . Finally, we note that Tw C is
itself an A1-category, with compositions

�Tw
n .�1; : : : ; �n/ WD

X
i0;:::;in�0

�†C
nCi0C���Cin

.ı; : : : ; ı„ ƒ‚ …
i0

; �1; ı; : : : ; ı„ ƒ‚ …
i1

; �2; : : : ; �n; ı; : : : ; ı„ ƒ‚ …
in

/:

2.5 Hypercubes of attaching curves

The notion of a hypercube of chain complexes adapts to other categories. We now
describe the appropriate notion of a hypercube in the Fukaya category. See [32, Sec-
tion 8] and [24, Section 3], where such objects are referred to as hyperboxes of
Heegaard diagrams, and chain complexes of attaching curves, respectively. These
may naturally be viewed as twisted complexes in the Fukaya category, using the
framework described in Section 2.4.

Definition 2.9. A hypercube of handleslide equivalent attaching curves

Lˇ D .ˇ"; ‚";"0/"2En

on .†;w/ consists of a collection of beta attaching curves ˇ", which are each pair-
wise related by a sequence of handleslides and isotopies, together with distinguished
morphisms ‚";"0 2 CF�.†; ˇ"; ˇ"0 ;w/ whenever " < "0. We assume, furthermore,
that the Heegaard multi-diagram containing all 2n beta curves is weakly admissible
(see Definition 2.4). Finally, we assume that for each pair " < "0 2 En, the following
relation is satisfied: X

"D"1<���<"nD"0

fˇ"1 ;:::;ˇ"n .‚"1;"2 ; : : : ; ‚"n�1;"n/ D 0: (2.4)

In the above, fˇ"1 ;:::;ˇ"n denotes the holomorphic polygon counting map.

Sometimes in Heegaard Floer theory it is helpful to have a notion of a hypercube
of beta attaching curves, or a hypercube of alpha attaching curves. We define a hyper-
cube of beta attaching curves to be the object described in Definition 2.9, however, we
define a hypercube of alpha attaching curves as the following modification: for each
" < "0 we have a chain‚"0;" 2 CF�.†;˛"0 ;˛";w/, and the compatibility condition in
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equation (2.4) holds, as long as we write the indices in the opposite order. Clearly any
hypercube of attaching curves can be viewed as either a hypercube of alpha attaching
curves or beta attaching curves (by possibly reversing the order of indices), but the
terminology is occasionally helpful.

If L˛ and Lˇ are hypercubes of handleslide equivalent attaching curves on
.†;w/, of dimension m and n respectively, then there is an .n C m/-dimensional
hypercube of chain complexes

.C.";�/;D.";�/;."0;�0//.";�/2En�Em D CF�.†;L˛;Lˇ ;w/;

whenever the diagram containing all attaching curves is weakly admissible. For each
."; �/ 2 EnCm, we set

C.";�/ D CF�.†;˛";ˇ� ;w/:

The structure maps are given by the following formula:

D.";�/;."0;�0/.x/

D

X
"D"1<���<"iD"

0;
�D�1<���<�jD�

0

f˛"i ;:::;˛"1 ;ˇ�1 ;:::;ˇ�j .‚"i ;"i�1 ; : : : ; ‚"2;"1 ; x; ‚�1;�2 ; : : : ; ‚�j�1;�j /:

It is straightforward to see that CF�.†;L˛;Lˇ ;w/ is a hypercube of chain com-
plexes.

The case when there are link base points w, z base points is a straightforward
modification of the above construction, using variables Ui and Vi in the definition of
the Floer complexes.

We observe that a hypercube of attaching curves L D .
"; �";"0/"2En may natu-
rally be interpreted as a twisted complex of Lagrangians in the Fukaya category. The
index set I in the definition of a twisted complex is the cube En, and the partial order
is the natural ordering of cube points.

Correspondingly, there is a natural notion of a morphism between two hyper-
cubes of attaching curves, and the resulting category is an A1-category. If L D

.
"; x";"0/"2En and L0 D .
 0"; y";"0/"2En are n-dimensional hypercubes of attach-
ing curves, then a morphism ˆ from L to L0 consists of a collection of chains
ˆ";"0 2 CF�.
"; 
 0"0 ;w/ ranging over all "; "0 2 En with " � "0. Of course, the set
of morphisms is none other than the Floer complex CF�.†;L;L0;w/.

Suppose L1; : : : ;Ln are n-dimensional hypercubes of attaching curves, where
Li D .
i;"; .‚i /";"0/"2En . The composition operator

�Tw
n WCF�.L1;L2/˝ � � � ˝ CF�.Ln�1;Ln/! CF�.L1;Ln/
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is given as follows. If ˆi;iC1 2 CF�.Li ;LiC1/, then

�Tw
n .ˆ1;2; : : : ; ˆn�1;n/

D

X
i1;:::;in�0

�i1C���CinCn
�
‚1; : : : ; ‚1„ ƒ‚ …

i1

; ˆ1;2; ‚2; : : : ; ‚2„ ƒ‚ …
i2

;

ˆ2;3; : : : ; ˆn�1;n; ‚n; : : : ; ‚n„ ƒ‚ …
in

�
:

In the above,‚iD
P
"<"0.‚i /";"0 , viewed as an element in the group

L
"<"0CF�.
i;";


i;"0/, and similarly for ˆi;iC1. Additionally, �i1C���CinCn is declared to vanish on
non-composable Floer chains, e.g., �2.x; y/ D 0 if x 2 CF�.
0; 
1/ and y 2
CF�.
 01;
2/ where 
1 ¤ 
 01.

2.6 More hypercubes

We now collect several additional constructions and basic properties. Firstly, if C D

.C"; D";"0/"2En and C 0 D .C 0� ; D
0
�;�0/�2Em are two hypercubes of chain complexes

over a ring R, we may define their external tensor product

E WD C ˝R C 0;

as follows. The hypercube E D .E.";�/; ı.";�/;."0;�0//.";�/2En�Em is the tensor product
in the ordinary sense: As groups, we set

E.";�/ D C" ˝R C
0
�

and the structure maps are given by

ı.";�/;."0;�0/ D

8̂̂<̂
:̂
D";"0 ˝ I if � D �0;

I ˝D0�;�0 if " D "0;

0 if " < "0 and � < �0:

Additionally, if C and C 0 are two hyperboxes of size d0 � ¹dº and d0 � ¹d 0º,
such that the restrictions C jE.d0/�¹dº and C 0jE.d0/�¹0º coincide (in both underlying
groups and structure morphisms), then we may stack C and C 0 to obtain a hyperbox
of size d0 � ¹d C d 0º, which we denote St.C ; C 0/. The following lemma records
some interactions between stacking and the external tensor product.

Lemma 2.10. The operations of stacking and compressing satisfy the following:

(1) Stacking hyperboxes of attaching curves commutes with pairing: If L˛ , Lˇ

and Lˇ 0 are hyperboxes of attaching curves, and Lˇ and Lˇ 0 may be stacked
along a codimension 1 face, then

St.CF�.L˛;Lˇ /;CF�.L˛;Lˇ 0// Š CF�.L˛; St.Lˇ ;Lˇ 0//:
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(2) Stacking hyperboxes of chain complexes commutes with tensoring hyper-
boxes: If C and C 0 are stackable hyperboxes of chain complexes, and D

is another hyperbox of chain complexes, then

St.C ;C 0/˝D Š St.C ;D/˝ St.C 0;D/:

(3) Compressing hyperboxes of chain complexes commutes with tensor products
of hyperboxes. If C and D are hyperboxes of chain complexes, andbC denotes
compression, then there is a choice of ordering of the axis directions used to
compute the compression so thatbC ˝ bD Š 2C ˝D :

Proof. Claim (1) is essentially the definition of the pairing between hyperboxes. Sim-
ilarly, (2) is clear. For claim (3), we use the inductive perspective on compression from
Section 2.3. Suppose that C is a hyperbox of size .d1; : : : ; dn/ and D is a hyperbox
of size .d 01; : : : ; d

0
m/. We use the partial compression operations c described in Sec-

tion 2.3. To show the main claim, it suffices to show that

ci .C ˝D/ Š ci .C/˝D and cjCn.C ˝D/ D C ˝ cj .D/ (2.5)

if 1 � i � n and 1 � j � m. We focus on the equation ci .C ˝D/ Š ci .C/˝D

when 1 � i � n. Recall that the differential on C ˝D is the tensor product DC ˝

I C I ˝ DD . Therefore, if we view C ˝D as a hyperbox of size .di /, then only
the components of DC ˝ I will increase the E.di / index, while the components of
IC ˝ DD will preserve the E.di / index. From this observation, equation (2.5) is
straightforward, and the main claim follows.

A more sophisticated extension of Lemma 2.10 concerns commuting a tensor
product operation on attaching curves and the pairing operation on hypercubes of
attaching curves. See Propositions 10.1 and 11.8.





Chapter 3

A1-modules

In this chapter, we recall some background about A1-modules. We follow the nota-
tion of [25, 27]. See [19, 20] for further background and historical context.

3.1 Type-A and type-D modules

In this section and throughout the memoir, we work over characteristic 2.

Definition 3.1. Suppose A is an associative algebra. A left A1-module AM over A

is a left k-module M equipped with a k-module map

mjC1WA
˝j
˝k M !M

for each j � 0, such that if an; : : : ; a1 2 A and x 2M , then
nX

jD0

mn�jC1.an; : : : ; ajC1; mjC1.aj ; : : : ; a1; x//

C

n�1X
kD1

mn.an; : : : ; akC1ak; : : : ; a1; x/ D 0:

An A1-module AM is strictly unital ifm2.1;x/D x for all x 2M , and such that
for each j > 1, mjC1.aj ; : : : ; a1; x/ D 0 if ai 2 k for some i .

Definition 3.2. If A is an associative algebra over k, a right type-D module NA is
right k-module N , equipped with a k-linear structure map

ı1WN ! N ˝k A;

which satisfies
.idN ˝ �2/ ı .ı1 ˝ idA/ ı ı

1
D 0:

Note that in the above, we are only considering associative algebras, instead of
dg-algebras or A1-algebras. See [25, Definition 2.2.23] for the general definition.

3.2 Bimodules

We also need to consider A1-bimodules. Our exposition and notation follows [25],
though we restrict to the case of associative algebras (as opposed to dg-algebras or
A1-algebras).
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Definition 3.3. Suppose that A and B are algebras over j and k, respectively. A
type-DA bimodule, denoted AM

B , consists of a .j; k/-module M , equipped with
.j; k/-linear structure morphisms

ı1jC1WA
˝j
˝j M !M ˝k B;

for j � 0. These are required to satisfy the following structure relation:

nX
jD0

..idM ˝ �2/ ı .ı1n�jC1 ˝ idB//.an; : : : ; ajC1; ı
1
jC1.aj ; : : : ; a1; x//

C

n�1X
kD1

ı1n.an; : : : ; akC1ak; : : : ; a1; x/ D 0:

3.3 The Lipshitz–Ozsváth–Thurston box tensor product

In this section, we recall the box tensor product of Lipshitz, Ozsváth and Thurston
[27, Section 2.4].

Suppose that A is an associative algebra over k. If NA is a type-D module and
AM is a type-A module, then the box tensor productNA � AM is the chain complex
N ˝k M , with differential @� as follows. Following [27], it is convenient to make the
inductive notation that

ıj WN ! N ˝A˝j

is the map given inductively by ıj D .ı1 ˝ idA˝j�1/ ı ı
j�1 and ı0 D id. Then the

differential has the formula

@�.x˝ y/ D
1X
jD0

.idN ˝mjC1/.ıj .x/; y/:

The differential is usually depicted via the following diagram:

@�.x˝ y/ D
X

x y

ı1

:::

ı1

m�

(3.1)
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According to [27, Lemma 2.30], the map @� is a differential whenever one of M or
N satisfies a boundedness assumption; see [25, Definitions 2.2.18 and 2.2.29].

There are also tensor products between various types of bimodules. The follow-
ing diagram indicates schematically the box tensor products of the form AD � AD,
AD � A and D � AD:

ıAD�AD D

a x y

�

ı1�

:::

ı1�

ı1�

ıAD�A D

a x y

�

ı1�

:::

ı1�

m�

ıD�AD D

x y

ı1

:::

ı1

ı1

3.4 Morphisms of modules and bimodules

We now recall the definitions of morphisms of type-D, type-A and type-DA modules
and bimodules from [25]. We assume that all algebras are associative algebras with
vanishing differential. We refer the reader to [25] for the case of dg or A1-algebras.

Suppose A is an algebra over k and NA and MA are two type-D modules. A
morphism f 1WNA !MA is a k-linear map

f 1WN !M ˝k A:

There is a morphism differential, given by

@Mor.f
1/D .idM ˝�2/ ı .f 1˝ idA/ ı ı

1
C .idM ˝�2/ ı .ı1˝ idA/ ı f

1: (3.2)

The map @Mor squares to zero. A type-D homomorphism (or cycle) is a morphism
which satisfies @Mor.f

1/ D 0.
A morphism f� between two type-A modules AM and AN is a collection of

k-linear maps
fjC1WA

˝j
˝k M ! N:
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There is a morphism differential @Mor.f�/ given by

@Mor.f�/nC1.an; : : : ; a1; x/ D
nX

jD0

mn�jC1.an; : : : ; ajC1; fjC1.aj ; : : : ; a1; x//

C

nX
jD0

fn�jC1.an; : : : ; ajC1; mjC1.aj ; : : : ; a1; x//

C

n�1X
iD1

fn.an; : : : ; aiC1ai ; : : : ; a1; x/:

Finally, if AM
B and AN

B are DA bimodules, then a morphism f 1� from AM
B

to AN
B is a collection of maps

f 1jC1WA
˝j
˝M ! N ˝B

for j � 0. The morphism differential is given by

@Mor.f
1
� /nC1.an; : : : ; a1; x/

D

nX
jD0

.idN ˝ �2/.ı1n�jC1 ˝ idB/.an; : : : ; ajC1; f
1
jC1.aj ; : : : ; a1; x//

C

nX
jD0

.idN ˝ �2/.f 1n�jC1 ˝ idB/.an; : : : ; ajC1; ı
1
jC1.aj ; : : : ; a1; x//

C

n�1X
iD1

f 1n .an; : : : ; aiC1ai ; : : : ; a1; x/:

Of course, the morphism differential @Mor also squares to zero for morphisms of type-
A and DA morphisms. See [25, Definition 2.2.43].

If f 1� WAM
B ! AN

B and g1�WAN
B ! AQ

B are DA bimodule morphisms,
Lipshitz–Ozsváth–Thurston define the composition f 1� ı g

1
� via the following dia-

gram:

g1� ı f
1
� D

a x

�

f 1�

g1�

�2

(3.3)
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In equation (3.3), � denotes the co-multiplication

�WA˝n !

nM
iD0

A˝i ˝A˝.n�i/

given by

�.a1j : : : jan/ D

nX
iD1

.a1j � � � jai /˝ .aiC1j � � � jan/:

In the above, j denotes tensor product.
We now discuss pairing morphisms of modules and bimodules. We focus on the

case of DA bimodule morphisms. The other types of pairings which are relevant to
our memoir are defined by forgetting about the input algebra or output algebra in the
diagrams below. The natural algebraic operation is to pair a bimodule morphism with
the identity (as opposed to pairing two morphisms together). Suppose that AN

B and
AM

B and BP
C are DA bimodules, and

f 1� WAN
B
! AM

B

is a morphism of DA bimodules. There is a morphism of DA bimodules f 1� � IW
N � P !M � P , defined by the following diagram:

f 1� � I D

a x y

�

ı

f 1�

ı

ı1

In the above, the map ı denotes the sum over n � 0 of the maps

ınjC1WA˝ � � � ˝A„ ƒ‚ …
j

˝M !M ˝B ˝ � � � ˝B„ ƒ‚ …
n

obtained by composing ı1� repeatedly, but not multiplying the B-outputs. (Note that
by convention ı0� D I.)
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If instead g1�WBP
C ! BQ

C is a morphism of type-DA modules, then I � g1� is
given by the following diagram:

a x y

ı

g1�

3.5 External tensor products

In this section, we recall a basic algebraic operation called the external tensor product.
We consider these for type-D and type-DA modules over associative algebras, and we
prove some basic properties.

We begin with the setting of type-D modules. Let A and B algebras over rings
i and j of characteristic 2, and let NA D .N; ı1/ and MB D .M; d1/ be type-D
modules. Then the external tensor product, denoted .N ˝F M/A˝F B , is the group
M ˝F N equipped with the structure map idN ˝ 1A ˝ d

1 C ı1 ˝ idM ˝ 1B (with
tensor factors reordered).

The external tensor product of two type-DA bimodules is more complicated. In
general, one must choose a cellular diagonal of the associahedron. We follow the
presentation of Lipshitz, Ozsváth and Thurston [27,28]. The main goal of this section
is to give a concrete formula (not involving diagonals of the associahedron) of the
external tensor product of two DA bimodules, which we use throughout the memoir.
This formula appears in the statement of Proposition 3.7.

Our description is in terms of a more basic operation, which we call extension
of scalars (and is also inspired by [25]). Suppose that A, B and C are algebras over
rings i, j and k, respectively. If AN

B is a bimodule, then we will describe a bimodule
A˝CE.N I C/B˝C which we say is formed by extension of scalars. We will relate
this operation with an external tensor product with the identity bimodule C ŒI�C in
Proposition 3.18.

As an .i˝ k; j˝ k/-module, we declare E.N IC/ WD N ˝F k. If k 2 k, then we
define

ı1jC1.aj jcj ; : : : ; a1jc1; xjk/ D ı
1
jC1.aj ; : : : ; a1; x/˝ k ˝ .cj � � � c1/: (3.4)

Note that ı11.xjk/ D ı
1
1.x/˝ k ˝ 1C . (Note we are implicitly reordering the k factor

and the B factor above.)
Given a morphism of DA bimodules f 1� WAN

B ! AM
B , there is a morphism

E.f /1�WA˝CE.N IC/B˝C
! A˝CE.M IC/B˝C

given by replacing ı1jC1 with f 1jC1 in equation (3.4).
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Remark 3.4. If AM
B is operationally bounded (i.e., ı1j D 0 for large j ), then the

same is true for E.M;C/. A similar statement holds for morphisms.

Lemma 3.5. Suppose that A, B, and C are algebras and suppose that AN
B is a DA

bimodule.

(1) A˝CE.N IC/B˝C satisfies the DA bimodule structure relations.

(2) If f 1� is a morphism of DA bimodules, then @Mor.E.f
1
� // D E.@Mor.f

1
� //.

(3) If AM
B and BN

D are bimodules and BN
D is operationally bounded, then

there is a canonical isomorphism of DA bimodules

A˝CE.AM
B � BN

D
IC/D˝C

Š A˝CE.M IC/B˝C � B˝CE.N IC/D˝C :

(4) With respect to the above isomorphism, we also have

E.f 1� � I/ D E.f 1� /� I and E.I � g1�/ D I � E.g1�/;

for any DA bimodule morphisms f 1� and g1�.

Proof. The first claim follows from the bimodule relations for N , together with the
fact that multiplication on C is associative.

For the second claim, we note that each term of @Mor.E.f
1
� //, when evaluated on

.bnjcn/; : : : ; .b1jc1/; xj1k, is equal to a corresponding term of @Mor.f
1
� /. It is easy to

see that all of the terms cancel.
For the third claim, the map is f 11 .x˝ y/D x˝ y˝ 1A˝C and f 1j D 0 if j > 1.

It is easy to see that this is an isomorphism of DA bimodules.
The final claim is verified in a similar manner.

Remark 3.6. The external tensor product gives a way to tensor a type-D module
XA˝B with a type-A module AY. Namely, we take the ordinary box tensor prod-
uct of XA˝B with A˝BE.Y;B/B . The reader may recognize that this procedure is
identical to Lipshitz, Ozsváth and Thurston’s box tensor product between a type-DD
module and a type-A module [25, Figure 4].

We now consider an additional commutativity property of extension of scalars.

Proposition 3.7. Suppose that AM
B and CN

D are DA bimodules over associative
algebras. Then

A˝CE.M;C/B˝C � B˝CE.N;B/B˝D

and
A˝CE.N;A/A˝D � A˝DE.M;D/B˝D

are homotopy equivalent as DA bimodules. In fact, both are homotopy equivalent
to the external tensor product of AM

B and CN
D along a cellular diagonal of the

associahedron (defined below).
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Remark 3.8. If one of M and N has the property that ı1j D 0 for j > 2, then the
above proposition may be easily proven directly since the structure maps on the two
tensor products are identical.

As alluded to in its statement, Proposition 3.7 is most naturally proven by con-
sidering a more general tensor product operation on bimodules, called the external
tensor product. The construction requires a choice of a cellular diagonal of Stasheff’s
associahedron [51, 52]. We recall some background about diagonals presently. Our
exposition will follow the work of Lipshitz, Ozsváth and Thurston [28], though we
refer the reader to earlier work of Saneblidze–Umble [48] on diagonals of the associ-
ahedron. See also [33] and [31].

We recall that the .n � 2/-dimensional associahedron, denoted Kn, has a cell
decomposition which admits a simple combinatorial description, as follows. We con-
sider a chain complex C cell

� .Kn/ over F whose generators are identified with planar
trees T , which have nC 1 valence 1 vertices, which are partitioned into n “input” ver-
tices and one “output” vertex. Furthermore, trees T are assumed to have no vertices
of valence 2. The dimension of a generator ŒT � is given by

deg.T / D
X

v2Vint.T /

.val.v/ � 3/;

where Vint.T / denotes the interior vertices of T . The differential on C cell
� .Kn/ is

defined by setting @.T / to be the sum of all trees obtained by splitting an interior
vertex into two interior vertices by adding a single edge.

The external tensor product operation has as input a pair of DA bimodules AM
B

and CN
D , and has as output a DA bimodule A˝C .M ˝� N/

B˝D . The underlying
vector space of M ˝� N is the ordinary tensor product M ˝F N . The DA bimodule
structure map ı1jC1 depends on an extra piece of data, called a cellular diagonal of
the associahedron � .

Definition 3.9 ([28, Definition 2.13]). A cellular diagonal of the associahedron �
consists of a collection of degree preserving chain maps

�nWC
cell
� .Kn/! C cell

� .Kn/˝F C
cell
� .Kn/;

for n � 2, which are compatible with concatenation of trees (in the sense described
below), and such that �2 is the canonical isomorphism between C cell

� .K2/ Š F and
C cell
� .K2/˝F C

cell
� .K2/ Š F .

The compatibility condition is as follows. Firstly, there is a natural splicing oper-
ation

ıi WC
cell
� .Kn/˝ C

cell
� .Km/! C cell

� .KnCm�1/;
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where T ıi S joins the output of S into the i -th input of T . We define ıi also for
tensors of trees by the formula

.T1 ˝ T2/ ıi .S1 ˝ S2/ D .T1 ˝i S1/˝ .T2 ˝i S2/:

The compatibility condition of Definition 3.9 is that if T and S have n and m inputs,
respectively, then

�nCm�1.T ıi S/ D �n.T / ıi �m.S/:

We write‰n 2C cell
� .Kn/ for the tree with n inputs and exactly one interior vertex.

The generator ‰n is called the corolla with n inputs and has homological degree
n � 2. This is the maximal non-trivial grading of C cell

� .Kn/.
If AM

B D .M; ı1�/ is a DA bimodule, then to each planar tree T with .nC 1/-
inputs, we may form an evaluation map ı1T WA

˝n ˝M ! M ˝ B as follows. We
first compose the maps ı1j according to the tree T . This naturally gives a map from
A˝n ˝M to M ˝B˝k , where k is the number of vertices in the right-most path
of T . We then apply �B

2 repeatedly to obtain a map from A˝n ˝M to M ˝B.
This gives a map

evWC cell
� .KnC1/! Hom.k;j/.A

˝n
˝M;M ˝B/:

We equip Hom.k;j/.A
˝n ˝M;M ˝B/ with a differential @ given by

@.f 1jC1/ D ı
1
1 ı f

1
jC1 C f

1
jC1 ı ı

1
1 :

The statement that the structure maps ı1� of AM
B satisfy the DA bimodule relations

is equivalent to the statement that MB � BB is a chain complex, and that ev is a
chain map.

We define ı11 onM ˝F N via the Leibniz rule, and for n > 0 we define the struc-
ture map ı1nC1 as .ev˝ ev/.�nC1.‰nC1//. The fact that the DA bimodule structure
relations hold is immediate.

Since we are focused only on associative algebras, it is helpful to instead focus
our attention on a slightly more coarse definition of a diagonal.

Definition 3.10. For n � 2, we define a chain complex M red
n;� as the following mod-

ification of C cell
� .Kn/. We call M red

n;� the complex of left-reduced module trees. The
vector space M red

n;� is generated by planar trees T with n-inputs, such that all vertices
of valence 4 or more occur along the right-most path in T from an input to the output.
Additionally, we quotient by the relation that T ıi S D T ıi S 0 whenever i < n and
S and S 0 have degree 0 (i.e., only valence 3 internal vertices) and the same number
of inputs. See Figure 3.1 for examples.

We define the differential @ onM red
n;� the same as in C cell

� .Kn/. It is not hard to see
that @2 D 0.
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D D 0

Figure 3.1. Equalities of trees in M red
n;�.

For the purposes of defining the diagonal tensor product of two DA bimodules
over associative algebras, we will use the following notion.

Definition 3.11. A left-reduced module diagonal is a collection of grading preserving
chain maps

�nWM
red
n;� !M red

n;� ˝M
red
n;�

which are compatible with splicing of trees.

Lemma 3.12. The complexM red
n;� has homology F in degree 0, and 0 in other degrees.

Proof. We claim that the homology is generated by a tree

Tgen WD ‰2 ı1 T0;

where T0 is a degree 0 tree with n � 1 inputs (all such trees are equal in M red
n;�). To

see this, we argue as follows. We define a map

H WM red
n;� !M red

n;�C1

as follows. If T is a tree, we say the right-most path of T is the path from the right-
most input of T to its root. We write RP.T / for this path. Given a tree T , if T has
more than one interior vertex along RP.T /, then we contract the top two interior
vertices along this path to define a tree T 0. We set H.T / D T 0. Otherwise we define
H.T / D 0.

We claim that if N � 0, the map .I C Œ@; H�/N is a projection onto the span
of Tgen. Note that this clearly proves the claim. To see this, we argue as follows.
Given a tree, we define the right-path weight to be

wR.T / WD
X

v2RP.T /

.val.v/ � 2/:

We define the subspace Fj �M
red
n;� to be the span of trees T with wR.T / � j .

It is straightforward to check that if j > 1, then I C Œ@; H� maps Fj into Fj�1.
Furthermore, I C Œ@; H� is the identity on F1. Therefore, for N large enough,
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.I C Œ@; H�/N gives a homotopy equivalence onto F1 (viewing F1 as a subcomplex
with vanishing differential). However, F1 is exactly the span of Tgen, so the proof is
complete.

For our theory, we need to show that if AM and BN are A1-modules over
associative algebras A and B, then A˝B.M ˝� N/ is independent of the choice
of left-reduced module diagonal � . The argument is identical to the work in [28, Sec-
tion 3], though we include it for completeness. Firstly, we introduce the following
notion.

Definition 3.13. A left-reduced module morphism tree consists of a planar input tree
T which has exactly one distinguished vertex along its right-most path, and whose
vertices of valence 4 or more are all along the right-most path. We call the distin-
guished vertex the morphism vertex. This vertex has valence 2 or greater, whereas the
other interior vertices have valence 3 or greater. We quotient this set of trees by the
relation that T ıi S D T ıi S 0 whenever T has n inputs, i < n, and S and S 0 have
degree 0 and the same number of inputs.

The degree of a left-reduced module tree T is

deg.T / D 1C
X

v2V0.T /

.val.v/ � 3/:

We write X red
n;� for the vector space of left-reduced module morphism trees. We

can naturally equip X red
n;� with a differential which sums over all ways of splitting one

interior vertex into two interior vertices while leaving a valid left-reduced module
morphism tree.

Lemma 3.14. The chain complex X red
n;� has homology equal to F in degree 0, and 0

in other degrees.

The proof of Lemma 3.14 is very similar to the proof of Lemma 3.12, and we
leave the details to the reader.

Definition 3.15. If � and � 0 are two left-reduced module diagonals, then a left-
reduced module morphism diagonal from � to � 0 consists of a collection of chain
maps

y�nWX
red
n;� ! X red

n;� ˝X
red
n;�;

such that y�1 is an isomorphism, and y�n is compatible with splicing in the following
sense. If S 2 X red

n;� and T 2M red
m;�, then

y�nCm�1.S ın T /D y�n.S/ ın �m.T / and y�nCm�1.T ım S/D �
0
m.T / ım

y�n.S/:

Finally, if T0 2M red
m;0 is a degree 0 tree and S 2 X red

n;�, then

y�nCm�1.S ıi T0/ D y�n.S/ ıi .T0 ˝ T0/:
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Using Lemma 3.14, left-reduced module morphism diagonals may be constructed
by a straightforward inductive argument.

Remark 3.16. If A and B are associative algebras and f�WAM1 ! AM2 and g�W
BN1 ! BN2 are two A1-module morphisms and y� is a left-reduced module mor-
phism diagonal, then we can define an A1-module morphism

.f� ˝y� g�/WA˝B.M1 ˝� N1/! A˝B.M2 ˝�0 N2/:

Applying the above construction to the case thatM1 DM2 DM andN1 DN2 DN ,
we obtain a chain map I� from .M ˝� N/ to .M ˝�0 N/which is a homotopy equiv-
alence because I1 D IM˝N is an isomorphism. We may similarly use y� to tensor DA
bimodule morphisms together when the underlying algebras are associative algebras.

The motivation for left-reduced module diagonals is that it is straightforward to
describe explicitly a diagonal over them. We now define two left-reduced module
diagonals

L�n; R�nWM
red
n !M red

n ˝M
red
n :

We only focus on L�n, since R�n is obtained by switching the coordinates of the
codomain.

To describe L�n, we define the right-join of two input trees T1 and T2, denoted
RiJ.T1; T2/, to be the tree obtained by stacking the output of T2 into the right-most
input vertex of T1. (This is the mirror of Lipshitz, Ozsváth and Thurston’s left-join,
as adapted to our handedness conventions on modules.) If T1; : : : ; Tn is a collection
of trees, we write

RiJ.T1; : : : ; Tn/ D RiJ.T1; : : : ;RiJ.Tn�1; Tn//;

If T1; : : : ; Tn are n trees, the root-join of T1; : : : ; Tn, denoted RoJ.T1; : : : ; Tn/,
is obtained by adjoining the outputs of T1; : : : ; Tn into a single corolla ‰n. See [28,
Definition 2.28].

For n > 1, we write Sn 2 H cell
0 .Kn/ for the generator (thought of as a tree with n

inputs and only valence 3 interior vertices).
The tree pairs appearing as summands of L�n.‰n/ consist of the sum of all pairs

T ˝ S where
T D RiJ.‰nkC1; : : : ; ‰n1C1/

for some numbers n1; : : : ; nk > 0 (where k > 0) satisfying

n1 C � � � C nk C 1 D n;

and
S D RoJ.Sn1 ; : : : ; Snk ;#/:

This root join is taken in such a way that # corresponds to the module input of the
tree. See Figure 3.2 for an example.
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˝

Figure 3.2. An example of a tree contributing to L�9.‰9/.

Lemma 3.17. The mapsR�n andL�n, defined above, are left-reduced module diag-
onals.

The proof is straightforward and left to the reader.

Proof of Proposition 3.7. We observe that, immediately from the definitions, we have
isomorphisms

A˝CE.M;C/B˝C � B˝CE.N;B/B˝D
Š A˝C .N ˝R� M/B˝D ;

A˝CE.N;A/A˝D � A˝DE.M;D/B˝D
Š A˝C .N ˝L� M/B˝D ;

where R� and L� denote the left-reduced module diagonals from Lemma 3.17. This
implies the main claim, because any two choices of module diagonals give homotopy
equivalent bimodules by the argument described in Remark 3.16.

We now prove a result which relates our extension of scalars operation with the
external tensor product.

Proposition 3.18. Let A, B and C be associative algebras. If AN
B is a DA bimod-

ule, then A˝CE.N;C/B˝C is isomorphic to the external tensor product of AN
B and

C ŒI�C , for any choice of cellular diagonal of the associahedron (or more generally,
module diagonal or left-reduced module diagonal).

The key to the above result is the following lemma.

Lemma 3.19. Suppose that � is a cellular diagonal of the associahedron (or a
module diagonal, or a left-reduced module diagonal). For each n, write �n.‰n/ D
‰n ˝ X C Y , where X has degree 0 and Y 2 C cell

� .Kn/ ˝ C
cell
>0 .Kn/. Write X D

T1 C � � � C Tj , where each Ti is a tree of degree 0. Then j � 1 .mod 2/.

Proof. The argument is the same, regardless of what kind of diagonal � is, so we
assume that � is an ordinary cellular diagonal of the associahedron. There is a quasi-
isomorphism …WC cell

� .Kn/! F , which is 0 on C cell
>0 .Kn/. The map … sends a tree

in grading 0 to 1 2 F , and is 0 on all other trees. It is straightforward to check that
… is a chain map. By tensoring, we obtain a quasi-isomorphism I ˝…WC cell

� .Kn/˝

C cell
� .Kn/! C cell

� .Kn/.
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The claim in the statement is equivalent to the claim that .I˝…/.�n.‰n//D‰n.
This claim is equivalent to the claim that .I ˝…/.�n.‰n// is non-zero, since ‰n is
the only tree in its grading. We argue by induction. The case that n D 2 is clear.

By induction and the fact that � respects splicing, we observe that

.I ˝…/.�n.@‰n// D @‰n:

On the other hand,

.I ˝…/.�n.@‰n// D @..I ˝…/.�n.‰n///:

For this to be @‰n, we must have that .I ˝…/.�n.‰n// is non-zero, so the proof is
complete.

Proof of Proposition 3.18. The proof is the same, regardless of what kind of diagonal
� is, so we assume that � is an ordinary cellular diagonal of the associahedron. The
map ı1nC1 on the external tensor product is determined by the structure map on N as
well as the chain �nC1.‰nC1/. If Ti ˝ Sj is any summand of �nC1.‰nC1/, where
Ti and Sj are trees with nC 1 inputs of degree i and j , respectively, then the corre-
sponding summand of ı1nC1 on E.N;C/ will vanish unless j D 0 and i D n� 1 since
C is an associative algebra. In particular, the only contributions to ı1nC1 will be from
tree pairs of the form ‰nC1 ˝ T0, where T0 is a degree 0 tree. By Lemma 3.19 there
are an odd number of such summands of �nC1.‰nC1/. It follows that the external
tensor product is exactly the extension of scalars construction we gave earlier.

3.6 Hypercubes as type-D modules

In this section, we present a helpful perspective of hypercubes and hyperboxes in
terms of type-D modules over certain algebras which we call the cube and box alge-
bras. Many natural hyperbox operations, such as compression, have natural interpre-
tations as A1-module operations with respect to these algebras.

We will not use the cube and box algebras explicitly in this memoir, but they are
related to our reinterpretation of the Manolescu and Ozsváth’s link surgery formula
in terms of type-D modules over the algebra L.

We begin with the 1-dimensional cube algebra C1. The algebra C1 is an algebra
over the idempotent ring I0 ˚ I1, where I" Š F . If " 2 ¹0; 1º, we write i" for the
generator of I". We set I" � C1 � I" D I", and we set

I1 � C1 � I0 D h�0;1i;

i.e., we set I1 � C1 � I0 Š F , generated by an element �0;1.
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Next, we introduce the n-dimensional cube algebra Cn. The definition is

Cn D C1 ˝F � � � ˝F C1 D

nO
F

C1:

Note that this is an algebra over the idempotent ring En D
Nn

F I. If " 2 ¹0; 1ºn, we
will write E" for I"1 ˝ � � � ˝ I"n . We will write i" for the generator of E" Š F .

The importance of the cube algebra is the following.

Lemma 3.20. The category of n-dimensional hypercubes of chain complexes is equiv-
alent to the category of type-D modules over Cn.

Proof. We describe how to obtain a type-D module over Cn from a hypercube of
chain complexes. Suppose that X D .X"; D";"0/"2En is a hypercube of chain com-
plexes. We define a type-D module XCn as follows. The underlying group of X is
the total space of X , i.e., X D

L
"2En

X". This is naturally a module over the idem-
potent ring En.

We define ı1WX ! X ˝En Cn as follows. If " � "0, there is an algebra element
�";"0 which is the tensor product of �0;1 over all i such that "i < "0i . If " D "0, we set
�";" D i". With this notation, we set

ı1.x/ D
X
"�"0

D";"0.x/˝ �";"0 :

The type-D structure relations for .X; ı1/ are straightforward to verify.
If X D .X"; D";"0/ and Y D .Y"; D

0
"0;"0/ are two n-dimensional hypercubes of

chain complexes, it is straightforward to extend the above construction to give an
isomorphism between morphism sets

F WMorEn.X; Y /! MorCn.XCn ;YCn/;

where MorEn denotes the group of hypercube morphisms and MorCn denotes the
group of type-D morphisms. Clearly, F is an isomorphism and F.f ı g/ D F.f / ı
F.g/. Hence, we have constructed a functor from the category of n-dimensional
hypercubes to the category of type-D modules over Cn. An inverse functor is straight-
forward to describe.

The above construction extends naturally to the setting of hyperboxes, as we now
describe. We begin with the 1-dimensional box algebra B.d/ of size d > 0. This is an
algebra over the idempotent ring

I.d/ WD I0 ˚ I1 ˚ � � � ˚ Id ;

where each Ii Š F . We set
Ii �B.d/ � Ii D F :
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We set

Ij �B.d/ � Ii D

´
h�i;iC1i if j D i C 1;

¹0º otherwise:

Multiplication is given by setting �j;jC1 � �i;iC1 D 0 for all i and j .
If dD .d1; : : : ; dn/ is a tuple of positive integers, we define the hyperbox algebra

of size d, denoted Bd to be the tensor product

Bd WD B.d1/ ˝F � � � ˝F B.dn/:

We have the following straightforward extension of Lemma 3.20.

Lemma 3.21. The category of hyperboxes of size d is equivalent to the category of
type-D modules over the algebra Bd.

Manolescu and Ozsváth’s compression operation also has a conceptually simple
description in terms of the cube and box algebras. With the present perspective, com-
pression takes the form of a DA bimodule

B.d/ ŒC.d/�
C1 ;

defined as follows.
If d D 1, we define C.d/ to be the identity bimodule. Henceforth, assume d > 1.

As a group, C.d/ is a copy of I D I0 ˚ I1. The right action of I is the obvious one.
The left action of the box idempotent ring I.d/ is given by having I.0/ and I.d/ act by
I0 and I1, respectively, and having Ij act trivially for j D 1; : : : ; d � 1.

The bimodule ŒC.d/� has ı1j D 0 for all j except ı12 and ı1
dC1

. We set ı12 to be the
unique map satisfying ı12.i"; i�/ D .i" � i�/˝ 1, where " 2 ¹0; : : : ; dº and � 2 ¹0; 1º,
and such that ı12.�i;iC1; i�/ D 0 for all i . We define

ı1dC1.�d�1;d ; : : : ; �0;1; i0/ D i1 ˝ �:

Example 3.22. Consider a hyperbox of dimension 1,

X D
�
C0

f1;0
��! C1

f2;1
���! � � �

fd�1;d
�����! Cd

�
:

The associated type-D module over B.d/ takes the following form:

XB.d/ D
�
C0

f0;1˝�0;1
������! C1

f1;2˝�1;2
������! � � �

fd�1;d˝�d�1;d
�����������! Cd

�
:

The underlying group of the box tensor product XB.d/ � B.d/ ŒC.d/�
C1 is C0 ˚ Cd .

One easily computes that the differential on this box tensor product is

XB.d/ � B.d/ ŒC.d/�
C1 D

�
C0

.fd�1;dı���ıf0;1/˝�
�������������! Cd

�
:
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The right-hand side is the compression of X , viewed as a type-D module over C1,
because it coincides with the function composition description of compression that is
discussed in Section 2.3.

More generally, if d D .d1; : : : ; dn/ is an n-tuple of positive integers, we can
define a bimodule Bd ŒCd�

Cn as the external tensor product of the DA bimodules
B.di /

ŒC.di /�
C1 ranging over i D 1; : : : ; n. Note that defining the external tensor prod-

uct requires a choice of ordering of the axis directions, cf. Section 3.5.

Lemma 3.23. If X is a hyperbox of size d D .d1; : : : ; dn/, and XBd is the corre-
sponding type-D module, then the compression of X coincides with the hypercube
corresponding to XBd � Bd ŒCd�

Cn .

Proof. The bimodule Bd ŒCd�
Cn requires a choice of module diagonal to construct.

Alternatively, by the proof of Proposition 3.7, we can construct Bd ŒCd�
Cn using the

extension of scalars construction. Write di D .1; : : : ; 1; di ; : : : ; dn/. We apply the
extension of scalars construction to Bdi

ŒC.di /�
C1 to obtain a bimodule

Bdi
ŒCdi ;i �

BdiC1 :

Using Proposition 3.7, we see that

Bd ŒCd�
Cn ' Bd ŒCd1;1�

Bd2 � � � �� Bdn ŒCdn;n�
Cn : (3.5)

Tensoring with Bdi
ŒCdi ;i �

BdiC1 has the same effect as applying the partial compres-
sion operation ci from Section 2.3, so the main claim follows from equation (3.5).





Chapter 4

Homological perturbation theory

In this chapter, we describe several versions of the homological perturbation lemma.
In this chapter and throughout the rest of the memoir, we assume that every ring and
module has characteristic 2.

4.1 A1-modules

Kadeishvili proved that A1-algebra structures could be transferred along homotopy
equivalences of the underlying chain complex, when coefficients were in a field [17].
A formula for the perturbed A1-module structure in terms of trees may be found in
work of Kontsevich and Soibelman [21, Section 6.4]. See [19, Section 3.3] or [50,
Remark 1.15] for more historical context and development of ideas. The following is
a statement of the homological perturbation lemma for A1-modules.

Lemma 4.1. Suppose that A is an associative algebra over a ring k, AM is an A1-
module, .Z; mZ1 / is a chain complex over k, and that we have three maps of left
k-modules

i WZ !M; � WM ! Z; and hWM !M

satisfying the following:

(1) i and � are chain maps.

(2) � ı i D idZ .

(3) i ı � D idM C @Mor.h/.

(4) h ı i D 0.

(5) � ı h D 0.

(6) h ı h D 0.

In the above, @Mor.h/ denotes the morphism differential for chain complexes, i.e.,
@Mor.h/D h ım

M
1 Cm

M
1 ı h. Then there is anA1-module structure onZ, extending

mZ1 , such that the maps � , i and h extend to A1-module morphisms which satisfy all
of the above relations as A1-module maps.

One extremely useful aspect of the homological perturbation lemma is that all
of the maps have a concrete description. The structure maps on Z are given by the
diagrams shown in Figure 4.1. Therein, m>1 denotes the A1 structure maps of M ,
with m1 excluded.
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mZ.a; x/ D

a x

� i

m>1

� h

m>1

:::
:::

h

m>1

�

i.a; x/ D

a x

� i

m>1

� h

m>1

:::
:::

h

m>1

h

�.a; x/ D

a x

� h

m>1

� h

m>1

:::
:::

h

m>1

�

h.a; x/ D

a x

� h

m>1

� h

m>1

:::
:::

h

m>1

h

Figure 4.1. The maps appearing in the homological perturbation lemma for A1-modules.
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4.2 DA bimodules

There is a homological perturbation lemma for DA bimodules, which we will use
extensively. The statement and proof are similar to the statement for A1-modules. If
.AM

B ; ı1j / is a DA bimodule, we will write MB for the associated type-D module
which has the same generators as AM

B , and whose structure map is given by the
map ı11 from AM

B .

Lemma 4.2. Suppose that A and B are associative algebras, and that AM
B is a

type-DA bimodule,ZB is a type-D module over B, and that we have three morphisms
of type-D modules

i1WZB
!MB ; �1WMB

! ZB ; and h1WMB
!MB

satisfying the following:

(1) i1 and �1 are homomorphisms of type-D modules (i.e., @Mor.i
1/ and @Mor.�

1/

vanish).

(2) �1 ı i1 D idZ .

(3) i1 ı �1 D idM C @Mor.h
1/.

(4) h1 ı i1 D 0.

(5) �1 ı h1 D 0.

(6) h1 ı h1 D 0.

In the above, @Mor.h
1/ denotes the morphism differential for type-D modules over

B; see equation (3.2). Then there is an induced DA bimodule structure on AZ
B ,

extending ZB , such that the maps �1, i1 and h1 extend to DA bimodule morphisms
which satisfy all of the above relations as DA bimodule morphisms.

We refer the reader to [42, Lemma 2.12] for a proof. Note that the maps are similar
to those appearing in Figure 4.1. The structure map ı1jC1 is indicated in Figure 4.2.
The other maps i1j , �1j and h1j are constructed by a similar modification of the other
maps in Figure 4.1. Here, ı1>1 denotes ı1j for some j > 1. The final … map means to
multiply all of the inputs using several applications of �2.

4.3 Hypercubes

In this section, we review a version of the homological perturbation lemma for hyper-
cubes. See [14, Section 2.7] for more details. Lemma 4.3 is similar to other for-
mulations of the homological perturbation lemma in the context of filtered chain
complexes. See, e.g., [16]. A similar, though slightly less explicit, construction for
transferring hypercube structures along homotopy equivalences is described by Liu
[30, Section 5.6].
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ı1jC1.a; x/ D

a x

� i1

ı1>1

� h1

ı1>1

:::
:::

h1

ı1>1

�1

…

Figure 4.2. The structure relation ı1
jC1

from the homological perturbation lemma for DA
bimodules.

Lemma 4.3. Suppose that C D .C"; D";"0/"2En is a hypercube of chain complexes,
and .Z"/"2En is a collection of chain complexes, indexed by " 2 En. Furthermore,
suppose that for each " 2 En, we have chosen maps

�"WC" ! Z"; i"WZ" ! C"; h"WC" ! C";

satisfying

�" ı i" D id; i" ı �" D idC @Mor.h"/; h" ı h" D 0;

�" ı h" D 0; and h" ı i" D 0;

and such that �" and i" are chain maps. With the above data chosen, there are canon-
ical hypercube structure maps ı";"0 WZ" ! Z"0 so that Z D .Z"; ı";"0/ is a hypercube
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of chain complexes, and also there are morphisms of hypercubes

…WC ! Z; I WZ! C ; and H WC ! C

such that I and … are chain maps, and satisfy

… ı I D id; I ı…D idC @Mor.H/; H ıH D 0; … ıH D 0; and H ı I D 0:

It is important to understand that the structure maps ı";"0 and the morphisms …
and I are determined completely by an explicit formula. We now describe ı";"0 . Sup-
pose that " < "0 are points in En. The hypercube structure maps ı";"0 are given by the
following sum:

ı";"0 WD
X

"D"1<���<"jD"
0

�"0 ıD"j�1;"j ı h"j�1 ıD"j�2;"j�1 ı � � � ı h"2 ıD"1;"2 ı i":

The component of the map I sending coordinate " to coordinate "0 is given via the
formula

I";"0 WD
X

"D"1<���<"jD"
0

h"j ıD"j�1;"j ı � � � ı h"2 ıD"1;"2 ı i":

Similarly, … is given by the formula

…";"0 WD

X
"D"1<���<"jD"

0

�"0 ıD"j�1;"j ı h"j�1 ıD"j�2;"j�1 ı � � � ıD"1;"2 ı h"1 :

4.4 Hypercubes of DA bimodules

There is a version of the homological perturbation lemma which naturally generalizes
both the homological perturbation lemmas for DA bimodules and hypercubes of chain
complexes.

Definition 4.4. A hypercube of DA bimodules consists of a DA bimodule .C; ı1�/,
such that C decomposes as C D

L
"2En

C", where each C" is itself a .j; k/-module.
Furthermore, the structure map ı1jC1 decomposes as a sum of maps

ı1jC1;";"0 WA
˝j
˝ C" ! C"0 ˝B;

where j � 0, and " � "0.

The above definition is a special case of Lipshitz, Ozsváth and Thurston’s notion
of a filtered DA bimodule [24, Section 2.2].
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Lemma 4.5. Suppose that A and B are dg-algebras. Suppose also that ACB D

.AC
B
" ; D

1
�;";"0/"2En is a hypercube of DA bimodules, and suppose that for each

" 2 En we have chosen type-D modules .ZB
" /"2En , as well as morphisms of type-

D modules

�1" WC
B
" ! ZB

" ; i1" WZ
B
" ! CB

" ; and h1" WC
B
" ! CB

"

satisfying

�1" ı i
1
" D idZ" ; i1" ı �

1
" C idC" D @Mor.h

1
"/; h1" ı h

1
" D 0;

h1" ı i
1
" D 0; and �1" ı h

1
" D 0;

and such that �1" and i1" are homomorphisms of type-D modules (i.e., cycles). Such
data determines structure maps ı1jC1;";"0 WA

˝j ˝Z" ! Z"0 ˝B, which make AZB

D .AZ
B
" ; ı

1
�;";"0/ a hypercube of DA bimodules. Furthermore, there are morphisms

of hypercubes of DA bimodules

…1
�WACB

! AZB ; I 1� WAZB
! ACB ; and H 1

� WACB
! ACB ;

which satisfy analogous relations to i1" , �1" and h1" .

We now describe the maps ı1�, …
1
�, I

1
� and H 1

� . We focus on the structure map
ı1jC1;";"0 . This map is defined by modifying Figure 4.2 as follows. In place of each
ı1>1 labeled therein, we are allowed one of two maps:

(1) A hypercube map D1
jC1;";"0 for C , such that " < "0. Furthermore, we assume

only that j � 0 (so that we allow the case that there are no algebra inputs
here).

(2) An internal structure map D1
>1;";" of some AC

B
" (so in this case we do not

allow instances of the internal differential D1
1;";").

The maps …1
�, I

1
� and H 1

� are defined by small modifications, similar to Fig-
ure 4.1. We leave the proof of the above lemma to the reader, as it is a straightforward
variation of Lemma 4.2.



Chapter 5

Linear topological spaces

In this chapter, we recall basic background on algebraic completions. See [1, Sec-
tion 10] and [22, Chapter 2] for related background. This material is used to define
our module categories in Chapter 7.

Definition 5.1. A linear topological vector space consists of a vector space X

equipped with a topology which admits a basis of open sets centered at 0 consist-
ing of vector subspaces, such that furthermore the addition map X � X ! X is
continuous.

If R is a ring, an R-module with linear topology is defined similarly, except that
there is a basis of 0 consisting of R-submodules.

Vector spaces with linear topologies are usually specified by picking a decreasing
filtration consisting of subspacesXi �X indexed by i 2 I , where I is some directed
and partially ordered set. Such a filtration determines a topology, where we declare a
basis to be the sets of the form x CXi , where i 2 I and x 2 X.

Given a filtration .Xi /i2I on a vector space X, the completion is defined as the
inverse limit

X WD lim
 �
i2I

X=Xi :

Rather than working with inverse limits, it is sometimes easier to work with
Cauchy sequences and nets. Since some of the spaces we are working with are not first
countable, we work with Cauchy nets instead of the perhaps more familiar Cauchy
sequences.

We recall that a net in a topological space X is a map xW I ! X, where I is a
directed set. We usually write x D .xi /i2I for a net. When X is a linear topological
vector space, we say that a net .xi /i2I is Cauchy if for each open subspace E � X,
there is an i0 2 I such that if i; j � i0, then xi � xj 2 E.

If .xi /i2I and .yj /j2J are two nets in X, their sum is the net .xi C yj /.i;j /2I�J .
Two Cauchy nets are equivalent if their difference converges to 0 2 X as a net. We
note that the collection of nets in X forms a proper class, though the set of Cauchy
equivalence classes is a set. The following is well known and is elementary to prove.

Lemma 5.2. If X is a linear topological space, then the completion X is canonically
isomorphic to the vector space of equivalence classes of Cauchy nets in X.
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5.1 Linear maps

If X and Y are linear topological vector spaces, then a continuous map f WX !
Y naturally induces a map on completions. We recall the following basic principle,
whose proof is elementary.

Lemma 5.3. Suppose that X and Y are linear topological spaces. A linear map
f WX ! Y is continuous if and only if it is continuous at 0.

Definition 5.4. We define the category of linear topological vector spaces over F ,
denoted LTSF , as follows. The objects are linear topological vector spaces over F .
We define the set of morphisms from X to Y in this category to be the set of contin-
uous linear maps from X to Y (i.e., continuous linear maps between the completed
spaces).

Remark 5.5. By definition, X and X are isomorphic in the category LTSF for any
linear topological F -vector space X.

5.2 Direct products

We now describe some helpful perspectives on the direct sum and product in the
context of linear topological spaces. These are important for our work because of the
role that direct products play in the surgery formula from [32].

Definition 5.6. If .Xi /i2I is a family of linear topological spaces, the direct product
of topological vector spaces X D

Q
i2I Xi coincides with the direct product in the

category of topological spaces. More explicitly, a subspace E �
Q
i2I Xi is open if

and only if there is some finite set S � I and a set of open subspacesUs �Xs ranging
over s 2 S , such that � Y

i2InS

Xi

�
˚

�Y
s2S

Us

�
� E:

We declare the product topology on
L
i2I Xi to be the subspace topology induced by

the inclusion
L
i2I Xi �

Q
i2I Xi .

Note that if X D
L
i2I Xi is equipped with the product topology, then X ŠQ

i2I Xi .
In our work, we consider frequently the case where each Xi is equipped with the

discrete topology. In this case, if S � I is a finite set, we write

Xco.S/ D
M
i 62S

Xi

for the fundamental basis of opens.
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Example 5.7. In this example, we illustrate the case that I D Z and Xi D F . We
consider X D

L
i2I Xi . Write xi for the generator of Xi ; the basis of open sub-

spaces as Xco.¹�n;:::;nº/ D Span.xi W ji j > n/. We can identify X=Xco.¹�n;:::;nº/ with
Span.x�n; : : : ;xn/. The inverse limit of X=Xco.¹�n;:::;nº/ consists of all tuples .ai /i2Z

where ai 2 Xi . This is the direct product
Q
i2ZXi .

The following example illustrates the meaning of a continuous map between
direct products equipped with the product topologies.

Example 5.8. Suppose that F W
Q
i2I Xi !

Q
j2J Yj is a linear map and eachXi and

Yj is equipped with the discrete topology. Write Fj;i for …j ı F ı Ii , where …j and
Ii are projections and inclusions. Then F is continuous with respect to the product
topologies if and only if for each j , there are only finitely many i such that Fj;i ¤ 0,
and furthermore F D

P
j;i Fj;i .

5.3 Linear compactness

We now recall the notion of linear compactness. This definition is important for the
module categories in Chapter 7 since some of the operations we define (such as var-
ious versions of the external tensor product) require the underlying spaces of our
modules to be linearly compact. All of the link surgery modules we construct are
linearly compact.

Many basic statements about compact sets from point-set topology have analogs
for linearly compact vector spaces, though linear compactness and point-set compact-
ness are not equivalent in general. There are several equivalent definitions of linear
compactness, though the following is the most useful for our purposes.

Definition 5.9. A linear topological space X is linearly compact if each open sub-
space U � X has finite codimension, i.e., dim.X=U / <1.

Remark 5.10. (1) The notion of linear compactness may be found in the classical
work of Lefschetz [22, Chapter 2]. Note that Lefschetz formulates linear compactness
in terms of the finite intersection property for closed affine subspaces, though this
turns out to be equivalent. Since we will not revisit the work of Lefschetz, we will not
describe the equivalence.

(2) The direct product of linearly compact spaces is linearly compact. In particu-
lar,

Q
N F is linearly compact.
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5.4 Tensor products

Given linear topological vector spaces X and Y, there are many different ways to
topologize the tensor product X ˝ Y. This phenomenon goes back to work of
Grothendieck [8] in the setting of functional analysis and Banach spaces. Despite
fundamental differences between the Banach spaces and linear topological vector
spaces, similar phenomena occur in both settings.

In this memoir, we focus on three natural topologies on tensor products:

(1) The standard topology X ˝Š Y.

(2) The �-topology X ˝� Y.

(3) The chiral-topology X E̋ Y.

The following inclusions are continuous:

X ˝� Y � X E̋ Y � X ˝Š Y:

The topologies˝� and E̋ are due to Beilinson [2]. Additional exposition and analysis
of these constructions is given by Positelski [46, Sections 12 and 13], wherein many
basic properties, subtleties and counterexamples to natural conjectures are described.
These topologies are defined as follows.

Definition 5.11. Suppose that X and Y are linear topological spaces.

(1) A subspace E �X ˝Š Y is open if and only if the following holds: There are
open subspaces U � X and V � Y such that U ˝ Y � E and X ˝ V � E.

(2) A subspace E � X ˝� Y is open if and only if the following holds: There
are open subspaces U � X and V � Y such that U ˝ V � E; and for each
x 2 X and y 2 Y, there are open subspaces Uy � X and Vx � Y such that
x ˝ Vx � E and Uy ˝ y � E.

(3) A subspace E � X E̋ Y is open if and only if the following holds: There is
an open subspace U � X so that U ˝ Y � E; and for each x 2 X, there is
an open Vx � Y such that x ˝ Vx � E.

The topologies ˝� and ˝Š are symmetric between X and Y, though E̋ is asym-
metric. The motivation for E̋ is that it is a natural topology for an algebra whose
topology is given by one-sided ideals. This perspective is of particular importance
because our algebra K is naturally topologized using a family of right ideals. See
Lemma 7.7.

Remark 5.12. If X and Y are equipped with filtrations .Xi /i2N and .Yi /i2N , such
that X0 D X and Y0 D Y, then the topology on X ˝Š Y is equivalent to the one
induced by the filtration .X ˝ Y/n D

P
iCjDnXi ˝ Yj . This is because

X2n ˝ Y ˚X ˝ Y2n �
X

iCjD2n

Xi ˝ Yj � Xn ˝ Y ˚X ˝ Yn:
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This is not in general true if we work with filtrations over Z instead of N, or if we
relax the assumption that X0 D X and Y0 D Y.

5.5 Associativity and commutativity relations

In this section, we recall some basic properties about the tensor products ˝Š, E̋
and˝�. We begin with associativity.

Lemma 5.13. If ı is one of ¹�; Š;!º, then the canonical map

X ˝ı .Y ˝ı Z/ Š .X ˝ı Y/˝ı Z

is a homeomorphism.

The reader may consult [46, Proposition 13.4] for details. In contrast, the different
tensor product operations are not mutually associative. Nonetheless, there are some
relations between different parenthesizations of the tensor products. One important
and well-known example is the following (we give a proof for the benefit of the
reader).

