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Abstract

In this memoir, we develop a theory of bordered HF~ using the link surgery formula
of Manolescu and Ozsvath. We interpret their link surgery complexes as type-D mod-
ules over an associative algebra K, which we introduce. We prove a connected sum
formula, which we interpret as an Aso-tensor product over our algebra K. Topologi-
cally, this connected sum formula may be viewed as a formula for gluing along torus
boundary components.

We discuss several important examples. As a first example, if K; and K, are
knots in S3, and Y is obtained by gluing the complements of K; and K, together
using an orientation reversing diffeomorphism of their boundaries, then our theory
may be used to compute CF™ (Y) from CFK*°(K;) and CFK*°(K>). By computing
the type-D modules for rationally framed solid tori, our theory gives a version of the
link surgery formula for rationally framed links. As a final example, we use our theory
to derive the Heegaard Floer homology of all 3-manifolds which bound the plumbing
of a tree of disk bundles over 2-spheres.

Keywords: Heegaard Floer homology, Dehn surgery, link surgery, link Floer
homology, link surgery complex, bordered Heegaard Floer homology
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Chapter 1

Introduction

In this memoir, we define several algebraic objects associated to compact, oriented
3-manifolds with parametrized torus boundary, and prove a gluing formula. For the
purposes of this memoir, we use the following definition (compare [27, Section 1.1]).

Definition 1.1. A bordered manifold with torus boundary consists of a compact and
oriented manifold M such that 9M = T?2 and M is equipped with a choice of oriented
basis (i, A) of H1(dM).

If My and M, are two bordered manifolds with torus boundaries, a natural gluing
operation is to glue w1 to (o and glue A; to —A,. This is motivated by the following
fact. Suppose that M, and M, are the complements of two oriented knots K; and
K5 in S3, which are given integral framings A; and A,. Let ¢: dM; — dM, denote
the orientation reversing diffeomorphism which sends (1 to (p and A; to —A,. Then
there is a diffeomorphism

My Uy M = Sj*]Hz(Kl#Kz).

This basic topological fact is reviewed in Appendix A.

The algebraic objects we define are reformulations of Manolescu and Ozsvith’s
link surgery formula [32], recast using the framework of type-D and type-A modules
of Lipshitz, Ozsvath and Thurston [27].

Using the above topological observation about surgeries on connected sums, our
gluing formula amounts to a formula for the behavior of the link surgery formula
under connected sums.

1.1 The knot surgery algebra

We begin by describing our associative algebra K, which is an algebra over the idem-
potent ring I = Iy @ I;. Here each I; is a copy of F = Z/27Z. We define

Ip- K -Ig=FW,V] and I, -X-I, =F[U,V, V],

where F[U, V] denotes a polynomial ring in two variables and F[U, V, V7] is its
localization at V. We set Iy - K - I; = {0}. There are two special algebra elements
o,7 €l - K -1y, and we define

I - K-Ip=FU, V.V ® (o) FIU,V, V] ® (1),
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where (o) and (7) denote copies of IF. The elements o and 7 satisfy the relations

oclU = Uo and oV = Vo,
U=Vt and 7V =UV?1

We typically write U for the product UV.

The algebra K is an associative algebra, i.e., we can think of it as an As.-algebra
which has vanishing actions w; for j # 2. Although seemingly asymmetric between
U and V, as well as between o and 7, the above algebra admits a more symmetrical
description. See Remark 7.1. We work with an asymmetric presentation of the alge-
bra K because it mirrors an asymmetric construction of the Heegaard Floer surgery
formulas which frequently simplifies computations.

1.2 Surgery formulas as K -modules

Ozsviéth and Szab6 [43] proved that if K € § 3 is a knot, then the Heegaard Floer
homology groups HF™ (S f (K)) are computable from the knot Floer complex of K
[37,47].If A is an integral framing on K, their construction produced a mapping cone
complex X (K), which satisfied

H.(X3(K)) = HF (87 (K)).

(The bold font denotes coefficients in the power series ring F[U].)

Manolescu and Ozsvith [32] extended this formula to links in S3. They proved
that if L € §3 is a link with integral framing A, then there is a complex € (L),
defined using the link Floer homology of L [41], such that

Hy(€a(L)) = HF (SR (L)).

In Section 8.5, we describe how to naturally reinterpret the data of Ozsvath and
Szabd’s mapping cone complex X (K) both in terms of a right type-D module
X, (K)” and a left type-A module 5 X (K).

In Section 8.6, we extend this interpretation to the link surgery formula. If £ is a
positive integer, we define the £-component link algebra to be

L
=@ K =X®&r & X.
F

To an £-component link L € S3, we define in Section 8.6 a type-D module
Xa(L)%e.

Remark 1.2. We think of the map v in Ozsvith and Szabd’s mapping cone formula
as being encoded by the algebra element o € J. The map # is encoded by the algebra
element 7 € K.
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The description of the link surgery formula given by Manolescu and Ozsvith
is an infinite direct product of free modules over F[Uy, ..., Ug]. In particular, it is
very large and sometimes challenging to do direct computations with. On the other
hand, the type-D module XA (L)%¢ that we describe contains all of the algebraic
information of the link surgery formula, but is always finite-dimensional over F. For
example, the complement of the O-framed trefoil has the type-D module shown in
Figure 1.1.

XO
v Ty
y° — T~ 20
\ /
V2(Uo+1) o+Ut
\ L

Figure 1.1. The type-D module for the O-framed trefoil complement. The superscript indicates
the idempotent.

In our memoir, the most fundamental object is the type-D module X (L)%¢. To
change a type-D algebra factor of K to a type-A algebra factor, we tensor with an
algebraically defined “identity bimodule”

x5 [[P].
Ignoring completions, g [I>] is a type-A module over X Qp K. (We write K | K
instead of X ®p K to indicate a specific behavior with respect to completions, which
we call the split Alexander condition.)

The bimodule x| [I[®] extends to a type-AA bimodule j|x [I®]F[y], which is
also useful to consider. Unlike the type-D modules X (L)%¢, which are all finitely
generated over IF, the type-A and DA bimodules in our theory are usually not finitely
generated.

Manolescu and Ozsvéath’s link surgery formula €4 (L) is recovered by tensor-
ing our type-D module X A (L)%¢ with £-copies of the O-framed solid torus module,
which we denote by 5 [Do]r[v]. Here, a “O-framed solid torus” refers to the comple-
ment of a 0-framed unknot in S3.

Algebraic completions (e.g., direct products and power series coefficients) inter-
act with the algebra X in subtle and interesting ways. The algebra K has a natural
filtration by right ideals

Jo2J1 2.
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This filtration equips K with a topology where the subspaces J,, form a basis of opens
centered at 0. This equips K with the structure of a linear topological chiral alge-
bra, which is important for our theory. In Chapter 7, we define algebraic categories
of Alexander modules, which consist of linear topological vector spaces with appro-
priately continuous actions of K. These are the categories where our link surgery
modules live.

1.3 Pairing theorems

One of the central results of our memoir is a connected sum formula for the Mano-
lescu—Ozsvith integer surgery formula. Suppose L; and L, are two links in S3,
which have framings A; and A,, as well as distinguished components K; € L
and K> C L,. In Section 8.6, we describe how to compute €4, 4 A, (L1#L>) in terms
of €x,(L1) and €4, (L2). Here, L1#L, denotes the connected sum of L; and L,
along K; and K5, and A 4+ A, denotes the framing where we sum the framings on
K and K, and leave the others unchanged. We will interpret this connected sum for-
mula as an A tensor product over the algebra K. We use the algebraic formalism of
Lipshitz, Ozsvath and Thurston [25,27,28], though our proof of the pairing theorem
is independent of their proof in the standard bordered setting [27].
Our formula is simplest to state when we are working with knots.

Theorem 1.3. Suppose that (Y1, K1) and (Y2, K2) are two knots in integer homology
3-spheres with integral framings Ay and A,. Then

X, 41, (Y1#Y2, K1#K5) ~ X, (Y7, K)* & x X, (Y2, K3).

Here, X denotes a completed version of Lipshitz, Ozsvath and Thurston’s box
tensor product [27]. There is also a version of the above theorem for links.

Theorem 1.4. Suppose that Ly and L, are two links in S> with integral framings
A1 and A, and that we have two distinguished components K1 € L1 and K, C Ls.
Then

Cay+a, (L1#La) ~ Xa, (L) B 5 XA, (La).

In Section 8.6, we describe several more general versions of the pairing theorem.
One version allows us to compute

XA, 44, (L1#L)EO+2=1 ) 5 [Dolruy. (1.1)

In the above, Dy denotes the module for the O-framed solid torus. In the tensor prod-
uct, we are tensoring the K -action on Dy with the JK-factor of &£, 1¢,—1 which
corresponds to K;#K;. The reader should think of tensoring £y as corresponding
to gluing in a solid torus K #K>. See Remark 3.6 for more details about this tensor
product.
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We will show in Section 15.3 that the module in equation (1.1) is homotopy equiv-
alent to an appropriate tensor product of the three modules

Xa, (L)%, Xa,(L)*e, and o x[[P]Fw)-

We think of tensoring with j|x [[®]r[] as corresponding to gluing torus boundary
components together.

In some sense, the tensor product formulas above use up the two actions of X,
and hence are not convenient for taking connected sums of more than two links along
a single component. To take the connected sum of more than two components, we
define pair-of-pants bimodules

KK ng,a and x| ng’ﬂ.

In Chapter 15, we study these bimodules, and we prove that they can be used to com-
pute the type-D module over K after taking the connected sum of link components.
There are additional modules for other combinations of « and 8 subscripts. There are
multiple modules because of different choices of arc systems in the construction of
the surgery formula. (See Section 1.7 for more details.)

In Section 15.4, we relate the pair-of-pants bimodules to a surgery description of
the 3-manifold P x S, where P is a pair-of-pants (i.e., a twice punctured disk).

Remark 1.5. The above pairing theorems give formulas for gluing two bordered
manifolds along torus boundary components. Another important operation is to glue
two boundary components of a single bordered 3-manifold together (i.e., self-gluing).
Our pairing theorems do not cover this. We will investigate this in a future work.

1.4 Splicing knot complements

A basic topological operation is to glue the complements of two knots together using
an orientation reversing diffeomorphism of their boundaries. 3-manifolds obtained in
this manner are referred to as splices. Dehn surgery is a special case of splicing.

Splicing in the context of Heegaard Floer homology has been studied by many
authors. See [5,9, 10, 18] for some examples. Using bordered Heegaard Floer homo-
logy [27], it is possible to compute HF of spliced manifolds. Despite the interest in
splicing, there is to date no general description of HF™ of splices.

In this memoir, we give a description of HF ™ of splices in terms of knot Floer
homology. If ¢: T? — T2 is an orientation preserving diffeomorphism, then we will
describe a bimodule #[¢]*. We think of this bimodule as the bordered invariant for
[0, 1] x T2 with basis (i, —A) on {0} x T? (where we write & and A for a standard
basis of H;(T?)), and (¢(u), (L)) on {1} x T2.
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Theorem 1.6. Let K and K, be knots in S and let My and M, be their comple-
ments. Let ¢: 0M; — —IM; be an orientation preserving diffeomorphism. Then

CF (M) Uy Ma)rpuy = Xa, (K1) & x[¢]" K 3 X, (K2)F[u]-

The bimodule [¢]* is constructed by factoring the diffeomorphism ¢ into the
following generators of MCG(T?):

(1) ¢(u) = pand p(A) = A + p.

(2) ¢(n) = £A and (1) = Fpu.

In both of the above cases, the bimodule x [¢]”" is obtained from the surgery complex
for the Hopf link. We remark that the Hopf link has complement [0, 1] x T2, so taking
a connected sum with the Hopf link and then surgering on the original knot has the
effect of changing the boundary parametrization.

In general, we do not yet have a closed formula for the bimodule g [¢]* for an
arbitrary diffeomorphism ¢, nor do our techniques imply independence of the bimod-
ule g [¢]”¢ from the above presentation. We plan to address both of these questions
in a future work.

]JC

Remark 1.7. When K; and K, are knots in S3, the modules X;h(Kl)'K and
X X1, (K2)F[u) are determined by the full knot Floer complexes CFK*(K) and
CFK®(K3), up to homotopy equivalence.

1.5 Dual knots

As a special case, our techniques recover the dual knot formula of Eftekhary [4] and
Hedden—Levine [11] by taking a connected sum with the Hopf link. We recall that
they computed the knot Floer complex of the dual knot u € § i’ (K) in terms of the
knot Floer complex CFK*°(K). Note that the dual knot u € SI% (K) may be obtained
by taking the connected sum of K with a Hopf link, and then performing A-framed
surgery on K.

In our present memoir case, taking the connected sum of K with a Hopf link and
performing A-framed surgery corresponds to taking the tensor product of X (K)%
with the Hopf link surgery complex, viewed as a DA bimodule Jg:}’ff Using homo-
logical perturbation theory, we describe a smaller model, which we denote by fo .
Taking the box tensor product with this minimal model and then restricting to idem-
potent Iy recovers the model of Eftekhary and Hedden-Levine (modulo differing
notational conventions). We sketch the equivalence of our model of the dual knot
complex with the Eftekhary and Hedden—Levine model in Section 17.4.

Our analysis of the Hopf link complex builds on joint work by the author with
Hendricks, Hom and Stoffregen in [14], where an extension of the dual knot formula
is proven for Hendricks and Manolescu’s involutive knot Floer homology [15].
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1.6 Examples

We compute many basic examples in this memoir. The most fundamental is the
type-D module for the Hopf link. We compute this in Chapter 16, and compute a
minimal model of the corresponding DA bimodule in Chapter 17. This example is
important for applications and computations. Combined with the tensor product for-
mulas, it also gives a computation of the Heegaard Floer homology of all 3-manifolds
obtained as the boundary of a plumbing of disk bundles over S2, plumbed along
a tree. This is explored further in [56], wherein the equivalence of Heegaard Floer
homology and the lattice homology of Némethi [34,35] is proven.

In Section 18.2, we describe the type-D modules of rationally framed solid tori
c’DI'ff g forp /q € Q U {oco}. The type-D modules {Ojf , can be viewed as naturally
recovering the rational surgeries complex X, /,(K) of Ozsvith and Szab6 [44] in the
sense that

Xp/q(K) 22 DF B 5 Xo(K)

for any knot K in S3.

Remark 1.8. If L C S3, then by tensoring type-D modules of the form D 1‘,75 g with the
type-A module ... 5 X (L), we obtain a version of the link surgery formula which
allows for rational surgeries on L.

As another example, we show that there is a homotopy equivalence of type-D
modules
DX ~ cone(f1: 0F - DX ),

for some type-D morphism f!. Tensoring with this homotopy equivalence recovers
the surgery exact triangle in Heegaard Floer homology. This example is reminiscent
of the original setting of bordered Heegaard Floer homology [27, Section 11.2].

1.7 Arc systems

We also prove several important technical results about the link surgery formula of
Manolescu and Ozsvath [32]. We recall that the link surgery formula requires, for
each knot component K; C L, a choice of embedded arc A; € S 3 which connects
two base points on K;. We furthermore require the arcs to be pairwise disjoint and to
be disjoint from L except at their endpoints. We call any such collection A a system
of arcs. To a system of arcs, Manolescu and Ozsvath’s construction produces a chain
complex € (L, A).

Given a knot K C Y, there are two natural choices of arc systems on K. These
are obtained by connecting the two base points w, z € K with an arc that runs parallel
to K. We say the arc system is beta-parallel if the arc runs from z to w and is oriented
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in the same direction as K. We say that the arc system is alpha-parallel if it runs from
z to w and is oriented oppositely to K. Given a Heegaard knot splitting 3 for K, the
arc system is alpha-parallel if the arc is parallel to the subarc of K which lies in the
alpha handlebody, and similarly for beta-parallel arcs. To a link L C Y, there are 2/Z|
arc systems which can be constructed via this procedure, where we choose each arc
to be either alpha-parallel or beta-parallel. Our theory also allows arc systems where
some of the arcs are neither alpha-parallel nor beta-parallel. Although these seem less
natural, they appear naturally in our proof of the connected sum formula.

There is an analogous asymmetry in Lipshitz, Ozsvath and Thurston’s theory [27].
In their theory, for a bordered 3-manifold Y they consider Heegaard diagrams with
boundary where some set of the attaching curves are properly embedded arcs. For
each boundary component of Y, they must choose whether the arcs which abut that
boundary component are alpha arcs or beta arcs. See Figure 1.2 for an example of a
bordered Heegaard diagram with alpha arcs.

9

Figure 1.2. Left: A bordered Heegaard diagram for a solid torus in the Lipshitz—Ozsvath—
Thurston theory. Right: A Heegaard diagram of an unknot with a beta-parallel arc system A
(passing through the alpha curve). In our theory, the corresponding bordered manifold would
be represented by the module for an unknot (whose complement is a solid torus). The choice
of alpha arcs on the boundary of the bordered Heegaard diagram on the left is analogous to the
choice of a beta-parallel arc system on the right.

For a system of arcs A we obtain a surgery complex €4 (L, A) and a type-D
module X 4 (L, A)%. Manolescu and Ozsvith’s result may be interpreted as showing
if each arc of A is alpha-parallel or beta-parallel, then

HF™(S3(L)) 2 H.(CA(L, A))

as modules over F[U]. They only consider arc systems which are beta-parallel. In
our work, we study the dependence on the arcs system, which turns out to be rather
subtle. As a first step, we prove the following theorem.
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Theorem 1.9. If A is any system of arcs for L, then there is relatively graded iso-
morphism of vector spaces

HF (SR (L)) = H.(Ca(L, A)).

If the arc a; € A is either alpha- or beta-parallel, then the isomorphism is of F[U]-
modules, where U acts by U; on Hy (€A (L, A)).

The isomorphism between the link surgery complexes for different systems of
arcs is somewhat subtle. For example, we will construct two systems of arcs A; and
A, on the Hopf link H for which

Xa(H, A1)*2 2 Xa(H, Ar)*2 (1.2)

as type-D modules. See Section 16.3. On the other hand, for type-D modules asso-
ciated to knots, alpha-parallel and beta-parallel arc systems give the same modules.
This follows from [56, Remark 5.7].

In Chapter 13, we will describe a general formula for the effect of changing the
arcs in the link surgery formula. One important special case is when we want to
change an arc from alpha-parallel to beta-parallel, or vice versa. This may be achieved
by tensoring with a rank 1 DA bimodule 5 7 7. In Chapter 14 we study this bimodule.
It is algebraically related to the base point moving map investigated by Sarkar [49]
and later by the author [53].

The arc systems also play an important role in the connected sum theorems and
our construction of the pair-of-pants modules in Chapter 15. Note that in the Lipshitz,
Ozsvath, Thurston bordered theory, the gluing formula requires one to tensor an
“alpha bordered” module with an “alpha bordered” module. From a Heegaard dia-
grammatic perspective, this is natural because it is most natural to glue an “alpha
bordered” Heegaard diagram to an “alpha bordered” Heegaard diagram to get a Hee-
gaard diagram of the glued manifold (since we cannot glue alpha arcs to beta arcs).

It is helpful to extend the Lipshitz, Ozsvith and Thurston convention of gluing
alpha-to-alpha and beta-to-beta into our theory. In our theory, gluing is accomplished
by way of taking the tensor product with algebraically defined bimodules

w1x 2], KlJCWan,B’ and JCIKWan,a'

(There are further modules for all combinations of & and 8 subscripts.) For connected
sums involving x| [[®], the most basic theorem we prove requires one module to be
alpha bordered, and one to be beta bordered. Therefore, it is most natural to think of
the module | x[I] as alpha bordered on one component, and beta bordered on the
other. The labeling of the modules g5 Wa‘jg, g KX ng’ o, Indicates the borderedness.
For example, tensoring two beta bordered type-D modules for knots into g5 ngﬂ
gives the alpha bordered module for their connected sum.
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1.8 General bordered manifolds with torus boundary

The connected sum formula of Theorem 1.4 and the topological interpretation of
surgeries on connected sums in terms of gluing torus boundary components motivate
a definition of a potential invariant of a bordered 3-manifold with torus boundary
components.

We suppose that M is a bordered 3-manifold with n toroidal boundary compo-
nents. We may describe M as surgery on a link L, in the complement of an unlink
U, in S3, in a way which is compatible with the parametrization of dM .

We may define a type-D module X (M)% as follows. We begin with the link
surgery formula for L U U, interpreted as a type-D module over our algebra &£, ¢,
where £ = |L|. We write X (L U U,)%£n+¢ for this module. We define X (M )%~
by tensoring the module X (L U U,)%r+¢ with £ type-A modules for O-framed
solid tori. This corresponds topologically to performing Dehn surgery on the com-
ponents L, while identifying the components of dv(U,) with dM . Theorem 1.4 may
be interpreted as a pairing theorem for gluing two bordered 3-manifolds with torus
boundary components together. We prove in Section 18.4 that the modules X (M )%,
as defined above, are always homotopy equivalent to finitely generated type-D mod-
ules, i.e., the underlying vector space X, (M) may be taken to be finite-dimensional
over [F.

In a future work, we hope to understand in what sense X (M yLn  defined as above,
is an invariant of the bordered manifold M . In light of equation (1.2), the modules will
in general depend on the choice of system of arcs A in S3. We make the following
conjecture.

Conjecture 1.10. If M is a bordered manifold with toroidal boundary components
which is equipped with a system of arcs A € M, then the type-D module X (M, A)%
is an invariant of (M, A) up to homotopy equivalence. (In a subsequent work [57],
we prove the above conjecture for arc systems where each arc is either alpha-parallel
or beta-parallel.)

Remark 1.11. Our bordered modules X (M)* give useful surgery formulas for
homologically essential knots in 3-manifolds with b; > 0. This is a setting where
the techniques of Ozsvéth and Szabé [43] do not seem to have a simple adaptation.
As a concrete example, the co-framed solid torus may be viewed as the knot comple-
ment of a fiber in S! x {pt} € S! x S2. We compute in Section 18.2 the associated
type-D module, which is concentrated in idempotent 1 and has two generators, and
has §! encoded by the diagram

x! — 14y — yl.



Chapter 2

Hypercubes and Heegaard Floer homology

In this chapter, we describe some background on Heegaard Floer homology and

homological algebra.

2.1 Background on Heegaard Floer homology

We will assume that the reader is familiar with the basics of Heegaard Floer homo-
logy [39], as well as its refinements for knots [37,47] and links [41]. We provide a
brief review to establish notation.

Definition 2.1 ([41, Definition 3.1]). We consider the following notions of Heegaard
diagram in this memoir:

)]

2

A multi-pointed Heegaard diagram consists of a tuple
(Z,a,B,w)

as follows. Here, X is a surface of genus g and w = {wq, ..., w,} is a non-
empty collection of base points. Also, &« = {o1,...,®g4n—1}, s a collection
of pairwise disjoint embedded curves on ¥ which are linearly independent in
Hi(2\ w). We assume 8 = {B1.....Bg+n—1} satisfies the same condition.
In particular, X \ « consists of # components, each of which contains a single
base point w; € w, and similarly for X \ .

A Heegaard link diagram with free base points consists of a tuple

(2, 0,8,w,2,p)
satisfying the following. We assume that w = {wq, ..., w¢}, z = {z1,...,2¢}
and p = {p1,..., pm} are collections of base points. Let n = £ + m. We
assume that o = {&1,...,dg4p—1}and B = {B1, ..., Bg+n—1} are collections

of pairwise disjoint, embedded curves which each span a rank g summand of
H{(X). We assume that each component of X \ & (resp. X \ B) contains
either a single base point of p, or contains one base point from w and one
base point from z.

Remark 2.2. Occasionally, it is helpful to allow the collections w and z to contain
free base points. In this case, we assume that if p € w U z is the sole base point in a
component of X \ &, then it is the sole base point in a component of X \ B.
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The curves a, B C ¥ determine two handlebodies, Uy and Ug, with boundary .
A Heegaard link diagram with free base points determines a 3-manifold ¥ and an
oriented link L € Y. In Uy, the link L is a push-off of a collection of smoothly
embedded, pairwise disjoint arcs in X \ e which connect the link base points of w to
the link base points of z. In Ug, we assume L is a push-off of a collection of smoothly
embedded, pairwise disjoint arcs which connect the link base points of z to the link
base points of w. We follow the orientation convention that L intersects X positively
at z and negatively at w.

Remark 2.3. Typically we assume that if w; and z; are in a component of X \ e, then
they are also in a component of X \ B. This ensures that (X, oz, 8, W, Z, p) represents
a link with £ components and each component has 2 base points.

If # = (2, e, B, w) is a multi-pointed Heegaard diagram for Y and s € Spin°(Y),
we define CF™ (#, ) to be the free F[Uy, ..., U,]-module generated by intersection
points x of the Lagrangian tori

To =a1 X+ Xagyp—1 and Tg =1 X - X Bgyn1

in the symmetric product Sym# *"~1(X), such that sy (x) = s. See [39, Section 2.6]
for the definition of the map sy: T, N Tg — Spin®(Y).

The differential counts pseudo-holomorphic representatives of Maslov index 1
flowlines in Sym# "1 (X) via the formula

wq (@) wn
0= Y #M@/RU U Dy, @.1)
pem(x.y),
u(g)=1
extended equivariantly over F[Uy, ..., Uy].

We will frequently make use of Lipshitz’s cylindrical reformulation of Heegaard
Floer homology [23]. In this formulation, the differential counts holomorphic curves
of potentially higher genus in X x [0, 1] x R. We refer the reader to [23] for additional
background.

Definition 2.4 (Cf. [39, Section 4.2]). We make the following definitions regarding
admissibility of Heegaard diagrams:

(1) A periodic domain on a Heegaard multi-diagram # = (X, y1,..., ¥, W) is
a 2-chain P on ¥ such that 0P is an integral linear combination of the curves
from yq,...,y, and nw(P) = 0.

(2) A Heegaard diagram for a pointed 3-manifold # = (X, ., 8, W) is weakly
admissible if each non-trivial periodic domain has both positive and negative
multiplicities.

3) If #H = (X, a, B, w,z,p) is a Heegaard link diagram with free base points,
then we say that # is weakly admissible if (X, &, 8, q) is weakly admissible
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for each collection q € w U z U p such that q contains all of the free base
points and exactly one link base point from each link component.

(4) We say that a Heegaard multi-diagram (X, y1,. .., ¥x,q) is weakly admissible
if each periodic domain has positive and negative multiplicities. A Heegaard

multi-diagram with link base points (X, y1, ..., ¥, W, Z, p) is called weakly
admissible if it is weakly admissible for each collection q C wU z U p as
above.

Given a weakly admissible Heegaard diagram J¢, we can define a completed
version of the Heegaard Floer homology CF™ (), which is freely generated by x €
To N Tp (with no restriction on Spin® structures) over the ring F[Uy, ..., U,].

We now discuss link Floer homology. In this memoir, we use a slightly different
version of link Floer homology than appeared in [41]. If (X, &, 8, W, z) is a Heegaard
link diagram with no free base points and with |w| = |z| = £, we use a version of
the link Floer complex which is a free, finitely generated chain complex over the ring
F[Uy,...,Ug, V1,...,V]. This version was considered in [53] and [55]. We define
CFL(E,a, B,W,z,9) to be generated over F[Uq, ..., U, Vq,..., V] by intersection
points x € Ty, N Ty such that sy(x) = . The differential is similar to (2.1), except
that we weight a holomorphic curve by

urltwl (¢)vr1tz1 @ uzwe (¢)sze (¢).

In the case of a doubly pointed Heegaard knot diagram, # = (X, «, 8, w, z2),
we write €F K (H, s) for the complex which is freely generated over F[U, V] by
intersection points x € Ty, N Tg.

2.2 Hypercubes and hyperboxes of chain complexes

We now describe Manolescu and Ozsvath’s algebraic formalism of hypercubes and
hyperboxes of chain complexes [32, Section 5]. Define

E, :=1{0,1}" C R",
with the convention that Eg = {0}. Ifd = (dy, ..., d,) € Z=°, we define
E(d) :={(i1,...,in) €Z" :0<ij <d;,Vj}.

If &, &' € E(d), we write ¢ < & if the inequality holds for each coordinate of ¢ and ¢’.
We write ¢ < ¢’ if ¢ < ¢’ and strict inequality holds at one or more coordinates.

Definition 2.5. An n-dimensional hypercube of chain complexes (Cg, D¢ ¢ )ecE,
consists of the following:
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(1) A group C;, foreach ¢ € E,.

(2) For each pair of indices ¢, ¢’ € E,, such that ¢ < &', a linear map
Dee:Co — Cy.
Furthermore, we assume the following compatibility condition holds whenever ¢ <&’

Z Dy groDgy =0. (2.2)
& <En,,
e<e'<e
Definition 2.6. If d € (Z>°)", a hyperbox of chain complexes of size d consists of
a collection of groups (C;)scE ), together with a linear map D, s whenever ¢ < &’
and |¢' — ¢|po < 1. Furthermore, we assume that the analog of (2.2) holds whenever
e<é&"and|e” —¢e|pee < 1.

Hypercubes and hyperboxes of the same size form dg-categories. If € =
(Ce, Dg¢r)sek, and €' = (Cy, D ,)ecE,, are two hypercubes of the same dimen-
sion, then a morphism of hypercubes F consists of a collection of linear maps

. /
FE,S’- Cg — CE/’

ranging over all ¢, &’ € E, such that ¢ < &’. We write Hom(€, €’) for the space of
morphisms. There is a natural morphism differential dyjo, on Hom(€, €’), given by

Onor(Fleer = ) Divgno Feer + Forgr o Degr. 2.3)
'€k,
858/58”
Remark 2.7. In Section 3.6, we will give an alternate perspective on hypercubes, and
show that the category of hypercubes of chain complexes is equivalent to the category
of type-D modules over a certain algebra.

2.3 Compressing hyperboxes

Manolescu and Ozsvath [32, Section 5] describe an operation called compression
which takes a hyperbox € = (C¢, D¢ ¢)seR(a) Of size d = (d1, ..., d,) and returns an
n-dimensional hypercube €= (6 & 138,8/) ¢cE, - The underlying complexes are given
by the formula

..... en) = Cldyey,....dnen)-

The hypercube structure maps are more complicated. We first illustrate the construc-
tion in the 1-dimensional case. Suppose € is the 1-dimensional hyperbox of chain

complexes

Jfo.1 f1.2 Jn—1.n

Co Ci Cn.
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The compression of the above hyperbox is the hypercube

Co JSn—1,n9"0f0,1 C,.
In Section 3.6, we give an alternate description of compression in the 1-dimensional
case in terms of box-tensor products of DA bimodules over a certain algebra.

The same description also works for hyperboxes of size (1,...,1,d). Thatis, we
view € as a 1-dimensional hyperbox where the complex at each point of E(d) is a
hypercube of dimension n — 1. Compression in this case is given by composition of
hypercube morphisms.

For a hyperbox € of size (d1, ..., dy), the compression may be defined by iter-
ating the above construction. Doing so requires a choice of ordering of the axis
directions. For concreteness, we pick the standard ordering of 1, . . ., n. Given a hyper-
box € we define the partial compression of the i-th axis direction, denoted ¢; (€), to
be the following hyperbox of size (dy,...,di—1,1,di+1,...,d,). We view the € as
a 1-dimensional hyperbox (of hyperboxes) of size (d;), where the complex at each
point in E(d;) is a hyperbox of size (dy,...,di—1,di+1,...,dy). The hyperbox at
point j € {0, ..., d;} has an underlying group consisting of the sum of all complexes
at points ¢ € E(d) with &; = j. We apply the composition perspective of compression
for 1-dimensional hypercubes to obtain ¢; (€). We then define the compression

€ =(cho--0c))(E).

Compare [30, Section 4.1.2].

Of course, we can compress the hyperbox € using any ordering of the axis direc-
tions. The following is well known, and we do not claim originality for the following,
though we include it for completeness.

Lemma 2.8. If€ is a hypercube of chain complexes and Cisits compression, then C
is independent up to homotopy equivalence of hypercubes from the choice of ordering
of the axis directions.

Proof. Given the inductive nature of the construction, it suffices to prove the case
when n = 2. Let € be a hyperbox of size (dy,d>). Write c2(c1(€)) and ¢ (c2(€)) for
the two compressions of €. Note that the length 1 maps of ¢;(c;(€)) and ¢1(c2(€))
coincide, so it suffices to consider the diagonal maps. Since we are considering hyper-
cubes of dimension 2, it suffices to show that the two diagonal maps are themselves
chain homotopic since such a chain homotopy can be used to build a morphism of
hypercubes F:cz(c1(€)) — ¢1(c2(€)) which is a homotopy equivalence. The com-
ponents of F' which preserve cube points act by the identity. We define F to have no
components which increase only one cube point. We will define F' to have a com-
ponent from cube point (0, 0) to cube point (1, 1), which acts by the above chain
homotopy between the length 2 maps of ¢2(c1(€)) and ¢ (c2(€)). Assuming we can
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construct such a chain homotopy, the map F is clearly a homotopy equivalence. We
now describe how to construct this chain homotopy.

Write Cx(P,) for the following chain complex over F = Z /2. There are two
generators in degree 0, denoted eje, and eze;. We define d(e;jej) = 0. There is a
single generator in degree 1, denoted /; », which satisfies

oh = ejex + ezeg.

We view eje; and eze; as the paths along the boundary of a 2-dimensional cube from
(0,0) to (1, 1), and we think of /; » as the diagonal. We think of C«(P,) as the cell
complex for the 2-dimensional permutohedron.

We now define another chain complex C«( Py, 4,). The generators consist of con-
catenations of ej, ep and /1 such that the total number of 1 subscripts appearing
is d1, and the total number of 2 subscripts appearing is d5. The differential sums over
all ways of breaking a single s » into (ejex + eze;). We think of the generators of
C« (P4, ,d,) as corresponding to paths in [0, d;] x [0, d>] from (0, 0) to (dy, d») which
consist of concatenations of three types of segments (horizontal unit length segments,
vertical unit length segments, or diagonal segments of L!-length 2).

Note that the hyperbox structure maps of € give a chain map

Cy (Pd1 ,dz) — Hom(Cy,p, Cd1 ,dz)'
The two compression procedures give chain maps

1,2, ¢2,1: Cx(P2) = Ci(Pyg, ,a,)-

Note that ¢; j(e1e2) = e?'e%? and ¢; j(ese1) = 2" for both choices of i, j. In

order to show that the diagonals of €; > and €, are chain homotopic, it suffices
to show that the maps ¢y, and c;,; are themselves chain homotopic. To do this, it
suffices to show that the homology of Py, 4, satisfies

F ifn =0,

H,(Py 2.) =
n(Par.a,) {o itn > 0.

To establish this, we describe a filtration <, on C«(Pyq,,4,). Given an arrow se-
quence w € Py, 4,, vView w as giving an embedded piecewise linear curve in [0, d;] x
[0, d2] € R?. Consider the region R between w and the arrow sequence eflegz. We
define the filtration level of w to be the number of unit squares in [0, d;] x [0, d»] with
integral corners and whose interiors intersect R non-trivially. Note that the subspace
F<p is preserved by 0.