Lemma 5.14. Suppose that X1, X2, Y1, and Y2 are linear topological vector spaces.
The natural map

.X1 ˝
Š Y1/ E̋ .X2 ˝

Š Y2/! .X1 E̋ X2/˝
Š .Y1 E̋ Y2/

is continuous.

Proof. A subspace E � .X1 E̋ X2/˝
Š .Y1 E̋ Y2/ is open if

(s) There are openU1�X1 and V1�Y1, and for each x1 2X1 and y1 2Y1 there
are open U x12 �X2 and V y12 � Y2 so that X1˝X2˝ V1˝Y2, X1˝X2˝

y1 ˝ V
y1
2 , U1 ˝ X2 ˝ Y1 ˝ Y2, and x1 ˝ U

x1
2 ˝ Y1 ˝ Y2 are contained

in E.

A subspace E � .X1 ˝
Š Y1/ E̋ .X2 ˝

Š Y2/ is open if

(t-1) There are open U1 � X1 and V1 ˝ Y1 so that U1 ˝ Y1 ˝X2 ˝ Y2, and
X1 ˝ V1 ˝X2 ˝ Y2 are contained in E.

(t-2) For each x1 2 X1 and y1 2 Y1, there is an open U x1;y12 � X2 so that x1 ˝
y1 ˝ U

x1;y1
2 ˝ Y2 � E.

(t-3) For each x1 2 X1, y1 2 Y1, x2 2 X2, there is an open V x1;y1;x22 � Y2 so
that x1 ˝ y1 ˝ x2 ˝ V

x1;y1;x2
2 � E.

Any subspace E satisfying (s) satisfies (t-1), (t-2) and (t-3), so the stated map is
continuous.
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Applying Lemma 5.14 repeatedly gives the following corollary.

Corollary 5.15. Suppose that X1; : : : ;Xn and Y1; : : : ; Yn are linear topological
vector spaces.

(1) The map

.X1 ˝
Š Y1/ E̋ � � � E̋ .Xn ˝

Š Yn/! .X1 E̋ � � � E̋ Xn/˝
Š .Y1 E̋ � � � E̋ Yn/

is continuous.

(2) The map

.X1˝
Š
� � � ˝

Š Xn/ E̋ .Y1˝
Š
� � � ˝

Š Yn/! .X1 E̋ Y1/˝
Š
� � � ˝

Š .Xn E̋ Yn/

is continuous.

The following is well known.

Lemma 5.16. Suppose that X and Y are filtered spaces. If either

(1) X is linearly compact, or

(2) Y is discrete,

then X E̋ Y Š X ˝Š Y.

Proof. Consider the case that X is linearly compact and suppose that E � X E̋ Y

is an open subspace. By assumption, there is some open subspace U � X so that
U ˝ Y � E. Since X is linearly compact, we may pick x1; : : : ; xn 2 X span-
ning a complementary vector space to U . By assumption, there are open subspaces
V1; : : : ; Vn � Y so that xi ˝ Vi � E. Therefore

U ˝ Y CX ˝ .V1 \ � � � \ Vn/ � U ˝ Y C x1 ˝ V1 C � � � C xn ˝ Vn � E

so the map X ˝Š Y ! X E̋ Y is continuous. The map in the opposite direction is
obviously continuous, so they are isomorphic.

The claim when Y is discrete is similar.

Remark 5.17. If both X and Y are linearly compact, or both are discrete, then all
three tensor products X ˝Š Y, X E̋ Y and X ˝� Y coincide. Similarly, if X is lin-
early compact and discrete (i.e., finite-dimensional), then all three tensor products
coincide.

Remark 5.18. Even if X and Y are first countable, it may not be the case that X E̋ Y

is first countable. For example, if X D
L
i2Z F is given the discrete topology and

Y D FJU K (equipped with the U -adic topology) then it is not hard to see that X E̋ Y

is not first countable. See [46, Example 13.1 and Lemma 7.4].
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Morphisms may also be tensored. We state the following well-known result.

Lemma 5.19. All three tensor product operations ˝Š, ˝� and E̋ are functorial with
respect to morphisms, i.e., if f and g are continuous morphisms, then f ˝ı g is also
continuous for ı 2 ¹Š;�;!º.

See [46, Lemma 12.3] for a detailed exposition.

5.6 The tree topology

In this section, we introduce a topology on a tensor product of linear topological
spaces indexed by vertices of certain directed trees. We use this notion when consid-
ering split Alexander modules in Section 7.4.

We say that a tree � is strongly directed if each edge is given an orientation, and
each vertex has at most one outgoing edge. We write v > v0 if there is an oriented
sequence of edges from v to v0. A strongly directed tree has a unique minimal vertex,
which we refer to as the root.

If .Xv/v2V.�/ is a collection of linear topological spaces, we will describe a linear
topology on the tensor product

X� WD

O
v2V.�/

Xv:

The construction works more generally when the spaces Xv are equipped with com-
muting actions of rings Re for each edge e adjacent to v. (For our purposes, Re will
be an idempotent ring of a link algebra.)

We describe the topology after introducing some notation. We consider a set of
symbols ¹p;O; Xº. We call a function

sWV.�/! ¹p;O; Xº

an admissible labeling if it satisfies the following:

(s-1) s is not constantly p.

(s-2) If s.v/ D X , then s.v0/ D X for all v0 < v.

(s-3) If s.v/ D p, then s.v0/ D p for all v0 > v.

(s-4) If s.v/ D O, then s.v0/ D p for all v0 > v, and s.v0/ D X for all v0 < v.

(s-5) If s.v/ D X , then there is a vertex v0 with an edge pointing to v such that
s.v0/ 2 ¹O; Xº.

See Figure 5.1 for an example of an admissible labeling. Note that the last axiom
prohibits any maximal leaf from being labeled by X . Furthermore, an admissible
labeling must label at least one vertex with O.



Linear topological spaces 54

X

X

X O

OO p p

p

Figure 5.1. An admissible labeling of a strongly directed tree.

Suppose that s is an admissible labeling of � . We define a point-enhancement p
of s to be a choice of an element p.v/ 2 Xv for each v 2 s�1.p/. We say an open-
enhancement U of s is a choice of open subspaces U.v/ �Xv for each v 2 s�1.O/.
Given point- and open-enhancements, p and U, of s, there is a subspace W.U; p/ �
X� , obtained by tensoring the spans of p.v/ from p, with the open subspaces U.v/,
as well as Xv ranging over v 2 s�1.X/.

We now define the tree topology on X� , when � is a strongly directed tree.

Definition 5.20. Suppose that � is a strongly directed tree. We say a subspace E �
X� is open if and only if for each admissible labeling s of � and each point-enhance-
ment p of s, there is an open-enhancement Up of s so that

W.Up; p/ � E:

Example 5.21. If � is a linearly ordered graph with vertices vn > vn�1 > � � � > v1,
and Xvi are spaces, then

X� D Xvn
E̋ � � � E̋ Xv1 :

Remark 5.22. We warn the reader that there are some related (but subtly non-iso-
morphic) topologies that one can define on these tensor products. As an example,
consider a graph � with a central root vertex v0, and two rays pointing into v0, labeled
by vertices w1; : : : ; wn and u1; : : : ; um. We designate v0 is minimal, and wn and um
are maximal. See the following:

wn w1

um u1

v0.
� � �

� � �

Note that the topology

Y WD ..Xw1
E̋ � � � E̋ Xwn/˝

� .Xu1
E̋ � � � E̋ Xum// E̋ Xv0
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is similar to the tree topology X� , but is not isomorphic in general. The open sub-
spaces of Y may also be described in terms of admissible labelings of � , however, the
description has some subtle differences. For example, given an admissible labeling s
with point-enhancements p, the open subspaces in an open-enhancement Up for X�

may vary as we change p. For Y, the open set at a vertex labeled O can only depend
on the values of p for vertices above that vertex. On the other hand, the map

X� ! Y

is continuous. Compare Proposition 5.24 and Remark 5.26, below.

Remark 5.23. Suppose that � is a star with a minimal root v0, and n verticesw1; : : : ;
wn, each connected to v0 (and no additional vertices):

wnw1

v0.

� � �

If Xv0 ;Xw1 ; : : : ;Xwn are spaces indexed by the vertices, then

X� D .Xw1 ˝
�
� � � ˝

� Xwn/ E̋ Xv0 :

Proposition 5.24. Suppose that � is a strongly directed tree and �0 � � is a con-
nected subtree. Let .Xv/v2V.�/ be a collection of spaces, indexed by vertices of �
and let Y be another linear topological space. Suppose that

f WX�0 ! Y

is a continuous map. Let � 0 D �=�0 be the strongly directed tree obtained by con-
tracting all vertices of �0 to a single vertex, denoted Œ�0�. For v 2 V.� 0/, write Yv
for Xv if v 2 V.�/ n V.�0/, and Y if v D Œ�0�. Then the map

f ˝ idWX� ! Y�0

is continuous.

See Figure 5.2 for a schematic.

Proof. We let V 0 � Y�0 be open. Let s be an admissible labeling of � and p a point-
enhancement of s. Our goal is to construct an open-enhancement Up of s so that

.f ˝ id/.W.Up; p// � V 0:

Our construction of Up varies depending on s.
We partition the admissible labelings s of � as follows:

(1) (p-type) sj�0 � p.
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�0 Œ�0�

Figure 5.2. The operation considered in Proposition 5.24. On the left is � and on the right � 0.
The regions enclosed by dashes indicate �0 and Œ�0�.

(2) (O-type) sj�0 is not constantly p, and all edges pointing into �0 take value p.

(3) (X -type) There is at least one edge pointing into �0 which takes value O

or X .

If s is an admissible labeling, then we define a labeling s0 of V.� 0/ as follows.
For v ¤ Œ�0�, we can view v as a vertex of both � and � 0. We set s0.v/ D s.v/. If
v D Œ�0�, we define s0.v/ to be p if s is p-type, O if s is O-type, andX if s isX -type.

We make the following claims:

(1) If s is an admissible labeling of � , then s0 is an admissible labeling of � 0.

(2) If s is O-type, then sj�0 is an admissible labeling.

We leave it to the reader to verify both of the above two claims, as they are straight-
forward.

We now describe Up. The construction depends on whether s is p-, O- orX -type.
Suppose first that s is p-type. We let s0 be the admissible labeling of � 0 constructed
above, and we define a point-enhancement p0 of s0 by using the points from p for
vertices in V.�/ nV.�0/, and using f .p.v1/˝ � � �˝ p.vn// for the vertex Œ�0�, where
V.�0/ D ¹v1; : : : ; vnº. Since V 0 is open, there is an open-enhancement Up0 of s0 so
that

W.Up0 ; p0/ � V 0: (5.1)

We can use the same open subspaces from Up0 to construct an open-enhancement Up

of s. Equation (5.1) is equivalent to the statement that

.f ˝ id/.W.Up; p// � V 0:

The construction of Up when s is X -type is similar. In this case, given a point-
enhancement p of s, we define a point-enhancement p0 of s0 by using the points from
p for the vertices in V.� 0/ n ¹Œ�0�º D V.�/ n V.�0/. Since V 0 is open, there is an
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open-enhancement Up0 of s0 so that

W.Up0 ; p0/ � V 0:

We construct an open-enhancement of s by using the subspaces from Up0 for v 62
V.�0/, and using the entire subspaces Xv for v 2 V.�0/ with s.v/ D O. Since
s0.Œ�0�/ D X , we have that

.f ˝ id/.W.Up; p// � W.Up0 ; p0/

which is contained in V 0 by construction.
Finally, we consider the case that s is O-type (or equivalently s0.Œ�0�/ D O). We

let p be a point-enhancement of s. We let p0 be the point-enhancement of s0 obtained
by restricting p to the vertices of V.� 0/ n ¹Œ�0�º. Since V 0 is open, there is an open-
enhancement Up0 of s0 so that

W.Up0 ; p0/ � V 0:

Let U 00 � Y denote the open subspace Up0.Œ�0�/. Since f is continuous, there is an
open subspace U0 � X�0 such that f .U0/ � U 00.

Write s0 for sjV.�0/. As described earlier, s0 is an admissible labeling. Let p0
denote the restriction of p to �0. Since U0 is open, there is an open-enhancement U0

of s0 so that
W.U0; p0/ � U0:

We now define the open-enhancement Up of s as follows. For verticesw 2V.�/ n
V.�0/ with s.w/ D O, we set Up.w/ D Up0.w/. For the vertices w 2 V.�0/ with
s.w/ D O, we set Up.w/ D U0.w/. By construction

.f ˝ id/.W.Up; p// � W.Up0 ; p0/ � V 0:

It follows that .f ˝ id/�1.V 0/ is an open subspace, so the proof is complete.

Remark 5.25. Note that we can extend the above result in several ways.
(1) If .Xv/v2V.�/ is a family of linear topological spaces with �0 � � , and if

f WX�0 ! Y is a continuous map between completions, then there is a well-defined,
continuous map

f ˝ idWX� ! Y �0 :

To see this, note that it suffices to define a map from X� to Y �0 . In this case, observe
that if x 2 X�0 , then by definition f .x/ 2 Y is the limit of a Cauchy net ¹yˇ ºˇ2B
where yˇ 2Y. If x is in the tensor product of the Xv for v 62 V.�0/, then we claim that
¹yˇ ˝ xºˇ2B is a Cauchy net in Y�0 . It suffices to prove this when x is an elementary
tensor. Let s0 be the admissible labeling on �=�0 which assigns O to Œ�0�, assigns
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X to each vertex below Œ�0�, and assigns p to all other vertices. Let p0 be the point-
enhancement of s0 which assigns to each vertex w with s.w0/ D p the corresponding
factor from x. If V 0 � Y�0 is an open subspace, then by definition there is an open-
enhancement Up0 so that

W.Up0 ; p0/ � V 0:

The open-enhancement Up0 consists of a single open subspace U0 � Y, since Œ�0�
is the only O-labeled vertex. For all sufficiently large ˇ, we have yˇ 0 � yˇ 00 2 U0
whenever ˇ0;ˇ00 � ˇ. It follows that yˇ 0 ˝ x� yˇ 00 ˝ x2W.Up0 ;p0/ so ¹yˇ ˝ xºˇ2B
is a Cauchy sequence in Y. We therefore define .f ˝ id/.x ˝ x/ to be the limit of the
Cauchy net ¹yˇ ˝ xºˇ2B . A similar argument to the previous paragraph shows that
this definition of .f ˝ id/ is well defined (independent of the choice of net ¹yˇ º).
A straightforward extension of Proposition 5.24 shows that .f ˝ id/WX� ! Y �0 is
continuous.

(2) It follows from the previous argument that the completion X� is unchanged
if we replace one Xv in our family of spaces by its completion Xv . To see this, let
X0� denote the tree complex where one Xv is replaced by Xv . There is a natural
map X� !X0� . Applying the previous remark, there is a natural map in the opposite
direction, because the identity map gives a continuous map from the completion of
Xv to the completion of Xv . These maps are easily seen to be inverses.

We highlight an important application of Proposition 5.24.

Remark 5.26. If � is a strongly directed graph and .Xv/v2V.�/ is a family of spaces,
we can form another collection of spaces by “adding parentheses”, in the following
sense. Let �0 � � be a tree, and consider the tree �=�0 obtained by collapsing to
vertices and edged of �0 to a single vertex, denoted Œ�0�. We can define a collection
of spaces indexed by �=�0, by setting Yv D Xv if v 62 V.�0/ and YŒ�0� D X�0 .
Proposition 5.24 shows that the natural map

IWX� ! Y�=�0

is continuous.

In some cases, there is an isomorphism X� Š Y�=�0 . We focus on the following
simple case.

Lemma 5.27. Let � be a strongly directed tree and .Xv/v2V.�/ a family of spaces
and let v0 and v1 be edges of � which are connected by an edge. Assume that v1 > v0
and that v0 has no other incoming edges. See Figure 5.3. Let �0 consist of a subgraph
with vertices v0 and v1 and the edge connecting them. Let Y�=�0 be the space above.
If Xv1 is linearly compact, then there is an isomorphism

X� Š Y�=�0 :



The tree topology 59

v1

v0

Figure 5.3. A tree from Lemma 5.27. Here, �0 denotes the parenthesized subtree.

Proof. Remark 5.26 shows that the natural map

IWX� ! Y�=�0

is continuous. Therefore, it suffices to show that the natural map

IWY�=�0 ! X�

is continuous. Equivalently, it suffices to show that each open subspace of X� con-
tains an open subspace of Y�=�0 . Let V � X� be an open subspace.

We consider admissible labelings s on �=�0. We wish to show that for each
admissible labeling s0 of �=�0 and each point-enhancement p0 of s0, there is an open-
enhancement Up0 of s0 so that

W.Up0 ; p0/ � V :

We break the proof into three cases, depending on whether s.Œ�0�/ is p, O or X .
If s.Œ�0�/ D X , then we define a labeling s on � by setting s.v0/ D s.v1/ D X

and setting s.w/ D s0.w/ for other vertices. If p0 is a point-enhancement of s0, then
we can view p0 also as a point-enhancement of s, for which we write p. Since V is
open, there is an open-enhancement Up so that

W.Up; p/ � V :

Since v0 and v1 are labeled X by s0, we use the same open subspaces as in Up to
form an open-enhancement Up0 of s0. We observe that

W.Up0 ; p0/ D W.Up; p/ � V :

Next, we consider the case that s0.Œ�0�/ D p. In this case, we form an admissible
labeling s on � by setting s.v0/D s.v1/Dp, and defining s and s0 to coincide at other
vertices. We let p0 be a point-enhancement of s0. There is a point assigned to Œ�0�,
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which consists of an element of the tensor product Xv0 ˝Xv1 . We can write this as
a finite sum of elementary tensors

Pn
iD1 pi ˝ qi 2 Xv0 ˝Xv1 . For each elementary

tensor pi ˝ qi , we obtain a point-enhancement pi of � by using the elements of p0

for p-labeled vertices other than v0 and v1, and by using pi for v0 and qi for v1.
Since V is open, there is an open-enhancement Upi of s so that

W.Upi ; pi / � V :

We construct an open-enhancement Up0 of s0 as follows. For a vertex v 2 V.�/ n
¹v0; v1º we set Up0.v/ D Up1.v/ \ � � � \Upn.v/. We observe that

W.Up0 ; p0/ � W.Up1 ; p1/C � � � CW.Upn ; pn/ � V :

Finally, we consider the case that s0.Œ�0�/ D O. If s0.Œ�0�/ D O, then there are
two labelings to consider on � . We denote these by sp;O and sO;X . The labeling
sp;O has sp;O.v1/ D p and sp;O.v0/ D O. The labeling sO;X has sO;X .v1/ D O and
sO;X .v0/ D X . Both sp;O and sO;X agree with s0 for other vertices. It is straightfor-
ward to see that sp;O and sO;X are admissible.

Since the s0 and sO;X have the same p-labeled vertices, the collection p0 induces
a point-enhancement p (using the same points) of sO;X . Since V is open, there is an
open-enhancement Up of sO;X so that

W.Up; p/ � V :

Let Uv1 be the open set assigned to v1.
Since Xv1 is linearly compact, by definition there are elements p1; : : : ; pn 2Xv1

so that
SpanF .p1; : : : ; pn/C Uv1 D Xv1 : (5.2)

We now construct point-enhancements p1; : : : ;pn of sp;O . We use the points from
p0 for the p-labeled vertices other than v0, and we use pi for v0. By definition, there
are open-enhancements Up1 ; : : : ;Upn so that

W.Upi ; pi / � V :

Write Uv0;i D Upi .v0/.
We now define an open-enhancement Up0 of s0. For a vertex v¤ Œ�0� assigned O,

we use the open set
Up.v/ \Up1.v/ \ � � � \Upn.v/:

For the vertex Œ�0�, we use the open set

Uv1 ˝Xv2 CXv1 ˝ .Uv0;1 \ � � � \ Uv0;n/;

which is open in X�0 Š Xv1
E̋ Xv0 by Lemma 5.16 because Xv1 is linearly com-

pact.
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We observe that

W.Up0 ; p0/ � W.Up; p/CW.Up1 ; p1/C � � � CW.Upn ; pn/ � V : (5.3)

The above equation is proven as follows. For vertices V.�=�0/ which are labeled
p by s0, we use the same points in all of p0, p and pi . For the vertices of V.�=�0/
which are labeled O, other than Œ�0�, we use the intersection of the opens from Up,
Up1 ; : : : ;Upn , so these factors are contained in the corresponding factors of each
summand in the middle of equation (5.3). Finally, for v0 and v1, we observe that

Uv1 ˝Xv2 CXv1 ˝ .Uv0;1 \ � � � \ Uv0;n/

� Uv1 ˝Xv2 C p1 ˝ Uv0;1 C � � �pn ˝ Uv0;n

by equation (5.2). Together, the above implies equation (5.3). We conclude that V is
open in X�=�0 , completing the proof.





Chapter 6

The link surgery formula

In this chapter, we give some background on the link surgery formula of Manolescu
and Ozsváth [32], and prove some important preliminary results.

6.1 Statement of the link surgery formula

In this section, we state Manolescu and Ozsváth’s link surgery formula. We will
describe more detail about the construction in Chapter 9.

If L � S3 is a link, write K1; : : : ; K` for the components of L. Manolescu and
Ozsváth define the affine lattice over Z`

H.L/ WD
Ỳ
iD1

�
lk.Ki ; L nKi /

2
C Z

�
:

Whenever M � L, Manolescu and Ozsváth define a reduction map

 M WH.L/! H.L nM/

as follows. If Ki1 [ � � � [Kij D L nM , then they set

 M .s/ D . Mi1 .si1/; : : : ;  
M
ij
.sij //;

where

 Mi .si / D si �
lk.Ki ;M/

2
:

Manolescu and Ozsváth also define a version of the map  M for oriented sublinks
of L. See [32, Section 3.7]. The above map  M corresponds to the case that all
components of M are oriented consistently with L.

Definition 6.1. Suppose H D .†;˛;ˇ;w; z;p/ is a Heegaard link diagram for .Y;L/
with free base points p, and link base points w [ z. We say that H is link minimal
if each link component of L has exactly one base point from w, and one base point
from z.

Let H D .†;˛;ˇ;w; z/ be a link minimal Heegaard diagram for an oriented link
L� S3 with no free base points. IfM �L, we write HLnM for the diagram obtained
by deleting zi 2 z for each component Ki � L. Note that Manolescu also defines a
reduction HLn EM when EM is equipped with an orientation. In this case, we delete zi
for each positively oriented component of M , and we delete wi for each negatively
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oriented component of M . The diagram HLnM is a link minimal diagram with jM j
free base points.

Recall that if .†;˛;ˇ;w; z/ is a link minimal Heegaard link diagram for L, then
there is an `-component Alexander grading

A D .A1; : : : ; A`/WT˛ \ Tˇ ! H.L/:

Suppose H is a link minimal Heegaard diagram for L � S3 and H has no free
base points. If s 2 H.L/, then Manolescu and Ozsváth define

A�.HLnM ; s/

to be the free FJU1; : : : ; U`K-module generated by monomials

U
i1
1 � � �U

i`
n � x;

where x 2 T˛ \ Tˇ , which satisfy ij � 0 for all j , and Aj .x/ � sj C ij when-
everKj � L nM . Manolescu and Ozsváth equip A�.HLnM ; s/ with the differential
which counts Maslov index 1 holomorphic disks, weighted by the product ofU

nwi .�/

i .
We will also occasionally write

A�.HLnM ; s/

for the free F ŒU1; : : : ; Un�-module which has the same generators as A�.HLnM ; s/.
Let ƒ denote an integral framing on L. The underlying group of the link surgery

complex is defined to be

Cƒ.L/ D
M
M�L

Y
s2H.L/

A�.HLnM ;  M .s//:

The differential D WCƒ.L/! Cƒ.L/ decomposes as a sum

D D
X
N�L

X
EN2�.N/

ˆ
EN ;

where �.N/ denotes the set of orientations on N .
Given an oriented sublink EN � L (with orientation potentially different from L),

Manolescu and Ozsváth define

ƒ
L; EN
2 Z` Š H1.S

3
n L/

to be the sum of the longitudes of the negatively oriented components of EN .
Suppose EN � L is an oriented sublink, and that L0 � L is a sublink which

contains N . Write L1 D L0 n N . In this case, the summand ˆ
EN of D maps

A�.HL0 ;  LnL0.s// to A�.HL1 ;  LnL1.sCƒ
L; EN

//.
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We write ˆ ENL0;L1 for the component of ˆ EN as follows:

ˆ
EN
L0;L1

W

Y
s2H.L/

A�.HL0 ;  LnL0.s//!
Y

s2H.L/

A�.HL1 ;  LnL1.sCƒ
L; EN

//:

Finally, we note that it is often convenient to view Cƒ.L;A/ as a 1-dimensional
mapping cone, so we establish some notation for this purpose. If J � L is a com-
ponent, and � 2 ¹0; 1º, then we write C�ƒ.L/ for the subcube consisting of C" �

Cƒ.L;A/ ranging over " with J component equal to �. We may decompose

Cƒ.L/ Š Cone
�
C0ƒ.L/

F JCF�J

�������! C1ƒ.L/
�
:

In the above, F J (resp. F �J ) denotes the sum of ˆ EN for every oriented sublink EN
of L such that J � EN (resp. �J � EN ).

We will review the construction of the hypercube maps ˆ EN in more detail in
Chapter 9.

6.2 Gradings and algebraic reduction maps

In this section, we state several grading formulas which are useful when working with
the link surgery formula.

Definition 6.2. Suppose that H D .†;˛;ˇ;w; z;p/ is a link minimal Heegaard dia-
gram, where w [ z are link base points and p are free base points. We call a subset
W � w[ z[ p a complete set of base points on H if p �W and W contains exactly
one base point from each link component.

Suppose H is a diagram for a link L in Y , each of whose components is null-
homologous, and s 2 Spinc.Y / is a torsion. Given a complete set of base points
W on H , there is a well-defined Maslov grading grW on CFL.H ; s/. The grading
grW is induced from the absolute grading of CF�.Y;W ; s/ by declaring the natural
quotient map CFL.H ;s/! CF�.Y;W ;s/ to be grading preserving. There is also an
`-component Alexander grading AW D .AW

1 ; : : : ; A
W
`
/. Note that a complete set of

base points also determines an orientation on L, via the convention that L intersects
the Heegaard surface † negatively at the link base points in W . In particular, we may
equivalently specify the Alexander grading AL by picking an orientation on L.

The variable Ui has grW -grading �2 if wi 2 W , and 0 if wi 62 W . Similarly, Vi
has grW -grading �2 if zi 2 W and 0 otherwise. The variable Ui for a free base point
pi 2 p has grW -grading �2.

Remark 6.3. There are two natural conventions for defining the absolute grading for
multi-pointed 3-manifolds. We recall that adding a base point has the effect on cHF
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of tensoring with a 2-dimensional vector space V D F ˚ F . See [41, Section 6]. In
this memoir, we use the convention that the top degree element of V has absolute
grading 0. This is different from the TQFT convention of [54], where V is supported
in gradings 1=2 and �1=2.

The following is implicit in the work of Manolescu and Ozsváth [32] (see, in
particular, [32, Section 12]). In particular, the results are not new to our memoir,
however the presentation is helpful.

Lemma 6.4. Let L D K1 [ � � � [K` denote an `-component link in a 3-manifold Y ,
such that each component is null-homologous, and suppose Y is equipped with a
torsion Spinc structure s. Let H D .†; ˛; ˇ;w; z; p/ be a link minimal Heegaard
diagram, where w and z are link base points and p are free base points. Let C denote
the link Floer complex CFL.H ;s/ over F ŒU1; : : : ;U`;V1; : : : ;V`;U1; : : : ;Un�, where
` D jwj D jzj and n D jpj.

(1) If W is a complete collection of base points on H , and zi 2 z but zi 62 W ,
then the quotient map

QVi WC ! C=.Vi � 1/

is grading preserving with respect to grW . Similarly, the quotient map

QUi WC ! C=.Ui � 1/;

is grading preserving if wi 2 w but wi 62 W .

(2) Suppose that Kj is a component of L, and let W0 [ ¹wj º be a complete
collection of base points, and write ¹wj ; zj º D Kj \ .w [ z/. Let L and Kj
have orientations induced by W0 [ ¹wj º. Then

grW0[¹wj º
� grW0[¹zj º

D 2A
W0[¹wj º

j � lk.L nKj ; Kj /:

(3) Suppose that W and W 0 are two complete collections of base points which
coincide at index j . Then

AW
j D A

W 0

j :

(4) Let Ki � L, and orient both Ki and L to intersect † negatively at w, and
suppose i ¤ j . Give C and C=.Vi � 1/ the Alexander grading Aj induced
by the base points w and w n ¹wiº. For j ¤ i ,

Aj .QVi / D �
1

2
lk.Ki ; Kj /:

(5) LetKi � L, and orientKi and L to intersect† negatively at w, and suppose
j ¤ i . Give C and C=.Ui � 1/ the Alexander gradingAj induced by the base
points w and w n ¹wiº, respectively. Then,

Aj .QUi / D
1

2
lk.Ki ; Kj /:
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Proof. Following [54], the Alexander and Maslov gradings may be defined by rep-
resenting Y n N.L/ as Dehn surgery on a framed link J in the complement of an
`-component unlink in S3. We pick a Heegaard triple T D .†;˛;ˇ0;ˇ;w; z/ which
represents the 2-handle cobordism X.J /. We pick a triangle class  2 �2.x; y; z/
on T . In [54, Section 5.5], the following formulas for the Maslov and Alexander
gradings are proven:

grW .z/ D grW .x/C grW .y/ �
1

2
.g.†/C jW j � 1/ � �. /C 2nW . /

C
c1.sW . //

2 � 2�.X.J // � 3�.X.J //

4
;

AW
j .z/ D A

W
j .x/C A

W
j .y/C .nW � n.w[z[p/nW /. /

C
hc1.sW . //; ySj i � Œ yS� � Œ ySj �

2
:

(6.1)

In the above, ifW is obtained by attaching 2-handles to S3 � Œ0; 1� in the complement
of an unlink with components u1 [ � � � [ u`, then Sj is the surface uj � Œ0; 1� and
S D S1C � � � C S`. The classes yS and ySj are obtained by capping these surfaces with
Seifert surfaces in either end.

With the above in place, claim (1) follows because the formula for grW does not
change if we delete a base point which is not in W .

Consider now claim (2). An identical argument to [54, Lemma 3.8] implies that
if  is a homology class of triangles on the surgery diagram for the above cobordism,
then

sW0[¹wj º. / � sW0[¹zj º. / D PDŒSj �: (6.2)

We may use the formula in equation (6.1) to evaluate grW0[¹wj º
� grW0[¹zj º

.
Firstly, we recall that by straightforward computation bHFL.˛;ˇ0;w; z; p/ is isomor-
phic to .F ˚ F/˝.jwjCjpj�1/. This computation can be obtained by using topological
invariance of the Heegaard Floer group, and picking a convenient genus 0 Hee-
gaard diagram, so that each wi is immediately adjacent to zi , and so that the attach-
ing curves come in isotopic pairs. Similarly, bHFL.ˇ0;ˇ;w; z; p/ is isomorphic to
.F ˚ F/˝.g.†/�jJ jCjwjCjpj�1/. Furthermore, for both groups, the non-zero elements
of homology decompose into homogeneously graded summands which have the prop-
erty that

grW .x/ D grW 0.x/ and AW .x/ D AW 0.x/ D 0 (6.3)

for all complete collections W ;W 0 � w [ z [ p. Therefore, in our grading formulas,
we may assume that the intersection points x and y satisfy equation (6.3). Using
equation (6.2), we therefore obtain

grW0[¹wj º
.z/ � grW0[¹zj º

.z/

D
c21.sW0[¹wj º. // � .c1.sW0[¹wj º. // � 2PDŒSj �/2

4
� 2.nzj � nwj /. /:
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We may rearrange the above to see that

grW0[¹wj º
.z/ � grW0[¹zj º

.z/

D hc1.sW0[¹wj º. //;
ySj i � Œ ySj � � Œ ySj � � 2.nzj � nwj /. /

D hc1.sW0[¹wj º. //;
ySj i � Œ yS� � Œ ySj � � 2.nzj � nwj /. /C Œ

yS n ySj � � Œ yS�

D 2A
W0[¹wj º

j .z/C Œ yS n ySj � � Œ ySj �

D 2A
W0[¹wj º

j .z/ � lk.L nKj ; Kj /:

In the last line, we used the equality Œ yS n ySj � � Œ ySj � D �lk.L nKj ; Kj /, which fol-
lows since we capped with negative Seifert surfaces of L (and since we are using the
outward normal first convention for boundary orientations).

We now consider claim (3). We consider the case when W and W 0 differ only at a
single index i ¤ j . Assume that W contains wi and that W 0 contains zi . Write L0 for
L with the orientation of Ki reversed. Computing directly from the definition, shows
that

2.AW
j � A

W 0

j / D hc1.sW . // � c1.sW 0. //; ySj i � yS � ySj C yS
0
� ySj :

Here, yS 0 D yS � 2 ySi . As before, sW � sW 0 D PDŒSi �. Hence, the above equation
gives

AW
j � A

W 0

j D 0:

Consider claim (4) now. For this claim, we apply claim (2), with W0 D W n ¹wj º.
Since zi 62W0 [ ¹wj º and zi 62W0 [ ¹zj º, by part (1) we know that QVi is homoge-
neously graded with respect to grW0[¹wj º

and grW0[¹zj º
. Using claim (2), we obtain

2�.Aj / D lk.L n .Ki [Kj /;Kj / � lk.L nKj ; Kj / D �lk.Ki ; Kj /:

We now consider claim (5). By claim (3), it is sufficient to compute the grading
change of AW 0

j where W 0 D .w n ¹wiº/ [ p [ ¹ziº. We use claim (4), but note that
with respect to W 0, the orientation of Ki is reversed, while the orientation of Kj is
unchanged.

6.3 On the algebra of the link surgery formula

In this section, we reformulate the algebra of the link surgery formula slightly. We
begin with a convenient description of the underlying group.
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Lemma 6.5. Suppose that H is a link minimal Heegaard diagram for a link L in S3,
which has no free base points. Let M be a sublink of L. Write SM � F ŒU1; : : : ;U`;
V1; : : : ; V`� for the multiplicatively closed subset generated by Vi for i such that
Ki �M . Then there is an F ŒU1; : : : ; U`�-equivariant chain isomorphismM

s2H.L/

A�.HLnM ;  M .s// Š S�1M � CFL.H /;

where we viewUi as acting by UiVi on the right-hand side. Furthermore, if s2H.L/,
this isomorphism intertwines the summand A�.HLnM ;  M .s// with the subspace of
S�1M � CFL.H / in an Alexander multi-grading s.

Proof. The module S�1M � CFL.H / decomposes over Alexander gradings s 2 H.L/.
Hence, it is sufficient to identify the subspace in an Alexander grading s with

A�.HLnM ;  M .s//

in a way which commutes with the action of F ŒU1; : : : ;U`�. We recall thatA�.HLnM ;

 M .s// is generated by monomials U i11 � � �U
i`
`
� x such that ij � 0 for all j , and

A
LnM
j .x/ � ij �  Mj .sj /

for each j such that Kj 62M . Here, we are writing s D .s1; : : : ; s`/. Note that by
definition of  Mj .sj / (see [32, Section 3.7]), we have

ALj .x/ � A
LnM
j .x/ D sj �  Mj .sj /:

Compare Lemma 6.4. Hence we may think ofA�.HLnM ;  M .s// as being generated
by monomials U i11 � � �U

i`
`
� x such that ij � 0 for all j and such that

ALj .x/ � ij � sj

whenever Kj 62M . We may define a map

A�.HLnM ;  M .s//! S�1M � CFL.H /

via the formula

U
i1
1 � � �U

i`
`
� x 7! U

i1
1 � � �U

i`
`
V
s1�A

L
1
.x/Ci1

1 � � �V
s`�A

L
`
.x/Ci`

`
� x:

Remark 6.6. In their construction of the link surgery formula, Manolescu and Ozs-
váth also define inclusion maps 	

EN
s between the complexes A�.H ; s/ and some

generalizations of these complexes. See [32, Section 3.8]. We note that the map
	
EN

s can be identified with the map for localizing at the variables Ui , for i such that
CKi � EN , and localizing at variables Vi , for i such that �Ki � EN .
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We now discuss some algebraic properties of the maps in the link surgery hyper-
cube. Manolescu and Ozsváth prove that the hypercube maps in their surgery formula
Cƒ.L/ are F ŒU1; : : : ;U`�-equivariant. By the previous lemma, there is a more refined
action of F ŒU1; : : : ;U`;V1; : : : ;V`� on the complex Cƒ.L/, though the hypercube
differential does not commute with this action. We now describe how the hypercube
maps interact with the action of this larger ring.

Firstly, we define a ring homomorphism

�� WF ŒU;V�! F ŒU;V;V�1�

via the formulas
�� .U/ D V�1 and �� .V/ D UV2:

We write �� WF ŒU;V�! F ŒU;V;V�1� for the canonical inclusion.
We view S�1M � F ŒU1; : : : ;U`;V1; : : : ;V`� as the tensor product over F of ` dif-

ferent rings, which are each isomorphic to F ŒU;V� or F ŒU;V;V�1�.
If N � L nM , then we define the ring homomorphism

�
EN
WS�1M � F ŒU1; : : : ;U`;V1; : : : ;V`�! S�1M[N � F ŒU1; : : : ;U`;V1; : : : ;V`�

by tensoring the map �� for each componentKi � EN which is oriented oppositely to
L, tensoring �� for each component Ki � EN which is oriented consistently with L,
and tensoring the identity map for the remaining components of L.

Lemma 6.7. Suppose that M � L and N � L nM . Let EN denote N with a choice
of orientation. If a 2 S�1M � F ŒU1; : : : ;U`;V1; : : : ;V`�, and x 2 S�1M � CFL.H /, then

ˆ
EN .a � x/ D � EN .a/ �ˆ EN .x/:

Proof. We focus on the length 1 maps in the surgery hypercube. The maps of higher
length are analyzed using the same argument. In this case, write N D Ki , where
Ki is a component of L. To simplify the notation further, we focus on the case that
M D;. LetKi , (resp.�Ki ), denoteKi equipped with the orientation which coincides
with (resp. is opposite to) the orientation from L. The map ˆKi

L;LnKi
is the canonical

inclusion map
CFL.H / ,! V�1i � CFL.H /;

which is clearly F ŒU1; : : : ; U`; V1; : : : ; V`�-equivariant. Note that ��i is just the
canonical inclusion of F ŒU1; : : : ;U`;V1; : : : ;V`� into V�1i �F ŒU1; : : : ;U`;V1; : : : ;V`�.

The map ˆ�Ki
L;LnKi

is more complicated, as we now describe. Similarly to Lem-
ma 6.5, there are canonical isomorphisms

�i WU
�1
i � CFL.H /! CFL.H /=.Ui � 1/˝ F ŒHi .L/�;

�i WV
�1
i � CFL.H /! CFL.H /=.Vi � 1/˝ F ŒHi .L/�:
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Here, F ŒHi .L/� denotes the F ŒTi ; T �1i �-module generated by T ˛i where ˛ 2 Hi .L/.
Here, Ti is a formal variable. We also view CFL.H /=.Ui � 1/ and CFL.H /=

.Vi � 1/ as F ŒUi ; Ti ; T �1i �-modules, where Ui acts by Vi on CFL.H /=.Ui � 1/,
and by Ui on CFL.H /=.Vi � 1/.

The map �i is given as follows. Write

QUi WU
�1
i CFL.H /! CFL.H /=.Ui � 1/

for the quotient map, which sends Ui to 1 and which sends Vi to Ui . Then �i is given
by the formula

�i .x/ D QUi .x/˝ T
AL
i
.x/

i :

The map �i is defined similarly.
We write 	i for the inclusion of CFL.H / into U�1i � CFL.H /.
Moving the base point zi to wi along a subarc of Ki determines a homotopy

equivalence

‰zi!wi WCFL.H /=.Ui � 1/! CFL.H /=.Vi � 1/

which preserves ALnKij for j ¤ i . The map ‰zi!wi is F ŒUi ; Ti ; T �1i �-equivariant,
and is equivariant with respect to the variables for other link components.

The map ˆ�Ki
L;LnKi

is defined as the composition

ˆ
�Ki
L;LnKi

WD ��1i ı .‰zi!wi ˝ T
�i
i / ı �i ı 	i :

We now consider the interaction of ˆ�Ki
L;LnKi

with Ui and Vi . The map 	i com-
mutes with Ui and Vi . The map �i has the property that

�i .U
n
i � x/ D T

�n
i � �i .x/ and �i .V

n
i � x/ D U

n
i T

n
i � �i .x/:

Similarly,

�i .U
n
i � x/ D U

n
i T
�n
i � �i .x/ and �i .V

n
i � x/ D T

n
i � �i .x/;

which implies that

��1i .T ni � x/ D Vni � �
�1
i .x/ and ��1i .U ni � x/ D Uni V

n
i � �

�1
i .x/:

From these relations, it follows that

ˆ
�Ki
L;LnKi

.Ui � x/D V�1i �ˆ
�Ki
L;LnKi

.x/ and ˆ
�Ki
L;LnKi

.Vi � x/D UiV
2
i �ˆ

�Ki
L;LnKi

.x/;

completing the proof.
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Example 6.8. We now describe the surgery complex for the unknot O in our present
notation, and compare it to the traditional notation of [43]. The complex CFK.O/
has one generator, 1, over F ŒU; V�. In our notation, v sends UiVj 2 CFK.O/ to
UiVj 2 V�1CFK.O/. Similarly, h� sends UiVj to V��� .UiVj / D UjV2j�iC�.

Traditionally, one works with the mapping cone formula over F ŒU �. We identify
both A.O; s/ � CFK.O/ and B.O; s/ � V�1CFK.O/ with F ŒU � (where U acts
by UV). We identify UiVj 2 CFK.O/ with Umin.i;j / 2 A.O; s/, and we identify
UiVj 2 V�1CFK.O/ with U i 2 B.O; s/. We can view the previous identification
as giving two isomorphisms

CFK.O/ Š
M
s2Z

F ŒU � and V�1CFK.O/ Š
M
s2Z

F ŒU �:

In the original notation of Ozsváth and Szabó,

v.U i / D

´
U i�s if s � 0;

U i if s � 0;
h�.U

i / D

´
U i if s � 0;

U iCs if s � 0:

The map h� sends A.O; s/ to B.O; s C �/. It is straightforward to see that the above
maps form a commutative diagram

CFK.O/ V�1CFK.O/

L
s2ZA.O; s/

L
s2Z B.O; s/

Š

f

Š

f

whenever f is one of v or h�.



Chapter 7

The knot surgery algebra

In this chapter, we introduce our algebras K and L. We also describe natural filtra-
tions on K and L. Using these filtrations, we describe our module categories.

7.1 The algebras K and L

We recall the knot surgery algebra K from the introduction. We define K to be an
algebra over the idempotent ring

I D I0 ˚ I1;

where each of Ii is rank 1 over F D Z=2. We write i0 and i1 for the generators of I0
and I1, respectively. We set

I0 �K � I0 D F ŒU;V� and I1 �K � I1 Š F ŒU;V;V�1�:

Also,
I0 �K � I1 D 0:

We define
I1 �K � I0 D F ŒU;V;V�1�˝ h�; �i:

That is, elements of I1 �K � I0 can be written as sums of monomials of the form
UiVj� and UiVj � where i � 0 and j 2 Z. These algebra elements satisfy the rela-
tions

� � a D �� .a/ � � and � � a D �� .a/ � �;

for a 2 F ŒU;V�DI0 �K � I0. Here, �� WF ŒU;V�!F ŒU;V;V�1� is the algebra homo-
morphism satisfying �� .U/ D V�1 and �� .V/ D UV2. The map �� W F ŒU; V� !
F ŒU;V;V�1� is the canonical inclusion.

In particular, I1 �K � I0 is generated by two special algebra elements � and � ,
together with the left action of F ŒU;V;V�1�, which satisfy the relations

�U D U� and �V D V�;

�U D V�1� and �V D UV2�:

The link algebra L` is defined as

L` WDK ˝F � � � ˝F K:
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We often write just L, when ` is determined by context. We view L` as being an
algebra over the idempotent ring

E` WD I˝F � � � ˝F I:

Remark 7.1. The algebra K admits a more symmetric basis, as follows. We may
view I1 �K � I1 as being F ŒU; T; T �1�, where U D UV and T D V. Then the above
relations become

�U D UT �1� and �V D T�;

�U D T �1� and �V D UT �:

Remark 7.2. The above symmetry may be packaged into an algebra homomorphism

EWK !K

as follows. On I0 �K � I0, we set

E.U/ D V and E.V/ D U:

On I1 �K � I1, we set

E.U / D U and E.Vi / D V�i :

On I1 �K � I0, we set
E.�/ D � and E.�/ D �:

7.2 Topologies on K and L

In this section, we describe the topologies on K and L which we use throughout the
memoir.

Definition 7.3. Suppose that n 2 N is fixed. We define Jn � K to be the F span of
the following set of generators:

(1) In I0 �K � I0, the generators UiVj , for i � n or j � n (i.e., max.i; j / � n).

(2) In I1 �K � I0, the generators UiVj� for i � n or j � n.

(3) In I1 �K � I0, the generators UiVj � for j � 2i � n or i � n.

(4) In I1 �K � I1, the generators UiVj where i � n.

The subspace Jn is illustrated in Figure 7.1.

We observe that

J0 DK; JnC1 � Jn; and
\
n2N

Jn D ¹0º:
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I0 � Jn � I0

I1 � Jn � I1

J �n

J �n

1

�

�

1

Figure 7.1. The subspace Jn � K , indicated by the shaded regions. Here, J �n and J �n denote
the subspaces of Jn which are in the K span of � and � . The dots indicate monomials in the
algebra. The horizontal direction indicates the power of U, and the vertical direction indicates
the power of V.

We will use the subspaces Jn as a fundamental basis of 0 in our topology on K . The
condition that

T
n2N Jn D ¹0º is equivalent to the inclusion K !K being injective.

Remark 7.4. The subspaces J �n and J �n can also be described as follows:

J �n D .U
n/ � � C � � .Un;Vn/;

J �n D .U
n/ � � C � � .Un;Vn/:

Here, .U n/ � I1 �K � I1 denotes the ideal generated by U D UV, and .Un;Vn/ �
I0 �K � I0 denotes the ideal spanned by the elements Un and Vn.

We now consider the link algebra. For our purposes, the most natural topology on
the link algebra is the Š-topology,

L` DK ˝ŠF � � � ˝
Š
F K:

This topology is first countable, with a basis of opens given by

J`;n WD

`�1X
iD0

K˝i ˝F Jn ˝F K˝`�i�1 � L`:
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A fundamental result to our memoir is the following.

Proposition 7.5. The map �2WK E̋ I K !K is continuous.

Remark 7.6. Multiplication is not continuous on K ˝ŠI K . As an example, V�i ˝
Vi� ! 0 in K ˝I K as i !1, whereas �2.V�i ˝ Vi�/ D � 6! 0.

Proposition 7.5 follows immediately from the following lemma and the definition
of E̋ in Section 5.4.

Lemma 7.7. Let Jn �K be the subspace defined in Definition 7.3.

(1) For all n, �2.Jn ˝K/ � Jn (i.e., Jn is a right ideal of K).

(2) Suppose x 2K and n 2 N are fixed. Then for sufficiently large m,

�2.x ˝ Jm/ � Jn:

Proof. We consider the first claim. We wish to show that �2.x ˝ a/ 2 Jn whenever
x 2 Jn and a 2K . We break the argument into cases, depending on the idempotents of
x and a. If x;a 2 I1 �K � I1, the claim follows becausewU .x � a/�wU .x/CwU .a/,
where wU is the U -adic weight (i.e., wU .a/ D max¹i W 9a0; a D U i � a0º). The same
argument applies if x 2 I1 �K � I1 and a 2 I1 �K � I0. The situation that x; a 2
I0 �K � I0 is also clear. We now consider the case that x 2 I1 �K � I0 and a 2 I0 �K � I0.
Suppose first that x D UiVj� and aD UsVt (for s; t � 0). Then x � aD UiCsVjCt� ,
which is clearly also in Jn. Similarly, if x D UiVj � and a D UsVt , then

x � a D UiCtVj�sC2t�:

By assumption, either i � n or j � 2i � n. If i � n, then i C t � n so x � a 2 Jn.
The second case is equivalent to 2i � j � n � 0. We note that

2.i C t / � .j � s C 2t/ � n D s C 2i � j � n � 0

so x � a 2 Jn. This completes the first part of the claim.
We leave the second claim to the reader, as it may be handled similarly.

Combining Corollary 5.15 and Proposition 7.5, we also obtain the following.

Corollary 7.8. Suppose L is topologized as K ˝Š � � � ˝Š K . Then the map

�2WL E̋ E L! L

is continuous.
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7.3 Alexander modules

In this section, we describe our categories of type-D, A and DA modules. We will
refer to these categories as the categories of Alexander modules.

Definition 7.9. A type-D Alexander module consists of a pair .X; ı1/ where X is a
linear topological right E-module and

ı1WX ! X E̋ E L

is a linear topological morphism which satisfies

.id˝ �2/ ı .ı1 ˝ idL/ ı ı
1
D 0:

Recall that a linear topological morphism is the same as a continuous linear map
on completions. If XL and YL, we define Mor.XL;YL/ to be the space of linear
topological morphisms

f 1WX ! Y E̋ E L:

We write ModK
a for the category of Alexander type-D modules.

Type-A Alexander modules are similar, as we see in the following definition.

Definition 7.10. A type-A Alexander module .X; mj / over L consists of a linear
topological left E-module X and a collection of linear topological morphisms

mjC1WL E̋ E � � � E̋ E L E̋ E X ! X;

satisfying the A1-relations.

Type-DA Alexander modules are defined by the obvious amalgamation of the
above notions.

7.4 Split Alexander modules

We now define the notion of a split Alexander type-A or DA module. Consider the
link algebra L` and suppose that P is a partition of ¹1; : : : ; `º. Suppose that X is a
linear topological left E`-module. A P -split continuous linear topological morphism

fjC1WL` ˝E � � � ˝E L` ˝E X ! X

is a continuous map on completions, where we give cL˝j
`
˝X the tree topology

from Section 5.6, where X is the central vertex and we have jP j-rays of length j
extending from this vertex. If p1; : : : ; pjP j are the sizes of the elements of P , then
each non-root vertex of the i -th ray is labeled with Lpi (topologized using the Š-
topology).
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Note that P -split continuity is preserved by A1-composition of such maps by
Proposition 5.24.

Definition 7.11. Suppose that P is a partition of ¹1; : : : ; `º. A P -split type-A Alexan-
der module consists of a linear topological E D E`-module X, equipped with a
P -split linear topological morphism

mjC1WL` ˝E � � � ˝E L` ˝E X ! X;

which satisfies the A1-module relations.

If P is a partition of ¹1; : : : ; `º and i1; : : : ; in are the sizes of the partition elements
(so i1 C � � � C in D `), we will write

Li1 j���jLin
X

for a P -split Alexander module.
Once we introduce box tensor products of split Alexander modules, we will show

in Lemma 7.16 that the split-Alexander condition is weaker than the Alexander condi-
tion. In particular, any type-A Alexander module LX is also a split type-A Alexander
module for any partition.

P -split Alexander type-DA modules can be defined similarly to the above, though
we typically need to assume that the underlying space X of the module is linearly
compact for the type-DA structure relations to be meaningful, and for the A1-com-
position of morphisms to be defined. (Note that all of the link surgery modules
we consider in this memoir are linearly compact.) We explain this in the case of
a ¹¹1º; ¹2ºº-split Alexander module KjKXK . Consider the spaces involved in the
composition of ı1iC1, ı1jC1 and IX ˝ �2, applied to

.KjK/˝E2 � � � ˝E2 .KjK/„ ƒ‚ …
iCj

˝E2X:

We topologize the above space using the tree topology for the tree where there are
2 length i C j rays attached to a lowest vertex. The lowest vertex is assigned the
space X. Proposition 5.24 shows that ı1iC1 ˝ id gives a map from the above space to

.KjK/˝E2 � � � ˝E2 .KjK/„ ƒ‚ …
j

˝E2.X E̋ K/:

The above space is topologized using a tree with a single lowest vertex, and 2 length
i rays extending from this ray. The lowest vertex is assigned the space X E̋ K .
Lemma 5.27 implies that if X is linearly compact, then the above topological vector
space is isomorphic to the same tensor product, equipped with the tree topology where
the tree � has 2 length i rays connected to a vertex v1, which is above a single
vertex v0. We assign v1 the vector space X, and v0 the vector space K . See Figure 7.2
for a schematic when i D j D 1.
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Figure 7.2. Maps appearing in the DA-structure relation for a split Alexander DA bimodule.
Here, the arrows labeled Š correspond to the isomorphism from Lemma 5.27, which requires
X to be linearly compact.

7.5 External tensor products

We now discuss external tensor products, focusing on subtleties involving comple-
tions.

We first discuss type-D modules. Suppose that XLm and YLn are type-D Alex-
ander modules. To form the external tensor products, we assume that X and Y are
linearly compact, so that X E̋ Lm Š X ˝Š Lm by Lemma 5.16, and similarly for
Y E̋ Ln. Under this assumption, we may define the structure map on the tensor prod-
uct as ı1

X
˝ idY ˝ 1Ln C idX ˝ 1Lm ˝ ı

1
Y

, with tensor factors reordered, as indicated
below:

X ˝Š Y ! .X E̋ Lm/˝
Š .Y E̋ Ln/ Š X ˝Š Lm ˝

Š Y ˝Š Ln

Š .X ˝Š Y/ E̋ .Lm ˝
Š Ln/:

Next, we consider tensoring (split) type-A modules. Suppose that P is a partition
of ¹1; : : : ; sº and P 0 is a partition of ¹1; : : : ; rº. Let us write i1; : : : ; im for the sizes
of the elements of P , and j1; : : : ; jn for those of P 0. Suppose that we have P and P 0

split modules
Li1 j���jLim

X and Lj1 j���jLjn
Y:

We will describe two versions of the external tensor product, namely

Li1 j���jLimCj1 j���jLjn
.X ˝Š Y/ and Li1 j���jLim jLj1 j���jLjn

.X ˝Š Y/:

We topologize L
˝j
rCs ˝X ˝ Y using the tree topology for a star with m C n � 1

(resp. mC n rays). We label the root X ˝Š Y, and we label each other vertex with a
˝Š-tensor product of copies of K .
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To construct the external tensor product, one must also pick a cellular diagonal
of the associahedron. This construction is recalled in Section 3.5. The fact that the
external tensor product behaves well with completions is implied by the following
result.

Proposition 7.12. Suppose that P and P 0 are partitions of ¹1; : : : ; rº and ¹1; : : : ; sº,
respectively, and that

fjC1WL
˝j
r ˝X ! X and gjC1WL

˝j
s ˝ Y ! Y

are P and P 0 split continuous, then their tensor product fjC1 ˝ gjC1 is both P t P 0

and .P t P 0/p�p0 split continuous, for any p 2 P and p0 2 P 0. (Here, we write
.P t P 0/p�p0 for the partition obtained by merging p and p0 in P t P 0.)

We will prove Proposition 7.12 for the module Li1 j���jLimCj1 j���jLjn
.X ˝Š Y/. We

will later see in Lemma 7.16 that the module Li1 j���jLim jLj1 j���jLjn
.X ˝Š Y/ is a box

tensor product of this module with a split Alexander bimodule Lim jLj1
ŒI�LimCj1 , and

hence is also a split Alexander module.
The proof Proposition 7.12 is an immediate consequence of the following general

result about tree topologies.

Lemma 7.13. Let �kn denote the star which has n rays of length k, which all point
towards a root vertex v0. Let .Xv/v2V.�kn /

and .Yv/v2V.�km/ denote two families of
spaces. Pick a distinguished ray from each of �kn and �km. Form a new collection
of spaces .Zv/v2�k

mCn�1
as follows. View �kmCn�1 as being obtained by merging

vertices of the same height along the distinguished rays. We define Zv to be either
Xv or Yv for v not along the merged ray. For v along the merged ray, we define Zv
to be Xv ˝

Š Yv . Then the natural map

Z�k
mCn�1

! X�kn
˝
Š Y�km

is continuous. See Figure 7.3 for a schematic where m D n D 2.

˝Š

˝Š

˝Š

˝Š

˝Š

Figure 7.3. A schematic of Lemma 7.13. Solid dots denote Xv and open dots denote Yv .
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Proof. We abbreviate X�kn
, Y�km and Z�k

mCn�1
by X, Y and Z, respectively.

Let
UX ˝ Y CX ˝ VY � X ˝Š Y

be an open subspace, where UX � X and VY � Y are open subspaces. Let s be an
admissible labeling of �knCm�1. Our goal is to show that if p is a point-enhancement
of s, then there is an open-enhancement Up so that

W.Up; p/ � UX ˝ Y CX ˝ VY :

There are two induced labelings sX and sY of �kn and �km, obtained by restrict-
ing s. We make the following claims:

(1) At least one of sX and sY is admissible.

(2) If there is an O-labeled vertex along the merged ray, then both sX and sY are
admissible.

The above claims are straightforward to prove, so we leave the argument to the reader.
Consider first the case that the merged ray has no vertices labeled O. In this

case, the root is labeled X , but all other vertices along the merged ray are labeled p.
Also, in this case, at least one of sX and sY is admissible. Suppose, without loss of
generality, that sX is admissible. Write v1; : : : ; vk�1 for the p-labeled vertices along
the merged ray. If v is a p-labeled vertex along the merged ray, write p.v/ as a sum of
finitely many elementary tensors. For each v 2 ¹v1; : : : ; vk�1º, write xv;1; : : : ; xv;iv
for these elementary tensors. We consider the N WD iv1 � � � ivk�1 point-enhancements
pX;j , where pX;j .w/ D p.w/ if w is not along the merged ray, and such that pX;j

enumerate all combinations of the xvi ;r for i 2 ¹1; : : : ; k � 1º and r 2 ¹1; : : : ; ivi º.
Since UX is open, for each pX;i , there is an open-enhancement UX;i �X so that

W.UX;i ; pX;i / � UX :

We define an open-enhancement of s as follows. If v is in �kn (the tree for X), we
define

Up.v/ D

N\
iD1

UX;i .v/:

If v is in �kn (the tree for Y), set Up.v/ D Yv . Then

W.Up; p/ � W.UX;1; pX;1/˝ Y C � � � CW.UX;N ; pX;N /˝ Y

� UX ˝ Y CX ˝ VY ;

as we wanted to show.
Next, we consider the case that s labels a vertex v0 along the merged ray by O. In

this case, both sX and sY are admissible. Consider a point-enhancement p of s. Write
v1; : : : ; vl for the vertices above v0 (which are labeled p by s). Similar to before, by
separating the elements of p into elementary tensors, we obtain point-enhancements
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pX;i and pY;j for i D 1; : : : ; N and j D 1; : : : ; M . For each i and j , there are
open-enhancements UX;i and UY;j of sX and sY (respectively) so that

W.UX;i ; pX;i / � UX and W.UY;j ; pX;j / � VY :

We then define an open-enhancement Up of s as follows. Suppose s.v/ D O. If v is
in �kn not in the merged ray, we set

Up.v/ D

N\
iD1

UX;i .v/:

If v is in �km but not in the merged ray, we set

Up.v/ D

M\
jD1

UY;j .v/:

If v is in the merged ray, we set

Up.v/ D

� N\
iD1

UX;i .v/

�
˝ Y CX ˝

� M\
jD1

UY;j .v/

�
:

We observe that

W.Up; p/ � .W.UX;1; pX;1/C � � � CW.UX;N ; pX;N //˝ Y

CX ˝ .W.UY;1; pY;1/C � � � CW.UY;M ; pY;M //

� UX ˝ Y CX ˝ VY :

This completes the proof.

Taking the external tensor product of two type-DA Alexander modules, when the
underlying spaces of the modules are linearly compact, is a straightforward extension.

Remark 7.14. We can see more directly that if LiX and LjY are type-A Alexander
modules, then LiCj .X ˝

Š Y/ is also an Alexander module. Consider two continuous
maps

fjC1W ET
jLn E̋ X ! X and gjC1W ET

jLm E̋ X ! X;

where
ET jLn D Ln E̋ � � � E̋ Ln„ ƒ‚ …

j

:

The external tensor product of fjC1 and gjC1 is continuous since it may be written
as the following sequence of continuous maps:

ET j .Ln ˝
Š Lm/ E̋ .X ˝

Š Y/

! . ET jLn E̋ X/˝Š . ET jLm E̋ Y/! X ˝Š Y:

The first map is from Corollary 5.15 and the second map is fjC1 ˝ gjC1.
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7.6 Box tensor products

In this section, we describe the interaction of Lipshitz, Ozsváth and Thurston’s box
tensor product operation with Alexander modules. The simplest case is boxing an
Alexander type-D module XL with an Alexander type-A module LY. In this case,

ı1WX ! X E̋ E L and mjC1WL E̋ E � � � E̋ E L E̋ E Y ! Y

are continuous linear maps on the completions. Hence, assuming an appropriate
boundedness condition so that only finitely many terms contribute to the box ten-
sor product (e.g., mj D 0 for j � 0), the differential @� will be a sum of finitely
many continuous maps. Type-DA modules present no additional complications.

Box tensor products involving split Alexander type-A and DA modules are more
subtle. If Li1 j���jLin

Y is a split Alexander type-A module, it seems only possible to
tensor with an Alexander type-D module which is itself an external tensor product of
n modules

X
Li1
1 ; : : : ;X

Lin
n :

In this case, we write

.X
Li1
1 ; : : : ;X

Lin
n / y� Li1 j���jLin

Y

for the resulting tensor product. Ignoring completions, the tensor product is formed
by taking the external tensor product of the type-D modules XLij

j to obtain a type-D
module over Li1C���Cin . This type-D module is then tensored with the type-A module
using the standard definition (see equation (3.1)). We topologize the underlying space
of the tensor product

.X1 ˝ � � � ˝Xn/˝ Y

using the graph topology from Section 5.6 for a tree with one root and n rays. Here,
Y is labeled as the root, and X1; : : : ;Xn each form a ray, with an edge pointing to Y.
Proposition 5.24 shows that the structure operations are continuous.

We may also form the tensor product when Y or some of the Xi are split DA
Alexander bimodules. The output will be a split Alexander DA bimodule, whose
tensor splitting of the incoming algebras is the concatenation of the tensor-splittings
for each of the Xi . To illustrate, if Li1 jLi2

YL, Lj1 j���jLjm
XLi1
1 and Lk1 j���jLkt

XLi2
2

are split Alexander DA bimodules, then their tensor product,N , will be a split module
as indicated in the following equation:

.Lj1 j���jLjm
X

Li1
1 ;Lk1 j���jLkt

X
Li2
2 / y� Li1 jLi2

YL
D Lj1 j���jLjm jLk1 j���jLkt

NL:

Remark 7.15. The box tensor product operation of split Alexander modules seems
definable using our techniques only when the underlying vector spaces of our modules
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are linearly compact. In this case, the underlying vector space of the tensor product
.XK ;YK/ y� KjKZ is the standard tensor product X ˝Š Y ˝Š Z by Lemma 5.16.
Furthermore, assuming linear compactness, the completed box tensor product opera-
tion satisfies the following associativity property:

.XK ;YK/ y� KjKZ Š XK y� K..KIK ;YK/ y� KjKZ/

Š YK y� K..X
K ;K ŒI�

K/ y� KjKZ/:

Note that all of the bordered link surgery modules considered in this memoir are
countable direct products of F , so are linearly compact.

We now describe a split type-DA Alexander bimodule KjK ŒI�
L2 which trans-

forms any Alexander module L2X into a split module KjKX. The structure maps
are the same as for the identity module.

Lemma 7.16. The bimodule KjK ŒI�
L2 is a split Alexander bimodule. More gener-

ally, if P is a partition of ¹1; : : : ; `º, and `1; : : : ; j̀ are the sizes of the partition
elements, then L`1 j���jL j̀

ŒI�L` is a split Alexander bimodule.

Proof. Consider first KjK ŒI�
L2 . In this case, the claim follows from Remark 5.23 and

the fact that the natural map

K ˝�F K !K ˝ŠF K

is continuous. The case of general ` and P is proven by the same argument.

Remark 7.17. Lemma 7.16 implies that the ordinary Alexander module condition
is stronger than the split Alexander module condition. In particular, given a type-A
Alexander module L`X, we may always view X as a split Alexander module for any
partition of ¹1; : : : ; `º.

7.7 Finitely generated K-modules

In this section, we discuss the category of finitely generated type-D modules over L.
We denote by K the completion of the algebra K with respect to the topology

described above. As a vector space, we have the following isomorphisms:

I0 �K � I0 Š FJU;VK;

I1 �K � I0 Š F ŒV;V�1KJUKh�i ˚ FJV;V�1�JUKh�i;

I1 �K � I1 Š F ŒV;V�1�JUK:

We may consider the completion of the link algebra L as well.
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Since multiplication is continuous by Proposition 7.5 and Corollary 7.8, we obtain
a well-defined map on the completed algebras

�2WL E̋ E L! L:

Since L is an algebra, we may also consider the ordinary category of type-D
modules over this algebra (i.e., ordinary modules and algebras, with no topologies).
Of particular interest to us is the category of finitely generated type-D modules. We
write ModL

fg for this category.
There is a related category, ModL

fg;a, consisting of Alexander type-D modules over
L which are finitely generated over F .

Proposition 7.18. The categories ModL
fg;a and ModL

fg are equivalent.

Proof. We define functors in both directions. The functor

F WModL
fg;a ! ModL

fg

is obtained by taking completions, noting that the completion of X E̋ L coincides
with the ordinary tensor product X ˝ L when X is finitely generated. (Note that
when X is finite-dimensional, X Š X if and only if X is Hausdorff.)

The functor
GWModL

fg ! ModL
fg;a

sends a type-D module .X; ı1/ to itself, where X is equipped with the discrete topol-
ogy. This is well defined due to the fact that if X and Y are equipped with the discrete
topology, then a map

f 1WX ! Y E̋ L

is automatically continuous, since ¹0º � X is open. We observe that F ı G is the
identity functor.

On the other hand, G ı F maps .X; ı1/ to .X; ı1/. Note that in modL
fg;a, the

objects .X; ı1/ to .X; ı1/ are canonically isomorphic, since morphisms are defined
to be continuous linear maps on completions. See Definition 5.4 and Remark 5.5. In
particular, there is a natural transformation from G ı F to the identity. The proof is
complete.





Chapter 8

Link surgery modules over K and L

In this chapter, we describe some basic link surgery modules over the algebras K

and L. We begin by defining the type-D and type-A modules for a solid torus and
the algebraic merge module. Subsequently, we interpret the knot and link surgery
formulas as type-D modules over K and L.

8.1 The type-D module for a solid torus

If � is an integer, we refer to the complement of a �-framed unknot in S3 as the �-
framed solid torus. We will define a type-D module DK

�
for the �-framed solid torus

as follows. We set

DK
� � I0 D hx

0
i and DK

� � I1 D hx
1
i;

where hx"i D F , spanned by a generator x". Here, " 2 ¹0; 1º denotes the idempotent.
We define the structure map via the formula

ı1.x0/ D x1 ˝ .� C Vn�/:

8.2 The type-A module for a solid torus

Suppose that � is an integer. We now define the type-A module KD� for the solid
torus as follows. We set

I0 �D� D F ŒU;V� and I1 �D� D F ŒU;V;V�1�:

We define the type-A structure map mj on D� to be 0 unless j D 2. We define m2
on D� as follows. If f 2 Ii �K � Ii and x 2 Ij � Dj , then we define m2.f; x/ to
be f � x (ordinary multiplication of polynomials) if i D j and to be 0 otherwise. If
x 2 I0 �D�, we define

m2.�; x/ D �
� .x/ 2 F ŒU;V;V�1� D I1 �D�;

where �� is the canonical inclusion of localization. Similarly, we define

m2.�; x/ D V� � �� .x/ 2 F ŒU;V;V�1�;

where � denotes ordinary multiplication of polynomials.
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We view D� as being the direct sum of the 1-dimensional spans of monomials,
and give D� the product topology with respect to this decomposition. See Defini-
tion 5.6. With respect to this topology, the completion is given by

I0 �D� D FJU;VK; and I1 �D� D FJU;V;V�1K:

(Note that the latter object is defined only as a vector space, and not as a ring, since
we are taking completions with respect to V and V�1.)

Lemma 8.1. The map
m2WK E̋ I D� ! D�

is continuous.

Proof. Write D for D�. Continuity amounts to two claims. The first is that if E �D

is an open subspace, then there is some n so thatm2.Jn ˝D/ � E. Additionally, we
need to show that if E is as above and a 2 K , then there is some open Va � D so
thatm2.a˝ Va/ � E. By definition, we may assume that E is Dco.S/ for some finite
set of basis elements in D . (Recall that Dco.S/ is the span of the basis elements not
in S .)

For the first claim, it suffices to show that if n is sufficiently large, then Jn ˝D

is mapped into Dco.S/. This may be proven by considering each idempotent of K

separately. To ensure .I0 � Jn � I0/ ˝ D is sent into Dco.S/, it is sufficient to pick
n larger than max.p; q/ ranging over all monomials UpVq appearing in I0 � S . For
.I1 � Jn � I1/ ˝D to be sent into Dco.S/, we pick n larger than p for each mono-
mial UpVq appearing in I1 � S . Finally, to ensure that .I1 � Jn � I0/ ˝ D is sent
into Dco.S/, it is sufficient to pick n larger than max.p; q; 2p � q/, ranging over
monomials UpVq appearing in a summand of I1 � S . To see that this is sufficient,
note that if UiVj � ˝ UsVt 2 Jn ˝ D , then max.i; 2i � j / � n. We observe that
UiVj �UsVt D UiCtVj�sC2t� lies in Dco.S/, since

max.i C t; 2.i C t /� .j � sC 2t//Dmax.i C t; 2i � j C s/�max.i; 2i � j /� n:

The fact that UiVj� ˝ UsVt 2 Jn ˝D is sent into Dco.s/ is similar.
Next, we need to show that if a 2 K is fixed, then there is a finite subset T of

generators of D so that a˝Dco.T / is mapped into Dco.S/. Without loss of generality,
we assume that a is a monomial. We observe the following basic fact: if a 2 I"0 �K � I"
and y 2 I"0 �D are non-zero monomials, then there is at most 1 (in particular, finitely
many) x 2 I" �D such that m2.a; x/ D y. In particular, there exists a finite set of
generators T such that a˝Dco.T / is sent into Dco.S/, completing the proof.

Remark 8.2. Note thatm2 is not continuous as a map from K ˝Š D to D . Compare
Remark 7.6. In fact, m2 does not induce a map from the completion of K ˝Š D�
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to D�. For example, in the completion of K ˝Š D� the sum
P1
iD0 V

i ˝ V�i i1 con-
verges since V�i i1 ! 0 in the topology of D�, while m2 cannot be defined on such
infinite sums.

The module for a solid torus extends to a type-AA bimodule

K ŒD��FŒU �:

Here, we have U act on the right via polynomial multiplication with UV (summed
over both idempotents). Since ŒUV; � � D 0 and ŒUV; �� D 0, the construction above
defines an AA-bimodule structure on D�. Note that only m1;1;0 and m0;1;1 are non-
trivial.

Additionally, we can also think of the module for a solid torus as corresponding
instead to a DA bimodule K ŒD��

FŒU �, in such a way that

K ŒD��
FŒU � y� FŒU �F ŒU �FŒU � Š K ŒD��FŒU �:

For this description, the generators of I0 � K ŒD��
FŒU � are Ui and Vj for i; j � 0. The

generators of I1 � K ŒD��
FŒU � are Vi for i 2 Z. This module has ı1j D 0 unless j D 2.

We illustrate the structure map ı12 of K ŒD0�
FŒU � in Figure 8.1 and leave the structure

relations to the reader for other framings.

� � � U2 U 1 V V2 � � �

� � � V�2 V�1 1 V V2 � � �

VjU

Uj1

� jU 2

� j1

VjU

Uj1

� jU

� j1

Vj1

UjU

� j1

� j1

Vj1

UjU

� j1

� jU

� j1

� jU 2

Vj1

UjU

Vj1

UjU

Vj1

UjU

Vj1

UjU

Figure 8.1. The DA bimodule KDFŒU �
0

. An arrow decorated with ajb from x to y means that
ı1
2
.a; x/ D y˝ b.

8.3 The merge bimodule

In this section, we define a bimodule KjKM
K , which we call the merge bimodule.

Whenever R is a commutative algebra over F , there is a morphism of algebras
�WR˝F R!R, given by �.a˝ b/D ab. A ring homomorphism  WA! B always
determines a bimodule AŒ �B whose underlying vector space is the ground ring, and
has structure map ı11 D 0 and ı12.a˝ 1/ D 1˝  .a/. In particular, there is a natural
bimodule R˝RŒ��R for any commutative ring R.
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The algebra K is not commutative, though the bimodule KjKM
K is somewhat

analogous.
We now describe the bimodule M . To make the notation clear, in this section we

will write j for˝F and˝ for˝I.
As a vector space, M is I D I0 ˚ I1. There is a left action of IjI, given by

.i1ji2/ � i D i1i2 � i:

The right I-action is the standard action.
On M , only ı12 and ı13 are non-trivial. The map ı12 is defined as follows. Suppose

that a1ja2 is an elementary tensor in either

.I0jI0/ � .KjK/ � .I0jI0/ or .I1jI1/ � .KjK/ � .I1jI1/:

In this case, we set
ı12.a1ja2 ˝ i/ D i ˝ a1a2:

On any other elementary tensor, we set ı12 to vanish.
We define ı13 as follows. We set

ı13.1j�; � j1˝ i0/ D i1 ˝ � and ı13.1j�; � j1˝ i0/ D i1 ˝ �:

More generally, if a; b; c; d are monomials concentrated in single idempotents, then
we set

ı13.ajb�; c� jd; i0/ D i0 ˝ abc�d

and similarly for the � terms. We set

ı13.� j1; 1j� ˝ i0/ D 0;

and similarly if � replaces � . The DA bimodule relations are straightforward to verify.

Lemma 8.3. The merge module KjKM
K is a split Alexander module (using the

discrete partition on the two incoming algebra factors).

Remark 8.4. The structure maps of the merge module are not continuous when
we view the bimodule as a non-split module over K ˝Š K or K ˝� K , i.e., as

K˝ŠKM
K or K˝�KM

K . To see this, observe that discontinuity with respect to the
topology on K ˝�F K implies discontinuity with respect to K ˝ŠF K since there is a
continuous map K ˝�F K !K ˝ŠF K . Note that a sequence of tensors

xn D .xnjyn/˝ .znjwn/ 2 .K ˝�F K/ E̋ E .K ˝
�
F K/

will converge to 0 if xn is constant in n and yn ! 0. In particular, we need not make
any assumptions about zn or wn. We note that Vn� ! 0 in K , as each of the ideals
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Jm (which form a basis of open sets centered at 0 for our topology on K) contains
Vn� for all sufficiently large n. Therefore,

.1jVn�/˝ .V�n� j1/! 0:

On the other hand,

ı13.1jV
n�;V�n� j1; i0/ D i1 ˝ � 6! 0;

so ı13 is not continuous.

Proof of Lemma 8.3. We consider first ı12 . In this case, the only non-trivial actions on
i0 or i1 are from pairs ajb where a and b are both in I0 �K � I0 or both in I1 �K � I1.
In this case, the claim is clear.

We now consider ı13 . Recall that verifying the split Alexander condition amounts
to showing that ı13 is continuous if we use the tree topology from Section 5.6 using
the following tree:

KK

K K
I.

We define a function
z�WK ˝�F K !K

given on elementary tensors of monomials by

z�.a�; b�/ D ab� and z�.a�; b�/ D ab�;

with z� vanishing on other elementary tensors of monomials. Additionally, we con-
sider a map

…W .K ˝I K/˝F .K ˝I K/! .K ˝I K/˝F .K ˝I K/

such that … is the identity on the elementary tensors of monomials

.a� ˝ a0/j.b ˝ b0�/ and .a� ˝ a0/j.b ˝ b0�/;

and such that … vanishes on other elementary tensors of monomials.
We observe that

ı13.a; 1/ D 1˝ .z� ı .�2j�2/ ı…/.a/:

The map … is clearly continuous with respect to the tree topology, and further-
more, �2j�2 is continuous by Propositions 7.5 and 5.24. Note that if we topologize
.KjK/˝IjI I with the tree topology, it is isomorphic to K ˝�F K . (See Remark 5.23.)
Hence, it suffices to show that z� is continuous. This amounts to the following:

(m-1) For each n 2 N, there are k;m 2 N so that

z�.Jk ˝ Jm/ � Jn:
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(m-2) For each n 2 N and x 2K , there is an m 2 N so that

z�.x ˝ Jm/ � Jn and z�.Jm ˝ x/ � Jn:

Both of the arguments are elementary, and we illustrate the idea. Recall that by our
construction in Definition 7.3, UiVj� 2 Jn if and only if i � 0 and max.i; j / � n.
If UiVj� and UsVt� are two monomials in Jn, then at least one of two situations
occurs: both j; t � n; or one of i and s is at least n. If j; t � n, then UiCsVjCt� 2 Jn
since j C t � 2n. If one of i and s is at least n, then i C s � n. A symmetric analysis
holds for the multiples of � , and we see that

z�.Jn ˝ Jn/ � Jn;

so (m-1) holds. A similar and elementary argument implies (m-2).

There is an asymmetry in the merge module. Recall that we set

ı13.1j�; � j1; i0/ D i1 ˝ � and ı13.� j1; 1j�; i0/ D 0:

We define a different module KjKN
K by instead setting

ı13.1j�; � j1; i0/ D 0 and ı13.� j1; 1j�; i0/ D i1 ˝ �:

We make a similar change to the map ı13 on � inputs.
This construction turns out to produce homotopy equivalent bimodules.

Lemma 8.5. There is a homotopy equivalence of DA bimodules

KjKM
K
' KjKN

K :

Proof. We construct a morphism f 1jC1 between the two bimodules. We set f 11 .x/ D
x˝ 1. The only other non-vanishing term is f 12 . This map is determined by the rela-
tions

f 12 .� j�; i0/ D i1 ˝ � and f 12 .� j�; i0/ D i1 ˝ �:

The DA bimodule morphism structure relations for two algebra inputs which both
change idempotent are given by the schematic

a2 a1 x

f 11

ı13

�2

C

a2 a1 x

ı13

f 11

�2

C

a2 a1 x

�2

f 12

�2

D 0

which is easily verified. The structure relations for n¤ 2 algebra inputs are also easily
verified.
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8.4 The type-A identity bimodule

It is helpful to introduce another bimodule, which we denote by

KjK ŒI
c� WD KjKM

K y� KD0:

We call KjK ŒI
c� the type-A identity module. We will use KjK ŒI

c� to transform
type-D actions into type-A actions. The type-A module KjK ŒI

c� appears in the pair-
ing theorem, stated in Theorem 1.4.

There is a further refinement which takes into account the right F ŒU �-action
on D0. We define

KjK ŒI
c�FŒU � WD KjKM

K y� K ŒD0�FŒU �:

Verifying the pairing theorem with the bimodule KjK ŒI
c�FŒU � turns out to be more

subtle than for KjK ŒI
c�. Nonetheless, we prove the pairing theorem with KjK ŒI

c�FŒU �
in Section 15.3 once we introduce the pair-of-pants bimodules.

8.5 The knot surgery formula over K

We now describe how to view the mapping cone formula of Ozsváth and Szabó in
terms of the algebra K .

Recall that Ozsváth and Szabó’s mapping cone formula [43, Theorem 1.1] states
that if � is an integral framing on K � S3, then

CF�.S3�.K// Š X�.K/ D Cone
�
A.K/

vCh�
����! B.K/

�
:

Recall, as in Lemma 6.5, that A.K/may be identified with a completion of CFK.K/

and B.K/ may be identified with a completion of V�1CFK.K/.
We will describe the following algebraic perspectives of the mapping cone for-

mula:

(1) A chain complex X�.K/ over FJU K.

(2) A right type-D module X�.K/
K .

(3) A left type-A module KX�.K/.

These will satisfy the following relations:

X�.K/ Š X�.K/
K y� K ŒD0� ' DK

0
y� KX�.K/:

We begin with the description as a type-D module. Let x1; : : : ; xn be a free basis
of CFK.K/ over F ŒU;V�. We declare the underlying I-module of X�.K/

K to be

X�.K/
K
D SpanF .x1; : : : ; xn/˝F I:
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In particular, over F each xi contributes one generator in each idempotent. We denote
these generators by x0i and x1i .

The map ı1 on X�.K/
K is as follows. Firstly, there are internal ı1 summands

from the differential of CFK.K/. If @.x/ contains a summand of y � UnVm, then
ı1.x"/ contains a summand of y" ˝ UnVm, for " 2 ¹0; 1º.

In Ozsváth and Szabó’s mapping cone formula, v is the canonical inclusion of
CFK.K/ into V�1CFK.K/. Correspondingly, ı1.x0/ contains a summand of the
form x1 ˝ � .

If y � UiVj is a summand of h�.x/ then we define ı1.x0/ to have a summand of
the form

y1 ˝ UiVj �:

Lemma 8.6. X�.K/
K is a type-D module.

Proof. The proof is a formal consequence of the fact that @2 D 0 on CFK.K/, that
v and h� are chain maps, and that v and h� satisfy the equivariance properties of
Lemma 6.7.

In more detail, suppose that x1; : : : ; xn is a free basis of CFK.K/, and consider

..idX ˝ �2/ ı .ı
1
˝ idK/ ı ı

1/.x"i / (8.1)

For concreteness, consider the case when " D 0. There are three sources of terms in
the above expression: those arising from two applications of @, those arising from one
v and one @, and those arising from one h� and one @. Consider the terms with two @
terms. Write @.xi / D

Pn
jD1 xj � fj;i . The terms with two @ terms are simply

nX
kD1

x0k ˝
� nX
jD1

fk;jfj;i

�
;

which is 0 since @2 D 0 on CFK.K/. Similarly, the terms corresponding to one @ and
one v are given by the formula

nX
jD1

x1j ˝ .�fj;i C fj;i�/;

which vanishes because �fj;i D fj;i� in K .
Finally, we consider the terms corresponding to one @ and one h�. Write h�.xi /DPn

jD1 xj � gj;i , where gj;i 2 F ŒU;V;V�1�. The corresponding terms of equation (8.1)
are
nX
kD1

x1k ˝
� nX
jD1

gk;j �fj;i C fk;jgj;i�

�
D

nX
kD1

x1k ˝
� nX
jD1

gk;j�
� .fj;i /C fk;jgj;i

�
�:

(8.2)
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However,
Pn
jD1 gk;j�

� .fj;i /C fk;jgj;i is the xk coefficient of Œ@; h��.xi /, since h�
satisfies h�.x � a/ D h�.x/ � �� .a/, by Lemma 6.7. In particular, equation (8.2) van-
ishes. The case when " D 1 is similar.

Having defined the type-D module X�.K/
K , we may now define the type-A

module
KX�.K/ WD X�.K/

K y� KjK ŒI
c�:

8.6 The link surgery formula over L

In this section, we describe how to view Manolescu and Ozsváth’s link surgery for-
mula as a type-D module.

Recall that we define

L` WDK1 ˝F � � � ˝F K`;

where each Ki denotes a copy of K .
Let L be an `-component link in S3 with integral framing ƒ. The link surgery

complexes require a choice of auxiliary data, which we call a system of arcs A. We
will discuss these in detail in Section 9.1 below. If A is chosen, Manolescu and
Ozsváth’s construction produces a chain complex Cƒ.L;A/ over F ŒU1; : : : ; U`�. In
this section, we will describe how to construct a type-D module

Xƒ.L;A/
L` ;

based on their construction of Cƒ.L;A/.
We view the link algebra L` as being an algebra over the idempotent ring

E` WD I˝F � � � ˝F I„ ƒ‚ …
`

:

We can view E` as being a ring with 2` elementary idempotents, each identified with
a point in the cube E`. If " 2 E`, we write

E` WD I"1 ˝ � � � ˝ I"` Š F

for the corresponding idempotent.
If "0 � ", we can understand E"0 �L` � E" as follows. Write I"0;" D ¹i1; : : : ; inº D

."0 � "/�1.1/, i.e., the set of indices i where "0i > ". Then E"0 �L` � E" is generated
by elements of the form

˛1 � � �˛`�i1 � � ��in ;
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where

(1) ai is in F ŒUi ;Vi � if "0i D 0,

(2) ai is in F ŒUi ;Vi ;V�1i � if "0i D 1,

(3) each �ij is either �ij or �ij .

If x1; : : : ; xn is a free basis of CFL.L/ over F ŒU1; : : : ;U`;V1; : : : ;V`�, then we
define the generators of Xƒ.L;A/

L` to be

SpanF .x1; : : : ; xn/˝F E`:

In particular, if x is a basis element of CFL.L/, we have a generator x" for each
" 2 E`.

If M � L, write ".M/ 2 E` for the coordinate such that ".M/i D 0 if Li 62 M
and ".M/i D 1 if Li 2M .

Suppose that x is a basis element of CFL.L/ andM �L. By Lemma 6.5, we may
view x".M/ as an element of the group Cƒ.L;A/ D

Q
s2H.L/ A.HLnM ;  M .s//.

Suppose also that EN is an oriented sublink of L nM , and that ˆ EN .x".M// has a
summand of y".M[N/ � f , where we view f as an element of the 2`-variable poly-
nomial ring, localized at the variables Vi such that Li � N . We may naturally view
f as being an element of

E".M[N/ �L` � E".M[N/:

There is an algebra element

t
EN
".M/;".M[N/ 2 E".M[N/ �L` � E".M/

which is the tensor of �i for i such that Li � EN and Li is oriented the same as L, �i
for i such that Li � EN and Li is oriented oppositely from L, and 1 for i such that
Li 62 N . With this notation, we declare ı1.x".M// to have the summand

y".M[N/ ˝ f � t EN".M/;".M[N/:

Lemma 8.7. Xƒ.L;A/
L` is a type-D module.

Proof. The proof is similar to Lemma 8.6. We can decompose the structure map ı1 as

ı1 D
X
EM�L

ı1
EM
;

where ı1
EM

consists of all terms which are weighted by idempotent-preserving multi-
ples of the algebra element t EM .

The map ı1
EM

encodes the map ˆ EM on the surgery formula, in the sense that if
ˆ
EM .x/ has a summand a � y for some monomial a in the Ui and V˙1i , then ı1

EM
has a

summand y˝ at EM .
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Let EN � L be an oriented link, and consider the components of

..idX ˝ �2/ ı .ı
1
˝ idL`/ ı ı

1/.x"/

whose algebra elements are weighted by idempotent-preserving multiples of t EN .
These can be identified withX

EM1[ EM2D EN;
EM1\ EM2D;

.IX ˝ �2/ ı .ı
1
EM2
˝ IK/ ı ı

1
EM1
: (8.3)

We consider a component of the above map corresponding to sublinks EM1 and EM2,
applied to some generator x. Suppose that ı1

EM1
.x/ contains a summand y˝ at EM1 .

Such a summand corresponds to a summand of y � a inˆ EM1.x/. Next, consider a sum-
mand z˝ bt EM2 in ı1

EM2
.y/. In the composition appearing in equation (8.3), there is

a corresponding term of

z˝ bt EM2at EM1 D z˝ b� EM2.a/t EN :

(The second equality follows from the definition of the algebra L`.) Using Lem-
ma 6.7, which states that ˆ EM2.ay/ D � EM2.a/ �ˆ EM2.y/, we see that there is a cor-
responding summand in .ˆ EM2 ıˆ EM1/.x/ of z � b� EM2.a/. Therefore, the fact equa-
tion (8.3) vanishes follows from the fact thatX

EM1[ EM2D EN;
EM1\ EM2D;

ˆ
EM2 ıˆ

EM1 D 0;

which is proven in [32, Proposition 9.4].

Given a collection of integers ƒ D .�1; : : : ; �`/, there is a type-A module

L`Dƒ

defined by taking the external tensor product of the modules K ŒD�i � from Section 8.2.
There is also a right action of F ŒU1; : : : ; U`�, and Dƒ may be viewed as an AA-
bimodule

L` ŒDƒ�FŒU1;:::;U`�:

The following is immediate from the definition of Xƒ.L;A/
L` .

Proposition 8.8. There is a chain isomorphism

Cƒ.L/FŒU1;:::;U`� Š Xƒ.L/
L` y� L` ŒD.0;:::;0/�FŒU1;:::;U`�:



Link surgery modules over K and L 98

We will also need to consider type-A and type-DA versions of the link surgery for-
mula. An important special case is when we have a distinguished componentKi � L.
We define a bimodule KXƒ.L/

L`�1 , where the K-input corresponds toKi by setting

KXƒ.L/
L`�1 WD Xƒ.L/

L` y� KjK ŒI
c�;

where the tensor product is taken along the algebra component corresponding to Ki .
In the above equation, KjK ŒI

c� is the bimodule from Section 8.4. More generally, we
may turn more algebra components from type-D to type-A by tensoring additional
copies of KjK ŒI

c�.



Chapter 9

� -basic systems of Heegaard diagrams

In this chapter, we define the notion of a � -basic system of Heegaard diagrams. The
notion is a very small generalization of Manolescu and Ozsváth’s basic system. These
are collections of Heegaard diagrams which can be used to compute the link surgery
formula. We use the small distinction in notation to disambiguate the notions, and to
highlight the algebraic significance of these systems. For these systems, the mapsˆ EN

vanish unless EN D CK (i.e., a single component, oriented consistently with L), or
EN contains only negatively oriented components relative to L. We also describe how

to construct a � -basic system for the connected sum of two links.

9.1 Systems of arcs

In this section, we define the notion of a system of arcs, which is a necessary piece of
auxiliary data used to define the link surgery formula.

Definition 9.1. Suppose that .S3; L;w; z/ is an oriented, multi-pointed link, which
is link minimal (i.e., each component of L contains exactly one base point of w, and
one base point of z).

(1) A system of arcs forL consists of a set AD ¹A1; : : : ;A`º of pairwise disjoint
arcs satisfying that @Ai D Ai \ L D ¹wi ; ziº.

(2) We say that an arc Ai is beta-parallel if Ai is isotopic to a push-off of the
subarc of Li which goes from zi to wi .

(3) We say that Ai is alpha-parallel if Ai is isotopic to a push-off of the subarc
of Li which goes from wi to zi .

Note that an arc Ai is beta-parallel if for any Heegaard diagram of .Y; L;w; z/,
Ai is isotopic to the subarc ofKi �Lwhich lies in the beta handlebodyUˇ . A similar
remark holds for alpha-parallel arcs.

Given a link minimal .L;w; z/ there are two distinguished systems of arcs, A˛
and Aˇ , which are the ones which have only alpha-parallel arcs, or only beta-parallel
arcs, respectively.

Remark 9.2. Manolescu and Ozsváth’s notion of good sets of trajectories [32, Defi-
nition 8.26] corresponds to our notion of a system of alpha-parallel arcs.
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9.2 � -basic systems of Heegaard diagrams

In this section, we define the notion of a � -basic system of Heegaard diagrams. Our
notion is a small adaptation of Manolescu and Ozsváth’s construction.

Definition 9.3. Suppose that .L;w; z/ is a minimally pointed, n-component link in a
3-manifold Y , and suppose that AD .A1; : : : ;A`/ is a system of arcs for .Y;L;w; z/.
A � -basic system of Heegaard diagrams for .Y; L;A/ consists of the following data:

(1) A tuple of positive integers d D .d1; : : : ; d`/ where n D jLj.

(2) A collection of Heegaard diagrams H.M/D .H"/"2E.d/. We assume all Hee-
gaard diagrams have the same underlying Heegaard surface†, which we also
assume contains the arcs A1; : : : ;A`. We write H D .†;˛";ˇ";w"; z"; p"/,
where w" and z" are link base points and p" are free base points.

(3) For each component i 2 ¹1; : : : ; nº, we have a formal labeling of each of the
intervals Œ0; 1�; : : : ; Œdi � 1;di � as being either an alpha incrementing interval,
a beta incrementing interval or a surface isotopy interval.

(4) A decomposition of each arc Aj into a concatenation of oriented subarcs
li;1; : : : ; li;ji , as well as a choice of surface isotopies �i;1; : : : ; �i;ji . We as-
sume �i;j is supported in a small neighborhood of li;j and moves the initial
endpoint of li;j to the terminal endpoint.

We assume that the following conditions are satisfied:

(1) w" D ¹wi W "i D 0º and z" D ¹zi W "i D 0º.
(2) Let H" D .†; ˛"; ˇ"; w"; z"; p"/ and let ei D .0; : : : ; 1; : : : ; 0/ 2 ¹0; 1ºn

denote a length 1 vector (i.e., a direction). As described above, the interval
I D Œ"i ; "i C ei � is labeled as either an alpha incrementing interval, a beta
incrementing interval, or a surface isotopy interval.

(a) If I is an alpha incrementing interval, then ˇ" D ˇ"Cei while ˛"Cei
and ˛" differ. Furthermore, p"Cei D p" unless "i D 0, in which case
p"Cei D p" [ ¹ziº.

(b) If I is a beta incrementing interval, then the same holds as above except
with the alpha and beta curves interchanged.

(c) If I is a surface isotopy interval, then H"Cei is the image of H" under
one of the surface isotopies �i;j described above. Similarly, w"Cei D w"
and z"Cei D z". If "i > 0, then p"Cei D �i;j .p"/. If "i D 0, then p"Cei D
�i;j .p" [ zi /.

(3) The faces on opposite sides of the box have the same Heegaard diagrams. In
more detail, if " 2 E.d/ and "i D 0, then

˛"Cdiei D ˛"; ˇ"Cdiei D ˇ"; p"Cdiei D p" [ ¹wiº:
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We illustrate an example of a � -basic system in Figure 9.1.

w1

z1

w2

z2

ˇ˛

�1

�1

�1

�2 �2 �2

˛

˛ ˛

˛

˛

˛

H00 H10 H20

H01 H11 H21

H02 H12 H22

Figure 9.1. An example of a � -basic system of Heegaard diagrams for the Hopf link. At the top,
we show the underlying Heegaard link diagram of the Hopf link, with an arc system consisting
of two beta-parallel arcs A1 and A2 (shown as dashed arcs). For this example, the subdivi-
sions of A1 and A2 are trivial (i.e., consist of a single arc). The labels of the arrows indicate
whether the corresponding subintervals are “alpha incrementing intervals”, “beta incrementing
intervals” or “surface isotopies intervals”. We label the w base points as solid circles, the z base
points as open circles, and the free base points as squares.
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Remark 9.4. The terminology � -basic system refers to the fact that when we use
such systems of Heegaard diagrams to construct the link surgery formula, the result-
ing complexes haveˆCKi equal to inclusions for localization, andˆ EM D 0 if EM has
more than one component and contains a positively oriented component. In particular,
using these diagrams we obtain models of the type-D modules Xƒ.L/

L` where the
components weighted by �i are very simple. Our definition is slightly more general
than Manolescu and Ozsváth’s notion of a basic system of Heegaard diagrams, which
has the same algebraic properties with respect to the differential.

The following definition plays an important role in our proof of the connected
sum formula for surgery hypercubes.

Definition 9.5. Suppose that Lˇ D .ˇ"; �";"0/"2En is a weakly admissible hyper-
cube of handleslide equivalent beta attaching curves on a pointed Heegaard surface
.†;w; z; p/ (where w; z are link base points and p are free base points). We say Lˇ

is algebraically rigid if each Tˇ" \ Tˇ"0 has 2g.†/CjwjCjpj�1 intersection points (the
minimal possible number). We make a parallel definition for alpha hyperboxes. We
say a hyperbox of attaching curves is algebraically rigid if each sub-hypercube is
algebraically rigid.

Note that a hypercube of attaching curves being algebraically rigid is a prop-
erty of the attaching curves, and has nothing to do with the chains �";"0 . Therefore,
abusing notation slightly, we will say a � -basic system of Heegaard diagrams H is
algebraically rigid if it has the property that Tˇ" \ Tˇ"0 has 2g.†/Cjw"jCjp"j intersec-
tion points whenever j"0 � "jL1 � 1 and none of the intervals Œ"; "C ei � is a surface
isotopy interval for i such that "i < "0i . We make the same assumption for the alpha
curves.

9.3 Meridional � -basic systems

In this section, we describe a particular family of � -basic systems which are useful in
our proof of the pairing system. Similar diagrams are ubiquitous in Heegaard Floer
theory. For example, they are the diagrams which Ozsváth and Szabó use to prove the
mapping cone formula [43].

Definition 9.6. We say that a � -basic system of Heegaard diagrams H for .Y; L/,
with a system of arcs A, is a meridional � -basic system if the following hold:

(1) Each arc of A is either beta-parallel or alpha-parallel.

(2) The diagram H.;/ D .†; ˛; ˇ; w; z/ has the following property. Suppose
Ki 2L is a component with corresponding arc Ai 2A and base pointswi ; zi .
Then Ai is either alpha-parallel or beta-parallel. If Ai is alpha-parallel, then
Ai is disjoint from the alpha curves, and intersects a single beta curve ˇsi .
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A similar assumption is made if Ai is beta-parallel. In particular, if jLj D `,
there are n special alpha and beta circles, denoted ˛si and ˇsj .

(3) In each Heegaard diagram of H, there are similarly ` special alpha and beta
curves, and the rest are designated as non-special. The non-special alpha
curves of each subcube of H consist of small Hamiltonian translates of the
non-special curves of H .

(4) If Ki � L is a component whose arc Ai is beta-parallel, then the compo-
nent of † n ˇ which contains the base points ofKi is a punctured disk which
contains a special beta circle ˇsi as two of its boundary components. Glu-
ing the two ˇsi boundary components together, we obtain a punctured torus.
We assume that Ki -axis direction of H realizes the isotopy of ˇsi in a loop
around this punctured torus (handlesliding ˇsi over the boundary punctures).
We make an analogous assumption for components with beta-parallel deco-
ration.

Lemma 9.7. Suppose L is an `-component link in S3 and A is a system of arcs
for L such that each arc is either alpha-parallel or beta-parallel. Then there exists
a link minimal, weakly admissible, algebraically rigid � -basic system of Heegaard
diagrams for .S3; L;A/.

Proof. Except for the claim about admissibility, existence of such a � -basic system
is clear since the construction is given in Definition 9.6.

Admissibility is verified as follows. We first verify admissibility for each hyper-
cube of alpha and beta Lagrangians appearing in the construction. For concreteness,
suppose that L˛ is a hypercube of alpha attaching curves appearing in the con-
struction. For appropriately chosen Hamiltonian translates, admissibility of L˛ is
equivalent to admissibility of the diagram where we delete the tuples of curves which
appear only as small translates of each other, and surger† along these curves as well.
The resulting Heegaard diagram is a union of tori, and admissibility is straightforward
to arrange. See Figure 9.2.

Admissibility of each pair .L˛;Lˇ /may be arranged by winding one of the cubes
(say L˛) relative to Lˇ , following the procedure described in [39, Section 4.2.2] and
[41, Section 3.4].

9.4 Basic systems for general systems of arcs

We now consider general systems of arcs. Generalizing Lemma 9.7, we prove the
following.

Lemma 9.8. Suppose that A is a system of arcs for L � S3. Then there is an alge-
braically rigid � -basic system of Heegaard diagrams for .L;A/.
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zi

ˇi
zi wi

wi

�

Figure 9.2. Some of the beta curves and a base point translation from Lemma 9.7. The first
arrow is a base point translation, and the remainder are holomorphic polygon counting maps.
The dashed arc on the top is ci .

Proof. The proof is similar to the proof of Lemma 9.7. We begin with a minimally
pointed Heegaard diagram .†;˛;ˇ;w; z/ for .Y; L/ such that each arc Ai is embed-
ded in † and such that the arcs Ai are pairwise disjoint. By performing an isotopy of
˛ and ˇ supported in a neighborhood of the arcs Ai , we may assume that each Ai is
the concatenation of two arcs A˛i and Aˇi such that A˛i is disjoint from ˇ and Aˇi is
disjoint from ˛. We assume that @Aˇi D ¹zi ; xiº and @A˛i D ¹wi ; xiº, for some point
xi 2 †.

We now stabilize the Heegaard diagram 2jLj times, as shown in Figure 9.3. For
each Ai , we introduce two stabilizations. One of the stabilizations corresponds to
attaching a 1-handle with feet near zi and xi . We introduce a new alpha and a new
beta curve. The alpha curve runs parallel to Aˇi . The new beta curve, denoted ˇsi ,
is the belt-sphere of the 1-handle. Similarly, the other stabilization corresponds to
attaching a 1-handle with feet near xi and wi . Here, the new beta curve runs parallel
to A˛i . The new alpha curve, ˛si , is the belt sphere of the 1-handle.
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zi wixi
�i

ˇ ˇ ˇ

˛ ˛ ˛

zi wi

ˇ0 ˇ0 ˇ0

˛0 ˛0 ˛0

ˇsi

˛si

�0i

†

†0

Figure 9.3. Top: the Heegaard surface .†;˛;ˇ;w; z/ and the arc Ai from Lemma 9.8. Bottom:
the stabilized Heegaard surface .†0; ˛0; ˇ0;w; z/ and the arc A0

i
. Also shown are the special

curves ˛s
i

and ˇs
i

.

We write .†0;˛0;ˇ0;w;z/ for the stabilized Heegaard diagram. We handleslide the
arcs Ai into the new stabilization tubes to obtain arcs A0i � †

0. The arcs A01; : : : ;A
0
`

are still isotopic to the arcs in A.
By definition of a Heegaard link diagram, the base pointswi ; zi 2† are contained

in a single component Ai � † n ˛ and also a single component Bi � † n ˇ. Note
that the point xi 2 † is contained in Ai since there is a path Aˇi from xi to zi which
is disjoint from ˛. Similarly, xi 2 Bi . Write A0i and B 0i for the analogous components
of †0 n ˛0 and †0 n ˇ0. Note that A0i is obtained by removing four disks from Ai , and
similarly for B 0i .

We define our � -basic system of Heegaard diagrams as follows. In the i -th axis
direction, we first move ˇsi around Bi by a sequence of handleslides across the curves
of ˇ. This is similar to the case of meridional � -basic systems in Lemma 9.7. We
perform a sequence of isotopies and handleslides to move ˇss to the other side of zi ,
so that zi may be moved to xi without crossing any attaching curves. Write z0i for
xi , thought of as a base point. The next step in the i -th axis direction is to move ˛si
around Ai so that it moves to the other side of z0i , allowing z0i to be moved to wi .

Note that since ˇsi moves only around B 0i , and ˛si moves only around A0i , the
ˇsi may be moved around simultaneously (for different i ) and similarly different ˛si
may be moved simultaneously. Additionally, the original curves ˛ and ˇ are also
unchanged in this process. In particular, we may build the different axis directions
of the hypercube simultaneously to build the � -basic system of Heegaard diagrams.
By a similar argument to Lemma 9.7, we may choose the constituent hypercubes of
attaching circles to be algebraically rigid and weakly admissible.
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9.5 Tensor products of hypercubes of attaching curves

If Lˇ is a hypercube of attaching curves on .†;w; z/, and Lˇ 0 is a hypercube of
attaching curves on .†0;w;0 ; z0/, of dimensions n andm, respectively, we now define
an .nCm/-dimensional hypercube Lˇ ˝Lˇ 0 on .† t†0;w [ w0; z [ z0/. We note
that the construction of Lˇ ˝ Lˇ 0 is essentially identical to Lipshitz, Ozsváth and
Thurston’s construction of a connected sum of chain complexes of attaching circles
[26, Definition 3.40].

We begin with the underlying attaching curves of Lˇ ˝ Lˇ 0 , which we denote
by .ı.";�//.";�/2En�Em , where nD dim.Lˇ / andmD dim.Lˇ 0/. We set ı.";�/ to be a
small translation of ˇ" [ ˇ0� . We assume the small translations are chosen so that the
copies of ˇ" from ı.";�/ and ı.";�0/ intersect in 2g.†/Cjwj�1 points, and similarly for
the translated curves on †0.

Before defining the morphisms of Lˇ ˝Lˇ 0 , we begin with some helpful termi-
nology.

Definition 9.9. If "; "0 2 En, we say that there is an arrow from " to "0 if " < "0.

(1) We say that an arrow from ."; �/ 2 En � Em to ."0; �0/ is mixed if " < "0 and
� < �0.

(2) We say that an arrow from ."; �/ to ."0; �0/ is non-mixed if " D "0 or � D �0.

We now describe the morphisms of Lˇ ˝Lˇ 0 . We define the chains in Lˇ ˝Lˇ 0

for each mixed arrow to be zero. For the arrow from ."; �/ to ."; �0/, where � < �0,
we use the chain

‚C";" ˝‚�;�0 ;

where ‚C";" denotes the top degree generator (recall that we have perturbed one copy
of ˇ" slightly in the definition), and ‚�;�0 denotes the chain from Lˇ 0 . Similarly, for
the arrow from ."; �/ to ."0; �/, where " < "0, we use the chain

‚";"0 ˝‚
C
�;� :

Remark 9.10. We will only use the above construction in the case that Lˇ and Lˇ 0

are algebraically rigid. In this case, Lˇ ˝ Lˇ 0 is also algebraically rigid, and the
hypercube relations are automatic.

9.6 Basic systems and connected sums

In this section, we define a connected sum operation on � -basic systems of Heegaard
diagrams.

We begin by defining a connected sum operation for systems of arcs. Let L1 and
L2 be links in S3, with distinguished components K1 and K2, respectively. If A1
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and A2 are two systems of arcs for L1 and L2, we can form their connected sum
A1#A2 by taking the connected sum of L1 and L2 at w1 2 L1 and z2 2 L2. We then
concatenate the arcs for the components K1 and K2 to obtain the arc for K1#K2.
A priori, this operation is asymmetric between L1 and L2.

The most important special cases of this construction are the following:

(#-1) ˛˛ connected sums: Suppose A1 and A2 are systems of arcs for L1 and
L2, such that the arcs for K1 and K2 are both alpha-parallel. We form a
system of arcs for L1#L2 by using an alpha-parallel arc for K1#K2, and
using the remaining arcs without change.

(#-2) ˇˇ connected sums: These are analogous to ˛˛.

(#-3) ˛ˇ connected sums: Suppose that A1 and A2 are systems of arcs forL1 and
L2, such that the arc for K1 is alpha-parallel while the arc for K2 is beta-
parallel. We form the system A1#A2 by using the co-core of the connected
sum band as the arc for K1#K2.

These special cases are illustrated in Figure 9.4.
We now describe how to realize the above connected sum operations on the level

of � -basic systems of Heegaard diagrams. Suppose that we have � -basic systems
H1 and H2 for L1 and L2. We focus on the largest hyperbox of the system, since
the smaller hyperboxes are determined by the compatibility condition with respect to
inclusion.

We take the connected sum of the Heegaard surfaces †1 and †2 at w1 2 K1 and
z2 2 K2, deleting those two base points, and leaving z1 and w2. See Figure 9.5.

We write H
.0/
1 ;H

.1/
1 � H1 for the codimension 1 subboxes where the K1-com-

ponent is 0 (resp. where theK1-component is maximal). Write H.0/
2 and H

.1/
2 for the

analogous subboxes of H2.

L L0

L L0

L0L

L0L

Figure 9.4. The connected sums of two alpha-parallel arcs (top row), and the connected sum of
one alpha-parallel arc and one beta-parallel arc (bottom row).
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K1 K1#K2K2

z1

z2w1

w2

z1

w2

z1

w1 z2

w2

z1

w2

Figure 9.5. Forming the connected sum of two � -basic systems of Heegaard diagrams. The
dashed arcs denote the arcs in our � -basic system. On the left, we begin with an alpha-parallel
arc for K1 and a beta-parallel arc for K2. On the right, we have the arc for the connected sum.

We first construct a hyperbox of Heegaard diagrams on†1#†2, which we denote
H1#H.0/

2 . We build this hyperbox similarly to the tensor product procedure from
Section 9.5. We build an analogous hyperbox of Heegaard diagrams H

.1/
1 ˝H2 of

dimension .`1 C `2 � 1/. Note that since these hypercubes take place on the con-
nected sum †1#†2, as opposed to the disjoint union, we may not be able to build
the chains in the constituent hypercubes of attaching curves using the tensor product
operation. Nonetheless, we may always use the curves so-constructed, and fill in the
morphisms of these hypercubes using the standard filling construction of Manolescu–
Ozsváth [32, Lemma 8.6].

Both H1 ˝H
.0/
2 and H

.1/
1 ˝H2 share H.1/

1 ˝H
.0/
2 as a codimension 1 subface.

In particular, we may stack H1 ˝H
.0/
2 and H

.1/
1 ˝H2. Hence, for the connected

sum L1#L2, we use

H1#H2 WD St.H1 ˝H
.0/
2 ;H

.1/
1 ˝H2/; (9.1)

where St denotes stacking hyperboxes. This construction yields a � -basic system of
Heegaard diagrams for L1#L2, whose largest hyperbox is given by equation (9.1).

Remark 9.11. If H1 and H2 are algebraically rigid, then H1#H2 is also algebraic-
ally rigid.

Remark 9.12. Note that St.H.0/
1 ˝H2;H

.1/
1 ˝H2/ does not naturally define a � -

basic system of Heegaard diagrams. This is because the Heegaard diagrams must
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encode an isotopy of the base point z1 to the base point w2 on the connected sum of
the Heegaard surfaces. The stacking in equation (9.1) naturally encodes an isotopy
(concatenating the isotopy from z1 to w1, the isotopy of the base point across the
connected sum tube fromw1 to z2, and the isotopy of z2 tow2). The alternate stacking
does not naturally encode an isotopy of this sort.





Chapter 10

Hypercubes and disjoint unions

In this chapter, we consider hypercubes of attaching curves on disconnected Heegaard
surfaces. Recall that in Section 9.5, we defined a tensor product operation on hyper-
cubes of attaching curves. The goal of this chapter is to prove the following tensor
product formula for pairing such hypercubes of attaching curves.

Proposition 10.1. Suppose that Lˇ and Lˇ 0 are admissible hypercubes of han-
dleslide equivalent beta attaching curves on .†;w; z/ and .†0;w0; z0/, respectively.
Suppose additionally that L˛ and L˛0 are hypercubes of alpha attaching curves, sat-
isfying the same assumptions. Suppose also that if ˛ and ˇ are curves in L˛ and Lˇ ,
then .†; ˛; ˇ;w; z/ is the diagram of a link in a rational homology 3-sphere, and
similarly for L˛0 and Lˇ 0 .

(1) If the small translates in the construction of Lˇ ˝ Lˇ 0 are chosen suitably
small, then Lˇ ˝Lˇ 0 is a hypercube of attaching curves. The same holds for
L˛ ˝L˛0 .

(2) If the translations used in the constructions of L˛ ˝L˛0 and Lˇ ˝Lˇ 0 are
suitably small, then the canonical map of vector spaces

CF�JtJ .† t†
0;L˛ ˝L˛0 ;Lˇ ˝Lˇ 0 ;w [ w0; z [ z0/

Š CF�J .†;L˛;Lˇ ;w; z/˝F CF�J 0.†
0;L˛0 ;Lˇ 0 ;w0; z0/;

is a chain isomorphism.

The same statements hold if † and †0 have free base points in addition to link base
points.

Remark 10.2. In our proof, the assumption that .†; ˛; ˇ;w; z/ is a diagram for a
link in a rational homology 3-sphere is only used to simplify several statements about
admissibility. For general three-manifolds, the statement above holds as long as we
restrict to a finite set of Spinc structures on the hypercubes and assume the diagrams
satisfy a stronger version of admissibility (see [39, Definition 4.10]).

Our proof of Proposition 10.1 follows from the same line of reasoning as [26,
Section 3.5], though we present it for the benefit of the reader.



Hypercubes and disjoint unions 112

10.1 Small translate theorems

We now review a preliminary technical result concerning Heegaard diagrams with
repeated attaching curves. These are based on the results of [26, Section 3] and [12,
Section 11].

Suppose D D .†; j̨ ; : : : ; ˛1; ˇ1; : : : ; ˇk; w; z/ is a multi-pointed Heegaard
multi-diagram, the curves ˇ1; : : : ; ˇk are pairwise handleslide equivalent, and the
curves ˛1; : : : ; j̨ are pairwise handleslide equivalent. Let I D .i1; : : : ; ij / and I0 D
.i 01; : : : ; i

0
k
/ be tuples of positive integers. For s 2 ¹1; : : : ; j º, pick curves ˛1s ; : : : ;˛

is
s

which are small Hamiltonian translates of ˛s . Similarly, for t 2 ¹1; : : : ;kº, pick attach-
ing curves ˇ1t ; : : : ;ˇ

i 0t
t which are small translates of ˇt . We define the diagram

IDI0 WD .†;˛
ij
j ; : : : ;˛

1
j ; : : : ;˛

i1
1 ; : : : ;˛

1
1;ˇ

1
1 ; : : : ;ˇ

i 0
1

1 ; : : : ;ˇ
1
k; : : : ;ˇ

i 0
k

k
;w; z/:

We assume that each T˛ns \ T˛ms contains exactly 2g.†/Cjwj�1 points, for each s, n
and m, and similarly for the beta-translates.

Lemma 10.3. Suppose D D .†; j̨ ; : : : ;˛1;ˇ1; : : : ;ˇk;w;z/ is a multi-diagram such
that the ˛i are all pairwise handleslide equivalent, and the ˇi are also all pairwise
handleslide equivalent. Assume that .†;˛1;ˇ1;w; z/ represents a link in a rational
homology 3-sphere. Assume that D is admissible for each complete collection of base
points W � w [ z. Let IDI0 be the diagram constructed above. Assume the transla-
tions are chosen so that IDI0 is also weakly admissible. Suppose that .Jy/y2K`�1
is a generically chosen family of almost complex structures for counting holomor-
phic `-gons, where ` is the total number of attaching curves on IDI0 . Here, K`�1
is Stasheff’s associahedron on ` � 1 inputs. Equivalently, K`�1 is the moduli space
of complex disks with ` boundary marked points, one of which is distinguished as
the “output”. If the translations in the construction are chosen suitably small, then
the following holds: If  is a class of `-gons representing s such that the input of
each CF�.˛iC1s ; ˛is/ and CF�.ˇit ; ˇ

iC1
t / is the top degree generator and  has a

Jy-holomorphic representative for some y 2 K`�1, then

�. / � min.0; 3 � j � k/:

Equivalently, if S WD
Pj
sD1.is � 1/C

Pk
tD1.i

0
t � 1/ denotes the number of special

inputs from small translates, then

�. / � min.0; 3 � `C S/:

Remark 10.4. The condition that .†; ˛1; ˇ1/ represents a rational homology 3-
sphere is to obtain finiteness in the number of classes that the polygon maps count.
In this case, the existence of the Maslov gradings grW for each complete collection
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W � w [ z will ensure that for each N , there are only finitely many nonnegative
classes in a given

�2.‚
˛
n;n�1; : : : ; ‚

˛
2;1; x; ‚

ˇ
1;2; : : : ; ‚

ˇ
m�1;m; y/

with Maslov index N . Similar arguments can be made for diagrams of general 3-
manifolds, though one would need to require a stronger version of admissible (such
as strong s-admissibility). See [39, Definition 4.10].

We now briefly sketch the proof of Lemma 10.3. We assume for simplicity of
notation that j D 1 and i1 D 1, so that there are only beta-translates. Consider a class
of `-gons  on IDI0 , such that for each i , t , the input from Tˇ it

\ T
ˇ
iC1
t

is the top
degree generator. There is a well-defined approximating class app on D , and�. /D
�. app/ (at this step, one needs the special inputs to be the top degree generator; see
[12, Lemma 11.3], which generalizes easily from triangles to `-gons). For each i
and j , we pick a sequence ¹ˇit;nºn2N such that as n!1, the curves ˇit;n approach
ˇt (in the sense that there are maps ˇit;n is the time 1 translation by a Hamiltonian
vector fieldXHi;t;n for a sequence of functionsHi;t;n on† which converge to 0 in the
C1 topology). Write D 0n for the diagram obtained by replacing each ˇit with ˇit;n.
Given a sequence un of holomorphic representatives of  on D 0n, we may extract a
subsequence which converges to a representative of  app, which is a .k C 1/-gon. In
particular, by applying transversality for .k C 1/-gons, one obtains that

�. / � min.0; 3 � .k C 1//:

As noted in Remark 10.4, we use the assumption that .†;˛;ˇ;w; z/ is a diagram
for a rational homology sphere so that there are only finitely many classes of `-gons
of index 3� ` representing a given Spinc structure, and we apply the above argument
to each class.