We now define a homotopy H: Cx(Pg,,4,) = Cs+1(Py,,4,). The map H sums
over all ways of replacing one subword e;e; with i; . We observe that [ + [0, H]
acts by the identity on ef‘ egz. We leave it to the reader to verify that if @ is a word
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with filtration level n > 0, then (I 4 [d, H])(w) is a sum of arrow words of filtration
level at most n — 1. Therefore, (I + [0, H])" gives a homotopy equivalence between
C«(Pg,,4,) and IF (concentrated in degree 0) for N > 0. This completes the proof. =

2.4 A-categories and twisted complexes

We now recall the notion of a twisted complex in an Aso-category. We refer to [50,
Section 3.1] for more background on this construction.

We recall that an A-category € consists of a set of objects O (€), a collection of
morphisms Hom(L, L) for L, L’ € O(€), together with a collection of higher com-
positions (i )n>1, as follows. We assume that if Lo, L1 € O(€), then Hom(Lo, L1)
is a vector space. We assume that for each sequence Ly, ..., L, € O(€), the map u,
takes the form

Un:Hom(Lg, L1) ® --- ® Hom(L,—1, L,) — Hom(Ly, L1).

Furthermore, we assume that for all xq, ..., X, (where x; € Hom(L;_1, L;)) the fol-
lowing associativity condition holds:

ZZ/’LH j+l(le-- » Xji—1, Uj— z+1(Xz7--~,Xj),Xj+1,---7Xn)=0-

i=1j=i

If € is an Ayo-category, the additive enlargement X€ of € is defined as follows.
The objects of X€ consist of formal sums of the form @, .; X; ® V;. Here, X; denote
objects of €, V; denote graded vector spaces over F = Z /2, and I denotes a finite
index set. The symbols ® and €p are just notation. (For our purposes, we can take
V; =TF foralli.)

A morphism in € from B;c; Xi ® Vi to P;c; ¥; ® W; consists of a collec-
tion (6;,; ® fi,j)ier,jes wWhere 6; ;: X; — X, is a morphism in € and f; ;:V; —
Wi; is a linear map of vector spaces. We will typically write such a morphism as
2 jyerxs i ® fij

If € is an Ayo-category, then Y€ is naturally also an A,-category, with compo-
sitions

E(Z Oig.iv ® figuirs-- - Z Oi—1in ® fin—1,in)
i0,i1 in—1,in
= >y Bigiy s Oiy i) ® fin_rin 07+ 0 fignin)-
10501 5--5in

It is straightforward to verify that X€ is an A,-category.
Finally, we define the category of twisted complexes Tw €. A twisted complex
(X, 8) in € consists of an object X = (X;, V;)ier in Z€ where [ is a finite partially
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ordered set, together with an endomorphism § € Homsze(X, X). If § =3, ; 8;; ®
fi,j» we assume that §; ; = O unless i < j. Furthermore, we assume the following
version of the Maurer—Cartan equation is satisfied:

D> ur€@.....8 =0.
N— —

n>1

A morphism in Tw € is the same as a morphism in €. Finally, we note that Tw € is
itself an Aoo-category, with compositions

PO O =Y u,?f,.o+,..+,.n(5,....,5,91,5,...,5,92,...,9,,,5,...,5).

10seesin=>0 io i1 in

2.5 Hypercubes of attaching curves

The notion of a hypercube of chain complexes adapts to other categories. We now
describe the appropriate notion of a hypercube in the Fukaya category. See [32, Sec-
tion 8] and [24, Section 3], where such objects are referred to as hyperboxes of
Heegaard diagrams, and chain complexes of attaching curves, respectively. These
may naturally be viewed as twisted complexes in the Fukaya category, using the
framework described in Section 2.4.

Definition 2.9. A hypercube of handleslide equivalent attaching curves
Cfﬂ = (ﬂss ®8,5’)56En

on (X, w) consists of a collection of beta attaching curves 8., which are each pair-
wise related by a sequence of handleslides and isotopies, together with distinguished
morphisms O, € CF (X, B, B, w) whenever ¢ < ¢’. We assume, furthermore,
that the Heegaard multi-diagram containing all 2" beta curves is weakly admissible
(see Definition 2.4). Finally, we assume that for each pair ¢ < ¢’ € E,, the following
relation is satisfied:

> beyebon ©@eriene o Oy ) = 0. 2.4)

e=g|<-<ep=¢

In the above, fﬂ81 Be,, denotes the holomorphic polygon counting map.

.....

Sometimes in Heegaard Floer theory it is helpful to have a notion of a hypercube
of beta attaching curves, or a hypercube of alpha attaching curves. We define a hyper-
cube of beta attaching curves to be the object described in Definition 2.9, however, we
define a hypercube of alpha attaching curves as the following modification: for each
e < ¢’ we have a chain ®, . € CF™ (X, &/, &, W), and the compatibility condition in
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equation (2.4) holds, as long as we write the indices in the opposite order. Clearly any
hypercube of attaching curves can be viewed as either a hypercube of alpha attaching
curves or beta attaching curves (by possibly reversing the order of indices), but the
terminology is occasionally helpful.

If £, and £ are hypercubes of handleslide equivalent attaching curves on
(X, w), of dimension m and n respectively, then there is an (n + m)-dimensional
hypercube of chain complexes

(C(s,v)a D(s,v),(s’,v’))(s,v)e]EnxEm = CF_(E, :ﬁa, iﬁ s W)7

whenever the diagram containing all attaching curves is weakly admissible. For each
(e,v) € Eytm, we set
Cev)y = CF (2, a, By, W).

The structure maps are given by the following formula:

D(g,v), e, (X)
= E : fots,-,n-,ots],ﬁvl,-..,ﬂvj (Og 15+ Opper s X, ®vlsv2""’®vj—lyvj)'

e=g)<-<g;=¢,
v=vj<--<p;j=p’

It is straightforward to see that CF™ (X, £4, £g, W) is a hypercube of chain com-
plexes.

The case when there are link base points w, z base points is a straightforward
modification of the above construction, using variables U; and V; in the definition of
the Floer complexes.

We observe that a hypercube of attaching curves &£ = (¥, 0¢,¢/)ccE, may natu-
rally be interpreted as a twisted complex of Lagrangians in the Fukaya category. The
index set / in the definition of a twisted complex is the cube E,,, and the partial order
is the natural ordering of cube points.

Correspondingly, there is a natural notion of a morphism between two hyper-
cubes of attaching curves, and the resulting category is an As-category. If £ =
(Ve Xe,e')ecE, and £ = (y;, ¥, )ecE, are n-dimensional hypercubes of attach-
ing curves, then a morphism ® from &£ to £’ consists of a collection of chains
&, € CF (pe, y,,. W) ranging over all ¢, &’ € E, with ¢ < &’. Of course, the set
of morphisms is none other than the Floer complex CF™ (2, £, £/, w).

Suppose £1, ..., £, are n-dimensional hypercubes of attaching curves, where
£i = (Yie, (Oi)ee)ecE, - The composition operator

UV CF (L1, £2) ® -+ ® CF (L1, £n) — CF (L1, £4)
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is given as follows. If ®; ;11 € CF~(&£;, £;+1), then
U (D1 ;... Pyt )

= E iy +otin+n(O1, ... O1, P12,0,,...,0,,
. - — ———’ ——————
115ee0in=>0 i1 i
¢2,37 R} q)n—l,n’ ®n, cee ®n)
——

in
In the above, ®; =), _./(®;),,, viewed as an element in the group P, _,, CF~ (i c.

Vi), and similarly for ®@; ; ;. Additionally, j4;, 4.4, +n is declared to vanish on
non-composable Floer chains, e.g., u2(x,y) = 0 if x € CF (po, y1) and y €

CF™(y1.y2) where y1 # p.

2.6 More hypercubes

We now collect several additional constructions and basic properties. Firstly, if € =
(Ce, Dggr)eek,, and €' = (C;, D) | ,)veE,, are two hypercubes of chain complexes
over a ring R, we may define their external tensor product

€ :=€CQRrC,

as follows. The hypercube & = (E(c,1). 8(e,v),(e’,v")) (e,v)€E xE,, 15 the tensor product
in the ordinary sense: As groups, we set

E(s,v) = Cs ®R C\g
and the structure maps are given by

D, @1 ifv =1/,
5(8,1}),(8’,\)’) =431I® D\/J,v’ ife =¢,

0 ife <& andv < V.

Additionally, if € and €’ are two hyperboxes of size dg x {d} and do x {d'},
such that the restrictions € |ggy)x{a} and €'|g@y)xoy coincide (in both underlying
groups and structure morphisms), then we may stack € and €’ to obtain a hyperbox
of size dg x {d + d’}, which we denote St(€, €’). The following lemma records
some interactions between stacking and the external tensor product.

Lemma 2.10. The operations of stacking and compressing satisfy the following:

(1) Stacking hyperboxes of attaching curves commutes with pairing: If £, £
and &£ g are hyperboxes of attaching curves, and £ g and £ gr may be stacked
along a codimension 1 face, then

SUCF ™ (La. £5). CF (L4 £)) = CF (Lo, SULp. £57)).
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(2) Stacking hyperboxes of chain complexes commutes with tensoring hyper-
boxes: If '€ and €' are stackable hyperboxes of chain complexes, and D
is another hyperbox of chain complexes, then

St(E,€) ® D = SE, D) ® SL(E, D).

(3) Compressing hyperboxes of chain complexes commutes with tensor products
of hyperboxes. If € and D are hyperboxes of chain complexes, and € denotes
compression, then there is a choice of ordering of the axis directions used to
compute the compression so that

CRD=2C®D.

Proof. Claim (1) is essentially the definition of the pairing between hyperboxes. Sim-
ilarly, (2) is clear. For claim (3), we use the inductive perspective on compression from
Section 2.3. Suppose that € is a hyperbox of size (dy,...,d,) and D is a hyperbox
of size (d}, ..., d,,). We use the partial compression operations ¢ described in Sec-
tion 2.3. To show the main claim, it suffices to show that

GERD) =)D and ¢;1,(ERD) =€ Qc;(D) (2.5)

ifl <i <mand1 < j < m. We focus on the equation ¢; (€ ® D) = ¢;(€) ® D
when 1 < i < n. Recall that the differential on € ® D is the tensor product De ®
I + 1 ® Dg. Therefore, if we view € ® D as a hyperbox of size (d;), then only
the components of De ® I will increase the E(d;) index, while the components of
Ie ® Do will preserve the E(d;) index. From this observation, equation (2.5) is
straightforward, and the main claim follows. [

A more sophisticated extension of Lemma 2.10 concerns commuting a tensor
product operation on attaching curves and the pairing operation on hypercubes of
attaching curves. See Propositions 10.1 and 11.8.






Chapter 3

A »o-modules

In this chapter, we recall some background about 4.,-modules. We follow the nota-
tion of [25,27]. See [19,20] for further background and historical context.

3.1 Type-A and type-D modules

In this section and throughout the memoir, we work over characteristic 2.

Definition 3.1. Suppose + is an associative algebra. A left Aoo-module 4M over A
is a left k-module M equipped with a k-module map

Mj+12=A®j QM —> M

for each j > 0, such thatif a,,...,a; € A and x € M, then
n
Zmn_j+1(an,...,aj+1,mj+1(aj,...,a1,x))
Jj=0

n—1
+ Zmn(an,...,ak+1ak,...,al,x) =0.
k=1

An Ayo-module 4 M is strictly unital if m,(1,x) = x for all x € M, and such that
foreach j > 1,m;1(aj,...,a1,x) = 0if a; € kfor some i.

Definition 3.2. If 4 is an associative algebra over k, a right type-D module N* is
right k-module N, equipped with a k-linear structure map

SL'N = N ®x A,
which satisfies
(idy ® p2) o (8! ®idy) 08! = 0.

Note that in the above, we are only considering associative algebras, instead of
dg-algebras or Aqo-algebras. See [25, Definition 2.2.23] for the general definition.

3.2 Bimodules

We also need to consider A,-bimodules. Our exposition and notation follows [25],
though we restrict to the case of associative algebras (as opposed to dg-algebras or
Aoo-algebras).
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Definition 3.3. Suppose that A and B are algebras over j and Kk, respectively. A
type-DA bimodule, denoted 4 M2, consists of a (j, k)-module M, equipped with
(j, k)-linear structure morphisms

8j 1A% @M — M &y B,

for j > 0. These are required to satisfy the following structure relation:

n
Z((ldM ® /L2) o (Sill—]-f-l ® 1d£))(ana oo 7aj+178}+](aj7 e 1a1’x))
j=0

n—1
1
+ ZSn(an,...,akHak,...,al,x) =0.
k=1

3.3 The Lipshitz—Ozsvath-Thurston box tensor product

In this section, we recall the box tensor product of Lipshitz, Ozsvath and Thurston
[27, Section 2.4].

Suppose that # is an associative algebra over k. If N** is a type-D module and
4M is a type-A module, then the box tensor product N* ) 4 M is the chain complex
N ®x M, with differential 9% as follows. Following [27], it is convenient to make the
inductive notation that

§:N - N @ A%/

is the map given inductively by 8/ = (§! ® id 48,-1) 0 8/~! and §° = id. Then the
differential has the formula
o0
Bxoy) =Y (dy @ mj+1)E (x).y).
j=0

The differential is usually depicted via the following diagram:

j y
51
1
Mxey) =) ¢ 3.1
51
|
M
1
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According to [27, Lemma 2.30], the map 0™ is a differential whenever one of M or
N satisfies a boundedness assumption; see [25, Definitions 2.2.18 and 2.2.29].
There are also tensor products between various types of bimodules. The follow-

ing diagram indicates schematically the box tensor products of the form AD X AD,
ADKXK Aand D X AD:

X

81

4

8AD|XA — 8D|ZAD —
1
51

, A\ N\
Si l N« 8!
N\ + AN

3.4 Morphisms of modules and bimodules

We now recall the definitions of morphisms of type-D, type-A and type-DA modules
and bimodules from [25]. We assume that all algebras are associative algebras with
vanishing differential. We refer the reader to [25] for the case of dg or Ao-algebras.

Suppose s is an algebra over k and N* and M* are two type-D modules. A
morphism f1: N* — M* is a k-linear map

fLUN > M @ .
There is a morphism differential, given by
Ior(f 1) = (idyr ® p2) o (f' ®ida) 08" + (idy ® p2) o (8! ®ida)o f'. (3.2)

The map dpor Squares to zero. A type-D homomorphism (or cycle) is a morphism
which satisfies dyor( f 1) = 0.

A morphism f, between two type-A modules 4M and 4N is a collection of
k-linear maps
f}'.}.]lo‘\)@J Rk M — N.
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There is a morphism differential dyio( f%) given by

n
Onor(fe)nt1(@n. .. a1.X) = Y my_j11(@n. ... ajs1. fj41(aj.....a1.x)
Jj=0

n
+ an—jﬂ(an,---,aj+1,mj+1(aj, ...,01,X))
j=0

n—1
+ an(an,...,ai+1al~,...,a1,x).
i=1

Finally, if 4 M ® and 4 N ¥ are DA bimodules, then a morphism £l from 4 M B
to 4N % is a collection of maps

(LAY QM > N® 3B
for j > 0. The morphism differential is given by

aMor(f*l)rH-l(an’ v val’X)

n
= (dy ® pu2)(Sr— 11 ®1d8)(an. ... aj41, [41(a). ... a1,%))
j=0

n
+ Y (dy ® ) (S, j 41 ®idg)(an, .., aj41,8] 41 (@), ..., a1,x)
Jj=0

n—1
+ anl(an,...,ai+1ai, ...,a1,X).
i=1

Of course, the morphism differential dyjo, also squares to zero for morphisms of type-
A and DA morphisms. See [25, Definition 2.2.43].

If fl:aM® - 4,N® and gl: 4N® — 4, 0% are DA bimodule morphisms,
Lipshitz—Ozsvath-Thurston define the composition f,! o gl via the following dia-
gram:

a X
‘o]
geofi = \ A 3.3)
!
TN

[2%)
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In equation (3.3), A denotes the co-multiplication

n
A: A®" - P AP @ AZCTD

i=0
given by
n
Aar]...lan) =Y (ar|--|a;) ® (@i41]---|an).
i=1

In the above, | denotes tensor product.

We now discuss pairing morphisms of modules and bimodules. We focus on the
case of DA bimodule morphisms. The other types of pairings which are relevant to
our memoir are defined by forgetting about the input algebra or output algebra in the
diagrams below. The natural algebraic operation is to pair a bimodule morphism with
the identity (as opposed to pairing two morphisms together). Suppose that 4 N2 and
AM® and g P are DA bimodules, and

flLAN® > M3

is a morphism of DA bimodules. There is a morphism of DA bimodules f,! X I:
NKX P — M X P, defined by the following diagram:

\ .
J/ + \
In the above, the map § denotes the sum over n > 0 of the maps

B AD  RAM > M@B® - ® B

J n

obtained by composing §! repeatedly, but not multiplying the B-outputs. (Note that
by convention §2 = 1.)
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If instead gl: g P€ — gQF is a morphism of type-DA modules, then T X gl is
given by the following diagram:

3.5 External tensor products

In this section, we recall a basic algebraic operation called the external tensor product.
We consider these for type-D and type-DA modules over associative algebras, and we
prove some basic properties.

We begin with the setting of type-D modules. Let 4 and 8 algebras over rings
i and j of characteristic 2, and let N* = (N, §') and M® = (M, d") be type-D
modules. Then the external tensor product, denoted (N ®p M)*®F 8 is the group
M ®p N equipped with the structure map idy ® 14 ® d' + §! ® idyy ® 1g (with
tensor factors reordered).

The external tensor product of two type-DA bimodules is more complicated. In
general, one must choose a cellular diagonal of the associahedron. We follow the
presentation of Lipshitz, Ozsvath and Thurston [27,28]. The main goal of this section
is to give a concrete formula (not involving diagonals of the associahedron) of the
external tensor product of two DA bimodules, which we use throughout the memoir.
This formula appears in the statement of Proposition 3.7.

Our description is in terms of a more basic operation, which we call extension
of scalars (and is also inspired by [25]). Suppose that 4, B and € are algebras over
rings i, j and k, respectively. If 4 N is a bimodule, then we will describe a bimodule
Aee & (N; €)B®C which we say is formed by extension of scalars. We will relate
this operation with an external tensor product with the identity bimodule ¢[I]€ in
Proposition 3.18.

As an (i ® k, j ® k)-module, we declare &(N;€) := N ®r k. If k € k, then we
define

8}+1(aj|cj,...,a1|c1,X|k) = }H(aj,...,al,x) ®k® (cj---c1). (3.4)

Note that §} (x|k) = §1(x) ® k ® lie. (Note we are implicitly reordering the k factor
and the B factor above.)
Given a morphism of DA bimodules f,!: 4 N B 5 4M3B, there is a morphism

E(/): age€(N;0)PCC — 4ge&(M;€)7€C

given by replacing 67, with f;' | in equation (3.4).
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Remark 3.4. If 4,M® is operationally bounded (i.e., 8} = 0 for large j), then the
same is true for & (M, €). A similar statement holds for morphisms.

Lemma 3.5. Suppose that A, B, and € are algebras and suppose that 4 N2 is a DA
bimodule.

(1) 4zeb(N; €)8C satisfies the DA bimodule structure relations.
(2) If .} is a morphism of DA bimodules, then dyor(€(f.1)) = € (Omor(f,)).

Q) If uaM B and g N® are bimodules and g N® is operationally bounded, then
there is a canonical isomorphism of DA bimodules

40eE(AMP R g NP €)PEC = 4ge€ (M) K gge€(N:€)PC.
(4) With respect to the above isomorphism, we also have
E(f, B =E(LHRI and EIRg,) =1HE(,),
for any DA bimodule morphisms f,} and g!.

Proof. The first claim follows from the bimodule relations for N, together with the
fact that multiplication on € is associative.

For the second claim, we note that each term of dyo(€( £,!)), when evaluated on
(bnlcn), ..., (b1]c1),x|1x, is equal to a corresponding term of dyior(f,}). It is easy to
see that all of the terms cancel.

For the third claim, the mapis f;'(x® y) =X ®y ® luge and f;! = 0if j > 1.
It is easy to see that this is an isomorphism of DA bimodules.

The final claim is verified in a similar manner. ]

Remark 3.6. The external tensor product gives a way to tensor a type-D module
X4®38 with a type-A module 4¥. Namely, we take the ordinary box tensor prod-
uct of X*®8 with 488&(Y, B)?. The reader may recognize that this procedure is
identical to Lipshitz, Ozsvath and Thurston’s box tensor product between a type-DD
module and a type-A module [25, Figure 4].

We now consider an additional commutativity property of extension of scalars.

Proposition 3.7. Suppose that 4M® and ¢ N® are DA bimodules over associative
algebras. Then
49e€(M.€)2%C R gge&(N. 8)79P

and
Age€ (N, A)*®P R 40 08(M, D)ESD

are homotopy equivalent as DA bimodules. In fact, both are homotopy equivalent
to the external tensor product of 4M® and e N® along a cellular diagonal of the
associahedron (defined below).
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Remark 3.8. If one of M and N has the property that § ]1 = 0 for j > 2, then the
above proposition may be easily proven directly since the structure maps on the two
tensor products are identical.

As alluded to in its statement, Proposition 3.7 is most naturally proven by con-
sidering a more general tensor product operation on bimodules, called the external
tensor product. The construction requires a choice of a cellular diagonal of Stasheff’s
associahedron [51, 52]. We recall some background about diagonals presently. Our
exposition will follow the work of Lipshitz, Ozsvath and Thurston [28], though we
refer the reader to earlier work of Saneblidze—Umble [48] on diagonals of the associ-
ahedron. See also [33] and [31].

We recall that the (n — 2)-dimensional associahedron, denoted K, has a cell
decomposition which admits a simple combinatorial description, as follows. We con-
sider a chain complex C®'(K,,) over F whose generators are identified with planar
trees T, which have n + 1 valence 1 vertices, which are partitioned into n “input” ver-
tices and one “output” vertex. Furthermore, trees 7' are assumed to have no vertices
of valence 2. The dimension of a generator [T] is given by

deg(T) = ) (val(v) - 3).

ve Vim(T)

where Vi (T) denotes the interior vertices of T. The differential on C&!(K},) is
defined by setting d(7') to be the sum of all trees obtained by splitting an interior
vertex into two interior vertices by adding a single edge.

The external tensor product operation has as input a pair of DA bimodules 4 M %
and ¢ N, and has as output a DA bimodule 4g¢e(M ®r N)B®P . The underlying
vector space of M ®r N is the ordinary tensor product M ®p N. The DA bimodule
structure map § 11 41 depends on an extra piece of data, called a cellular diagonal of
the associahedron T".

Definition 3.9 ([28, Definition 2.13]). A cellular diagonal of the associahedron T'
consists of a collection of degree preserving chain maps

Fn: C:e”(Kn) - C:ell(Kn) ®IF C:e”(Kn),

for n > 2, which are compatible with concatenation of trees (in the sense described
below), and such that I'; is the canonical isomorphism between C(K,) = FF and
Cs(K) ®F Cs'(K2) = F.

The compatibility condition is as follows. Firstly, there is a natural splicing oper-
ation
0i: Ci(Kp) ® Cy(Km) = Ci (Knym),
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where T o; S joins the output of S into the i-th input of 7. We define o; also for
tensors of trees by the formula

(T1 ® T2) 0; (81 ® 82) = (T1 ®; S1) ® (12 ®; S2).

The compatibility condition of Definition 3.9 is that if 7" and S have n and m inputs,
respectively, then
Fpim—1(T 0; §) = T'y(T) o; T (S).

We write ¥,, € CS(K,) for the tree with n inputs and exactly one interior vertex.
The generator W, is called the corolla with n inputs and has homological degree
n — 2. This is the maximal non-trivial grading of C*"(K},).

If 4M® = (M,8!) is a DA bimodule, then to each planar tree T with (n + 1)-
inputs, we may form an evaluation map §1.: A%" @ M — M ® B as follows. We
first compose the maps & ]1 according to the tree 7. This naturally gives a map from
A®" @ M to M ® B®, where k is the number of vertices in the right-most path
of T'. We then apply uf repeatedly to obtain a map from A®" ® M to M ® 8.

This gives a map

ev: C2(Kp4+1) — Homg j) (A% @ M, M ® B).
We equip Homgy j) (A®" ® M, M ® B) with a differential 9 given by
9( j1+1) =80 jl—l-l + j1+1 o ;.

The statement that the structure maps 8. of 4 M B satisfy the DA bimodule relations
is equivalent to the statement that M % X g B is a chain complex, and that ev is a
chain map.

We define 811 on M ®p N via the Leibniz rule, and for n > 0 we define the struc-
ture map §, 11 s (ev®ev)(I4+1(Wn+1)). The fact that the DA bimodule structure
relations hold is immediate.

Since we are focused only on associative algebras, it is helpful to instead focus
our attention on a slightly more coarse definition of a diagonal.

Definition 3.10. For n > 2, we define a chain complex M,rf‘i as the following mod-
ification of C{(K,,). We call M4 the complex of lefi-reduced module trees. The
vector space M,rf‘i is generated by planar trees 7' with n-inputs, such that all vertices
of valence 4 or more occur along the right-most path in 7" from an input to the output.
Additionally, we quotient by the relation that T o; S = T o; S’ whenever i < n and
S and S’ have degree O (i.e., only valence 3 internal vertices) and the same number

of inputs. See Figure 3.1 for examples.

We define the differential d on M,;e,‘}‘ the same as in C"'(K},). It is not hard to see
that 32 = 0.
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Figure 3.1. Equalities of trees in M ,rid*.

For the purposes of defining the diagonal tensor product of two DA bimodules
over associative algebras, we will use the following notion.

Definition 3.11. A left-reduced module diagonal is a collection of grading preserving
chain maps

R U
which are compatible with splicing of trees.
Lemma 3.12. The complex M,;ei has homology F in degree 0, and 0 in other degrees.
Proof. We claim that the homology is generated by a tree

Tgen = W, o1 Ty,

where Ty is a degree O tree with n — 1 inputs (all such trees are equal in M,fi). To
see this, we argue as follows. We define a map

. red red
H: Mn,* - Mn,*—H

as follows. If T is a tree, we say the right-most path of T is the path from the right-
most input of T to its root. We write RP(T") for this path. Given a tree 7', if 7 has
more than one interior vertex along RP(T"), then we contract the top two interior
vertices along this path to define a tree T’. We set H(T) = T'. Otherwise we define
H(T)=0.

We claim that if N > 0, the map (I + [3, H])" is a projection onto the span
of Tyen. Note that this clearly proves the claim. To see this, we argue as follows.
Given a tree, we define the right-path weight to be

wr(T) = Y (val(v) —2).

veRP(T)

We define the subspace F; C M,ﬁei to be the span of trees 7 with wg(T) < j.
It is straightforward to check that if j > 1, then I + [0, H] maps ¥; into F;_;.
Furthermore, 1 + [0, H] is the identity on %7. Therefore, for N large enough,
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(I + [3, H])N gives a homotopy equivalence onto F; (viewing F; as a subcomplex
with vanishing differential). However, #7 is exactly the span of T, so the proof is
complete. |

For our theory, we need to show that if 4M and gN are A-modules over
associative algebras 4 and B, then 4g8(M ®r N) is independent of the choice
of left-reduced module diagonal I". The argument is identical to the work in [28, Sec-
tion 3], though we include it for completeness. Firstly, we introduce the following
notion.

Definition 3.13. A left-reduced module morphism tree consists of a planar input tree
T which has exactly one distinguished vertex along its right-most path, and whose
vertices of valence 4 or more are all along the right-most path. We call the distin-
guished vertex the morphism vertex. This vertex has valence 2 or greater, whereas the
other interior vertices have valence 3 or greater. We quotient this set of trees by the
relation that 7 o; S = T o; S whenever T has n inputs, i < n, and S and S’ have
degree 0 and the same number of inputs.

The degree of a left-reduced module tree 7 is

deg(T) =1+ Y (val(v)—3).
UEVQ(T)
We write X ,rf‘i for the vector space of left-reduced module morphism trees. We
can naturally equip X, ,rf"}k with a differential which sums over all ways of splitting one
interior vertex into two interior vertices while leaving a valid left-reduced module

morphism tree.

Lemma 3.14. The chain complex X ,;e‘i has homology equal to ¥ in degree 0, and 0
in other degrees.

The proof of Lemma 3.14 is very similar to the proof of Lemma 3.12, and we
leave the details to the reader.

Definition 3.15. If T and T are two left-reduced module diagonals, then a left-
reduced module morphism diagonal from I" to I'” consists of a collection of chain
maps

Pt X5 — X350 ® Xp4
such that 'y is an isomorphism, and T, is compatible with splicing in the following
sense. If S € X,rfj‘i and T € M4 then

m,*>

Tougm—1(S 0y T) = T0(S) 0y T (T) and  Trime1 (T 0y S) = Ty (T) 0 T (S).

Finally, if Ty € M,rnefjo is a degree O tree and S € X4, then

n,%°

Totm—1(S 0; To) = Tn(S) 0; (To ® To).
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Using Lemma 3. 14, left-reduced module morphism diagonals may be constructed
by a straightforward inductive argument.

Remark 3.16. If A and B are associative algebras and fi: 4M; — 4 M, and g.:
BN1 — BN, are two Ago-module morphisms and T is a left-reduced module mor-
phism diagonal, then we can define an 4.,-module morphism

(fx ®p g+):a98(M1 ®r N1) — agp(M2 ®r N3).

Applying the above construction to the case that M; = M, = M and Ny = N, = N,
we obtain a chain map /I from (M ®r N)to (M ®rs N) which is a homotopy equiv-
alence because /1 = [y gy is an isomorphism. We may similarly use T to tensor DA
bimodule morphisms together when the underlying algebras are associative algebras.

The motivation for left-reduced module diagonals is that it is straightforward to
describe explicitly a diagonal over them. We now define two left-reduced module
diagonals

LTy, RTy: M — M @ M,

We only focus on LT, since RI, is obtained by switching the coordinates of the
codomain.

To describe L1, we define the right-join of two input trees 77 and 7>, denoted
RiJ(T1, T»), to be the tree obtained by stacking the output of 73 into the right-most
input vertex of T7. (This is the mirror of Lipshitz, Ozsvath and Thurston’s left-join,
as adapted to our handedness conventions on modules.) If 771, ..., T, is a collection
of trees, we write

RiJ(Ty.....T,) = RiN(Ty. ....Ri(Tu_1. T})).

If Ty, ..., T, are n trees, the root-join of Ty, ..., Ty, denoted RoJ(T}, ..., Ty),
is obtained by adjoining the outputs of 77, ..., T, into a single corolla W,. See [28,
Definition 2.28].

Forn > 1, we write S, € H®"(K,) for the generator (thought of as a tree with n
inputs and only valence 3 interior vertices).

The tree pairs appearing as summands of LT, (W, ) consist of the sum of all pairs
T ® S where

T = RiJ(qJnk+1, ey \pnl'f'l)

for some numbers n1, ...,n; > 0 (where k > 0) satisfying
ny+--+ng+1=n,

and
S =RoJ(Sn;s .- Snps ).

This root join is taken in such a way that | corresponds to the module input of the
tree. See Figure 3.2 for an example.
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Figure 3.2. An example of a tree contributing to LI'g(Wg).

Lemma 3.17. The maps Ry, and LT, defined above, are left-reduced module diag-
onals.

The proof is straightforward and left to the reader.

Proof of Proposition 3.7. We observe that, immediately from the definitions, we have
isomorphisms

A0eE (M, E)BPC R 30cE(N, B)B®D = 400 (N ®rr M)B®P,
A4ge€ (N, A)*®P R 4 008(M, D)B®P =~ 4ge(N @rr M)BEP,

where RI" and LT denote the left-reduced module diagonals from Lemma 3.17. This
implies the main claim, because any two choices of module diagonals give homotopy
equivalent bimodules by the argument described in Remark 3.16. |

We now prove a result which relates our extension of scalars operation with the
external tensor product.

Proposition 3.18. Let A, B and € be associative algebras. If 4N is a DA bimod-
ule, then 4ge8& (N, €)E®C s isomorphic to the external tensor product of 4N and
e[lIS, for any choice of cellular diagonal of the associahedron (or more generally,
module diagonal or left-reduced module diagonal).

The key to the above result is the following lemma.

Lemma 3.19. Suppose that T is a cellular diagonal of the associahedron (or a
module diagonal, or a left-reduced module diagonal). For each n, write Ty (V) =
U, ® X + Y, where X has degree 0 and Y € C{*(K,) ® C&(Ky). Write X =
Ty + -+ T, where each T; is a tree of degree 0. Then j =1 (mod 2).

Proof. The argument is the same, regardless of what kind of diagonal T is, so we
assume that I" is an ordinary cellular diagonal of the associahedron. There is a quasi-
isomorphism IT: C&(K,,) — FF, which is 0 on C&'(K},). The map IT sends a tree
in grading O to 1 € IF, and is O on all other trees. It is straightforward to check that
IT is a chain map. By tensoring, we obtain a quasi-isomorphism I ® IT: C&(K,) ®
CE(Ky) — CEN(Ky).
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The claim in the statement is equivalent to the claim that (I ® IT)(I', (¥,)) = V,.
This claim is equivalent to the claim that (I ® IT)(I",(¥,)) is non-zero, since ¥, is
the only tree in its grading. We argue by induction. The case that n = 2 is clear.

By induction and the fact that I" respects splicing, we observe that

(I'® M)(In(0Wy)) = 0V,.
On the other hand,
(H & H)(Fn (8‘Ijn)) = a((H ® H)(Fn(“pn)))

For this to be 0W,,, we must have that (I ® IT)(I",(¥,)) is non-zero, so the proof is
complete. ]

Proof of Proposition 3.18. The proof is the same, regardless of what kind of diagonal
I' is, so we assume that I" is an ordinary cellular diagonal of the associahedron. The
map 8; 41 on the external tensor product is determined by the structure map on N as
well as the chain ', 41 (Wy41). If T; ® S; is any summand of Iy (¥,+1), where
T; and S; are trees with n 4 1 inputs of degree i and j, respectively, then the corre-
sponding summand of §} 41 0on&(N,€) will vanish unless j = 0and i = n — 1 since
€ is an associative algebra. In particular, the only contributions to 8,11 41 Will be from
tree pairs of the form ¥, 41 ® Ty, where T is a degree O tree. By Lemma 3.19 there
are an odd number of such summands of I';,+1(¥,41). It follows that the external
tensor product is exactly the extension of scalars construction we gave earlier. ]

3.6 Hypercubes as type-D modules

In this section, we present a helpful perspective of hypercubes and hyperboxes in
terms of type-D modules over certain algebras which we call the cube and box alge-
bras. Many natural hyperbox operations, such as compression, have natural interpre-
tations as A.o-module operations with respect to these algebras.

We will not use the cube and box algebras explicitly in this memoir, but they are
related to our reinterpretation of the Manolescu and Ozsvéth’s link surgery formula
in terms of type-D modules over the algebra £.

We begin with the 1-dimensional cube algebra €;. The algebra €; is an algebra
over the idempotent ring Iy @ I;, where I, = F. If ¢ € {0, 1}, we write i, for the
generator of I,. We set I, - € - I, = I, and we set

I - € - 1o = (00,1).

ie.,wesetl; - € -Ip =@ F, generated by an element 6 ;.
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Next, we introduce the n-dimensional cube algebra €,. The definition is
n
€, =€ ®F - QF €1 = ®‘C’1.
F

Note that this is an algebra over the idempotent ring E, = Qg L If ¢ € {0, 1}, we
will write E; for I;; ® --- ® I;,,. We will write i, for the generator of E; = F.
The importance of the cube algebra is the following.

Lemma 3.20. The category of n-dimensional hypercubes of chain complexes is equiv-
alent to the category of type-D modules over €.

Proof. We describe how to obtain a type-D module over €, from a hypercube of
chain complexes. Suppose that X = (X¢, D¢ ¢ )seE, is a hypercube of chain com-
plexes. We define a type-D module X" as follows. The underlying group of X is
the total space of X, i.e., X = (P,cg, Xe- This is naturally a module over the idem-
potent ring E,,.

We define §1: X — X ®g, €, as follows. If ¢ < ¢, there is an algebra element
0,.» which is the tensor product of 6y ; over all i such that &; < 8;. If ¢ = ¢, we set
0c,c = i. With this notation, we set

51(X) = Z Da,s’ (x) ® 98,5’~

e<e/

The type-D structure relations for (X, §!) are straightforward to verify.

If X = (Xe, Dey) and Y = (¥4, Dg/’ .s) are two n-dimensional hypercubes of
chain complexes, it is straightforward to extend the above construction to give an
isomorphism between morphism sets

F:Morg, (X,Y) — MorC (X% yCn),

where Morg,, denotes the group of hypercube morphisms and Mor%” denotes the
group of type-D morphisms. Clearly, F is an isomorphism and F(f o g) = F(f) o
F(g). Hence, we have constructed a functor from the category of n-dimensional
hypercubes to the category of type-D modules over €,. An inverse functor is straight-
forward to describe. u

The above construction extends naturally to the setting of hyperboxes, as we now
describe. We begin with the 1-dimensional box algebra B4 of size d > 0. This is an
algebra over the idempotent ring

Igy =lhhehL& &l

where each I; =~ . We set
I - By -1, =F.
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We set
<9i,i+1) ifj =i+1,

LB L =
7D {{O} otherwise.

Multiplication is given by setting 8; ;41 - 0; ;41 = Oforalli and j.
Ifd = (di,...,d,) is atuple of positive integers, we define the hyperbox algebra
of size d, denoted B4 to be the tensor product

By := B,) OF -+ F B(a,)-

We have the following straightforward extension of Lemma 3.20.

Lemma 3.21. The category of hyperboxes of size d is equivalent to the category of
type-D modules over the algebra Bg.

Manolescu and Ozsvéth’s compression operation also has a conceptually simple
description in terms of the cube and box algebras. With the present perspective, com-
pression takes the form of a DA bimodule

80 [C@)]°".

defined as follows.

If d = 1, we define €(4) to be the identity bimodule. Henceforth, assume d > 1.
As a group, €4y is a copy of I = Iy @ I;. The right action of I is the obvious one.
The left action of the box idempotent ring I(4) is given by having I gy and I4) act by
Ip and I, respectively, and having I; act trivially for j = 1,...,d — 1.

The bimodule [€4)] has 8} = 0 for all j except 8} and 8(1”1. We set 8} to be the
unique map satisfying 81 (iz, iy) = (i¢ - iv) ® 1, where ¢ € {0,...,d} and v € {0, 1},
and such that 81 (6; ;+1,i,) = O for all i. We define

5;+1(0d—1,d7 cee 60,1’1.0) = il &® 0.

Example 3.22. Consider a hyperbox of dimension 1,

Y — (Co f1.0 Cl f2.1 fa—-1.a

Cd).

The associated type-D module over B(4) takes the following form:

Jf0.1®00.1 c f1.2801 2 fa-1.a®0a—-1.q
o

XBa@) = (C .

Ca).

The underlying group of the box tensor product X3« X Bw) [(i(d)]€1 is Co & Cy.
One easily computes that the differential on this box tensor product is

Cd).

(fa—1.a°"°f0,1)®0

X5 ® $(d)[6(d)]€1 = (CO
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The right-hand side is the compression of X, viewed as a type-D module over €,
because it coincides with the function composition description of compression that is
discussed in Section 2.3.

More generally, if d = (d4, ..., dy) is an n-tuple of positive integers, we can
define a bimodule g, [Cq]®" as the external tensor product of the DA bimodules
B, [(S(di)]fl ranging over i = 1,...,n. Note that defining the external tensor prod-

uct requires a choice of ordering of the axis directions, cf. Section 3.5.

Lemma 3.23. If X is a hyperbox of size d = (dy, ..., dy,), and XB4 is the corre-
sponding type-D module, then the compression of X coincides with the hypercube
corresponding to XB4 X Ba [Cq]Cm.

Proof. The bimodule g, [€4]®" requires a choice of module diagonal to construct.
Alternatively, by the proof of Proposition 3.7, we can construct g,[C4]®" using the
extension of scalars construction. Write d; = (1,...,1,d;,...,d,). We apply the
extension of scalars construction to g 4 [G(di)]el to obtain a bimodule

By, [Gdi,i]ﬂdi"‘l )
Using Proposition 3.7, we see that
8a[Cal™ = 8,(Ca,.1]%2 K- R g, [Ca,,.a]". (3.5)

Tensoring with By, [@:di,i]"{gdi+l has the same effect as applying the partial compres-
sion operation ¢; from Section 2.3, so the main claim follows from equation (3.5). =






Chapter 4

Homological perturbation theory

In this chapter, we describe several versions of the homological perturbation lemma.
In this chapter and throughout the rest of the memoir, we assume that every ring and
module has characteristic 2.

4.1 As-modules

Kadeishvili proved that A..-algebra structures could be transferred along homotopy
equivalences of the underlying chain complex, when coefficients were in a field [17].
A formula for the perturbed A..-module structure in terms of trees may be found in
work of Kontsevich and Soibelman [21, Section 6.4]. See [19, Section 3.3] or [50,
Remark 1.15] for more historical context and development of ideas. The following is
a statement of the homological perturbation lemma for A.,-modules.

Lemma 4.1. Suppose that A is an associative algebra over a ring K, 4 M is an Aoo-
module, (Z, mlz ) is a chain complex over K, and that we have three maps of left

k-modules
i:Z—->M, nM—Z, and h:M — M

satisfying the following:

(1) i and 7 are chain maps.

2) moi =1idz.

3) i o = idpr + Imor(h).
4) hoi =0

5) moh =0.

6) hoh=0.

In the above, Oyo:(h) denotes the morphism differential for chain complexes, i.e.,
OMmor(h) =ho milw + mjl” o h. Then there is an Ao-module structure on Z, extending
mIZ , such that the maps 7, i and h extend to Aoo-module morphisms which satisfy all

of the above relations as Aso-module maps.

One extremely useful aspect of the homological perturbation lemma is that all
of the maps have a concrete description. The structure maps on Z are given by the
diagrams shown in Figure 4.1. Therein, m~ denotes the Ay, structure maps of M,
with m excluded.
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Figure 4.1. The maps appearing in the homological perturbation lemma for A~,-modules.
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4.2 DA bimodules

There is a homological perturbation lemma for DA bimodules, which we will use
extensively. The statement and proof are similar to the statement for A-modules. If
(WM=B.8 jl) is a DA bimodule, we will write M ® for the associated type-D module
which has the same generators as 4 M ®, and whose structure map is given by the
map §! from 4 M 5.

Lemma 4.2. Suppose that A and B are associative algebras, and that 4M® is a
type-DA bimodule, Z*® is a type-D module over B, and that we have three morphisms
of type-D modules

iz > M3, M2 2z8 and hME > M2
satisfying the following:

(1) i' and 7" are homomorphisms of type-D modules (i.e., dnor(i') and yior (1)
vanish).

() nloil =idz.

3) it ox! =idpy + Omor(RY).

@) hloil = 0.
5) nloh! = 0.
6) hloh! = 0.

In the above, dyor(h') denotes the morphism differential for type-D modules over
B, see equation (3.2). Then there is an induced DA bimodule structure on 47 8
extending Z8, such that the maps 7', i' and h' extend to DA bimodule morphisms
which satisfy all of the above relations as DA bimodule morphisms.

We refer the reader to [42, Lemma 2.12] for a proof. Note that the maps are similar
to those appearing in Figure 4.1. The structure map 8} 41 1s indicated in Figure 4.2.
The other maps i}, 7} and h; are constructed by a similar modification of the other
maps in Figure 4.1. Here, 8;1 denotes & 11 for some j > 1. The final IT map means to
multiply all of the inputs using several applications of ;.

4.3 Hypercubes

In this section, we review a version of the homological perturbation lemma for hyper-
cubes. See [14, Section 2.7] for more details. Lemma 4.3 is similar to other for-
mulations of the homological perturbation lemma in the context of filtered chain
complexes. See, e.g., [16]. A similar, though slightly less explicit, construction for
transferring hypercube structures along homotopy equivalences is described by Liu
[30, Section 5.6].
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8j41(a.%) =

Figure 4.2. The structure relation 8}. 41 from the homological perturbation lemma for DA

bimodules.

Lemma 4.3. Suppose that € = (C,, D¢ ¢')ecE,, is a hypercube of chain complexes,
and (Z¢)eek,, is a collection of chain complexes, indexed by ¢ € E,. Furthermore,

suppose that for each ¢ € E,, we have chosen maps

7e:Co —> Zg, ig:Zg— Cey, he:Co — Cg,

satisfying

e oig =id, igome =id + Omor(he), heohe =0,

mgohy, =0, and hgoi, =0,

and such that w and i, are chain maps. With the above data chosen, there are canon-
ical hypercube structure maps 8z ¢ Ze — Zg so that Z = (Zg, 8¢,¢7) is a hypercube
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of chain complexes, and also there are morphisms of hypercubes
-z, I1:Z—-¢€ and H:€ — €
such that I and I1 are chain maps, and satisfy
Hol=id, Ioll=id+ 0me(H), HoH =0, TIoH =0, and Hol =0.

It is important to understand that the structure maps 8, - and the morphisms I1
and / are determined completely by an explicit formula. We now describe J; .. Sup-
pose that ¢ < & are points in E,,. The hypercube structure maps d; ¢ are given by the
following sum:

55,6’ = E T © Daj_l,sj S hsj_1 © Daj_z,aj_] ©---0 haz © D81,82 Olg.

g=g| <-<g;=¢

The component of the map I sending coordinate ¢ to coordinate &’ is given via the
formula

Ieo = E h8j ODaj_],aj O"'ohez ODsl,az Olg.

e=g|<-<gj=¢
Similarly, IT is given by the formula

Heer = E : Ter 0 De;_ye; © hsj—l 0D¢; 56540 0Depe; 0 he, .

g=g| <-<g;=¢

4.4 Hypercubes of DA bimodules

There is a version of the homological perturbation lemma which naturally generalizes
both the homological perturbation lemmas for DA bimodules and hypercubes of chain
complexes.

Definition 4.4. A hypercube of DA bimodules consists of a DA bimodule (C, §1),
such that C decomposes as C = P, Ce, Where each Cy is itself a (j, k)-module.
Furthermore, the structure map 8} 41 decomposes as a sum of maps

5}"‘1,8,{;‘/: A@j ® Ca - Cs’ ® 0(89

where j > 0,and e < &',

The above definition is a special case of Lipshitz, Ozsvéth and Thurston’s notion
of a filtered DA bimodule [24, Section 2.2].
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Lemma 4.5. Suppose that 4 and B are dg-algebras. Suppose also that 4#€% =
(4C3B, Di’a’s/)ge]E” is a hypercube of DA bimodules, and suppose that for each
¢ € E, we have chosen type-D modules (Zf})gelgn, as well as morphisms of type-
D modules

1:CE"(B—>Z‘;‘(3, il Zf—>C8£, and h;:C8'8—>Cg{’3

T, P

satisfying

nloil =idz,, i}on}!+ide, = dmor(h)), hlohl =0,

& &
11 _ 1opl —
hgoi, =0, and m;oh, =0,

and such that ! and i} are homomorphisms of type-D modules (i.e., cycles). Such
data determines structure maps 8}+1 el A®T Q@ Z, — Zo @ B, which make 4,23

= (42 ‘53, ) c.e’) @ hypercube of DA bimodules. Furthermore, there are morphisms

of hypercubes of DA bimodules
M4 C% > 428, 1142 - 4€%. and H,: €% — 48,
which satisfy analogous relations to i}, &} and h}.

We now describe the maps 81, I}, 7! and H}. We focus on the structure map
8} e This map is defined by modifying Figure 4.2 as follows. In place of each
8;1 labeled therein, we are allowed one of two maps:

1
(1) A hypercube map Dj+1’g’€,

only that j > O (so that we allow the case that there are no algebra inputs
here).
1

(2) An internal structure map D:, ., of some ACEB (so in this case we do not
allow instances of the internal differential Dl1 ee)-

for €, such that ¢ < &'. Furthermore, we assume

The maps I11, I} and H]} are defined by small modifications, similar to Fig-
ure 4.1. We leave the proof of the above lemma to the reader, as it is a straightforward
variation of Lemma 4.2.



Chapter 5

Linear topological spaces

In this chapter, we recall basic background on algebraic completions. See [1, Sec-
tion 10] and [22, Chapter 2] for related background. This material is used to define
our module categories in Chapter 7.

Definition 5.1. A linear topological vector space consists of a vector space X
equipped with a topology which admits a basis of open sets centered at 0 consist-
ing of vector subspaces, such that furthermore the addition map X x X — X is
continuous.

If R is aring, an R-module with linear topology is defined similarly, except that
there is a basis of 0 consisting of R-submodules.

Vector spaces with linear topologies are usually specified by picking a decreasing
filtration consisting of subspaces X; € X indexed by i € I, where [ is some directed
and partially ordered set. Such a filtration determines a topology, where we declare a
basis to be the sets of the form x + X;, wherei € [ and x € X.

Given a filtration (X;);e; on a vector space X, the completion is defined as the
inverse limit

X =1limX/X;.
<
iel

Rather than working with inverse limits, it is sometimes easier to work with
Cauchy sequences and nets. Since some of the spaces we are working with are not first
countable, we work with Cauchy nets instead of the perhaps more familiar Cauchy
sequences.

We recall that a net in a topological space X is a map x: [ — X, where [ is a
directed set. We usually write x = (x;);es for a net. When X is a linear topological
vector space, we say that a net (x;);es is Cauchy if for each open subspace £ C X,
there is an ip € I such thatif i, j > ip, thenx; —x; € E.

If (x;)ies and (y;);es are two nets in X, their sum is the net (x; + y;),j)er=J-
Two Cauchy nets are equivalent if their difference converges to 0 € X as a net. We
note that the collection of nets in X forms a proper class, though the set of Cauchy
equivalence classes is a set. The following is well known and is elementary to prove.

Lemma 5.2. If X is a linear topological space, then the completion X is canonically
isomorphic to the vector space of equivalence classes of Cauchy nets in X.
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5.1 Linear maps

If X and ¥ are linear topological vector spaces, then a continuous map f: X —
Y naturally induces a map on completions. We recall the following basic principle,
whose proof is elementary.

Lemma 5.3. Suppose that X and Y are linear topological spaces. A linear map
f:X — ¥ is continuous if and only if it is continuous at 0.

Definition 5.4. We define the category of linear topological vector spaces over I,
denoted LTS, as follows. The objects are linear topological vector spaces over [F.
We define the set of morphisms from X to ¥ in this category to be the set of contin-
uous linear maps from X to ¥ (i.e., continuous linear maps between the completed
spaces).

Remark 5.5. By definition, X and X are isomorphic in the category LTSy for any
linear topological [F-vector space X.

5.2 Direct products

We now describe some helpful perspectives on the direct sum and product in the
context of linear topological spaces. These are important for our work because of the
role that direct products play in the surgery formula from [32].

Definition 5.6. If (X;);ey is a family of linear topological spaces, the direct product
of topological vector spaces X = [[;<; Xi coincides with the direct product in the
category of topological spaces. More explicitly, a subspace E C [[;c; X; is open if
and only if there is some finite set S C [ and a set of open subspaces Uy C X ranging

over s € S, such that
(L)1)

iel\S seS
We declare the product topology on €, ; X; to be the subspace topology induced by
the inclusion @, ; Xi C [[;¢; Xi-

Note that if X = @,c; X; is equipped with the product topology, then X =

[1ies Xi-
iel “M

In our work, we consider frequently the case where each X; is equipped with the
discrete topology. In this case, if S C I is a finite set, we write

xco(S) = @ X;

i¢S

for the fundamental basis of opens.
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Example 5.7. In this example, we illustrate the case that / = Z and X; = F. We
consider X = @,; X;. Write x; for the generator of X;; the basis of open sub-
spaces as Xco({—n,....n}) = Span(x; : [i| > n). We can identify X/ Xco(-n,...,
Span(x_y,...,X,). The inverse limit of X'/ Xco({—n,...,n}) consists of all tuples (a;);ez
where a; € X;. This is the direct product [ ;5 Xi.

The following example illustrates the meaning of a continuous map between
direct products equipped with the product topologies.

Example 5.8. Suppose that F:[[;c; Xi — [[;c, ¥; is alinear map and each X; and
Y; is equipped with the discrete topology. Write Fj; for I1; o F o I;, where II; and
I; are projections and inclusions. Then F is continuous with respect to the product
topologies if and only if for each j, there are only finitely many i such that F;; # 0,
and furthermore F =}, ; Fj;.

5.3 Linear compactness

We now recall the notion of linear compactness. This definition is important for the
module categories in Chapter 7 since some of the operations we define (such as var-
ious versions of the external tensor product) require the underlying spaces of our
modules to be linearly compact. All of the link surgery modules we construct are
linearly compact.

Many basic statements about compact sets from point-set topology have analogs
for linearly compact vector spaces, though linear compactness and point-set compact-
ness are not equivalent in general. There are several equivalent definitions of linear
compactness, though the following is the most useful for our purposes.

Definition 5.9. A linear topological space X is linearly compact if each open sub-
space U € X has finite codimension, i.e., dim(X /U) < oco.

Remark 5.10. (1) The notion of linear compactness may be found in the classical
work of Lefschetz [22, Chapter 2]. Note that Lefschetz formulates linear compactness
in terms of the finite intersection property for closed affine subspaces, though this
turns out to be equivalent. Since we will not revisit the work of Lefschetz, we will not
describe the equivalence.

(2) The direct product of linearly compact spaces is linearly compact. In particu-
lar, [ [ I is linearly compact.
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5.4 Tensor products

Given linear topological vector spaces X and ¥, there are many different ways to
topologize the tensor product X ® ¥. This phenomenon goes back to work of
Grothendieck [8] in the setting of functional analysis and Banach spaces. Despite
fundamental differences between the Banach spaces and linear topological vector
spaces, similar phenomena occur in both settings.

In this memoir, we focus on three natural topologies on tensor products:

(1) The standard topology X ®' Y.
(2) The *-topology X ®* Y.
(3) The chiral-topology X & Y.

The following inclusions are continuous:
X@YCSXQYS X Y.

The topologies ®* and ® are due to Beilinson [2]. Additional exposition and analysis
of these constructions is given by Positelski [46, Sections 12 and 13], wherein many
basic properties, subtleties and counterexamples to natural conjectures are described.
These topologies are defined as follows.

Definition 5.11. Suppose that X and ¥ are linear topological spaces.

(1) A subspace E € X ®' ¥ is open if and only if the following holds: There are
open subspaces U € X and V C Ysuchthat U @ Yy C EFand X ® V C E.

(2) A subspace E C X ®* Y is open if and only if the following holds: There
are open subspaces U € X and V C ¥ suchthat U ® V' C E; and for each
x € X and y € ¥, there are open subspaces U, € X and Vx C ¥ such that
xX@VxCEandU, ® y CE.

(3) A subspace E € X ® ¥ is open if and only if the following holds: There is
an open subspace U C X sothat U ® ¥ C E; and for each x € X, there is
anopen V, € Y suchthat x ® Vi C E.

The topologies ®* and ®' are symmetric between X and ¥, though ® is asym-
metric. The motivation for & is that it is a natural topology for an algebra whose
topology is given by one-sided ideals. This perspective is of particular importance
because our algebra X is naturally topologized using a family of right ideals. See
Lemma 7.7.

Remark 5.12. If X and ¥ are equipped with filtrations (X;);en and (Y;);en, such
that Xo = X and Yy = ¥, then the topology on X ®' ¥ is equivalent to the one

induced by the filtration (X ® ¥), = }_;, ;_, Xi ® Y;. This is because

X0 ®YSX®Y2n S Y Xi®YV;,CX,@YDX®Y,.
i+j=2n
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This is not in general true if we work with filtrations over Z instead of N, or if we
relax the assumption that Xo = X and Yy = Y.

5.5 Associativity and commutativity relations

In this section, we recall some basic properties about the tensor products ®', ®
and ®*. We begin with associativity.

Lemma 5.13. If o is one of {*, !, =}, then the canonical map
XR° (YR Z)=(XR°Y)R°Z

is a homeomorphism.

The reader may consult [46, Proposition 13.4] for details. In contrast, the different
tensor product operations are not mutually associative. Nonetheless, there are some
relations between different parenthesizations of the tensor products. One important
and well-known example is the following (we give a proof for the benefit of the
reader).

Lemma 5.14. Suppose that X1, X2, Y1, and Y, are linear topological vector spaces.
The natural map

(X1 Q' Y1) ® (X2 Q' Yy) — (X, ® X2) Q' (Y, ® Y,)
is continuous.

Proof. A subspace E C (X1 @ X2) ®' (¥ ® ¥») is open if
(s) There are open U; € X7 and V7 C ¥4, and for each x; € X; and y; € ¥Y; there
areopen Uy ' € Xpand V31 C Y, sothat X1 @ X2 ® V1 @ Yo, X1 ® X2 ®
V@V U1 @ X, ® Y1 ® Yy, and x; ® U, ® ¥ ® Y, are contained
in E.
A subspace E C (X ®' ¥;) ® (X, ®' Ys,) is open if
(t-1) There are open U; € X; and V; ® Y; so that U; ® ¥; ® X2 ® Y,, and
X1® V1 ® X5 ® Y, are contained in E.
(t-2) Foreach x; € X and y; € ¥y, there is an open U, "' C X, so that x; ®
1 ® szl’yl QR Y, CE.
(t-3) For each x1 € X1, y1 € Y1, x2 € X, there is an open V,"'1"*2 C ¥, so
that x; ® y1 ® x2 ® V; 1"2 C E.

Any subspace E satisfying (s) satisfies (z-1), (-2) and (z-3), so the stated map is
continuous. ]



Linear topological spaces 52

Applying Lemma 5.14 repeatedly gives the following corollary.
Corollary 5.15. Suppose that X1, ..., X, and Y, ..., ¥, are linear topological
vector spaces.

(1) The map
(xl ®! yl) éé(xn ®! yn)_> (xl éé xn) ®! (yl éé yn)

IS continuous.

(2) The map
(X0 @ X))@ - ®'Yy) > (X1 @Y)® - & (X, & Yp)

is continuous.
The following is well known.

Lemma 5.16. Suppose that X and ¥Y are filtered spaces. If either
(1) X is linearly compact, or
(2) Y is discrete,

then X ® ¥ = X @' ¥.

Proof. Consider the case that X is linearly compact and suppose that E € X ® ¥
is an open subspace. By assumption, there is some open subspace U € X so that
U®Y C E. Since X is linearly compact, we may pick x1,...,x, € X span-
ning a complementary vector space to U. By assumption, there are open subspaces
Vi,...,Vy, C Ysothat x; ® V; C E. Therefore

so the map X ®' ¥ — X ® ¥ is continuous. The map in the opposite direction is
obviously continuous, so they are isomorphic.
The claim when ¥ is discrete is similar. ]

Remark 5.17. If both X and ¥ are linearly compact, or both are discrete, then all
three tensor products X R'Y, X ® Yand X ®* Y coincide. Similarly, if X is lin-
early compact and discrete (i.e., finite-dimensional), then all three tensor products
coincide.

Remark 5.18. Evenif X and ¥ are first countable, it may not be the case that X RY
is first countable. For example, if X = @, F is given the discrete topology and
Y = F[U] (equipped with the U-adic topology) then it is not hard to see that X, @ ¥
is not first countable. See [46, Example 13.1 and Lemma 7.4].



The tree topology 53

Morphisms may also be tensored. We state the following well-known result.

Lemma 5.19. All three tensor product operations ®', ®* and Q are Sfunctorial with
respect to morphisms, i.e., if f and g are continuous morphisms, then f ®° g is also
continuous for o € {!, *, —}.

See [46, Lemma 12.3] for a detailed exposition.

5.6 The tree topology

In this section, we introduce a topology on a tensor product of linear topological
spaces indexed by vertices of certain directed trees. We use this notion when consid-
ering split Alexander modules in Section 7.4.

We say that a tree I is strongly directed if each edge is given an orientation, and
each vertex has at most one outgoing edge. We write v > v’ if there is an oriented
sequence of edges from v to v’. A strongly directed tree has a unique minimal vertex,
which we refer to as the root.

If (X3 )vev () is a collection of linear topological spaces, we will describe a linear
topology on the tensor product

Xr = ® Xy.

veV(T)

The construction works more generally when the spaces X, are equipped with com-
muting actions of rings R, for each edge e adjacent to v. (For our purposes, R, will
be an idempotent ring of a link algebra.)

We describe the topology after introducing some notation. We consider a set of
symbols {p, @, X }. We call a function

s: V() = {p.0,X}

an admissible labeling if it satisfies the following:
(s-1) s is not constantly p.
(s-2) If s(v) = X, then s(v') = X forall v’ < v.
(s-3) If s(v) = p, then s(v’) = p for all v/ > v.
(s-4) If s(v) = O, then s(v') = p forall v/ > v, and s(v') = X forall v/ < v.
(s-5) If s(v) = X, then there is a vertex v’ with an edge pointing to v such that
s(v') € {0, X}.
See Figure 5.1 for an example of an admissible labeling. Note that the last axiom
prohibits any maximal leaf from being labeled by X. Furthermore, an admissible
labeling must label at least one vertex with ©.
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\ / 1 p
X O /
p
\\\( ¥
X
X
Figure 5.1. An admissible labeling of a strongly directed tree.

Suppose that s is an admissible labeling of I'. We define a point-enhancement p
of s to be a choice of an element p(v) € X, for each v € s~!(p). We say an open-
enhancement U of s is a choice of open subspaces U(v) € X, for each v € s71(0O).
Given point- and open-enhancements, p and U, of s, there is a subspace W (U, p) <
X, obtained by tensoring the spans of p(v) from p, with the open subspaces U(v),
as well as X, ranging over v € s~ (X).

We now define the tree topology on X, when I is a strongly directed tree.

Definition 5.20. Suppose that T is a strongly directed tree. We say a subspace £ C
Xr is open if and only if for each admissible labeling s of I" and each point-enhance-
ment p of s, there is an open-enhancement U, of s so that

Example 5.21. If I is a linearly ordered graph with vertices v, > v,—1 > -+ > vy,
and X, are spaces, then

XF=xvn @"'éxvl-

Remark 5.22. We warn the reader that there are some related (but subtly non-iso-
morphic) topologies that one can define on these tensor products. As an example,
consider a graph I" with a central root vertex vy, and two rays pointing into vy, labeled
by vertices wy, ..., w, and uq, ..., U,,. We designate vq is minimal, and w, and u,,
are maximal. See the following:

Wy ce wq
Vo.
Um N Uy _
Note that the topology

Y= (X, & ® Xw,) R (X, R ® Xupm)) & KXo
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is similar to the tree topology Xr, but is not isomorphic in general. The open sub-
spaces of ¥ may also be described in terms of admissible labelings of I', however, the
description has some subtle differences. For example, given an admissible labeling s
with point-enhancements p, the open subspaces in an open-enhancement U, for X1
may vary as we change p. For ¥, the open set at a vertex labeled @ can only depend
on the values of p for vertices above that vertex. On the other hand, the map

XF—>y

is continuous. Compare Proposition 5.24 and Remark 5.26, below.

Remark 5.23. Suppose that I' is a star with a minimal root vy, and n vertices wy, . . .,
wy,, each connected to vy (and no additional vertices):

N
Vo.
If Xy, Xw,s. ... Xu, are spaces indexed by the vertices, then

Xr = (xu)l ®* ®* xw,,) é xvo-

Proposition 5.24. Suppose that T is a strongly directed tree and T'y C T is a con-
nected subtree. Let (Xy)yev(r) be a collection of spaces, indexed by vertices of T’
and let Y be another linear topological space. Suppose that

f:xr0—>‘y

is a continuous map. Let T' = T'/ Ty be the strongly directed tree obtained by con-
tracting all vertices of Ty to a single vertex, denoted [Ty]. For v € V(I'), write Y,
Jor Xy if v e V(I') \ V(Iy), and ¥ if v = [[g]. Then the map

f ®id: Xr — Y
is continuous.
See Figure 5.2 for a schematic.

Proof. Welet V' C ¥Yr/ be open. Let s be an admissible labeling of T" and p a point-
enhancement of s. Our goal is to construct an open-enhancement U, of s so that

(f ®id)(W(Up.p) SV

Our construction of U, varies depending on s.
We partition the admissible labelings s of I" as follows:

(1) (p'type) S|F() = p
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, °
et

@o-—<—0

& [To]

—t

Figure 5.2. The operation considered in Proposition 5.24. On the left is T" and on the right T,
The regions enclosed by dashes indicate I'g and [T'g].

(2) (O-type) s|r, is not constantly p, and all edges pointing into I'g take value p.

(3) (X-type) There is at least one edge pointing into Iy which takes value O
or X.

If s is an admissible labeling, then we define a labeling s’ of V(I'') as follows.
For v # [[g], we can view v as a vertex of both T" and T. We set s'(v) = s(v). If
v = [To], we define s’ (v) to be p if s is p-type, O if s is O-type, and X if s is X -type.

We make the following claims:

(1) If s is an admissible labeling of T, then s’ is an admissible labeling of T,

(2) If s is O-type, then s|r, is an admissible labeling.

We leave it to the reader to verify both of the above two claims, as they are straight-
forward.

We now describe U,,. The construction depends on whether s is p-, O- or X -type.
Suppose first that s is p-type. We let s’ be the admissible labeling of I'" constructed
above, and we define a point-enhancement p’ of s’ by using the points from p for
vertices in V(I") \ V(I'y), and using f(p(v1) ® - - - @ p(vy)) for the vertex [[y], where
V(To) = {v1,...,vs}. Since V' is open, there is an open-enhancement Uy of 5" so
that

W(Uy.p) V. (5.1)

We can use the same open subspaces from U, to construct an open-enhancement Uy,
of 5. Equation (5.1) is equivalent to the statement that

(f ®id)(W(Up.p)) € V".

The construction of Uy, when s is X -type is similar. In this case, given a point-
enhancement p of s, we define a point-enhancement p’ of s’ by using the points from
p for the vertices in V(I'') \ {[To]} = V(T') \ V(I'g). Since V' is open, there is an
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open-enhancement Uy of s’ so that
'W(up/,p/) cVv.

We construct an open-enhancement of s by using the subspaces from U, for v &
V(Tp), and using the entire subspaces X, for v € V(I'g) with s(v) = @. Since
s'([To]) = X, we have that

(f ®id)(W(Up.p)) € W(Uy.P)

which is contained in V' by construction.

Finally, we consider the case that s is @-type (or equivalently s'([Tg]) = ©). We
let p be a point-enhancement of s. We let p’ be the point-enhancement of s” obtained
by restricting p to the vertices of V(I'') \ {[To]}. Since V' is open, there is an open-
enhancement Uy of s’ so that

WUy, p) S V.

Let Uj € ¥ denote the open subspace Uy ([To]). Since f is continuous, there is an
open subspace Uy C X, such that f(Up) € Uj.

Write s for s|y(r,). As described earlier, 5o is an admissible labeling. Let p,
denote the restriction of p to I'g. Since Uy is open, there is an open-enhancement Uy
of 59 so that

W(Uo, po) < Uo.

We now define the open-enhancement Uy, of s as follows. For vertices w € V(I") \
V(o) with s(w) = O, we set Up(w) = Uy (w). For the vertices w € V(I'g) with
s(w) = O, we set Up(w) = Ug(w). By construction

(f ®id)(W(Up.p)) S W(Uyp.p) S V.
It follows that ( ® id)~1(V’) is an open subspace, so the proof is complete. m

Remark 5.25. Note that we can extend the above result in several ways.

(D) If (Xy)vew(r) is a family of linear topological spaces with I'g € I', and if
f:Xr, — ¥ is a continuous map between completions, then there is a well-defined,
continuous map

f®id:Xr — Y.

To see this, note that it suffices to define a map from Xt to ¥ . In this case, observe
that if x € Xr,, then by definition f(x) € ¥ is the limit of a Cauchy net {yg}gen
where yg € Y. If x is in the tensor product of the X, for v ¢ V(I'g), then we claim that
{yp ® X} gep is a Cauchy net in Yr-. It suffices to prove this when x is an elementary
tensor. Let s’ be the admissible labeling on I'/ 'y which assigns @ to [I'o], assigns
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X to each vertex below [Ig], and assigns p to all other vertices. Let p’ be the point-
enhancement of s” which assigns to each vertex w with s(w’) = p the corresponding
factor from x. If V' C Y is an open subspace, then by definition there is an open-
enhancement Uy so that

'W(up/,p/) cV.

The open-enhancement U, consists of a single open subspace Uy C ¥, since [I'g]
is the only @-labeled vertex. For all sufficiently large 8, we have ygr — yg» € Up
whenever B/, 8” > B. It follows that ygr @ x — ygr @ x € W(Uy,p’) s0{yg @ X}gep
is a Cauchy sequence in Y. We therefore define ( f ® id)(x ® x) to be the limit of the
Cauchy net {yg ® X}gep. A similar argument to the previous paragraph shows that
this definition of (f ® id) is well defined (independent of the choice of net {yg}).
A straightforward extension of Proposition 5.24 shows that (f ® id): Xt — ¥ is
continuous.

(2) It follows from the previous argument that the completion X is unchanged
if we replace one X, in our family of spaces by its completion X ,. To see this, let
X[ denote the tree complex where one X, is replaced by X . There is a natural
map Xt — Xp.. Applying the previous remark, there is a natural map in the opposite
direction, because the identity map gives a continuous map from the completion of
X, to the completion of X,. These maps are easily seen to be inverses.

We highlight an important application of Proposition 5.24.