We refer the reader to [26, Section 3] and [12, Section 11] for additional details.
There is an additional refinement of the above lemma for the case when D D

.†;˛;ˇ;w; z/ is an ordinary Heegaard diagram, and we have only one translate ˇ0 of
the curves ˇ. In this case, if ˇ0 are chosen to be suitably small Hamiltonian translates
of ˇ, then there is a canonical nearest point map

ˆnpWT˛ \ Tˇ ! T˛ \ Tˇ 0 :

Extending this map linear over the variables, we obtain a map

ˆnpWCF�.†;˛;ˇ;w; z/! CF�.†;˛;ˇ0;w; z/:

Lemma 10.5. Suppose that .†;˛;ˇ;w; z/ is a diagram for a link in a rational homo-
logy 3-sphere which is weakly admissible for each complete collection W � w [ z,
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and suppose that ˇ0 are suitably small translates of the curves ˇ. Then we have an
equality of maps

ˆnp.�/ D f˛;ˇ;ˇ 0.�; ‚
C

ˇ;ˇ 0
/:

The proof in the case of cCF was given by Lipshitz, Ozsváth and Thurston in [26,
Lemma 3.38]. This was extended to CF� (mostly by adapting the notation of [26]) in
[12, Proposition 11.1].

10.2 Disconnected Heegaard surfaces

Suppose that Lˇ and Lˇ 0 are hypercubes of handleslide equivalent attaching curves
on .†;w; z/ and .†0;w0; z0/, of dimension n and m, respectively. In this section, we
prove part (1) of Proposition 10.1, i.e., for suitable choices of translates, the diagram
Lˇ ˝Lˇ 0 is a hypercube of attaching curves (compare [26, Proposition 3.52]).

We begin with a technical result, from which we will derive the hypercube rela-
tions. In the following, we will write � D ."; �/ for points in EnCm ŠEn �Em. Also,
we write .ı�/�2EnCm for the attaching curves of EnCm. If �1 < � � �< �` is an increas-
ing sequence of indices, we write f�1;:::;�` for the holomorphic `-gon map fı�1 ;:::;ı�` .
We similarly write f"1;:::;"` and f�1;:::;�` for holomorphic polygon maps on† and†0.
We write ‚�i�1;�i for the chains on Lˇ ˝Lˇ 0 . We recall that these are given by

‚�i ;�iC1 D

8̂̂<̂
:̂
‚"i ;"iC1 ˝‚

C
�i

if �i D �iC1;

‚C"i ˝‚�i ;�iC1 if "i D "iC1;

0 otherwise:

Lemma 10.6. Let Lˇ and Lˇ 0 are hypercubes of handleslide equivalent attaching
curves on .†;w; z/ and .†0;w0; z0/, respectively, and let Lˇ ˝Lˇ 0 denote the hyper-
cube on .†t†0;w[w0; z[ z0/ described in Section 9.5. Suppose that �1 < � � � < �`
is an increasing sequence in EnCm, and let ‚�i�1;�i denote the chains in Lˇ ˝Lˇ 0 .
If ` ¤ 3, then

f�1;:::;�`.‚�1;�2 ; : : : ; ‚�`�1;�`/

D

8̂̂<̂
:̂
f"1;:::;"`.‚"1;"2 ; : : : ; ‚"`�1;"`/˝‚

C
�1;�1

if �1 D �`;

‚C"1;"1 ˝ f�1;:::;�`.‚�1;�2 ; : : : ; ‚�`�1;�`/ if "1 D "`;

0 otherwise:

(10.1)

When `D 2, we interpret f�1;�2 as the ordinary Floer differential. When `D 3, equa-
tion (10.1) holds when �1 D �3 or "1 D "3. If ` D 3 and instead "1 < "2 D "3 and
�1 D �2 < �3, then

f�1;�2;�3.‚�1;�2 ; ‚�2;�3/ D ‚"1;"2 ˝‚�2;�3 ;
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where we identify complexes whose attaching curves are small approximations of
each other. Similarly, if "1 D "2 < "3 and �1 < �2 D �3 we have

f�1;�2;�3.‚�1;�2 ; ‚�2;�3/ D ‚"2;"3 ˝‚�1;�2 :

Proof. Consider first the claim when `D 2 (i.e., for holomorphic disks). Suppose that
."1; �1/ < ."2; �2/ and consider ‚�1;�2 . By assumption, ‚�1;�2 is only non-trivial
if "1 D "2 or �1 D �2, so assume for concreteness that "1 < "2 and �1 D �2. By
definition, ‚�1;�2 D ‚"1;"2 ˝‚

C
�1;�1

. The differential on the disjoint union of two
diagrams is clearly tensorial, so

@.‚"1;"2 ˝‚
C
�1;�1

/ D @‚"1;"2 ˝‚
C
�1;�1
C‚"1;"2 ˝ @‚

C
�1;�1

D @‚"1;"2 ˝‚
C
�1;�1

;

proving the claim in this case. The case that ` D 3 is similarly straightforward to
verify.

We assume now that ` > 3. The map f�1;:::;�` counts holomorphic `-gons of
Maslov index 3 � `. The holomorphic curves map into .† t†0/ �D`. To define the
polygon counting map, we pick a family of almost complex structures .Jy/y2K`�1
on .† t†0/ �D`. Such a family of almost complex structures induces two families,
.Jy/y2K`�1 and .J 0y/y2K`�1 , on † �D` and †0 �D`, respectively.

The holomorphic polygon map f�1;:::;�` on the disjoint union may be equivalently
described by counting pairs .u; u0/ representing pairs of classes of `-gons . ;  0/
satisfying

�. /C �. 0/ D 3 � `; (10.2)

which have the same almost complex structure parameter y 2K`�1. In particular, we
may naturally view the moduli space for a class . ;  0/ (as would be counted by the
polygon map f�1;:::;�`) as the fibered product[

y2K`�1

MJy . ;  
0/ � ¹yº

D

� [
y2K`�1

MJy . / � ¹yº

�
�ev

� [
y2K`�1

MJ 0y
. 0/ � ¹yº

�
; (10.3)

where ev is the evaluation map toK`�1, which sends a pair .u; y/ to the parameter y.
Consider the last line of equation (10.1). This equation concerns sequences

�1 < � � � < �` which increment both the En-coordinates and the Em-coordinates.
Consider a class of `-gons . ;  0/ on .† t †0/ � D`, potentially counted by the
`-gon map f�1;:::;�` . Let k be the number of inputs of  which do not increment
the En-coordinate. Let k0 be the number of inputs of  0 which do not increment the
Em-coordinate.

By Lemma 10.3, if . ;  0/ has a holomorphic representative, we must have

�. / � min.3 � `C k; 0/ and �. 0/ � min.3 � `C k0; 0/; (10.4)
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because each input of  which does not increase the En-coordinate contributes a top
degree generator in a pair of translated curves as input. Since �. /C�. 0/D 3� `,
by assumption, for a holomorphic representative to exist we must have

min.3 � `C k; 0/Cmin.3 � `C k0; 0/ � 3 � `:

We add 2.` � 3/ to the above to obtain

min.k; ` � 3/Cmin.k0; ` � 3/ � ` � 3: (10.5)

On the other hand, there are ` � 1 total inputs to the map f�1;:::;�` , and each input
increments either En or Em, but not both (by definition of Lˇ ˝Lˇ 0). Hence

k C k0 D ` � 1: (10.6)

Combining the above equation with equation (10.5), we deduce that it is not possible
that both k � `� 3 and k0 � `� 3, since then equation (10.5) would imply k C k0 �
` � 3, which contracts equation (10.6). Hence, we assume without loss of generality
that k > ` � 3. Equation (10.5) implies that

min.k0; ` � 3/ � 0;

which implies that either k0 D 0 or ` 2 ¹2; 3º. Since we assumed that ` > 3, we
conclude that k0D 0. Equation (10.6) implies that kD `� 1. Symmetrically, if instead
we assumed k0 > `� 3, we would have .k; k0/ D .0; ` � 1/. This proves the last line
of equation (10.1).

We now consider the first two lines of equation (10.1). These correspond to the
cases that .k; k0/ is .`� 1; 0/ or .0; `� 1/. Consider the case that .k; k0/D .0; `� 1/.
In this case, the holomorphic curve count occurs on the diagram

.†;ˇ"1 ; : : : ;ˇ"` ;w; z/ t .†
0;ˇ0� ; : : : ;ˇ

0
� ;w

0; z0/;

where the ` attaching curves on the right-hand diagram are small translates and we
write � for �1. Equation (10.4) implies in this case that �. / � 3� ` and �. 0/ � 0.
Together with equation (10.2) we see that

�. / D 3 � ` and �. 0/ D 0: (10.7)

If  0 2 �2.‚C�;� ; : : : ; ‚
C
�;� ; z/, the Maslov index formula for the grading implies

that
�. 0/ D nw0. 

0/C grw0.‚
C
�;� ; z/:

Since �. 0/ D 0, we conclude that nw0. 
0/ D 0 and z D ‚C�;� .
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For the main claim, it suffices to show that

#
[

y2K`�1

MJy . / �
X

 02�2.‚
C
�;� ;:::;‚

C
�;�/;

�. 0/D0;
y2K`�1

MJy . ;  
0/ .mod 2/:

Equation (10.7) implies that

dim
[

y2K`�1

MJy . / � ¹yº D 0

and
dim

[
y2K`�1

MJ 0y
. 0/ � ¹yº D dim.K`�1/ D ` � 3:

By the fibered product equation in equation (10.3) and the above dimension counts,
it therefore suffices to show that the map

evW
[

 02�2.‚
C
�;� ;:::;‚

C
�;�/;

�. 0/D0;
y2K`�1

MJy . 
0/! K`�1

has odd degree. (Compare [26, Lemma 3.50].) This is proven by considering the
preimage of a path 
 W Œ0; 1�!K`�1, such that 
.0/D y, 
.t/ 2 intK`�1 for t 2 Œ0; 1/
and 
.1/ is a point in @K`�1 which realizes a degeneration of a holomorphic `-gon
into ` � 2 triangles (i.e., a point in the lowest-dimensional boundary strata of K`�1).
The codimension 1 degenerations along the image of .0; 1/ under 
 consist of index 1
holomorphic disks breaking off. The holomorphic disks which break off at the input
generator cancel in pairs, since each‚C�;� is a cycle. There are no disks which bubble
off in the output, since they would leave an index �1 `-gon in �2.‚C�;� ; : : : ;‚

C
�;� ; y/,

for some y, as well as an index 1 disk � 2 �2.y;‚C�;�/ with nw.�/D 0. The existence
of such a degeneration would imply that gr.y; ‚C�;�/ D 1, which is impossible since
there are no generators with grading higher than ‚C�;� .

The cardinality of the limit at t D 1 corresponds to the component of ‚C�;� in
the ` � 2 fold composition of maps of the form fˇ 0� ;ˇ 0� ;ˇ 0� .‚

C
�;� ;�/, applied to the

element ‚C�;� (e.g., by the grading preserving invariance of the Heegaard Floer com-
plex of connected sums of S1 � S2). Clearly this is 1, modulo 2. This establishes
the first line of (10.1). The second line follows from the same reasoning, establishing
equation (10.1) and completing the proof.

We now use the previous lemma to finish our proof that Lˇ ˝Lˇ 0 is a hypercube
of attaching curves.
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Proof of part (1) of Proposition 10.1. Suppose that � < �0 are points in EnCm. We
wish to show the hypercube relations for Lˇ ˝Lˇ 0 . Write �D .";�/ and �0D ."0; �0/.
There are two cases to consider:

(1) " D "0 or � D �0. I.e., the arrow .�; �0/ is non-mixed.

(2) " < "0 and � < �0. I.e., the arrow .�; �0/ is mixed.

In the case of a non-mixed arrow, Lemma 10.6 shows that the hypercube relations for
Lˇ ˝Lˇ 0 follow immediately from the hypercube relations on Lˇ and Lˇ 0 .

For a mixed arrow .�; �0/, Lemma 10.6 implies that there are exactly two terms
which contribute to the hypercube relation. These correspond to the two broken arrow
sequences .�; �0; �0/ where �0 2 ¹."; �0/; ."0; �/º. By Lemma 10.6 both of these
sequences contribute to ‚";"0 ˝ ‚�;�0 , which cancel, so the hypercube relations are
satisfied.

We are now able to prove the remainder of Proposition 10.1.

Proof of part (2) of Proposition 10.1. The proof is in the same spirit as part (1) of
the proposition. To simplify the notation, we will assume that L˛ and L˛0 are both
0-dimensional, and consist of ordinary sets of attaching circles ˛ and ˛0. If ."; �/ <
."0; �0/ are points in EnCm, then the hypercube map from ."; �/ to ."0; �0/ in

CF�.† t†0;˛ [ ˛0;Lˇ ˝Lˇ 0 ;w [ w0/ (10.8)

is obtained by summing over all increasing sequences

."; �/ D ."1; �1/ < � � � < ."`; �`/ D ."
0; �0/;

the holomorphic .`C 1/-gon map which has special inputs from Lˇ ˝Lˇ 0 . We say
such a sequence is mixed if " < "0 and � < �0. We claim that in the pairing of the two
hypercubes of attaching curves, mixed sequences make trivial contribution. This is an
approximation argument similar to part (1) of the proposition, as we now describe.

We recall that Lˇ ˝ Lˇ 0 has no mixed arrows which are assigned a non-zero
chain. Hence we may consider only broken arrow paths in EnCm where each individ-
ual arrow increases exactly one of the En or Em coordinates. For such a sequence of
length ` � 1, let k be the number of arrows which do not increase the En coordinate,
and let k0 be the number of arrows which do not increase the Em coordinate. In our
present situation, k C k0 D ` � 1. The contribution of this arrow path is a count of
holomorphic .`C 1/-gons, with ` � 1 special inputs from the hypercube Lˇ ˝Lˇ 0 ,
and one input from CF�.˛ [ ˛0; ˇ" [ ˇ0�/. Suppose . ;  0/ is a homology class
which could potentially contribute. By construction, �. /C �. 0/ D 2 � `. Equa-
tion (10.4) adapts to show that

�. / � min.2 � `C k; 0/ and �. 0/ � min.2 � `C k0; 0/;
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so
min.2 � `C k; 0/Cmin.2 � `C k0; 0/ � 2 � `;

and hence
min.k; ` � 2/Cmin.k0; ` � 2/ � ` � 2:

Similar to the argument from part (1), the only allowable configurations are .k; k0/ 2
¹.` � 1; 0/; .0; ` � 1/º. This implies that there are no mixed arrows in the hypercube
of equation (10.8).

It remains to verify that the non-mixed arrows of equation (10.8) coincide with
the tensor product differential. Arguing similarly to the proof of part (1), it suffices to
show that if x 2 T˛ \ Tˇ" , then the map

evW
[

 2�2.x;‚
C
";";:::;‚

C
";";y/;

�. /D0;
y2K`

MJy . /! K`

is odd degree if y is the canonical nearest point to x, y D xnp, and is even degree
otherwise. Similarly to part (1), we consider the preimage of a path 
 W Œ0; 1�! K`,
which connects a generic y 2 intK` to a point in @K` of maximal codimension.
The only possible generic degenerations on the interior consist of an index 1 disk
breaking off. Disks breaking off at the ‚C";" inputs cancel in pairs. Index 1 disks
breaking off at the x input or the y output are impossible, since they leave an index�1
.`C 1/-gon which has `� 1 inputs equal to the top degree generator, whose existence
would violate Lemma 10.3. Hence, we identify the preimage over y with the preimage
of 
.1/. By the nearest point map argument of Lemma 10.5, the count is odd if and
only if y D xnp, completing the proof.





Chapter 11

Hypercubes and connected sums

In this chapter, we prove a connected sum formula for hypercubes of attaching curves.
We begin with some preliminary definitions before stating our result in Proposi-
tion 11.8.

Definition 11.1. A Heegaard surface with matched link base points .†;w; z;p/ con-
sists of a surface with a finite collection of points w [ z [ p, which is equipped with
a matching function

mWw! z;

which is a bijection. We call w [ z the link base points, and p the free base points.

Definition 11.2. Suppose that .†;w; z; p/ and .†0;w0; z0; p0/ are two Heegaard sur-
faces with matched link base points, as in Definition 11.1. We say that .†#†0;w00;
z00; p00/ is formed by an admissible connected sum if it is formed by one of the two
following procedures (possibly with the roles of † and †0 reversed).

(1) (Connected sum at a free base point.) The connected sum is taken at a free
base point p 2 p, and at some point x0 2 †0 n .w0 [ z0/. The base points are

w00 D w [ w0; z00 D z [ z0; and p00 D .p n ¹pº/ [ p0:

(2) (Connected sum at link base points.) The connected sum is taken at two link
base points w 2 w and z0 2 z0. The base points are

w00 D .w n ¹wº/ [ w0; z00 D z [ .z0 n ¹z0º/; and p00 D p [ p0:

Suppose that we form an admissible connected sum .†#†0;w00; z00; p00/ from the
pointed surfaces .†;w; z; p/ and .†0;w0; z0; p0/. Suppose Lˇ and Lˇ 0 are hyper-
cubes of handleslide equivalent attaching curves on † and †0, respectively. We may
construct a hypercube-shaped diagram Lˇ ˝Lˇ 0 on .†#†0;w00; z00;p00/ via the same
procedure as on the disjoint union of the two diagrams in Section 9.5. We do not claim
that the hypercube relations are satisfied, however we have the following remark.

Remark 11.3. If Lˇ and Lˇ 0 are algebraically rigid, then the top degree chains coin-
cide on disjoint unions of diagrams and on admissible connected sums, justifying the
use of the notation Lˇ ˝ Lˇ 0 for both situations. Also, if Lˇ and Lˇ 0 are alge-
braically rigid, then Lˇ ˝Lˇ 0 is automatically a hypercube of attaching curves.

To state our connected sum theorem for hypercubes, we need an additional con-
dition on our hypercubes of attaching curves.
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Definition 11.4. Suppose that L˛ is an algebraically rigid hypercube of handleslide
equivalent attaching curves on .†;w; z; p/, and x is a point in the complement of
† n

S
˛2L˛

˛. We say that x is base point-esque for L˛ if for every composable
sequence ‚�j ;�j�1 ; : : : ; ‚�2;�1 of chains in L˛ , and every nonnegative class  2
�2.‚�j ;�j�1 ; : : : ; ‚�2;�1 ; x/, we have

�. / � 2nx. /:

(Note x is the outgoing intersection point in the class .) We make a similar definition
for hypercubes of algebraically rigid beta hypercubes.

Lemma 11.5. If L˛ is an algebraically rigid hypercube of handleslide equivalent
attaching curves on .†;w;z;p/, and x 2w[ z[ p, then x is base point-esque for L˛ .

Proof. Assume for concreteness that x 2 w. If  2 �2.‚�j ;�j�1 ; : : : ; ‚�2;�1 ; x/ is
a class, then the relation between the Maslov index and the absolute grading on the
Heegaard Floer homology (see [40, Section 7]) implies

�. / D 2nw[p. /C grw[p.‚�j ;�j�1/C � � � C grw[p.‚�2;�1/ � grw[p.x/;

where grw[p is the absolute grading, normalized so that the top degree cycle of

HF�.†;˛�i ;˛�i�1 ;w; z; p/

has grading 0. Since L˛ is algebraically rigid, we also know that grw[p.x/ � 0 and
grw[p.‚�iC1;�i / D 0 for all i and hence

�. / � 2nw[p. /:

If  is a nonnegative class, we have nw[p. / � nx. /, so we see that x is base
point-esque for L˛ .

Remark 11.6. Suppose

L˛ D
�
˛

‚
C

˛0;˛

����! ˛0
�
;

where ˛0 is obtained by performing a Hamiltonian isotopy to ˛ which crosses x, then
x is not base point-esque for L˛ because there is a bigon of index 1 which covers x
once. See Figure 11.1.

Suppose that L˛ is a hypercube of handleslide equivalent attaching curves on
.†;w; z;p/ and x 2 † is in the complement of each curve in L˛ . If ˛ is in L˛ , write
E˛x for the product of the variables of the base points in the component of † n ˛
containing x.

Lemma 11.7. Let L˛ be a hypercube of handleslide equivalent attaching curves on
.†;w; z; p/ and suppose that x is base point-esque for L˛ . Then E˛x is independent
of ˛ 2 L˛ .
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x˛
˛0

Figure 11.1. An example of a point x which is not base point-esque from Remark 11.6.

Proof. Let ˛1; ˛2 2 L˛ . Consider the endomorphism Ax of CF�.˛2; ˛1/ which
counts holomorphic disks of index 1, which are given a multiplicative factor of nx.�/.
It is straightforward to see that Œ@; Ax� D .E

˛1
x C E

˛2
x / � id. On the other hand, if

‚˛2;˛1 is a cycle generating the top degree of homology, then @.‚˛2;˛1/ D 0 since
‚˛2;˛1 is a cycle and Ax.‚˛2;˛1/D 0 since x is base point-esque for L˛ so there are
no Maslov index 1 and nonnegative homology classes of disks in any �2.‚˛2;˛1 ; x/
with multiplicity 1 on x. Since CF�.˛2; ˛1/ is free and 0 D Œ@; Ax�.‚˛2;˛1/ D

‚˛2;˛1 � .E
˛1
x CE

˛2
x /, it follows that E˛1x CE

˛2
x D 0, completing the proof.

The main result of this chapter is the following.

Proposition 11.8. Suppose that L˛ and Lˇ are algebraically rigid hypercubes of
handleslide equivalent attaching curves on .†;w;z;p/ and L˛0 and Lˇ 0 are algebra-
ically rigid hypercubes of handleslide equivalent attaching curves on .†0;w0; z0; p0/.
Suppose that we form .†#†0;w00; z00; p00/ by an admissible connected sum of .†;w;
z;p/ and .†0;w0; z0;p0/ at points x 2 † and x0 2 †0. Form the hypercubes L˛ ˝L˛0

and Lˇ ˝ Lˇ 0 as described above. If x is base point-esque for Lˇ and x0 is base
point-esque for L˛0 , then there is a natural homotopy equivalence of hypercubes

CF�.†#†0;L˛ ˝L˛0 ;Lˇ ˝Lˇ 0 ;w00; z00; p00/
' CF�.†;L˛;Lˇ ;w; z; p/˝R CF�.†0;L˛0 ;Lˇ 0 ;w0; z0; p0/:

Also, R is as follows:

(1) If the connected sum is taken along a link component, then R D F ŒU;V� is
the ring for the link components along which the connected sum is taken.

(2) If the connected sum is taken at a free base point x D pi 2 p, then the tensor
product is taken over F ŒU �, where we have U act by Ui on the left factor, and
E˛
0

x0 on the right factor. (Cf. Lemma 11.7.)

(3) If the connected sum is taken at a free base point x0 D p0i 2 p0 in w0 [ z0, the
tensor product is taken over F ŒU �, where we have U act by Ui on the right
factor and Eˇx on the left factor.

Unlike in Chapter 10, the homotopy equivalence of Proposition 11.8 is not given
by the identity map on the level of groups. Instead, it involves counting holomorphic
curves.
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Remark 11.9. If instead x is base point-esque for L˛ and x0 is base point-esque
for Lˇ 0 , then there is also a homotopy equivalence of hypercubes realizing a tensor
product formula. Note that in the case that if x and x0 are base point-esque for all
of the hypercubes of Lagrangians, then there are two distinct maps of hypercubes
realizing the homotopy equivalence. These are referred to as ˆ�<ı

0

and ˆı
0<� below.

11.1 Cylindrical boundary degenerations

In this section, we recall some important facts about boundary degenerations.

Definition 11.10. Suppose ˇ is a set of attaching curves on .†;w/, and x 2 Tˇ . A
cylindrical beta boundary degeneration at x consists of a tuple .u; S; j / such that
.S; j / is a Riemann surface and

uW .S; @S/! .† � Œ0;1/ �R;ˇ � ¹0º �R/

is a map satisfying the following:

(1) u is .j; J /-holomorphic.

(2) u is proper.

(3) For each t 2 R and i 2 ¹1; : : : ; g.†/C jwj � 1º, the set u�1.ˇi � ¹0º � ¹tº/
consists of a single point.

(4) u has finite energy.

(5) �H ı u is non-constant on each component of S , where H D Œ0;1/ �R.

(6) S has a collection of n D g.†/C jwj � 1 boundary punctures p1; : : : ; pn. If
x D .x1; : : : ; xn/, where xi 2 ˇi , then

lim
z!pi

.�H ı u/.z/ D1 and lim
z!pi

.�† ı u/.z/ D xi :

Cylindrical alpha boundary degenerations are defined by analogy. Of fundamental
importance is the mod 2 count of boundary degenerations.

Proposition 11.11. Suppose ˇ is a set of attaching curves on .†;w/, and B is a
Maslov index 2 class of boundary degenerations. For an appropriate choice of almost
complex structures on † � Œ0;1/ �R, the moduli space of boundary degenerations
N .B; x/ is transversely cut out. Furthermore, the parametrized moduli space[

x2Tˇ

N .B; x/ � ¹xº

is also transversely cut out. Furthermore,

#N .B; x/=Aut.H/ � 1:
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The case when jwj > 1 is proven by Ozsváth and Szabó [41, Theorem 5.5].
Ozsváth and Szabó also proved that if jwj D 1 there are generically no boundary
degenerations for split almost complex structures on † � Œ0;1/ � R. However, for
their boundary degenerations, the parametrized moduli space

S
x2Tˇ

N .B; x/ � ¹xº
might in general be non-empty, and there are always broken boundary degenerations
at which transversality is not achieved (e.g., the union of a closed curve representing
† and a constant disk at x). This is sufficient for showing that @2 D 0, but is not suf-
ficient for our purposes. The jwj D 1 case was revisited in [12, Section 7.6], where
it was shown that for appropriately generic choices of almost complex structures, the
count of Proposition 11.11 holds.

11.2 The 0-dimensional case

In this section, we present the proof of Proposition 11.8 in the case that Lˇ and
Lˇ 0 are both 0-dimensional (i.e., we recover the standard connected sum formula of
Ozsváth and Szabó [38]). The analytic details we present here will be the basis of the
higher-dimensional cases of Proposition 11.8, which we consider in the subsequent
section. Our argument is inspired by work of Ozsváth and Szabó in the bordered
setting [45]. See also [12, Section 19.4].

Suppose H D .†;˛;ˇ;w; z/ and H 0 D .†0;˛0;ˇ0;w0; z0/ are multi-pointed dia-
grams, and suppose that J and J 0 are almost complex structures on † � Œ0; 1� � R
and †0 � Œ0; 1� � R, respectively. The notation J ^ J 0 means the data of the pair J
and J 0 together with distinguished connected sum points, x 2 † and x0 2 †0. We
assume that the connected sum is admissible, in the sense of Definition 11.2.

Remark 11.12. In Proposition 11.8, we additionally had the assumption that x and x0

were base point-esque for some of the hypercubes of attaching curves. In the present
case, L˛ , L˛0 , Lˇ and Lˇ 0 are all 0-dimensional, and this condition is automatic.

For notational simplicity, we focus on the case where we have just one U vari-
able, and one V variable, no free base points, and we are doing a connected sum
of link components. The first step is to do a neck-stretching degeneration along the
connected sum tube. The result of this degeneration is a chain complex, freely gen-
erated over the ground ring R D F ŒU;V� by pairs x � x0, where x 2 T˛ \ Tˇ and
x0 2 T˛0 \ Tˇ 0 . The differential is given by the formula

@J^J 0.x � x0/ D
X

y�y02.T˛\Tˇ/�.T˛0\Tˇ0 /;
�2�2.x;y/;
�02�2.x0;y0/;
nx.�/Dnx0 .�

0/;

�.�/C�.�0/�2nx.�/D1

#.MM.�; �0/=R/ � Unw00 .�C�
0/Vnz00 .�C�

0/
� y � y0;

(11.1)
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where MM.�; �0/ is the perfectly matched moduli space, consisting of pairs .u; u0/
satisfying the following matching condition. In the following, we write .Sq; j / and
.T q0 ; j 0/ for the sources curves of u and u0, where .S; j / and .T; j 0/ are Riemann
surfaces, and q and q0 are ordered collections of nx.�/ D nx0.�/ marked points, for
which we write q D ¹q1; : : : ; qnº and q0 D ¹q1; : : : ; q0nº. We define

MMJ^J 0.�; �
0/ WD

®
.u; u0/ W u is J -holomorphic;

u0 is J 0-holomorphic;

.�† ı u/.qi / D x; .�†0 ı u
0/.q0i / D x

0;

.�D ı u/.qi / D .�D ı u
0/.q0i /

¯
: (11.2)

It is not hard to see that this gives a chain complex, which we denote by
CF�J^J 0.H ;H 0/. (Compare [12, Section 19.4].) The construction is inspired by the
matched moduli spaces which appear in [27, Section 9.1].

If I is a (non-singular) almost complex structure on †#†0 � Œ0; 1� �R, then one
may define a chain homotopy equivalence

CF�I .H#H 0/ ' CF�J^J 0.H ;H 0/

by counting index 0 curves for a non-cylindrical almost complex structure on†#†0 �
Œ0; 1� � R which interpolates an ordinary cylindrical almost complex structure on
†#†0 � Œ0; 1� � .�1; t1�, and a degenerate almost complex structure (i.e., one with
infinite neck length) on † ^†0 � Œ0; 1� � Œt2;1/, for some t1 � 0 and t2 � 0. See
[12, Section 19.4] for more details.

We now describe a chain homotopy equivalence

ˆ�<ı
0

WCF�J^J 0.H ;H 0/! CF�J .H /˝R CF�J 0.H
0/:

If t0 2 R, write
�t0 WD Œ0; 1� � ¹t0º � Œ0; 1� �R:

Let us write

sW† � Œ0; 1� �R! Œ0; 1� and t W† � Œ0; 1� �R! R

for the projection maps.

Definition 11.13. Suppose t0 2 R. A .ˆ; � < ı0; t0/-matched J ^ J 0-holomorphic
curve pair consists of a pair of marked J ^ J 0 holomorphic disks .u; u0/, equipped
with the following data:

(1) A partition of the marked points of u (resp. u0) into three sets, S, C and N
(resp. S0, C0 and N0).

(2) A bijection �W S! S0.
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We assume the following are satisfied:

(1) If qi is a marked point of u, then .�† ı u/.qi / D x, and similarly for all
marked points of u0.

(2) If q 2 S and q0 2 S0 and �.q/ D q0, then

.t ı u/.q/ D .t ı u0/.q0/ < 0 and .s ı u/.q/ D .s ı u0/.q0/:

(3) If q 2 N then .t ı u/.q/ > t0. The analogous statement holds for q0 2 N0.
(4) jCj D jC0j. Furthermore, if q 2 C then .t ı u/.q/ D t0, and similarly for the

marked points of C0. The marked points of C and C0 alternate between those
of C and those of C0 along �t0 . Finally, the left-most marked point along this
line is contained in C.

See Figure 11.2 for a schematic of a .ˆ; � < ı0; t0/-matched curve pair.
If .�; �0/ are a pair of homology classes, M is a pair of marked source curves

for � and �0, and t0 2 R, we write MMˆ;�<ı0.�; �0;M; t0/ for the moduli space of
.ˆ; � < ı0; t0/-matched disks representing � and �0. We consider the parametrized
moduli space

MMˆ;�<ı0.�; �0;M/ D
[
t02R

MMˆ;�<ı0.�; �0;M; t0/ � ¹t0º:

If t0 is fixed, the expected dimension of MMˆ;�<ı0.�; �0; M; t0/ is given by the
formula

ind.�; �0;M/ D �.�/C �.�0/ � 2.jSj C jCj/:

The mapˆ�<ı
0

counts pairs of curves .u;u0/ in MMˆ;�<ı0.�; �0;M/=R, ranging
over tuples with ind.�; �0;M/ D 0. Equivalently, we can think of ˆ�<ı

0

as counting
elements of the non-parametrized moduli spaces MMˆ;�<ı0.�; �0; M; t0/ for some
fixed t0. (The parametrized perspective becomes helpful later.)

�t0C

S

N

Figure 11.2. The projection to Œ0; 1� � R of marked points of a .ˆ; � < ı0; t0/-matched holo-
morphic curve pair. Solid dots indicate the marked points of u, while open dots are the marked
points of u0. The map ‰�<ı

0

counts similar configurations.
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Next, we explain the U and V weights of a curve. The base points not involved
in the connected sum contribute powers of variables as normal. The marked points in
S [ S0 [ C [ C0 contribute algebra elements which are the same as would be counted
on the connected sum of the two diagrams, where we have removed any base points
used for the connected sum. For the marked points in N and N0, the algebraic contri-
bution is the same as on the disjoint union of the two diagrams, where we treat the
punctures as base points.

Concretely, if the connected sum is formed along a link component, and x D w
2 w and x0 D z0 2 z0, then the algebra element contributed by the marked points
would be

UjNjVjN
0j: (11.3)

(There would be an additional contribution from the other base points not involved
in the connected sum.) If instead the connected sum is formed at a free base point
x D w 2 † and some non-base point x0 2 †0, then the algebra contribution from the
marked points would be UjNj.

We define a similar map

‰�<ı
0

WCF�J .H /˝R CF�J 0.H
0/! CF�J^J 0.H ;H 0/

by counting holomorphic curves with similar conditions, but with the roles of the S
and N labeled marked points switched.

Remark 11.14. Constant disks are counted by both ˆ�<ı
0

and ‰�<ı
0

.

Lemma 11.15. The maps ˆ�<ı
0

and ‰�<ı
0

are chain maps.

Proof. We focus on ˆ�<ı
0

since the argument for ‰�<ı
0

is not substantially differ-
ent. Our proof is modeled on work of Ozsváth and Szabó in the setting of bordered
knot Floer homology [45]. The proof is to count the ends of .ˆ; � < ı0; t0/-matched
moduli spaces for triples .�; �0;M/ with ind.�; �0;M/D 1. Modulo the R-action on
the parametrized moduli space, such moduli spaces are 1-dimensional. In the present
situation, it is sufficient to fix t0 D 0, and consider only .ˆ; � < ı0; 0/-matched holo-
morphic curves. The ends are constrained generically to the following configurations:

(ˆ-1) Two paired marked points in S and S0 may collide with the line �0, away
from the marked points in C and C0.

(ˆ-2) A pair of punctures in C and C0 may collide along �0.

(ˆ-3) A puncture of N or N0 may collide with �0 (in the complement of C
and C0). There are two subcases:

(a) After the degeneration, the marked points along �0 do not alternate
between those of u and u0.

(b) After the degeneration, the marked points along �0 do alternate be-
tween those of u and u0.
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(ˆ-4) A puncture of C may degenerate into an index 2 beta boundary degenera-
tion at height t D 0.

(ˆ-5) A puncture of C0 may degenerate into an index 2 alpha boundary degener-
ation at height t D 0.

(ˆ-6) Strip breaking may occur, leaving a .ˆ; � < ı0; 0/-matched disk of index
0 as well as a holomorphic disk of index 1 in either positive or negative
direction. There are two subcases:

(a) The index 1 holomorphic disk degenerates towards �1, and is per-
fectly-matched.

(b) The index 1 holomorphic disk degenerates towardsC1, and has triv-
ial matching (i.e., the projections of all marked points to Œ0; 1��R are
distinct).

Most of these ends appear in canceling pairs, and the rest correspond to the relation
Œ@; ˆ�<ı

0

� D 0, as we describe presently.
The ends (ˆ-1) cancel with the ends (ˆ-2).
In an end of type (ˆ-3a), there are two adjacent marked points along �0 which

are both from u or both from u0. Such a curve appears twice in the boundary of the
moduli spaces. See Figure 11.3.

The ends of type (ˆ-3b) cancel with the end of type (ˆ-4) and (ˆ-5). Here we are
using the mod 2 count of boundary degenerations from Proposition 11.11. Note also
the algebra contributions coincide for the two canceling degenerations of type (ˆ-3b)
and type (ˆ-4) or (ˆ-5) (cf. equation (11.3)). If the connected sum is taken along
a link component, each boundary degeneration which forms along �t0 will contain
one puncture from C [ C0 and also one link base point. The degeneration which
cancels this boundary degeneration formation consists of a N or N0 puncture colliding
with �t0 . The algebra weight from the N or N0 puncture coincides with the weight of
the base point which is lost in the boundary degeneration. The case of a connected
sum at a free base point is similar.

The remaining ends are (ˆ-6), which correspond exactly to the commutator
Œ@; ˆ�<ı

0

�. Summing all ends, we conclude that

@ ıˆ�<ı
0

Cˆ�<ı
0

ı @ D 0;

completing the proof.

Lemma 11.16. The maps ˆ�<ı
0

and ‰�<ı
0

are homotopy inverses.

Proof. We define two maps H^ and Ht, which we prove satisfy

idC‰�<ı
0

ıˆ�<ı
0

D Œ@;H^� and idCˆ�<ı
0

ı‰�<ı
0

D Œ@;Ht�: (11.4)

We focus on the map H^, since Ht is constructed by a straightforward modification.
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(ˆ-2)(ˆ-1)

(ˆ-3a)

(ˆ-3b) (ˆ-4)

(ˆ-3a)

Figure 11.3. Some cancellations in the proof that ˆ�<ı
0

and ‰�<ı
0

are chain maps.

The map H^ counts certain curve pairs .u; u0/ where u has five collections of
marked points, NN, NC, M, SC and SS, and u0 has five collections of marked points
NN0, NC0, M0, SC0 and SS0.

Definition 11.17. Suppose that t0 < t1 are real numbers. We say a pair of marked
holomorphic strips .u; u0/ is .H^; t0; t1/-matched if the following are satisfied:

(1) The marked points of NN and NN0 are perfectly matched. Furthermore, their
projection to R lies above t1.

(2) The marked points in NC and NC0 both project to �t1 . Furthermore, jNCj D
jNC0j. As one travels along �t1 , the marked points alternate between jNCj
and jNC0j, and the left-most marked point is from NC, while the right-most
is from NC0.

(3) The marked points of M and M0 have no matching condition. Their projection
to Œ0; 1� �R lies between �t0 and �t1 .
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(4) The marked points SC and SC0 satisfy the same conditions as NC and NC0,
except that they project to �t0 .

(5) The marked points in SS and SS0 are perfectly matched, and their projection
to R lies below t0.

See Figure 11.4 for a schematic.

If .�;�0/ are two homology classes of disks, equipped with decorated sources and
matching data M , and t0 < t1 are fixed, then the expected dimension of the moduli
space of curves which are .H^; t0; t1/-matched and represent .�; �0;M/ is given by

ind.�; �0;M/ D �.�/C �.�0/ � 2jSSj � 2jNNj � 2jSCj � 2jNCj:

Write MM.�; �0;M/ for this moduli space. The parametrized moduli space

MM.�; �0;M/ WD
[
t0<t1

MM.�; �0;M; t0; t1/ � ¹.t0; t1/º

has a free R-action, corresponding to overall translation (acting diagonally on t0
and t1).

Further, the map H^ counts MM.�; �0; M/=R for triples .�; �0; M/ satisfying
ind.�; �0;M/ D �1: In this case, the expected dimension of MM.�; �0;M/ is 1.

To verify equation (11.4), we count the ends of the parametrized moduli spaces
MM.�; �0;M/=R where ind.�; �0;M/ D 0 (so that dim MM.�; �0;M/=R D 1).

There are ends which occur at 0 < t1 � t0 <1. These are the obvious analogs of
the ends in the case of one special line (ˆ-1); : : : ;(ˆ-5). They cancel by an identical
proof to the case of one special line.

It remains to analyze the curves which appear as t1 � t0! 0 or t1 � t0!1. The
ends which appear as t1 � t0!1 are easy to analyze: they correspond exactly to the
composition ‰�<ı

0

ıˆ�<ı
0

. We now focus on the ends which appear as t1 � t0 ! 0.
These correspond to the lines �t0 and �t1 colliding to form a single line, for which

�t0

�t1

SS=SS0

NN=NN0

NC=NC0

SC=SC0
M=M0

Figure 11.4. A .H^; t0; t1/-matched curve pair. On the left side, we indicate the regions where
the marked points NN, NC, M, SC, and SS are sent.
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we write �t 0 . The limiting curves live in a moduli space of pairs .u; u0/ where the
points of SS are perfectly matched with SS0 and NN are perfectly matched to NN0,
and the rest of the marked points are matched to �t 0 . For fixed t 0, this moduli space
has expected dimension

�.�/C �.�0/ � 2jSSj � 2jNNj � 2jSCj � 2jNCj � jMj � jM0j:

By assumption, the above quantity is �jMj � jM0j. The moduli space which is pa-
rametrized over all t 0 has dimension �jMj � jM0j C 1, but since it also has a free R
action, we conclude that �jMj � jM0j � 0, so jMj D jM0j D 0.

There are two remaining cases for the curves appearing as t1 � t0 ! 0:

(H^-1) jSCj D jNCj D jSC0j D jNC0j D 0.

(H^-2) At least one of jSCj, jNCj, jSC0j, jNC0j is non-empty.

For the ends (H^-1), there are no marked points along the special line and the limiting
curve pair .u; u0/ is perfectly matched, similar to the curves counted by @J^J 0 in
equation (11.1), except .u; u0/ has index 0 (i.e., the expected dimension, ignoring the
special line, is 0). Using transversality and expected dimension counts, we see that u
and u0 must both represent the constant class. These ends contribute idCF�

J^J 0
.H ;H 0/

to the left equation of (11.4).
We now consider the ends labeled (H^-2). We claim that these appear in can-

celing pairs. Indeed, each such end appears with even multiplicity, corresponding to
switching the roles of NC and SC, and switching NC0 and SC0 (i.e., having the special
lines pass through each other). See Figure 11.5.

The construction of the homotopy H[ is defined via the obvious modification,
and a similar analysis goes through to establish the right equation of (11.4).

Figure 11.5. The cancellation of the ends labeled (H^-2).
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11.3 Connected sums and hypercubes

We now extend the work of the previous section to handle the more general case
of hypercubes of dimension greater than 0. We focus on the case that L˛ and L˛0

are 0-dimensional, i.e., L˛ D ˛ and L˛0 D ˛
0, while Lˇ and Lˇ 0 are of arbitrary

dimension.
Similar to the setting of ordinary Floer complexes in Section 11.2, it is straight-

forward to construct a neck-stretching homotopy equivalence

CF�I .†#†0;˛ [ ˛0;Lˇ ˝Lˇ 0/ ' CF�J^J 0.† ^†
0;˛ [ ˛0;Lˇ ˝Lˇ 0/:

The construction is essentially the same as the construction of a homotopy equiva-
lence of hypercubes for changing the almost complex structure. Compare [12, Sec-
tion 14.2].

The goal of this section is to describe a homotopy equivalence of hypercubes

ˆ�<ı
0

WCF�J^J 0.† ^†
0;˛[ ˛0;Lˇ ˝Lˇ 0/! CF�JtJ 0.† t†

0;˛[ ˛0;Lˇ ˝Lˇ 0/

under certain restrictions on Lˇ and Lˇ 0 . In the domain ofˆ�<ı
0

, the curves counted
are perfectly-matched. In codomain, the curves have trivial matching (i.e., they are
counted in the normal way for disconnected Heegaard surfaces, as in Section 10.2).
The mapˆ�<ı

0

is an extension of the map defined in Section 11.2, which we describe
momentarily. Note that by Proposition 10.1, the codomain of ˆ�<ı

0

is homotopy
equivalent to the tensor product of CF�J .†; ˛;Lˇ / and CF�J 0.†0; ˛0;Lˇ 0/, if the
hypercube Lˇ ˝Lˇ 0 is constructed with sufficiently small Hamiltonian translations.

Similar to the case of connected sums, we will define the map ˆ�<ı
0

to count
holomorphic polygons with a special line.

To simplify the exposition and notation, it is helpful to establish a few conven-
tions. Firstly, we recall that the holomorphic `-gon maps require a choice of a family
of almost complex structures .Jy/y2K`�1 . The space K`�1 may be identified with
the moduli space of disks with ` marked points along its boundary. For the sake of
notation, it is more convenient to consider the moduli space of ` � 2 marked points
along the line

¹0º �R � Œ0; 1� �R:

Overall translation by the R-action gives equivalent elements in the moduli space.
For our purposes, it is actually more convenient to not initially quotient by this action,
and consider a family of almost complex structures .Jy;� /.y;�/2K`�1�R. Let Tr denote
translation of the R component of † � Œ0; 1� �R by r units. We require that

Jy;� D .T
�
r /.Jy;�Cr/;

for each y 2 K`�1, and �; r 2 R. Note that this does not imply that each Jy;� is
translation invariant under the R-action on Œ0; 1� �R.
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With this convention, the normal `-gon counting maps can be viewed as counting
the 1-dimensional parametrized moduli spaces[

.y;�/2K`�1�R

MJy . / � ¹.y; �/º;

modulo their free R-action.
If t0 2 R, the notion of a .ˆ; � < ı0; t0/-matched pair of .` C 1/-gons is eas-

ily adapted from Definition 11.13. (Note that to define the map ˆ�<ı
0

, the indexing
is somewhat more natural if we count .` C 1/-gons than `-gons.) Here, t0 denotes
the height of the special line, where the marked points C and C0 are matched. If
. ;  0;M/ is a triple consisting of two homology classes of .`C 1/-gons, and M is
a pair of decorated source curves and matching data, and .y; �/ 2 K` �R and t0 2 R
is fixed, then the expected dimension of the moduli space of .ˆ; � < ı0; t0/-matched
.`C 1/-gons, denoted MM

ˆ;�<ı0

Jy;�
. ;  0;M; t0/, is given by

ind. ;  0;M/ D �. /C �. 0/ � 2jSj � 2jCj:

This is because the moduli space with Jy;� fixed but with no puncture constraints
has expected dimension �. /C �. 0/, and the perfect matching below t0 and the
matching along the special line give a codimension 2.jSj C jCj/ constraint.

If J D .J.y;�//.y;�/2K`�R is a family, we define the parametrized moduli space

MM
ˆ;�<ı0

J . ;  0;M/ D
[

.y;�/2K`�R;
t02R

MM
ˆ;�<ı0

J.y;�/
. ;  0;M; t0/ � ¹.y; �; t0/º;

which has expected dimension

e dim MM
ˆ;�<ı0

J . ;  0;M/ D ind. ;  0;M/C `; (11.5)

and has a free R-action.
We now define our hypercube morphism ˆ�<ı

0

. If � � �0 and �; �0 2 EnCm, we
define the component ˆ�<ı

0

�!�0 of ˆ�<ı
0

as follows. If � D �0 D ."; �/, then the map

ˆ�<ı
0

�!�0 WCF�J^J 0.† ^†
0;˛ [ ˛0;ˇ" [ ˇ

0
�/! CF�JtJ 0.† t†

0;˛ [ ˛0;ˇ" [ ˇ
0
�/

is the tensor product map defined in Section 11.2.
If �1 < � � � < �` is an increasing sequence of points in EnCm, then we write �j D

."j ; �j / and we define a map

'�<ı
0

�1<���<�`
WCF�J^J 0.† ^†

0;˛ [ ˛0;ˇ"1 [ ˇ
0
�1
/

! CF�JtJ 0.† ^†
0;˛ [ ˛0;ˇ"` [ ˇ

0
�`
/

by counting .ˆ;�< ı0; t0/-matched holomorphic .`C 1/-gons which have ind. ; 0;
M/D1� `, and all of whose special inputs come from Lˇ ˝Lˇ 0 . By equation (11.5)
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the parametrized moduli spaces of such families have expected dimension 1, and also
have a free R-action.

If � < �0, then we define

ˆ�<ı
0

�!�0 WD

X
�D�1<���<�`D�

0

'�1<���<�` :

We may also define a map

‰�<ı
0

WCF�JtJ 0.† t†
0;˛[ ˛0;Lˇ ˝Lˇ 0/! CF�J^J 0.† ^†

0;˛[ ˛0;Lˇ ˝Lˇ 0/

in the opposite direction via the obvious modification.

Lemma 11.18. Suppose that Lˇ and Lˇ 0 are hypercubes of beta attaching curves on
† and †0, respectively, and x 2 † and x0 2 †0 are choices of connected sum points.
Suppose the following are satisfied:

(1) Lˇ and Lˇ 0 are algebraically rigid.

(2) x is base point-esque for Lˇ .

The following are the generic codimension 1 degenerations in the parametrized mod-
uli spaces of .ˆ; � < ı0; t0/-matched .` C 1/-gon curve pairs on .† ^ †0; ˛ [ ˛0;
Lˇ ˝Lˇ 0/ representing classes with matching data satisfying ind. ; 0;M/D 2� `

(i.e., of expected dimension 1 after quotienting by the free R-action), where the spe-
cial beta inputs are from the hypercube Lˇ ˝Lˇ 0:

(ˆ`-1) Two paired marked points in S and S0 may collide with the special line
(away from the marked points C and C0). None of the punctures in P[ P0

have the same height as the special line.

(ˆ`-2) A pair of punctures of C and C0 may collide along �t0 (and the P and P0

punctures have different heights than �t0).

(ˆ`-3) A puncture of N or N0 may collide with �t0 (in the complement of C and
C0, and with different height than P and P0).

(ˆ`-4) A puncture of C may degenerate into an index 2 beta boundary degenera-
tion or alpha boundary degeneration. The height �t0 is different from any
puncture in P or P0.

(ˆ`-5) The holomorphic pair .u; u0/ may break into two R-levels, exactly one of
which contains the special line.

(ˆ`-6) Degenerations may occur which involve the punctures P and P0. These
are constrained to the following:

(a) An index 1 disk pair may bubble at two punctures of P [ P0. If it
degenerates above the special line, then the matching is trivial. If it
degenerates below the special line, the matching is perfect.
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(b) Four punctures of P[P0 collide and bubble off a pair of index 0 holo-
morphic triangles. If they form below the special line, the matching
is perfect. If they occur above the special line, the matching is trivial.

See Figure 11.6 for a schematic of the above degenerations.

Proof. The claim that these degenerations have codimension 1 is clear. We claim that
there are no further degenerations. There are two points which require explanation:

(P-1) There are generically no degenerations involving the punctures P [ P0

which leave a puncture along ¹0º � R of the same height as the special
line �t0 .

(P-2) The generic degenerations involving the punctures P or P0 along ¹0º �
R (which necessarily occur at heights other than that of the special line
by (P-1)) are constrained to those listed in (ˆ`-6). In particular, they are
constrained only to index 1 disk bubbling and index 0 triangle degenera-
tions. Such curves are perfectly matched if they occur below the special
line, and trivially matched if they occur above the special line. Degenera-
tions of pairs of j -gons at these punctures are prohibited for j > 3.

See Figure 11.7 for a schematic of a degeneration which we claim is non-generic.

(ˆ`-1)

(ˆ`-5)

(ˆ`-2) (ˆ`-3) (ˆ`-4)

(ˆ`-6a) (ˆ`-6b)

Figure 11.6. The generic degenerations of .ˆ; � < ı0; t0/-matched holomorphic `-gon pairs.
The large boundary dots denote punctures of P and P0.
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Figure 11.7. A putative example of a degeneration of type (P-1). Big dots are boundary punc-
tures. Small dots are marked points. The left disk is identified with H.

We now argue that degenerations (P-1) are non-generic. Consider a pair .u; u0/ of
broken curves obtained as the limit of a 1-parameter family of .ˆ;�< ı0; t0/-matched
.`C 1/-gons, representing a pair of classes . ;  0/, all of whose special inputs are
the top degree generators. Assume that each of u and u0 consist of a j -gon and a
k-gon for

j C k D `C 3: (11.6)

Such a degeneration corresponds to the codimension 1 strata of K`. Our argument
extends easily to further degenerations into a tree of curves, corresponding to the
higher codimension strata of K`, though we focus on the codimension 1 strata to
simplify the notation.

Suppose that u degenerates into a pair ur and ul , where ur is a map into † �
Œ0; 1��R, and we view ul as a map into†�H where HD Œ0;1/�R. Here, ur and
ul have additional boundary punctures, and we think of ur as a holomorphic k-gon,
and we think of ul as a holomorphic j -gon. We assume that u0 similarly consists of
a pair u0

l
and u0r , which are holomorphic j -gons and k-gons.

We assume for the sake of the argument that j; k � 2. Note that we automatically
have k � 2, since there are the punctures at ˙1. The case that j D 1 corresponds
to a boundary degeneration. In this case, we may fill in the boundary puncture for the
curves ur and u0r and obtain an .`C 1/-gon. We leave it to the reader to analyze the
case of boundary degenerations by adapting the index arguments we present.

In the limit, write Nl , Nr , (resp. Cl , Cr ; resp. Sl , Sr ) for the marked points of ul
and ur that lie above (resp. on; resp. below) the special line. Write N0l (and so forth)
for the analogous marked points of u0

l
and u0r . Here, we use the same designation of

N, C and S as from the 1-parameter family (so in principle, it is possible for an N-
marked point to lie on the special line, though it will follow from our argument that
these degenerations occur in too high of codimension to be generic).

By construction of the 1-parameter family relevant to the degeneration, we have

�. /C �. 0/C ` � 2 � 2.jCj C jSj/ D 0: (11.7)
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For these families, the parametrized moduli space has expected dimension 2 by equa-
tion (11.5), and also has a free R-action. We note that jNj D jNl j C jNr j, and similarly
for the other collections of marked points.

We may view the pair .ul ; u0l/ as determining a map to .† t †0/ � Œ0;1/ � R.
Excluding the puncture at1, there are j � 1 punctures along ¹0º �R. We normalize
the limit so that the special line coincides with Œ0;1/ � ¹0º. There is a 1-parameter
family of conformal automorphisms of the half plane which preserve this line. They
are multiplication by positive real numbers.

We claim that

�. l/C �. 
0
l/C j � 2 � 2jSl j �max.jCl j C jC0l j; 1/ � 0: (11.8)

The reasoning for the above equation is as follows. We may view the limiting curves
as being elements of a moduli space of holomorphic curves which is parametrized by
the moduli space of j � 1marked points along ¹0º �R. This is a .j � 1/-dimensional
moduli space, however, there is a free action by R � .0;1/. The R-factor translates
in the i -direction, and the .0;1/-factor scales by a real positive number. If jCl j C
jC0l j D 0, then both of these actions preserve the moduli space of curves which are
parametrized over the moduli space of j � 1 points along ¹0º � R, and normalized
so that the special line is ¹0º � Œ0;1/. This parametrized moduli space has expected
dimension �. l/C �. 0l/C j � 1� 2jSl j. Hence, �. l/C �. 0l/C j � 3� 2jSl j
� 0 if this moduli space is non-empty, as claimed. If jCl j C jC0l j � 1, then the R-
action which translates in the i -direction no longer preserves the matched moduli
space, but the .0;1/-action does preserve the matched moduli space, so instead we
only obtain

�. l/C �. 
0
l/C j � 2 � 2jSl j � jCl j � jC

0
l j � 0;

as claimed.
Similarly, .ur ; u0r/ can be viewed as living in a moduli space of k-gons where the

marked points Cr and C0r lie on the line �t0 , the marked points Sr and S0r are perfectly
matched, and also that there is a boundary puncture which has the same height as the
special line. Since the expected dimension of this moduli space must be nonnegative
if it admits a representative, we conclude that

�. r/C �. 
0
r/C k � 3 � 2jSr j � jCr j � jC

0
r j � 0: (11.9)

We may rearrange equations (11.7) and (11.6) to obtain

0 D �. /C �. 0/C ` � 2 � 2.jCj C jSj/
D �. l/C �. 

0
l/C j � 2 � jCl j � jC

0
l j � 2jSl j

C �. r/C �. 
0
r/C k � 3 � jCr j � jC

0
r j � 2jSr j: (11.10)



Connected sums and hypercubes 139

Next, since Lˇ is algebraically rigid and x is base point-esque for Lˇ , we obtain

�. l/ � 2np. l/ D 2jCl j C 2jSl j C 2jNl j: (11.11)

See Definition 11.4. In particular, we obtain that

�. l/C �. 
0
l/C j � 2 � jCl j � jC

0
l j � 2jSl j

� �. 0l/C j � 2C jCl j � jC
0
l j C 2jNl j: (11.12)

Since we are performing the � < ı0 degeneration, we know also that

jCl j � jC0l j � jCl j � 1; (11.13)

since the left-most puncture along the special line will be in Cl . By transversality for
ordinary j -gons, we know that

�. 0l/C j � 2 � 1: (11.14)

In particular, from equations (11.12) and (11.14) we obtain that

�. l/C �. 
0
l/C j � 2 � jCl j � jC

0
l j � 2jSl j � 1: (11.15)

Equations (11.8) and (11.15) imply that equation (11.10) is the sum of two non-
negative integers, one of which is at least 1. Hence the equation is never satisfiable.
This implies claim (P-1).

It remains to consider degenerations into polygons where the special line does
not occur at the same height as one of the punctures in P [ P0. In such cases, jCl j D
jC0l j D 0. Furthermore, equations (11.8) and (11.9) adapt to show that

�. l/C �. 
0
l/C j � 3 � 2jSl j � 0;

�. r/C �. 
0
r/C k � 2 � 2jSr j � jCr j � jC

0
r j � 0:

(11.16)

Arguing similarly to equation (11.10), we see that both of the two inequalities above
are equalities.

We consider first the case that .ul ; u0l/ from below the special line. In this case,
we observe that  l# 0l may be viewed as a class on †#†0 since they have the same
multiplicity at the connected sum point. The excision principle for the index (i.e.,
deleting disks at the connected sum points) implies that

�. l# 0l/ D �. l/C �. 
0
l/ � 2jSl j:

By the absolute grading formula, if z is the outgoing intersection point of  l# 0l ,
we have

�. l# 0l/ D nw00. l# 0l/C gr.‚C; z/;
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since the inputs of  l# 0l consist of only the top degree intersection points. We con-
clude that �. l# 0l/ � 0. The first line of equation (11.16) (now known to be an
equality) now implies that j � 3 � 0. The only possibilities are j D 2; 3, as claimed.
Degenerations of j -gons above the special line are handled via an essentially identical
argument.

Lemma 11.19. Under the assumptions in Lemma 11.18, the maps ˆ�<ı
0

and ‰�<ı
0

are chain maps of hypercubes.

Proof. We focus on the map ˆ�<ı
0

, since the analysis for ‰�<ı
0

is nearly identical.
Suppose � � �0 2 EnCm, and consider the hypercube relations for Cone.ˆ�<ı

0

/. If
� D �0, then the hypercube relations follow from Lemma 11.15, so assume � < �0.

Suppose that � D �1 < � � �< �`D �0. We count the ends of 1-dimensional families
of .ˆ; � < ı0; t0/-matched `C 1-gons, which have inputs from Lˇ ˝Lˇ 0 . The codi-
mension 1 degenerations are analyzed in Lemma 11.18. Many of these ends have
a similar cancellation pattern as in Lemma 11.15. For example, the ends (ˆ`-1)
and (ˆ`-2) cancel modulo 0. Similarly, each curve satisfying (ˆ`-3) appears twice
in the boundary of the modulo space, unless the limiting marked points alternate
between † and †0, in which case the curves cancel the degenerations in (ˆ`-4). The
curves appearing in (ˆ`-6) cancel modulo 2 because of the hypercube relations for
Lˇ ˝Lˇ 0 (on both † t†0 and † ^†0).