Remark 5.26. If I is a strongly directed graph and (Xy),ey () is a family of spaces,
we can form another collection of spaces by “adding parentheses”, in the following
sense. Let I'g € I" be a tree, and consider the tree '/ ['¢ obtained by collapsing to
vertices and edged of Iy to a single vertex, denoted [I"g]. We can define a collection
of spaces indexed by I'/ 'y, by setting ¥, = X, if v & V(I'g) and ¥Y|r,] = Xr,.
Proposition 5.24 shows that the natural map

I: XF — yr‘/po

is continuous.

In some cases, there is an isomorphism Xt = ¥Yr,,. We focus on the following
simple case.

Lemma 5.27. Let I" be a strongly directed tree and (Xy)yey(r) a family of spaces
and let vg and vy be edges of I which are connected by an edge. Assume that vy > vy
and that vo has no other incoming edges. See Figure 5.3. Let Iy consist of a subgraph
with vertices vo and vy and the edge connecting them. Let Y1, be the space above.
If Xy, is linearly compact, then there is an isomorphism

Xr =~ yF/FO'
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.

Va

0

Figure 5.3. A tree from Lemma 5.27. Here, I'g denotes the parenthesized subtree.
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Proof. Remark 5.26 shows that the natural map
I: Xr — Yr/r,

is continuous. Therefore, it suffices to show that the natural map
I:Yr/r, = Xr

is continuous. Equivalently, it suffices to show that each open subspace of Xt con-
tains an open subspace of Yr,r,. Let V € X be an open subspace.

We consider admissible labelings s on I'/Ty. We wish to show that for each
admissible labeling s’ of '/ T'g and each point-enhancement p’ of s/, there is an open-
enhancement Uy of s’ so that

WUy p) S V.

We break the proof into three cases, depending on whether s([Ig]) is p, @ or X.

If s([To]) = X, then we define a labeling s on I' by setting s(vg) = s(v1) = X
and setting s(w) = s’(w) for other vertices. If p’ is a point-enhancement of s/, then
we can view p’ also as a point-enhancement of s, for which we write p. Since V is
open, there is an open-enhancement U, so that

W(Up.p) EV.

Since v and v, are labeled X by s’, we use the same open subspaces as in Up, to
form an open-enhancement U,y of s’. We observe that

W(Uy.p) = W(Up.p) S V.

Next, we consider the case that s'([I[’9]) = p. In this case, we form an admissible
labeling s on T by setting s(vg) = s(v1) = p, and defining s and s’ to coincide at other
vertices. We let p’ be a point-enhancement of s’. There is a point assigned to [[o],
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which consists of an element of the tensor product X, ® X,,. We can write this as
a finite sum of elementary tensors Y ;_; p;i ® ¢i € Xy, ® Xy, . For each elementary
tensor p; ® g;, we obtain a point-enhancement p; of I' by using the elements of p’
for p-labeled vertices other than vy and v;, and by using p; for vy and g; for v;.
Since V is open, there is an open-enhancement U, of s so that

W(Up,.p;) S V.

We construct an open-enhancement Uy of s” as follows. For a vertex v € V(T') \
{vo. v1} we set Uy (v) = Up, (v) N---N Up, (v). We observe that

WUy . p) € W(Up,.p1) + -+ W(Up,.p,) S V.

Finally, we consider the case that s'([Tg]) = O. If s'([Tg]) = 0O, then there are
two labelings to consider on I'. We denote these by s, ¢ and sg, x. The labeling
Sp,0 has s, 9(v1) = p and s, 9 (vo) = O. The labeling s, x has 59 x(v1) = O and
50,x (Vo) = X. Both 5, ¢ and se,x agree with s’ for other vertices. It is straightfor-
ward to see that s, 9 and s x are admissible.

Since the s” and 5@ x have the same p-labeled vertices, the collection p’ induces
a point-enhancement p (using the same points) of sg_x. Since 'V is open, there is an
open-enhancement U, of s x so that

Let Uy, be the open set assigned to v;.

Since X, is linearly compact, by definition there are elements pi, ..., p, € Xy,
so that

Spang (p1. ..., pn) + Uy, = Xy, . (5.2)

‘We now construct point-enhancements py, .. ., p, of s, 9. We use the points from
p’ for the p-labeled vertices other than vy, and we use p; for vy. By definition, there
are open-enhancements Uy, , ..., Up, so that

W(upi ’ pl) g v

Write Uy,i = Uy, (Vo).
We now define an open-enhancement U,y of s”. For a vertex v # [I'o] assigned O,
we use the open set
Up(v) N Up, () NN Uy, (V).

For the vertex [I'g], we use the open set
le ® xvz + xvl ® (Uvo,l NN Uvo,n)9

which is open in X, 2 X,, ® X,, by Lemma 5.16 because Xy, is linearly com-
pact.
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We observe that
W(‘up/,p/) C W(Up.p) + W(Up,,p1) +--+W(U,,.Py) S V. 5.3)

The above equation is proven as follows. For vertices V(I'/I'g) which are labeled
p by s’, we use the same points in all of p’, p and p;. For the vertices of V(I'/Tg)
which are labeled @, other than [I'g], we use the intersection of the opens from U,
‘L(pl, e ‘upn, so these factors are contained in the corresponding factors of each
summand in the middle of equation (5.3). Finally, for vy and v, we observe that

le ® xvz + xvl &® (Uv(),l NN Uv(),n)
- le ® xvz +71® Uvo,l + o Pn® Uvo,n

by equation (5.2). Together, the above implies equation (5.3). We conclude that V is
open in X, r,, completing the proof. ]






Chapter 6

The link surgery formula

In this chapter, we give some background on the link surgery formula of Manolescu
and Ozsvith [32], and prove some important preliminary results.

6.1 Statement of the link surgery formula

In this section, we state Manolescu and Ozsvdth’s link surgery formula. We will
describe more detail about the construction in Chapter 9.

If L € S3is alink, write Ky, ..., K, for the components of L. Manolescu and
Ozsvith define the affine lattice over Z*

14

(= [](FF 5 1 2)
i=1

Whenever M C L, Manolescu and Ozsvéth define a reduction map
yMH(L) - H(L \ M)
as follows. If K;; U---U K;;, = L\ M, then they set
yM(s) = (Y M(siy).. ... 1/f£4(sz-,-)),
where
Ik(K;, M)
> .

Manolescu and Ozsvith also define a version of the map ¥ for oriented sublinks
of L. See [32, Section 3.7]. The above map ™ corresponds to the case that all
components of M are oriented consistently with L.

yM(si) = si —

Definition 6.1. Suppose # = (X, «, B, W, z,p) is a Heegaard link diagram for (Y, L)
with free base points p, and link base points w U z. We say that J# is link minimal
if each link component of L has exactly one base point from w, and one base point
from z.

Let # = (2, a, B, W, z) be a link minimal Heegaard diagram for an oriented link
L C S3 with no free base points. If M C L, we write H L\M for the diagram obtained
by deleting z; € z for each component K; C L. Note that Manolescu also defines a
reduction JL\M when M is equipped with an orientation. In this case, we delete z;
for each positively oriented component of M, and we delete w; for each negatively
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oriented component of M. The diagram #Z\M is a link minimal diagram with |M |
free base points.

Recall that if (¥, &, B, W, z) is a link minimal Heegaard link diagram for L, then
there is an £-component Alexander grading

A= (Ay.....Ag): Ty N Ty — H(L).

Suppose # is a link minimal Heegaard diagram for L € S3 and J# has no free
base points. If s € H (L), then Manolescu and Ozsvéth define

A~ (HL\M g)
to be the free F Uy, ..., Us]-module generated by monomials
Ul’“ Ul

where x € Ty, N Tg, which satisfy i; > 0 for all j, and A;(x) < s; + i; when-

ever K; € L\ M. Manolescu and Ozsvith equip A~ (H L\M 's) with the differential

which counts Maslov index 1 holomorphic disks, weighted by the product of Uin wi @ .
We will also occasionally write

A~ (JEWM )

for the free F[Uy, ..., U,]-module which has the same generators as 2~ (#L\M ).
Let A denote an integral framing on L. The underlying group of the link surgery
complex is defined to be

eanl)= P ] 2 @M yM ).

MCL seH(L)

The differential D: €4 (L) — €4 (L) decomposes as a sum

D=Y 3 o

NCL jyeq(N)

where Q (/) denotes the set of orientations on N.
Given an oriented sublink N C L (with orientation potentially different from L),
Manolescu and Ozsvith define

Az € 7t~ Hi(S*\ L)

to be the sum of the longitudes of the negatively oriented components of N.
Suppose N € L is an oriented sublink, and that Lo € L is a sublink which
contains N. Write L; = Lo \ N. In this case, the summand ®V of £ maps

?I—(%LO7 wL\LO(S)) to QI_(E}(LI , wL\Ll (S =+ AL,N))
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We write @ivo L for the component of ®V as follows:

of 1o [[ 2@ty o) — [ 2 @eE v s+ AL 7).
seH(L) s€H(L)

Finally, we note that it is often convenient to view € (L, .A) as a 1-dimensional
mapping cone, so we establish some notation for this purpose. If / € L is a com-
ponent, and v € {0, 1}, then we write €} (L) for the subcube consisting of €, C
€A (L, A) ranging over ¢ with J component equal to v. We may decompose

J —J
€ (L) = Cone(€9 (L) —

€A (L)).
In the above, F”/ (resp F~) denotes the sum of ®¥ for every oriented sublink N
of L such that J C N (resp. —J < N)

We will review the construction of the hypercube maps CDN in more detail in
Chapter 9.

6.2 Gradings and algebraic reduction maps

In this section, we state several grading formulas which are useful when working with
the link surgery formula.

Definition 6.2. Suppose that # = (X, &, 8, W, z, p) is a link minimal Heegaard dia-
gram, where w U z are link base points and p are free base points. We call a subset
W C wUzU pacomplete set of base points on K if p C ‘W and ‘W contains exactly
one base point from each link component.

Suppose H is a diagram for a link L in Y, each of whose components is null-
homologous, and s € Spin®(Y) is a torsion. Given a complete set of base points
W on J, there is a well-defined Maslov grading gryy on €FL(H, s). The grading
grqy is induced from the absolute grading of CF~ (Y, W, s) by declaring the natural
quotient map €FL(H,s) — CF (Y, W, s) to be grading preserving. There is also an
{-component Alexander grading AW = (4%, ..., AZV). Note that a complete set of
base points also determines an orientation on L, via the convention that L intersects
the Heegaard surface X negatively at the link base points in ‘W. In particular, we may
equivalently specify the Alexander grading AL by picking an orientation on L.

The variable U; has gryy-grading —2 if w; € W, and 0 if w; ¢ 'W. Similarly, V;
has gryy-grading —2 if z; € ‘W and 0 otherwise. The variable U; for a free base point
pi € p has grqy-grading —2.

Remark 6.3. There are two natural conventions for defining the absolute grading for
multi-pointed 3-manifolds. We recall that adding a base point has the effect on HF
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of tensoring with a 2-dimensional vector space V = & [F. See [41, Section 6]. In
this memoir, we use the convention that the top degree element of V' has absolute
grading 0. This is different from the TQFT convention of [54], where V' is supported
in gradings 1/2 and —1/2.

The following is implicit in the work of Manolescu and Ozsviath [32] (see, in
particular, [32, Section 12]). In particular, the results are not new to our memoir,
however the presentation is helpful.

Lemma 6.4. Let L = Kq U ---U K, denote an £-component link in a 3-manifold Y ,
such that each component is null-homologous, and suppose Y is equipped with a
torsion Spin® structure s. Let # = (X, o, B, W, z,p) be a link minimal Heegaard
diagram, where w and z are link base points and p are free base points. Let € denote
the link Floer complex €FL(H ,s) over F[Uy,...,Us, V1,..., Ve, Uy,...,Uy], where
£ =|w| =|z| and n = |p|.
(1) If W is a complete collection of base points on ¥, and z; € 7. but z; ¢ ‘W,
then the quotient map
Qv € —=>C/(V;—1)
is grading preserving with respect to gry. Similarly, the quotient map
@uiif — €/(u, - 1),

is grading preserving if w; € w but w; ¢ ‘W.

(2) Suppose that K; is a component of L, and let Wy U {w;} be a complete
collection of base points, and write {w;,z;} = K; N (wU z). Let L and K;
have orientations induced by Wy U {w; }. Then

WoU{w; }
LU,y — Swoutz,y = 24; 0 —IK(L\ K, K).
(3) Suppose that W and ‘W' are two complete collections of base points which
coincide at index j. Then
wo_ W
A" =A7".
(4) Let K; C L, and orient both K; and L to intersect ¥ negatively at w, and
suppose i # j. Give € and €/(V; — 1) the Alexander grading A; induced
by the base points w and w \ {w;}. For j # i,

1
45(@v,) = —Ik(K:, K)).

(5) Let K; C L, and orient K; and L to intersect X negatively at w, and suppose
Jj #1i.Give € and € /(U; — 1) the Alexander grading A; induced by the base
points w and w \ {w; }, respectively. Then,

1
4j(@Qu,) = SIk(K;. Kj).
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Proof. Following [54], the Alexander and Maslov gradings may be defined by rep-
resenting Y \ N(L) as Dehn surgery on a framed link J in the complement of an
{-component unlink in S3. We pick a Heegaard triple 7 = (X, &, B9, 8, W, z) which
represents the 2-handle cobordism X(J). We pick a triangle class ¥ € n,(X,y, z)
on 7. In [54, Section 5.5], the following formulas for the Maslov and Alexander
gradings are proven:

gryp (2) = gryp(x) + gryp(y) — %(g(E) W=D —n@) +2nw¥)

N ci(sw))* —2x(X(J)) — 30 (X(J))
4 ' 6.1)
AY (@) = AV x) + A (y) + (1w — nwuopnw) (V)
(c13w¥)). 5;) = [8]-[5)]
5 .

+

In the above, if W is obtained by attaching 2-handles to $3 x [0, 1] in the complement
of an unlink with components u; U --- U uy, then S; is the surface u; x [0, 1] and
S =8y +---+ S;. The classes S and SA‘] are obtained by capping these surfaces with
Seifert surfaces in either end.

With the above in place, claim (1) follows because the formula for grqy does not
change if we delete a base point which is not in ‘W.

Consider now claim (2). An identical argument to [54, Lemma 3.8] implies that
if ¥ is a homology class of triangles on the surgery diagram for the above cobordism,
then

Swoulw, }(¥) — swoutz; 1 (¥) = PDLS;]. (6.2)

We may use the formula in equation (6.1) to evaE_lEte 8 WoUtw; } — EEWoUlz, )+
Firstly, we recall that by straightforward computation HFL(e, B¢, W, z, p) is isomor-
phic to (F @ F)®(¥+PI=1) Thjs computation can be obtained by using topological
invariance of the Heegaard Floer group, and picking a convenient genus 0 Hee-
gaard diagram, so that each w; is immediately adjacent to z;, and so that the attach-
ing curves come in isotopic pairs. Similarly, PTF\L(ﬁO, B,w,z,p) is isomorphic to
(F @ F)®EE=I7I+wI+Ipl=1)  Fyrthermore, for both groups, the non-zero elements
of homology decompose into homogeneously graded summands which have the prop-
erty that

gry(X) = gry/(x) and AV (x) = AW/(X) =0 (6.3)
for all complete collections W, W C w U z U p. Therefore, in our grading formulas,
we may assume that the intersection points x and y satisfy equation (6.3). Using
equation (6.2), we therefore obtain

ErWoUfw;} (2) — &rwyuiz,) (2)

_ wovun () - (cl(s:voww_,}(w» WS
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We may rearrange the above to see that

8rwoUtw, 1 () — 8rwouiz, (2)
= (c1(swoutu;3 (1)), S))
= (c1(swoutw, 3 (¥)), S7)

[S;1- 18] — 2(nz; — nw, ) (¥)
[S1- 1871 = 2(nz; — nuw, )W) + [S\ §;] - [S]

WoUlw; PPN

=24 ) 1[5\ §1- 1))
Wol{w; }

=24, (@) — k(L \ K, K;).

In the last line, we used the equality [§\ §_,~] . [3'_;] = —Ik(L \ K;, K;), which fol-
lows since we capped with negative Seifert surfaces of L (and since we are using the
outward normal first convention for boundary orientations).

We now consider claim (3). We consider the case when ‘W and ‘W’ differ only at a
single index i # j. Assume that ‘W contains w; and that ‘W’ contains z;. Write L’ for
L with the orientation of K; reversed. Computing directly from the definition, shows
that

247 — 47 = (1w @) —crsw (1)), §) = §- 8+ 8- 8.
Here, §'=8- 23}. As before, sy — s = PD[S;]. Hence, the above equation
gives
AY -4 =o.
Consider claim (4) now. For this claim, we apply claim (2), with Wo = W \ {w;}.
Since z; ¢ Wo U {w;j} and z; ¢ Wy U {z;}, by part (1) we know that @y, is homoge-
neously graded with respect to grqy, {w;} and gryy, {z;}: Using claim (2), we obtain

2A(A)) = k(L \ (K; UK;). K;) —Ik(L \ K;,K;) = —Ik(K;. K;).

We now consider claim (5). By claim (3), it is sufficient to compute the grading
change of A]W where W = (w\ {w;}) Up U {z;}. We use claim (4), but note that
with respect to ‘W', the orientation of K; is reversed, while the orientation of K; is
unchanged. |

6.3 On the algebra of the link surgery formula

In this section, we reformulate the algebra of the link surgery formula slightly. We
begin with a convenient description of the underlying group.
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Lemma 6.5. Suppose that ¥ is a link minimal Heegaard diagram for a link L in S3,
which has no free base points. Let M be a sublink of L. Write Sy € F[Uq, ..., Uy,
V1, ..., V] for the multiplicatively closed subset generated by V; for i such that
K; € M. Then there is an F[Uy, ..., Ugl-equivariant chain isomorphism

P A @M yMs) = 53, - eFL (),
seH (L)

where we view U; as acting by U;V; on the right-hand side. Furthermore, if's € H(L),
this isomorphism intertwines the summand A~ (HE\M M (s)) with the subspace of
Syt - €FL(H) in an Alexander multi-grading s.

Proof. The module S;Il - €F L(H) decomposes over Alexander gradings s € H(L).
Hence, it is sufficient to identify the subspace in an Alexander grading s with

AWMy M (s))

in a way which commutes with the actlon of F [U1 ,. .., Ug]. We recall that A‘(J(L\M,
Y™ (s)) is generated by monomials U; 1 U, /* - x such that i; > 0 for all j, and

A7 M) =i < v (s)

for each j such that K; ¢ M. Here, we are writing s = (sy, ..., s¢). Note that by
definition of WJM (s7) (see [32, Section 3.7]), we have

Ab@) = AWM (%) =57 — y M (s)).

Compare Lemma 6.4. Hence we may think of A7 (# L\M "y, M (s)) as being generated
by monomials U" --- U,* - x such that i; > 0 for all j and such that

Af(x) —ij <5
whenever K; ¢ M. We may define a map
ATy M (s)) — Syt - CFL(I)

via the formula

Se—AL(X)-‘rig

S1— A (x)+i1 ¢
V{ - X. ™

ult...ult

Cox e U UV

Remark 6.6. In their construction of the link surgery formula, Manolescu and Ozs-
vith also define inclusion maps IV between the complexes 2~ (H#,s) and some
generalizations of these complexes. See [32, Section 3.8]. We note that the map
I N can be identified with the map for localizing at the variables u,, for i such that
+K; C N and localizing at variables V;, for i such that —K; C N.
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We now discuss some algebraic properties of the maps in the link surgery hyper-
cube. Manolescu and Ozsvéth prove that the hypercube maps in their surgery formula
€a(L)are F[Uy,..., Uy]-equivariant. By the previous lemma, there is a more refined
action of F[Uy,...,Us, V1, ..., V] on the complex €4 (L), though the hypercube
differential does not commute with this action. We now describe how the hypercube
maps interact with the action of this larger ring.

Firstly, we define a ring homomorphism

¢ F[U, V] — F[U,V, V71

via the formulas

$T(W) =V and $%(V) = UV

We write ¢ : F[U, V] — F[U, V, V=] for the canonical inclusion.

We view 51;11 -F[Uy,..., U, Vi, ..., V] as the tensor product over F of £ dif-
ferent rings, which are each isomorphic to F[U, V] or F[U,V, V71].

If N € L\ M, then we define the ring homomorphism

NS FUs, ..., U, Vise o, Vel = Safn - FlUn, . Wg, Vs, Ve

by tensoring the map ¢* for each component K; < N which is oriented oppositely to
L, tensoring ¢° for each component K; € N which is oriented consistently with L,
and tensoring the identity map for the remaining components of L.

Lemma 6.7. Suppose that M C L and N € L\ M. Let ﬁ denote N with a choice
of orientation. Ifa € Sy -F[Uy, ..., U, Vi,.... V], andx € S;! - €FL(H), then

oV (g x) = ¢V (@) - o ().

Proof. We focus on the length 1 maps in the surgery hypercube. The maps of higher
length are analyzed using the same argument. In this case, write N = Kj, where
K; is a component of L. To simplify the notation further, we focus on the case that
M = 0. Let K;, (resp. —K;), denote K; equipped with the orientation which coincides
with (resp. is opposite to) the orientation from L. The map CIfoL\ K; is the canonical
inclusion map

CFL(H) — Vi CFL(H),

which is clearly F[Uq, ..., Us, V1, ..., V]-equivariant. Note that ¢ is just the
canonical inclusion of F[Uy,...,Us, V1,..., V] into Vi_l FUyq, ..., Ue, Ve, ..., V]

The map CIDZ,KL"\ K; is more complicated, as we now describe. Similarly to Lem-
ma 6.5, there are canonical isomorphisms

0;: UL - CFL(H) > CFL(H)/(U; — 1) @ F[H; (L)),
pi: V7L CFL(H) — CFL(H)/ (Vi — 1) @ F[H; (L)].



On the algebra of the link surgery formula 71

Here, IF[H; (L)] denotes the F[7;, T;”']-module generated by T* where @ € H;; (L).
Here, T; is a formal variable. We also view €FL(H)/(U; — 1) and €FL(H)/
Vi — 1) as F[U;, T;, Ti_l]—modules, where U; acts by V; on CFL(H)/(U; — 1),
and by U; on EFL(H)/(V; — 1).

The map 6; is given as follows. Write

Qu,: UTVEFE () — EFL(I)/ (Ui — 1)

for the quotient map, which sends U; to 1 and which sends V; to U;. Then 6; is given

by the formula

6i(x) = Q) ® T .

The map p; is defined similarly.

We write I; for the inclusion of €FL(HK) into U; ! - EFL(H).

Moving the base point z; to w; along a subarc of K; determines a homotopy
equivalence

W, CFL(H) /(Wi — 1) — CFL(I)/(V; — 1)

which preserves A]-L\K’ for j # i. The map V;, .y, is F[U;, T;, T, ']-equivariant,
and is equ1va.r1ant w1th respect to the variables for other link components.

The map @, L\ K; is defined as the composition

—K; . - Ai
q)L ,L\K; = Pi Yo (\pzi—m)i &® Tz )09,' olI;.

We now consider the interaction of ®, L L\ K; with U; and V;. The map I; com-
mutes with U; and V;. The map 6; has the property that

;U -x)=T;"-0;(x) and 6;(V} -x)=U"T"-6;(x).
Similarly,
P -x) = UM T pi(0) and pi(V} %) = T7" - pi ().
which implies that
pi (T -x) =V -p'(x) and p; (U -x) = UV - p; ' (x).
From these relations, it follows that
O g Wix) =V (x) and T (Viex) = UV 0L (),

completing the proof. |
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Example 6.8. We now describe the surgery complex for the unknot @ in our present
notation, and compare it to the traditional notation of [43]. The complex €FK (Q)
has one generator, 1, over F[U, V]. In our notation, v sends WYV e €EFX(0) to
WV e V-1eF K (O). Similarly, &y, sends U V7 to VAT (W V) = U/ V2 —it+A,

Traditionally, one works with the mapping cone formula over FF[U]. We identify
both A(Q,s) € €FK(0Q) and B(0,s) € V' 'E€FK(Q) with F[U] (where U acts
by UV). We identify W'V/ € €FX(Q) with U™"E/) e A(0, s), and we identify
WY/ e VIEeFK(OQ) with Ul € B(Q, s). We can view the previous identification
as giving two isomorphisms

€FK(0) = PF[U] and V'eFX(0) = PHF[U].
SEZ SEZ

In the original notation of Ozsvéth and Szabd,

U' ifs <0,
Uits ifs>0.

Ui=s ifs <0,

iy —
MU)_{W if 5 >0,

hp(U") = {

The map &, sends A(Q, s) to B(Q, s + A). Itis straightforward to see that the above
maps form a commutative diagram

EFK(0) —L 5 vreFK(0)

= =

PByez A0.5) —L= B,z BO.5)

whenever f is one of v or /.



Chapter 7

The knot surgery algebra

In this chapter, we introduce our algebras KX and £. We also describe natural filtra-
tions on K and &£. Using these filtrations, we describe our module categories.

7.1 The algebras J and £

We recall the knot surgery algebra J from the introduction. We define K to be an
algebra over the idempotent ring

I=1y&1,

where each of I; is rank 1 over F = Z /2. We write i( and i; for the generators of I
and I, respectively. We set

Ip- K -TIp =FW,V] and I, X -I; =F[UV, V.

Also,
Ip- X -1I; =0.

We define
I K Iy = F[u,V,V_l] ® (O', ‘L').

That is, elements of Iy - K - Iy can be written as sums of monomials of the form
UV o and W'Vt where i > 0 and J € Z. These algebra elements satisfy the rela-
tions

c-a=¢°@)-0c and T-a=¢"(a) 1,

fora € F[U,V]=1Iy - X - Io. Here, ¢*: F[U, V]—TF[U, V, V1] is the algebra homo-
morphism satisfying ¢*(U) = V=1 and ¢*(V) = UV?. The map ¢°: F[U, V] —
F[U,V,V~1]is the canonical inclusion.

In particular, I - K - I is generated by two special algebra elements ¢ and t,
together with the left action of F[U, V, V~!], which satisfy the relations

ocU = Uo and oV = Vo,
U=Vt and 7V =UV?t.

The link algebra £ is defined as

£y =K QF - Qr K.
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We often write just &£, when £ is determined by context. We view £, as being an
algebra over the idempotent ring

E, =1IQF---®rL

Remark 7.1. The algebra KX admits a more symmetric basis, as follows. We may
view I - X -1, as being F[U, T, T~!], where U = UV and T = V. Then the above
relations become

cU=UT '¢ and oV = To,
U=T"¢ and tV=UTr.

Remark 7.2. The above symmetry may be packaged into an algebra homomorphism
&K —> K
as follows. On I - K - I, we set
EU) =V and &V)=1U.
Onl; - X -1I;, we set
EWU)=U and &V)=V7".

Onl; - K - I, we set
E()=1 and §&(1) =o0.

7.2 Topologies on KX and £

In this section, we describe the topologies on K and £ which we use throughout the
memoir.

Definition 7.3. Suppose that n € N is fixed. We define J,, € K to be the F span of
the following set of generators:
(1) InI - X - Iy, the generators WYV fori >n or j > n (i.e., max(i, j) > n).
(2) In1; - X - I, the generators WV’ o fori > nor j > n.
(3) InI; - X - Iy, the generators W V/ ¢ for j <2i —nori > n.
(4) In1; - X -1, the generators U V/ wherei > n.
The subspace J,, is illustrated in Figure 7.1.

We observe that

Jo=X. Joy1 SJu. and [ Ju = {0}.
neN
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o o

o o
. o o
X ¢ o ° o
! O C o o
: 5 0 . o o o o o
1 50 e o o o
i a0 ) o o
E o o o o : ¢ o o
! A A A O l-0--6—0—o—
E o o o o Io- Jn-Io

IL-J, -1 o o

o o

o o

o o

Figure 7.1. The subspace J;,, € X, indicated by the shaded regions. Here, J¢ and J,} denote
the subspaces of J,, which are in the J span of ¢ and t. The dots indicate monomials in the
algebra. The horizontal direction indicates the power of U, and the vertical direction indicates
the power of V.

We will use the subspaces J, as a fundamental basis of 0 in our topology on K. The
condition that (),,cp J» = {0} is equivalent to the inclusion KX — J being injective.

Remark 7.4. The subspaces J7 and J,; can also be described as follows:
Jy=U")0+0- UV,
Ji=U"t+7-(U"V").

Here, (U") C I - X - I; denotes the ideal generated by U = UV, and (U"*, V") C

Iy - X - Iy denotes the ideal spanned by the elements U” and V".

‘We now consider the link algebra. For our purposes, the most natural topology on
the link algebra is the !-topology,

Lo =K ®f - ®f XK.

This topology is first countable, with a basis of opens given by

-1
Fen =Y K ®p J, @F KO C 2.

i=0
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A fundamental result to our memoir is the following.
Proposition 7.5. The map j>: X @ K — K is continuous.

Remark 7.6. Multiplication is not continuous on X ®i X. As an example, V7 ®
Vioc — 0in X ®; K asi — oo, whereas ;2(V" ® Vio) = o /4 0.

Proposition 7.5 follows immediately from the following lemma and the definition
of ® in Section 5.4.

Lemma 7.7. Let J, C K be the subspace defined in Definition 7.3.
(1) Foralln, ur(J, ® K) C Jy (i.e., Jy is a right ideal of X ).
(2) Suppose x € K andn € N are fixed. Then for sufficiently large m,

Uo(x ® J) C Jyy.

Proof. We consider the first claim. We wish to show that u,(x ® a) € J, whenever
x € J, and a € K. We break the argument into cases, depending on the idempotents of
xanda.Ifx,a €I - K -1, the claim follows because wy (x - a) > wy (x) + wy (a),
where wy is the U-adic weight (i.e., wy (@) = max{i : 3a’,a = U’ - a’}). The same
argument applies if x € I; - X -I; and a € I; - K - Ip. The situation that x,a €
Ip - K - I is also clear. We now consider the case that x €I; - K -Ipanda €Iy - K - 1.
Suppose first that x = W'V/ o and a = USV* (for s, > 0). Then x -a = W TSVt g,
which is clearly also in J,,. Similarly, if x = UWV/ 1 and a = U*V?, then

Y-q= ut+t/\7]—s+2t_c‘

By assumption, either i > nor j <2i —n.Ifi > n,theni +t >nsox-a € Jy,.
The second case is equivalent to 2i — j —n > 0. We note that

20+t)—(j—s+2t)—n=5s+2i—j—n=>0

so x -a € J,. This completes the first part of the claim.
We leave the second claim to the reader, as it may be handled similarly. ]

Combining Corollary 5.15 and Proposition 7.5, we also obtain the following.
Corollary 7.8. Suppose £ is topologized as X ®' --- ®' K. Then the map
Ha: L Qe L —> L

is continuous.
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7.3 Alexander modules
In this section, we describe our categories of type-D, A and DA modules. We will

refer to these categories as the categories of Alexander modules.

Definition 7.9. A type-D Alexander module consists of a pair (X, §') where X is a
linear topological right E-module and

% - X ®s &
is a linear topological morphism which satisfies
(d ® p2) o (8! ®idg) 08 = 0.

Recall that a linear topological morphism is the same as a continuous linear map
on completions. If X £ and Y¥£, we define Mor (X £ ;y-f) to be the space of linear
topological morphisms

FLX > Y@L
We write ModZC for the category of Alexander type-D modules.
Type-A Alexander modules are similar, as we see in the following definition.

Definition 7.10. A type-A Alexander module (X, mj) over &£ consists of a linear
topological left E-module X and a collection of linear topological morphisms

m]‘_HZcf é)E é)E £ ®E X =X,
satisfying the Aoo-relations.

Type-DA Alexander modules are defined by the obvious amalgamation of the
above notions.

7.4 Split Alexander modules

We now define the notion of a split Alexander type-A or DA module. Consider the
link algebra £, and suppose that P is a partition of {1, ..., £}. Suppose that X is a
linear topological left E;-module. A P-split continuous linear topological morphism

fi+1:£¢ ®g -+ Qe £ Qg X — X

is a continuous map on completions, where we give cL?j ® X the tree topology
from Section 5.6, where X is the central vertex and we have |P|-rays of length j
extending from this vertex. If pq,..., pp| are the sizes of the elements of P, then
each non-root vertex of the i-th ray is labeled with &£,, (topologized using the !-

topology).
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Note that P-split continuity is preserved by Aso-composition of such maps by
Proposition 5.24.

Definition 7.11. Suppose that P is a partition of {1,...,£}. A P-split type-A Alexan-
der module consists of a linear topological E = E;-module X, equipped with a
P-split linear topological morphism

mjy1:Ly Q-+ Qp £y Qg X — X,
which satisfies the A,,-module relations.

If P is a partition of {1,...,£} and i1, ..., i, are the sizes of the partition elements
(s0iy + -+ ip, = £), we will write

Ly l+ILip X

for a P-split Alexander module.

Once we introduce box tensor products of split Alexander modules, we will show
in Lemma 7.16 that the split-Alexander condition is weaker than the Alexander condi-
tion. In particular, any type-A Alexander module ¢ X is also a split type-A Alexander
module for any partition.

P-split Alexander type-DA modules can be defined similarly to the above, though
we typically need to assume that the underlying space X of the module is linearly
compact for the type-DA structure relations to be meaningful, and for the As,-com-
position of morphisms to be defined. (Note that all of the link surgery modules
we consider in this memoir are linearly compact.) We explain this in the case of
a {{1}, {2}}-split Alexander module g5 X # . Consider the spaces involved in the
composition of 8/, ,, 8/, and Tx ® s, applied to

(K|K) ®E, - g, (K|K) ®, X.

i+j

We topologize the above space using the tree topology for the tree where there are
2 length i 4 j rays attached to a lowest vertex. The lowest vertex is assigned the
space X. Proposition 5.24 shows that 81-1 41 ®1id gives a map from the above space to

(K| K) ®E, -+ ®E, (K|K) ®p, (X & X).

J

The above space is topologized using a tree with a single lowest vertex, and 2 length
i rays extending from this ray. The lowest vertex is assigned the space X ® X.
Lemma 5.27 implies that if X is linearly compact, then the above topological vector
space is isomorphic to the same tensor product, equipped with the tree topology where
the tree I has 2 length i rays connected to a vertex v;, which is above a single
vertex vg. We assign vq the vector space X, and vg the vector space K. See Figure 7.2
for a schematic wheni = j = 1.
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X
Y
X

o

R«

Figure 7.2. Maps appearing in the DA-structure relation for a split Alexander DA bimodule.
Here, the arrows labeled = correspond to the isomorphism from Lemma 5.27, which requires
X to be linearly compact.

7.5 External tensor products

We now discuss external tensor products, focusing on subtleties involving comple-
tions.

We first discuss type-D modules. Suppose that X< and ¥£» are type-D Alex-
ander modules. To form the external tensor products, we assume that X and ¥ are
linearly compact, so that X @ £,, = X ®' £, by Lemma 5.16, and similarly for
Y ® &£,. Under this assumption, we may define the structure map on the tensor prod-
uct as 8;6 idy®lg, +idx ®lg, ® 5;,, with tensor factors reordered, as indicated
below:

XY (X@ENRYRL)=2XR En® YR Ly
2 (XQR'Y)® (£m ® £).

Next, we consider tensoring (split) type-A modules. Suppose that [P is a partition
of {1,...,s} and P’ is a partition of {1,...,r}. Let us write iy, ..., iy, for the sizes
of the elements of P, and jq,..., j, for those of P’. Suppose that we have P and P’
split modules

i, -2 X and 2, 112, Y.

im
We will describe two versions of the external tensor product, namely
! !
Liy 1Ly 11 L (X® ¥Y) and iy 1L | L5, 1L (X ® Y).

We topologize i?js ® X ® Y using the tree topology for a star with m +n — 1
(resp. m + n rays). We label the root X ®' ¥, and we label each other vertex with a
®'-tensor product of copies of X .
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To construct the external tensor product, one must also pick a cellular diagonal
of the associahedron. This construction is recalled in Section 3.5. The fact that the
external tensor product behaves well with completions is implied by the following
result.

Proposition 7.12. Suppose that P and P’ are partitions of {1,...,r} and {1,...,s},
respectively, and that

ﬁ+1:$;®f®x—>x and gj+1:é€;®j®y—>y

are P and P’ split continuous, then their tensor product fj+1 ® gj+1 is both P U P’
and (P U P’)p~p split continuous, for any p € P and p’ € P'. (Here, we write
(P U P")p~p for the partition obtained by merging p and p' in P L' P’.)

We will prove Proposition 7.12 for the module g, ALty 112 (X ®'Y). We
will later see in Lemma 7.16 that the module Lil- |$lm|le| 125, (X R Z/) is a box
tensor product of this module with a split Alexander bimodule ¢, |¢ ;. [[]£im+1, and
hence is also a split Alexander module.

The proof Proposition 7.12 is an immediate consequence of the following general
result about tree topologies.

Lemma 7.13. Let Fk denote the star which has n rays of length k, which all point
towards a root vertex vy. Let (Xy) veV(rk) and (Z/ )UEV(FI\ denote two families of
spaces. Pick a distinguished ray from each of F and T',,. Form a new collection
of spaces (Zv)verk as follows. View Fm yn_1 s being obtained by merging
vertices of the same helght along the distinguished rays. We define Z,, to be either
Xy or Yy for v not along the merged ray. For v along the merged ray, we define 2,
to be X, ®' Y. Then the natural map

Z -k

m+n—1

— Xk ®' Yps

is continuous. See Figure 7.3 for a schematic where m = n = 2.

.\. (0®'0) O/o .\. e O O/O
\. (0®'0) o/ 7 \. o ® o o/
\(0®!0)/ \o o/

Figure 7.3. A schematic of Lemma 7.13. Solid dots denote X, and open dots denote ¥,,.
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Proof. We abbreviate XF’J;, ym and Zrk+ » by X, ¥ and Z, respectively.
Let '
Ux @Y+ XQVy S XY

be an open subspace, where Uy, € X and Vy C ¥ are open subspaces. Let s be an
admissible labeling of F,’f +m—1- Our goal is to show that if p is a point-enhancement
of s, then there is an open-enhancement U, so that

W(Up,p) CUx QY + X ® Vy.

There are two induced labelings sx and sy of I'¥ and T'X, obtained by restrict-
ing s. We make the following claims:

(1) At least one of sy and sy is admissible.

(2) If there is an @-labeled vertex along the merged ray, then both sy and sy are
admissible.

The above claims are straightforward to prove, so we leave the argument to the reader.
Consider first the case that the merged ray has no vertices labeled @. In this
case, the root is labeled X, but all other vertices along the merged ray are labeled p.
Also, in this case, at least one of s and sy is admissible. Suppose, without loss of
generality, that s is admissible. Write vy, ..., vx—; for the p-labeled vertices along
the merged ray. If v is a p-labeled vertex along the merged ray, write p(v) as a sum of
finitely many elementary tensors. For each v € {vy, ..., vg_1}, write Xy 1, ..., Xy,
for these elementary tensors. We consider the N := iy, ---i,,_, point-enhancements
Px,j> Wwhere px_;(w) = p(w) if w is not along the merged ray, and such that py; ;
enumerate all combinations of the x,, , fori € {1,...,k —1}andr € {1,... iy, }.
Since Uy is open, for each py ;, there is an open-enhancement U x; € X so that

W(Ux,iPx.i) S Ux.

We define an open-enhancement of s as follows. If v is in F,’f (the tree for X)), we
define

N
Up(v) = () Ui (v).
i=1

If v is in ¥ (the tree for ¥), set Up(v) = ¥,. Then

W(Up.p) € W(Ux,1.Px,1) @Y+ + W(Ux,n.Px.N) @Y
CUx Q@Y+ XQVy,

as we wanted to show.

Next, we consider the case that s labels a vertex v along the merged ray by @. In
this case, both sy and sy are admissible. Consider a point-enhancement p of s. Write
vy, ...,y for the vertices above vg (which are labeled p by s). Similar to before, by
separating the elements of p into elementary tensors, we obtain point-enhancements
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Px.i and Py, j fori =1,...,Nand j =1,..., M. For each i and j, there are
open-enhancements U x; and Uy, ; of sx and sy (respectively) so that

W(UX,i,px,i) C Ux and 'W(u;y’j,px’j) C Vy.

We then define an open-enhancement U, of s as follows. Suppose s(v) = O. If v is
in F,’f not in the merged ray, we set

N
Up(v) = () Ui (v).

i=1

Ifvisin F,’Z but not in the merged ray, we set

M
Up(v) = ] Uy, (v).

J=1
If v is in the merged ray, we set

N M

o) = ((ew) s+ 28 () ur,o)

i=1 j=1
We observe that
W(Up,p) S (W(Ux,1,Px,1) + -+ WUx,N.Pxn) @Y
+ X ® (W(Uy,1,Py,1) + -+ WUy m, Py m))
CUx QY+ X QVy.

This completes the proof. =

Taking the external tensor product of two type-DA Alexander modules, when the
underlying spaces of the modules are linearly compact, is a straightforward extension.

Remark 7.14. We can see more directly that if ¢; X and ¢; Y are type-A Alexander
modules, then ¢, ny (X ®' Y) is also an Alexander module. Consider two continuous
maps

fj+1:(f’j£€n ®X —> X and gj+1:’f'j<§f,m XX — X,

where

The external tensor product of f;41 and g;j4 is continuous since it may be written
as the following sequence of continuous maps:

T/ (&L ® L) ® (X R Y)
S (T L @X) R (T/Em®Y) > X ®' Y.

The first map is from Corollary 5.15 and the second map is fj+1 ® gj+1.
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7.6 Box tensor products

In this section, we describe the interaction of Lipshitz, Ozsvith and Thurston’s box
tensor product operation with Alexander modules. The simplest case is boxing an
Alexander type-D module X% with an Alexander type-A module ¢ ¥. In this case,

X > X Q¥ and mj LR QLY > Y

are continuous linear maps on the completions. Hence, assuming an appropriate
boundedness condition so that only finitely many terms contribute to the box ten-
sor product (e.g., m; = 0 for j > 0), the differential 3% will be a sum of finitely
many continuous maps. Type-DA modules present no additional complications.

Box tensor products involving split Alexander type-A and DA modules are more
subtle. If £y 1 Liy Y is a split Alexander type-A module, it seems only possible to
tensor with an Alexander type-D module which is itself an external tensor product of
n modules

£ £;
Xy X

In this case, we write
xil ;C,' s
(X, Xy ")|Z|$il|...|$[ny

for the resulting tensor product. Ignoring completions, the tensor product is formed
by taking the external tensor product of the type-D modules X ;.ffj to obtain a type-D
module over &£;, +...4;,. This type-D module is then tensored with the type-A module
using the standard definition (see equation (3.1)). We topologize the underlying space
of the tensor product

(X1®-®@X,)QY

using the graph topology from Section 5.6 for a tree with one root and n rays. Here,
Y is labeled as the root, and X1, ..., X, each form a ray, with an edge pointing to Y.
Proposition 5.24 shows that the structure operations are continuous.

We may also form the tensor product when ¥ or some of the X; are split DA
Alexander bimodules. The output will be a split Alexander DA bimodule, whose
tensor splitting of the incoming algebras is the concatenation of the tensor-splittings
for each of the X;. To illustrate, if ¢, 12, Y%, 2, |1z, X1 and g, |.jz,, X572
are split Alexander DA bimodules, then their tensor product, N, will be a split module
as indicated in the following equation:

£iy Lir\ & £ £
(x_/l|...|$_/’nx1 ,$k1|...|$k1x2 )®$i1|$l_2§y :«fC_il|"'|$.im|$k1|""xkzN

Remark 7.15. The box tensor product operation of split Alexander modules seems
definable using our techniques only when the underlying vector spaces of our modules
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are linearly compact. In this case, the underlying vector space of the tensor product
(X7, y¥) X x|x % is the standard tensor product X ®'Y ®' Z by Lemma 5.16.
Furthermore, assuming linear compactness, the completed box tensor product opera-
tion satisfies the following associativity property:

(X%, Y%) R gxZ = X% B 5((x1%, %) R y%2)
= YR g (X7, x[1)7) R x152).

Note that all of the bordered link surgery modules considered in this memoir are
countable direct products of IF, so are linearly compact.

We now describe a split type-DA Alexander bimodule g s [I1%2 which trans-
forms any Alexander module g, X into a split module j|x X. The structure maps
are the same as for the identity module.

Lemma 7.16. The bimodule x| x[M%2 is a split Alexander bimodule. More gener-
ally, if P is a partition of {1,...,£}, and £y, ..., L; are the sizes of the partition
elements, then ¢, E7 [[]%¢ is a split Alexander bimodule.

Proof. Consider first g5 [I]%2. In this case, the claim follows from Remark 5.23 and
the fact that the natural map

K ®F K — Kk K
is continuous. The case of general £ and P is proven by the same argument. |

Remark 7.17. Lemma 7.16 implies that the ordinary Alexander module condition
is stronger than the split Alexander module condition. In particular, given a type-A
Alexander module g, X, we may always view X as a split Alexander module for any
partition of {1, ..., ¢}.

7.7 Finitely generated J -modules

In this section, we discuss the category of finitely generated type-D modules over £.
We denote by K the completion of the algebra K with respect to the topology
described above. As a vector space, we have the following isomorphisms:

IO'JC ) (= FHU,V]],
I - K -To = F[V,V'[U](z) @ F[V, V" [U]{o),
I - X -1 = F[V, v u].

We may consider the completion of the link algebra £ as well.
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Since multiplication is continuous by Proposition 7.5 and Corollary 7.8, we obtain
a well-defined map on the completed algebras

M2:$ ®E£—>£

Since &£ is an algebra, we may also consider the ordinary category of type-D
modules over this algebra (i.e., ordinary modules and algebras, with no topologies).
Of particular interest to us is the category of finitely generated type-D modules. We
write Modfg for this category.

There is a related category, Modi’ @
&£ which are finitely generated over .

consisting of Alexander type-D modules over

£

Proposition 7.18. The categories Modgg

and Modi are equivalent.

Proof. We define functors in both directions. The functor
F:Mod¥ , — Mod¥

is obtained by taking completions, noting that the completion of X ® & coincides
with the ordinary tensor product X ® £ when X is finitely generated. (Note that
when X is finite-dimensional, X =~ X if and only if X is Hausdorff.)
The functor
G: Modfg — Modﬁg,a

sends a type-D module (X, 81) to itself, where X is equipped with the discrete topol-
ogy. This is well defined due to the fact that if X and ¥ are equipped with the discrete
topology, then a map

fiX->Y® L

is automatically continuous, since {0} € X is open. We observe that F o G is the
identity functor.

On the other hand, G o F maps (X, §!) to (%, 8!). Note that in mod‘f’z’a, the
objects (X, 81) to (X, §1) are canonically isomorphic, since morphisms are defined
to be continuous linear maps on completions. See Definition 5.4 and Remark 5.5. In
particular, there is a natural transformation from G o F to the identity. The proof is

complete. ]






Chapter 8

Link surgery modules over K and £

In this chapter, we describe some basic link surgery modules over the algebras K
and £. We begin by defining the type-D and type-A modules for a solid torus and
the algebraic merge module. Subsequently, we interpret the knot and link surgery
formulas as type-D modules over K and &£.

8.1 The type-D module for a solid torus

If A is an integer, we refer to the complement of a A-framed unknot in S as the A-
framed solid torus. We will define a type-D module J)ix for the A-framed solid torus
as follows. We set

DF I =(x" and 2.1, = (x!),

where (x°) = FF, spanned by a generator x°. Here, ¢ € {0, 1} denotes the idempotent.
We define the structure map via the formula

S'x%) =x!' ® (o0 + V7).

8.2 The type-A module for a solid torus

Suppose that A is an integer. We now define the type-A module y D, for the solid
torus as follows. We set

Iy- D) =F[U,V] and I, -D; =F[U,V, V1.

We define the type-A structure map m; on D; to be O unless j = 2. We define m,
on O, as follows. If f €I; - K -I; and x € I; - D;, then we define m,(f, x) to
be f - x (ordinary multiplication of polynomials) if i = j and to be 0 otherwise. If
x € Ip - D,, we define

mo(o,x) = ¢°(x) e F[U,V,V ] =1, - Dy,
where ¢ is the canonical inclusion of localization. Similarly, we define
my(t,x) = V* -7 (x) e F[U,V, V7],

where - denotes ordinary multiplication of polynomials.
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We view D, as being the direct sum of the 1-dimensional spans of monomials,
and give D, the product topology with respect to this decomposition. See Defini-
tion 5.6. With respect to this topology, the completion is given by

Iy-D; =F[U,V], and I;-9D; =F[U,V, V']

(Note that the latter object is defined only as a vector space, and not as a ring, since
we are taking completions with respect to V and V1)

Lemma 8.1. The map
my: K & Dy — D;

is continuous.

Proof. Write D for D,,. Continuity amounts to two claims. The first is that if £ € D
is an open subspace, then there is some 7 so that m,(J, ® D) C E. Additionally, we
need to show that if E is as above and a € X, then there is some open V, € D so
that m,(a ® V,) C E. By definition, we may assume that £ is &..(s) for some finite
set of basis elements in . (Recall that D..s) is the span of the basis elements not
in S.)

For the first claim, it suffices to show that if # is sufficiently large, then J, ® D
is mapped into &.o(s). This may be proven by considering each idempotent of K
separately. To ensure (Ip - J, - Ip) ® D is sent into Dy (s), it is sufficient to pick
n larger than max(p, ¢) ranging over all monomials UPV? appearing in Iy - S. For
(It - Ju - I1) ® D to be sent into D.o(s), We pick n larger than p for each mono-
mial UPVY? appearing in I; - S. Finally, to ensure that (I; - J, - Iy) ® D is sent
into Dy sy, it is sufficient to pick n larger than max(p, ¢, 2p — ¢), ranging over
monomials UPV? appearing in a summand of I; - S. To see that this is sufficient,
note that if W'Vt @ WV € J, ® D, then max(i,2i — j) > n. We observe that
WV TUSV! = WV =520 Jies in Deo(s), since

max(i +¢,2( +t)—(j —s+2t)) =max(i +¢,2i —j +5) >max(i,2i —j) >n.

The fact that W' V/ o @ UV € J, ® D is sent into Deo(s) 18 similar.

Next, we need to show that if ¢ € K is fixed, then there is a finite subset 7' of
generators of O so that a ® D(r) is mapped into Dy (s). Without loss of generality,
we assume that a is a monomial. We observe the following basic fact: ifa € I/ - K - I,
and y € I/ - O are non-zero monomials, then there is at most 1 (in particular, finitely
many) x € I - D such that m,(a, x) = y. In particular, there exists a finite set of
generators T such that a ® D7) is sent into Deo(s), completing the proof. ]

Remark 8.2. Note that m, is not continuous as a map from X ®' D to D. Compare
Remark 7.6. In fact, m, does not induce a map from the completion of X ®' D;
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to 9. For example, in the completion of X ®"' D the sum Y 72, V' ® V~i; con-
verges since V'i; — 0 in the topology of D;, while m, cannot be defined on such
infinite sums.

The module for a solid torus extends to a type-AA bimodule
x[Dilruy-

Here, we have U act on the right via polynomial multiplication with UV (summed
over both idempotents). Since [UV, t] = 0 and [UV, o] = 0, the construction above
defines an AA-bimodule structure on D, . Note that only m 1,0 and mg 1,1 are non-
trivial.

Additionally, we can also think of the module for a solid torus as corresponding
instead to a DA bimodule #[D;]¥IY], in such a way that

% D3P R g F[Ur) = x [Dalro)-

For this description, the generators of Iy -  [£0;]FIY1 are U and V/ fori, j > 0. The
generators of I - s [D;]FY1 are V' fori € Z. This module has 8} = Ounless j = 2.
We illustrate the structure map 8, of x [Do]FWY in Figure 8.1 and leave the structure
relations to the reader for other framings.

w —VWU VU VI VI,
— — — ~ — “~ —
7|1 7|1 7|1 |U 7|U2
\/ o|lU? olU o1 o1 ol

J J / v J

_2/\7|1$V_1/\7|1N1/\7|1ﬁ /vu\,\vz
U — ~uyu-—  Tuu-— " Syuv-—

Figure 8.1. The DA bimodule x SO(I)F W1 An arrow decorated with a |h from x to y means that
8£(a,x) =y®b.

8.3 The merge bimodule

In this section, we define a bimodule |5 M K which we call the merge bimodule.

Whenever R is a commutative algebra over [F, there is a morphism of algebras
¢:R®F R — R, givenby ¢(a ® b) = ab. A ring homomorphism : A — B always
determines a bimodule 4[y]2 whose underlying vector space is the ground ring, and
has structure map §] = 0 and §1(a ® 1) = 1 ® ¥ (a). In particular, there is a natural
bimodule zrgr[¢]R for any commutative ring R.
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The algebra X is not commutative, though the bimodule j |5 M K is somewhat
analogous.

We now describe the bimodule M . To make the notation clear, in this section we
will write | for ®F and ® for ®;.

As a vector space, M is I = Iy @ I;. There is a left action of I|I, given by

(i1liz) -1 = iyip-i.

The right I-action is the standard action.
On M, only §} and §} are non-trivial. The map &, is defined as follows. Suppose
that a;|a, is an elementary tensor in either

(Io[To) - (K|K) - (To[lo) or (Iy[Ly) - (K[K) - (I1[Ly).
In this case, we set
8;(a1|a2 ®i)=1i®aias.

On any other elementary tensor, we set 85 to vanish.
We define 8} as follows. We set

83(1lo, 01 ®ip) =it ® o and 83(1|t, 7|l ®ip) = i1 ® 7.

More generally, if a, b, ¢, d are monomials concentrated in single idempotents, then
we set
5; (albo,cold,ig) = ip @ abcod

and similarly for the T terms. We set
8301, 1|0 ® i) = 0,

and similarly if t replaces . The DA bimodule relations are straightforward to verify.

Lemma 8.3. The merge module 3|5 M K is a split Alexander module (using the
discrete partition on the two incoming algebra factors).

Remark 8.4. The structure maps of the merge module are not continuous when
we view the bimodule as a non-split module over X ®' K or X ®* X, ie., as
xetxM Hor g3 M7 . To see this, observe that discontinuity with respect to the
topology on K ®p. K implies discontinuity with respect to K ®]!F K since there is a
continuous map K ®p K — K ®]!F K. Note that a sequence of tensors

Xn = (Xn|yn) ® (zn|wn) € (K ®E‘ K) ®k (K ®]>£‘ K)

will converge to O if x;, is constant in # and y, — 0. In particular, we need not make
any assumptions about z, or w,. We note that Vo — 0 in X, as each of the ideals
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Jm (which form a basis of open sets centered at 0 for our topology on X) contains
V"*a for all sufficiently large n. Therefore,

(1V"'0) ® (V"a|1) — 0.
On the other hand,
83(1|V"0,V™"0|1,ip) = i1 ® 0 A 0,
so 8} is not continuous.

Proof of Lemma 8.3. We consider first 8%. In this case, the only non-trivial actions on
ig or ij are from pairs a|b where a and b are both in Iy - X - Iy or both in I - K - 1.
In this case, the claim is clear.

We now consider §3. Recall that verifying the split Alexander condition amounts
to showing that 8; is continuous if we use the tree topology from Section 5.6 using
the following tree:

KoK

\I

KK
We define a function
K K —> XK
given on elementary tensors of monomials by
i(ao,bo) = abo and [i(at,bt) = abrt,

with [t vanishing on other elementary tensors of monomials. Additionally, we con-
sider a map

IT: (K &1 K) ®F (K &1 K) = (K &1 K) ®F (K Q1K)
such that IT is the identity on the elementary tensors of monomials
(ac ®a")|(b®b'oc) and (at @ d)|(b ® b'1),

and such that IT vanishes on other elementary tensors of monomials.
We observe that

83(a,1) = 1® (7 o (ji2lu2) o ().

The map IT is clearly continuous with respect to the tree topology, and further-
more, 2|2 is continuous by Propositions 7.5 and 5.24. Note that if we topologize
(K|K) @i I with the tree topology, it is isomorphic to X ®p K. (See Remark 5.23.)
Hence, it suffices to show that [ is continuous. This amounts to the following:

(m-1) For eachn € N, there are k, m € N so that
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(m-2) Foreachn € N and x € KX, there is an m € N so that
Ax ® Jyn) € J, and G(Jm ® x) C Jy.

Both of the arguments are elementary, and we illustrate the idea. Recall that by our
construction in Definition 7.3, W'V o € J, if and only if i > 0 and max(i, j) > n.
If W'V o and USV!o are two monomials in J,, then at least one of two situations
occurs: both j, ¢ > n; orone of i and s is at least n. If j, ¢ > n, then Witsyitig e J,
since j + ¢t > 2n.If one of i and s is at least n, theni + s > n. A symmetric analysis
holds for the multiples of t, and we see that

A(Jn ® Jn) S Jn.,
so (m-1) holds. A similar and elementary argument implies (72-2). ]
There is an asymmetry in the merge module. Recall that we set
83(1lo,01,ip) =iy ® 0 and 83(a|l, 1]o,ip) = 0.
We define a different module g5 N % by instead setting
83(1lo,0o|l,ip) =0 and 683(a|l,1|0,ip) = i) ® 0.

We make a similar change to the map 8; on t inputs.
This construction turns out to produce homotopy equivalent bimodules.

Lemma 8.5. There is a homotopy equivalence of DA bimodules

X X
KIxM”™ >~ 505N

Proof. We construct a morphism j1+1 between the two bimodules. We set f,! (x) =

X ® 1. The only other non-vanishing term is f21. This map is determined by the rela-
tions
fol(olo,ip) = i1 ® 0 and £\ (r|t,ip) = i1 ® .

The DA bimodule morphism structure relations for two algebra inputs which both
change idempotent are given by the schematic

as ap X az ax X as a X
1 N ¥ N4
\ ! \ 83 M2 l
1 + 1 + ¢ =0
51 £ /!
N N S
l “2 l ') l %)

which is easily verified. The structure relations for n # 2 algebra inputs are also easily
verified. |
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8.4 The type-A identity bimodule

It is helpful to introduce another bimodule, which we denote by
K15 [P = o5 M7C ® 3 Dp.

We call x| x[I] the type-A identity module. We will use x|x[I] to transform
type-D actions into type-A actions. The type-A module | [I>] appears in the pair-
ing theorem, stated in Theorem 1.4.

There is a further refinement which takes into account the right IF[U]-action
on Dgy. We define

x1x [Plrw) = x1xe M* &R 5 [Dolru)-

Verifying the pairing theorem with the bimodule g [[®]r[y] turns out to be more
subtle than for | x [[®]. Nonetheless, we prove the pairing theorem with g% [I®]r[v]
in Section 15.3 once we introduce the pair-of-pants bimodules.

8.5 The knot surgery formula over J

We now describe how to view the mapping cone formula of Ozsvith and Szabd in
terms of the algebra K.

Recall that Ozsvéth and Szabd’s mapping cone formula [43, Theorem 1.1] states
that if A is an integral framing on K C S3, then

CF(S3(K)) = X, (K) = Cone(A(K) % B(K)).

Recall, as in Lemma 6.5, that A (K) may be identified with a completion of €F K (K)
and B(K) may be identified with a completion of V"1€F K (K).

We will describe the following algebraic perspectives of the mapping cone for-
mula:

(1) A chain complex X (K) over F[U].
(2) A right type-D module X (K)*.
(3) A left type-A module x X (K).

These will satisfy the following relations:
Xa(K) = X(K)% & x[Do] =~ DY B 5 X (K).

We begin with the description as a type-D module. Let xy, ..., X, be a free basis
of €F K (K) over F[U, V]. We declare the underlying I-module of X (K)* to be

XA(K)JC = Spangp(Xy,...,X,) QF L
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In particular, over IF each x; contributes one generator in each idempotent. We denote
these generators by X? and xil.

The map §' on X (K)* is as follows. Firstly, there are internal §! summands
from the differential of €FK (K). If d(x) contains a summand of y - U"V™, then
81(x®) contains a summand of y* ® U"V™, for ¢ € {0, 1}.

In Ozsvéth and Szabd’s mapping cone formula, v is the canonical inclusion of
CFK(K) into V-1E€F XK (K). Correspondingly, §'(x®) contains a summand of the
formx! ® o.

If y - WYV/ is a summand of /1 (x) then we define §'(x°) to have a summand of
the form

yl @ Uiv/t,
Lemma 8.6. X, (K)* is a type-D module.

Proof. The proof is a formal consequence of the fact that 3> = 0 on €F.K (K), that
v and h) are chain maps, and that v and /) satisfy the equivariance properties of
Lemma 6.7.

In more detail, suppose that X1, ..., X, is a free basis of €¥K (K), and consider

((idx ® p2) o (8! ®idg) 0 8')(xf) 8.1

For concreteness, consider the case when ¢ = 0. There are three sources of terms in
the above expression: those arising from two applications of d, those arising from one
v and one d, and those arising from one /) and one d. Consider the terms with two d
terms. Write d(x;) = Y_;_; X; - fj.i. The terms with two 0 terms are simply

sz ® (ka,jfj,i),
k=1 j=1

which is 0 since 3> = 0 on CFK(K). Similarly, the terms corresponding to one 9 and
one v are given by the formula

n
> xj ® (0fji + fi0).

Jj=1

which vanishes because o f;; = fj;0 in K.

Finally, we consider the terms corresponding to one d and one /. Write /1 (x;) =
Z;-'zl x; - gj.i, where gj; € F[U, "V, V~!]. The corresponding terms of equation (8.1)
are

n n n n
dox® (ng,jff/,i + fk,jgj,if) =Y x® (ng,j‘i’r(fj,i) + fk,jgj,i)f-

k=1 j=1 k=1 j=1
(8.2)
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However, Y7_; gk, j¢" (fi.i) + fi.j&;.i 1s the x; coefficient of [3, h](x;), since ki,
satisfies 1y (x - a) = hy(x) - ¢*(a), by Lemma 6.7. In particular, equation (8.2) van-
ishes. The case when ¢ = 1 is similar. ]

Having defined the type-D module X (K)%, we may now define the type-A
module
K XA (K) 1= X3 (K) B g1 [1P).

8.6 The link surgery formula over &£

In this section, we describe how to view Manolescu and Ozsvith’s link surgery for-
mula as a type-D module.
Recall that we define

£y := K1 QF -+ ®F Ky,

where each K; denotes a copy of K.

Let L be an {-component link in S3 with integral framing A. The link surgery
complexes require a choice of auxiliary data, which we call a system of arcs A. We
will discuss these in detail in Section 9.1 below. If A is chosen, Manolescu and
Ozsvith’s construction produces a chain complex € (L, A) over F[Uy, ..., Us]. In
this section, we will describe how to construct a type-D module

Xa(L, A)Ee,

based on their construction of €4 (L, A).
We view the link algebra £; as being an algebra over the idempotent ring

Eg =IQF - ®rl.
N——
£

We can view E; as being a ring with 2¢ elementary idempotents, each identified with
a point in the cube Ey. If € € E,, we write

E =1, ®  -®I,=F

for the corresponding idempotent.
If & > e, we can understand E./ - £ - E, as follows. Write I,/ o = {i1,...,in} =
(¢’ — )~1(1), i.e., the set of indices i where e; > &. Then Ey - £ - E is generated
by elements of the form
oy iy e Py
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where
(1) a; isin F[U;, V;]if &} = 0,
(2) a; isin F[U;, V;, Vi 'if el =1,
(3) each ¢,~_ ; is either 0i; OI Tj; .

If x;,...,X, is a free basis of EFL(L) over F[Uy,...,Us, V1, ..., V], then we
define the generators of X, (L, A)%¢ to be

Spang (X1, ...,X,) ®F E;.

In particular, if x is a basis element of €F£(L), we have a generator x° for each
PSS Eg.

If M C L, write (M) € Ey for the coordinate such that e(M); = 0if L; ¢ M
ande(M); = 1ifL; e M.

Suppose that x is a basis element of €F £ (L) and M C L. By Lemma 6.5, we may
view x*M) a5 an element of the group €p(L, A) = ]_[seH(L) %(%L\M UM (s)).
Suppose also that N is an oriented sublink of L \ M, and that oV (x*M)) has a
summand of y*MUYN) . £ \where we view f as an element of the 2¢-variable poly-
nomial ring, localized at the variables V; such that L; € N. We may naturally view
f as being an element of

E;muny - Lo - Egmuny.

There is an algebra element

N
ZS(M),S(MUN) € Es(MuN) - Ly -EE(M)

which is the tensor of o; for i such that L; C N and L; is oriented the same as L, 7;
for i such that L; € N and L; is oriented oppositely from L, and 1 for i such that
L; ¢ N. With this notation, we declare §! (x**)) to have the summand

MUN
yM M g f. ts(M) e(MUN)*
Lemma 8.7. XA (L, A)%¢ is a type-D module.

Proof. The proof is similar to Lemma 8.6. We can decompose the structure map 8! as

Y

McL

where 81 consists of all terms which are weighted by idempotent-preserving multi-
ples of the algebra element M

The map 8. encodes the map <I>M on the surgery formula, in the sense that if
oM (x) has a summand a - y for some monomial a in the U; and Vil then 81 has a
summand y ® atM
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Let ]V C L be an oriented link, and consider the components of
((idyx ® p2) o (' ®idg,) 0 §")(x°)

whose algebra elements are weighted by idempotent-preserving multiples of tﬁ .
These can be identified with

Y. Ux®u)o(y ®lx)ody . (8.3)
MIUM2=N,
M10M2=@

We consider a component of the above map corresponding to sublinks M 1 and ]\22,
applied to some generator X. Suppose that 811‘/1 (x) contains a summand y ® atMr,
Such a summand corresponds to a summand of y ain CI>M 1(x). Next, consider a sum-
mand z ® btM> in 81 (y). In the composition appearing in equation (8.3), there is
a corresponding term 02f

Z® beM2giMi — 4 ® b¢A712 (a)l‘]\7

(The second equality follows from the definition of the algebra &£;.) Using Lem-
ma 6.7, which states that d>M2 (ay) = ¢M2 (a) - <I>M2 (y), we see that there is a cor-
responding summand in (©M2 o dM 1)(x) of - b¢M2 (a). Therefore, the fact equa-
tion (8.3) vanishes follows from the fact that

Y oMol =g
MIUMz N
MlﬂMz [4]

which is proven in [32, Proposition 9.4]. ]

Given a collection of integers A = (A1, ..., A¢), there is a type-A module
Lo °(DA

defined by taking the external tensor product of the modules  [Dy, | from Section 8.2.
There is also a right action of F[Uy, ..., U], and D may be viewed as an AA-
bimodule

£ [DAlFyy,..., U1

The following is immediate from the definition of X A (L, A)%¢.

Proposition 8.8. There is a chain isomorphism

Ca(L)Fw, ... v = Xa(L)E R g, [Do....0)F U, ..U,
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We will also need to consider type-A and type-DA versions of the link surgery for-
mula. An important special case is when we have a distinguished component K; C L.
We define a bimodule 5 X A (L)%¢-1, where the K -input corresponds to K; by setting

HXA(L)ET i= XA (L)E R o5 [TP],

where the tensor product is taken along the algebra component corresponding to K;.
In the above equation, g | [[®] is the bimodule from Section 8.4. More generally, we
may turn more algebra components from type-D to type-A by tensoring additional
copies of g [I®].



Chapter 9

o -basic systems of Heegaard diagrams

In this chapter, we define the notion of a o-basic system of Heegaard diagrams. The
notion is a very small generalization of Manolescu and Ozsvéth’s basic system. These
are collections of Heegaard diagrams which can be used to compute the link surgery
formula. We use the small distinction in notation to disambiguate the notions, and to
highlight the algebraic significance of these systems. For these systems, the maps &V
vanish unless N = +K (i.e., a single component, oriented consistently with L), or
N contains only negatively oriented components relative to L. We also describe how
to construct a o-basic system for the connected sum of two links.

9.1 Systems of arcs

In this section, we define the notion of a system of arcs, which is a necessary piece of
auxiliary data used to define the link surgery formula.

Definition 9.1. Suppose that (S 3. L,w,z) is an oriented, multi-pointed link, which
is link minimal (i.e., each component of L contains exactly one base point of w, and
one base point of z).

(1) A system of arcs for L consists of a set A = {A;,..., Ay} of pairwise disjoint
arcs satisfying that 04; = A; N L = {w;, z; }.

(2) We say that an arc A; is beta-parallel if A; is isotopic to a push-off of the
subarc of L; which goes from z; to w;.

(3) We say that A; is alpha-parallel if A; is isotopic to a push-off of the subarc
of L; which goes from w; to z;.

Note that an arc A; is beta-parallel if for any Heegaard diagram of (Y, L, w, z),
A; is isotopic to the subarc of K; € L which lies in the beta handlebody Ug. A similar
remark holds for alpha-parallel arcs.

Given a link minimal (L, w, z) there are two distinguished systems of arcs, A
and Ag, which are the ones which have only alpha-parallel arcs, or only beta-parallel
arcs, respectively.

Remark 9.2. Manolescu and Ozsvath’s notion of good sets of trajectories [32, Defi-
nition 8.26] corresponds to our notion of a system of alpha-parallel arcs.
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9.2 o-basic systems of Heegaard diagrams

In this section, we define the notion of a o-basic system of Heegaard diagrams. Our
notion is a small adaptation of Manolescu and Ozsvath’s construction.

Definition 9.3. Suppose that (L, w, z) is a minimally pointed, n-component link in a
3-manifold Y, and suppose that A = (A, ..., Ay) is a system of arcs for (¥, L, w,z).
A o-basic system of Heegaard diagrams for (Y, L, A) consists of the following data:

e))
2

3)

)

A tuple of positive integers d = (d,...,dy) wheren = |L]|.

A collection of Heegaard diagrams H(M ) = (H;).ck(a)- We assume all Hee-
gaard diagrams have the same underlying Heegaard surface X, which we also
assume contains the arcs Ay, ..., Ag. We write # = (2, o, Be, We, Ze, P)s
where w, and z. are link base points and p, are free base points.