The remaining curves are those which appear in the degenerations labeled
(ˆ`-5). These ends correspond exactly to the hypercube relations for the mapping
cone of ˆ�<ı

0

. This verifies that ˆ�<ı
0

is a chain map.

Remark 11.20. In the above, we assumed that L˛ ˝L˛0 was 0-dimensional. In the
case that both L˛ ˝ L˛0 and Lˇ ˝ Lˇ 0 have positive dimension, the argument is
essentially the same. The only additional subtlety concerns for which hypercubes x
and x0 are base point-esque for. In the above, we used that x was base point-esque
for Lˇ to obtain equations (11.11) and (11.13) for degenerations along ¹0º � R. To
obtain the analogous bounds for degenerations along ¹1º �R we instead would need
p0 to be base point-esque for L˛0 , as in the statement of Proposition 11.8.

Lemma 11.21. Under the assumptions in Lemma 11.18, the maps ˆ�<ı
0

and ‰�<ı
0

are homotopy inverses of each other.

Proof. The proof is similar to the proof of Lemma 11.16. Indeed, one can define
.H^; t0/-matched holomorphic .`C 1/-gons by analogy to the case of disks. Count-
ing such curves gives a morphism of hypercubes

H^WCF�.† ^†0;˛ [ ˛0;Lˇ ˝Lˇ 0/! CF�.† ^†0;˛ [ ˛0;Lˇ ˝Lˇ 0/:

By a straightforward adaptation of Lemma 11.18 to the case where there are two
special lines, and by adapting the argument from Lemma 11.16 to handle the limiting
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curves appearing as the special lines collide, we obtain exactly that the following
diagram is an .nCmC 2/-dimensional hypercube of chain complexes:

CF�.† ^†0;˛ [ ˛0;Lˇ ˝Lˇ 0/ CF�.† t†0;˛ [ ˛0;Lˇ ˝Lˇ 0/

CF�.† ^†0;˛ [ ˛0;Lˇ ˝Lˇ 0/ CF�.† ^†0;˛ [ ˛0;Lˇ ˝Lˇ 0/

id

ˆ�<ı
0

H^
‰�<ı

0

id

The above diagram realizes the relation

‰�<ı
0

ıˆ�<ı
0

C id D Œ@;H^�;

completing the proof. A homotopy equivalence in the other direction is defined by
the obvious adaptation.





Chapter 12

The pairing theorem

In this chapter, we prove the pairing theorem. We prove Theorems 1.3 and 1.4 of the
introduction, as well as some generalizations and refinements.

12.1 The statement

We now state the pairing theorem (i.e., connected sum formula). In this section, we
state the pairing theorem for links in terms of a box-tensor product. In Section 12.2,
we unpack the statement in terms of the link surgery complexes. In Section 12.3, we
prove the statement.

Theorem 12.1. Suppose thatL1 andL2 are two links in S3, which are equipped with
systems of arcs A1 and A2, respectively. Form their connected sum L1#L2 along two
distinguished components K1 � L1 and K2 � L2. Assume the arc for K1 is alpha-
parallel and that the arc for K2 is beta-parallel. Let A1#A2 denote the connected
sum, in the sense of Section 9.6 (see, in particular, (#-3)). Then

Xƒ1Cƒ2.L1#L2;A1#A2/L`1C`2�1

' .Xƒ1.L1;A1/
L`1 ˝F Xƒ2.L2;A2/

L`2 / y� KjKM
K :

Remark 12.2. In Theorem 12.1, the arc of A1#A2 for K1#K2 is the co-core of the
band used to form the connected sum. See Figure 9.4.

12.2 Unpacking the statement

We now give a concrete reformulation of the pairing theorem from the previous sec-
tion, in terms of the knot and link surgery complexes.

We begin by unpacking the claim for the Ozsváth–Szabó mapping cone complex
X�.Y1#Y2; K1#K2/. For i 2 ¹1; 2º, the complex X�i .Yi ; Ki / is the mapping cone
complex

X�i .Yi ; Ki / D Cone
�
A.Ki /

v.Yi ;Ki /Ch
.Yi ;Ki /

�i
������������! B.Ki /

�
:

We recall from Lemma 6.5 that we may identify A.Ki / with a completion of
CFK.Yi ; Ki /, and that we may likewise identify B.Ki / with a completion of
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V�1CFK.Yi ; Ki /. From the connected sum formula for knot Floer homology, we
know that

CFK.Y1#Y2; K1#K2/ Š CFK.Y1; K1/˝FŒU;V� CFK.Y2; K2/

and similarly the localized module V�1CFK.Y1#Y2; K1#K2/ decomposes as a ten-
sor product over the ring F ŒU;V;V�1�.

These tensor products of knot Floer complexes may themselves be described as
box tensor products over the algebras F ŒU;V� and F ŒU;V;V�1�. Indeed, if x1; : : : ;xn
is a free-basis of CFK.Y1; K1/, then we may form a type-D module CFK.Y1;

K1/
FŒU;V�, spanned over F by x1; : : : ; xn, with structure map ı1 encoding the differ-

ential on CFK.Y1; K1/. Similarly, we may view CFK.Y2; K2/ as a type-A module
FŒU;V�CFK.Y2; K2/, freely generated over F ŒU;V� by intersection points, and with
only m1 and m2 non-vanishing. Clearly,

CFK.Y1; K1/
FŒU;V� � FŒU;V�CFK.Y2; K2/

Š CFK.Y1; K1/˝FŒU;V� CFK.Y2; K2/:

The maps v.Yi ;Ki / from the knot surgery formulas ofK1 andK2 are the canonical
inclusion maps for localization at Vi . Hence, the map v on the tensor product is just
the tensor product v.Y1;K1/ ˝ v.Y2;K2/.

On the other hand, the maps h.Y1;K1/
�1

and h.Y2;K2/
�2

both satisfy h.Yi ;Ki /
�i

.ax/ D
�� .a/h

.Yi ;Ki /

�i
by Lemma 6.7. It is straightforward to see that this implies that their

tensor product h.Y1;K1/
�1

˝ h
.Y2;K2/

�2
is well defined.

In the box tensor product X�1.K1/
K y� KX�2.K2/, there is a summand of the

differential which corresponds to � being output by X�1.K1/
K , and then input into

KX�2.K2/. This summand is identified with h.Y1;K2/
�1

˝ h
.Y2;K2/

�2
. Similarly, there is

a summand of the differential that corresponds to a � being output by X�1.K1/
K ,

and then input into KX�2.K2/. This contributes v1 ˝ v2 to the differential.
We summarize the above observations with the following lemma.

Lemma 12.3. IfK1 � Y1 andK2 � Y2 are two knots in integer homology 3-spheres,
then Theorem 12.1 is equivalent to the statement that the map h.Y1#Y2;K1#K2/

�1C�2
in

Ozsváth and Szabó’s surgery formula X�1C�2.Y1#Y2; K1#K2/ satisfies

h
.Y1#Y2;K1#K2/
�1C�2

' h
.Y1;K1/

�1
˝ h

.Y2;K2/

�2
:

The pairing theorem for the link surgery formula has a similar restatement. Let
Cƒ1.L1/ and Cƒ2.L2/ be the link surgery hypercubes of Manolescu and Ozsváth.
Write

Cƒi .Li / Š Cone
�
C0.Li /

F�KiCFKi
��������! C1.Li /

�
:
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Here, C�.Li / consists of the complexes of all points of the cube E`i such that the
coordinate for Ki is � 2 ¹0; 1º. Also, we are writing FKi (resp. F �Ki ) for the sum
of the hypercube maps for all sublinks EN � Li which contain Ki (resp. �Ki ).

Note that similar to the case of ordinary link Floer complexes, the connected sum
formula [37, Section 7] provides an identification of vector spaces

C0.L1#L2/ Š C0.L1/ y̋ FŒU;V� C0.L2/

and
C1.L1#L2/ Š C1.L1/ y̋ FŒU;V;V�1� C1.L2/:

Here, y̋ denotes the completed tensor product.
The maps FKi are F ŒU;V�-equivariant, while F �Ki are ŒT �-equivariant. In par-

ticular, both tensor products FK1 ˝ FK2 and F �K1 ˝ F �K2 are well defined. The
same logic as with the case of connected sums of knots gives the following restate-
ment of the pairing theorem for the surgery hypercubes.

Lemma 12.4. Theorem 12.1 is equivalent to the statement that the surgery hypercube
Cƒ1Cƒ2.L1#L2;A1#A2/ is homotopy equivalent to the .`1 C `2 � 1/-dimensional
hypercube

Cone
�
C0.L1;A1/ y̋ C0.L2;A2/

FK1˝FK2CF�K1˝F�K2
�������������������! C1.L1;A1/ y̋ C1.L2;A2/

�
:

For each � 2 ¹0; 1º, the above complexes C�.L1/ y̋ C�.L2/ are equipped with the
tensor product differential D�

1 ˝ id C id ˝ D�
2 , where D�

j is the total differential
of the hypercube C�.Lj / (i.e., the sum of the internal differentials as well as the
hypercube maps).

12.3 Proof of the pairing theorem

We now prove the pairing theorem, Theorem 12.1.

Proof of Theorem 12.1. We will use the restatement in terms of mapping cones from
Lemma 12.4. Our strategy is to pick a � -basic system for which we can apply the
hypercube tensor product formulas from Chapter 11.

We consider first the map F �.K1#K2/ and the corresponding Heegaard diagrams.
These maps will in general have summands of length greater than 1, but since we
are using a � -basic system, the only non-trivial summands correspond to sublinks
EM � �.L1#L2/, all of whose components are oriented oppositely to L1#L2. (See

the second paragraph of [32, Section 8.7].)
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We focus on the largest hyperbox in a � -basic system, i.e., the one for EM D
�.L1#L2/, since all of the smaller hypercubes are determined by this one. We sup-
pose that H1 and H2 are � -basic systems of Heegaard diagrams forL1 andL2, which
use the systems of arcs A1 and A2, respectively. We consider the � -basic system H#

constructed in Section 9.6.
We obtain two important hyperboxes and hypercubes:

(1) A hyperbox CF�.H#/ over

R D F ŒU1; : : : ; U`1�1; U`1 ; U`1C1; : : : ; U`1C`2�1�;

where U1; : : : ; U`1 are the variables for L1, and U`1 ; : : : ; U`1C`2�1 are the
variables for L2. Here, U`1 is viewed as the variable for the special compo-
nent K1#K2. This hypercube is generated over R by intersection points on
each constituent Heegaard diagram. If d is the size of the hypercube, then
at each point " 2 E.d/, the diagrams of H# are equipped with a complete
collection of base points W", consisting of exactly one base point for each
link component. When " D 0, these coincide with the z-base points. As one
increases the coordinates of the cube, the z-base points are moved into the
position of the w-base points. A holomorphic curve representing a class �
is weighted by the product of U

npi;" .�/

i , where pi;" 2 W" is the base point
corresponding to the link component in index i .

(2) A hypercube C
�.L1#L2/
ƒ1Cƒ2

, which has the same underlying groups and internal
differential as the link surgery hypercube Cƒ1Cƒ2.L1#L2/ (computed using
H#), but has only the differentials for negatively oriented sublinks of L1#L2.

Write cCF�.H#/ for the compression of CF�.H#/. If " 2 E`1C`2�1, write C" �

Cƒ1Cƒ2.L/ and C" � cCF�.H#/ for the underlying chain complexes at the point
" 2 E`1C`2�1.

The hypercube structure maps of C
�.L1#L2/
ƒ1Cƒ2

are determined by the hypercube
structure maps for CF�.H#/, as we now describe. If " 2 E`1C`2�1, write

�" � F ŒU1;V1; : : : ;U`1C`2�1;V`1C`2�1�

for the multiplicatively closed subset generated by Ui for each i such that "i D 0 and
Vi for each i such that "i D 1.

At each point " 2 E`1C`2�1, we write I" for the inclusion map

I"WC" ! ��1" � C":

For each ", there is also an isomorphism

�"W �
�1
" C" ! C" ˝ F ŒH.L/�:
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This map is gotten by sending a generator a � x (where x is an intersection point and a
is an algebra element) to a0 � x, where a0 is the unique element in F ŒU1; : : : ;U`1C`2�1�
˝ F ŒH.L/� satisfying the following:

(1) A.a0/ D A.x/ C A.a/ (where A.a0/ is defined by setting A.Ui / D 0 and
A.T s/ D s).

(2) If "i D 0, then the power of Ui in a0 is equal to the power of Vi in a.

(3) If "i D 1, then the power of Ui in a0 is equal to the power of Ui in a.

Write ˆ";"0 for the hypercube structure map for C
�.L1#L2/
ƒ1Cƒ2

from C" to C"0 , and
write f";"0 for the hypercube structure map for cCF�.H#/ from C" to C"0 . The map
ˆ";"0 is equal to

ˆ";"0 D �
�1
"0 ı .f";"0 ˝ T

ƒ";"0 / ı �" ı I": (12.1)

In the above,ƒ";"0 2 Z`1C`2�1 denotes the sum of the columns of the framing matrix
of L1#L2 corresponding to components Ki of L1#L2 for which "0i > "i .

Hence, to show the main claim it suffices to show that cCF�.H#/ admits a tensor
product decomposition analogous to the claimed one for C.H#/, and also to show that
each summand of F �K1 ˝ F �K2 has Alexander grading consistent with the surgery
formula. The claim about Alexander gradings is obvious, so it suffices to address the
claim about cCF�.H#/.

We now consider in more detail the � -basic system of Heegaard diagrams H#

constructed in Section 9.6. The hypercubes of attaching curves which appear in this
� -basic system have a simple description in terms of tensor products of hypercubes
of attaching curves. See equation (9.1). Recall that this hyperbox was constructed
from � -basic systems of Heegaard diagrams H1 and H2 for L1 and L2, respectively.
We may assume that these hypercubes are algebraically rigid by Lemma 9.8 (see also
Lemma 9.7). Recall that in Section 9.6 we defined

H# D St.H1#H.0/
2 ;H

.1/
1 #H2/:

Here, H.0/
1 (resp. H.1/

1 ) is the subbox of H1 where the coordinate for K1 is 0 (resp.
maximal). We define H

.0/
2 and H

.1/
2 similarly. Write x1 2 †1 and x2 2 †2 for the

connected sum points. Since H1 is alpha-parallel at K1 (i.e., we use a special beta-
curve as a meridian of K1) it is straightforward to see that x1 is base point-esque for
all of the constituent alpha-hypercubes of H1, in the sense of Definition 11.4. (Note
that x1 is typically not base point-esque for the beta-hyperboxes in the construction,
cf. Remark 11.6.) Similarly, since H2 is beta-parallel at K2, x2 will be base point-
esque for all of the constituent beta-hypercubes of H2. See Figure 9.5. Note that x1
and x2 will be base point-esque for both the alpha and beta hypercubes of H.j /

i .
By Lemma 2.10, the operations of stacking and pairing hyperboxes of attaching

curves commute. Using our results about connected sums of hypercubes in Proposi-
tions 10.1 and 11.8, we obtain a homotopy equivalence between CF�.H#/ and the
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hyperbox obtained by stacking

CF�.H1/˝FŒU`� CF�.H.0/
2 / and CF�.H.1/

1 /˝FŒU`� CF�.H2/:

To compress, we use the inductive construction described in Section 2.3. In doing so,
we may choose to compress the axis corresponding to the special link components
K1 andK2 last. We obtain that the compression of CF�.H#/ is homotopy equivalent
to the compression of a hyperbox

C0.L1/˝FŒU`� C0.L2/
f1˝id
����! C1.L1/˝FŒU`� C0.L2/

id˝f2
����! C1.L1/˝FŒU`� C1.L2/:

In the above, C�.Li / denotes the compression of CF�.H.�/
i /, for � 2 ¹0; 1º, and fi is

the map so that the compression of CF�.Hi / is isomorphic to Cone.fi /. This is the
analog for cCF�.H#/ of the formula in the main statement for C

�.L1#L2/
ƒ1Cƒ2

. Since the
other maps in equation (12.1) are tensorial, we obtain F �.K1#K2/ D F �K1 ˝ F �K2 ,
as in the statement.

We now consider the map FK1#K2 . Since we are using a � -basic system, the maps
FK1 , FK2 and FK1#K2 are all the canonical inclusions for localizing at the V variable
for K1, K2 and K1#K2. We claim that the homotopy equivalence described above
intertwines FK1#K2 with FK1 ˝ FK2 . Concretely, this amounts to the claim that
the homotopy equivalence, defined above, counts the same curves on C0.L1/˝FŒU`�

C0.L2/ as it does on C1.L1/˝FŒU`� C1.L2/. This is immediate from the definition.
The main claim follows.
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Arc systems and the link surgery formula

For any system of arcs A for a link L, the construction of Manolescu and Ozsváth
gives a hypercube of a chain complex Cƒ.L;A/, which is a module over FJU1; : : : ;
U`K. When A consists only of beta-parallel arcs, their link surgery formula states that

H�.Cƒ.L;A// Š HF�.Yƒ.L//:

When A consists only of arcs which are alpha-parallel or beta-parallel, their proof
also adapts without substantial change to show the above isomorphism. However, for
a general set of arcs, their work does not prove the isomorphism. In this chapter, we
prove the following.

Theorem 13.1. Suppose that A and A0 are two systems of arcs for a framed link
L � S3. Suppose that A differs from A0 by changing only the arc for the component
K1 � L. Then there is a homotopy equivalence of hypercubes

Cƒ.L;A/ ' Cƒ.L;A
0/

which is equivariant over FJU2; : : : ; U`K.

We note that our argument does not imply that the type-D modules Xƒ.L;A/
L

are homotopy equivalent for all choices of A. Instead, our proof gives the following
statement about the bordered link modules.

Proposition 13.2. Let A and A0 be two systems of arcs for L� S3, and suppose that
A differs from A0 by changing only the arc for K1 � L. Then there is a homotopy
equivalence of type-D modules over L`�1:

Xƒ.L;A/
L` y� K1

D0 ' Xƒ.L;A
0/L` y� K1

D0:

In the above, K1 denotes the algebra factor corresponding to the componentK1 �L.

13.1 Basepoint moving maps on hypercubes

Suppose that L˛ and Lˇ are two hypercubes of handleslide equivalent attaching
curves on .†;w; z;p/. We suppose that 
 � † is an immersed loop, starting and end-
ing at a free base point p. We now describe an endomorphism 
� of CF�.L˛;Lˇ /.

We begin by picking a diffeomorphism of †, which corresponds to an isotopy
which moves p in a loop along 
 , and is the identity outside of a small neighborhood
of 
 .
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There is a canonical map

��WCF�.L˛;Lˇ /! CF�.�L˛; �Lˇ /

obtained by pushing forward an intersection point tautologically under the diffeomor-
phism �, and extending equivariantly over Ui , Vi and Uj . We now build a hyperbox
of handleslide equivalent attaching curves

�L˛ �! L0˛ �! L˛: (13.1)

We pick L0˛ by winding the curves of L˛ sufficiently so that .�L˛;L
0
˛/ and .L0˛;L˛/

are both weakly admissible. We use the standard filling procedure of Manolescu and
Ozsváth [32, Lemma 8.6] to fill in the remaining chains of the above hyperbox.

By pairing the hyperbox in equation (13.1) with ��Lˇ and compressing, we
obtain a map

‰
�Lˇ
�L˛!L˛

WCF�.�L˛; �Lˇ /! CF�.L˛; �Lˇ /:

A map‰�Lˇ!Lˇ
L˛

WCF�.L˛; �Lˇ /! CF�.L˛;Lˇ / is defined similarly. We define
the map 
� as a composition


� WD ‰
�Lˇ!Lˇ
L˛

ı‰
�Lˇ
�L˛!L˛

ı ��:

It is not hard to see that the map 
� is well defined up to chain homotopies of
hypercube morphisms by repeating the same procedure to build hypercubes of higher
dimension.

Remark 13.3. The above construction may be packaged into a form of naturality for
hypercubes. If HD .L˛;Lˇ / and H0D .L˛0 ;Lˇ 0/ are two hypercubes of handleslide
equivalent attaching curves, such that each set of curves in L˛ is handleslide equiva-
lent to each set of curves in L˛0 and dim.L˛/ D dim.L˛0/, and similarly for Lˇ and
Lˇ 0 , then the above construction produces a map ‰H!H0 WCF�.H/ ! CF�.H0/.
Furthermore,

‰H0!H ı‰H!H0 ' idCF�.H/: (13.2)

Equation (13.2) is proven by using associativity to reduce to the case that H0 consist
of small translates of L˛ and Lˇ , and then by either adapting Lipshitz’s proof in
the case of triangles [23] or by using the small translate theorems for holomorphic
polygons in Lemma 10.3.

We now state our formula for the map 
�. The statement is formally similar to
the case of the ordinary Floer complexes [58, Theorem D]. Our formula involves two
endomorphisms ˆw and A
 which are defined in Sections 13.3 and 13.2.
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Theorem 13.4. Suppose that L˛ and Lˇ are hypercubes of handleslide equivalent
attaching curves on .†;w; z;p/. Let p 2 p be a free base point and let 
 be a closed
path on †, which is based at p. If 
� is the associated base point moving hypercube
morphism, then


� ' idC p̂ ıA


as morphisms of hypercubes.

The proof of the above result will be given in Section 13.6. As a first application,
we can compute the effect of changing one arc in a system of arcs for a link L � S3.

Corollary 13.5. Suppose that L � S3 is a framed link and that A is a system of
arcs for L. Let H be a � -basic system of Heegaard diagrams for .L;A/. Let 
 be an
embedded closed loop in S3 which is based at some zi 2 Ki � L but is otherwise
disjoint from L and A. Assume 
 is contained in the Heegaard surface for †. Let A0

be the system of arcs obtained by concatenating the arc for Ki with 
 . Let us view
Cƒ.H/ as

Cƒ.H/ Š Cone
�
C0.H/

FKiCF�Ki
��������! C1.H/

�
; (13.3)

where Ci is a jLj � 1-dimensional hypercube and F �Ki denotes the sum of all hyper-
cube maps for oriented sublinks ofLwhich contain�Ki , and similarly for FKi . Then
there is a � -basic system of Heegaard diagrams H0 for .L;A0/ such that

Cƒ.H
0/ ' Cone

�
C0.H/

FKiC.idCV�1
i

A
ıˆwi /F
�Ki

���������������������! C1.H/
�
; (13.4)

where A
 and ˆwi are viewed as endomorphisms of C1.H/.

We now sketch the proof of Theorem 13.1 using Corollary 13.5 and a few other
basic results from later in this chapter.

Proof of Theorem 13.1. The mapˆwi will be introduced below in more detail in Sec-
tion 13.3. According to Remark 13.11, below, the map ˆwi is null-homotopic as a
hypercube endomorphism via the homotopy

ˆwi D @Mor.@Ui / D @ ı @Ui C @Ui ı @:

Here, @ denotes the hypercube differential on C1.H/, and @Ui is the derivative with
respect to Ui (i.e., @Ui .U

n
i x/ D nUn�1i x), when x is a generator which has no Ui

powers. See Remark 13.11 for more details on this null-homotopy.
The null-homotopy @Ui of ˆwi gives a chain homotopy equivalence between the

hypercubes in equations (13.3) and (13.4). The map @Ui does not commute with Ui
or Ui D UiVi , however, it will commute with Uj and Vj for j ¤ i . In particular, the
null-homotopy @Ui cannot be used to induce a morphism between Xƒ.L;A/

L` and
Xƒ.L;A

0/L` . However, after tensoring with D0, the endomorphism I ˝ @Ui can be
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defined, so we may package the null-homotopy of ˆwi as a homotopy equivalence of
type-D modules

Xƒ.L;A/
L` y� KD0 ' Xƒ.L;A

0/L` y� KD0

as in the statement of Proposition 13.2.

We now describe the proof of Corollary 13.5.

Proof of Corollary 13.5. One first builds the surgery hyperbox for sublinks of �L.
We compress the direction for Ki . The resulting hyperbox takes the form

Cone
�
zC0.H/

F�Ki
����! zC1.H/

�
;

where zCj .H/ compresses to Cj .H/. To build the hyperbox for H0, we stack the above
hyperbox with the base point moving map hyperbox for 
� to form the following
hyperbox: �

zC0.H/
F�Ki
����! zC1.H/


�
�! zC1.H/

�
:

If zC1.H/ has dimension n � 1 and size d, the hyperbox for 
� has dimension n and
size d � ¹1º.

Theorem 13.4 implies that the above hyperbox has homotopy equivalent com-
pression to the compression of

�
zC0.H/

F�Ki
����! zC1.H/

V�1
i
ˆwi

������! zC1.H/
A

��! zC1.H/

�
:

The factor of V�1i in front of ˆwi is to make the map for sublinks of L which contain
�Ki have the correct Alexander grading, since A
 has Ai -Alexander grading 0 while
ˆwi has Ai -Alexander grading 1. (Note that A
 and ˆwi will not necessarily be
homogeneous in the other Alexander gradings, since they are hypercube morphisms,
and hence may increment the cube directions for other link components.) We recall
that for these maps, the powers of Vi are determined by the overall Alexander grading
change of the map. Compressing the above hyperbox gives the statement.

Remark 13.6. We observe that in the above corollary, there is some ambiguity in
the definition of ˆwi . In practice, we would like to compute ˆwi on the link surgery
hypercube, as opposed computing ˆwi using a large hyperbox whose compression
is the link surgery hypercube. It is an easy consequence of the Leibniz rule that ˆwi
commutes with the compression operation, so either choice gives the same answer.

The following remark indicates some subtleties of the hypercube homology ac-
tions A
 and the base point moving map formulas.
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Remark 13.7. The statement of Corollary 13.5 is false if 
 is not disjoint from the
curves A on the Heegaard diagram. An example is the genus 0 diagram for the Hopf
link in Figure 16.1. In this case, composing with the base point moving map for
moving one wi around one of the components will switch between two models of
the Hopf link complex (for different arc systems) which we show are non-isomorphic
type-D modules in Chapter 16. On the other hand, any loop on this Heegaard diagram
bounds a disk since the surface is S3, so Lemma 13.13 can be used to show that
the homology action is null-homotopic. In this case, the hypotheses are not satisfied,
since the curve 
 D K2 is not disjoint from the arc A1 for K1.

13.2 Basepoint actions on hypercubes

In this section, we define the base point action on hypercubes. The base point actions
are analogs of natural endomorphisms which appear on the ordinary Heegaard Floer
complexes, especially in the context of base point moving maps and diffeomorphism
maps. See [49, 53, 58], for example.

Suppose that L˛ and Lˇ are hypercubes of attaching curves on .†;w; z;p/. Here
and throughout, we assume w and z are link base points and p are free base points. In
this section, we will consider the Floer complex CF�.L˛;Lˇ /which is a free module
over F ŒU1; : : : ;U`;V1; : : : ;V`; U1; : : : ; Ut �, where Uj is the variable for wj 2 w, Vj
is the variable for zj 2 z, and Uj is the variable for pj 2 p.

If wi 2 w, we now describe an endomorphism

ˆwi WCF�.L˛;Lˇ /! CF�.L˛;Lˇ /:

If zi 2 z, or pi 2 p, there will be analogous endomorphisms, denoted ‰zi and p̂i ,
all defined by essentially the same construction.

We define the map ˆwi by formally differentiating the hypercube differential @
on CF�.L˛;Lˇ /with respect to Ui . More precisely, if x and y are intersection points
CF�.L˛;Lˇ / and @.x/ has a summand of a � y for some a 2 F ŒU1;V1; : : : ;U`;V`;
U1; : : : ; Ut �, then we define ˆwi .x/ to have a summand of @Ui .a/ � y. We extend
ˆwi to all of CF�.L˛;Lˇ / by declaring it to be F ŒU1;V1; : : : ;U`;V`; U1; : : : ; Ut �-
equivariant.

Lemma 13.8. The map ˆwi satisfies @Mor.ˆwi / D 0, where @Mor is the morphism
differential for hypercube morphisms (see equation (2.3)).

Proof. The proof is the same as in the setting of the ordinary Floer chain complexes.
See, e.g., [53, Lemma 3.1]. This is obtained by taking the equation @2 D 0, and dif-
ferentiating with respect to Ui . The Leibniz rule yields ˆwi ı @C @ ıˆwi D 0.
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Remark 13.9. In Lemma 13.8, we are implicitly using the fact that the differential
commutes with the action of Ui . We note that in the link surgery formula Cƒ.L/,
although the group is naturally a completion of a free-module over F ŒUi �, the differ-
ential does not commute with Ui (cf. Lemma 6.7). However, if w 2K and we restrict
to a subcube of Cƒ.L/ where the coordinate for K is constant, then the differential
does commute with Ui and the map ˆwi can be defined. This is the only case that we
consider in the present memoir.

When L˛ and Lˇ are algebraically rigid, there is an alternate definition of ˆwi ,
for which we write ˆ0w . The map ˆ0wi is defined as follows. Suppose that L˛ is m-
dimensional and Lˇ is n-dimensional. Given "1 < � � �< "j in Em and �1 < � � �< �k in
En, we define the wi -weighted polygon counting map, f wi

˛"j ;:::;˛"1 ;ˇ�1 ;:::;ˇ�k
, to count

holomorphic polygons of index 3 � j � k with a multiplicative weight of

nwi . /U
nw1 . /

1 V
nz1 . /

1 � � �U
nw` . /

`
V
nw` . /

`
U
np1 . /

1 � � �U
npt . /

t :

We define
.�wi /

�1<���<�k
"1<���<"j

WCF�.˛"1 ;ˇ�1/! CF�.˛"j ;ˇ�k / (13.5)

via the formula

.�wi /
�1<���<�k
"1<���<"j

.x/ WD U�1i f
wi
˛"j ;:::;˛"1 ;ˇ�1 ;:::;ˇ�k

.‚˛"j ;˛"j�1 ; : : : ; ‚˛"2 ;˛"1 ; x;

‚ˇ�1 ;ˇ�2 ; : : : ; ‚ˇ�k�1 ;ˇ�k /:

We define ˆ0wi WCF�.L˛;Lˇ /! CF�.L˛;Lˇ / via the formula

ˆ0wi WD
X

�1<���<�k ;
"1<���<"j

.�wi /
�1<���<�k
"1<���<"j

:

Lemma 13.10. If L˛ and Lˇ are algebraically rigid hypercubes of handleslide
equivalent attaching curves, then ˆwi D ˆ

0
wi

.

Proof. For algebraically rigid hypercubes of attaching curves, the only special inputs
for the hypercube differential are top degree intersection points, which are uniquely
determined and have no Ui -powers. In particular, the Ui -power of an arrow in the
differential of CF�.L˛;Lˇ / is determined entirely by the nwi multiplicity of the
corresponding holomorphic `-gon, which is exactly what the map ˆ0wi records.

Remark 13.11. Similar to the setting of the 3-manifold invariants, the map ˆwi is
a null-homotopic hypercube endomorphism, though the natural homotopy does not
commute with the action of Ui . A similar comment holds for the endomorphisms‰zi
and p̂i , when pi is a free base point. As in [58, equation (14.34)], we have

ˆwi D Œ@; @Ui � D @ ı @Ui C @Ui ı @; (13.6)
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where @ denotes the hypercube differential and @Ui is the map

@Ui .U
k
i x/ D kUk�1i x

extended equivariantly over the actions of the other variables. Conceptually, we can
think of equation (13.6) as an application of the Leibniz rule, in the following sense.
If we think of ˆwi and @ as matrices with coefficients in F ŒUi � and a generator x as
a column vector with entries in F ŒUi �, then ˆwi .x/ and @.x/ can be thought of as
matrix products. The Leibniz rule for derivatives implies that

@Ui .@x/ D .@Ui .@//.x/C @.@Ui .x//:

By definition @Ui .@/Dˆwi , so rearranging the above equation yields the null-homo-
topy ˆwi D Œ@; @Ui �.

13.3 Homology actions on hypercubes

We now recall the construction of various homological actions on hypercubes from
[13, Section 6.2]. We will describe an action for both closed curves on † and also
arcs which have boundary on two base points ¹w1; w2º � w.

In the case of closed curves, the construction is an adaptation of the original
case [39, Section 4.2.5]. For arcs with boundary, the construction extends [36] and
[58, Section 5].

We consider first the case of a closed curve 
 � †. Suppose that L˛ and Lˇ are
hypercubes of attaching curves on .†;w; z/. We now describe an endomorphism

A
 WCF�.L˛;Lˇ /! CF�.L˛;Lˇ /

as follows. Suppose

 2 �2.x˛"j ;˛"j�1 ; : : : ; x˛"2 ;˛"1 ; x; xˇ�1 ;ˇ�2 ; : : : ; xˇ�k�1 ;ˇ�k ; y/;

where each ˛"i and ˇ"i are curves in L˛ or Lˇ , respectively, and each intersection
point labeled x
;
 0 is in T
 \T
 0 . We define the 1-chain @˛. / � † to be the bound-
ary of  which lies in ˛"1 [ � � � [ ˛"j . We define a quantity a. ; 
/ 2 F via the
formula

a. ; 
/ D #.@˛. / \ 
/:

We now define an endomorphism

A
 WCF�.L˛;Lˇ /! CF�.L˛;Lˇ /:

The map counts holomorphic polygons as would be counted in the hypercube differ-
ential for CF�.L˛;Lˇ /, except with an extra multiplicative weight of a. ; 
/.
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Lemma 13.12. Suppose that L˛ and Lˇ are hypercubes of attaching curves on
.†;w; z; p/ and 
 is a closed curve on †. Then @Mor.A
 / D 0, where @Mor is the
morphism differential for hypercube morphisms.

Proof. The proof that @Mor.A
 / D 0 follows from a Gromov compactness argument,
similar to the proof of the hypercube relations for CF�.L˛;Lˇ /.

Suppose that x 2 T˛" \ Tˇ� and y 2 T˛"0 \ Tˇ�0 , for " � "0 and � � �0. We
consider a class of polygons

 2 �2.x˛"j ;˛"j�1 ; : : : ; x˛"2 ;˛"1 ; x; xˇ�1 ;ˇ�2 ; : : : ; xˇ�k�1 ;ˇ�k ; y/;

where each x˛"k ;˛"k�1 is an intersection point appearing as a summand of a chain
from L˛ , and similarly for the beta labeled intersection points. We suppose that

�. / D 4 � j � k

so that M. / is 1-dimensional. We consider the ends of the 1-dimensional moduli
space M. /.

If j C k > 2, the ends of M. / generically consist of  breaking into a pair
of holomorphic polygons (with at least 2 sides, each) representing homology classes
 1;  2 satisfying  D  1 C  2. It is helpful to organize possible degenerations into
three subtypes (up to reordering  1 and  2):

(e-1)  1,  2 both have boundary on both the alpha and beta curves.

(e-2)  1 has boundary on both alpha and beta curves, while  2 has boundary
only on the alpha curves.

(e-3)  1 has boundary on both alpha and beta curves, while  2 has boundary
only on the beta curves.

See Figure 13.1 for a schematic.
We consider the sum over all sequences of intersections points x˛"j ;˛"j�1 ; : : : ;

x˛"2 ;˛"1 and xˇ�1 ;ˇ�2 ; : : : ; xˇ�k�1 ;ˇ�k from the corresponding chains of L˛ and Lˇ ,
as well as classes  , as above, of

a. ; 
/#@M. /U
nw1 . /

1 V
nz1 . /

1 � � �U
nw` . /

`
V
nz` . /

`
U
np1 . /

1 � � �U
npt . /

t :

(We also multiply by any variables Ui or Vi appearing in the corresponding chains
of L˛ or Lˇ , but we omit this from the above equation.) We observe that if  D
 1 C  2, as above, then

a. ; 
/ D a. 1; 
/C a. 2; 
/:

Therefore, when summing over the ends of #@M. /, instead of summing each end
with weight a. ; 
/, we can instead sum each end twice, once with weight a. 1; 
/
and once with weight a. 2; 
/.
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(e-1) (e-2) (e-3)

Figure 13.1. The degenerations (e-1), (e-2), and (e-3) from Lemma 13.12.

Ends (e-1), summed as above, contribute the y coefficient of

.@ ıA
 CA
 ı @/.x/:

When weighted by a. 1; 
/, we claim that the ends (e-2) and (e-3) cancel mod-
ulo 2 by the hypercube structure relation for L˛ and Lˇ .

We will show that when weighted by a. 2; 
/, the ends (e-2) and (e-3) cancel
modulo 2. To establish this, we claim more generally that if  2 is a class of polygons
on a subdiagram of .†;L˛/ or .†;Lˇ /, then

a. 2; 
/ D 0; (13.7)

which clearly will imply the claim. If  2 is a class of polygons on .†;Lˇ / this
claim is trivial since the alpha boundary of  2 is trivial. If  2 is instead a class
on a subdiagram of .†;L˛/, equation (13.7) follows from the fact that @˛. 2/ D
@.D. 2//, where we are writingD. 2/ for the domain of the class  2. We recall that
D. 2/ is the formal integral combination of the components of † n

S
˛2L˛

˛ whose
multiplicity at a point p 2 † n

S
˛2L˛

˛ coincides with np. 2/. Therefore,

a. 2; 
/ D #@˛. 2/ \ 
 D #@.D. 2// \ 
 � #D. 2/ \ @
 D 0; (13.8)

since @
 D ;. This establishes equation (13.7).
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Finally, we consider the ends of the moduli spaces  , as above, when k D j D 1
(i.e., the  is a class of disks). In this case, ends of the form (e-2) and (e-3) do not
appear, though ends of the form (e-1) contribute the y coefficient of .A
 ı @C @ ı

A
 /.x/ as before. In this case, there is an additional type of end which appears when
x D y:

(e-4) A constant holomorphic strip at x, together with a Maslov index 2 boundary
degeneration.

See [41, Section 5] for more on boundary degenerations in Heegaard Floer theory. We
claim that boundary degenerations make trivial algebraic contribution to the weighted
sum of the ends of the moduli spaces under consideration. This follows from the fact
that if  2 is a class of boundary degenerations, then the same argument as equa-
tion (13.8) establishes that a. 2; 
/ D 0.

Summing all ends as above, we conclude that @Mor.A
 / D 0.

There is a more streamlined presentation of the proof of the above lemma. It is
helpful to view 
 itself as a type of Floer morphism from a set of attaching curves ˛
to itself. We refer to 
 as a formal endomorphism of ˛. We can define holomorphic
polygon counts with 
 as an input as follows. If ı1; : : : ; ın are attaching curves, we
define

fı1;:::;ıj ;ıj ;:::;ın.‚1;2; : : : ; ‚j�1;j ; 
;‚j;jC1; : : : ; ‚n�1;n/

to count holomorphic n-gons of Maslov index 3 � n which are weighted by a factor
or #@ıj . / \ 
 . If we formally set @
 D 0, then it is straightforward to adapt the
argument from the proof of Lemma 13.12 to see that standard associativity relations
hold if we allow for a formal endomorphism as an argument.

We can extend the above formalism by defining a formal endomorphism of hyper-
cubes of attaching curves

F
 WL˛ ! L˛:

The morphism L
 has only length 1 components, all of which are 
 . There are no
higher length components. We will think of F
 as a morphism of twisted complexes
(see Section 2.4).

Equation (13.7) immediately implies

�Tw
1 .F
 / D 0:

Furthermore, by definition
A
 D �

Tw
2 .F
 ;�/:

The A1-associativity conditions for the category of twisted complexes implies that

@Mor.A
 / WD �
Tw
1 .�

Tw
2 .F
 ;�//C �

Tw
2 .F
 ; �

Tw
1 .�// D 0; (13.9)

which is the statement of Lemma 13.12.
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Another important property of the homology action is the following.

Lemma 13.13. Suppose that L˛ and Lˇ are hypercubes of attaching curves on
.†;w; z; p/ and that 
 is a closed 1-chain on †. Suppose that C � † is an inte-
gral 2-chain such that @C D 
 C S˛ C Sˇ where S˛ are closed 1-chains which are
disjoint from all curves in L˛ and Sˇ are closed 1-chains which are disjoint from all
curves in Lˇ . Then

A
 ' 0

as morphisms of hypercubes.

Proof. We construct the following diagram to realize the chain homotopy:

CF�.L˛;Lˇ / CF�.L˛;Lˇ /

CF�.L˛;Lˇ / CF�.L˛;Lˇ /

A


id
HC

id

0

We define the map HC to have only length 2 chains in the above diagram (i.e., to
increment the 
 - and id-directions, but no other directions), and to send x 2
CF�.˛"; ˇ�/ to nx.C / � x 2 CF�.˛"; ˇ�/, and to be equivariant in actions of the
variables.

We claim that the hypercube relations are satisfied. To see this, it is sufficient to
show that if

"1 < � � � < "n and �1 < � � � < �m

are increasing sequences in the cubes for L˛ and Lˇ , respectively, then

HC ıD
�1<���<�m
"1<���<"n CD

�1<���<�m
"1<���<"n ıHC D .A
 /

�1<���<�m
"1<���<"n : (13.10)

In the above, D�1<���<�m
"1<���<"n denotes the summands of the hypercube differential of

CF�.L˛;Lˇ / which counts curves on .†;˛"n ; : : : ;˛"1 ;ˇ�1 ; : : : ;ˇ�m/.
In order to prove equation (13.10), we consider a class

 2 �2.‚"n;"n�1 ; : : : ; ‚"2;"1 ; x; ‚�1;�2 ; : : : ; ‚�m�1;�m ; y/

of .nC m/-gons, and consider @˛. / \ C � †. Since @˛. / is 1-dimensional and
C is 2-dimensional, the intersection @˛. / \ C is 1-dimensional. We compute
@.@˛. / \ C/ using the Leibniz rule for intersections, which yields

@.@˛. / \ C/ � #.@@˛. // \ C C #@˛. / \ @C .mod 2/

� nx.C /C ny.C /C #@˛. / \ .
 C S˛ C Sˇ / .mod 2/:

We first note that @˛. / \ S˛ D @ˇ . / \ Sˇ D ;. Furthermore, @˛. / and @ˇ . /
are homologous via the 2-chain D. /, so we also have #@˛. / \ Sˇ � 0. Hence

nx.C /C ny.C / � #@˛. / \ 
 .mod 2/:

This implies equation (13.10), completing the proof.
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13.4 Relative homology actions and hypercubes

We now define an endomorphism A� for arcs � on † which have boundary on two
base points. We focus on the case that @� consists of two free base points, pi and pj ,
to simplify the exposition.

In the case of the 3-manifold invariants, if .Y; p/ is a multi-pointed 3-manifold
and � is an arc connecting two base points pi ; pj 2 p, then there is an endomorphism

A�WCF�.Y; p/! CF�.Y; p/

which satisfies
@Mor.A�/ D Ui C Uj :

See [58, Section 5].
We now describe how to extend the construction of this map into the setting of

hypercubes. When L˛ and Lˇ are hypercubes of strongly equivalent attaching curves
on .†;w; z; p/ and � connects two free base points pi , pj , we will construct a mor-
phism of hypercubes

A�WCF�.L˛;Lˇ /! CF�.L˛;Lˇ /

which satisfies
@Mor.A�/ D Ui C Uj :

Similar to the case of closed curves 
 , we will define

A� D �
Tw
2 .F�;�/

for some formal endomorphism

F�WL˛ ! L˛:

The map F� will have length 1 components equal to the formal endomorphisms
�W ˛" ! ˛". However, unlike for closed curves, we will need to add higher length
arrows to the map F�. The main issue is that if  is a class of `-gons on a subdiagram
of .†;L˛;w; z; p/, then in contrast to equation (13.7) we have

a. ; �/ � npi . / � npj . / .mod 2/; (13.11)

which may be non-zero. Therefore the proof of Lemma 13.12 does not carry over
without modification.

To construct F� and understand its formal properties, we have to first expand our
notation of a formal endomorphism slightly. If ˛ is a set of attaching curves, we will
also consider formal morphisms of the form a � IW˛! ˛, where a is a polynomial in
the Ui , Vi and Uj variables. We define holomorphic polygon maps with a � I as an
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input by declaring them to be Ui , Vi and Ui -equivariant, and also strictly unital. That
is, we declare

f˛1;:::; j̨ ; j̨ ;:::;˛n.x1; : : : ; a � I; : : : ; xn�1/

to vanish unless n D 2. We define

f˛1;˛2;˛2.x; a � I/ D a � x and f˛1;˛1;˛2.a � I; x/ D a � x:

We also declare @.I/ D 0.
We can extend the above construction to define a formal endomorphism IWL˛ !

L˛ for any hypercube of attaching curves L˛ . The morphism I has only length 1
components, all of which are of the form I˛" .

We will construct F� so that

�Tw
1 .F�/ D .Ui C Uj / � I:

Once we construct F�, we will define

A�.�/ WD �
Tw
2 .F�;�/:

In the following lemma, we prove that it is always possible to construct the higher
length chains of F� when L˛ is a hypercube of handleslide equivalent curves.

Lemma 13.14. Suppose that L˛ is a hypercube of handleslide equivalent attaching
curves on .†;w; z; p/, and let � be an immersed arc on †.

(1) If @� D ¹pi ; pj º, where pi ; pj are free base points, then L� may be con-
structed so that

�Tw
1 .F�/ D Ui C Uj :

(2) More generally, if @� D ¹x1; x2º � w [ z [ p, then F� may be constructed
so that

�Tw
1 .F�/ D E

˛
x1
CE˛x2 ;

where E˛xi denotes the product of all variables for base points in the compo-
nent of † n ˛" which contains xi . (Note that this is independent of ", since
L˛ consists of handleslide equivalent attaching curves.)

Remark 13.15. (1) It follows from the associativity relations for �Tw
i (as in equa-

tion (13.9)) that if Lˇ is another hypercube of attaching curves and @� D ¹pi ; pj º
consists of free base points, then

@Mor.A�/ D .Ui C Uj / � I

as an endomorphism of CF�.L˛;Lˇ /. The second part of the lemma has a similar
consequence.
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(2) As an example of the second part of the lemma, if .†;˛;ˇ;w; z/ represents a
link L � Y for some ˛ 2 L˛ and ˇ 2 Lˇ , and x1 D wi and x2 D wj are two link
base points on components Ki and Kj of L, then

@Mor.A�/ D .UiVi C UjVj / � id:

Proof of Lemma 13.14. We focus on the first part of the lemma, as the second part is
not substantially different. The proof is described in [13, Section 6.2] when we set
Ui D Uj , though we review it in detail since we need to prove additional properties
of the maps A�.

We begin by considering the length 2 arrows which increment the �-direction. If
˛1 is an immediate successor of ˛0 in L˛ , then we wish to construct a chain �˛1;˛0
so that the diagram below is a hypercube (except for the length 1 relations along �):

˛0 ˛0

˛1 ˛1

‚˛1;˛0

�

�˛1;˛0 ‚˛1;˛0

�

Concretely, this amounts to finding �˛1;˛0 2 CF�.†;˛1;˛0/ such that

@�˛1;˛0 D A
˛0
�
.‚˛1;˛0/C A

˛1
�
.‚˛1;˛0/

Above, the map A˛0
�

weights curves by #.@˛0.�/ \ �/ while A˛1
�

weights curves by
#.@˛1.�/ \ �/.

We recall that for the ordinary Floer complexes,

A
˛0
�
.‚˛1;˛0/C A

˛1
�
.‚˛1;˛0/ D Upi p̂i .‚˛1;˛0/C Upj p̂j .‚˛1;˛0/:

See [58, Lemma 5.7]. However, p̂i .‚˛1;˛0/ and p̂j .‚˛1;˛0/ are cycles of a Maslov
.grw[p;grz[p/-bigrading .1;1/ larger than the canonical generator of HF�.†;˛1;˛0/,
and hence are each boundaries. We note that �˛1;˛0 may be chosen to be in the sub-
module of CF�.†;˛1;˛0/ generated by the ideal .Upi ; Upj /.

We now define the length 3 morphisms of F� which increase the �-direction. Sup-
pose that ˛00 and ˛11 differ by two coordinates of L˛ . We consider the 3-dimensional
cube spanned by ˛00, ˛10, ˛01, ˛11, extended into the �-direction. All length 2 hyper-
cube relations are satisfied. We sum the terms which would appear in the length 3
relation of this hypercube except for contribution of the length 3 arrow. Write

C˛11;˛00 2 CF�.˛11;˛00/

for this element. We observe three facts:

(C -1) C˛11;˛00 is a cycle.
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(C -2) C˛11;˛00 has Maslov bigrading equal to that of the canonical top degree
generator of HF�.˛11;˛00/.

(C -3) C˛11;˛00 is in the submodule generated by the ideal .Upi ; Upj /.

The first two equations are easily verified. To see the third, we observe that the length
3 relation is obtained by summing over all ways of taking a consecutive sequence
of morphisms in the cube, and then inserting � between 2 terms or at the start or
beginning and then applying the holomorphic polygon maps interpreted as above. As
an example, the expression C˛11;˛00 contains the sum

f˛11;˛01;˛00;˛00.‚˛11;˛01 ; ‚˛01;˛00 ; �/

C f˛11;˛01;˛01;˛00.‚˛11;˛01 ; �;‚˛01;˛00/

C f˛11;˛11;˛01;˛00.�;‚˛11;˛01 ; ‚˛01;˛00/:

The above expression may be collapsed into a count of holomorphic triangles which
are weighted by npi . /C npj . /. In particular, the output lies in the submodule
generated by Upi and Upj . The same reasoning holds for the other terms in C˛11;˛00 .

Further, since ˛11 and ˛00 are handleslide equivalent, the canonical generator of
HF�.˛11;˛00/ has both the maximal grw[p- and maximal grz[p-grading of any non-
zero element, and furthermore, the canonical element is the unique non-zero element
of homology in this grading. Furthermore, it is straightforward to verify (e.g., by a
model computation on a simple diagram) that the quotient map

…WCF�.˛11;˛00/! CF�.˛11;˛00/=.Ui ; Uj / (13.12)

is non-vanishing on the canonical generator of top degree. This map … vanishes on
C˛11;˛00 because C˛11;˛00 is in the ideal .Ui ; Uj /. We note that C˛11;˛00 has the same
grading as the top degree element of HF�.˛11;˛00/, and hence C˛11;˛00 , being zero
on homology, must be a boundary in CF�.˛11; ˛00/. We pick any homogeneously
graded chain !˛11;˛00 such that @!˛11;˛00 D C˛11;˛00 to be the length 3 map in our
cube.

Filling in the higher-dimensional cubes proceeds in a similar, though slightly sim-
pler manner. In this case, when we want to fill over an n-dimensional subcube for
n > 3, all of whose morphisms except for the longest morphism are defined, the cor-
responding element C is a cycle of bidegree .n� 3; n� 3/ greater than the canonical
generator, and hence will automatically be a cycle.

Remark 13.16. If one restricts to the case that L˛ is algebraically rigid, then we
can take F� to have only length 1 components, which consist of the formal endo-
morphisms �. This is because if  2 �2.‚˛"n ;˛"n�1 ; : : : ; ‚˛"2 ;˛"1 ; y/ is a class of
polygons with expected dimension 0 on .†;˛"n ; : : : ;˛"1 ;w; z; p/, then the Maslov
grading formula in Heegaard Floer theory implies that

�. / D grw[p.‚˛"n ;˛"1 ; y/C 2nw[p. /:
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Since L˛ is algebraically rigid, grw[p.‚˛"n ;˛"1 ; y/ � 0. It follows that, if �. / D
3� n (so that M. / is 0-dimensional) then there are no holomorphic representatives
of  if n � 3 and if n D 2 or n D 3, then we have nw[p. / D 0. In particular,
npi . / D npj . / D 0 and hence

#@˛. / \ � D 0

by equation (13.11). In particular, we can argue as in Lemma 13.12 to see that @.F�/
D .Ui C Uj / � I, when F� is defined with only length 1 morphisms. Therefore, when
L˛ is algebraically rigid, we can define A� D �

Tw
2 .F�;�/ (with F� having no higher

length arrows) just as we defined A
 in Lemma 13.12, whereas in general we need to
add higher length arrows to F�.

The following is a technical result which is useful when we prove properties about
A� (cf. [13, Lemma 6.2]).

Lemma 13.17. If @� D ¹x1; x2º, where xi 2 w[ z[ p, then all of the higher length
morphisms of F� may be chosen to be in the submodule spanned by .Ex1 ; Ex2/.

Proof. We focus on the case that @�D ¹pi ;pj º are free base points, soEx1 D Ui and
Ex2 D Uj , since the general case is no different. In the proof of Lemma 13.14, we
observed that the length 2 components of F� could be chosen to be in the submodule
generated by the ideal .Ui ; Uj /. Consider the length 3 arrows of F� (the argument for
higher length chains is essentially the same). Following the proof of Lemma 13.14, let
C˛11;˛00 be the sum of the terms in the length 3 relation, excluding the term @!˛11;˛00 ,
which has yet to be defined.

We observed in Lemma 13.14 that C˛11;˛00 was a boundary, and we picked some
!˛11;˛00 in bigrading .1; 1/ higher than the canonical generator such that @!˛11;˛00 D
C˛11;˛00 . Write

!˛11;˛00 D Ui!i C Uj!j C !0;

where !0 has no powers of Ui or Uj . Note that the image ….!/ of !0 in
CF�.˛11; ˛00/=.Ui ; Uj / is a cycle because in claim (C -3) in the proof of Lem-
ma 13.14 we showed that C˛11;˛00 is in the submodule spanned by .Ui ; Uj /. Further,
! has bigrading .1; 1/ higher than the top degree. Hence ….!0/ is a boundary, i.e.,
….!0/D @.x0/. We lift x0 to CF�.˛11;˛00/ to get a chain x of homogeneous bigrad-
ing .1; 1/ higher than !0, so that

@x D !0 C Uiyi C Uj yj ;

for some yi ; yj . Note that

@.!˛11;˛00 C @x/ D C˛11;˛00
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and !˛11;˛00 C @x is in the submodule spanned by .Ui ; Uj /, so we use !˛11;˛00 C @x
in place of !˛11;˛00 . The proof for chains of length n > 3 follows from essentially the
same logic.

Remark 13.18. Applying essentially the same construction as above shows that F�
is well defined up to chain homotopy. If F� and F 0

�
are two constructions of this

morphism, then we can apply the filling construction to build a diagonal morphism h

in the following diagram:
L˛ L˛

L˛ L˛

F�

hI I

F 0
�

which gives a chain homotopy of generalized endomorphisms

@Mor.h/ D F� C F
0
�:

13.5 Free stabilization

In [58, Section 6], the author describes maps for adding and removing base points
to the Heegaard Floer complexes. These are referred to as free-stabilization maps.
One can also define a free-stabilization map on the level of hypercubes. These are
described in [13, Section 7.1], and we recall the construction presently.

Suppose that L˛ and Lˇ are hypercubes of attaching curves on a surface
.†;w; z; p/, and that p is a point on † n .w [ z [ p/, which is not contained in
any curves of L˛ or Lˇ . We define stabilized hypercubes LC˛ and LC

ˇ
. We construct

the attaching curves of LC˛ and LC
ˇ

as follows. For each ˛ in L˛ , we adjoin a new
component which consists of a small circle bounding a disk centered at p. We define
LC
ˇ

similarly. We translate these curves slightly to achieve admissibility. If " < "0

are points in the cube for L˛ , and ‚˛"0 ;˛" is the corresponding chain of L˛ , then we
define the corresponding chain in LC˛ to be‚˛"0 ;˛" ˝ �

C, where �C is the top graded
generator of the new attaching curves centered at p. We make a similar definition for
the chains of LC

ˇ
.

We define a map

�Cp WCF�.L˛;Lˇ /! CF�.LC˛ ;L
C

ˇ
/

via the formula x 7! x˝ �C, extended equivariantly over the variables Ui , Vi andUj .
There is also a map ��p in the opposite direction, defined dually by the formula

x˝ �C 7! 0 and x˝ �� 7! x, extended equivariantly over the variables Ui , Vi andUj .

Lemma 13.19. The hypercube free-stabilization maps, �Cp and ��p , are chain maps.



Arc systems and the link surgery formula 166

The proof follows from a standard index computation and gluing argument. See
[13, Proposition 5.5] for a proof in the general case, and [58, Propositions 6.5 and
Theorem 6.7] for the case of holomorphic disks and triangles.

The fact that �Cp and ��p are chain maps of hypercubes may be interpreted as
implying a form of naturality for the free-stabilization maps, similar to Remark 13.3.
Suppose H D .†;L˛;Lˇ / and H0 D .†;L˛0 ;Lˇ 0/ are diagrams of hypercubes of
attaching curves and that the curves of L˛ and L˛0 are pairwise handleslide equiva-
lent, and similarly for Lˇ and Lˇ 0 . Write HCp and H0

C

p for their stabilizations. Using
the notation of Remark 13.3, we see that Lemma 13.19 implies the following (strict)
commutation of the diagram:

CF�.H/ CF�.H0/

CF�.HCp / CF�.H0p
C
/

‰H!H0

�
C
p �

C
p

‰
H
C
p !H0

C
p

Similar to the setting of the graph TQFT, we have the following relation between
the free-stabilization maps and the base point actions from Section 13.2.

Lemma 13.20. For appropriately degenerated almost complex structures, we have
�Cp ��p D p̂ .

Proof. The argument is essentially the same as [13, Proposition 5.5], though we
repeat the argument here for completeness. We consider a class of polygons

 # 0 2 �2.‚˛n;˛n�1 � �
C; : : : ; ‚˛2;˛1 � �

C; x � �;‚ˇ1;ˇ2 � �
C; : : : ;

‚ˇm�1;ˇm � �
C; y � � 0/

which potentially contributes to the differential on the hypercube CF�.L˛;Lˇ /.
Here, �; � 0 2 ¹�C; ��º. Here,  0 has is a class in the stabilization region, and  
is a class on the unstabilized diagram. By a standard computation

�. # 0/ D �. /C 2np. 0/C gr.�; � 0/: (13.13)

See [58, equation 6.3]. The hypercube differential counts solutions with �. # 0/ D
3 �m � n.

In equation (13.13), the term gr.�; � 0/ is in ¹�1; 0; 1º. For sufficiently stretched
almost complex structures, we know that�. /� 3�m� n ifmC n� 3, by transver-
sality. Therefore, it follows that when mC n � 3, we have

.�. /; gr.�; � 0/; np. 0// 2 ¹.3 �m � n; 0; 0/; .4 �m � n;�1; 0/º:

In particular, np. /D 0 so such curves do not contribute to p̂ because np. 0/D 0.
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When mC n D 2, it is possible for �. / D 2 �m � n D 0 and for  to have a
representative, though such curves must represent the constant class. The only pos-
sibility with np. 0/ D 1 is when gr.�; � 0/ D �1, �. / D 0 and np. 0/ D 1. These
curves have domain equal to the bigon in the stabilization region which covers p.
These are the only curves which are counted by the hypercube map p̂ , and we see
that

p̂ D �Cp ı ��p :

The same neck-stretching argument as in Lemma 13.19 can be used to prove the
following (cf. [58, Corollary 6.6]).