For each component i € {1,...,n}, we have a formal labeling of each of the
intervals [0, 1],...,[d; — 1, d;] as being either an alpha incrementing interval,
a beta incrementing interval or a surface isotopy interval.

A decomposition of each arc A; into a concatenation of oriented subarcs
li1,.... 1 j;, as well as a choice of surface isotopies ¢; 1,...,¢; ;. We as-
sume ¢; ; is supported in a small neighborhood of /; ; and moves the initial
endpoint of /; ; to the terminal endpoint.

We assume that the following conditions are satisfied:

)]
2

3

w, ={w; : g =0}andz, = {z; : &; = 0}.

Let #, = (2, ag, Be, We, Ze, p,) and let ¢; = (0,...,1,...,0) € {0, 1}"

denote a length 1 vector (i.e., a direction). As described above, the interval

I = [g;, & + e;] is labeled as either an alpha incrementing interval, a beta

incrementing interval, or a surface isotopy interval.

(a) If I is an alpha incrementing interval, then B, = B.y., while agy;
and e differ. Furthermore, p,,,, = p, unless &; = 0, in which case
Pete; = Ps U{zi}.

(b) If I is a beta incrementing interval, then the same holds as above except
with the alpha and beta curves interchanged.

(c) If I is a surface isotopy interval, then H#; ., is the image of #; under
one of the surface isotopies ¢;, ; described above. Similarly, w, ., = W,
and ze4., = z.. If &; > 0, then p,,, = ¢, (p,). If & =0, thenp,,. =
$i,j (P U zi).

The faces on opposite sides of the box have the same Heegaard diagrams. In

more detail, if ¢ € E(d) and &; = 0, then

aa-i—die,' = g, ﬂs-}—die,- = ﬁé" ps—i—diei = Pe U {wl}
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We illustrate an example of a o-basic system in Figure 9.1.

oo
I
e
lg
O

o JHoo o Hio o Ha

Ho1

O | OE)|e—
Na

Ho2 H12 Hoo

Figure 9.1. An example of a o-basic system of Heegaard diagrams for the Hopf link. At the top,
we show the underlying Heegaard link diagram of the Hopf link, with an arc system consisting
of two beta-parallel arcs A; and A, (shown as dashed arcs). For this example, the subdivi-
sions of A and A, are trivial (i.e., consist of a single arc). The labels of the arrows indicate
whether the corresponding subintervals are “alpha incrementing intervals”, “beta incrementing
intervals” or “surface isotopies intervals”. We label the w base points as solid circles, the z base
points as open circles, and the free base points as squares.
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Remark 9.4. The terminology o-basic system refers to the fact that when we use
such systems of Heegaard diagrams to construct the link surgery formula, the result-
ing complexes have ®*Xi equal to inclusions for localization, and ®M = 0 if M has
more than one component and contains a positively oriented component. In particular,
using these diagrams we obtain models of the type-D modules X A (L)%¢ where the
components weighted by o; are very simple. Our definition is slightly more general
than Manolescu and Ozsvith’s notion of a basic system of Heegaard diagrams, which
has the same algebraic properties with respect to the differential.

The following definition plays an important role in our proof of the connected
sum formula for surgery hypercubes.

Definition 9.5. Suppose that £ = (B¢, 0;,¢/)ccE, is a weakly admissible hyper-
cube of handleslide equivalent beta attaching curves on a pointed Heegaard surface
(X, w,z,p) (where w, z are link base points and p are free base points). We say £
is algebraically rigid if each Tg, N Tp_, has 28 (E)+Iwl+Ipl=1 jntersection points (the
minimal possible number). We make a parallel definition for alpha hyperboxes. We
say a hyperbox of attaching curves is algebraically rigid if each sub-hypercube is
algebraically rigid.

Note that a hypercube of attaching curves being algebraically rigid is a prop-
erty of the attaching curves, and has nothing to do with the chains 6, .. Therefore,
abusing notation slightly, we will say a o-basic system of Heegaard diagrams I is
algebraically rigid if it has the property that Tg, N Tp_, has 2% E)+Iwel+Ipel jntersec-
tion points whenever |¢’ — g|p o < 1 and none of the intervals [, & + ¢;] is a surface
isotopy interval for i such that &; < ¢;. We make the same assumption for the alpha
curves.

9.3 Meridional o -basic systems

In this section, we describe a particular family of o-basic systems which are useful in
our proof of the pairing system. Similar diagrams are ubiquitous in Heegaard Floer
theory. For example, they are the diagrams which Ozsvéth and Szabé use to prove the
mapping cone formula [43].

Definition 9.6. We say that a o-basic system of Heegaard diagrams H for (Y, L),
with a system of arcs A, is a meridional o-basic system if the following hold:

(1) Each arc of A is either beta-parallel or alpha-parallel.

(2) The diagram H(@) = (X, &, B, w, z) has the following property. Suppose
K; € L is a component with corresponding arc A; € A and base points w;, z;.
Then A; is either alpha-parallel or beta-parallel. If A; is alpha-parallel, then
A; is disjoint from the alpha curves, and intersects a single beta curve B7.
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A similar assumption is made if A; is beta-parallel. In particular, if |L| = £,
there are n special alpha and beta circles, denoted o and j JS .

(3) In each Heegaard diagram of HH, there are similarly £ special alpha and beta
curves, and the rest are designated as non-special. The non-special alpha
curves of each subcube of I consist of small Hamiltonian translates of the
non-special curves of .

(4) If K; € L is a component whose arc A; is beta-parallel, then the compo-
nent of ¥ \ B which contains the base points of K; is a punctured disk which
contains a special beta circle 87 as two of its boundary components. Glu-
ing the two B boundary components together, we obtain a punctured torus.
We assume that K;-axis direction of J{ realizes the isotopy of 87 in a loop
around this punctured torus (handlesliding ;] over the boundary punctures).
We make an analogous assumption for components with beta-parallel deco-
ration.

Lemma 9.7. Suppose L is an {-component link in S and A is a system of arcs
for L such that each arc is either alpha-parallel or beta-parallel. Then there exists
a link minimal, weakly admissible, algebraically rigid o-basic system of Heegaard
diagrams for (S3, L, A).

Proof. Except for the claim about admissibility, existence of such a o-basic system
is clear since the construction is given in Definition 9.6.

Admissibility is verified as follows. We first verify admissibility for each hyper-
cube of alpha and beta Lagrangians appearing in the construction. For concreteness,
suppose that £, is a hypercube of alpha attaching curves appearing in the con-
struction. For appropriately chosen Hamiltonian translates, admissibility of &£, is
equivalent to admissibility of the diagram where we delete the tuples of curves which
appear only as small translates of each other, and surger X along these curves as well.
The resulting Heegaard diagram is a union of tori, and admissibility is straightforward
to arrange. See Figure 9.2.

Admissibility of each pair (£, &£ g) may be arranged by winding one of the cubes
(say £o) relative to &£g, following the procedure described in [39, Section 4.2.2] and
[41, Section 3.4]. [ ]

9.4 Basic systems for general systems of arcs

We now consider general systems of arcs. Generalizing Lemma 9.7, we prove the
following.

Lemma 9.8. Suppose that A is a system of arcs for L € S3. Then there is an alge-
braically rigid o-basic system of Heegaard diagrams for (L, A).
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Figure 9.2. Some of the beta curves and a base point translation from Lemma 9.7. The first
arrow is a base point translation, and the remainder are holomorphic polygon counting maps.
The dashed arc on the top is ¢;.

Proof. The proof is similar to the proof of Lemma 9.7. We begin with a minimally
pointed Heegaard diagram (X, e, 8, w, z) for (Y, L) such that each arc A; is embed-
ded in ¥ and such that the arcs A; are pairwise disjoint. By performing an isotopy of
a and B supported in a neighborhood of the arcs A;, we may assume that each A; is
the concatenation of two arcs A and A? such that AY is disjoint from B and A? is
disjoint from . We assume that BAf = {z;,x;} and dA¥ = {wj;, x;}, for some point
Xi € 3.

We now stabilize the Heegaard diagram 2|L| times, as shown in Figure 9.3. For
each A;, we introduce two stabilizations. One of the stabilizations corresponds to
attaching a 1-handle with feet near z; and x;. We introduce a new alpha and a new
beta curve. The alpha curve runs parallel to Af} . The new beta curve, denoted f7,
is the belt-sphere of the 1-handle. Similarly, the other stabilization corresponds to
attaching a 1-handle with feet near x; and w;. Here, the new beta curve runs parallel
to AY. The new alpha curve, o7, is the belt sphere of the 1-handle.
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Figure 9.3. Top: the Heegaard surface (X, o, 8, w, z) and the arc A; from Lemma 9.8. Bottom:
the stabilized Heegaard surface (X', &', B’, w, z) and the arc A’. Also shown are the special
curves &} and 7.

We write (X', a’, B’, w, z) for the stabilized Heegaard diagram. We handleslide the
arcs A; into the new stabilization tubes to obtain arcs A; C ¥'. The arcs A, ... ’A/e
are still isotopic to the arcs in A.

By definition of a Heegaard link diagram, the base points w;, z; € X are contained
in a single component 4; € X \ & and also a single component B; € X \ . Note
that the point x; € X is contained in A; since there is a path A? from x; to z; which
is disjoint from e. Similarly, x; € B;. Write A; and B; for the analogous components
of ¥\ &’ and X’ \ B’. Note that A} is obtained by removing four disks from A4;, and
similarly for B;.

We define our o-basic system of Heegaard diagrams as follows. In the i-th axis
direction, we first move ; around B; by a sequence of handleslides across the curves
of B. This is similar to the case of meridional o-basic systems in Lemma 9.7. We
perform a sequence of isotopies and handleslides to move B3 to the other side of z;,
so that z; may be moved to x; without crossing any attaching curves. Write z; for
X;, thought of as a base point. The next step in the i-th axis direction is to move o
around A; so that it moves to the other side of zlf , allowing zlf to be moved to w; .

Note that since 8] moves only around B;, and o moves only around A}, the
B; may be moved around simultaneously (for different i) and similarly different o]
may be moved simultaneously. Additionally, the original curves e and B are also
unchanged in this process. In particular, we may build the different axis directions
of the hypercube simultaneously to build the o-basic system of Heegaard diagrams.
By a similar argument to Lemma 9.7, we may choose the constituent hypercubes of
attaching circles to be algebraically rigid and weakly admissible. ]
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9.5 Tensor products of hypercubes of attaching curves

If £ is a hypercube of attaching curves on (X, w, z), and £/ is a hypercube of
attaching curves on (X', w,’, '), of dimensions #n and m, respectively, we now define
an (n + m)-dimensional hypercube £5 ® £ on (X U X', wU W',z U z'). We note
that the construction of £g ® £g is essentially identical to Lipshitz, Ozsvith and
Thurston’s construction of a connected sum of chain complexes of attaching circles
[26, Definition 3.40].

We begin with the underlying attaching curves of £ ® &£g/, which we denote
by (8(e,v)) (e,v)€E, xE,, » Where n = dim(&£g) and m = dim(£ /). We set §,,,) to be a
small translation of B, U B,. We assume the small translations are chosen so that the
copies of B, from &, ,) and 8., intersect in 28 (E+wI=1 points, and similarly for
the translated curves on X'.

Before defining the morphisms of £ ® £/, we begin with some helpful termi-

nology.

Definition 9.9. If ¢, ¢’ € [, we say that there is an arrow from ¢ to ¢’ if & < &',

(1) We say that an arrow from (e, v) € E,, x E,, to (&', V') is mixed if ¢ < ¢’ and
v <V,

(2) We say that an arrow from (g, v) to (&, V') is non-mixed if ¢ = &’ orv = V',

We now describe the morphisms of £ 4 ® &£ g/. We define the chainsin £5 ® £/
for each mixed arrow to be zero. For the arrow from (e, v) to (g, v’), where v < v/,
we use the chain
®2:8 ® ®v,v’»

where ®Z£ denotes the top degree generator (recall that we have perturbed one copy
of B¢ slightly in the definition), and ®,, , denotes the chain from &£ g-. Similarly, for
the arrow from (g, v) to (¢/, v), where ¢ < &', we use the chain

Ope ® OF .

Remark 9.10. We will only use the above construction in the case that £g and &£
are algebraically rigid. In this case, £g ® &£’ is also algebraically rigid, and the
hypercube relations are automatic.

9.6 Basic systems and connected sums

In this section, we define a connected sum operation on ¢-basic systems of Heegaard
diagrams.

We begin by defining a connected sum operation for systems of arcs. Let L and
L, be links in §3, with distinguished components K; and Kj, respectively. If A,
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and A, are two systems of arcs for L and L,, we can form their connected sum
A1#A, by taking the connected sum of L and L, at wy € Ly and z, € L,. We then
concatenate the arcs for the components K; and K, to obtain the arc for K;#K>.
A priori, this operation is asymmetric between L and L».

The most important special cases of this construction are the following:

(#-1) o connected sums: Suppose Aq and A, are systems of arcs for L; and
L5, such that the arcs for K; and K, are both alpha-parallel. We form a
system of arcs for Li#L, by using an alpha-parallel arc for K;#K>, and
using the remaining arcs without change.

(#-2) BB connected sums: These are analogous to aa.

(#-3) af connected sums: Suppose that A, and A, are systems of arcs for L and
L5, such that the arc for K; is alpha-parallel while the arc for K, is beta-
parallel. We form the system A;#A, by using the co-core of the connected
sum band as the arc for K1#K5.

These special cases are illustrated in Figure 9.4.

We now describe how to realize the above connected sum operations on the level
of o-basic systems of Heegaard diagrams. Suppose that we have o-basic systems
H; and H, for L, and L,. We focus on the largest hyperbox of the system, since
the smaller hyperboxes are determined by the compatibility condition with respect to
inclusion.

We take the connected sum of the Heegaard surfaces ¥; and ¥, at wy € K; and
z, € K5, deleting those two base points, and leaving z; and w,. See Figure 9.5.

We write j{go)’ J—Cgl) C H; for the codimension 1 subboxes where the K;-com-
ponent is 0 (resp. where the K-component is maximal). Write 9—(;0) and ngl) for the
analogous subboxes of H,.

L | ro—s| L r
L :l “: Ll L L/-\?I\Ll

Figure 9.4. The connected sums of two alpha-parallel arcs (top row), and the connected sum of
one alpha-parallel arc and one beta-parallel arc (bottom row).
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____________________
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g 20
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K, K> K1#K,

Figure 9.5. Forming the connected sum of two o-basic systems of Heegaard diagrams. The
dashed arcs denote the arcs in our o-basic system. On the left, we begin with an alpha-parallel
arc for K1 and a beta-parallel arc for K»>. On the right, we have the arc for the connected sum.

We first construct a hyperbox of Heegaard diagrams on X;#3,, which we denote
9{1#5{50). We build this hyperbox similarly to the tensor product procedure from
Section 9.5. We build an analogous hyperbox of Heegaard diagrams f}{gl) ® I, of
dimension (£; + £, — 1). Note that since these hypercubes take place on the con-
nected sum X#3,, as opposed to the disjoint union, we may not be able to build
the chains in the constituent hypercubes of attaching curves using the tensor product
operation. Nonetheless, we may always use the curves so-constructed, and fill in the
morphisms of these hypercubes using the standard filling construction of Manolescu—
Ozsvath [32, Lemma 8.6].

Both H; ® J—(;O) and 5—(51) &® H, share J—(El) ® 3{50) as a codimension 1 subface.
In particular, we may stack H{; ® J-Cg)) and 3{51) ® H,. Hence, for the connected
sum Li#L,, we use

Ho#H, = St(3H, @ H HW @ 3¢,), 9.1

where St denotes stacking hyperboxes. This construction yields a o-basic system of
Heegaard diagrams for L{#L,, whose largest hyperbox is given by equation (9.1).

Remark 9.11. If J{; and JH, are algebraically rigid, then J;#3{; is also algebraic-
ally rigid.

Remark 9.12. Note that St(ngo) ® Hs, J—CEI) ® H,) does not naturally define a o-
basic system of Heegaard diagrams. This is because the Heegaard diagrams must
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encode an isotopy of the base point z; to the base point w, on the connected sum of
the Heegaard surfaces. The stacking in equation (9.1) naturally encodes an isotopy
(concatenating the isotopy from z; to wj, the isotopy of the base point across the
connected sum tube from w; to z5, and the isotopy of z, to w,). The alternate stacking
does not naturally encode an isotopy of this sort.






Chapter 10

Hypercubes and disjoint unions

In this chapter, we consider hypercubes of attaching curves on disconnected Heegaard
surfaces. Recall that in Section 9.5, we defined a tensor product operation on hyper-
cubes of attaching curves. The goal of this chapter is to prove the following tensor
product formula for pairing such hypercubes of attaching curves.

Proposition 10.1. Suppose that £g and g/ are admissible hypercubes of han-
dleslide equivalent beta attaching curves on (X, w,z) and (X', w', 7)), respectively.
Suppose additionally that £, and £, are hypercubes of alpha attaching curves, sat-
isfying the same assumptions. Suppose also that if o and B are curves in £ and £g,
then (X, a, B, w,z) is the diagram of a link in a rational homology 3-sphere, and
similarly for £o and L.

(1) If the small translates in the construction of £g ® Lg: are chosen suitably

small, then £ ® L g/ is a hypercube of attaching curves. The same holds for
cfoc &® ia’-

(2) If the translations used in the constructions of £o ® Lo and £g @ L are
suitably small, then the canonical map of vector spaces

CF; ;(BUY £, @ Ly, £ @ Ly, WwUW,2UZ)
~ CF; (2, £y. £5.w,2) @ CF; (X, Lo, Lpr, W, 2Z),

is a chain isomorphism.

The same statements hold if ¥ and X' have free base points in addition to link base
points.

Remark 10.2. In our proof, the assumption that (X, &, 8, W, z) is a diagram for a
link in a rational homology 3-sphere is only used to simplify several statements about
admissibility. For general three-manifolds, the statement above holds as long as we
restrict to a finite set of Spin® structures on the hypercubes and assume the diagrams
satisfy a stronger version of admissibility (see [39, Definition 4.10]).

Our proof of Proposition 10.1 follows from the same line of reasoning as [26,
Section 3.5], though we present it for the benefit of the reader.
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10.1 Small translate theorems

We now review a preliminary technical result concerning Heegaard diagrams with
repeated attaching curves. These are based on the results of [26, Section 3] and [12,
Section 11].

Suppose & = (¥, 5, ..., a1, B1, ..., Pk, W, z) is a multi-pointed Heegaard
multi-diagram, the curves 1, ..., B; are pairwise handleslide equivalent, and the
curves &1, ..., o; are pairwise handleslide equivalent. Let [ = (iy,...,i;) and I’ =
(i1.....i;) be tuples of positive integers. For s € {1,..., j}, pick curves al .. Lol
which are small Hamiltonian translates of 5. Similarly, for7 € {1,.. ., k}, pick attach-
ing curves B;, .. LB ;. which are small translates of 8;. We define the diagram

. . ./ -/
o lj 1 i1 1 pl o 1 3
1D = (E,aj ,...,ocj,...,al,...,al,ﬂl,..., 1,...,ﬂk,...,ﬂk ,W,Z).

We assume that each Toz N Tym contains exactly 28 (E)+WI=1 points, for each s, n
and m, and similarly for the beta-translates.

Lemma 10.3. Suppose D = (Z,«;,...,01,B1,.... Bk, W,2) is a multi-diagram such
that the o; are all pairwise handleslide equivalent, and the B; are also all pairwise
handleslide equivalent. Assume that (X, o1, B1, W, Z) represents a link in a rational
homology 3-sphere. Assume that D is admissible for each complete collection of base
points W C w U z. Let 1Dy be the diagram constructed above. Assume the transla-
tions are chosen so that 1Dy is also weakly admissible. Suppose that (Jy)yek,_,
is a generically chosen family of almost complex structures for counting holomor-
phic L-gons, where £ is the total number of attaching curves on 1Dy. Here, K;_1
is Stasheff’s associahedron on £ — 1 inputs. Equivalently, K;_1 is the moduli space
of complex disks with £ boundary marked points, one of which is distinguished as
the “output”. If the translations in the construction are chosen suitably small, then
the following holds: If ¥ is a class of L-gons representing s such that the input of
each CF~ (a!™!, &) and CF~(Bi, ’+1) is the top degree generator and Y has a
Jy-holomorphic representative for some y € Ky_1, then

p(¥) = min(0,3 — j —k).

Egquivalently, if S := §=1(is -1+ Z{f:l(it’ — 1) denotes the number of special
inputs from small translates, then

w(¥) = min(0,3 — £ + S).

Remark 10.4. The condition that (X, a1, 1) represents a rational homology 3-
sphere is to obtain finiteness in the number of classes that the polygon maps count.
In this case, the existence of the Maslov gradings grqy for each complete collection
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W C w U z will ensure that for each N, there are only finitely many nonnegative
classes in a given

7202, 1. 0% ,.x,00,,....00 .y

n,n—1-°

with Maslov index N. Similar arguments can be made for diagrams of general 3-
manifolds, though one would need to require a stronger version of admissible (such
as strong s-admissibility). See [39, Definition 4.10].

We now briefly sketch the proof of Lemma 10.3. We assume for simplicity of
notation that j = 1 and i; = 1, so that there are only beta-translates. Consider a class
of £-gons ¥ on 1Dy, such that for each 7, ¢, the input from Tﬁg N Tﬁf“ is the top
degree generator. There is a well-defined approximating class ¥*P on D, and () =
w(Y¥?PP) (at this step, one needs the special inputs to be the top degree generator; see
[12, Lemma 11.3], which generalizes easily from triangles to ¢-gons). For each i
and j, we pick a sequence {f8 ;n }nen such that as n — oo, the curves ;n approach
B: (in the sense that there are maps ﬂﬁ,n is the time 1 translation by a Hamiltonian
vector field Xy, , , for a sequence of functions Hj ; , on X which converge to 0 in the
C ™ topology). Write D/, for the diagram obtained by replacing each B¢ with ﬂ;n
Given a sequence u, of holomorphic representatives of ¥ on £,,, we may extract a
subsequence which converges to a representative of ¥*P, which is a (k + 1)-gon. In
particular, by applying transversality for (k + 1)-gons, one obtains that

p(¥) = min(0,3 — (k + 1)).

As noted in Remark 10.4, we use the assumption that (X, &z, 8, W, z) is a diagram
for a rational homology sphere so that there are only finitely many classes of £-gons
of index 3 — £ representing a given Spin® structure, and we apply the above argument
to each class.

We refer the reader to [26, Section 3] and [12, Section 11] for additional details.

There is an additional refinement of the above lemma for the case when O =
(2, a, B,w,z) is an ordinary Heegaard diagram, and we have only one translate 8’ of
the curves B. In this case, if B’ are chosen to be suitably small Hamiltonian translates
of B8, then there is a canonical nearest point map

Dy Ty N ’]TB — Ty N Tﬁ/.
Extending this map linear over the variables, we obtain a map
@, CF (2,0, B, w,2) > CF (2, a, B/, W, 2).

Lemma 10.5. Suppose that (X, e, B, W,2) is a diagram for a link in a rational homo-
logy 3-sphere which is weakly admissible for each complete collection W C w U z,
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and suppose that B’ are suitably small translates of the curves B. Then we have an
equality of maps
Dop(=) = Jap.p (= ®;,/3’)'

The proof in the case of CF was given by Lipshitz, Ozsvath and Thurston in [26,
Lemma 3.38]. This was extended to CF~ (mostly by adapting the notation of [26]) in
[12, Proposition 11.1].

10.2 Disconnected Heegaard surfaces

Suppose that £ and &£ g+ are hypercubes of handleslide equivalent attaching curves
on (X,w,z) and (X', w',z'), of dimension n and m, respectively. In this section, we
prove part (1) of Proposition 10.1, i.e., for suitable choices of translates, the diagram
£p ® Lp is a hypercube of attaching curves (compare [26, Proposition 3.52]).

We begin with a technical result, from which we will derive the hypercube rela-
tions. In the following, we will write k = (&, v) for points in E,,,, = E, x E,,. Also,
we write (8 )xeE, ., for the attaching curves of E; 4z, If k1 <--- <k is an increas-
ing sequence of indices, we write fy,,...,, for the holomorphic £-gon map fs, .5, -
We similarly write f;, . ., and fy, .., for holomorphic polygon maps on X and >
We write O, _, «, for the chains on £g ® £ /. We recall that these are given by

®8i55i+1 & @I if Vi = Vi+1,
Ok kip1 = ®2; ® Ov vy, ife =€iq1,
0 otherwise.

Lemma 10.6. Let £g and £/ are hypercubes of handleslide equivalent attaching
curves on (X, w,z) and (X', W', 2), respectively, and let £g ® £ g denote the hyper-
cube on (X U Y ,wUW,zU2') described in Section 9.5. Suppose that k1 < -++ < kg
is an increasing sequence in Ey p,, and let Oy;_, .. denote the chains in £g @ Lg-.

If € +# 3, then

flcl,.-.,lcz (®K1,K27 ce ®Kz—1>1<z)

f81,...,$g(®81,827 ) ®8g_],8[) ® ®j_l’vl l:f”l = V@s
= ®:_1,51 ®fvl,...,vg(®v1,v2’--ov®wg_1,ve) ifer = gy, (10.1)
0 otherwise.
When £ = 2, we interpret f, «, as the ordinary Floer differential. When { = 3, equa-

tion (10.1) holds when vi = vz or 1 = e3. If £ = 3 and instead e, < &2 = &3 and
V1 = vy < V3, then

le,Kz,K3(®K1,K2’ ®K2,K3) = ®81,82 ® ®v2,v3’
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where we identify complexes whose attaching curves are small approximations of
each other. Similarly, if e1 = &3 < €3 and v < v, = v3 we have

fK1,K2,K3(®K1,K2’ ®K2,K3) = ®82,83 ® ®v1,vz‘

Proof. Consider first the claim when £ = 2 (i.e., for holomorphic disks). Suppose that
(g1, v1) < (&2, v2) and consider O, «,. By assumption, ®y, ,, is only non-trivial
if &1 = &5 or v = vy, so assume for concreteness that €; < &, and v; = v,. By
definition, O, «, = Og; 6, ® @jl v, The differential on the disjoint union of two
diagrams is clearly tensorial, so

0(Opy e, ®OF | ) =006, ® OF | + O, 0, O] | =00, ., @ OF

vi,vr’

proving the claim in this case. The case that £ = 3 is similarly straightforward to
verify.

We assume now that £ > 3. The map fy,, . ., counts holomorphic £-gons of
Maslov index 3 — £. The holomorphic curves map into (X L X’) x Dy. To define the
polygon counting map, we pick a family of almost complex structures (§y)yex,_,
on (X U X’) x Dy. Such a family of almost complex structures induces two families,
(Jy)yek,_, and (J5)yek, ;,on X x Dy and X' x Dy, respectively.

The holomorphic polygon map f,.....«, on the disjoint union may be equivalently
described by counting pairs (u, u’) representing pairs of classes of £-gons (¥, ¥')
satisfying

n@) +p@') =3 -4, (10.2)

which have the same almost complex structure parameter y € K,_;. In particular, we
may naturally view the moduli space for a class (¥, ¥') (as would be counted by the
polygon map fy,..«,) as the fibered product

U Mg, () x {y)

Y€K

=( U Mfmmx{y}) xev( U MJ;(w’)x{y}), (10.3)

Y€K Y€Ky

where ev is the evaluation map to Ky_1, which sends a pair (u, y) to the parameter y.

Consider the last line of equation (10.1). This equation concerns sequences
kK1 < --- < kg which increment both the E,-coordinates and the E,,-coordinates.
Consider a class of £-gons (Y, ¥') on (X U X') x Dy, potentially counted by the
{-gon map f,, ..« Let k be the number of inputs of ¥ which do not increment
the E,-coordinate. Let k” be the number of inputs of ¥’ which do not increment the
E,,,-coordinate.

By Lemma 10.3, if (v, ¥') has a holomorphic representative, we must have

w(@)>min3—4£+k,0) and w(y¥’)>min(3—£+k’,0), (10.4)
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because each input of ¥ which does not increase the [E,-coordinate contributes a top
degree generator in a pair of translated curves as input. Since u(¥) + u(y') =3 — ¢,
by assumption, for a holomorphic representative to exist we must have

min(3 — £ + k,0) + min(3 — £ + k’,0) <3 —£.
We add 2(£ — 3) to the above to obtain
min(k, ¢ — 3) + min(k’,£ —3) < £ - 3. (10.5)

On the other hand, there are £ — 1 total inputs to the map fy, ... «,, and each input
increments either E,, or [E,,, but not both (by definition of £ ® £g/). Hence

k+k =£—1. (10.6)

Combining the above equation with equation (10.5), we deduce that it is not possible
that both k < £ — 3 and k' < £ — 3, since then equation (10.5) would imply k + k' <
£ — 3, which contracts equation (10.6). Hence, we assume without loss of generality
that k > £ — 3. Equation (10.5) implies that

min(k’, £ —3) <0,

which implies that either ¥’ = 0 or £ € {2, 3}. Since we assumed that £ > 3, we
conclude that k¥’ = 0. Equation (10.6) implies that k = £ — 1. Symmetrically, if instead
we assumed kK’ > £ — 3, we would have (k, k") = (0, £ — 1). This proves the last line
of equation (10.1).

We now consider the first two lines of equation (10.1). These correspond to the
cases that (k, k") is (£ — 1,0) or (0, £ — 1). Consider the case that (k,k") = (0,£ — 1).
In this case, the holomorphic curve count occurs on the diagram

(Z,Beys- s Bep W) U(Z,B.,,.... B, W.2Z),

where the £ attaching curves on the right-hand diagram are small translates and we
write v for v;. Equation (10.4) implies in this case that @ (y) > 3 — £ and u(y¥') > 0.
Together with equation (10.2) we see that

w)=3—-4L and wu(y')=0. (10.7)
If ¥/ € my (@j: e ®:f »»Z), the Maslov index formula for the grading implies

that
M(lﬂ/) = nw'(\ﬂ/) + grw/(@j—,v,Z).
Since j1(y') = 0, we conclude that ny (') = 0 and z = O .
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For the main claim, it suffices to show that

# | M) = > Mg, (¥, ¥')  (mod 2).
yeke— S YRR}

w(y’)=0,

yeKy—

Equation (10.7) implies that
dim () My @) x{y}=0

yeKy—

and
dim ) My x{y} = dim(Key) =£-3.
Y€Ky
By the fibered product equation in equation (10.3) and the above dimension counts,
it therefore suffices to show that the map

ev: U M, (9') = Kooy
¥ en (O3 ,,...01 ),
w(y’)=0,
yeKe—g

has odd degree. (Compare [26, Lemma 3.50].) This is proven by considering the
preimage of a path y:[0, 1] = K;_1, such that y(0) = y, y(¢) € int Ky fort € [0, 1)
and y(1) is a point in 0K, which realizes a degeneration of a holomorphic £-gon
into £ — 2 triangles (i.e., a point in the lowest-dimensional boundary strata of Ky_1).
The codimension 1 degenerations along the image of (0, 1) under y consist of index 1
holomorphic disks breaking off. The holomorphic disks which break off at the input
generator cancel in pairs, since each ®1er,v is a cycle. There are no disks which bubble
off in the output, since they would leave an index —1 {-gon in n2(®j, e ®j’ Y,
for some y, as well as an index 1 disk ¢ € w5 (y, G)I o) with ny(¢) = 0. The existence
of such a degeneration would imply that gr(y, @j’v) = 1, which is impossible since
there are no generators with grading higher than ®I b

The cardinality of the limit at # = 1 corresponds to the component of @Iv in
the £ — 2 fold composition of maps of the form fg: g/ g/ (@Iv, —), applied to the
element ®Iv (e.g., by the grading preserving invariance of the Heegaard Floer com-
plex of connected sums of S! x S2). Clearly this is 1, modulo 2. This establishes
the first line of (10.1). The second line follows from the same reasoning, establishing

equation (10.1) and completing the proof. |

We now use the previous lemma to finish our proof that £g ® £/ is a hypercube
of attaching curves.
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Proof of part (1) of Proposition 10.1. Suppose that k < ' are points in E;,4,,. We
wish to show the hypercube relations for £5 @ £g/. Write k = (¢,v) and k’ = (&’,1").
There are two cases to consider:

(1) e =& orv =’ Le., the arrow (k, k') is non-mixed.
(2) e <& andv < V. Le, the arrow (k, ) is mixed.

In the case of a non-mixed arrow, Lemma 10.6 shows that the hypercube relations for
L @ L follow immediately from the hypercube relations on £ and £g.

For a mixed arrow («, k’), Lemma 10.6 implies that there are exactly two terms
which contribute to the hypercube relation. These correspond to the two broken arrow
sequences (k, kg, k') where ko € {(¢, V'), (¢/, v)}. By Lemma 10.6 both of these
sequences contribute to O, ® ©,, 7, which cancel, so the hypercube relations are
satisfied. ]

We are now able to prove the remainder of Proposition 10.1.

Proof of part (2) of Proposition 10.1. The proof is in the same spirit as part (1) of
the proposition. To simplify the notation, we will assume that £, and £, are both
0-dimensional, and consist of ordinary sets of attaching circles e and &’. If (g, v) <
(¢/,v’) are points in E; 4, then the hypercube map from (g, v) to (¢/,v’) in

CFFTuX,aUa £ £p,wUW) (10.8)
is obtained by summing over all increasing sequences
(8.v) = (e1,v1) <+ < (e, ve) = (¢',V),

the holomorphic (¢ 4 1)-gon map which has special inputs from £ ® £g/. We say
such a sequence is mixed if ¢ < ¢ and v < v’. We claim that in the pairing of the two
hypercubes of attaching curves, mixed sequences make trivial contribution. This is an
approximation argument similar to part (1) of the proposition, as we now describe.

We recall that £g ® £/ has no mixed arrows which are assigned a non-zero
chain. Hence we may consider only broken arrow paths in E; 4+, where each individ-
ual arrow increases exactly one of the [E,, or [E,, coordinates. For such a sequence of
length £ > 1, let k be the number of arrows which do not increase the [E,, coordinate,
and let k' be the number of arrows which do not increase the E,,, coordinate. In our
present situation, k + k' = £ — 1. The contribution of this arrow path is a count of
holomorphic (£ + 1)-gons, with £ — 1 special inputs from the hypercube £g ® £,
and one input from CF™ (e U o', B U B.). Suppose (¥, ¢') is a homology class
which could potentially contribute. By construction, u(y) + u(y¥’) = 2 — £. Equa-
tion (10.4) adapts to show that

w@) >min(2—£€ +k,0) and w(y¥’) >min2—{¢ +k’,0),
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$O
min(2— £ + k,0) + min2 — £ + k',0) <2 —¢,

and hence
min(k, £ —2) + min(k’,£ —2) < £ —2.

Similar to the argument from part (1), the only allowable configurations are (k, k') €
{(£ —1,0), (0,£ — 1)}. This implies that there are no mixed arrows in the hypercube
of equation (10.8).

It remains to verify that the non-mixed arrows of equation (10.8) coincide with
the tensor product differential. Arguing similarly to the proof of part (1), it suffices to
show that if x € Ty N Tpg,, then the map

ev: g My, (V) — K¢
vem (0 ,,...08 ),
n(¥)=0,
yekK,
is odd degree if y is the canonical nearest point to X, y = Xp,, and is even degree
otherwise. Similarly to part (1), we consider the preimage of a path y: [0, 1] — Ky,
which connects a generic y € int K; to a point in 0K, of maximal codimension.
The only possible generic degenerations on the interior consist of an index 1 disk
breaking off. Disks breaking off at the ®;f£ inputs cancel in pairs. Index 1 disks
breaking off at the x input or the y output are impossible, since they leave an index —1
(£ + 1)-gon which has £ — 1 inputs equal to the top degree generator, whose existence
would violate Lemma 10.3. Hence, we identify the preimage over y with the preimage
of y(1). By the nearest point map argument of Lemma 10.5, the count is odd if and
only if y = x,;,, completing the proof. ]






Chapter 11

Hypercubes and connected sums

In this chapter, we prove a connected sum formula for hypercubes of attaching curves.
We begin with some preliminary definitions before stating our result in Proposi-
tion 11.8.

Definition 11.1. A Heegaard surface with matched link base points (X, w, z, p) con-
sists of a surface with a finite collection of points w U z U p, which is equipped with
a matching function

m:w — z,

which is a bijection. We call w U z the link base points, and p the free base points.

Definition 11.2. Suppose that (X, w,z, p) and (X', w',z/, p) are two Heegaard sur-
faces with matched link base points, as in Definition 11.1. We say that (Z#X', w”,
z",p") is formed by an admissible connected sum if it is formed by one of the two

following procedures (possibly with the roles of ¥ and ¥’ reversed).

(1) (Connected sum at a free base point.) The connected sum is taken at a free
base point p € p, and at some point x’ € X"\ (W' U Z’). The base points are

w' =wuw, Z/=zUZ, and p"=(@{\{p)Up.

(2) (Connected sum at link base points.) The connected sum is taken at two link
base points w € w and z’ € z'. The base points are

w =w\{wphuw, Z/=zU@\{Z'})), and p"=puUp.

Suppose that we form an admissible connected sum (Z#X%/, w”, z”, p”’) from the
pointed surfaces (X, w, z, p) and (X', W', z’, p’). Suppose £p and £p/ are hyper-
cubes of handleslide equivalent attaching curves on X and X', respectively. We may
construct a hypercube-shaped diagram £ ® £/ on (X#X', w”,z", p") via the same
procedure as on the disjoint union of the two diagrams in Section 9.5. We do not claim
that the hypercube relations are satisfied, however we have the following remark.

Remark 11.3. If £ and £ g/ are algebraically rigid, then the top degree chains coin-
cide on disjoint unions of diagrams and on admissible connected sums, justifying the
use of the notation £g ® L/ for both situations. Also, if £g and £/ are alge-
braically rigid, then £g ® &£ is automatically a hypercube of attaching curves.

To state our connected sum theorem for hypercubes, we need an additional con-
dition on our hypercubes of attaching curves.
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Definition 11.4. Suppose that £,, is an algebraically rigid hypercube of handleslide
equivalent attaching curves on (X, w, z, p), and x is a point in the complement of
2\ Ugeg, @ We say that x is base point-esque for £, if for every composable
sequence ®Uj,,)j_1,...,®,,2,,,l of chains in £, and every nonnegative class ¥ €
712(6)\,_].,,,_1.71, .o, 0y, 5,,X), we have

w() = 2nx(Y).

(Note x is the outgoing intersection point in the class 1r.) We make a similar definition
for hypercubes of algebraically rigid beta hypercubes.

Lemma 11.5. If £, is an algebraically rigid hypercube of handleslide equivalent
attaching curves on (X, w,z,p), and x € wU z U p, then x is base point-esque for L.

Proof. Assume for concreteness that x € w. If ¥ € m2(Oy; y;_,,..., Opy,X) is
a class, then the relation between the Maslov index and the absolute grading on the
Heegaard Floer homology (see [40, Section 7]) implies

(W) = 2nwop(¥) + 2ryup(Ov, v 1) + -+ 4 yup(Ovy) — Eryup (%),

where gr,, is the absolute grading, normalized so that the top degree cycle of

wUp

HF_(E, avi ) al),',l ’ W’ Z7 p)

has grading 0. Since £, is algebraically rigid, we also know that gr,,,,(x) < 0 and
gryup(©v; 4 ,v;) = 0 forall i and hence

u(y) > anUp(W)

If ¢ is a nonnegative class, we have nyup(¥) > nx (), so we see that x is base
point-esque for £ . ]

Remark 11.6. Suppose
+

7
Lo = (o BRELN a'),
where o’ is obtained by performing a Hamiltonian isotopy to & which crosses x, then

X is not base point-esque for £, because there is a bigon of index 1 which covers x
once. See Figure 11.1.

Suppose that £, is a hypercube of handleslide equivalent attaching curves on
(X,w,z,p) and x € X is in the complement of each curve in £,. If & is in £, write
E¢ for the product of the variables of the base points in the component of ¥ \ «
containing x.

Lemma 11.7. Let £y be a hypercube of handleslide equivalent attaching curves on
(2, w, z,p) and suppose that x is base point-esque for £o. Then E¢ is independent
ofa € Ly.
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Figure 11.1. An example of a point x which is not base point-esque from Remark 11.6.

Proof. Let a1,y € &£4. Consider the endomorphism A, of CF™ (a3, a;) which
counts holomorphic disks of index 1, which are given a multiplicative factor of 4 (¢).
It is straightforward to see that [0, Ax] = (Es' + E%?) -id. On the other hand, if
O,,«; 18 a cycle generating the top degree of homology, then 9(®g,.«,) = 0 since
O, .o, 18 acycle and Ay (Og,,q,) = 0 since x is base point-esque for £, so there are
no Maslov index 1 and nonnegative homology classes of disks in any 72 (g, ,q«; , X)
with multiplicity 1 on x. Since CF™ (at2, &) is free and 0 = [0, Ax](On,,0,) =
Oupay - (Ex' + Ex?), it follows that Ey' + Ex? = 0, completing the proof. m

The main result of this chapter is the following.

Proposition 11.8. Suppose that £, and £g are algebraically rigid hypercubes of
handleslide equivalent attaching curves on (X, w,z,p) and £ and £ g/ are algebra-
ically rigid hypercubes of handleslide equivalent attaching curves on (X', w',z, p’).
Suppose that we form (S#%',w” 2", p") by an admissible connected sum of (X, w,
z,p) and (X', w', 7', p’) at points x € T and x’ € /. Form the hypercubes £4 @ Lo
and £p ® £Lp: as described above. If x is base point-esque for £g and x' is base
point-esque for Lo, then there is a natural homotopy equivalence of hypercubes

CF (SHY L0 ® Lo, Lp @ Lpr, W', 2", p')
~ CF_(Z, Las éﬁﬁ,w, Z, p) ®Rr CF_(E/’ Loy xﬂ/,w/’z/,p/).

Also, R is as follows:

(1) If the connected sum is taken along a link component, then R = F[U, V] is
the ring for the link components along which the connected sum is taken.

(2) If the connected sum is taken at a free base point x = p; € p, then the tensor
product is taken over F[U], where we have U act by U; on the left factor, and
E;‘,/ on the right factor. (Cf. Lemma 11.7.)

(3) If the connected sum is taken at a free base point x' = p; € p' in w U Z/, the
tensor product is taken over F[U], where we have U act by U; on the right
factor and E )'? on the left factor.

Unlike in Chapter 10, the homotopy equivalence of Proposition 11.8 is not given
by the identity map on the level of groups. Instead, it involves counting holomorphic
curves.
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Remark 11.9. If instead x is base point-esque for £, and x’ is base point-esque
for £ g/, then there is also a homotopy equivalence of hypercubes realizing a tensor
product formula. Note that in the case that if x and x’ are base point-esque for all
of the hypercubes of Lagrangians, then there are two distinct maps of hypercubes
realizing the homotopy equivalence. These are referred to as ®*<° and ®° <* below.

11.1 Cylindrical boundary degenerations

In this section, we recall some important facts about boundary degenerations.

Definition 11.10. Suppose B is a set of attaching curves on (X, w), and x € Tg. A
cylindrical beta boundary degeneration at x consists of a tuple (u, S, j) such that
(S, j) is a Riemann surface and

u: (§,05) —> (Z x[0,00) xR, B x {0} x R)

is a map satisfying the following:
(1) uis (j, J)-holomorphic.
(2) u is proper.

(3) Foreacht e Randi € {1,...,g(Z) + |w| — 1}, the set u~1(B; x {0} x {t})
consists of a single point.

(4) u has finite energy.
(5) 7y o u is non-constant on each component of .S, where H = [0, c0) x R.
(6) S has a collection of n = g(X) + |w| — 1 boundary punctures py, ..., p,. If

X = (x1,...,X,), where x; € B;, then
lim (mgou)(z) =00 and lim (wx ou)(z) = x;.
Z—)pl Z—)pl
Cylindrical alpha boundary degenerations are defined by analogy. Of fundamental
importance is the mod 2 count of boundary degenerations.

Proposition 11.11. Suppose B is a set of attaching curves on (X, w), and B is a
Maslov index 2 class of boundary degenerations. For an appropriate choice of almost
complex structures on X X [0, 00) X R, the moduli space of boundary degenerations
N (B, X) is transversely cut out. Furthermore, the parametrized moduli space

L ¥(B.%) x {x}

XETB

is also transversely cut out. Furthermore,

#N (B,x)/ Aut(H) = 1.
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The case when |w| > 1 is proven by Ozsvith and Szab6 [41, Theorem 5.5].
Ozsvith and Szabé also proved that if |w| = 1 there are generically no boundary
degenerations for split almost complex structures on X x [0, o0) x R. However, for
their boundary degenerations, the parametrized moduli space Uxerﬂ N (B, x) x {x}
might in general be non-empty, and there are always broken boundary degenerations
at which transversality is not achieved (e.g., the union of a closed curve representing
> and a constant disk at x). This is sufficient for showing that 9% = 0, but is not suf-
ficient for our purposes. The |w| = 1 case was revisited in [12, Section 7.6], where
it was shown that for appropriately generic choices of almost complex structures, the
count of Proposition 11.11 holds.

11.2 The 0-dimensional case

In this section, we present the proof of Proposition 11.8 in the case that £g and
L g are both O-dimensional (i.e., we recover the standard connected sum formula of
Ozsvath and Szabé [38]). The analytic details we present here will be the basis of the
higher-dimensional cases of Proposition 11.8, which we consider in the subsequent
section. Our argument is inspired by work of Ozsvath and Szabd in the bordered
setting [45]. See also [12, Section 19.4].

Suppose H = (Z,a, B,w,z) and H' = (X', a’, B/, W', 2’) are multi-pointed dia-
grams, and suppose that J and J’ are almost complex structures on ¥ x [0, 1] x R
and X’ x [0, 1] x R, respectively. The notation J A J’ means the data of the pair J
and J' together with distinguished connected sum points, x € ¥ and x’ € X/. We
assume that the connected sum is admissible, in the sense of Definition 11.2.

Remark 11.12. In Proposition 11.8, we additionally had the assumption that x and x’
were base point-esque for some of the hypercubes of attaching curves. In the present
case, £o, Lo, £g and £ are all 0-dimensional, and this condition is automatic.

For notational simplicity, we focus on the case where we have just one U vari-
able, and one V variable, no free base points, and we are doing a connected sum
of link components. The first step is to do a neck-stretching degeneration along the
connected sum tube. The result of this degeneration is a chain complex, freely gen-
erated over the ground ring R = F[U, V] by pairs x x x/, where x € T, N Tpg and
x' € Ty N Tp. The differential is given by the formula

a]/\J’ (X X X/) — Z #(MeM((P, ¢/)/R) . unw//(¢+¢/)vnzu(¢+¢/) . y X y/’
yXy/E(TaﬂTﬂ)X(Ta/ﬂTﬂ/),
¢€7[2(X7Y)y
¢’En2(x’,y’),
nx(@)=n.s(¢"),
w(@)+u(d")—2nx($)=1
(11.1)
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where MM (¢, ¢') is the perfectly matched moduli space, consisting of pairs (u, u’)
satisfying the following matching condition. In the following, we write (S9, j) and
(T, j’) for the sources curves of u and u’, where (S, j) and (T, j’) are Riemann
surfaces, and q and q’ are ordered collections of 71, (¢) = ny/(¢) marked points, for
which we write ¢ = {q1,...,¢n} and q' = {q1, ..., q,}. We define

MM ypg(p,¢") := {(u,u’) : u is J-holomorphic,
u’ is J'-holomorphic,
(s ou)(qi) = x, (wxy ou)(qi) = X/,
(rp o u)(¢i) = (mp o u')(g;)}. (11.2)

It is not hard to see that this gives a chain complex, which we denote by
CF;, ;/(H#, H'). (Compare [12, Section 19.4].) The construction is inspired by the
matched moduli spaces which appear in [27, Section 9.1].

If I is a (non-singular) almost complex structure on Z#X’ x [0, 1] x R, then one
may define a chain homotopy equivalence

CF; (J#Jt') ~ CF5, ;. (3. H")

by counting index 0 curves for a non-cylindrical almost complex structure on Z#3 x
[0, 1] x R which interpolates an ordinary cylindrical almost complex structure on
S#Y x [0, 1] x (—o0, t1], and a degenerate almost complex structure (i.e., one with
infinite neck length) on X A ¥’ x [0, 1] X [t2, 00), for some #; < 0 and ¢, >> 0. See
[12, Section 19.4] for more details.

We now describe a chain homotopy equivalence

®*=":CF7, ;/(H#,H') — CF;(H) @ CF,(H").
If ty € R, write
Ay 1= 1[0,1] x {to} € [0, 1] x R.
Let us write

s: X x[0,1] xR —[0,1] and ¢:Xx[0,1]xR — R

for the projection maps.

Definition 11.13. Suppose 1o € R. A (®, e < o, ty)-matched J A J'-holomorphic
curve pair consists of a pair of marked J A J’ holomorphic disks (u, u’), equipped
with the following data:

(1) A partition of the marked points of u (resp. u’) into three sets, S, C and N
(resp. ', C" and N).

(2) A bijection ¢:S — §'.
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We assume the following are satisfied:

(1) If g; is a marked point of u, then (7wx o u)(q;) = x, and similarly for all
marked points of u’.

(2) Ifg € Sand ¢’ € §' and ¢(q) = ¢/, then
(tou)(q) = (tou')(g) <0 and (sou)(q) = (sou’)(q).

(3) If ¢ € N then (z o u)(q) > to. The analogous statement holds for ¢’ € N'.

(4) |C| = |C’|. Furthermore, if ¢ € C then (¢ o u)(g) = to, and similarly for the
marked points of C’. The marked points of C and C’ alternate between those
of C and those of C" along A,. Finally, the left-most marked point along this
line is contained in C.

See Figure 11.2 for a schematic of a (®, e < o/, fp)-matched curve pair.

If (¢, ¢') are a pair of homology classes, M is a pair of marked source curves
for ¢ and ¢’, and 7y € R, we write MMP-*= (¢, @', M, to) for the moduli space of
(®, @ < o, tg)-matched disks representing ¢ and ¢’. We consider the parametrized
moduli space

MMP= (¢, ¢ M) = | MMP* (9.4, M, 10) x {ro}:

toeR

If 1o is fixed, the expected dimension of MMP*<° (¢, ¢'. M. 1o) is given by the
formula
ind(¢, ¢’ M) = pu(¢) + p(¢") —2(ISI + |C)).

The map ®*<° counts pairs of curves (u,u’) in MMP*<" (¢, ¢', M) /R, ranging
over tuples with ind(¢, ¢’, M) = 0. Equivalently, we can think of ®*<°" as counting
elements of the non-parametrized moduli spaces MM ®*< (¢, ¢, M, 1) for some
fixed 7. (The parametrized perspective becomes helpful later.)

Figure 11.2. The projection to [0, 1] x R of marked points of a (®, e < o’, fy)-matched holo-
morphic curve pair. Solid dots indicate the marked points of u, while open dots are the marked
points of u’. The map W*<°" counts similar configurations.
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Next, we explain the U and 'V weights of a curve. The base points not involved
in the connected sum contribute powers of variables as normal. The marked points in
S U S’ U C U C contribute algebra elements which are the same as would be counted
on the connected sum of the two diagrams, where we have removed any base points
used for the connected sum. For the marked points in N and N’, the algebraic contri-
bution is the same as on the disjoint union of the two diagrams, where we treat the
punctures as base points.

Concretely, if the connected sum is formed along a link component, and x = w
e w and x’ = z/ € 7, then the algebra element contributed by the marked points
would be

UNIYINT, (11.3)

(There would be an additional contribution from the other base points not involved
in the connected sum.) If instead the connected sum is formed at a free base point
x = w € X and some non-base point x’ € X, then the algebra contribution from the
marked points would be UN.

We define a similar map

=" CF;(#) @R CF},(H') — CF ;. (K, H')

by counting holomorphic curves with similar conditions, but with the roles of the S
and N labeled marked points switched.

Remark 11.14. Constant disks are counted by both ®*<°" and W*<°".
Lemma 11.15. The maps ®*<°" and W*<°" are chain maps.

Proof. We focus on ®*<°" since the argument for W*=<°" is not substantially differ-
ent. Our proof is modeled on work of Ozsvéth and Szabé in the setting of bordered
knot Floer homology [45]. The proof is to count the ends of (P, e < o', fp)-matched
moduli spaces for triples (¢, ¢’, M) with ind(¢p, ¢’, M) = 1. Modulo the R-action on
the parametrized moduli space, such moduli spaces are 1-dimensional. In the present
situation, it is sufficient to fix o = 0, and consider only (®, e < o’, 0)-matched holo-
morphic curves. The ends are constrained generically to the following configurations:

(®-1) Two paired marked points in S and S’ may collide with the line Ao, away
from the marked points in C and C'.

(P-2) A pair of punctures in C and C’ may collide along 1.

(®-3) A puncture of N or N’ may collide with Ay (in the complement of C
and C'). There are two subcases:

(a) After the degeneration, the marked points along A¢ do not alternate
between those of u and u’.

(b) After the degeneration, the marked points along A do alternate be-
tween those of u and u'.
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(®P-4) A puncture of C may degenerate into an index 2 beta boundary degenera-
tion at height t = 0.

(®-5) A puncture of C’ may degenerate into an index 2 alpha boundary degener-
ation at height t = 0.

(®-6) Strip breaking may occur, leaving a (P, @ < o', 0)-matched disk of index
0 as well as a holomorphic disk of index 1 in either positive or negative
direction. There are two subcases:

(a) The index 1 holomorphic disk degenerates towards —oo, and is per-
fectly-matched.

(b) The index 1 holomorphic disk degenerates towards + oo, and has triv-
ial matching (i.e., the projections of all marked points to [0, 1] X R are
distinct).

Most of these ends appear in canceling pairs, and the rest correspond to the relation
[0, ®*<°"] = 0, as we describe presently.

The ends (®-1) cancel with the ends (P-2).

In an end of type (®-3a), there are two adjacent marked points along Ay which
are both from u or both from u’. Such a curve appears twice in the boundary of the
moduli spaces. See Figure 11.3.

The ends of type (®-3b) cancel with the end of type ($-4) and ($-5). Here we are
using the mod 2 count of boundary degenerations from Proposition 11.11. Note also
the algebra contributions coincide for the two canceling degenerations of type ($-3b)
and type (®-4) or (®-5) (cf. equation (11.3)). If the connected sum is taken along
a link component, each boundary degeneration which forms along A, will contain
one puncture from C U C’ and also one link base point. The degeneration which
cancels this boundary degeneration formation consists of a N or N’ puncture colliding
with A,,. The algebra weight from the N or N’ puncture coincides with the weight of
the base point which is lost in the boundary degeneration. The case of a connected
sum at a free base point is similar.

The remaining ends are (®-6), which correspond exactly to the commutator
[0, <I>‘<°/]. Summing all ends, we conclude that

dod*= + =09 =0,
completing the proof. ]
Lemma 11.16. The maps ®*<°" and W*=°" are homotopy inverses.
Proof. We define two maps H, and H|,, which we prove satisfy
id+ U< 0@*< =[3,H\] and id+ ®*< oW*< =[3, H]. (11.4)

We focus on the map H 4, since H|, is constructed by a straightforward modification.
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(®-32) |-+¥

I — 00—

——e -0 -0

(®-3b) (©-4)

Figure 11.3. Some cancellations in the proof that ®*<°" and W*<°" are chain maps.

The map H, counts certain curve pairs (1, u’) where u has five collections of
marked points, NN, NC, M, SC and SS, and u’ has five collections of marked points
NN, NC', M, SC’" and SS'.

Definition 11.17. Suppose that ¢y < ¢; are real numbers. We say a pair of marked
holomorphic strips (1, u") is (Hn, to, t1)-matched if the following are satisfied:

(1) The marked points of NN and NN’ are perfectly matched. Furthermore, their

projection to R lies above #;.

(2) The marked points in NC and NC' both project to A;, . Furthermore, [INC| =
INC’|. As one travels along A,,, the marked points alternate between |[NC|
and |[NC'|, and the left-most marked point is from NC, while the right-most
is from NC'.

(3) The marked points of M and M’ have no matching condition. Their projection
to [0, 1] x R lies between Ay, and A;, .
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(4) The marked points SC and SC’ satisfy the same conditions as NC and NC’,
except that they project to A,.

(5) The marked points in SS and SS’ are perfectly matched, and their projection
to R lies below t.

See Figure 11.4 for a schematic.

If (¢, ¢") are two homology classes of disks, equipped with decorated sources and
matching data M, and ¢ty < #; are fixed, then the expected dimension of the moduli
space of curves which are (H 4, tg, #1)-matched and represent (¢, ¢’, M) is given by

ind(¢, ¢’ M) = j1(¢) + 11(¢") — 2ISS| — 2INN| — 2|SC| — 2INC]|.
Write MM (¢p, @', M) for this moduli space. The parametrized moduli space

MM, ¢' M) = | MM, ¢ M. t0,11) x {(t0, 11)}

to<ty

has a free R-action, corresponding to overall translation (acting diagonally on 7
and 7).

Further, the map H, counts MM(¢, ¢’, M)/R for triples (¢, ¢’, M) satisfying
ind(¢, ¢’, M) = —1. In this case, the expected dimension of MM (¢, ¢’, M) is 1.

To verify equation (11.4), we count the ends of the parametrized moduli spaces
MM (P, ¢’, M)/R where ind(¢p, ¢', M) = 0 (so that dim MM (¢, ¢', M)/R = 1).

There are ends which occur at 0 < #; — #p < 0o. These are the obvious analogs of
the ends in the case of one special line (®-1),...,(P-5). They cancel by an identical
proof to the case of one special line.

It remains to analyze the curves which appear as t; —ty — O or #; — 79 — c0. The
ends which appear as t; — typ — o0 are easy to analyze: they correspond exactly to the
composition W*=<°" o ®*<°". We now focus on the ends which appear as 1; — 7o — 0.
These correspond to the lines A;, and A;, colliding to form a single line, for which

NN/NN’{ o
NC/NC’% o -0 @--0 - Atl

M/M/ o o

SC/SC— [~ 7> A
SS/SS/{

Figure 11.4. A (H A, to, t1)-matched curve pair. On the left side, we indicate the regions where
the marked points NN, NC, M, SC, and SS are sent.
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we write A,. The limiting curves live in a moduli space of pairs (u, u’) where the
points of SS are perfectly matched with SS” and NN are perfectly matched to NN/,
and the rest of the marked points are matched to A,/. For fixed ¢/, this moduli space
has expected dimension

1($) + (@) — 2|SS| — 2|NN| — 2|SC| — 2INC| — M| — M.

By assumption, the above quantity is —|M| — |M’|. The moduli space which is pa-
rametrized over all ¢’ has dimension —|M| — |M’| + 1, but since it also has a free R
action, we conclude that —|M| — [M’| > 0, so [M| = [M/| = 0.

There are two remaining cases for the curves appearing as t; — o — 0:

(HA-1) |SC| = INC| = |SC| = INC'| = 0.

(HA-2) Atleast one of |[SC|, INC|, |SC’|, INC'| is non-empty.

For the ends ( H »-1), there are no marked points along the special line and the limiting
curve pair (u, u) is perfectly matched, similar to the curves counted by .y in
equation (11.1), except (1, u’) has index O (i.e., the expected dimension, ignoring the
special line, is 0). Using transversality and expected dimension counts, we see that u
and 1’ must both represent the constant class. These ends contribute idcy; 3.2
to the left equation of (11.4).

We now consider the ends labeled (H1-2). We claim that these appear in can-
celing pairs. Indeed, each such end appears with even multiplicity, corresponding to
switching the roles of NC and SC, and switching NC" and SC’ (i.e., having the special
lines pass through each other). See Figure 11.5.

The construction of the homotopy Hy is defined via the obvious modification,
and a similar analysis goes through to establish the right equation of (11.4). |

-0 - O-e - O r—®-<-0--

PN g

| _e---0-- -e-0-e -0

- 0@ -O-8 O-O—

Figure 11.5. The cancellation of the ends labeled (H -2).
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11.3 Connected sums and hypercubes

We now extend the work of the previous section to handle the more general case
of hypercubes of dimension greater than 0. We focus on the case that £, and £
are O-dimensional, i.e., £, = a and £, = &', while £ and £/ are of arbitrary
dimension.

Similar to the setting of ordinary Floer complexes in Section 11.2, it is straight-
forward to construct a neck-stretching homotopy equivalence

CFI_(Z#EI,O( U a’,éﬁﬂ ® £Lg) = CF;, (2 A >, aU a',éﬁﬂ ® Lp).

The construction is essentially the same as the construction of a homotopy equiva-
lence of hypercubes for changing the almost complex structure. Compare [12, Sec-
tion 14.2].

The goal of this section is to describe a homotopy equivalence of hypercubes

¢.<O/: CF;/\J/(E A E/,Ol U OL/, iﬂ ® :ﬁﬂ/) — CF;U]/(E (] E/,a U Ol/, $ﬁ ® iﬂ/)

under certain restrictions on &£ g and L /- In the domain of d>°<°/, the curves counted
are perfectly-matched. In codomain, the curves have trivial matching (i.e., they are
counted in the normal way for disconnected Heegaard surfaces, as in Section 10.2).
The map ®*<° is an extension of the map defined in Section 11.2, which we describe
momentarily. Note that by Proposition 10.1, the codomain of ®*<" is homotopy
equivalent to the tensor product of CF; (X, a, £g) and CF (X', &', £4/), if the
hypercube &£ ® £ is constructed with sufficiently small Hamiltonian translations.

Similar to the case of connected sums, we will define the map ®*<°" to count
holomorphic polygons with a special line.

To simplify the exposition and notation, it is helpful to establish a few conven-
tions. Firstly, we recall that the holomorphic £-gon maps require a choice of a family
of almost complex structures (Jy)yek,_,. The space Ky_; may be identified with
the moduli space of disks with £ marked points along its boundary. For the sake of
notation, it is more convenient to consider the moduli space of £ — 2 marked points
along the line

{0} xR € [0, 1] x R.

Overall translation by the R-action gives equivalent elements in the moduli space.
For our purposes, it is actually more convenient to not initially quotient by this action,
and consider a family of almost complex structures (Jy,¢)(y,r)ek,_, xR - Let T denote
translation of the R component of ¥ x [0, 1] x R by r units. We require that

Jy,r = (Tr*)(-]y,r+r),

for each y € Ky_;, and 7,r € R. Note that this does not imply that each J, ; is
translation invariant under the R-action on [0, 1] x R.
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With this convention, the normal £-gon counting maps can be viewed as counting
the 1-dimensional parametrized moduli spaces

U M) <o

(y,1)eKe1 xR

modulo their free R-action.

If 7o € R, the notion of a (P, e < o', fp)-matched pair of (£ + 1)-gons is eas-
ily adapted from Definition 11.13. (Note that to define the map ®*<°, the indexing
is somewhat more natural if we count (£ 4+ 1)-gons than £-gons.) Here, o denotes
the height of the special line, where the marked points C and C’ are matched. If
(W, ¥', M) is a triple consisting of two homology classes of (£ + 1)-gons, and M is
a pair of decorated source curves and matching data, and (y,7) € Ky x Randfp € R
is fixed, then the expected dimension of the moduli space of (P, @ < o’, fy)-matched
(£ 4 1)-gons, denoted MM%:<O/(1/I, V', M, ty), is given by

ind(y, ¥, M) = p(¥) + n(¥’) - 2I8| - 2[C|.

This is because the moduli space with Jj, . fixed but with no puncture constraints
has expected dimension w(y¥) + w(y’), and the perfect matching below #o and the
matching along the special line give a codimension 2(|S| + |C|) constraint.

If J = (J(y,0))(v,r)ek, xR is a family, we define the parametrized moduli space

MM?’.<O (w, w/’ M) — U MM?(’;?: (w’ w/’ M, IO) X {(y, T, IO)}’
(y,71)eK¢ xR,
to€R

which has expected dimension
e dim MM T~ (Y, ¥/, M) = ind(y, ', M) + ¢, (11.5)

and has a free R-action.
We now define our hypercube morphism O*< . Ifk < k" and k, k" € E,tm, we

define the component CD;ff;, of ®*<° as follows. If k = K’ = (&, v), then the map

O} CFy, (EAT aUd B UB,) — CFy(SUT e U, B UBY)

Kk—kK'*

is the tensor product map defined in Section 11.2.
If k1 < --- < kg is an increasing sequence of points in E, 1 ,,, then we write k; =
(gj,vj) and we define a map

(po<o' . CF;/\J’(E A E/,a U “/7 ﬂSI U ﬂIIJl)

k1 <—<Kg*
— CF;,(EAT aUd, B, UB,,)

by counting (P, ® < o, fo)-matched holomorphic (£ + 1)-gons which have ind(y, ¥,
M) =1—{, and all of whose special inputs come from £g ® £ g-. By equation (11.5)



Connected sums and hypercubes 135

the parametrized moduli spaces of such families have expected dimension 1, and also
have a free R-action.
If k < «/, then we define

e<o’ . __
Kk—K Picy <-<kyp-

K=K <-<Kg=kK'
We may also define a map
W= CF; ,(SUY ., aUda L5 @ Lp) — CF;, (AT aUd L5 ® Lp)
in the opposite direction via the obvious modification.

Lemma 11.18. Suppose that £ g and £ g/ are hypercubes of beta attaching curves on
Y and Y, respectively, and x € X and x' € X' are choices of connected sum points.
Suppose the following are satisfied:

(1) £p and L/ are algebraically rigid.

(2) x is base point-esque for £ g.
The following are the generic codimension 1 degenerations in the parametrized mod-
uli spaces of (®, e < o, tg)-matched (£ + 1)-gon curve pairs on (X AN Y, a U/,
£p ® Lp) representing classes with matching data satisfying ind(y, ', M) =2 —{
(i.e., of expected dimension 1 after quotienting by the free R-action), where the spe-
cial beta inputs are from the hypercube £g @ Lg::

(®4-1) Two paired marked points in' S and S' may collide with the special line
(away from the marked points C and C'). None of the punctures in P U P/
have the same height as the special line.

(¥¢-2) A pair of punctures of C and C' may collide along Aty (and the P and P’
punctures have different heights than A, ).

(P4-3) A puncture of N or N may collide with Aty (in the complement of C and
C’, and with different height than P and P’).

(Pt-4) A puncture of C may degenerate into an index 2 beta boundary degenera-
tion or alpha boundary degeneration. The height A, is different from any
puncture in P or P'.

(®4-5) The holomorphic pair (u,u’) may break into two R-levels, exactly one of
which contains the special line.

(®4-6) Degenerations may occur which involve the punctures P and P'. These
are constrained to the following:

(a) An index 1 disk pair may bubble at two punctures of P U P. If it

degenerates above the special line, then the matching is trivial. If it
degenerates below the special line, the matching is perfect.
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(b) Four punctures of P UP’ collide and bubble off a pair of index 0 holo-
morphic triangles. If they form below the special line, the matching
is perfect. If they occur above the special line, the matching is trivial.

See Figure 11.6 for a schematic of the above degenerations.

Proof. The claim that these degenerations have codimension 1 is clear. We claim that
there are no further degenerations. There are two points which require explanation:

(P-1) There are generically no degenerations involving the punctures P U P’
which leave a puncture along {0} x R of the same height as the special
line A4,.

(P-2) The generic degenerations involving the punctures P or P’ along {0} x
R (which necessarily occur at heights other than that of the special line
by (P-1)) are constrained to those listed in (®-6). In particular, they are
constrained only to index 1 disk bubbling and index O triangle degenera-
tions. Such curves are perfectly matched if they occur below the special
line, and trivially matched if they occur above the special line. Degenera-
tions of pairs of j-gons at these punctures are prohibited for j > 3.

See Figure 11.7 for a schematic of a degeneration which we claim is non-generic.

-o--oz)- -_gf:)- -o-‘Il--o-o-
!
(Pt-1) (dt-2) (Pt-3)
¢ * o ‘ o
o‘ll - - 0=~ - - O——
(®L-5) (dt-62) (d*-6b)

Figure 11.6. The generic degenerations of (P, e < o', fg)-matched holomorphic £-gon pairs.
The large boundary dots denote punctures of P and P’.
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Figure 11.7. A putative example of a degeneration of type (P-1). Big dots are boundary punc-
tures. Small dots are marked points. The left disk is identified with H.

We now argue that degenerations (P-1) are non-generic. Consider a pair (u,u’) of
broken curves obtained as the limit of a 1-parameter family of (®, e < o', #y)-matched
(£ + 1)-gons, representing a pair of classes (v, ¥'), all of whose special inputs are
the top degree generators. Assume that each of u and u’ consist of a j-gon and a
k-gon for

jt+k=£43. (11.6)

Such a degeneration corresponds to the codimension 1 strata of K;. Our argument
extends easily to further degenerations into a tree of curves, corresponding to the
higher codimension strata of Ky, though we focus on the codimension 1 strata to
simplify the notation.

Suppose that ¥ degenerates into a pair ¥, and u;, where u, is a map into X X
[0,1] x R, and we view u; as a map into X x H where H = [0, co) x R. Here, u, and
u; have additional boundary punctures, and we think of u, as a holomorphic k-gon,
and we think of u; as a holomorphic j-gon. We assume that u’ similarly consists of
a pair u} and u/., which are holomorphic j-gons and k-gons.

We assume for the sake of the argument that j, k > 2. Note that we automatically
have k > 2, since there are the punctures at o00. The case that j = 1 corresponds
to a boundary degeneration. In this case, we may fill in the boundary puncture for the
curves u, and /. and obtain an (£ + 1)-gon. We leave it to the reader to analyze the
case of boundary degenerations by adapting the index arguments we present.