Lemma 13.21. Suppose that � is an arc or a closed path which is disjoint from p.
For an appropriately degenerated almost complex structure, we have

ŒA�; �
˙
p � D 0:

We leave the proof of the above result to the reader, as it is very similar to Lem-
mas 13.19 and 13.20.

Similarly, we have the following analog of [58, Proposition 6.14], whose proof
we also leave to the reader.

Lemma 13.22. If p and p0 are distinct free base points, then Œ�ı1p ; �
ı2
p0 � ' 0, where

ı1; ı2 2 ¹C;�º.

13.6 Algebraic relations and the diffeomorphism action

In this section, we prove some important algebraic relations involving the maps A�

and �Cp . The relations we prove are analogs of the relations from the graph TQFT [58].
In the next lemma, we collect several first relations about the maps A� and �˙p .

Lemma 13.23. Suppose that L˛ and Lˇ are hypercubes of handleslide equivalent
attaching curves on .†;w; z; p/.

(1) If p 2 p, then ˆ2p ' 0. The same holds for base points in w [ z.

(2) Suppose that p; p0 are distinct free base points, and that � is an arc on
.†;w; z; p/ such that @� D ¹p; p0º. Then

ŒA�; p̂� ' ŒA�; p̂0 � ' id:

(3) Suppose that p 2 p is a free base point, and p0 2 † n .w [ z [ p/ is a point
which is not contained in L˛ or Lˇ . If � is an arc with @� D ¹p; p0º, then

��p0A��Cp0 ' id

as endomorphisms of CF�.L˛;Lˇ ;w; z; p/. Here, we view �Cp0 as having
codomain CF�.LC˛ ;L

C

ˇ
;w; z; p [ ¹p0º/=.Up C Up0/.
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Proof. The claim thatˆ2p ' 0 follows from the argument in [49, Lemma 4.4]. Cf. [58,
Lemma 14.8].

The proof of the second claim is essentially the same as in the case of the ordi-
nary 3-manifold invariants [58, Lemma 14.6]. We differentiate the relation Œ@;A�� D

.Up C Up0/ � id from Lemma 13.14 with respect to the Up to obtain the relation
Œ p̂;A�� ' id. The same logic gives Œ p̂0 ;A�� ' id.

The final claim that ��p0A��Cp0 ' id is proven in [13, Proposition 7.2]. Compare
[58, Lemma 7.10] for the case of the ordinary Heegaard Floer complexes.

The following lemma is a hypercube analog of [39, Proposition 4.17] and [58,
Lemma 5.5].

Lemma 13.24. Let L˛ and Lˇ be hypercubes of handleslide equivalent attaching
curves on .†;w; z; p/. If 
 is a closed curve on † then

A2

 ' 0:

If � is an arc which connects two distinct free base points p1; p2 2 p, then

A2
� ' U1 � id ' U2 � id:

Proof. We begin by considering the claim for A
 , when 
 is a closed curve. Our
strategy will be to interpret the expression �Tw

2 .F
 ; F
 / and show that

�Tw
2 .F
 ; F
 / D 0:

Assuming such a formalism can be established, the associativity relations for twisted
complexes would show that

A
 ıA
 D �
Tw
2 .F
 ; �

Tw
2 .F
 ;�// D @Mor.�

Tw
3 .F
 ; F
 ;�//: (13.14)

We now describe how to interpret �Tw
2 .F
 ; F
 / and �Tw

3 .F
 ; F
 ;�/. To define
these, it suffices to explain how to define the holomorphic polygon counting
maps when there are two inputs which are 
 . Let ı1; : : : ; ın be attaching curves
on .†;w; z; p/. We define

fı1;:::;ıi ;ıi ;:::;ıj ;ıj ;:::;ın.‚1;2; : : : ; 
;‚i;iC1; : : : ; ‚j�1;j ; 
; : : : ; ‚n�1;n/

(where the two 
 ’s are non-adjacent inputs) to count holomorphic n-gons of index
3 � n with a multiplicative weight of

.#@ıi . / \ 
/ � .#@ıj . / \ 
/:

We define

fı1;:::;ıi ;ıi ;ıi ;:::;ın.‚1;2; : : : ; ‚i�1;i ; 
; 
;‚i;iC1; : : : ; ‚n�1;n/
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to count holomorphic triangles with weight 3 � n and multiplicative weight

.#@ıi . / \ 
 C 1/.#@ıi . / \ 
/
2

:

The A1-associativity relations are not hard to verify if we interpret �1.
/ D 0 and
�2.
; 
/ D 0. This allows us to interpret all of the expressions in equation (13.14).
These numerical choices can be motivated by thinking of the homology action as
counting curves with marked points along their alpha boundaries. See [29, Section 3].

To establish equation (13.14), using associativity for �Tw
n , it suffices to show that

�Tw
2 .F
 ; F
 / D 0: (13.15)

To establish equation (13.15), we argue as follows. To streamline the argument,
we define the quantities

a
 
i WD #.@˛i . / \ 
/ and a

 
i;i WD

a
 
i .a

 
i C 1/

2
:

The length 1 components of �Tw
2 .F
 ; F
 / are equal to �2.
; 
/, which is 0 by defini-

tion. The higher length components count sums as in

fa"1 ;:::;˛"i ;˛"i ;:::;˛"j ;˛"j ;:::;˛"n .‚1;2; : : : ; 
; : : : ; 
; : : : ; ‚n�1;n/:

Summing over all ways of inserting two 
 terms into the above expression, we see
that a given class  is counted with weightX

i<j

a
 
i a

 
j C

nX
iD1

a
 
ii :

It is straightforward to see that the above quantity is equal, modulo 2, to

.#@˛. / \ 
/.#@˛. / \ 
 C 1/
2

:

By equation (13.7), #@˛. /\ 
 � 0 .mod 2/, so we conclude that �Tw
2 .F
 ; F
 /D 0.

We now move on to the case that @� D ¹p1; p2º and p1; p2 are two free base
points. In this case, we will construct a formal endomorphism h�;�WL˛ ! L˛ such
that

�Tw
2 .F�; F�/C �

Tw
1 .h�;�/ D U1 � I: (13.16)

When defining holomorphic polygon counts with two � terms as inputs, we use the
same convention as above, except we use

�2.�; �/ D Uj � I

and
�1.�/ D .Ui C Uj / � I:
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We return to the general question of verifying the associativity conditions on a
diagram .†; ı1; : : : ; ın;w; z; p/. We remark that both our definition of �2.�; �/ and
the definition of our polygon maps when � appears twice are asymmetric between Ui
and Uj . Note also that the quantity a ii requires a choice of orientation on �. We orient
� so that #.@. / \ �/ D np1. / � np2. /. This implies that if  1 and  2 are the
nonnegative classes of index 2 ıj -boundary degenerations which cover p1 and p2,
respectively, then

a
 1
j;j � 1 .mod 2/ and a

 2
j;j � 0 .mod 2/: (13.17)

Furthermore, if  is any other nonnegative class of index 2 boundary degeneration,
then

a
 
j;j D 0: (13.18)

With these conventions, we now claim that theA1-associativity relations hold for
polygons with two � inputs. We consider the desired associativity relations applied
to the tuple .‚1;2; : : : ; ‚i�1;i ; �; : : : ; �; ‚j;jC1; : : : ; ‚n�1;n/. There are two cases
to consider: i < j and i D j . Suppose that  D  1 �  2 is a class of n-gons. We
consider first the case that i < j . Here, the associativity relations follow from the fact
that

a
 1
i a

 1
j C a

 1
i a

 2
j C a

 2
i a

 1
j C a

 2
i a

 2
j � a

 1� 2
i a

 1� 2
j .mod 2/:

Since the right-hand side is independent of the decomposition of  D  1 �  2, we
may obtain the associativity relations in this case summing a i a

 
j #@M. / (multi-

plied by the appropriate powers of Ui , Vi and Uj ) over n-gon classes  of index
4 � n. If n D 2, there are additional ends corresponding to boundary degenerations.
Since we are considering the case that i < j , this corresponds to considering the asso-
ciativity relations for .�; ‚1;2; �/. In this case, boundary degenerations make trivial
contribution to the associativity relations since a 1 � a

 
2 D 0 for any nonnegative, index

2 class of boundary degenerations  (since  will only have non-trivial boundary on
one of the two sets of attaching curves).

We now consider the associativity relation in the case that i D j . We observe the
relation

a
 1
i;i C a

 2
i;i C a

 1
i a

 2
i � a

 1� 2
i;i .mod 2/:

When n > 2, the associativity relations follow from the above relation by summing
over the ends of moduli spaces of n-gons with Maslov index 4 � n, with a weight
of a i;i . When n D 2, there are additional ends corresponding to boundary degener-
ations. These cases are relevant to the tuples .�; �; ‚1;2/ and .‚1;2; �; �/. Focus
on .�; �; ‚1;2/, since the other configuration is handled by a similar argument. The
values of a i;i on index 2 boundary degenerations are described in equations (13.18)
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and (13.17). When weighted by a 1;1, the total weighted count of boundary degener-
ations is U1, and this is contributed by the ı1-degeneration covering p1. Similarly,
when weighted by a 2;2, the total count is also U1, and this is contributed by the ı2-
degeneration covering p1. Both of these are encoded by the relation�2.�;�/DU1 � I.
This completes the proof of associativity.

We now construct h�;� by a filling procedure similar to our construction of the
morphism F�. We assume that the morphisms F� have already been constructed, as
in Lemma 13.14. We think of h�;� as being the diagonal morphism in a diagram of
the following shape:

L˛ L˛

L˛

h�;�

F�

F�

As such, we say that the length of a component of h�;� from ˛" to ˛"0 is j"0�"jL1C2.
We now construct the components of h�;� by induction on their length. We define

the length 2 components of h�;� to vanish. We consider the problem of filling arrows
of length n > 2 of h�;�. We illustrate the case that n D 3 below:

˛1

˛1 ˛1

˛2

˛2 ˛2

� �

‚˛2;˛1
�˛2;˛1

‚˛2;˛1

�˛2;˛1

!˛2;˛1

‚˛2;˛1

� �

We let C˛2;˛1 denote the terms appearing in the length 3 relation, except for @!˛2;˛1
(which has yet to be defined). We make two claims:

(1) C˛2;˛1 is a cycle of bidegree .1; 1/ less than the top degree of homology.

(2) If F� is constructed as in Lemma 13.17 so that its components of length 2
or more lie in the submodule generated by the ideal .U1; U2/, then C˛2;˛1 is
also in the submodule generated by the ideal .U1; U2/.

The claim that C˛2;˛1 is a cycle is an easy consequence of the associativity relations,
interpreted above, which we leave to the reader.

The fact that C˛2;˛1 may be assumed to be in the submodule spanned by .U1;U2/
may be seen as follows. By assumption each summand of C˛2;˛1 which involves
�˛2;˛1 is in this submodule. The remaining terms involve counts of holomorphic disks
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of index 1 which have ‚˛2;˛1 as an input. There are multiple ways for such a holo-
morphic disk to contribute to C˛2;˛1 , depending on the locations of the two �-inputs.
We observe that the total count of a class � 2 �2.‚˛2;˛1 ; y/ to C˛2;˛1 is weighted by

a
�
1a
�
2 C a

�
1;1 C a

�
2;2:

It is straightforward to see that the above quantity is congruent modulo 2 to

.a
�
1 C a

�
2 /.a

�
1 C a

�
2 C 1/

2
:

We observe that a�1 C a
�
2 D ˙.np1.�/ � np2.�//, since @D.�/ D @˛1.�/C @˛2.�/.

In particular, if a disk � has np1.�/D np2.�/D 0, then it is weighted by 0 in C˛2;˛1 .
Hence C˛2;˛1 is in the submodule spanned by .U1; U2/.

We have established that C˛2;˛1 is a cycle in bigrading .1; 1/ less than the canoni-
cal top degree generator, and furthermore is in the span ofU1 and U2. We observe that
the map … in equation (13.12) for quotienting by U1 and U2 is a chain map which
is injective on the subspace of homology which lies in the grading of the canoni-
cal generator and also in the subspace of grading .1; 1/ less than the top degree of
HF�.˛2;˛1/. Hence, C˛2;˛1 D @!˛2;˛1 for some !˛2;˛1 in the top degree.

We now argue that !˛2;˛1 may be taken to be in the submodule .U1; U2/. The
proof is essentially the same as Lemma 13.17. The image ….!˛2;˛1/ is a cycle, and
by possibly adding a top degree generator of HF�.˛2; ˛1/, we may assume that
Œ….!˛2;˛1/� D 0. From here, the argument of Lemma 13.17 may be applied verbatim.

From here, we continue filling the higher length chains of h�;�. The argument
for the higher length chains is essentially identical to the argument for the length 3
chains, so we leave it to the reader. This verifies equation (13.16). The main claim
follows from this and the associativity relations for morphisms of twisted complexes
of attaching curves.

Remark 13.25. We now make an algebraic digression. We note that the map A�

is in general only defined up to chain homotopy, and is not a cycle unless we set
U1 D U2. Some care is required when composing maps which are not cycles. For
example, if f1, f2, g1, g2 are in End.C /, (but not necessarily chain maps) and f1 '
f2 and g1 ' g2, it is not necessarily the case that f1 ı g1 ' f2 ı g2. For the above
lemma to be meaningful, it must be the case that changing A� by a chain homotopy
also changes A2

�
by a chain homotopy. We observe the following: If f1 ' f2 and

@Mor.f1/ D @Mor.f2/ is central in End.C /, then each f 2i is a chain map and

f 21 ' f
2
2 :

Similarly, if f1; f2; g1; g2 are maps so that f1 ' f2, g1 ' g2 and @Mor.fi / and
@Mor.gi / are central in End.C /, then Œfi ; gi � are chain maps (i D 1; 2) and

Œf1; g1� ' Œf2; g2�:
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To see that f 21 ' f
2
2 , we let j be a chain homotopy between f1 and f2, i.e., @Mor.j /D

f1 C f2. Then

@Mor.f1 ı j C j ı f2/ D Œ@Mor.f1/; j �C f
2
1 C f

2
2 D f

2
1 C f

2
2 :

(Note here that @Mor.f1/D @Mor.f2/ since f1 ' f2.) Similarly, if @Mor.j /D f1C f2
and @Mor.h/ D g1 C g2, then

@Mor.Œj; g1�C Œf2; h�/

D Œf1 C f2; g1�C Œj; @Mor.g1/�C Œf2; g1 C g2�C Œ@Mor.f2/; h�

D Œf1; g1�C Œf2; g2�:

Lemma 13.26. Suppose that L˛ and Lˇ are hypercubes of handleslide equivalent
attaching curves on .†;w; z; p/, where p consists of free base points. Suppose that
�1 and �2 are closed curves or arcs on † with boundary in p. Then

ŒA�1 ;A�2 � '
X

pi2@�1\@�2

Ui :

Proof. The proof is similar to the proof of Lemma 13.24. We are going to construct
a formal endomorphism

hŒ�1;�2�WL˛ ! L˛

which satisfies

�Tw
1 .hŒ�1;�2�/ D �

Tw
2 .F�1 ; F�2/C �

Tw
2 .F�2 ; F�1/: (13.19)

We think of constructing hŒ�1;�2� as corresponding to building a diagram of the form

LŒ�1;�2�
˛ WD

L˛ L˛

L˛ L˛

�1

�2 hŒ�1;�2� �2

�1

which satisfies a suitable version of the hypercube relations.
Similar to our proof of Lemma 13.24, we need to describe how to interpret the

holomorphic polygon counts where we formally have both �1 and �2 as an input.
We have already defined the holomorphic polygon maps when there is a single

input of �1 or �2. When there are two inputs, we make the following definitions.
Suppose ı1; : : : ; ın is a collection of attaching curves on .†;w; z;p/. If j < k, s; t 2
¹1; 2º, and s ¤ t , we define

fı1;:::;ıj ;ıj ;:::;ık ;ık ;:::;ın.‚1;2; : : : ; �s; : : : ; �t ; : : : ; ‚n�1;n/
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to count polygons weighted by #.@ıj . / \ �s/#.@ık . / \ �t /. Next, we define

fı1;:::;ıj ;ıj ;ıj ;:::;
n.‚1;2; : : : ; �2; �1; : : : ; ‚n�1;n/

to also count curves weighted by #.@ıj . / \ �2/#.@ıj . / \ �1/. Finally, we define

fı1;:::;ıj ;ıj ;ıj ;:::;ın.‚1;2; : : : ; �1; �2; : : : ; ‚n�1;n/ D 0:

We claim that these satisfy a slightly restricted version of the A1-associativity
relation. Instead of showing an A1-associativity relation on all tuples, we will show
that associativity is satisfied on only some generators. We will show that associativity
holds on tuples of the form

.‚1;2; : : : ; ‚j�1;j ; �t ; : : : ; �s; ‚k;kC1; : : : ; ‚n�1;n/ (13.20)

whenever j < k and t ¤ s. Additionally, we will show that the associativity relations
also hold on

.‚1;2; : : : ; ‚j�1;j ; �1; �2; ‚j;jC1; : : : ; ‚n�1;n/

C .‚1;2; : : : ; ‚j�1;j ; �2; �1; ‚j;jC1; : : : ; ‚n�1;n/ (13.21)

as long as we make the following conventions: We assume the polygon maps are
strictly unital with the �-inputs; @�i D 0; and Œ�1;�2�D

P
pi2@�1\@�2

Ui . This weaker
notion of associativity is sufficient for the purposes of constructing hŒ�1;�2� and prov-
ing equation (13.19). Note that instead of the above approach, we could attempt to
prove associativity for general tuples, but this would require defining the polygon
maps when there are inputs such as �1 � �2, which is an unnecessary detour.

The proof of associativity, as described above, is broken into several cases. The
first case is when n > 2 and j < k. In this case, the generic degenerations of a 1-
dimensional family of holomorphic n-gons will consist of pairs of a p-gon and a
q-gon for pC q D nC 2. Write � and  for the classes of the p- and q-gons, respec-
tively. If s 2 ¹1; 2º, write a�j for #.@ıj .�/ \ �1/ and b�j for #.@ıj .�/ \ �2/. In this
case, the associativity relation applied to tuples as in equation (13.20) follows from
the additive relation

a
�
j b

 

k
C a

 
j b

�

k
C a

�
j b

�

k
C a

 
j b

 

k
D a

�� 
j b

�� 

k
:

Associativity for tuples as in equation (13.21), when j D k and n > 2, follows from
the similar additive relation

a
�
j b

 
j C a

 
j b

�
j C a

�
j b

�
j C a

 
j b

 
j D a

�� 
j b

�� 
j :

Lastly, in the case that nD 2, there are additional ends corresponding to boundary
degenerations. These ends contribute in the associativity relations for .‚1;2;�1;�2/C
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.‚1;2; �2; �1/. The relation Œ�1; �2� D
P
p2@�1\@�2

Up corresponds to the fact
that a�2b

�
2 � 1 if � is a nonnegative, index 2 class of ı2-boundary degenerations

which covers a point of @�1 \ @�2. The associativity relations for .�1; �2; ‚1;2/C
.�2; �1;‚1;2/ are similar. Finally, we consider the relations for .�1;‚1;2; �2/. In this
case, boundary degenerations do not make any contribution, since a�1b

�
2 � 0 for any

boundary degeneration because a boundary degeneration has boundary on only one
set of attaching curves.

Having described the necessary associativity relations, filling the higher length
chains of hŒ�1;�2� and verifying equation (13.19) follows the same line of reasoning
as in the proof of Lemma 13.24. We leave the remaining details of the construction to
the reader.

We prove a final lemma.

Lemma 13.27. Suppose that �1 and �2 are two 1-chains on .†;w; z; p/, such that
@�1 D ¹x1; x2º and @�2 D ¹x2; x3º. Then

A�1 CA�2 ' A�1��2 :

Proof. We observe first that for any class of curves � which has boundary on ˛i , we
have

#.@˛i .�/ \ .�1 C �2// D #.@˛i .�/ \ �1/C #.@˛i .�/ \ �2/:

In particular, we may take the formal endomorphism F�2��1 to be F�2 C F�1 . With
this definition, A�1��2 D A�1 CA�2 . Since F�1��2 is well defined up to chain
homotopy by Remark 13.18, the claim in the statement follows for an arbitrary con-
struction of F�2��2 .

We now prove a helpful formula for understanding base point moving maps on
the link surgery hypercubes. See [58, Theorem 14.11] for an analogous result in the
setting of the ordinary Heegaard Floer complexes.

Lemma 13.28. Let H D .†;L˛;Lˇ ;w; z; p/, where L˛ and Lˇ are hypercubes of
handleslide equivalent attaching curves, w[ z are link base points and p are free base
points. Suppose that p1 2 p, and that p2 2† n p is in the complement of the curves in
L˛ and Lˇ . Suppose also that .†;L˛;Lˇ ;w;z;p/ and .†;L˛;Lˇ ;¹p2º [ p n ¹p1º/
are both weakly admissible. Let HCpi denote the diagram obtained by free-stabilizing
H at pi . If � is a path from p1 to p2, then

��p1‰H
C
p2
!H

C
p1

A��Cp2

is chain homotopic to the diffeomorphism map which moves p1 to p2 along �. In the
above, we work on the complexes where we have identified Up1 and Up2 so that A�

is a chain map. Also ‰
H
C
p2
!H

C
p1

denotes the map defined in Section 13.1.
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Proof. We give a slightly simpler proof than appeared in the setting of 3-manifold
invariants in [58, Theorem 14.11], as follows. Let q be a point very near to p2. We
will view � as the concatenation of a path �1 from p1 to q, and a path �2 from q

to p2. In the following, we drop the transition maps ‰
H
C
p2
!H

C
p1

from the notation.
We will write U for

U D Up1 D Up2 :

Let �� denote the point pushing a diffeomorphism map which moves p2 to p1
along �, composed with the naturality map. It is sufficient to show that

id ' ����p1A��Cp2 : (13.22)

As a first step, we claim that the map ��p1A��Cp2 is functorial under concatenation
of arcs, i.e., that

��p1A��Cp2 ' ��q A�2�
C
p2

��p1A�1�
C
q : (13.23)

To establish equation (13.23), first note that we may commute free-stabilization maps
with other terms by Lemmas 13.21 and 13.22 to obtain

��q A�2�
C
p2

��p1A�1�
C
q

' ��p1�
�
q A�2A�1�

C
q �Cp2 :

Next, we use the relations A2
�i
' U and A�1C�2 D A�1 CA�2 from Lemmas 13.24

and 13.27 to see that

��p1�
�
q A�2A�1�

C
q �Cp2 ' ��p1�

�
q .A�2C�1A�1 C U/�

C
q �Cp2 :

We use the relation ��q �Cq D 0 (which is immediate from the formulas for �Cq and ��q )
and the fact that �2 C �1 D � to see that the above is homotopic to

��p1�
�
q A�A�1�

C
q �Cp2 :

Next, we use the fact that � is disjoint from q to commute ��q with A� using Lem-
ma 13.21, and then we use the relation ��q A�1�

C
q ' id from Lemma 13.23 to see

that the above equation is homotopic to

��p1A��Cp2 :

This establishes equation (13.23).
To obtain the main statement in equation (13.22), we combine equation (13.23)

with the naturality of all of the other maps with respect to diffeomorphisms, via the
following manipulation:

���
�
p1

A��Cp2 ' ���
�
q A�2�

C
p2

��p1A�1�
C
q

' ��q A�.�2/���
C
p2

��p1A�1�
C
q

' ��q A�.�2/�
C
p1

��p1A�1�
C
q :
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We may easily arrange that �.�2/ and �1 are isotopic on † (relative to its boundary).
Hence A�.�2/ ' A�1 by Lemma 13.13. The expression is easily shown to be homo-
topic to the identity using the graph TQFT relations, as we briefly recall. We obtain
from Lemma 13.20 that

��q A�1�
C
p1

��p1A�1�
C
q ' ��q A�1 p̂1A�1�

C
q :

The above expression is homotopic to ��q A�1A�1 p̂1�
C
q C ��q A�1�

C
q by Lem-

ma 13.23. By Lemma 13.24 we see that ��q A2
�1 p̂1�

C
q ' U��q �Cq p̂1 D 0 and by

Lemma 13.23 we have that ��q A�1�
C
q ' id. This completes the proof.

Remark 13.29. The above argument also applies to the setting of ordinary Heegaard
Floer complexes to give a shorter proof of the normalization axiom of the graph TQFT
[58, Theorem 14.11].

We now prove the main base point moving map result.

Proof of Theorem 13.4. The proof follows from the same manipulation as in the set-
ting of the graph TQFT, see [58, Section 14.4]. We produce the argument for the
reader. We decompose 
 into the concatenation of two arcs �1; �2, and view �1 as a
path from p to a new base point q, and �2 as a path from q to p. In all of the Floer
complexes we consider, we identify the variables for p and q with a single variableU .
We compute


� ' ��q A�2�
C
p ��p A�1�

C
q

' ��q A�2 p̂A�1�
C
q

' ��q A�1�
C
q C ��q p̂A�2A�1�

C
q

' idC p̂��q .A�1 CA
 /A�1�
C
q

' idC p̂��q U�Cq C p̂A
��q A�1�
C
q

' idC p̂A
 ;

completing the proof.

13.7 Relating homology actions and base point actions

Suppose that .†;˛;ˇ;w; z/ is a Heegaard link diagram for .Y; L/ and that Ki � L
is a knot component which has base points wi 2 w and zi 2 z. We may represent Ki
on † as an immersed curve ŒKi � on † which is the concatenation of two arcs �˛ and
�ˇ which both have boundary ¹wi ; ziº. The arc �˛ intersects only alpha curves while
�ˇ intersects only beta curves. See Figure 13.2. If � is a class of disks, then

a.�; 
/ D nwi .�/ � nzi .�/ .mod 2/: (13.24)
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wi

zi

�˛

�ˇ

ˇ

˛

Figure 13.2. A knot shadow Ki (dashed) decomposed as a concatenation of two subarcs �˛
and �ˇ .

The map AŒKi � weights a holomorphic disk � by a.�; 
/. On the other hand, we
can define a map which counts holomorphic disks weighted by nwi .�/. This map is
clearly equal to Uiˆwi . Similarly, the map which counts disks weighted by nzi .�/ is
equal to Vi‰zi . Therefore, equation (13.24) translates into the equality

AŒKi � D Uiˆwi C Vi‰zi ;

as endomorphisms of CFL.Y; L/. Compare [55, Lemma 14.12]. In this section, we
prove a hypercube version of the above statement.

We consider hypercubes of handleslide equivalent attaching curves L˛ and Lˇ

on .†;w; z/. We suppose that there is a pair of arcs �˛; �ˇ � † such that

@�˛ D @�ˇ D ¹wi ; ziº; Ki D �˛ � �ˇ ;

and such that �˛ intersects only curves from L˛ while �ˇ intersects only curves
from Lˇ . Write Ki for the concatenation of �˛ and �ˇ . We recall from Section 13.3
that there is an endomorphism

AŒKi �WCF�.L˛;Lˇ /! CF�.L˛;Lˇ /:

Since Ki is a closed curve on †, the map AŒKi � counts holomorphic polygons (as
would be counted by the ordinary hypercube differential) with a weight of a.�;Ki /,
where a.�;Ki / is the sum over #.@˛"� \K/ ranging over all ˛" in L˛ .

In Section 13.3, we constructed base point actionsˆwi and‰zi on the hypercube
CF�.L˛;Lˇ /. The map ˆwi was defined as the formal differential of the hypercube
differential with respect to Ui . We note that in general powers of Ui are contributed by
both the holomorphic curves in the hypercube differential, and also the powers of Ui
present in the input chains of the polygon maps used to construct the hypercube. We
defined a map ˆ0wi only taking into account the multiplicities of holomorphic curves
at the base point wi . We proved in Lemma 13.10 that if L˛ and Lˇ are algebraically
rigid, then ˆ0wi D ˆwi and ‰0wi D ‰wi . In general, this is not the case. Nonetheless,
we do have the following.
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Lemma 13.30. Suppose that L˛ and Lˇ are hypercubes of handleslide equivalent
attaching curves on .†;w; z/, and Ki � † is a concatenation of two arcs �˛ and
�ˇ , as above, where �˛ intersects only the curves in L˛ , and Lˇ intersects only the
curves in Lˇ . Then Uiˆ

0
wi
C Viˆ

0
zi

is a chain map (regardless of whether L˛ and
Lˇ are algebraically rigid) and

AŒKi � D Uiˆ
0
wi
C Vi‰

0
zi
D Uiˆwi C Vi‰zi ;

as hypercube morphisms.

Proof. Since a.�; Ki / � nwi .�/ � nzi .�/ .mod 2/ for any holomorphic polygon
counted by the hypercube differential of CF�.L˛;Lˇ /, we conclude that

AŒKi � D Uiˆ
0
wi
C Vi‰

0
zi
;

since the two sides count the same holomorphic curves, with the same weights. Since
the left-hand side is a chain map by Lemma 13.12, the right-hand side must also be a
chain map.

It remains to show that

Uiˆ
0
wi
C Vi‰

0
zi
D Uiˆwi C Vi‰zi :

To see this, we observe that Uiˆwi C Vi‰zi may be described as summing over
sequences "1 < � � � < "n and �1 < � � � < �m the maps

Ui � .�wi /
�1<���<�m
"1<���<"n C Vi � . zi /

�1<���<�m
"1<���<"n (13.25)

(which count holomorphic curves weighted by their multiplicities over wi and zi ,
respectively, as in equation (13.5)) and also summing expressions of the form

x 7! f˛"n ;:::;˛�1 ;ˇ�1 ;:::;ˇ�m .‚
˛
n;n�1; : : : ; .‚

˛
jC1;j /

0; : : : ; ‚˛2;1; x; ‚
ˇ
1;2; : : : ; ‚

ˇ
m�1;m/;

(13.26)
as well as terms where the primed term is a beta-chain. In the above, we write‚˛jC1;j
for ‚˛"jC1 ;˛"j and .‚˛jC1;j /

0 denotes .Ui@Ui C Vi@Vi /.‚
˛
jC1;j /, and similarly for

the beta terms. That is, we sum over the holomorphic polygon maps where we apply
.Ui@Ui C Vi@Vi / to exactly one of the inputs from L˛ or Lˇ . The sum of maps in
equation (13.25) is exactly the map Uiˆ

0
wi
C Vi‰

0
zi

, so it suffices to show that the
terms in equation (13.26) vanish. To see this, we will show that if ‚ is any chain in
L˛ or Lˇ , then .Ui@Ui C Vi@Vi /.‚/D 0. We argue as follows, focusing on L˛ . We
observe that on the diagram .†;L˛;w; z/, the base points wi and zi are immediately
adjacent (by virtue of the existence of �ˇ , which is disjoint from the alpha curves).
We note that each subdiagram .†;˛0;˛;w; z/ represents an unlink U in a connected
sum of several copies of S1 � S2. There is a jU j-component Alexander grading
on CFL.U/, and the top Maslov bidegree generators lie in the Alexander grading
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.0; : : : ; 0/. By construction, all of the chains of L˛ also lie in the Alexander grading

.0; : : : ; 0/. WriteAi for the component of the Alexander grading corresponding toKi .
Since �ˇ connects wi to zi and is disjoint from all curves of L˛ , if x 2 T˛0 \ T˛ , we
have Ai .x/ D 0. In particular, any chain in L˛ must have equal powers of Ui and Vi ,
i.e., it must be of the form UNi V

N
i � y, where y has no powers of Ui or Vi . Clearly,

.Ui@Ui C Vi@Vi /.U
N
i V

N
i � y/ D 0;

as claimed. The same argument works for Lˇ , so the proof is complete.

13.8 Properties of the U -action on link surgery complexes

We now explore some of the complexities of the surgery theorem when we allow
arbitrary arcs for our � -basic systems.

Lemma 13.31. Suppose that A is a system of arcs for L � S3, and suppose that the
arcs for knot components K1; K2 � L are alpha-parallel or beta-parallel (the case
that one is alpha-parallel and the other is beta-parallel is allowed). Then the actions
ofU1 andU2 are homotopic on Xƒ.L;A/

L in the sense that there is a type-D module
morphism H 1WXƒ.L;A/

L ! Xƒ.L;A/
L such that

@Mor.H
1/ D id˝ .U1 C U2/:

In the above, Ui denotes UiVi and id˝ .U1 C U2/ means the map which sends x to
x˝ .U1 C U2/ in all idempotents.

Proof. Let H be a � -basic system of Heegaard diagrams for .L;A/. We may assume
that H is meridional for K1 and K2, in the sense of Section 9.5. We begin with the
case that K1 and K2 are both alpha-parallel or both beta-parallel. For concreteness,
assume that K1 and K2 are both alpha-parallel, so that the arcs of A are both disjoint
from the alpha curves. We let �W Œ0; 1� ! † denote a path from z1 to z2 which is
disjoint from all of the arcs of A.

Given hypercubes of alpha and beta Lagrangians L˛ and Lˇ on a pointed surface
.†;w; z/, as well as an arc � connecting two points x1; x2 2 †, we obtain a map

A�WCF�.L˛;Lˇ /! CF�.L˛;Lˇ /

as in Section 13.3, satisfying

@Mor.A�/ D E
˛
1 CE

˛
2 ;

where E˛i denotes the product of the variables for the base points in the unique alpha
degeneration containing xi . Compare Lemma 13.14. We view the link surgery hyper-
cube as a 2-dimensional hypercube by internalizing all axis directions except those of
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K1 and K2. With this perspective, write:

Cƒ.L/ D

C.0;0/ C.1;0/

C.0;1/ C.1;1/

FK1CF�K1

FK2CF�K2 F�K1;�K2 FK2CF�K2

FK1CF�K1

Write �1 for the point-pushing diffeomorphism which moves z1 to w1, and write
�2 for the map which moves z2 to w2. Write

�0;0 D �; �1;0 D �1.�/; �0;1 D �2.�/; �1;1 D �1.�2.�//:

We now adapt the above construction of A� to the setting of the surgery hyper-
cube, which has maps corresponding to base point moving maps. We focus on a
� -basic system of Heegaard diagrams for L. We apply the aforementioned construc-
tion of the hypercube morphism A� to the hypercube consisting of all of the link
surgery edge maps with negatively oriented components. We obtain a diagram of the
following form, which is a hypercube except for the length 1 relations along arrows
labeled A�" (which instead satisfy Œ@;A�" � D U1 C U2):

C.0;0/ C.1;0/

C.0;0/ C.1;0/

C.0;1/ C.1;1/

C.0;1/ C.1;1/

F�K2

A�0;0

F�K1

F�K1;�K2

! �
K
1 ;�

K
2

F�K2

A�1;0

j�K2

F�K1

F�K2

h�K1

F�K1

A�0;1 j�K1
A�1;1

F�K1

F�K2

h�K2

F�K1;�K2

(13.27)

We first claim that the maps labeled A�" in equation (13.27) are all equal. To see
this, note that A�1;0 is obtained by concatenating � with the arc from z1 to w1 which
is disjoint from the alpha curves. Therefore, #@˛. / \ � D #@˛. / \ �1;0 for all
classes of polygons  used to define the complexes C.1;0/. Similar arguments apply
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to the other length 1 maps A�" so we conclude that the length 1 maps satisfy

A�" D A�0;0 (13.28)

for all " 2 E2.
We now consider the length 2 maps, we claim that

h�Ki D j�Ki for i D ¹1; 2º: (13.29)

The argument is similar to the argument for the length 1 maps. Namely, the maps
h�K2 and j�K2 count the same holomorphic curves. Some of the curves contributing
to h�K2 are counted with a weight of a. ; �/ whereas the same curves are counted
by a. ; �1.�// for j�K2 . Since �1.�/ is obtained by concatenating � with an arc
which passes through only beta curves, we see that a. ; �/ D a. ; �1.�//, so these
expressions are equal. We conclude that h�Ki D j�Ki .

We now define an endomorphism AX
�

of the link surgery hypercube Cƒ.L/ to be
the endomorphism induced by the components of the diagram in (13.27) which come
out of the page (i.e., the A�"-direction). By construction, the maps labeled h�Ki have
the same equivariance properties as the link surgery mapsF �Ki , so the morphism AX

�

is induced by a morphism of type-D modules

A
X;1
�
WXƒ.L;A/

L
! Xƒ.L;A/

L:

(Note that outside of this lemma, we will write just A� or A1
�

for the maps labeled
AX
�

and A
X;1
�

above.)
The components labeled A�" preserve the idempotents for K1 and K2. The ar-

rows labeled �K1 are weighted in H 1 by multiples of the algebra element �1. The
arrows labeled �K2 are weighted by multiples of �2. The dotted arrow labeled
!�K1;K2 is weighted by a multiple of �1�2. None of the components of A

X;1
�

are
weighted by algebra elements containing a factor of �1 or �2.

As a morphism from the back face of the diagram in (13.27) to the front face, the
map AX

�
satisfies

@Mor.A
X
� / D .U1 C U2/ � id

by Remark 13.15. We claim that the same equation is satisfied if we view AX
�

as
a morphism from Cƒ.L/ to itself, and furthermore, that the type-D endomorphism
A

X;1
�

satisfies @Mor.A
X;1
�
/D id˝ .U1 C U2/ as an endomorphism of Xƒ.L/

L. Note
that the hypercube differential in the diagram in (13.27) does not include the differ-
entials FK1 or FK2 . Since we are using � -basic systems, these maps are identified
with the maps induced by localization at V1 and V2. Once we include FK1 and
FK2 into the differentials on the front and back faces, the fact that @Mor.A

X
�
/ is still

.U1 C U2/ � id follows immediately from equations (13.28) and (13.29). The same
argument works for type-D morphisms. This completes the proof when both compo-
nents are alpha-parallel.
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We now consider the case thatK1 is alpha-parallel andK2 is beta-parallel. In this
case, we must modify the map A

X;1
�

. Recall that A
X;1
�

was built from the map A�.
We instead replace this by a map A

X;1
�

built from A� C V2‰z2 .
If we view the complex as a 1-dimensional cone in the K2-direction

Cƒ.L;A/ D Cone
�
C0

FK2CF�K2
���������! C1

�
;

then we can define endomorphisms A� C V2‰z2 WCi ! Ci similar to the case when
K1 andK2 were both alpha-parallel. The map A�CV2‰z2 WC0! C0 consists of the
components labeled A�0;0 , A�1;0 and h�K1 . As an endomorphism of C1, the map is
similar. Since K1 is alpha-parallel, we see that

A�0;0 D A�1;0 D A�;

and so the same argument as before shows that

@Mor.A� C V2‰z2/ D .U1 C U2/ � id

as endomorphisms of Ci .
On the other hand, the point pushing map for K2 moves z2 to w2 through exactly

the alpha circles which intersect the trace of K2 on the knot diagram. Hence

A�0;1 D A�1;1 D A� CAŒK2�:

Here, AŒK2� denotes the hypercube homology action for the trace of K2 on the
Heegaard diagram. We conclude that

F �K2A� ' .A� CAŒK2�/F
�K2 ; (13.30)

as maps from C0 to C1. On the other hand, since F �K2 moves z2 to w2, we have

F �K2V2‰z2 ' U2ˆw2F
�K2 : (13.31)

We recall from Lemma 13.30 that AŒK2� ' U2ˆw2 C V2‰z2 , as endomorphisms
of C0. Combining the relations in equations (13.30), (13.31) with this equation for
AŒK2�, we obtain

F �K2.A� C V2‰z2/ ' .A� C V2‰z2/F
�K2 ;

as maps from C0 to C1. Note that since FK2 is the map for localizing at V2, we also
have

F �K2.A� C V2‰z2/ D .A� C V2‰z2/F
�K2 :

Arranging the maps A� C V2‰z2 (as maps from Ci to Ci ) as well as the above
homotopies (which map C0 to C1) into an endomorphism H of Cƒ.L/, we see that
@Mor.H/ D .U1 C U2/ � id. The same logic gives a type-D homotopy, so the proof is
complete.





Chapter 14

The alpha-beta transformer

In this chapter, we describe a bimodule KT K , which we call the alpha-beta trans-
former bimodule. We will prove the following.

Theorem 14.1. Suppose that L � S3 is a framed link with a distinguished compo-
nent K. Let A be a system of arcs for L such that the arc for K is alpha-parallel. Let
A0 be a system of arcs where K is beta-parallel, but otherwise the arcs are the same
as A. Then

Xƒ.L;A/
L
' Xƒ.L;A

0/L y� KT K :

The same formula holds if we switch the roles of A and A0.

14.1 The bimodule

The bimodule T has rank 1 over I, and has ı11 D 0. The map ı12 is the unique I-linear
map which satisfies

ı12.a; 1/ D 1˝ a;

for a 2K . (This coincides with the identity bimodule.)
Additionally, there is a ı14 term, which is non-vanishing on tuples of the form

.a; b; f �; i0/ where f , a and b are concentrated in a single idempotent, and which
vanishes on other elementary tensors. On such elements, we have the formula

ı14.a; b; f �; i0/ D i1 ˝ .@U.a/ � @V.b/ � f �/:

Lemma 14.2. The structure maps on KT K satisfy the DA bimodule relations.

Proof. The only interesting structure relations to be verified are the ones with 5
inputs. There are only two non-vacuous relations to be verified, which are those for
sequences of the form .a; b; c; �; i0/ and those of the form .a; b; �; c; i0/.

The structure relations for sequences of the form .a; b; �; c; i0/ are straightfor-
ward, so we consider the tuple .a; b; c; �; i0/. The structure diagrams with non-trivial
contribution are the following:

a b c � i0

�2

ı14

C

a b c � i0

�2

ı14

C

a b c � i0

�2

ı14

C

a b c � i0

ı14

ı12

�2
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The vanishing of the above equation follows from the algebraic relation

@U.ab/@V.c/C @U.a/@V.bc/C @U.a/@V.b/c C a@U.b/@V.c/ D 0;

which is straightforward to verify.

In Section 14.3, we describe another perspective which makes the DA bimodule
relations more straightforward to verify.

14.2 Basepoint actions as A1-morphisms

We now give a helpful reformulation of algebraic base point actions in terms of A1
morphisms. This framework helps us to understand the structure maps appearing in
the alpha-to-beta transformer bimodule.

If C is a free F ŒU �-module, then there is natural base point action ˆU WC ! C ,
defined as follows. We pick a free F ŒU � basis B of C . If x 2 B , then we write @.x/DP

y2B cy;xU
ny;x � y, where cy;x 2 F and ny;x 2 N. The map ˆU is defined via the

formula
ˆU .x/ D

X
y2B

ny;xcy;xU
ny;x�1 � y: (14.1)

The induced map .ˆU /� onH�.C / is trivial (cf. Remark 13.11), though the mapˆU
is often not null-homotopic through an F ŒU �-equivariant homotopy.

Since C is free and the differential is F ŒU �-equivariant, we may view C as corre-
sponding to a type-D module C FŒU �. Of course,

C FŒU �
Š C FŒU � � FŒU �ŒI�

FŒU �:

There is a DA bimodule endomorphism �1� of FŒU �ŒI�
FŒU � defined as follows. We set

�11 D 0, and we set
�12.˛; 1/ D 1˝ @U .˛/:

We set �1j D 0 if j > 2. The DA bimodule relations are straightforward to verify, and
easily translated into the Leibniz rule for derivatives.

Lemma 14.3. The map ˆU in equation (14.1), viewed as a type-D morphism

ˆU WC
FŒU �
! C FŒU �;

satisfies
ˆU WD IC � �1�:

The proof is immediate.
We recall that the map ˆU satisfies ˆ2U ' 0. See Lemma 13.23. It is helpful to

note that this relation may be translated into a fact about the DA bimodule endomor-
phism �1�.
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Lemma 14.4. The DA bimodule morphism �1� satisfies

�1� ı �
1
� ' 0:

Proof. We define a DA bimodule endomorphism

H 1
� W FŒU �ŒI�

FŒU �
! FŒU �ŒI�

FŒU �

via the formula H 1
1 D 0 and

H 1
2 .U

n; 1/ D 1˝
n.n � 1/

2
U n�2:

The map @Mor.H
1
� / has three summands, shown as graphs below:

@Mor.H
1
� / D

�2

H 1
2

�2

C

H 1
2

ı12

�2

C

ı12

H 1
2

�2

Hence,

@Mor.H
1
� /.U

n; Um; 1/

D 1˝
n.n � 1/Cm.m � 1/C .nCm/.nCm � 1/

2
U nCm�2

� 1˝ nmU nCm�2 .mod 2/

D .�� ı ��/
1
2.U

n; Um; 1/;

completing the proof.

We will also need to consider analogous base point actions on complexes over
the 2-variable polynomial ring F ŒU;V�. In this case, we may define two DA bimod-
ule endomorphisms of FŒU;V�ŒI�

FŒU;V�, denoted �1� and  1� , which differentiate with
respect to U and V, respectively. Lemma 14.4 adapts to show that �1� ı �

1
� ' 0 and

 1� ı  
1
� ' 0. Additionally, we have the following.

Lemma 14.5. As endomorphisms of FŒU;V�ŒI�
FŒU;V�, we have

�1� ı  
1
� '  

1
� ı �

1
�:

Proof. We define a DA bimodule endomorphism H 1
� of FŒU;V�ŒI�

FŒU;V� whose only
non-vanishing action is given by the formula

H2.˛; 1/ D 1˝ @
2
U;V.˛/;
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where @2U;V.a/ D @U.@V.a//. We observe the equality

@Mor.H
1
� / D �

1
� ı  

1
� C  

1
� ı �

1
�

which follows from the easily verified relation

@2U;V.a � b/C a � @
2
U;V.b/C @

2
U;V.a/ � b D @U.a/ � @V.b/C @V.a/ � @U.b/:

14.3 The transformer as a mapping cone bimodule

In order to efficiently prove statements about the transformer bimodule, it is helpful
to discuss some generalities about constructing bimodules. If f 1� WAM

B ! AN
B is

a morphism of DA bimodules such that @Mor.f
1
� /D 0, then we may construct another

bimodule Cone.f 1� / which is also a DA bimodule. If f 1� and g1� are two homotopic
bimodule morphisms, then Cone.f 1� / and Cone.g1�/ are homotopy equivalent.

It is helpful to understand that the identity and transformer bimodules are map-
ping cone bimodules. For " 2 ¹0; 1º, write K Œi"�K , denote I" � K ŒI�K � I", with the
restriction of the structure map from the identity bimodule K ŒI�K . There are two
morphisms

s1�; t
1
� WK Œi0�

K
! K Œi1�K

as follows. The map t1j D 0 for j ¤ 2, and t12 .f �; i0/D i1 ˝ f � and t12 .f �; i0/D 0.
The map s1� is similar, but with the roles of � and � reversed. It is not hard to see that
the DA bimodule morphisms s1� and t1� are cycles. Furthermore,

K ŒI�
K
D Cone.s1� C t

1
� WK Œi0�

K
! K Œi1�K/:

The A1 base point actions �1� and  1� from Section 14.2 also induce endomorphisms
of K Œi"�K for " 2 ¹0; 1º. In particular, we observe that the transformer bimodule may
be described as

KT K
D Cone.s1� C .idC �

1
� ı  

1
�/ ı t

1
� WK Œi0�

K
! K Œi1�K/:

Remark 14.6. The above perspective gives a more streamlined proof that KT K sat-
isfies the DA bimodule structure relations. Indeed, it is sufficient to verify that �1�,
 1� , s1� and t1� are cycles, which is easy to verify.

14.4 Properties of the transformer bimodule

In this section, we prove some important properties of the transformer bimodule.
We begin by showing that in analogy to Sarkar’s map for a Dehn twist [49], the

transformer bimodule is involutive.
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Lemma 14.7. The transformer bimodule satisfies

KT K y� KT K
' K ŒI�

K :

Proof. We compute that KT K y� KT K is equal to the mapping cone bimodule

Cone
�
s1� C .idC �

1
� ı  

1
� ı �

1
� ı  

1
�/ ı t

1
� WK Œi0�

K
! K Œi1�K

�
:

On the other hand, �1� ı 
1
� ı �

1
� ı 

1
� ' 0 by Lemmas 14.4 and 14.5. Hence, KT K y�

KT K is homotopy equivalent to Cone.s1� C t
1
�/, which is K ŒI�K .

Next, we consider the tensor product of the transformer with the modules for a
solid torus.

Lemma 14.8. The transformer bimodule satisfies

DK
�
y� KT K

' DK
� and KT K y� KD

FŒU �
�

' KD
FŒU �
�

:

Proof. The relation DK
�
y� KT K ' DK

�
is trivial, so we focus on the relation

KT K y� KD
FŒU �
�

' KD
FŒU �
�

. To simplify the notation, it is easier to construct a
homotopy equivalence

KT K y� K ŒD��FŒU � ' K ŒD��FŒU �;

though the maps we write down can be easily adapted to give the statement about DA
bimodules, since they are strictly F ŒU �-equivariant.

We will view both bimodules as mapping cone bimodules, in the sense of Sec-
tion 14.3. Define

K Œd"�FŒU � WD I" � K ŒD��FŒU �;

for " 2 ¹0; 1º. We observe that both KT K y� K ŒD��FŒU � and K ŒD��FŒU � are the
mapping cones of type-AA module maps from d0 to d1. Indeed, there are type-AA
module maps

†�; T�WK Œd0�FŒU � ! K Œd1�FŒU �;

where†1;1;0.f �;x/Dm2.f �;x/ (wherem2 is the action from D�) and T1;1;0.f �;x/
D m2.f �; x/. Furthermore, †1;1;0.f �; x/ D 0 and T1;1;0.f �; x/ D 0. Also †� and
T� vanish on other configurations of inputs. It is straightforward to verify that†� and
T� are cycles. Additionally,

K ŒD��FŒU � D Cone
�
†� C T�WK Œd0�FŒU � ! K Œd1�FŒU �

�
(14.2)

and

KT K y� K ŒD��FŒU � D Cone
�
†� C .idC �� ı  �/ ı T�WK Œd0�FŒU � ! K Œd1�FŒU �

�
:

(14.3)
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Here, we are writing �� and  � for �1� � ID� and  1� � ID� , where �1� and  1� are
the endomorphisms of K Œi1�K described above.

We observe that

�� ı  � ' V�1�� ı .U�� C V �/; (14.4)

as endomorphisms of Œd1�, since �2� ' 0 by Lemma 14.4.
We write @W D U@U C V@V. We define an endomorphism J� of K Œd1�FŒU � via

the formula
J0;1;0.x/ D @W.x/:

We set Ji;1;j D 0 unless i D j D 0. Observe that J0;1;0 commutes with the right
action of U . We claim that

@Mor.J�/ D U�� C V �:

To see that, we note that there are exactly two structure trees which contribute to
@Mor.J�/. These are shown below:

@Mor.J�/1;1;0.a; x/ D

a x

ı12

J0;1;0

C

a x

J0;1;0

ı12

Hence,
@Mor.J�/1;1;0.a; x/ D @W.a � x/C a � @W.x/:

By the Leibniz rule we have that the above is @W.a/ � x. Therefore,

@Mor.J�/ D U�� C V �;

as endomorphisms of Œd1�. We conclude that �� ı  � ' 0 as endomorphisms of Œd1�
by equation (14.4). Hence the two mapping cones in equations (14.2) and (14.3) are
homotopy equivalent. The proof is complete.

14.5 Proof of Theorem 14.1

We now prove Theorem 14.1, which states that changing from an alpha-parallel
arc to a beta-parallel arc may be achieved by tensoring with the transformer bi-
module KT K .
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Proof of Theorem 14.1. We use our base point moving map formula from Corol-
lary 13.5.

Let A be an arc system for L � S3, and assume that Ki � L is a component
whose arc Ai is beta-parallel. Let A0i denote an arc for Ki which is alpha-parallel,
and let A0 denote the arc system which has A0i in place of A.

We pick a Heegaard link diagram H D .†;˛;ˇ;w;z/ for .S3;L/ so that all of the
arcs of A are embedded in † and pairwise disjoint. We assume the arc Ai is disjoint
from ˇ. The arc A0i may also be viewed as being embedded on †. With respect to
this embedding, A0i is disjoint from ˛. In principle, A0i might intersect some of the
other arcs of A. However, by stabilizing the Heegaard diagram .†; ˛; ˇ;w; z/, we
may assume that A0i is disjoint from all of the other arcs of A.

We build a hyperbox of Heegaard diagrams using the diagram H as the initial dia-
gram. IfKi � L, then theKi -direction of this hypercube involves the composition of
a tautological diffeomorphism map to move zi along Ai , followed by a holomorphic
polygon counting maps which change the alpha and beta curves back to their original
position. We do this in each axis direction to build a � -basic system used for the link
surgery formula.

For this � -basic system, we may change Ai to A0i by composing theKi -direction
with a final base point moving hypercube which moves wi in a loop along the curve
ŒKi �DA0i �A

�1
i . Corollary 13.5 implies that the effect on the link surgery hypercube

is to replace F �Ki (the sum of the hypercube maps ranging over all sublinks of L
containing �Ki ) with the map .idC V�1i AŒKi � ıˆwi / ı F

�Ki .
The map .idC V�1i AŒKi � ı ˆwi / is viewed as an endomorphism of the .` � 1/-

dimensional subcube of C1ƒ.L;A/ � Cƒ.L;A/ which has Ki -component 1. On this
subcube, the arc A0i intersects only beta curves, and Ai intersects only alpha curves.
By Lemma 13.30, we have

AŒKi � ' Uiˆwi C Vi‰zi ;

as endomorphisms of C1ƒ.L;A/. Hence

idC V�1i ˆwiAŒKi � D idC V�1i ˆwi .Uiˆwi C Vi‰zi / ' idCˆwi‰zi ;

since ˆ2wi ' 0. In particular, it follows that if we write

Cƒ.L;A/ Š Cone
�
C0ƒ.L;A/

FKiCF�Ki
��������! C1ƒ.L;A/

�
;

then Cƒ.L;A
0/ is homotopic to

Cone
�
C0ƒ.L;A/

FKiC.idCˆwi‰zi /F
�Ki

������������������! C1ƒ.L;A/
�
:

On the level of type-D structures over L, we claim that the above complex corre-
sponds to the tensor product of Xƒ.L;A/

L with the transformer bimodule KT K . To
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see this, observe that the components of the box tensor differential of Xƒ.L;A/
L y�

KT K which involve the map ı12 of KT K contribute the internal differentials of
C"ƒ.L;A/ (for "2 ¹0;1º), as well as the mapsFKi and F �Ki to the mapping cone dif-
ferential. The terms of the box tensor product differential which involve ı14 of KT K

contribute the term ˆwi‰ziF
�Ki to the above mapping cone differential (compare

Lemma 14.3). This completes the proof.



Chapter 15

The pair-of-pants bimodules

In this chapter, we describe several bimodules KjKW
K
˛ˇ;ˇ

and KjKW
K
˛ˇ;˛

. The bimod-
ules are related by the transformer bimodule

KjKW
K
˛ˇ;ˇ

y� KT K
' KjKW

K
˛ˇ;ˇ :

We call these the pair-of-pants bimodules. Other choices of ˛ and ˇ in the subscripts
can also be constructed by tensoring in copies KT K to switch from ˛ to ˇ and vice-
versa.

After defining these bimodules and proving several basic properties, we will prove
the following.

Theorem 15.1. Suppose that L1; L2 � S3 are framed links with distinguished com-
ponents K1 � L1 and K2 � L2. Write n D jL1j and m D jL2j. Let A1;˛ and A2;ˇ
be systems of arcs for L1 and L2. Suppose that the arc for K1 is alpha-parallel and
the arc for K2 is beta-parallel. (The other arcs need not be alpha- or beta-parallel.)
Let A˛ and Aˇ be the system of arcs for L1#L2 which use an alpha-parallel (resp.
beta-parallel) arc for K1 (resp. K2). Then

.Xƒ1.L1;A1;˛/
K˝Ln�1 ;Xƒ1.L2;A2;b/

K˝Lm�1/ y� KjKW
K
˛ˇ;˛

' Xƒ1Cƒ2.L1#L2;A˛/LnCm�1

and

.Xƒ1.L1;A1;˛/
K˝Ln�1 ;Xƒ1.L2;A2;ˇ /

K˝Lm�1/ y� KjKW
K
˛ˇ;ˇ

' Xƒ1Cƒ2.L1#L2;Aˇ /LnCm�1 :

15.1 TheW˛ˇ;˛ andW˛ˇ;ˇ bimodules

We now define theW˛ˇ;˛ andW˛ˇ;ˇ bimodules. We considerW˛ˇ;ˇ first. This bimod-
ule has a ı13 which is identical to the merge module M . Additionally, there is a ı15 ,
determined by the following formula:

ı15.ajb; a
0
jb0; 1j�; � j1; i0/ D i1 ˝ V�1@U.ab/a

0.U@U C V@V/.b
0/�: (15.1)

In the above, a; b; a0; b0 2 I1 �K � I1.
The module W˛ˇ;˛ is similar, except it has

ı15.ajb; a
0
jb0; 1j�; � j1; i0/ D i1 ˝ V�1@U.ab/b

0.U@U C V@V/.a
0/�:
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Lemma 15.2. The bimodules KjKW
K
˛ˇ;˛

and KjKW
K
˛ˇ;ˇ

satisfy the DA bimodule
structure relations. Furthermore, both are split Alexander bimodules when we give
the incoming algebra factors the discrete partition.

Proof. We consider the structure relations first. We take the perspective of map-
ping cone bimodules from Section 14.3. We begin by considering the merge module
KjKM

K . We define bimodules KjK Œm"�
K for " 2 ¹0; 1º by

.I" ˝ I"/ � KjKMK
� I":

The bimodule structure relations are easily seen to be satisfied. There are two DA
bimodule morphisms

S1�;T
1
�WKjK Œm0�

K
! KjK Œm1�

K

as follows. We set S1j D 0 if j ¤ 3. We set S13.1j�; � j1; i0/ D i1 ˝ � . The map T1�
is similar, but with � replacing � . The DA bimodule endomorphisms S1� and T1� are
easily seen to be cycles. Furthermore,

KjKM
K
D Cone

�
S1� C T1�WKjK Œm0�

K
! KjK Œm1�

K
�
:

Note that we may form four DA bimodule endomorphisms �l�, �
r
�,  

l
� and  r� of

KjK Œm1�
K by adapting the construction from Section 14.2. Here, �l� differentiates

with respect to U on the left factor of K ˝K , while �r� differentiates with respect to
U on the right factor. We may also view these maps as endomorphisms of KjK Œm1�

K

by boxing with the identity map on Œm1�. With respect to the above notation, we
observe that

KjKW
K
˛ˇ;˛ D Cone

�
Œm0�

S1�C.idCV
�1.�l�C�

r
�/ı.U�

l
�CV 

l
�//ıT

1
�

���������������������������! Œm1�
�
: (15.2)

The map
.idC V�1.�l� C �

r
�/ ı .U�

l
� C V r�// ı T

1
�

is a cycle since it is the composition of cycles. Similarly, S1� is a cycle by direct
computation. Hence the DA bimodule relations are satisfied for KjKW

K
˛ˇ;˛

. The same
argument works for KjKW

K
˛ˇ;ˇ

.
Finally, the claim about split continuity is proven by an easy modification of the

proof for the merge module, from Lemma 8.3.

15.2 Proof of Theorem 15.1

We now give a proof of Theorem 15.1.
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Proof of Theorem 15.1. The proof is based on our formula for changing the path in
the link surgery formula of Corollary 13.5. It is easier to analyze the surgery hyper-
cubes, instead of their interpretation as type-D modules, so we focus on the statement
in terms of hypercube complexes first.

LettingK1 � L1 andK2 � L2 be the special components, and suppose that A1;˛
and A2;ˇ are systems of arcs such that K1 has an alpha-parallel arc and K2 has a
beta-parallel arc. We use the meridional � -basic systems considered in Section 9.3,
which we assume are algebraically rigid. These were constructed in Lemma 9.8. By
Theorem 12.1, we know that

Cƒ1Cƒ2.L1#L2;A1;˛#A2;ˇ /

Š Cone
�
C0.L1/˝ C0.L2/

FK1 jFK2CF�K1 jF�K2
�����������������! C1.L1/˝ C1.L2/

�
:

(Recall that we are writing F˙Ki for the sum of all surgery maps for oriented sublinks
of Li which contain˙Ki .)

The above surgery hypercube is for the system of arcs A1;˛#A2;ˇ . The arc in
A1;˛#A2;ˇ for K1#K2 is the co-core of the connected sum band. The present state-
ment instead involves � -basic systems of Heegaard diagrams for L1#L2 which use
an alpha- or beta-parallel arc on K1#K2. If we want to change the arc to be alpha-
parallel, we may stack the above hypercube for Cƒ1Cƒ2.L1#L2;A1;˛#A2;ˇ / with
the hypercube for moving the base point in a loop following K2 in the subcube
C1.L1/˝ C1.L2/. We may compute this cube using Corollary 13.5. The effect on
the resulting surgery hypercube is to replace F �K1 jF �K2 with the expression

.idC V�1ˆw ıAŒK2�/.F
�K1 jF �K2/WC1.L1#L2/! C1.L1#L2/:

We are using Proposition 11.8 to identify C".L1#L2/ Š C".L1/˝ C".L2/, for
" 2 ¹0; 1º. The differential on each C".L1#L2/ is the tensor product differential, i.e.,
@1 ˝ idC id˝ @2. In particular, the map ˆw on C".L1#L2/ is intertwined with the
map

ˆw1 ˝ idC id˝ˆw2
under the connected sum isomorphism C1.L1#L2/ Š C1.L1/˝ C1.L2/. Similarly,
using the connected sum formulas for hypercubes in Propositions 10.1 and 11.8, it is
straightforward to see that with respect to the isomorphism C1.L1#L2/Š C1.L1/˝

C1.L2/ the map AŒK2� is intertwined with id˝AŒK2�. By Lemma 13.30 we see that

id˝AŒK2� D id˝ .Uˆw2 C V‰z2/;

as endomorphisms of C".L1/˝ C".L2/. We conclude that

ˆw ıAŒK2� D .ˆw1 ˝ idC id˝ˆw2/ ı .id˝ .Uˆw2 C V‰z2//:

The addition of this term is encoded exactly by the extra ı15 term in equation (15.1)
(cf. Lemma 14.3), so the proof is complete.
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15.3 Relation with the AA-identity bimodule

We recall that the AA-identity bimodule KjK ŒI
c� from Section 8.4 admits an exten-

sion to a bimodule
KjK ŒI

c�FŒU �:

It follows from Theorem 12.1 and Proposition 13.2 that we may use KjK ŒI
c� to

obtain a valid model of the link surgery formula when taking the connected sum
of two links (i.e., the resulting hypercube has the correct module actions on the
remaining knot components). It is not clear from this argument whether tensoring
with KjK ŒI

c�FŒU � gives a valid model. In this section, we show that indeed tensoring
with KjK ŒI

c�FŒU � produces a valid model, via the following algebraic result.

Proposition 15.3. There is a homotopy equivalence

KjKW
K
˛ˇ;˛

y� K ŒD0�FŒU � ' KjK ŒI
c�FŒU �:

The same holds if we replace W˛ˇ;˛ with W˛ˇ;ˇ .

The above proposition will be verified in several steps.

Lemma 15.4. The operations �1� and  1� satisfy the following relations:

(1) As morphisms from K Œi0�K to K Œi1�K , we have

�1� ı s
1
� ' s

1
� ı �

1
� and  1� ı s

1
� ' s

1
� ı  

1
� :

Similarly,

t1� ı �
1
� ' V2 1� ı t

1
� and t1� ı  

1
� ' V�2�1� ı t

1
� :

(2) As morphisms from KjK Œm0�
K to KjK Œm1�

K we have

�l� ı S
1
� ' S1� ı �

l
� and  l� ı S

1
� ' S1� ı  

l
�

and
T1� ı �

l
� ' V2 l� ı T

1
� and T1� ı  

l
� ' V�2�l� ı T

1
�:

The same relations hold with �r� and  r� in place of �l� and  l�.

Proof. We begin with two algebraic relations on K . If f 2 I1 �K � I1 and g 2 I0 �
K � I0 are such that �a D b� then

�@U.a/ D V2@V.b/� and �@V.a/ D V�2@U.b/�:

We verify the above equations. If a D UiVj , then b D �� .a/ D UjV2j�i . Then

�@U.a/ D �@U.U
iVj / D � iUi�1Vj D iUjV2j�iC1� D V2@V.b/�

as claimed. Similarly,

�@V.a/ D �jU
iVj�1 D jUj�1V2j�2�i� D V�2@U.b/�:
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We now consider the equation �1� ı s
1
� ' s1� ı �

1
�. We define a morphism h1�W

K Œi0�K ! K Œi1�K via the formula

h12.f �; 1/ D 1˝ @U.f /�:

One checks easily that @Mor.h
1
�/D �

1
� ı s

1
� C s

1
� ı �

1
�. The other relations with t1� and

�1� and  1� are proven similarly.
We now consider the relations for S1� ı �

l
� ' �

l
� ı S

1
�. Define f 1� WD S1� ı �

l
� and

note that f 1� has f 14 non-trivial, and this map satisfies

f 14 .� j1; 1j�; aja
0; i0/ D i1 ˝ �@U.a/a

0:

Note that more generally, f 14 .a� ja
0; bjb0�; cjc0; i0/ D i1 ˝ aa

0bb0�@U.c/c
0, though

we omit the extra possible coefficients on the � terms to simplify the notation. Define
g1� WD �

l
� ı S

1
� and note that g1� has only g14 non-trivial, and

g14.aja
0; � j1; 1j�; i0/ D i1 ˝ @U.a/a

0�:

There is a third map of interest, k1�, which has

k14.� j1; aja
0; 1j�; i0/ D i1 ˝ a

0�@U.a/:

A homotopy h1� between f 1� and k1� is given by

h13.a� ja
0; bjb0�; i0/ D i1 ˝ aa

0b0�@U.b/:

A homotopy between k1� and g1� is constructed similarly. The other relations in the
lemma statement are proven by minor modifications of the above argument.

Lemma 15.5. There is a homotopy equivalence

KjKW
K
˛ˇ;˛

y� K ŒD0�FŒU � ' .KT K ;KT K/ y� KjK ŒI
c�FŒU �:

The same holds if we replace W˛ˇ;˛ with W˛ˇ;ˇ .

Remark 15.6. The above statement does not hold if we replace W˛ˇ;˛ with W˛˛;˛ ,
W˛˛;ˇ , Wˇˇ;˛ or Wˇˇ;ˇ .

Proof of Lemma 15.5. The argument is similar to the proof of Lemma 14.8. The key
is to observe that we may define a homotopy @W D U@U C V@V, and that @W com-
mutes with the action of U D UV.

In our present context, we want to view both modules in the statement as AA-
bimodule mapping cones. For " 2 ¹0; 1º, write

KjK Œmd"�FŒU � WD .I" ˝ I"/ � KjK ŒIc�FŒU �:



The pair-of-pants bimodules 198

Both of the bimodules in the statement may be viewed as a mapping cone of an AA-
bimodule morphism from Œmd0� to Œmd1�.

Similar to equation (15.2), we may view W˛ˇ;˛ y� D0 as the mapping cone of

S� C .idC V�1.�l� C �
r
�/.U�

l
� C V l�// ı T�: (15.3)

We observe that the morphism H0;1;0W Œmd1�! Œmd1� given by H0;1;0.x/ D @W.x/
satisfies

@Mor.H0;1;0/ D U�l� C U�r� C V l� C V r� :

In particular, we obtain that

idC V�1.�l� C �
r
�/.U�

l
� C V l�/

D idC V�1�l�.U�
l
� C V l�/C V�1�r�.U�

l
� C V l�/

' idC V�1�l�.U�
l
� C V l�/C V�1�r�.U�

r
� C V r�/

' idC �l� 
l
� C �

r
� 

r
�

' .idC �l� 
l
�/.idC �

r
� 

r
�/:

In the last equivalence, we are using the fact that

�l� 
l
��

r
� 

r
� ' 0

since �l� 
l
� ' V�1�l�.U�

l
� C V l�/ (and similarly for �r� 

r
�), so

�l� 
l
��

r
� 

r
� 'V�2�l��

r
�.U�

l
�CV l�/.U�

r
�CV r�/'V�2�l��

r
�.U�

l
�CV l�/

2
' 0:

Hence, the map in equation (15.3) is homotopy equivalent to

S� C .idC �l� 
l
�/.idC �

r
� 

r
�/T�:

Arguing similarly to the proof of Lemma 15.4, one sees that the above map is homo-
topic to the map whose cone is

.KT K ;KT K/ y� KjK ŒI
c�FŒU �;

completing the proof.

Lemma 15.7. There is a homotopy equivalence

.KT K ;KT K/ y� KjKM
K y� KT K

' KjKM
K :

Proof. The proof is similar to the proof of Lemma 15.5. We observe first by com-
puting algebraically using the techniques of Lemma 15.4 that .KT K ; KT K/ y�
KjKM

K y� KT K is homotopy equivalent to the mapping cone

Œm0� Œm1�:
S1�C.idC.�

l
�C�

r
�/. 

l
�C 

r
�//.idC�

l
� 

l
�/.idC�

r
� 

r
�/T

1
�

(15.4)



Relation with the AA-identity bimodule 199

One observes by direct computation that

.idC .�l� C �
r
�/. 

l
� C  

r
�//.idC �

l
� 

l
�/.idC �

r
� 

r
�/ ' .idC �

l
� 

r
�/.idC  

l
��

r
�/:

We define the mapping cone complexes

KjKX WD Œm0� Œm1�;
S1�C.idC�

l
� 

r
�/.idC 

l
��
r
�/T

1
�

and

KjKY WD Œm0� Œm1�:
S1�C.idC 

l
��
r
�/T

1
�.idC�

l
� 

r
�/

We now claim that KjKX and KjKY are homotopy equivalent. We construct a homo-
topy equivalence F by way of the following diagram:

KjKX
K

KjKY
K

F D

Œm0� Œm1�

Œm0� Œm1�

idC�l� 
r
�

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

idC�l� 
r
�

S1�C.idC 
l
��
r
�/T

1
�.idC�

l
� 

r
�/

The length 2 map above is a morphism which realizes the chain homotopies

.idC �l� 
r
�/
2.idC  l��

r
�/T

1
� ' .idC  

l
��

r
�/T

1
�.idC �

l
� 

r
�/
2;

and
ŒidC �l� 

r
�; S

1
�� ' 0:

Note that by a similar construction we can construct a map in the opposite direction:

KjKY
K

KjKX
K

G D

Œm0� Œm1�

Œm0� Œm1�

idC�l� 
r
�

S1�C.idC 
l
��
r
�/T

1
�.idC�

l
� 

r
�/

idC�l� 
r
�

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

Note that since .idC �l� 
r
�/
2 ' id as a map from Œmi � to Œmi �, it follows that G ı F

is homotopic to a map J WKjKXK ! KjKX
K which takes the following form:

KjKX
K

KjKX
K

J D

Œm0� Œm1�

Œm0� Œm1�

id

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

id

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

Note that J 2 D id. Therefore, the map F has a left homotopy inverse J ı G since
J ıG ı F ' id. One may modify the construction above to construct a right inverse
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to F by similar reasoning. By basic algebra, the left and right inverses of F must be
homotopic. Hence F is a homotopy equivalence.

Finally, we use Lemma 15.4 to see that

.idC  l��
r
�/T

1
�.idC �

l
� 

r
�/ ' .idC  

l
��

r
�/
2T1� ' T1�:

It follows that the .KT K ;KT K/ y� KjKM
K � KT K (shown in equation (15.4))

is homotopy equivalent to the mapping cone

Cone.S1� C T1�WKjK Œm0�
K
! KjK Œm1�

K/

which is the definition of KjKM
K .

Proposition 15.3 is now proven as follows. Lemma 15.5 implies that

KjKW
K
˛ˇ;˛

y� K ŒD0�FŒU � ' .KT K ;KT K/ y� KjKM
K y� K ŒD0�FŒU �:

Lemmas 14.7 and 15.7 imply that

.KT K ;KT K/ y� KjKM
K y� K ŒD0�FŒU � ' KjKM

K y� KT K y� K ŒD0�FŒU �:

Lemma 15.5 implies that the above is homotopy equivalent to

KjKM
K y� K ŒD0�FŒU �;

which is the definition of KjK ŒI
c�FŒU �.

15.4 Relation with the bordered invariant of S 1 �P

In this section, we sketch why the bimodules KjKW
K
˛ˇ;ˇ

and KjKW
K
˛ˇ;˛

can nat-
urally be interpreted as the bordered invariants for S1 � P , where P denotes a 2-
dimensional disk with 2 subdisks removed. In fact, this is a consequence of the
connected sum formula and a computation from [3] of the invariant for the identity
mapping cylinder over the 2-torus.

Proposition 15.8. The bimodules KjKW
K
˛ˇ;ˇ

and KjKW
K
˛ˇ;˛

are the bordered invari-
ants for S1 � P , for various choices of arc systems on the boundary components.

Remark 15.9. The arc systems on the boundary are compatible with the following
gluing convention:

(1) We glue alpha bordered boundary components to alpha bordered boundary
components, and vice-versa.

(2) KjKIc has one alpha bordered boundary and one beta bordered boundary
component.
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Since we switch from type-D to type-A by tensoring with KjKIc, this convention
means that a type-A component of K is “alpha bordered” if the arc system is beta-
parallel, whereas a type-D component of K is “alpha bordered” if the corresponding
arc system is alpha-parallel.

Proof of Proposition 15.8. A surgery description of S1 � P is given in Figure 15.1.
We can view the 5-component link appearing in this surgery description as being
obtained as the connected sum of two copies of a 3-component link J , as shown in
Figure 15.1. (The link J is a connected sum of two Hopf links.) Write A˛;ˇ for an arc
system on J where the top component is alpha-parallel, and the bottom component
is beta-parallel. The middle component can have either alpha- or beta-parallel arc.
Write KX0.J;A˛;ˇ /

K for the DA bimodule where the left action is the top-most
component of J , and the right action is for the bottom-most component. The middle
component is surgered out. (I.e., we take the type-D module for the 3-component link,
tensor KD0 to the middle component, and tensor KjKIc to the top component.) It is
proven in [3, Theorem 1.7] that

KX0.J;A˛;ˇ /
K
' KX0.J;Aˇ;˛/

K
' K ŒI�

K : (15.5)

(This computation is obtained by tensoring two copies of the Hopf link complex
which we compute in Chapter 16 of the present memoir.) It follows from our con-
nected sum formula that if KjKX.L/K denotes the surgery module for the 5-compo-
nent link describing S1 � P , then

KjKX.L/K ' .KX0.J;A˛;ˇ /
K ;KX0.J;Aˇ;˛/

K/ y� KjKW
K
ˇ˛;˛:

By equation (15.5), the above is homotopy equivalent to KjKW
K
ˇ˛;˛

, completing
the proof.

0 00 0
#

D
J J

Figure 15.1. A Kirby diagram for S1 � P . The components marked 0 are surgered, while a
tubular neighborhood of the unmarked components is removed. On the right, we describe the
5-component link as a connected sum of two copies of a 3-component link J .





Chapter 16

The link surgery complex of the Hopf link

In this chapter, we compute the link surgery complex of the Hopf link. Our main
result is Proposition 16.1.

16.1 Computation of the surgery complex

In this section, we compute the surgery hypercube for the Hopf link. We use the
following model of the Hopf link:

CFL.H/ Š

a b

c d

U2

U1

V2

V1
(16.1)

This complex is realized by the diagram in Figure 16.1. This complex is for the neg-
ative Hopf link, i.e., the two components have linking number �1. The complex of
the positive Hopf link has a similar model. The techniques of this section may also
be applied, essentially verbatim, to the positive Hopf link, though we focus on the
negative one for concreteness.

The Alexander gradings A D .A1; A2/ and Maslov gradings gr D .grw; grz/ of
the generators are

A.a/ D
�
�
1

2
;
1

2

�
;

A.b/ D
�
�
1

2
;�
1

2

�
;

A.c/ D
�
1

2
;
1

2

�
;

A.d/ D
�
1

2
;�
1

2

�
;

gr.a/ D .0; 0/;
gr.b/ D .�1; 1/;
gr.c/ D .1;�1/;
gr.d/ D .0; 0/:

Note that we are using the conventions where the top degree generator of HF�.S3;w/
is in Maslov grading 0. See Remark 6.3.

The main result of this section is the following result.

Proposition 16.1. Suppose that ƒ D .�1; �2/ is an integral framing on the negative
Hopf link H . Let A˛˛ be a system of arcs for the Hopf link where both arcs are
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alpha-parallel. The link surgery hypercube Cƒ.H;A˛˛/ has the following maps (up
to overall homotopy equivalence):

(1) The maps ˆL1H;L2 and ˆL1L1;; are the canonical inclusions of localization. The
maps ˆ�L1H;L2

and ˆ�L1L1;;
are both given by the following formula:

ˆ�L1 D

a V
�1�1
1 d

b 0

c V
�1C1
1 bC V

�1
1 U2c

d V
�1
1 U2d

(2) The maps ˆL2H;L1 and ˆL2L2;; are the canonical inclusions of localization. The
maps ˆ�L2H;L1

and ˆ�L2L2;;
are both given by the following formula:

ˆ�L2 D

a U1V
�2
2 a

b 0

c V
�2C1
2 bC U1V

�2
2 c

d V
�2�1
2 a

(3) The length 2 map ˆ�HH;; is given by the following formula:

ˆ�HH;; D

a V
�1�2
1 V

�2�1
2 c

b 0

c V
�1�1
1 V

�2
2 d

d V
�1�1
1 V

�2�2
2 c

The length 2 maps for other orientations of the Hopf link vanish.

We now compute the link surgery hypercube maps for the Hopf link. For the
purposes of computation, it is easier to compute the induced maps after quotient-
ing variables, instead of after localizing. Since the link surgery hypercube maps are
defined by computing holomorphic polygons on diagrams where we have deleted cer-
tain base points, this is easily seen to contain equivalent information as the ordinary
surgery hypercube. Compare Lemma 6.5.

As an example, if L1 � H , then the descent map from surgery hypercube takes
the form

ˆ
�L1
H;HnL1

WCFL.H/! V�11 � CFL.H/:
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The map ˆ�L1
H;HnL1

is completely determined by the choice of framing on H , and the
induced homotopy equivalence on the level of quotients

ẑ�L1
H;HnL1

WCFL.H/=.U1 � 1/! CFL.H/=.V1 � 1/:

In this section, we write ẑ EN for the descent map on the level of quotients of CFL.H/.

Lemma 16.2. Write L1 and L2 for the two components of the negative Hopf link. Up
to overall equivalence, the maps for the Hopf link are as follows:

(1) The map

ẑ�L1
H;L2
WCFL.H/=.U1 � 1/! CFL.H/=.V1 � 1/

is given by the following formula:

ẑ�L1
H;L2

D

a d
b 0

c bC U2c
d U2d

extended F ŒU2;V2�-equivariantly, and sending V1 to U1.

(2) The map

ẑ�L1
L1;;
WCFL.H/=.U1 � 1;V2 � 1/! CFL.H/=.V1 � 1;V2 � 1/

is given by the same formula as ẑ�L1H;L2
, except with V2 set to 1.

(3) The map

ẑ�L2
H;L1
WCFL.H/=.U2 � 1/! CFL.H/=.V2 � 1/

is given by the following formula:

ẑ�L2
H;L1

D

a U1a
b 0

c bC U1c
d a

extended equivariantly over F ŒU1;V1�, and sending V2 to U2.

(4) The map

ẑ�L2
L2;;
WCFL.H/=.V1 � 1;U2 � 1/! CFL.H/=.V1 � 1;V2 � 1/

is given by the same formula as ẑ�L2H;L1
, except with V1 set to 1.
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(5) The length 2 map

ẑ�H
H;;WCFL.H/=.U1 � 1;U2 � 1/! CFL.H/=.V1 � 1;V2 � 1/

is given by the following formula:

ẑ�H
H;; D

a c
b 0

c d
d c

extended to send V1 to U1 and V2 to U2.

(6) The length 1 maps with positively oriented components, e.g., ẑL1H;L2 , are the
canonical quotient maps. The length 2 maps vanish for any orientation other
than �H .

Remark 16.3. As we will see in the proof of the above lemma, all of the maps in the
surgery hypercube for H are uniquely determined by the chain complex CFL.H/,
except for the length 2 map ẑL1H;L2 , and up to homotopy there are two possible
choices. We will use additional algebraic restrictions on the link surgery hypercube
to determine which choice of length 2 map is correct.

Proof of Lemma 16.2. We focus first on the length 1 maps. Consider the following
complexes:

C=.U1 � 1/ D

a b

c d

U2

1

V2

V1
and C=.V1 � 1/ D

a b

c d

U2

U1

V2

1

The map ẑ�L1H;L2
is a homotopy equivalence between these two complexes, which is

F ŒU2; V2�-equivariant, and sends V1 to U1. We perform the following changes of
basis:

C=.U1 � 1/Š

a b

cC V2b dC U2a

1V1CU2V2 and C=.V1 � 1/Š

aC V2d bC U2c

c d

U1CU2V21

(16.2)
We may view each of the above complexes as the knot Floer complex for an unknot,
with an extra free base point. In the following, we write grw for the grading induced
by the complete collection of base points consisting of the w-type link base points
(i.e., the ones where the unknot intersects the Heegaard surface negatively), and all
the free base points. We write grz for the grading induced by the complete collection
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consisting of the z-type base points and the free base points. We may easily compute
the .grw; grz/-gradings of all of the quotiented complexes, viewed in this manner:

C=.U1 � 1/ W

a .0; 0/

b .�1; 1/

c .�1;�1/

d .�2; 0/

.grw;grz/

C=.V1 � 1/ W

a .0;�2/

b .�1;�1/

c .1;�1/

d .0; 0/

C=.U2 � 1/ W

a .�2; 0/

b .�1; 1/

c .�1;�1/

d .0; 0/

C=.V2 � 1/ W

a .0; 0/;

b .�1;�1/

c .1;�1/

d .0;�2/

The homotopy equivalence ẑ�L1H;L2
is grading preserving with respect to the above

gradings, since it is the map for changing Heegaard diagrams. It is straightforward
to see from equation (16.2) that there is a unique choice of a non-zero chain map
from C=.U1 � 1/ to C=.V1 � 1/ which is .grw;grz/-grading preserving, is F ŒU2;V2�-
equivariant, and sends V1 to U1. (Note here we are using the .grw; grz/-bigrading
obtained by viewing C=.U1 � 1/ and C=.V1 � 1/ as the complex of an unknot, shown
above; we are not using the gradings naively inherited from the Hopf link.) This map
is the homotopy equivalence ẑ�L1H;L2

in the map in the statement. By a symmetric
argument, one obtains the formula for ẑ�L2H;L1

in the statement.
Next, by the definition of a � -basic system, the map ẑ�L1L1;;

is obtained by quoti-
enting the domain and range of ẑ�L1H;L2

by V2 � 1. The maps ẑ�L2H;L1
and ẑ�L2L2;;

are
related by a similar relation.

We now consider the diagonal map of the cube. Firstly, since we are working
with a basis system, the length 2 map vanishes except for the orientation �H (i.e., all
components oriented negatively). In our present notation, this is the map

ẑ�H
H;;WC=.U1 � 1;U2 � 1/! C=.V1 � 1;V2 � 1/:

We define the map

E WD ẑ
�L1
L1;;
ı ẑ
�L2
H;L1

C ẑ
�L2
L2;;
ı ẑ
�L1
H;L2

: (16.3)

Using our computations of the length 1 maps of the cube, we compute E to be

E D

a aC d
b 0

c .U1 C U2/c

d aC d;

extended linearly by sending V1 to U1 and V2 to U2.
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Up to an overall chain homotopy intertwining F ŒV1;V2� and F ŒU1;U2�, there are
two choices for a graded null-homotopy of the map E. These are the maps

H1 WD

a c
b 0

c 0

d c;

and H2 WD

a c
b 0

c d
d c:

To prove this, we first observe that H1 and H2 are easily checked to be valid homo-
topies. Any other valid homotopy will differ from H1 by a C1 graded chain map
from C=.U1 � 1;U2 � 1/ to C=.V1 � 1;V2 � 1/. However, it is easily checked that
up to chain homotopy, there is exactly one non-zeroC1 graded map from C=.U1 � 1;

U2 � 1/ to C=.V1 � 1;V2 � 1/ which sends Vi to Ui . This is the map which sends c
to d, sends Vi to Ui , and vanishes on other generators. Adding this map to H1 yields
H2. Hence, H1 and H2 are the only possible choices, up to further homotopy. We
prove in the subsequent Lemma 16.4 that H1 is not a valid choice when we use the
arc system A˛˛ , and hence the length 2 map of the surgery hypercube is H2.

We let .S2; ˛; ˇ; ¹w1; w2º; ¹z1; z2º/ be the diagram shown in Figure 16.1, and
we have p 2 ˛ for the point shown therein. We define a map Ap by counting disks
weighted by the difference in multiplicities on the two sides of the point p. Note
that the map Ap may be identified with the relative homology map considered in
Section 13.4 if we pick a path � which connects a base point on L1 to a base point on
L2 and satisfies � \ ˛ D ¹pº.

The map Ap is defined on CFL.H/, and is easily computed by counting holo-
morphic bigons to be given by the formula

Ap D

a b

c d

U1

V2

V2

U2

V1 D

a V2bC U1c
b 0

c V2d
d U2cC V1b:

The mapAp has an extension to hypercubes, similar to the construction described
in Section 13.4. We can describe this by considering a formal endomorphism

FpW˛ ! ˛;

and setting the hypercube action Ap to be �Tw
2 .Fp;�/.

As in Lemma 13.31 we can extend the above construction to give an endomor-
phism Ap of the link surgery formula when we are using a � -basic system of Hee-
gaard diagrams for H where the arc system consists of only alpha-parallel arcs. In
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z2
z1

w2

w1

a

c

b

d

p

˛ˇ

Figure 16.1. A diagram for the Hopf link with a special point p 2 ˛.

this case, the point-pushing diffeomorphisms never change ˛. We consider this hyper-
cube on the 2-dimensional hypercube used to define all of the link surgery structure
maps for negatively oriented sublinks of H . With these considerations in mind, we
obtain a diagram of the following form:

Cone.Ap/ D

C=.U1 � 1;U2 � 1/ C=.V1 � 1;U2 � 1/

C=.U1 � 1;U2 � 1/ C=.V1 � 1;U2 � 1/

C=.U1 � 1;V2 � 1/ C=.V1 � 1;V2 � 1/

C=.U1 � 1;V2 � 1/ C=.V1 � 1;V2 � 1/

ẑ�L2

Ap

ẑ�L1

H

!p

ẑ�L2

Ap

h
�L2
p

ẑ�L1

ẑ�L2

h
�L1
p

ẑ�L1

Ap h
�L1
p

Ap

ẑ�L1

ẑ�L2

h
�L2
p

H

(16.4)
In the above diagram, both maps labeled h�L2p are induced by a single map from
C=.U2 � 1/ to C=.V2 � 1/. The map labeled h�L1p is similar.
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The diagram in equation (16.4) does not satisfy the hypercube relations. Instead,
if we view it as Cone.Ap/, where Ap is a morphism from the back face to the front
face, then

Œ@;Ap� D .U1V1 C U2V2/ � id:

We now analyze the maps labeled h�Lip . Consider first h�L2p . Both instances of
this map are induced by a single map from C=.U2 � 1/ to C=.V2 � 1/, for which
we also write h�L2p . This map preserves the Maslov bigradings, if we view C=.U2 �

1/ and C=.V2 � 1/ as the link Floer complexes for an unknot with an extra free
base point. Extending the observation from the proof of Lemma 16.2 that we used
to compute the length 1 maps, there were exactly two grading preserving chain maps
from C=.U2 � 1/ to C=.V2 � 1/which are F ŒU1;V1�-equivariant, and send V2 to U2:
the zero map, and the map labeled ẑ�L2 . This observation constrains h�L2p to be one
of two maps, which differ by the map ẑ�L2 . The same comment applies for h�L1p .

We compute that directly

Œ ẑ�L1 ; Ap� D 0:

Hence, by the above observation, we conclude that

h�L1p D s � ẑ�L1 (16.5)

for some s 2 F .
Similarly, we compute that

Œ ẑ�L2 ; Ap� D

a 0

b 0

c U2aC U1d
d 0:

Hence,
h�L2p D .c 7! b/C t � ẑ�L2 ; (16.6)

for some t 2 F .
Using the above observations, we are now able to compute the length 2 map of

the link surgery hypercube of the Hopf link.

Lemma 16.4. The length 3 hypercube relation in equation (16.4) is satisfiable with
H2, but not with H1. Hence, H2 is the length 2 map of the Hopf link surgery hyper-
cube.

Proof. For i 2 ¹1; 2º, let Ci denote the sum of compositions of maps in (16.4) which
would appear in the length 3 relation, except for Œ@;!p�. Here,Ci is computed with the
map H D Hi . The hypercube relations are satisfiable with Hi if and only if Ci ' 0.

We have determined the maps h�L2p and h�L1p up to a minor ambiguity, as shown
in equations (16.5) and (16.6). Note that changing the value of s in h�L1p changes Ci
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by addition of the map E from (16.3), which we already know to be null-homotopic.
Changing t by adding 1 has the same effect. Hence, it is sufficient to consider the case
where s D t D 0.

One easily computes

C1 D Œh
�L2
p ; ẑ�L1 �C ŒH1; Ap� D

a d
b 0

c bC U2c
d d;

which is not null-homotopic. Hence,H1 is not a valid choice. It is easily checked that
in fact

Œh�L2p ; ẑ�L1 �C ŒH2; Ap� D 0:

Hence, the diagonal map must be H2.

Remark 16.5. View the maps H1 and H2 as being F ŒU1; U2�-equivariant, where
Ui acts by Vi on the domain, and Ui on the codomain. The maps H1 and H2 are
homotopic over F ŒU1� or F ŒU2�, but not over F ŒU1; U2�. If we wanted to compute the
Heegaard Floer homology of surgeries on the Hopf link, either H1 or H2 would give
the same answer. Compare [30, Section 5.2]. We will see in Section 16.3 that using
H1 to build the link surgery hypercube gives Cƒ.H;A˛ˇ / where A˛ˇ is a system of
arcs where one arc is alpha-parallel and the other is beta-parallel.

Since we will be taking tensor products, we need to know the length 2 map over
the ring F ŒU1; U2�, and there are algebraically two distinct models.

It remains to describe the proof of Proposition 16.1.

Proof of Proposition 16.1. The proof is obtained by filling in powers of Vi in the
maps from Lemma 16.2 according to Alexander grading changes. We leave this
mostly to the reader, but we verify the claim for the map ˆ�L1H;L2

. This map sends
Alexander grading s to sC .�1;�1/. Furthermore, it is F ŒU2;V2�-equivariant, and is
T -equivariant with respect to F ŒU1;V1�. As an example, the equivariance properties
and the computation of the quotient map in Lemma 16.2 constrain ‰�L1H;L2

.a/ D VN1 d
for some N . Since A.a/ D .�1

2
; 1
2
/ and A.d/ D .1

2
;�1

2
/, we conclude that N D

�1 � 1. Similar arguments hold for all of the other components.

16.2 The Hopf link complex as a type-D module

We now describe the type-D module over L2 D K ˝K for the Hopf link complex.
We write H K˝K

ƒ for the type-D module for the negative Hopf link with an alpha-
parallel system of arcs. We recall that by definition, for each " 2 E2, we define H � I"
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to have the same generators over F as a free F ŒU1;V1;U2;V2�-basis of CFL.H/.
Hence, we write

H K˝K
ƒ � I" D SpanF .a"; b"; c"; d"/:

It is helpful to write H" for Hƒ � I". With this notation, we may decompose Hƒ as

Hƒ D

H0;0 H1;0

H0;1 H1;1

We now describe the structure maps.

Lemma 16.6. Let H K˝K
ƒ be the type-D module associated to the negative Hopf link

with an alpha-parallel system of arcs. The type-D module H K˝K
ƒ is as follows:

H0;0 H1;0

H0;1 H1;1

@1

L2F 1C�L2F 1

L1P 1C�L1P 1

�H �1

@1

L2G1C�L2G1

@1 L1Q1C�L1Q1 @1

where the maps are as follows:

(1) The map @1 is the ordinary differential of the Hopf link complex. See equa-
tion (16.1).

(2) The maps denoted L1P 1, �L1P 1, L1Q1 and �L1Q1 correspond to the length
1 surgery maps for ˙L1. The maps L1P 1 and L1Q1 share the same formula
as each other, and the maps �L1P 1 and �L1Q1 share the same formula as
each other. They are given by the following formulas:

(a)

L1P 1 D

a a˝ �1
b b˝ �1
c c˝ �1
d d˝ �1:

(b)

�L1P 1 D

a d˝ V
�1�1
1 �1

b 0

c b˝ V
�1C1
1 �1 C c˝ U2V

�1
1 �1

d d˝ U2V
�1
1 �1:
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(3) The maps L2F 1 and �L2F 1 are the surgery maps for the component L2, with
L1 unreduced. They are given by the following formulas:

(a)

L2F 1 D

a a˝ �2
b b˝ �2
c c˝ �2
d d˝ �2:

(b)

�L2F 1 D

a a˝ U1V
�2
2 �2

b 0

c b˝ V
�2C1
2 �2 C c˝ U1V

�2
2 �2

d a˝ V
�2�1
2 �2:

The maps L2G1 and �L2G1 are the surgery maps L2, with L1 already
reduced. They are given by the same formulas.

(4) The map �H�1 is the length 2 surgery map for�H D�L1 [�L2. This map
takes the following form:

�H�1 D

a c˝ V
�1�2
1 V

�2�1
2 �1�2

b 0

c d˝ V
�1�1
1 V

�2
2 �1�2

d c˝ V
�1�1
1 V

�2�2
2 �1�2:

We leave the verification of the above lemma to the reader as it is mostly a restate-
ment of Proposition 16.1 using the notation from Section 8.6.

16.3 The Hopf link with arc system A˛ˇ

In this section, we compute the type-D module of the Hopf link complex when we
use an arc system such that L1 is alpha-parallel, and L2 is beta-parallel. We write
H

K˝K

ƒ for the associated type-D module.

Proposition 16.7. The type-D module H
K˝K

ƒ is identical to the module H K˝K
ƒ ,

except that we delete the term c 7! d˝ V
�1�1
1 V

�2
2 �1�2 from ı1.

Proof. We may use Theorem 14.1 and the transformer bimodule to change one of the
arcs from alpha-parallel to beta-parallel. Accordingly, we have that

H
K1˝K2

ƒ D H
K1˝K2

ƒ � K2
T K2 :
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We claim that the above tensor product description of H
K1˝K2

ƒ gives exactly the
module structure described in the statement (i.e., with structure maps as in Lem-
ma 16.6, except with the additional length 2 term c 7! d ˝ V

�1�1
1 V

�2
2 �1�2). This

is verified by a direct computation. We compute H
K1˝K2

ƒ
y� K2

T K2 . The module
K2

T K2 has a structure map term of the form ı12.a; 1/ D 1 ˝ a, for all a. These
contribute all of the differentials from H

K1˝K2

ƒ to H
K1˝K2

ƒ . Additionally, K2
T K2

has a ı14 term, which is given by

ı14.a; b; c�; i0/ D i1 ˝ @U.a/@V.b/c�:

The structure map diagram which adds the extra length 2 differential is the following:

c00 i0

ˆ�L2

@C

ˆ�L1

ı14

d11 i1 V
�1�1
1 V

�2
2 �1�2

In the above, ˆ�L2 , @C and ˆ�L1 denote specific summands of the structure map ı1

on H
K1˝K2

ƒ . The specific sequence of generators contributing to the above diagram
is the following:

c00
ˆ�L2
����! c01 ˝ U1V

�2�2
@C
��! d01 ˝ V2 ˝ U1V

�2
2 �2

ˆ�L1
����! d11 ˝ U2V

�1
1 �1 ˝ V2 ˝ U1V

�2
2 �2:

(Here, we omit all terms which evaluate to zero under I˝ ı14 .) Applying ı14 , we obtain
the extra term

c00 7! d11 ˝ V
�1
1 �1U1V

�2
2 �2 D d11 ˝ V

�1�1
1 V

�2
2 �1�2;

as claimed in the statement. Note that when evaluating ı12 and ı14 in the tensor product,
we are using the extension of scalars construction from Section 3.5 to view K1

T K1

as a DA bimodule over .K1 ˝K2;K1 ˝K2/.
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Remark 16.8. In our proof of Proposition 16.1, we observed that all of the maps
in the Hopf link complex were uniquely determined except for the length 2 map, and
there were two choices, up to overall homotopy. We wroteH1 andH2 for these maps.
We proved thatH2 was the correct choice when the system of arcs was alpha-parallel.
We observe that the above model of H

L2
ƒ corresponds exactly to the other choice of

homotopy.





Chapter 17

Minimal models for the Hopf link surgery complex

In this chapter, we consider the link surgery complex for the Hopf link as a DA bimod-
ule. We do this via a tensor product

KH K
ƒ WD H K˝K

ƒ
y� KjK ŒI

c�:

In the above, just one algebra output of H K˝K
ƒ is input into KjK ŒI

c�.
We note that the number of generators in the complex H K˝K

ƒ can be reduced by
homotopy equivalence. To this end, we define the maximal ideal m � K , to be the
one which is generated by U;V 2 I0 �K � I0, �; � 2 I1 �K � I0 and U 2 I1 �K � I1.
We make the following definition (compare [6, page 476]).

Definition 17.1. We say that a type-DA bimodule KXK is minimal if ı11 WX!X ˝

K=m is zero.

In the Heegaard Floer literature, one frequently uses the term reduced instead of
minimal. In this chapter, we will explore a minimal model of the Hopf link complex
KH K

ƒ , for which we will write KZK . We will also compute a minimal model of the
complex KH

K

ƒ obtained by using both alpha and beta-parallel arcs on the Hopf link.

17.1 DA-perspectives on the Hopf link complex

In this section, we describe how to view the Hopf link complex as a type-DA module,
and we compute a minimal model. This perspective was first explored in [14].

WriteH DL1[L2 for the Hopf link. WriteP1DF ŒU1;V1� andP2DF ŒU2;V2�,
where Pi contains the variables for Li . Let us write C for CFL.H/.

We may view C as a type-D module over P2. We do this by viewing CP2 as freely
generated by a, b, c and d over P1. The structure map ı1 is shown below:

CP2 Š

aŒU1;V1� bŒU1;V1�

cŒU1;V1� dŒU1;V1�

1jU2

U1j1

1jV2

V1j1

An arrow from x to y labeled by ajb indicates that ı1.x/ has a summand of .a � y/˝ b.
As a type-D module, CP2 is not minimal. We now describe a homotopy equivalent

complex which is minimal. It is helpful to realize that the above description of CP2
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may be further decomposed as a box tensor product, as follows. Let E2 denote the
exterior algebra on two generators,

E2 WD ƒ
�.�2;  2/:

We consider the following type-DD bimodule E2KP2 . As a vector space, KŠ F . The
type-DD structure map is given by the formula

ı1;1.1/ D �2j1jU2 C  2j1jV2:

We may define a type-A module CE2 , generated freely over P1 by a, b, c and d, with
module structure given by the following diagram:

CE2 D

aŒU1;V1� bŒU1;V1�

cŒU1;V1� dŒU1;V1�

�2

U1

 2

V1

In the above, solid arrows denote them2 actions of E2, while the dashed arrows denote
them1 actions (i.e., internal differentials). To illustrate the notation, if f 2 F ŒU1;V1�,
then

m2.f � b; �2/ D f � a and m1.f � b/ D U1 � f � d:

The action of  2 is similar.
Clearly, there is an isomorphism of type-D modules

CP2 Š CE2 � E2KP2 :

In the above, we have forgotten about the natural action of P1, given by ordinary
multiplication. In fact, we may incorporate additionally this action to obtain bimod-
ules P1C

P2 and P1CE2 , such that

P1C
P2 Š P1CE2 � E2KP2 :

The module P1C
P2 has only ı11 and ı12 non-trivial, and P1CE2 has only m0;1;0, m1;1;0

and m0;1;1 non-trivial. In the next section, we explore minimal models.

17.2 Minimal models for the Hopf link Floer complex

We apply the homological perturbation lemma to obtain minimal models of the Hopf
link bimodules from the previous section. We will define a DA bimodule P1Z

P2

which is homotopy equivalent to P1C
P2 and which has ı11 D 0. The techniques of

this section formalize the construction in [14].
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First, define the chain complex C0 by forgetting about the E2-action on CE2 .
Over F2, C0 is homotopy equivalent to its homology, which we view as the vector
space

Z WD aŒU1�˚ dŒV1�:

Here, aŒU1� denotes a copy of F ŒU1�, generated by a, and similarly for dŒV1�. There
are natural maps

i WZ ! C0; � WC0 ! Z; and hWC0 ! C0

such that i and � are chain maps, i ı� D idC Œm1;h�, � ı i D id, h ı i D 0, � ı hD 0
and h ı h D 0. The map i is given by

i.Un1a/ D Un1a and i.Vn1d/ D Vn1d:

The map � is given by

�.Un1V
m
1 a/ D

´
Un1a if m D 0;

0 otherwise;
and �.Un1V

m
1 d/ D

´
Vm1 d if n D 0;

0 otherwise:

The map h is given by

h.Un1V
m
1 a/D

´
Un1V

m�1
1 c if m � 1;

0 otherwise,
and h.Un1V

m
1 d/D

´
Un�11 Vm1 b if n � 1;

0 otherwise.

The homological perturbation lemma for A1-modules, Lemma 4.1, endows Z with
the structure of a right A1-module over the exterior algebra E2, for which we write
ZE2 , which is A1-homotopy equivalent to CE2 . In fact, the homotopy equivalence is
given explicitly by the homological perturbation lemma. The maps i , � and h extend
to A1-module morphisms i�, �� and h�. We box these morphisms with the identity
map on E2KP2 to obtain maps of type-D modules

…1
WCP2 ! ZP2 ; I 1WZP2 ! CP2 ; and H 1

WCP2 ! CP2 :

Lemma 17.2. The morphisms I 1 and…1 are type-D homomorphisms (i.e., @Mor.I
1/

D 0 and @Mor.…
1/ D 0). Furthermore,

(1) …1 ı I 1 D id.

(2) H 1 ıH 1 D 0.

(3) H 1 ı I 1 D 0.

(4) …1 ıH 1 D 0.

(5) I 1 ı…1 D idC @Mor.H
1/.
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Proof. Lemma 4.1 (the homological perturbation lemma) implies that the stated for-
mulas hold for i�, h� and ��. Boxing with the identity map preserves these relations
since the algebra is E2 (which is an associative algebra), so

.f� � IK/ ı .g� � IK/ D ..f� ı g�/� IK/;

by [25, Remark 2.2.28]. Furthermore, boxing with the identity is a chain map

@Mor.f� � IK/ D .@Mor.f�/� IK/:

See [25, Lemma 2.3.3 (1)].

It is enlightening to compute concrete formulas for the morphisms…1,H 1 and I 1.

Lemma 17.3. The type-D module maps I 1, …1 and H 1 are given by the following
formulas:

(1) I 1 is given by I 1.x/ D x˝ 1, for x 2 Z.

(2) …1 vanishes on Span.b; c/, and satisfies

…1.Ui1V
j
1a/ D

´
U
i�j
1 a˝ U

j
2V

j
2 if i � j;

V
j�i�1
1 d˝ Ui2V

iC1
2 if i < j;

…1.Ui1V
j
1d/ D

´
U
i�j�1
1 a˝ U

jC1
2 V

j
2 if i > j;

V
j�i
1 d˝ Ui2V

i
2 if i � j:

(3) H 1 vanishes on Span.b; c/, and maps Span.a; d/ to Span.b; c/ ˝ P2. It is
given by the formula

H 1.Ui1V
j
1a/ D

8̂̂̂̂
<̂
ˆ̂̂:
Ui1V

j�1
1 c˝ 1C Ui�11 V

j�1
1 b˝ V2 C � � �

C U
i�j
1 b˝ U

j�1
2 V

j
2 if j � i;

Ui1V
j�1
1 c˝ 1C Ui�11 V

j�1
1 b˝ V2 C � � �

C V
j�i�1
1 c˝ Ui2V

i
2 if j > i;

and

H 1.Ui1V
j
1d/ D

8̂̂̂̂
<̂
ˆ̂̂:
Ui�11 V

j
1b˝ 1C Ui�11 V

j�1
1 c˝ U2 C � � �

C U
i�j�1
1 b˝ U

j
2V

j
2 if i > j

Ui�11 V
j
1b˝ 1C Ui�11 V

j�1
1 c˝ U2 C � � �

C V
j�i
1 c˝ Ui2V

i�1
2 if i � j:

Proof. Lemma 4.1 gives a concrete formula for theA1-action onZE2 . We will prove
the first statement, and also compute …1.Ui1V

j
1a/ when i � j in order to illustrate

the technique. We will leave the remaining cases to the reader.
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Firstly, we begin with I 1. We are boxing with IK, so suppose that a1j � � � janj1j
bnj � � � jb1 is the output of repeated applications of ı1;1 on E2KP2 . The homological
perturbation lemma gives a recipe formZnC1.x; a1; : : : ; an/. See Figure 4.1. The recipe
is to include x into C via i . We then applym2.�; a1/, then h, thenm2.�; a2/, then h,
and so forth, until one applies m.�; an/. Then we apply � . The algebra output is the
product bn � � � b1. The m2 action of E2 on C vanishes on the image of i , so there are
no contributions unless n D 0. The formula follows.

We now compute …1.Ui1V
j
1a/ for i � j . We begin at Ui1V

j
1a 2 C . If j D 0, then

h.Ui1V
j
1a/D 0, so our only option is to apply � , which gives Ui1a as claimed. If j > 0,

the only option is to apply h to get Ui1V
j�1
1 c. Then we apply m2.�;  2/ which gives

Ui1V
j�1
1 d˝V2. We then apply h andm2.�; �2/ and we get Ui�11 V

j�1
1 a˝U2V2. We

repeat this procedure until we cannot apply h or m2 anymore. In the case that i � j ,
the final term in this sequence will be U

i�j
1 a˝ U

j
2V

j
2 . All of the remaining claims

follow a similar analysis.

Lemma 17.2 allows us to apply the homological perturbation lemma of DA bi-
modules, Lemma 4.2, which equips Z with a DA bimodule structure P1Z

P2 , and
supplies morphisms of DA bimodules

…1
�WP1C

P2 ! P1Z
P2 ; I 1� WP1Z

P2 ! P1C
P2 ; and H 1

� WP1C
P2 ! P1C

P2

which satisfy relations identical to Lemma 17.2.

Lemma 17.4. The bimodule P1Z
P2 and the morphisms …1

�, I
1
� and H 1

� satisfy the
following relations:

(1) The structure maps ı1j on P1Z
P2 vanish if j ¤ 2.

(2) The maps …1
j and H 1

j vanish unless j D 1.

(3) The map I 1j vanishes if j > 2.

(4) The maps ı1� and I 1� are strictly unital, i.e., they vanish if 1 is an input, except
for ı12 , which satisfies ı12.1˝ x/D x˝ 1. (Note thatH 1

j and…1
j are trivially

unital, since they are only non-trivial if j D 1.)

Proof. The proofs of all statements are by explicit examination of the maps from the
homological perturbation lemma.

We begin with the statements about ı1j . Consider first a sequence of algebra ele-
ments .an; : : : ; a1/ in P1. The rule for computing ı1j is to input via I 1, then applym2,
then we apply pairs of H 1 followed by m2 until we exhaust .an; : : : ; a1/, and then
finally we apply …1. The algebra elements outputs are multiplied together by apply-
ing �2 repeatedly. However, applying m2 does not move an elements position in C

(i.e., a, b, c or d). The map H 1 does change the generator, and it maps Span.a; d/
to Span.c; b/˝ P2, and vanishes on Span.c; b/. If we apply another m2, we remain
in Span.c; b/. We note that …1 and H 1 both vanish on Span.c; b/. In particular, the
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only terms making non-trivial contribution are those with one ı12 , and no H 1 term.
The same argument shows that …1

k
and H 1

k
vanish if k > 1.

To compute the map I 1jC1.aj ; : : : ; a1; x/, the recipe is to first include x into
C ˝ P2 via I 1. This includes x into Span.a; d/ ˝ P2. We then apply ı12.a1; �/.
This preserves Span.a; d/ ˝ P2. Next we apply H 1, which maps Span.a; d/ ˝ P2
to Span.b; c/ ˝ P2. Any further applications of ı12.an;�/ followed by H 1 would
map to zero. Hence we may have I 12 , but not I 1j for j > 2.

The final statement about being strictly unital follows from the homological per-
turbation lemma.

It is helpful to explicitly compute ı12 on P1Z
P2 . Since there is no ı1j for j > 2 by

Lemma 17.4, we compute only ı12.U1;�/ and ı12.V1;�/.

Lemma 17.5. The map ı12 on P1Z
P2 satisfies the following:

(1) ı12.U1;U
n
1a/ D UnC11 a˝ 1.

(2) ı12.V1;U
n
1a/ D

´
Un�11 a˝ U2V2 if n > 0;

d˝ V2 if n D 0:

(3) ı12.V1;V
m
1 d/ D VmC11 d˝ 1.

(4) ı12.U1;V
m
1 d/ D

´
Vm�11 d˝ U2V2 if m > 0;

a˝ U2 if m D 0:

Finally, the complex V�11 C will also be important to understand. Similarly to C ,
the complex V�11 C can be reduced in size via a homotopy equivalence. We note that
V�11 C is the following DA bimodule:

V�11 C Š

aŒU1;V1;V�11 � bŒU1;V1;V�11 �

cŒU1;V1;V�11 � dŒU1;V1;V�11 �

1jU2

U1j1

1jV2

V1j1

In the above, all arrows denote ı11 . The actions of ı12 are given by ordinary polynomial
multiplication. Since V1 is invertible, the arrow labeled V1j1 and the two generators a
and c may be completely canceled from the complex. Hence, the above is homotopy
equivalent to a DA bimodule whose underlying type-D structure is shown below:

bŒU1;V1;V�11 �
U1j1
���! dŒU1;V1;V�11 �:

This complex above may be further reduced as a type-D structure, giving a minimal
model, for which we write V�1

1
P1
W P2 . As a vector space,W Š dŒV1;V�11 �. The same
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homological perturbation argument as before equips W with the bimodule structure

V�1
1
P1
W P2 which has ı1j D 0 unless j D 2. For completeness, we record the actions.

Lemma 17.6. The bimodule V�1
1
P1
W P2 has the following action:

ı12.U
i
1V

j
1 ;V

n
1d/ D V

jCn�i
1 d˝ Ui2V

i
2:

We leave the proofs of Lemmas 17.5 and 17.6 to the reader.

17.3 Minimal models over K

In this section, we describe a minimal model of the DA bimodule K1
H

K2

.�1;0/
. We will

denote the minimal model by
K1

Z
K2

.�1;0/
:

The existence of the minimal model follows from the homological perturbation
lemma for hypercubes of DA bimodules. From the description of K1

H
K2

.�1;0/
it is

clear that there is a filtration by the cube E2. In Section 17.2, we described minimal
models of CFL.H/FŒU2;V2� and V�11 CFL.H/FŒU2;V2�. Note that we may identify
the underlying type-D module H

K2
" with one of these type-D modules, for " 2 E2.

Hence, the construction from Section 17.2 may be viewed as giving morphisms of
type-D structures

…1
" WH

K2
" ! ZK2

" ; I 1" WZ
K2
" ! H K2

" ; and H 1
" WH

K2
" ! H K2

"

which induce a homotopy equivalence of type-D structures, such that furthermore
the algebraic assumptions of the homological perturbation lemma are satisfied. We
obtain a homotopy equivalent hypercube of DA bimodules K1

Z
K2

.�1;0/
by applying

the homological perturbation lemma for hypercubes of DA bimodules, Lemma 4.5.
We now schematically sketch the induced type-D structure map:

ı11 D

Z0;0 Z1;0

Z0;1 Z1;1

L2f 1
1
C�L2f 1

1
L2g1

1
C�L2g1

1
ı12 D

Z0;0 Z1;0

Z0;1 Z1;1

m1
2

L1p1
2
C�L1p1

2
m1
2

L1q1
2
C�L1q1

2
m1
2

m1
2

ı13 D

Z0;0 Z1;0

Z0;1 Z1;1

�H!1
3



Minimal models for the Hopf link surgery complex 224

Proposition 17.7. Give the negative Hopf link framing .�1; 0/. The structure maps
of the minimal model K1

Z
K2

.�1;0/
are as follows:

(1) The maps m12 are the same as the ı12 maps in Lemmas 17.5 and 17.6.

(2) The maps L1p12 and L1q12 are given by the same formulas as each other, as
are �L1p12 and �L1q12 . They are determined by the following formulas:

(a) L1p12.�1;U
i
1a/ D V�i�11 d˝ Ui2V

iC1
2 and L1p12.�1;V

j
1d/ D V

j
1d˝ 1.

(b) �L1p12.�1; U
i
1a/ D V

�i�1C�1
1 d ˝ 1 and �L1p12.�1; V

j
1d/ D V

jC�1
1 d ˝

U
jC1
2 V

j
2 .

(c) L1p12.�1;�/ D 0 and �L1p12.�1;�/ D 0.

(3) The maps for˙L2 are as follows:

(a) L2f 11 .U
i
1a/ D Ui1a˝ �2 and L2f 11 .V

j
1d/ D V

j
1d˝ �2.

(b) �L2f 11 .U
i
1a/ D UiC11 a˝ �2 and

�L2f 11 .V
j
1d/ D

´
a˝ V�12 �2 if j D 0;

V
j�1
1 d˝ �2 if j > 0:

(c) L2g11.V
i
1d/ D Vi1d˝ �2.

(d) �L2g11.V
i
1d/ D Vi�11 d˝ �2.

(4) The map �H!13 is determined by the relations

�H!13.�1;V
m
1 ;U

i
1a/ D min.i C 1;m/V�1Cm�i�21 d˝ Um�12 Vm�12 �2;

�H!13.�1;U
n
1;U

i
1a/ D 0;

�H!13.�1;U
n
1;V

j
1d/ D min.n; j /Vj�nC�1�11 d˝ U

j�1
2 V

j�2
2 �2;

�H!13.�1;V
m
1 ;V

j
1d/ D 0;

and that �H!13 vanishes if an algebra input is a multiple of �1. The map
�H!13 also vanishes on pairs of algebra elements with other configurations
of idempotents.

Remark 17.8. We have not enumerated a complete list of the structure maps. Addi-
tional powers of U1 and V1 may be added to arguments in the above maps. There are
no terms of ı1jC1 for j > 2, however. A more minimal list could also have been made
by specifying the length 1 maps on only a and d. As an example of several relations
which are forced by the DA bimodule relations, we have

�H!13.�1;U
i
1V

j
1 ;U

n
1a/ D �H!13.�;V

j
1 ;U

iCn
1 a/

and

�H!13.�1;U
i
1V

j
1 ;V

n
1d/ D �H!13.�;U

i
1;V

jCn
1 d/:
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Proof. All of these computations are performed algorithmically using the homolog-
ical perturbation lemma for hypercubes of DA bimodules, Lemma 4.5. For the first
two sets of equations the computation is essentially straightforward. We first apply the
map I 1" , then we apply a length 1 map of the cube (either with no algebra input, as
for the maps labeled f 11 and g11 , or with an algebra input of �1 or �1, as for the maps
p12 and q12). We leave these computations to the reader, as they are straightforward.

The map �H!13 is more interesting. There is exactly one configuration of a mor-
phism graph which gives a non-trivial evaluation. This occurs for elements x0;0 in the
idempotent " D .0; 0/. The structure graph is shown below:

b�1 a x0;0

I 1

ı12

H 1

�H�12

…1

�2

(17.1)

In the above, the map �H�12 denotes the component of ı12 on H
K1˝K2

ƒ � K1jK1
ŒIc�

contributed by the map component �H�1 of ı1 of H
K1˝K2

ƒ . Concretely, it is given
by the formula

�12.b�1;�/ D

Ui1V
j
1a00 bV

�1�2
1 �� .Ui1V

j
1/c11 ˝ V�12 �2

Ui1V
j
1b00 0

Ui1V
j
1c00 bV

�1�1
1 �� .Ui1V

j
1/d11 ˝ �2

Ui1V
j
1d00 bV

�1�1
1 �� .Ui1V

j
1/c11 ˝ V�22 �2:

We focus on the case that b D i1. Consider first the case that x D Ui1a. If a D
Un1 , then ı12.U

n
1;U

i
1a/ D UiCn1 a˝ 1, however, H 1 vanishes on this element, so we

conclude that
�H!13.�1;U

n
1;U

i
1a/ D 0:

The same argument implies that �H!13.�1;V
m
1 ;V

j
1d/ D 0.
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We now consider the case that x D Ui1a and a D Vm1 . In this case, H 1.Ui1V
m
1 a/

is a sum involving both c and b. The next term in equation (17.1) is an application of
�H�12, which vanishes on multiples of b. In particular, we only need to consider the
terms of H 1.Ui1V

m
1 a/ involving c. There are min.i C 1;m/ such terms. They are

Ui1V
m�1
1 c˝ 1C Ui�11 Vm�21 c˝ U2V2 C Ui�21 Vm�31 c˝ U22V

2
2 C � � � :

(The sum is over all terms in the sequence above where U1 and V1 both have nonneg-
ative exponent.) We then apply �H�12, …1, and then multiply the outgoing algebra
elements by repeatedly applying �2. It is easy check that the application of �H�12,
…1, and �2 on each of the above summands coincide, so we will only consider their
evaluation on Ui1V

m�1
1 c˝ 1. Applying �H�12 gives

V
�1�1
1 �� .Ui1V

m�1
1 /d˝ �2 ˝ 1 D Um�11 V

2mC�1�3�i
1 d˝ �2 ˝ 1:

Applying …1 to the above generator, and then multiplying the algebra elements and
the coefficient min.i C 1;m/ gives

!13.�1;V
m
1 ;U

i
1a/ D min.i C 1;m/Vm�i�2C�11 d˝ Um�12 Vm�12 �2;

which is the stated formula.
We now consider �H!13.�1;U

n
1;V

j
1d/. The terms of H 1.Un1V

j
1d/ which involve

c are
Un�11 V

j�1
1 c˝ U2 C Un�21 V

j�2
1 c˝ U22V2 C � � � :

As before, the sum contains all such elements in the sequence which have nonnegative
powers of both U1 and V1. There are min.n; j / terms in this sum. As before, it is
sufficient to evaluate �H�12 and …1 only on the first term, and then multiply the
result by min.n; j /. Applying �H�12, we obtain

V
�1�1
1 �� .Un�11 V

j�1
1 /d˝ �2 ˝ U2 D U

j�1
1 V

2j�2C�1�n
1 d˝ �2 ˝ U2:

Applying …1 and id˝ �2, and multiplying by the coefficient min.n; j / gives

!13.�1;V
m
1 ;U

i
1a/ D min.n; j /Vj�1�nC�11 d˝ U

j�1
2 V

j�2
2 �2;

which proves the statement.

Remark 17.9. Recall that we write K1
H

K2

ƒ for the Hopf link complex obtained by
using one alpha-parallel arc and one beta-parallel arc. The associated type-D module
over K ˝K is computed in Proposition 16.7. Write K1

Z
K2

ƒ for the minimal model
of the associated type-DA bimodule. We leave it to the reader to verify that K1

Z
K2

.�1;0/

has an identical description to K1
Z

K2

.�1;0/
except that we omit the ı13 term.

The DA bimodule structure maps of K1
Z

K2

.0;0/ are illustrated in Figure 17.1.
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� � � U2a Ua a d Vd � � � E01

� � � U2a Ua a d Vd � � � E00

� � � V�3d V�2d V�1d V0d V1d � � � E10

VjU VjU

Uj1

VjU

Uj1

VjV

Uj1

Vj1

UjU

Vj1

UjU UjU

VjU VjU

Uj1

� jU 2V
� j1

��

VjU

Uj1

� jUV
� j1

��

VjV

Uj1

� jV
� j1

��

Vj1

UjU

� j1
� jU

�V�1�

Vj1

UjU

� j1
� jUU

��

UjU

�

Vj1 Vj1

V�1j1

U jU

Vj1

V�1j1

U jU

Vj1

V�1j1

U jU

Vj1

V�1j1

U jU

Vj1

V�1j1

U jU

V�1j1

� � � U2a Ua a d Vd � � � E01

� � � V�3d V�2d V�1d V0d V1d � � � E11

� � � V�3d V�2d V�1d V0d V1d � � � E10

VjU VjU

Uj1

� jU 2V
� j1

VjU

Uj1

� jUV
� j1

VjV

Uj1

� jV
� j1

Vj1

UjU
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� jU
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UjU
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� jUU

UjU

Vj1 Vj1
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U jU
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U jU
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U jU
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U jU
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U jU

��

V�1j1

�

Figure 17.1. The DA bimodule of the negative Hopf link KZ
K

.0;0/. The gray arrows denote ı1
1

.
Subscripts on algebra elements indicating link components are omitted. This coincides with the
bimodule KZK

.0;0/
except for the lack of the !1

3
differential.

We now prove that K1
H

K2

.�1;0/
and K1

Z
K2

.�1;0/
are both Alexander modules, and

are furthermore homotopy equivalent.

Lemma 17.10. The DA bimodule structure maps on K1
H

K2

.�1;0/
and K1

Z
K2

.�1;0/
are

continuous.
Furthermore, all of the maps involved in the homotopy equivalences described in

Proposition 17.7 are continuous.
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Proof. The DA bimodule structure maps on K1
H

K2

.�1;0/
are continuous by virtue of the

facts that the map ı1 on H
K1˝K2

.�1;0/
being continuous, since H.�1;0/ is a finitely gen-

erated vector space, and that K1
H

K2

.�1;0/
is obtained by a tensor product of H

K1˝K2

.�1;0/

with K1jK1
ŒIc�.

The structure maps on K1
Z

K2

.�1;0/
and also the equivalence with K1

H
K2

.�1;0/
are

given by the homological perturbation lemma. These maps are finite compositions of
the maps …1, H 1, I 1, as well as the map ı12 of K1

H
K2

.�1;0/
. Hence, it is sufficient to

show that each of these maps is continuous with respect to the appropriate topology.
The map I 1 is obviously continuous, since it is given by x 7! x˝ 1.

Consider the map …1 applied to elements in I0 �H.�1;0/ � I0. This map is com-
puted in Lemma 17.3. As an example, consider …1.x/ when x D Ui1V

j
1a for i � j

� 0. In this case,
…1.Ui1V

j
1a/ D U

i�j
1 a˝ U

j
2V

j
2 :

Given a finite set of S � N and some n 2 N, we wish to show that all but finitely
many Ui1V

j
1a are mapped into Span.Us1a˝ Ui2V

j
2 W s 2 N n S or j � n/. This is the

case, since of course there are only finitely many i; j � 0 such that 0 � j � n and
i � j 2 S . A similar computation holds for the rest of I0 � H.�1;0/ � I0, so …1 is
continuous in these idempotents. Essentially the same argument applies for the other
idempotents of H .

The map H 1 is verified to be continuous by a very similar argument.

17.4 Comparison with the Eftekhary–Hedden–Levine model

We now compare our Hopf link complex with the dual knot formulas of Hedden–
Levine [11] and Eftekhary [4].

If K � S3, we will write EHLn.K/FŒU;V� for the complex described in the intro-
duction of [11], which is a model for CFL.S3n .K/; �/

FŒU;V� where � is a dual of K
inside of the Dehn surgery.

Proposition 17.11. If K is a knot in S3, then there is a canonical isomorphism

EHLn.K/FŒU;V� Š Xn.K/
K y� KZFŒU;V�:

Proof sketch. Since we do not need this result for any later results, we will not spell
out all details. Instead, we will sketch several important details from which the inter-
ested reader can easily work out the rest of the argument.

Both complexes are mapping cone complexes with similar structures. We will
abbreviate our complex by X�n .K/. We write

EHLn.K/FŒU;V� Š Cone.v0 C h0nWA
�
EHL.K/! B�EHL.K//
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and
X�n .K/

FŒU;V�
Š Cone.v� C h�n WA

�.K/! B�.K//:

We will only consider the claim when n D 1. Furthermore, we will only show that

A�EHL.K/ Š A�.K/

as (infinitely generated) type-D modules over F ŒU;V�. Most of the remaining details
are straightforward extensions of the ideas we present.

We follow the description of EHLC1.K/ given by Hedden and Levine [11]. They
focus on a version of the knot Floer complex which is denoted CFK1.K/. This takes
the form of a free chain complex over F ŒU; U�1� which is filtered by Z ˚ Z. The
generators are of the form Œx; i; j �, where x 2 T˛ \ Tˇ and A.x/ D j � i . The
variable U acts by U � Œx; i; j � D Œx; i � 1; j � 1�. The components i and j are
the two components of the Z ˚ Z-filtration. There is additionally a Maslov grad-
ing grw.Œx; i; j �/D grw.x/C 2i . Given such a filtered chain complex, we can recover
the chain complex CFK.K/ by replacing each F ŒU; U�1� basis element Œx; i; j �
with a single generator x, viewed as having Alexander grading j � i and grw-grading
grw.Œx; i; j �/ � 2i .

We will write A1EHL.K/ for the infinity version of the Hedden–Levine model. (We
will later reformulate this to get the version which is a type-D module over F ŒU;V�.)
By definition,

A1EHL.K/ Š
Y
s2Z

A1s .K/;

for some finitely generated Z˚Z-filtered complexes A1s .K/, as follows. For each x
(an intersection point for a Heegaard diagram of K), the generators are of the form
Œx; i; j �, where A.x/ D j � i , where A.x/ is Alexander grading from CFK.K/. We
will write xi;j for Œx; i; j �. They describe two filtrations 	 and J on these generators
given by the formulas

	.xi;j / D max.i; j � s/; J.xi;j / D max.i � 1; j � s/C s:

Then the Z ˚ Z-filtration of xi;j is .	.xi;j /;J.xi;j //. They also define a Maslov
grading

grw.xi;j / D grw.x/C 2i C
.2s � 1/2 � 1

4
:

See [11, equations (1.5)–(1.10)], noting that we are setting s D sl , k D 1 and d D 1
in their formulas.

We now rewrite 	 and J as follows:

	.xi;j / D i Cmax.0; j � i � s/ and J.xi;j / D max.i � j C s � 1; 0/C j:
(17.2)
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It is helpful to consider the two cases A.x/ � s and A.x/ < s separately. Recalling
that A.x/ D j � i , we compute, using equation (17.2), that

.	;J/.xi;j / D

´
.j � s; j / if A.x/ � s;
.i; i C s � 1/ if A.x/ < s:

We now modify the above algebraic generators to get a type-D module over
F ŒU;V�. We do this using the same procedure as we described to go from CFK1.K/
to CFK�.K/. We write A�EHL.K/ WD

Q
s2Z A

�
s .K/ for the type-D module con-

structed from A1EHL.K/ in this manner. For each generator x in CFK�.K/, we get a
generator x0s of A�s .K/ with Alexander grading

A.x0s/ D

´
s if A.x/ � s;
s � 1 if A.x/ < s:

(17.3)

We have, additionally, that

grw.x
0
s/ D grw.xi;j / � 2	.xi;j / D grw.x/C 2min.0; s � A.x//C

.2s � 1/2 � 1

2
:

(17.4)
We now consider the powers of U and V which appear in the differential. Recall

that in general, if x and y are generators of a knot Floer complex CFK.K/ (for a knot
K in an integer homology 3-sphere) and there is a differential from x to y which is
weighted by UiVj , then

j � i D A.x/ � A.y/ and grw.y/ D grw.x/ � 1C 2i: (17.5)

We now compare this with the type-D structure A�.K/. By construction, this
type-D structure is the tensor product of CFK.K/FŒU;V� with the DA bimodule
shown below:

� � � U2a Ua a d Vd V2d � � �
VjU

Uj1

VjU

Uj1

VjV

UjU

Vj1

UjU

Vj1

UjU

We can give A�.K/ a similar description to A�.K/. The generators of A�.K/ are of
the form x˝ y, where x is a generator of CFK�.K/, and y is of the form Uia or Vid.
We define an Alexander grading on generators via the formula

A0.Uia/ D �i and A0.Vid/ D i C 1:

We then define A�s .K/ � A�.K/ to be the F span of pairs x˝ y where

A.x/C A0.y/ D s:
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It is straightforward to see that A�s .K/ is a subcomplex of A�. We claim that there is
an isomorphism of type-D modules

A�s .K/
FŒU;V�

Š A�s .K/
FŒU;V�:

Note that there is a canonical bijective correspondence between F ŒU;V�-generators
of these complexes, since the generators of both complexes are bijectively identified
with generators of CFK.K/. Therefore, we have a canonical isomorphism of vector
spaces between these modules. We claim that this isomorphism intertwines the dif-
ferential. To see this, note that the differentials on both complexes are also identified
with the ordinary differential of CFK.K/, except with powers of U and V changed.
Therefore, it suffices to show that the powers of U and V appearing in the two differ-
entials coincide.

We consider a differential in CFK.K/ from x to y, weighted by a 2 F ŒU; V�.
We consider its induced weight in A�s .K/ and A0s.K/. Suppose that in A�s .K/, it is
weighted by an algebra element a�, and suppose that in A0s.K/, it is weighted by an
algebra element a0. Our goal is to show that a� D a0.

Using equations (17.3) and (17.5), we observe that

A.a0/ D

8̂̂̂̂
<̂
ˆ̂̂:
0 if A.x/; A.y/ � s;
0 if A.x/; A.y/ < s;
1 if A.x/ � s and A.y/ < s;
�1 if A.x/ < s and A.y/ � s:

(17.6)

Next, we compute, using equations (17.4) and (17.5), that

grw.a
0/ D grw.x/ � grw.y/ � 1C 2min.0; s � A.x// � 2min.0; s � A.y//: (17.7)

Note that grw.a
0/ and A.a0/ uniquely determine a0.

Next, we compute a� and show that it is equal to a0. It is helpful to break the
argument into four cases, parallel to equation (17.6). We will consider two of the four
cases, and leave the rest to the reader.

We consider first the case that A.x/; A.y/ � 0. The corresponding generators of
A
�
s .K/ are of the form

x˝ UA.x/�sa and y˝ UA.y/�sa:

We can write

a D U� grw.a/=2VA.a/ D U�.grw.x/�grw.y/�1/=2VA.x/�A.y/:

Note that

ı12.a;U
A.x/�sa/ D UA.y/�sa˝ U�.grw.x/�grw.y/�1/=2CA.x/�A.y/:
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(Some care must be taken to verify the above formula when A.x/�A.y/ is negative,
but the formula holds regardless of the sign of A.x/ � A.y/.) Hence,

a� D U�.grw.x/�grw.y/�1/=2CA.x/�A.y/:

We observe that A.a�/ D 0 D A.a0/. Also,

grw.a
0/ D grw.x/ � grw.y/ � 1C 2.A.y/ � A.x//;

which is the same as grw.a
�/.

We now consider the third case in equation (17.6), where A.x/ � s and A.y/ < s.
Since A.x/ � s, the corresponding generator of A�s .K/ is of the form x˝ UA.x/�sa.
Also, the generator of A�s .K/ corresponding to y will be of the form y˝Vs�A.y/�1d.
We write

a D U�.grw.x/�grw.y/�1/=2VA.x/�A.y/:

In this case, we have A.x/ � A.y/ > 0. Therefore we can read a� as follows. Firstly,
we have a factor of U�.grw.x/�grw.y/�1/=2. Then, we have an additional factor which is
obtained by composing all of the right moving arrows from UA.x/�sa to Vs�A.y/�1d.
This will give us factors of UA.x/�sV. Therefore,

a� D U�.grw.x/�grw.y/�1/=2CA.x/�sV:

This must coincide with a0, since it has the same .grw; A/-bigrading by equations
(17.6) and (17.7).

It remains to verify that a0 D a� in the cases that A.x/; A.y/ < s and when
A.x/ < s and A.y/ � s. The argument follows from the same line of reasoning as
the two previously analyzed cases. We leave the details to the reader.

The analysis of B�.K/ and the maps v� and h�n follows from similar, albeit
somewhat tedious, reasoning, so we leave the details to the interested reader.



Chapter 18

Examples and basic properties

In this chapter, we perform several example computations. In Section 18.1, we com-
pute the effect of adding a˙1-framed meridian to a link component. We show that it
corresponds to a simple bimodule. In Section 18.2, we compute the type-D module
for a p=q-framed solid torus. We show that the type-D module for a p=q-framed solid
torus recovers the rational surgeries formula of Ozsváth and Szabó [44]. Additionally,
we show that the type-D modules for solid tori recovers the surgery exact triangle by
exhibiting a homotopy equivalence

DK
1 ' Cone.f 1WDK

n ! DK
nC1/

for all n 2 Z.

18.1 Meridional Dehn twists

In this section, we consider the effect of adding a˙1-framed meridian to a link com-
ponent. Adding a meridian may be encoded by taking the connected sum with a Hopf
link, which has a predictable algebraic effect.

We first define our algebraic candidate, denoted KBK
˙1. These are the bimodules

for two very simple algebra endomorphisms of K . As an .I; I/-module, B˙1Š I with
the natural I-action. The structure map ı11 vanishes. If a 2 Ij �K � Ij for either j D 0
or j D 1, then we set ı12.a; i/ D i ˝ a for i 2 I. Additionally, we set

ı12.�; i0/ D i1 ˝ � and ı12.�; i0/ D i1 ˝ V˙1�:

We write KMK
˙1 for the type-D module

KMK
˙1 D H

K0˝K1

ƒ.˙1/
y� K0

D0
y� K1jKW

K
˛ˇ;˛; (18.1)

where W˛ˇ;˛ is the pair-of-pants module from Chapter 15 and

ƒ.˙1/ D .˙1; 0/:

In the above, K0 and K1 denote the algebras associated to different components of
the Hopf link. We write K0 for the algebra associated to the component of the Hopf
link which becomes the new meridian (and is framed by˙1).

By the pairing theorem and Theorem 15.1, adding a ˙1-framed meridian to a
component K � L and tensoring KD0 into the factor of the meridian has the effect
of tensoring with the bimodule KMK

˙1.
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Proposition 18.1. Let KMK
˙1 denote the DA bimodule in equation (18.1) for adding

a˙1-framed meridian. Then

KMK
˙1 ' KBK

�1:

The proof is a direct computation, which we do in several steps. Firstly, we
observe the very basic isomorphism

K0
D0 Š D

K2

0
y� K0jK2

ŒIc�:

(The subscripts on different copies of K are meant to indicate only how the tensor
product is formed.) Hence, we may manipulate several terms in equation (18.1) as
follows:

H
K0˝K1

ƒ.˙1/
y� K0

D0 ' D
K2

0
y� .H

K0˝K

ƒ.˙1/
y� K0jK2

ŒIc�/

WD D
K2

0
y� K2

H
K1

ƒ.˙1/

' D
K2

0
y� K2

Z
K1

ƒ.˙1/
: (18.2)

Therefore, combining equations (18.1) and (18.2), we see that

KMK
˙1 D H

K0˝K1

ƒ.˙1/
y� K0

D0
y� K1jKW

K
˛ˇ;˛

' D
K2

0
y� K2

Z
K1

ƒ.˙1/
y� K1jKW

K
˛ˇ;˛: (18.3)

On the other hand, we observe by direct computation that

KBK
�1 ' D

K0

�1
y� K0jKW

K
˛ˇ;˛: (18.4)

Comparing equations (18.3) and (18.4), we observe that to prove Proposition 18.1, it
suffices to show

D
K1

0
y� K1

ZK
ƒ.˙1/ ' DK

�1: (18.5)

Let us write
ZK
ƒ WD D

K1

0
y� K1

ZK
ƒ.˙1/:

We note that the type-D module ZK
ƒ.˙1/

is not minimal, in the sense of Def-
inition 17.1. Using the notation of Proposition 17.7, the complex ZK

ƒ.˙1/
may be

written as follows:

ZK
ƒ.˙1/ D

ZK
0;0 ZK

1;0

ZK
0;1 ZK

1;1

p1
2
.�1C�1;�/

f 1
1

g1
1

q1
2
.�1C�1;�/

(18.6)
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In the above, we are writing f 11 for the map L2f 11 C
�L2f 11 , and similarly for all of

the other maps. Note that �H!13 does not make any contribution.
Our argument will go by way of viewing the above diagram as a mapping cone

from the top line to the bottom line, and then applying the homological perturbation
lemma. Let us write

QK
ƒ.˙1/;" D Cone

�
ZK
0;"

p1
2
.�1C�1;�/

���������! ZK
1;"

�
:

We will write
J 1ƒ.˙1/WQ

K
ƒ.˙1/I0 ! QK

ƒ.˙1/I1

for the total morphism from the top line to the bottom line of equation (18.6) (i.e.,
f 11 ˚ g

1
1), so that ZK

.˙1;0/
is Cone.J 1

ƒ.˙1/
/.

For " 2 ¹0; 1º, write iK" for the type-D module which is concentrated in idem-
potent I", has a single generator, and has vanishing ı1. Equation (18.5), and conse-
quently Proposition 18.1, follows from the subsequent two lemmas.

Lemma 18.2. For " 2 ¹0; 1º, there are maps

I 1" W i
K
" ! QK

ƒ.�1/I"; …1
" WQ

K
ƒ.�1/I" ! iK" ; and H 1

" WQ
K
ƒ.�1/I" ! QK

ƒ.�1/I"

such that I 1" and …1
" are cycles, and I 1" ı…

1
" D idC @Mor.H

1
" / and …1

" ı I
1
" D id.

Furthermore,
…1
1 ı J

1
ƒ.�1/ ı I

1
0 D .i0 7! i1 ˝ .� C V�//: (18.7)

Here, i" denotes the generator of iK" . In particular, ZK
ƒ.�1/

is homotopy equivalent to
the solid torus module DK

C1 defined in Section 8.1.

Proof. As a first step, we record the mapping cone of QK
ƒ.�1/I"

. This is the following
type-D module:

� � � U31a U21a U11a a d V1d V21d V31d � � �

� � � V�41 d V�31 d V�21 d V�11 d d V1d V21d V31d � � �

U3
2
V4
2

U2
2
V3
21 1 U2V

2
2

V21 1U2 1U2
2
V2 1U3

2
V2
2

1U4
2
V3
2

We define the type-D moduleN E , where E is the exterior algebra on one generator, � .
The module N has a single generator, and differential ı1.1/ D 1˝ � . Then QK

ƒ.�1/;"

is obtained by boxing N E with the DA bimodule over .E;K/ shown below:

� � � U31a U21a U11a a d V1d V21d V31d � � �

� � � V�41 d V�31 d V�21 d V�11 d d V1d V21d V31d � � �

� jU3
2
V4
2

� jU2
2
V3
21 1 � jU2V

2
2

� jV21 1� jU2 1� jU2
2
V2 1� jU3

2
V2
2

1� jU4
2
V3
2
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In the above diagram, the solid lines denote the ı1 action, while the dashed lines
denote ı12.�;�/. A solid arrow from x to y with a 1 means that ı1.x/ has a summand
of y˝ 1. If we ignore the type-A action, then the type-D module is equivalent to the
one spanned by V�11 d with vanishing ı1. There is a canonical inclusion map i1 and
projection map �1. A homotopy h1 is defined by moving backwards along the solid
arrows. Clearly, i1 and �1 are type-D homomorphisms, and

i1 ı �1 D idC @Mor.h
1/; �1 ı i1 D id:

Similarly, �1 ı h1D 0, h1 ı h1D 0, and h1 ı i1D 0. By the homological perturbation
lemma, Lemma 4.2, i1, �1, and h1 extend to a homotopy equivalence of DA bimod-
ules, which we denote by i1� , �1� , and h1�. We define the type-D module morphisms in
the statement by

I 1" D IN � i1� ; …1
" D IN � �1� ; and H 1

" D IN � h1�:

We leave it to the reader to check that the above expressions (which involve infinite
sums on the completion) determine continuous morphisms.

All of the remaining claims in the statement are clear, except equation (18.7). We
compute that I 10 maps i0 to V�11 d˝ 1. By the computation of Proposition 17.7, the
map J 1

ƒ.�1/
sends this to

V�21 d˝ �2 C V�11 d˝ �2:

Then …1
1 maps this to

i1 ˝ V2�2 C i1 ˝ �2:

Note that the application of …1
1 to V�21 d˝ �2 is slightly subtle. Indeed, the recipe

from the homological perturbation lemma is to move backwards along the arrow from
a to V�21 d and move forward along the arrow from a to V�11 d, while picking up a
factor of V2. The proof is complete.

We now consider the claim for the framing ƒ.C1/.

Lemma 18.3. There are maps

I 1" W i
K
" ! QK

ƒ.C1/I"; …1
" WQ

K
ƒ.C1/I" ! iK" ; and H 1

" WQ
K
ƒ.C1/I" ! QK

ƒ.C1/I"

such that I 1" and…1
" are type-D homomorphisms, and I 1" ı…

1
" D idC @Mor.H

1
" / and

…1
" ı I

1
" D id. Furthermore,

…1
1 ı J

1
ƒ.C1/ ı I

1
0 D .i0 7! i1 ˝ .� C V�1�//:

Here, i" denotes the generator of QK
C1;". In other words, ZK

C1 ' DK
�1.
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Proof. The proof is very much the same as the proof with framing�1. We write down
the complex QK

ƒ.C1/I"
below:

� � � U31a U21a U11a a d V1d V21d V31d � � �

� � � V�41 d V�31 d V�21 d V�11 d d V1d V21d V31d � � �

U3
2
V4
2 1 U2

2
V3
2 1 1U2V

2
2

V2 1 1 U2 1 U2
2
V2 1 U3

2
V2
2 1 U4

2
V3
2

Similar to the framing �1 case, we realize the above diagram as the box tensor prod-
uct of N E with the following DA bimodule over .E;K/:

� � � U31a U21a U11a a d V1d V21d V31d � � �

� � � V�41 d V�31 d V�21 d V�11 d d V1d V21d V31d � � �

� jU3
2
V4
2 1 � jU

2
2
V3
2 1 1� jU2V

2
2

� jV2 1 1 � jU2 1 � jU
2
2
V2 1 � jU32V

2
2 1 � jU4

2
V3
2

We forget about the left E-action and simplify the type-D structure. We build a homo-
topy equivalence with the module WK

" , by picking type-D module maps i1, �1,
and h1. The map i1 sends i" to .a C d/ ˝ 1. The map �1 requires a choice. It is
either .a 7! i" ˝ 1; d 7! 0/, or .a 7! 0; d 7! i" ˝ 1/. The choice of h1 depends on
our choice of �1. If �1 sends a to i", then h1 maps d (on the bottom row) to d˝ 1
(on the top row). If �1 maps d to i" ˝ 1, then h1 maps d (bottom row) to a˝ 1 (top
row). Arbitrarily, pick �1 to map d to i" ˝ 1. Away from the central region, the map
h1 just maps backwards along the arrows marked with 1. One easily verifies that �1,
i1, and h1 satisfy the assumptions of the homological perturbation lemma.

The homological perturbation lemma now gives us extensions �1� , i1� and h1�.
Boxing these with IN gives homotopy equivalences between QK

ƒ.C1/I"
and iK" de-

scribed in the statement. Note that the maps I 1" , …1
" , and H 1

" sometimes involve
infinite sums, however, it is straightforward to verify that the induced maps are con-
tinuous.

It remains to perform the computation involving J 1
ƒ.C1/

. We easily compute

I 10 .i0/ D � � � C U1a˝ V2 C a˝ 1C d˝ 1C V1d˝ U2 C � � � :

Using part (2) of Proposition 17.7, we compute that the map J 1
ƒ.C1/

sends the above to

� � � C U1a˝ �2V2 C a˝ �2 C d˝ �2 C V1d˝ �2U2 C � � � ;
� � � C U21a˝ �2V2 C U1a˝ �2 C a˝ V�12 �2 C d˝ �2U2 C � � � :

The map …1
1 evaluates the above i1 ˝ .�2 C V�12 �2/ (regardless of which choice we

made in the construction of �1). Note, we are using here that �2U2 D V�12 �2. The
proof is complete.
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18.2 The type-D invariants of solid tori

We now describe the type-D module for a solid torus with p=q 2 Q [ ¹1º fram-
ing. The most convenient description is to take a standard unknot complement (with
standard meridian and 0-framed longitude) and perform �q=p surgery to a merid-
ian of U . See Figure 18.1. Additionally, we will consider the1-framed solid torus,
which we view as being obtained by performing 0 surgery to a meridian of U .

U

p=q

U

0

�q=p

U

0

0

Figure 18.1. A slam dunk on a p=q-framed solid torus (top row), and an1-framed solid torus
(bottom). The component U with an arrow on it denotes the component which we associate
to K .

We now define our candidate type-D modules. We begin by recalling that by
definition the type-D module for an n-framed solid torus DK

n is the same as the
surgery complex for an n-framed unknot, and hence has two generators x0 and x1,
which live in idempotent 0 and 1, respectively. The structure map is given by

ı1.x0/ D x1 ˝ .� C Vn�/:

Generalizing this, we now define the candidate p=q-framed solid torus module
DK
p=q

, where p;q are coprime and q > 0. We define DK
p=q
� I" to be spanned by gener-

ators x"0; : : : ;x
"
q�1, for " 2 ¹0;1º. The structure map is given by the following formula:

ı1.x0i / D x1.iCp/modq ˝ Vb.iCp/=qc� C x1i ˝ �:

The examples DK
˙1=3

are shown in Figure 18.2.

Remark 18.4. The bimodule DK
p=q

recovers the rational surgery mapping cone com-
plex Xp=q.K/ of Ozsváth and Szabó [44] in the sense that if K � S3 is a knot, then

DK
p=q
y� KX0.K/ Š Xp=q.K/:
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x00 x01 x02

x10 x11 x12

� �

V�

�
�

�

x00 x01 x02

x10 x11 x12

�

V�1�

�� �
�

Figure 18.2. The modules DK
1=3

(left) and DK
�1=3

(right).

Finally, we define the type-D module DK
1 for the 1-framed solid torus. This

module DK
1 � I0 D ¹0º and DK

1 � I1 D SpanF .x; y/. The structure map is given by

ı1.x/ D y˝ .1C V/:

The link surgery formula naturally produces a type-D module XK
p=q

for the p=q-
framed solid torus, as follows. We may write p=q as a continued fraction expansion

p=q D Œan; : : : ; a1�
�
D an �

1

an�1 �
1

an�2����

:

We may define XK
p=q

as the link surgery complex of a linear plumbing with weights
an; : : : ; a1. This produces a type-D module over Ln. We tensor 0-framed solid tori
to the components labeled an�1; : : : ; a1. The remaining component, weighted an,
corresponds to the type-D algebra action of XK

p=q
.

Proposition 18.5. The type-D module for a p=q-framed solid torus XK
p=q

is homo-
topy equivalent to DK

p=q
.

Proof. The proof is by induction. By considering the continued fraction decomposi-
tion above, we will assume that the formula holds for p=q, and use this to show that
it also holds for

m �
1

p=q
D m �

q

p
;

when m 2 Z.
Note that increasing the framing by m may be performed by tensoring with m

meridional Dehn twist bimodules KBK
˙1 from Section 18.1. This tensor product is

easy to understand, and indeed it is easy to check that

DK
p=q
y� KBK

C1 Š DK
p=qC1:
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In particular, it suffices to show that if the claim is true for some p=q, then it is true
for �q=p.

On the algebraic level, it is sufficient to show that

DK
�q=p ' DK

p=q
y� KZK

.0;0/;

where KZK
.0;0/

is the Hopf link bimodule.
In this case, we compute the type-D module in a similar manner to our computa-

tion of the meridional Dehn twist module from Section 18.1. We will only consider
the case that p < 0 and q > 0. The case that p > 0 and q > 0 follows from a straight-
forward modification of this argument.

We compute DK
p=q
y� KZK

.0;0/
� I0 first. The tensor product has generators

xij WD x0jU
i
1a and yij WD x0jV

i
1d;

ranging over i 2 N and j 2 Z=q, and generators

zij WD x1jV
i
1d

ranging over i 2 Z and j 2 Z=q. We display the complex in Figure 18.3.
Let us write jpj D a � q C r , where a � 0 and 0 � r � q � 1. The minimal model

of DK
p=q
y� KZK

.0;0/
� I0 is generated by the jpj generators

w00 D z
�1
q�1;w

0
1 D z

�1
q�2; � � � ;w

0
jpj�1 D z

�a�1
q�r :

� � � x12 x13 x14 x00 x01 x02 x03 x04 y00 y01 y02 y03 y04 y10 y11 y12 � � �

� � � z�22 z�23 z�24 z�10 z�11 z�12 z�13 z�14 z00 z01 z02 z03 z04 z10 z11 z12 � � �

UV2 UV2 UV2 V V V V V U U U U U U2V U2VU2V

�

Figure 18.3. The tensor product DK
�1=5

y� KZK
.0;0/

� I", for either " 2 ¹0; 1º. The boxed gen-
erators are the generators of the minimal model of DK

p=q
y� KZK

.0;0/
� I". The dashed arrows

are weighted by 1. The dotted arrow indicates a term of ı1 which maps from idempotent 0 to
idempotent 1. (Note that technically this arrow goes from the copy of this complex in idempo-
tent 0 to the copy in idempotent 1.)
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We think of the above generators as all of the generators between z�a�1q�r and z�1q�1
if we arrange the generators in a row as in the bottom row of Figure 18.3. (Recall
here we are assuming that p < 0 and q > 0.) The same argument works for DK

p=q
y�

KZK
.0;0/
� I1, and we write w10; : : : ;w

1
jpj�1

for these generators.
This gives the stated identification of the generators of the module. It remains now

to understand ı1. This is obtained via homological perturbation (cf. Lemma 4.5) by
first applying the inclusion map from DK

�q=p
� I0 into DK

p=q
y� KZK

.0;0/
� I0, applying

ı1 of DK
p=q
y� KZK

.0;0/
and then projecting DK

p=q
y� KZK

.0;0/
� I1 to DK

�q=p
� I1.

There is clearly a summand of ı1 which sends w0i to w1i ˝ � , for each i 2
Z=q. There is a remaining term of ı1 terms which contributes � . We recall that via
homological perturbation theory, these terms are obtained by first including, apply-
ing ı1, and then projecting. After including, the map ı1 moves a generator of DK

p=q
y�

KZK
.0;0/

to the left by q places. The outgoing algebra element is 1. We then apply the
projection map. If the application of ı1 sent w0i to w1j ˝ � for w1j 2 ¹w

1
0; : : : ;w

1
p�1º,

then the projection map sends w1j to w1j ˝ 1. In general, the projection map will
involve traveling to the generators w10; : : : ;w

1
p�1 via a zigzag of arrows in the larger

complex DK
p=q
y� KZK

.0;0/
(more precisely, such a zigzag may be encoded by the

homological perturbation lemma, similar to our argument from Section 18.1). We
pick up one power of V for each zigzag we have to do to get back to w1

.iCq/modp .
The number of zigzags that we have to do to map ı1.w1i / to w1

.iCq/modp is exactly
b.i C q/=.�p/c. This coincides with DK

q=.�p/
, completing the proof.

Proposition 18.6. The type-D module for an1-framed solid torus is DK
1 .

Proof. We compute the tensor product

DK
1 WD DK

0
y� KZK

.0;0/:

We note for both " D 0; 1, that D0
y� KZK

.0;0/
� I" is isomorphic to the following

complex:

� � � U1a a d V1d � � �

� � � V�21 d V�11 d d V1d � � �

1CUV2 1CV 1CU 1CU2V

In idempotent I0, this complex is acyclic. For example, Cone.1 C U W d ! d/ is
acyclic because 1CU is a unit in the completion of I0 �K � I0. Its inverse is given byP1
iD0 U

i . In idempotent I1, each summand is acyclic except for Cone.1C V W a!
V�11 d/. Deleting each acyclic subcomplex yields DK

1 , completing the proof.

There is a related bimodule which is useful for applications, defined by

KDFŒU �
1 WD DK

1
y� KjK ŒI

c�FŒU �:
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The following lemma is helpful.

Lemma 18.7. The DA bimodule KD
FŒU �
1 is homotopy equivalent to the DA bi-

module with a single generator z1, concentrated in idempotent I1, such that ı12.U
iVj ;

z1/ D z1 ˝ U i .

Proof. Write KZ
FŒU �
1 for the small model in the statement. We view the completion

of KD
FŒU �
1 as being the vector space

FJV;V�1Khx1i ˚ FJV;V�1Khy1i:

We have
ı11.V

tx1/ D .1C V/Vty1 ˝ 1:

Furthermore,
ı12.i1V

nUmi1;V
tx1/ D VnCtx1 ˝ Um;

and similarly for y1. Apply the forgetful functor to the type-A actions on KD
FŒU �
1

and KZ
FŒU �
1 . Define type-D morphisms

i1WZFŒU �
1 ! DFŒU �

1 ; �1WDFŒU �
1 ! ZFŒU �

1 ; and h1WDFŒU �
1 ! DFŒU �

1

via the following formulas. We set

i1.z1/ D
�X
i2Z

Vi
�

x1 ˝ 1; �1.Vix1/ D

´
z1 ˝ 1 if i D 0;

0 otherwise:

Additionally, we set

�1.Viy1/ D 0 and h1.Viy1/ D

´P
j<i V

j x1 ˝ 1 if i � 0;P
j�i V

j x1 ˝ 1 if i > 0:

We leave it to the reader to check that the above maps are continuous, and furthermore

�1 ı i1 D id; i1 ı �1 D @Mor.h
1/; h1 ı h1 D 0;

�1 ı h1 D 0; and h1 ı i1 D 0:

Applying the homological perturbation lemma from Lemma 4.2 induces a type-DA
Alexander bimodule structure on Z

FŒU �
1 which is homotopy equivalent to KD

FŒU �
1 .

This bimodule structure is easily checked to coincide with our definition of KZ
FŒU �
1 ,

completing the proof.
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18.3 The surgery exact triangle

We now show that our bordered invariants recover the surgery exact triangle, in the
following sense.

Proposition 18.8. There is a type-D morphism f 1WDK
n ! DK

nC1 such that

Cone.f 1WDK
n ! DK

nC1/ ' DK
1 ;

for any n 2 Z.

Remark 18.9. This is unsurprising since the knot and link surgery formulas are
proven using surgery exact triangles, though it highlights the similarities with the
original bordered theory, cf. [27, Section 11.2].

Remark 18.10. It is straightforward to adapt our proof to construct morphisms and
homotopy equivalences

DK
nC1 ' Cone.g1WDK

1 ! DK
n / and DK

n ' Cone.h1WDK
nC1 ! DK

1 /:

Proof. Write x0; x1 for the generators of DK
n and y0, y1 for the generators of DK

nC1.
We define f 1 via the formula

f 1.x"/ D y" ˝ .1C ˛/

for " 2 ¹0; 1º, where

˛ D
X
s�1

.Us C Vs/U s.s�1/=2 D .UC V/C .U2 C V2/U C .U3 C V3/U 3 C � � � :

(The element ˛ is discovered by writing ˇ D 1C ˛ as ˇ D
P
i2Z ˇi where ˇi has

Alexander grading i , and then recursively solving the equation V�� .ˇi /D ˇiC1 start-
ing with ˇ0 D 1.)

It is straightforward to see that @Mor.f
1/ D 0. Write:

Cone.f 1/ D

x0 y0

x1 y1

1C˛

�CVn� �CVnC1�

1C˛

Since 1C ˛ is a unit in the completion of I0 �K � I0, the above complex is homo-
topy equivalent to the bottom row, Cone.1C ˛ W x1 ! y1/. To construct a homotopy
equivalence between Cone.1 C ˛ W x1 ! y1/ and DK

1 , it is sufficient to show that
1C ˛ D .1C V/u for some unit u in the completion of I1 �K � I1. To see this, we
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recall that U D UV�1. We use this expression for U in our formula for ˛ and then
regroup terms based on the powers of U , and we obtain the following expression:

1C ˛ D
X
s�1

.Vs C V�sC1/U s.s�1/=2:

We observe that

.Vs C V�sC1/U s.s�1/=2 D .1C V2s�1/V�sC1U s.s�1/=2;

which clearly has a factor of .1CV/, for all s � 0. Hence, 1C ˛ D .1CV/.1CUf /

for some series f , and .1CUf / is a unit in the completion of I1 �K � I1, completing
the proof.

18.4 Finite generation

In this section, we prove a basic property of the surgery modules that is useful in
applications.

Proposition 18.11. Suppose that L � S3 is a link with framing ƒ, and L D K1 [
� � � [ K`. Suppose further that 0 < j < ` and write L1;:::;j D K1 [ � � � [ Kj and
LjC1;:::;` D KjC1 [ � � � [ K`. Let Xƒ.L1;:::;j ; LjC1;:::;`/

L`�j denote the type-D
module obtained by tensoring KD0 into each algebra component for L1;:::;j . Then
Xƒ.L1;:::;j ; LjC1;:::;`/

L`�j is homotopy equivalent to a finitely generated type-D
module.

Our argument is similar to Manolescu and Ozsváth’s truncation procedure [32,
Section 10]. We will prove the claim in several steps. If j < `, we write ƒ.j / for
the induced framing matrix on L1;:::;j . We will first verify the claim when ƒ.j / is
positive definite. We will then use the exact triangle from Section 18.3 to verify the
claim for arbitrary framings.

If 0 < j < ` and we decompose L as L D L1;:::;j [ LjC1;:::;`, then we may
consider the subcube

X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/

L`�j

generated by points of the cube E` which have LjC1;:::;` components 0. We will
view this as a type-D module over the algebra F ŒUjC1;VjC1; : : : ;U`;V`� which is
continuous with respect to the topology induced by

E0 �L`�j � E0 Š F ŒUjC1;VjC1; : : : ;U`;V`�:

Recall from Section 8.2 that the solid torus module KD0 may be decomposed as
a tensor product

K ŒD0�
FŒU � y� FŒU �F ŒU �:
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Hence, there is a type-D module Xƒ.L1;:::;j ;LjC1;:::;`/
FŒU1;:::;Uj �˝Ln�j , from which

we get Xƒ.L1;:::;j ; LjC1;:::;`/
Ln�j by tensoring with FŒU1;:::;Uj �F ŒU1; : : : ; Uj �.

Lemma 18.12. Suppose L D K1 [ � � � [K` is a link in S3, and 0 � j < `. Suppose
that ƒ.j / is positive definite. Then

X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/

FŒU1;:::;Uj ;UjC1;VjC1;:::;U`;V`�

is homotopy equivalent to a finitely generated type-D module. Furthermore, the maps
appearing in the homotopy equivalence may be taken to be continuous if we equip
X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/ with the product topology over a monomial basis, and we

equip
F ŒU1; : : : ; Uj ;UjC1;VjC1; : : : ;U`;V`�

with the .U1; : : : ; U`/-adic topology.

Remark 18.13. The fact that the morphisms in the homotopy equivalence may be
taken to be continuous with respect to the .U1; : : : ; U`/-adic topology, as opposed
to being continuous with respect to the .U1; : : : ; Uj ;UjC1;VjC1; : : : ;U`;V`/-adic
topology, allows us to use the homotopy equivalence constructed in the lemma for
the complex at each subcube Ej � ¹"º, for all " 2 En�j .

Proof. Our proof will be by induction on j . The case that j D 0 is automatic since
X
.�;0/
ƒ .;; L1;:::;`/ Š CFL.L/, which is a finitely generated type-D module over

F ŒU1;V1; : : : ;U`;V`�.
We define a shifted Alexander Aj -grading on X

.�;0/
ƒ .L1;:::;j ; Lj;:::;`/, as follows.

We set

!.s/ D �.lk.K1; Kj /; : : : ; lk.Kj�1; Kj //ƒ�1.j�1/.s1; : : : ; sj�1/
T : (18.8)

In the above, ƒ�1
.j�1/

is the inverse matrix (over Q) and T denotes transpose. Also, if
s 2 H.L/ we are writing s D .s1; : : : ; s`/. On the link surgery formula, we define the
!-shifted Alexander grading

A!j .s/ WD sj C !.s/:

We observe that if i ¤ j , then

!.sCƒL;�Ki / � !.s/ D �lk.Ki ; Kj /; (18.9)

where ƒL;�Ki (as defined in Section 6.1) consists of the vector whose j -th com-
ponent is lk.Ki ; Kj / if i ¤ j , and whose i -th component is �i , the framing of Ki .
Equation (18.9) follows from the fact that the i -th column of ƒ.j�1/ is obtained by
deleting the last component of ƒL;�Ki . Equation (18.9) verifies that if EM � L1;:::;j
is a sublink which does not contain �Kj , then ˆ EM preserves A!j .
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On the other hand, we compute directly from equation (18.8) and the definition
of ƒL;�Kj that

�j C !.sCƒL;�Kj / � !.s/

D �j � .lk.K1; Kj /; : : : ; lk.Kj�1; Kj //ƒ�1.j�1/.lk.K1; Kj /; : : : ; lk.Kj�1; Kj //
T :

(18.10)

Note that the above quantity, which we denote by �0j , is the Schur complement of
ƒ.j�1/ inside of ƒ.j /. In particular, ƒ.j / is positive definite if and only if ƒ.j�1/ is
positive definite and �0j > 0. It follows from equation (18.10) that if �Kj � EM �
L1;:::;j , then ˆ EM shifts A!j by �0j .

We may thus decompose the complex X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/ as a sum of stair-

cases:
� � � A!

s��0
j

A!
s A!

sC�0
j

� � �

� � � B!
s��0

j

B!
s B!

sC�0
j

� � �

F
�Kj

F
Kj F

�Kj F
Kj F

�Kj
F
Kj

F
�Kj

The vertical direction is the direction of Kj . Here, we are writing F �Kj for the
hypercube maps for all oriented sublinks EM � L1;:::;j which contain �Kj , and we
define FKj similarly. In the above, we are writing A!

s � C
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/

for the subspace of F ŒU1; : : : ; Uj ;UjC1;VjC1; : : : ;U`;V`�-module generators with
Kj -component 0 and Alexander A!j -grading s 2 Q. The subspace B!

s is similar, but
has Kj -component 1. Since H.L1;:::;j /=ƒ.j / is finite, there are only finitely many
such staircases. Here, the subscript s of A!

s and B!
s denotes their shifted Alexander

grading.
Standard arguments (see [32, Lemma 10.1]) imply the following:

(h-1) If s is sufficiently large, the map FKj is a homotopy equivalence between
A!
s and B!

s .

(h-2) If s is sufficiently negative, the map F �Kj is a homotopy equivalence
between A!

s and B!
sC�0

j

.

Note that we may view A!
s ˝ F ŒUj � as being a subspace of X

.�;0/
ƒ .L1;:::;j�1;

LjC1;:::;`/˝ F ŒUj ;Vj � in A!j -Alexander grading s. Similarly, we may view B!
s ˝

F ŒUj � as being the subspace of X
.�;0/
ƒ .L1;:::;j�1; LjC1;:::;`/˝ F ŒUj ;Vj ;V�1j � in A!j -

Alexander grading s. By induction, X
.�;0/
ƒ .L1;:::;j�1; LjC1;:::;`/ is homotopy equiva-

lent to a finitely generated type-D module over F ŒU1; : : : ; Uj�1;Uj ;Vj ; : : : ;U`;V`�
with respect to the topologies in the statement of the lemma.

In particular, we may replace X
.�;0/
ƒ .L1;:::;j�1; Lj;:::;`/ with a finitely generated

model C 0, and also replace the subcomplexes A!
s and B!

s with the finite-dimensional
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subspaces of C 0 ˝ F ŒUj ;Vj � and C 0 ˝ F ŒUj ;Vj ;V�1j � which form an F ŒUj � basis in
Alexander grading s. Properties (h-1) and (h-2) are preserved by homotopy equiva-
lence, and hence still persist on the finitely generated models. Abusing notation, we
write A!

s and B!
s also for the finitely generated models.

Using the same logic as for the ordinary knot surgery mapping cone formula [43],
each such staircase above admits a finitely generated truncation. We need additionally
to show that the maps appearing in a homotopy equivalence with the finite trunca-
tion are continuous with respect to the topologies in the main statement. These maps
may be described easily using homological perturbation theory. Compare the proof of
Lemma 18.2. Since C 0 is finitely generated, for s� 0, each generator of A!

s must be
a multiple of Vr.s/j for some function r WQ!N such that r.s/!1 as s!1. Simi-
larly, for s� 0, each generator of A!

s must be a multiple of Ul.s/j for some l WQ!N
such that l.s/!1 as s!�1. Using the equivariance of the maps FKj and F �Kj

from Lemma 6.7, we see that for s� 0, the map FKj sends A!
s into the ideal .U l.s/j /.

Similarly, for s� 0, F �Kj maps A!
s into the ideal .U r.s/j /. This is sufficient to show

that the maps appearing in the homotopy equivalence are continuous as stated.
Since X

.�;0/
ƒ .L1;:::;j ; LjC1;:::;j / decomposes as a sum of finitely many staircases,

each of which is homotopy equivalent to a finitely generated truncation, as above, the
direct sum is homotopy equivalent to a finitely generated complex, completing the
proof.

We now prove a basic lemma concerning homological algebra.

Lemma 18.14. Write R D F ŒU1; : : : ; Uj�1; UjC1; VjC1; : : : ; U`; V`�, where 0 <
j < `. Write RŒUj � for R˝ F ŒUj �. Suppose that XRŒUj � is a finitely generated type-
D module which admits a relative Q �Q-valued .grw; grz/-bigrading. Suppose that
Uj ' U`V` as type-D morphisms (i.e., there is a morphism J 1 satisfying @Mor.J

1/D

id˝ .Uj C U`V`/). Then

.XRŒUj � � FŒUj �F ŒUj �/
R

is homotopy equivalent to a finitely generated type-D module over R.

Remark 18.15. The condition on the .grw; grz/-bigrading is likely not absolutely
necessary, though it simplifies the discussion on completions.

Proof. Our proof uses homological perturbation theory. We view XRŒUj � as a being
obtained from a DA bimodule EWRŒUj � where E denotes the exterior algebra on one
generator. We define ı1

kC1
.�; : : : ; �; x/ on W to consist of the components of ı1 of X

which are weighted by an algebra element of total R-degree equal to k. Here, the R-
degree of a monomial denotes the sum of powers of variables from R appearing (but
not of powers of Uj ). It is straightforward to see that W satisfies the DA bimodule
structure relations.
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Note that ı11 on W consists of exactly the terms of the differential of X which are
weighted by elements of F ŒUj �.

Let N E be the rank 1 type-D module with ı1.1/ D 1˝ � , so that

N E � EWRŒUj � D XRŒUj �:

We consider the type-D module YRŒUj � obtained by applying the forgetful functor
to

EWRŒUj �:

The type-D module YRŒUj � has ı1 with algebra elements in F ŒUj �, i.e., we may view
it as a finitely generated free chain complex over F ŒUj �. Setting all variables except
Uj equal to 0, the map J 1 induces a map h1 on YRŒUj � which satisfies @Mor.j

1/ D

id ˝ Uj . The classification theorem for finitely generated chain complexes over a
PID implies that we may find a basis of Y so that YRŒUj � decomposes as a direct
sum of 1-step complexes (i.e., generators with vanishing ı1), and 2-step complexes
(i.e., summands generated by two generators with ı1.y/D 0 and ı1.x/D y˝ ˛). Our
assumptions about the existence of a relative bigrading imply that ˛ may always be
taken to be a power of Uj . The fact that @Mor.j

1/ D id˝ Uj implies that there are no
1-step summands, and each 2-step summand is of the form ı1.x/ D y˝ Uj .

We define the finite-dimensional subspace Q�W � F ŒUj � as follows. Enumerate
the generators of the U 1j -weighted 2-step complexes as xt and yt , so that ı1.xt / D
yt ˝Uj , for t in some finite set. We define Q to be the F span of yt ˝ 1, ranging over
all t . We view Q as being a finitely generated type-D module over R with vanishing
differential. There are maps forming a homotopy equivalence of type-D modules

�1W .W � F ŒUj �/
R
! QR; i1WQR

! .W � F ŒUj �/
R;

and
h1W .W � F ŒUj �/

R
! .W � F ŒUj �/

R;

which satisfy the assumptions of the homological perturbation lemma stated in Lem-
ma 4.2. The map �1 sends yt ˝ U sj to yt ˝ 1 if s D 0, and is zero on all generators.
The map i1 sends yt to .yt ˝ 1/˝ 1. The map h1 sends yt ˝U sj to .yt ˝U s�1j /˝ 1 if
s > 0, and h1 vanishes on all other generators. Applying the homological perturbation
lemma endows QR with a left action of E; and also yields a homotopy equiva-
lence EQR ' EWRŒUj � � FŒUj �F ŒUj �. Note that the induced A1-module structure
is operationally bounded by grading considerations. Finally, boxing with the identity
morphism of N E gives a homotopy equivalence as in the statement.

We are now able to prove finite generation in general.



Finite generation 249

Proof of Proposition 18.11. Suppose that L D K1 [ � � � [K` is a link in S3, and ƒ
is an integral framing on L. Let 0 � j < `. It is sufficient to show that

X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/

FŒUjC1;VjC1;:::;U`;V`�

is homotopy equivalent to a finitely generated type-D module over F ŒUjC1; VjC1;
: : : ;U`;V`�. This is sufficient since we may use this model at each point of the cube
En�j to obtain a finitely generated model of Xƒ.L1;:::;j ; LjC1;:::;`/

Ln�j .
By Proposition 13.2, changing the arc system on the componentsK1; : : : ;Kj does

not change the homotopy type of Xƒ.L1;:::;j ; LjC1;:::;`/
Ln�j . Hence, we assume all

of the arcs for K1; : : : ; Kj are alpha-parallel.
Lemma 18.12 verifies that if ƒ.j / is positive definite, then

X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/

FŒU1;:::;Uj ;UjC1;VjC1;:::;U`;V`�

is homotopy equivalent to a finitely generated type-D module. Furthermore, since
ƒ.j / is positive definite (in particular, non-singular), it is straightforward to see that
this complex admits a relative Q�Q-valued .grw; grz/-bigrading (compare [32, Sec-
tion 9.3]). Lemma 13.31 implies that each U1; : : : ; Uj is chain homotopic to U`V` as
a type-D endomorphism on this subcube. (Note that on this subcube, theK`-direction
is never incremented, so the arc for K` is irrelevant.) Lemma 18.14 now implies that
X
.�;0/
ƒ .L1;:::;j ; LjC1;:::;`/

FŒUjC1;VjC1;:::;U`;V`� is homotopy equivalent to a finitely
generated type-D module.

Since KD
FŒU �
1 is homotopy equivalent to a finitely generated type-DA module by

Lemma 18.7, we observe that the claim still holds if we replace any number of fram-
ings in a positive definiteƒ.j / withC1. The mapping cone of two finitely generated
complexes is finitely generated, so the surgery exact triangle from Proposition 18.8
(cf. Remark 18.10), implies that Xƒ.L1;:::;j ; LjC1;:::;`/

Ln�j is homotopy equivalent
to a finitely generated type-D module for any framing, concluding the proof.





Appendix A

Splicing operations

In this chapter, we describe some topology related to splicing knot complements.
Everything in this chapter is well known, and we only include it as a reference.

A.1 Splices and connected sums

Suppose that K1 and K2 are knots in S3. The complements of K1 and K2 are mani-
folds with torus boundary. The following is well known, though we give a proof for
the convenience of the reader. Compare [7, Section 7].

Lemma A.1. Suppose that �1 and �2 are integral framings on knots K1 and K2
in S3, and let Œ�1� and Œ�2� denote the induced elements of H1.@S3 n N.K1// and
H1.@S

3 n N.K2//. Then S3
�1C�2

.K1#K2/ is diffeomorphic to the 3-manifold ob-
tained by gluing S3 nN.K1/ to S3 nN.K2/ using the diffeomorphism which sends

Œ�1� 7! �Œ�2� and Œ�1� 7! Œ�2�:

Proof. Consider the manifold Z obtained by gluing the complements of K1 and
K2 as described above. We may describe Z alternatively by first attaching a 3-
dimensional 1-handle to connect S3 n �.K1/ and S3 n �.K2/, and then attaching
two 2-handles and one 3-handle. The first 2-handle is attached along �1 � x�2 (where
x�2 denotes �2 with orientation reverses), and the second 2-handle is attached along
�1 � �2. In both cases, the curves are concatenated across the 1-handle.

We observe that joining S3 n �.K1/ and S2 n �.K2/ with the 1-handle and the
2-handle, tracing �1 � x�2 is the same as gluing S3 n �.K1/ and S3 n �.K2/ along
meridians ofK1 andK2. This gives S3 n �.K1#K2/. Gluing the second 2-handle and
then the 3-handle is the same as performing Dehn surgery on K1#K2 with framing
�1 C �2.

Remark A.2. The argument above also holds for arbitrary knots in 3-manifolds, as
long as the framings are Morse.

Remark A.3. The same argument works for links. Suppose that L1 and L2 are links
in S3 with framingsƒ1 andƒ2. Suppose thatK1 andK2 are two chosen components
of L1 and L2, respectively. Then

S3ƒ1Cƒ2.L1#L2/ ŠMƒ1.L1; K1/ [� Mƒ2.L2; K2/;
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whereMƒi .Li ;Ki / is the manifold obtained by surgering alongLi �Ki , and remov-
ing a neighborhood of Ki . The diffeomorphism � which identifies @N.K1/ with
@N.K2/ sends �1 to ��2, and �1 to �2. The framing ƒ1 Cƒ2 is obtained by sum-
ming the framings for K1 and K2, and leaving the remaining framings unchanged.

A.2 The Hopf link and changes of parametrization

We may naturally view the Hopf link as a link which changes the boundary param-
etrization. There are two ways to do this:

(1) (Blow up) IfK is the special component, and we connect the sum with a Hopf
link, and leave K the special component. If we give the other component of
the Hopf link framing˙1, then we change the framing on @N.K/ by a Dehn
twist along the meridian.

(2) (Rotating layer) Noting that the complement of the Hopf link is T2 � Œ0; 1�,
we may use the description from the previous remark to see the effect of a
connect summing the Hopf link to the special component, and using the new
Hopf link component as the special component. The effect is to change the
boundary parametrization by composing with one of the two maps:

� 7! � and � 7! ��;

or
� 7! �� and � 7! �:

These two cases are distinguished by the sign of the Hopf link which is used
in the connected sum.
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In this memoir, we develop a theory of bordered HF− using the link surgery formula of
Manolescu and Ozsváth. We interpret their link surgery complexes as type-D modules over
an associative algebra 𝒦𝒦, which we introduce. We prove a connected sum formula, which
we interpret as an A∞-tensor product over our algebra 𝒦𝒦. Topologically, this connected
sum formula may be viewed as a formula for gluing along torus boundary components.

We discuss several important examples. As a basic example, if K1 and K2 are knots in S3, and
Y is obtained by gluing the complements of K1 and K2 together using an orientation
reversing diffeomorphism of their boundaries, then our theory may be used to compute
CF−(Y) from CFK∞(K1) and CFK∞(K2). By computing the type-D modules for rationally
framed solid tori, our theory gives a version of the link surgery formula for rationally framed
links. As a final example, we use our theory to derive the Heegaard Floer homology of all
3-manifolds which bound the plumbing of a tree of disk bundles over 2-spheres.
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