In the limit, write N;, N, (resp. C;, C;; resp. S;, S, ) for the marked points of u;
and u, that lie above (resp. on; resp. below) the special line. Write N} (and so forth)
for the analogous marked points of ué and u/.. Here, we use the same designation of
N, C and S as from the 1-parameter family (so in principle, it is possible for an N-
marked point to lie on the special line, though it will follow from our argument that
these degenerations occur in too high of codimension to be generic).

By construction of the 1-parameter family relevant to the degeneration, we have

nw) + @) +£-2-2(C| +[S)) = 0. 1.7
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For these families, the parametrized moduli space has expected dimension 2 by equa-
tion (11.5), and also has a free R-action. We note that [N| = |N;| 4 |N,|, and similarly
for the other collections of marked points.

We may view the pair (u;,u}) as determining a map to (X U X') x [0, 00) x R.
Excluding the puncture at oo, there are j — 1 punctures along {0} x R. We normalize
the limit so that the special line coincides with [0, o) x {0}. There is a 1-parameter
family of conformal automorphisms of the half plane which preserve this line. They
are multiplication by positive real numbers.

We claim that

) + p@p) + j —2-218;| —max(|C;| + |C|. 1) = 0. (11.8)

The reasoning for the above equation is as follows. We may view the limiting curves
as being elements of a moduli space of holomorphic curves which is parametrized by
the moduli space of j — 1 marked points along {0} x R. Thisis a (j — 1)-dimensional
moduli space, however, there is a free action by R x (0, co). The R-factor translates
in the i-direction, and the (0, oo)-factor scales by a real positive number. If |C;| +
|C;| = 0, then both of these actions preserve the moduli space of curves which are
parametrized over the moduli space of j — 1 points along {0} x R, and normalized
so that the special line is {0} x [0, 00). This parametrized moduli space has expected
dimension ju(y1) + (Y1) + j — 1 = 2[8y. Hence, u(y) + u(y)) + j —3 - 2I8)]
> 0 if this moduli space is non-empty, as claimed. If |C;| + |C;| > 1, then the R-
action which translates in the i-direction no longer preserves the matched moduli
space, but the (0, oo)-action does preserve the matched moduli space, so instead we
only obtain
w (W) + () + j —2-2[8| = |C;| - |C| > 0,

as claimed.

Similarly, (u,,u).) can be viewed as living in a moduli space of k-gons where the
marked points C, and C,. lie on the line A, the marked points S, and S/, are perfectly
matched, and also that there is a boundary puncture which has the same height as the
special line. Since the expected dimension of this moduli space must be nonnegative
if it admits a representative, we conclude that

(W) + 1) + k=3 =2|S;| = |C;| = |C}| = 0. (11.9)
We may rearrange equations (11.7) and (11.6) to obtain

0=pn)+un@)+L-2-2(C|l+IS])
= u() + u@p) +j —2—C | —1C;| - 2[S]
b )+ pW) £k —3—|C —|CL =218, (11.10)
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Next, since &£ is algebraically rigid and x is base point-esque for £, we obtain
rW1) = 2np (Y1) = 2|C;| + 2IS;] + 2IN; . (11.11)
See Definition 11.4. In particular, we obtain that

wn) + p@p) + j —2—C| —|C;| —2|S;]
> u)) +j —2+1Ci| —|C)| + 2INg|. (11.12)

Since we are performing the e < o’ degeneration, we know also that
ICi| > [C) = |G| = 1, (11.13)

since the left-most puncture along the special line will be in C;. By transversality for
ordinary j-gons, we know that

py) +j—-2=1 (11.14)
In particular, from equations (11.12) and (11.14) we obtain that
@) + p@Wp) +j —2—Cil = [C)| = 2[S;| > 1. (11.15)

Equations (11.8) and (11.15) imply that equation (11.10) is the sum of two non-
negative integers, one of which is at least 1. Hence the equation is never satisfiable.
This implies claim (P-1).

It remains to consider degenerations into polygons where the special line does
not occur at the same height as one of the punctures in P U P’. In such cases, |C;| =
|C;| = 0. Furthermore, equations (11.8) and (11.9) adapt to show that

w() + py) + j —3-=2|S;] >0,

) , (11.16)
n(Wr) + u@)) +k —2-=2|S,| - |C,|—|C;| > 0.

Arguing similarly to equation (11.10), we see that both of the two inequalities above
are equalities.

We consider first the case that (u;, u;) from below the special line. In this case,
we observe that /;#y;; may be viewed as a class on Z#X’ since they have the same
multiplicity at the connected sum point. The excision principle for the index (i.e.,
deleting disks at the connected sum points) implies that

p(i#yy) = wr) + n(yp) — 218

By the absolute grading formula, if z is the outgoing intersection point of v #y/,
we have

1Wity]) = nw (Yrttyy) + g (©7,2),
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since the inputs of wl#wl’ consist of only the top degree intersection points. We con-
clude that ,u(wl#wl’) > 0. The first line of equation (11.16) (now known to be an
equality) now implies that j — 3 < 0. The only possibilities are j = 2, 3, as claimed.
Degenerations of j-gons above the special line are handled via an essentially identical
argument. ]

Lemma 11.19. Under the assumptions in Lemma 11.18, the maps ®*<°" and W*=<*’
are chain maps of hypercubes.

Proof. We focus on the map ®*<°, since the analysis for U*<° is nearly identical.
Suppose k < k’ € E,4m, and consider the hypercube relations for Cone(®*<°"). If
k = k', then the hypercube relations follow from Lemma 11.15, so assume k < k.

Suppose that k = k1 < -+ < kg = k’. We count the ends of 1-dimensional families
of (O, e < o', tg)-matched £ + 1-gons, which have inputs from &£ g ® L. The codi-
mension 1 degenerations are analyzed in Lemma 11.18. Many of these ends have
a similar cancellation pattern as in Lemma 11.15. For example, the ends (@-1)
and (®*-2) cancel modulo 0. Similarly, each curve satisfying (d‘-3) appears twice
in the boundary of the modulo space, unless the limiting marked points alternate
between X and X', in which case the curves cancel the degenerations in (d*-4). The
curves appearing in (®*-6) cancel modulo 2 because of the hypercube relations for
£p ® £p (onboth £ LI " and X A ).

The remaining curves are those which appear in the degenerations labeled
(®-5). These ends correspond exactly to the hypercube relations for the mapping
cone of ®*<°". This verifies that ®*<°" is a chain map. (]

Remark 11.20. In the above, we assumed that £, ® £, was 0-dimensional. In the
case that both £, ® £, and £g ® L have positive dimension, the argument is
essentially the same. The only additional subtlety concerns for which hypercubes x
and x’ are base point-esque for. In the above, we used that x was base point-esque
for £ to obtain equations (11.11) and (11.13) for degenerations along {0} x R. To
obtain the analogous bounds for degenerations along {1} x R we instead would need
p’ to be base point-esque for £4, as in the statement of Proposition 11.8.

Lemma 11.21. Under the assumptions in Lemma 11.18, the maps ®*<° and W*<°'
are homotopy inverses of each other.

Proof. The proof is similar to the proof of Lemma 11.16. Indeed, one can define
(H, tp)-matched holomorphic (¢ 4+ 1)-gons by analogy to the case of disks. Count-
ing such curves gives a morphism of hypercubes

HyCF (EAY  aUd L@ Lp) > CF (EAT  aUa, £ ® Lp).

By a straightforward adaptation of Lemma 11.18 to the case where there are two
special lines, and by adapting the argument from Lemma 11.16 to handle the limiting
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curves appearing as the special lines collide, we obtain exactly that the following
diagram is an (n + m + 2)-dimensional hypercube of chain complexes:

CF(EAY.aUd . £50Lp) 23 CF(SUY . aUd . £5® Lp)

Tt--s H
l/id ‘\‘~\‘A§\ l\po<o’
Tt

CF(EAY, aUa . 2y ®@Lp) — CF(SAY U, £5® Ly)
The above diagram realizes the relation
lIjo<o’ ° q)o<o/ + id = [8, H/\]’

completing the proof. A homotopy equivalence in the other direction is defined by
the obvious adaptation. ]






Chapter 12

The pairing theorem

In this chapter, we prove the pairing theorem. We prove Theorems 1.3 and 1.4 of the
introduction, as well as some generalizations and refinements.

12.1 The statement

We now state the pairing theorem (i.e., connected sum formula). In this section, we
state the pairing theorem for links in terms of a box-tensor product. In Section 12.2,
we unpack the statement in terms of the link surgery complexes. In Section 12.3, we
prove the statement.

Theorem 12.1. Suppose that L and Ly are two links in S3, which are equipped with
systems of arcs Ay and A,, respectively. Form their connected sum L1#L, along two
distinguished components Ky C Ly, and K, C Ly. Assume the arc for K, is alpha-
parallel and that the arc for K, is beta-parallel. Let A1#A, denote the connected
sum, in the sense of Section 9.6 (see, in particular, (#-3)). Then

XA1+A2(L1#L2, AI#AZ)I€1+Z271
~ (Xa, (L1, A)EO @F Xa, (Lo, A2)E02) B gae M.

Remark 12.2. In Theorem 12.1, the arc of A1#A, for K1#K> is the co-core of the
band used to form the connected sum. See Figure 9.4.

12.2 Unpacking the statement

We now give a concrete reformulation of the pairing theorem from the previous sec-
tion, in terms of the knot and link surgery complexes.
We begin by unpacking the claim for the Ozsvath—Szabd mapping cone complex
X (Y1#Y2, K1#K>3). For i € {1, 2}, the complex Xj, (¥;, K;) is the mapping cone
complex
v(yi.Ki)_i_h;l"’i.Ki)
XA,- (Yi, Ki) = COHC(A(K,‘) —l> B(Kl))

We recall from Lemma 6.5 that we may identify A(K;) with a completion of
CFK(Y;, K;), and that we may likewise identify B(K;) with a completion of
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V-YeF K (Y;, K;). From the connected sum formula for knot Floer homology, we
know that

CFK (YV1#Y,. Ki#K,) = €FK (V1. K1) ®Fpiv) EFK (Y. K2)

and similarly the localized module V"1E€F K (Y1#Y,, K 1#K>) decomposes as a ten-
sor product over the ring F[U, V, V71].

These tensor products of knot Floer complexes may themselves be described as
box tensor products over the algebras F[U, V] and F[U, V, V™!]. Indeed, if x1, .. .,
is a free-basis of €FK (Y1, K1), then we may form a type-D module €FK (Yl,
K1)FIWV] spanned over F by Xy, ..., X,, with structure map §' encoding the differ-
ential on €F K (Y1, K1). Similarly, we may view €FK (Y,, K») as a type-A module
Fru,v]EFK (Y2, K>), freely generated over IF[U, V] by intersection points, and with
only m; and m, non-vanishing. Clearly,

CFK (Y1, K) VT B ppo v €F K (Y2, Ko)

= CFK (Y1, K1) ®rp,v) EFK (Y2, K>).
Yi.Ki) from the knot surgery formulas of K and K are the canonical
inclusion maps for localization at V;. Hence, the map v on the tensor product is just
the tensor product vY1:K1) @ y(¥2.K2),

On the other hand, the maps h(Y"K‘) and h(YZ’KZ) both satisfy h( Vi Ki )(ax)
¢ (a )h(Y’ Ki) by Lemma 6.7. It is strarghtforward to see that this 1mplres that their
tensor product h(Y1 KD @ h(YZ’KZ) is well defined.

In the box tensor product X, (K D% X %X 1, (K2), there is a summand of the
differential which corresponds to 7 being output by X (K )%, and then input into
% X2, (K>). This summand is identified with h(Y1 K2 o h(ZZ’KZ) Similarly, there is
a summand of the differential that corresponds to a o being output by X;, (K1)
and then input into 5 X, (K2). This contributes v{ ® v, to the differential.

We summarize the above observations with the following lemma.

The maps v

Lemma 12.3. If K| C Y; and K, C Y, are two knots in integer homology 3- spheres
then Theorem 12.1 is equivalent to the statement that the map hgfﬁ Ki#Ka)

Ozsvdth and Szabd’s surgery formula X, | 15, (Y1#Y>, K1#K>) satisfies
(YV1#Y2,K1#K>3) ~ (Yl K1) (Y2,K>2)
h/\] +As h ® h/lz ‘
The pairing theorem for the link surgery formula has a similar restatement. Let

€a,(L1) and €, (L) be the link surgery hypercubes of Manolescu and Ozsvéth.

Write

€, (L) = Cone(o(Li) T e (L)),
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Here, €,(L;) consists of the complexes of all points of the cube E;; such that the
coordinate for K; is v € {0, 1}. Also, we are writing FXi (resp. F~%i) for the sum
of the hypercube maps for all sublinks N C L; which contain K; (resp. —K;).

Note that similar to the case of ordinary link Floer complexes, the connected sum
formula [37, Section 7] provides an identification of vector spaces

Co(L1#L,) = €o(L1) ®Fpi,v) Co(L2)

and
€1 (L1#Ly) = €1 (L1) ®ppv.v-17 E1(L2).

Here, ® denotes the completed tensor product.

The maps FXi are F[U, V]-equivariant, while F~%Xi are [T]-equivariant. In par-
ticular, both tensor products FX1 @ FX2 and F~%1 @ F~K2 are well defined. The
same logic as with the case of connected sums of knots gives the following restate-
ment of the pairing theorem for the surgery hypercubes.

Lemma 12.4. Theorem 12.1 is equivalent to the statement that the surgery hypercube
CA A, (L1#Lo, A1#A5) is homotopy equivalent to the ({1 + £, — 1)-dimensional
hypercube

Cone(‘(fo(Ll,Al) ® Co(L2, Az)

FKigFKa4F—KigF—K2

(L1 A1) & Ei(La, ).

For each v € {0, 1}, the above complexes €, (L) & €,(L») are equipped with the
tensor product differential D ® id +id ® D3, where D; is the total differential
of the hypercube €, (Lj) (i.e., the sum of the internal differentials as well as the
hypercube maps).

12.3 Proof of the pairing theorem

We now prove the pairing theorem, Theorem 12.1.

Proof of Theorem 12.1. We will use the restatement in terms of mapping cones from
Lemma 12.4. Our strategy is to pick a o-basic system for which we can apply the
hypercube tensor product formulas from Chapter 11.

We consider first the map F~(K1#K2) and the corresponding Heegaard diagrams.
These maps will in general have summands of length greater than 1, but since we
are using a o-basic system, the only non-trivial summands correspond to sublinks
M C —(L1#L>), all of whose components are oriented oppositely to Li#L,. (See
the second paragraph of [32, Section 8.7].)
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We focus on the largest hyperbox in a o-basic system, i.e., the one for M =
—(L1#L,), since all of the smaller hypercubes are determined by this one. We sup-
pose that H; and JH, are o-basic systems of Heegaard diagrams for L and L5, which
use the systems of arcs A; and A,, respectively. We consider the o-basic system JHy
constructed in Section 9.6.

We obtain two important hyperboxes and hypercubes:

(1) A hyperbox CF~ (Hy) over
R = ]F[Ula ey U([—ls Uéu U€1+17 cees Uel-i-(z—l]’

where Uy, ..., Uy, are the variables for L, and Uy, ..., U 4¢,—1 are the
variables for L,. Here, Uy, is viewed as the variable for the special compo-
nent K 1#K>. This hypercube is generated over R by intersection points on
each constituent Heegaard diagram. If d is the size of the hypercube, then
at each point ¢ € E(d), the diagrams of Hy are equipped with a complete
collection of base points W, consisting of exactly one base point for each
link component. When ¢ = 0, these coincide with the z-base points. As one
increases the coordinates of the cube, the z-base points are moved into the
position of the w-base points. A holomorphic curve representing a class ¢
is weighted by the product of Uinpi’g , where p; . € W, is the base point

corresponding to the link component in index i.

(2) A hypercube E’Xfljr‘ K;‘z), which has the same underlying groups and internal

differential as the link surgery hypercube €4, 4, (L1#L>) (computed using

Hs), but has only the differentials for negatively oriented sublinks of L #L,.
Write cCF ™ (3(4) for the compression of CF™ (Hy). If ¢ € Eg, 4¢,—1, write €; C
EA,+n,(L) and C; € cCF ™ (J{y) for the underlying chain complexes at the point

e €Ey top-1-

The hypercube structure maps of ‘GXETKSZ) are determined by the hypercube

structure maps for CF~ (Jy), as we now describe. If ¢ € Ey, 4,1, write
Se CF[Ut, Vi,.. o, Ugy 451, Ve +45-1]

for the multiplicatively closed subset generated by U; for each i such that ¢; = 0 and
V; for each i such that g; = 1.
At each point & € Ey, 4 ¢,_1, we write I for the inclusion map

1€ — SE_1 - €.
For each ¢, there is also an isomorphism

0c: S 1€, — C. @ F[H(L)].
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This map is gotten by sending a generator a - X (where X is an intersection point and a
is an algebra element) to a’ - x, where @’ is the unique element in F[Uy, ..., Ug, 4-¢,—1]
® F[H(L)] satisfying the following:
(1) A(a’) = A(x) + A(a) (where A(a’) is defined by setting A(U;) = 0 and
A(T®) = s).

(2) If &; = 0, then the power of U; in a’ is equal to the power of V; in a.

o .. .
1 — > 14 1 .
3) Ife 1, then the power of U; in a’ is equal to the power of U; in a

Write &, for the hypercube structure map for ‘C’XEI;IX;Q) from €, to €, and

write fg s for the hypercube structure map for cCF~ (Hy) from C; to Cr. The map
®, o is equal to
Deer =07 0 (frw @ TAe) 000 I,. (12.1)

In the above, A, . € Z41+£2-1 denotes the sum of the columns of the framing matrix
of L1#L, corresponding to components K; of L#L, for which 8; > g

Hence, to show the main claim it suffices to show that cCF~ (Hy) admits a tensor
product decomposition analogous to the claimed one for € (JH4), and also to show that
each summand of F~X1 @ F~X2 has Alexander grading consistent with the surgery
formula. The claim about Alexander gradings is obvious, so it suffices to address the
claim about cCF™ (Hy).

We now consider in more detail the o-basic system of Heegaard diagrams J4
constructed in Section 9.6. The hypercubes of attaching curves which appear in this
o-basic system have a simple description in terms of tensor products of hypercubes
of attaching curves. See equation (9.1). Recall that this hyperbox was constructed
from o-basic systems of Heegaard diagrams J{; and J{, for L, and L,, respectively.
We may assume that these hypercubes are algebraically rigid by Lemma 9.8 (see also
Lemma 9.7). Recall that in Section 9.6 we defined

Hy = St AR, HV430,).

Here, .’J—Cgo) (resp. .’J—Cgl)) is the subbox of J{; where the coordinate for K is O (resp.
maximal). We define ngO) and ngl) similarly. Write x; € ¥; and x, € X, for the
connected sum points. Since J{; is alpha-parallel at K (i.e., we use a special beta-
curve as a meridian of K) it is straightforward to see that x; is base point-esque for
all of the constituent alpha-hypercubes of J{, in the sense of Definition 11.4. (Note
that x; is typically not base point-esque for the beta-hyperboxes in the construction,
cf. Remark 11.6.) Similarly, since H, is beta-parallel at K, x, will be base point-
esque for all of the constituent beta-hypercubes of J{,. See Figure 9.5. Note that x;
and x, will be base point-esque for both the alpha and beta hypercubes of iHl(j ),

By Lemma 2.10, the operations of stacking and pairing hyperboxes of attaching
curves commute. Using our results about connected sums of hypercubes in Proposi-
tions 10.1 and 11.8, we obtain a homotopy equivalence between CF~ (H4) and the
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hyperbox obtained by stacking
CF~ (3) ®F[v,) CF~ () and CF~(3{") ®p(y,) CF(3).

To compress, we use the inductive construction described in Section 2.3. In doing so,
we may choose to compress the axis corresponding to the special link components
K, and K last. We obtain that the compression of CF~ () is homotopy equivalent
to the compression of a hyperbox
f1®id
Co(L1) ®F[u,) Co(L2) —— C1(L1) ®F[y,] Co(L2)

d® f-
—2 C1(L1) ®F[u,) C1(L2).

In the above, C,, (L;) denotes the compression of CF~ (9{5“)), forv € {0, 1}, and f; is
the map so that the compression of CF~ (H;) is isomorphic to Cone( f;). This is the
analog for cCF~ (Hy) of the formula in the main statement for ‘6;5? sz). Since the
other maps in equation (12.1) are tensorial, we obtain F~(K1#K2) — p—Ki @ p—Kz,
as in the statement.

We now consider the map FX1#X2_Since we are using a o-basic system, the maps
FXi FK2 and FK1#K2 gre gl the canonical inclusions for localizing at the 'V variable
for Ky, K> and K #K,. We claim that the homotopy equivalence described above
intertwines FX1#K2 with FK1 @ FK2, Concretely, this amounts to the claim that
the homotopy equivalence, defined above, counts the same curves on Co(L1) ®F[y,]
Co(L>) as it does on C1(L1) ®F[v,] C1(L2). This is immediate from the definition.
The main claim follows. ]



Chapter 13

Arc systems and the link surgery formula

For any system of arcs A for a link L, the construction of Manolescu and Ozsvath
gives a hypercube of a chain complex €, (L, A), which is a module over F Uy, ...,
U¢]. When A consists only of beta-parallel arcs, their link surgery formula states that

Hy(Cp (L, A)) = HF (YA (L)).

When A consists only of arcs which are alpha-parallel or beta-parallel, their proof
also adapts without substantial change to show the above isomorphism. However, for
a general set of arcs, their work does not prove the isomorphism. In this chapter, we
prove the following.

Theorem 13.1. Suppose that A and A’ are two systems of arcs for a framed link
L € S3. Suppose that A differs from A’ by changing only the arc for the component
K1 C L. Then there is a homotopy equivalence of hypercubes

CA(L, A) > Ep(L. A
which is equivariant over F[Ua, ..., U].

We note that our argument does not imply that the type-D modules XA (L, A)*
are homotopy equivalent for all choices of A. Instead, our proof gives the following
statement about the bordered link modules.

Proposition 13.2. Let A and A’ be two systems of arcs for L € S3, and suppose that
A differs from A’ by changing only the arc for K1 C L. Then there is a homotopy
equivalence of type-D modules over £4_1:

Xa(L, A)ECR g, Do ~ XA (LAY K g, Do.

In the above, K denotes the algebra factor corresponding to the component K1 C L.

13.1 Basepoint moving maps on hypercubes

Suppose that £, and £g are two hypercubes of handleslide equivalent attaching
curves on (X, w,z,p). We suppose that y C X is an immersed loop, starting and end-
ing at a free base point p. We now describe an endomorphism y,x of CF™ (&£4, £5).

We begin by picking a diffeomorphism of X, which corresponds to an isotopy
which moves p in a loop along y, and is the identity outside of a small neighborhood
of y.
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There is a canonical map
¢+ CF (L4, Lp) > CF (9Lo, 9 Lp)

obtained by pushing forward an intersection point tautologically under the diffeomor-
phism ¢, and extending equivariantly over U;, V; and U;. We now build a hyperbox
of handleslide equivalent attaching curves

Py — L, — La. (13.1)

We pick £/, by winding the curves of &£, sufficiently so that (pL, £,,) and (£),, L)
are both weakly admissible. We use the standard filling procedure of Manolescu and
Ozsvith [32, Lemma 8.6] to fill in the remaining chains of the above hyperbox.

By pairing the hyperbox in equation (13.1) with ¢«£g and compressing, we
obtain a map

£ _ _
Uyl Ly i CF (pLa.$pLp) — CF (L0, pLp).

Amap W8T CF (La. 2 5) — CF(Lq. Lp) is defined similarly. We define
the map y, as a composition
pLp—>L oL
S S Y 2
It is not hard to see that the map y. is well defined up to chain homotopies of

hypercube morphisms by repeating the same procedure to build hypercubes of higher
dimension.

Remark 13.3. The above construction may be packaged into a form of naturality for
hypercubes. If H = (£4, £g) and H' = (£, £ g’) are two hypercubes of handleslide
equivalent attaching curves, such that each set of curves in £, is handleslide equiva-
lent to each set of curves in £, and dim(£y) = dim(£), and similarly for £4 and
ZLp, then the above construction produces a map Wy, 5¢: CF~(H) — CF™ (3(').
Furthermore,

Wier—sg¢ 0 Warsger > idep—(9¢)- (13.2)

Equation (13.2) is proven by using associativity to reduce to the case that ' consist
of small translates of &£, and £g, and then by either adapting Lipshitz’s proof in
the case of triangles [23] or by using the small translate theorems for holomorphic
polygons in Lemma 10.3.

We now state our formula for the map Y. The statement is formally similar to
the case of the ordinary Floer complexes [58, Theorem D]. Our formula involves two
endomorphisms ®,, and +4, which are defined in Sections 13.3 and 13.2.
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Theorem 13.4. Suppose that £, and £ g are hypercubes of handleslide equivalent
attaching curves on (X,w,z,p). Let p € p be a free base point and let y be a closed
path on X, which is based at p. If y« is the associated base point moving hypercube
morphism, then

Vs = id 4+ O, 0 A,

as morphisms of hypercubes.

The proof of the above result will be given in Section 13.6. As a first application,
we can compute the effect of changing one arc in a system of arcs for a link L € S3.

Corollary 13.5. Suppose that L € S3 is a framed link and that A is a system of
arcs for L. Let H be a o-basic system of Heegaard diagrams for (L, A). Let y be an
embedded closed loop in S 3 Which is based at some z; € K; C L but is otherwise
disjoint from L and A. Assume y is contained in the Heegaard surface for . Let A’
be the system of arcs obtained by concatenating the arc for K; with y. Let us view
CA(H) as

FKiyp—K;

CA(H) = Cone(‘é’o(fH) _— ‘6’1(9{)), (13.3)
where C; is a |L| — 1-dimensional hypercube and F~%i denotes the sum of all hyper-
cube maps for oriented sublinks of L which contain —K;, and similarly for FXi_ Then
there is a o-basic system of Heegaard diagrams H' for (L, A’) such that

FKi4(id+ V71 Ay ody, ) FKi
Cp(H) ~ Cone(‘C’o ()

€1(30)). (13.4)

where A, and ®,; are viewed as endomorphisms of €1 (H).

We now sketch the proof of Theorem 13.1 using Corollary 13.5 and a few other
basic results from later in this chapter.

Proof of Theorem 13.1. The map ®,,; will be introduced below in more detail in Sec-
tion 13.3. According to Remark 13.11, below, the map ®,,, is null-homotopic as a
hypercube endomorphism via the homotopy

q)wi = 8M0r(aui) = 8 o 8'1,(1' + au,- o 8

Here, 0 denotes the hypercube differential on €;(J(), and dy; is the derivative with
respect to U; (i.e., dy; (U'x) = nu;?_lx), when x is a generator which has no U;
powers. See Remark 13.11 for more details on this null-homotopy.

The null-homotopy dy; of ®,,; gives a chain homotopy equivalence between the
hypercubes in equations (13.3) and (13.4). The map 9dy;, does not commute with U;
or U; = U;"V;, however, it will commute with U; and V; for j # i. In particular, the
null-homotopy dy; cannot be used to induce a morphism between X5 (L, A)%¢ and
Xa(L, A ):E@' However, after tensoring with £y, the endomorphism I ® dq(; can be
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defined, so we may package the null-homotopy of ®,,, as a homotopy equivalence of
type-D modules

Xa(L, TR 5Dy ~ Xa(L, A)E R 5Dy
as in the statement of Proposition 13.2. |
We now describe the proof of Corollary 13.5.

Proof of Corollary 13.5. One first builds the surgery hyperbox for sublinks of —L.
We compress the direction for Kj;. The resulting hyperbox takes the form

Cone(‘go(ﬂf) L&) gl (J"C))’

where ‘Ej (F) compresses to €; (H(). To build the hyperbox for H’, we stack the above
hyperbox with the base point moving map hyperbox for y, to form the following
hyperbox:

(Bo 30 L5 8,30 15 €, (90)).

If &, (H) has dimension #n — 1 and size d, the hyperbox for y, has dimension # and
sized x {1}.

Theorem 13.4 implies that the above hyperbox has homotopy equivalent com-
pression to the compression of

1

(Bo30) L2 2,00 220,00 25 8, (00)).

The factor of V; ! in front of ®,, is to make the map for sublinks of L which contain
—K; have the correct Alexander grading, since +, has A;-Alexander grading 0 while
®,, has A;-Alexander grading 1. (Note that 4, and ®,, will not necessarily be
homogeneous in the other Alexander gradings, since they are hypercube morphisms,
and hence may increment the cube directions for other link components.) We recall
that for these maps, the powers of V; are determined by the overall Alexander grading
change of the map. Compressing the above hyperbox gives the statement. ]

Remark 13.6. We observe that in the above corollary, there is some ambiguity in
the definition of ®,,,. In practice, we would like to compute ®,,, on the link surgery
hypercube, as opposed computing ®,,, using a large hyperbox whose compression
is the link surgery hypercube. It is an easy consequence of the Leibniz rule that ®,,,
commutes with the compression operation, so either choice gives the same answer.

The following remark indicates some subtleties of the hypercube homology ac-
tions +, and the base point moving map formulas.
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Remark 13.7. The statement of Corollary 13.5 is false if y is not disjoint from the
curves A on the Heegaard diagram. An example is the genus 0 diagram for the Hopf
link in Figure 16.1. In this case, composing with the base point moving map for
moving one w; around one of the components will switch between two models of
the Hopf link complex (for different arc systems) which we show are non-isomorphic
type-D modules in Chapter 16. On the other hand, any loop on this Heegaard diagram
bounds a disk since the surface is S3, so Lemma 13.13 can be used to show that
the homology action is null-homotopic. In this case, the hypotheses are not satisfied,
since the curve y = K is not disjoint from the arc A; for K;.

13.2 Basepoint actions on hypercubes

In this section, we define the base point action on hypercubes. The base point actions
are analogs of natural endomorphisms which appear on the ordinary Heegaard Floer
complexes, especially in the context of base point moving maps and diffeomorphism
maps. See [49, 53, 58], for example.

Suppose that £, and £ g are hypercubes of attaching curves on (X, w,z, p). Here
and throughout, we assume w and z are link base points and p are free base points. In
this section, we will consider the Floer complex CF™ (£4, £ g) which is a free module
over F[Uy, ..., Uy, Vi,.... Ve, Uy, ..., U], where U; is the variable for w; € w, V;
is the variable for z; € z, and U; is the variable for p; € p.

If w; € w, we now describe an endomorphism

@y, CF (Lo, £5) — CF (L4, Lp).

If z; € z, or p; € p, there will be analogous endomorphisms, denoted ¥, and ®,,_,
all defined by essentially the same construction.

We define the map ®,,, by formally differentiating the hypercube differential d
on CF™ (£4, £ ) with respect to U;. More precisely, if x and y are intersection points
CF ™ (£4., £p) and d(x) has a summand of a - y for some a € F[U;, Vy, ..., U Vg,
U, ..., U], then we define @, (x) to have a summand of dy, (a) - y. We extend
&y, to all of CF™(&£4, £g) by declaring it to be F[Uy, Vi, ..., Uy, Ve, Un, ..., Us]-
equivariant.

Lemma 13.8. The map @, satisfies Ovor(Pw;) = 0, where Omor is the morphism
differential for hypercube morphisms (see equation (2.3)).

Proof. The proof is the same as in the setting of the ordinary Floer chain complexes.
See, e.g., [53, Lemma 3.1]. This is obtained by taking the equation 3> = 0, and dif-
ferentiating with respect to U;. The Leibniz rule yields ®,; 09 +do &y, =0. =
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Remark 13.9. In Lemma 13.8, we are implicitly using the fact that the differential
commutes with the action of U;. We note that in the link surgery formula € (L),
although the group is naturally a completion of a free-module over F[U;], the differ-
ential does not commute with U; (cf. Lemma 6.7). However, if w € K and we restrict
to a subcube of € (L) where the coordinate for K is constant, then the differential
does commute with U; and the map ®,,, can be defined. This is the only case that we
consider in the present memoir.

When £, and £ are algebraically rigid, there is an alternate definition of ®,,,
for which we write ®% . The map (DOw,» is defined as follows. Suppose that &£ is m-
dimensional and £ g is n-dimensional. Given g <--- < SJ inkE,, andv; <---<viin

E,,, we define the w;-weighted polygon counting map, f i BB , to count
holomorphic polygons of index 3 — j — k with a multlphcatlve welght of "
}’lwl (w)unwl ) nzl ('/f) . ung (W),Vzlng ) Ulnp] W) . Utnpt (‘/f)
We define
(Pu; et <zsr: CF (g, Buy) = CF (e, Buy) (13.5)

via the formula
P 1
(¢w,):11<<:jk( x) :==U; Otsj, ey By By (®0t£j e o ®a82,a81 » X,
®ﬂvl ,ﬂvz rrtt ®ﬁvk,1 ’ﬂ"k)'
We define q)o (CF (Lo, £8) — CF (£y, £p) via the formula

) = Y (Puel ik
V] <<Vg,
£] <<€
Lemma 13.10. If £, and £ are algebraically rigid hypercubes of handleslide
equivalent attaching curves, then ®,, = <I>°wl_.

Proof. For algebraically rigid hypercubes of attaching curves, the only special inputs
for the hypercube differential are top degree intersection points, which are uniquely
determined and have no U;-powers. In particular, the U;-power of an arrow in the
differential of CF™ (&£, £p) is determined entirely by the n,, multiplicity of the
corresponding holomorphic £-gon, which is exactly what the map CID&[ records. m

Remark 13.11. Similar to the setting of the 3-manifold invariants, the map ®,,, is
a null-homotopic hypercube endomorphism, though the natural homotopy does not
commute with the action of U;. A similar comment holds for the endomorphisms W,
and ®,,, when p; is a free base point. As in [58, equation (14.34)], we have

q)wz = [av au,‘] =do au,’ + au,‘ o 3, (136)
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where d denotes the hypercube differential and dy, is the map
g, (UFx) = kU 1x

extended equivariantly over the actions of the other variables. Conceptually, we can
think of equation (13.6) as an application of the Leibniz rule, in the following sense.
If we think of ®,,, and 0 as matrices with coefficients in FF[U;] and a generator x as
a column vector with entries in [F[U;], then ®,,(x) and d(x) can be thought of as
matrix products. The Leibniz rule for derivatives implies that

dy; (9%) = (Iu; (9)) (%) + (I, (x)).

By definition dy(, (0) = ®,, so rearranging the above equation yields the null-homo-
topy @y, = [0, dv; ]

13.3 Homology actions on hypercubes

We now recall the construction of various homological actions on hypercubes from
[13, Section 6.2]. We will describe an action for both closed curves on > and also
arcs which have boundary on two base points {w;, w,} C w.

In the case of closed curves, the construction is an adaptation of the original
case [39, Section 4.2.5]. For arcs with boundary, the construction extends [36] and
[58, Section 5].

We consider first the case of a closed curve y C X. Suppose that £, and &£ are
hypercubes of attaching curves on (X, w, z). We now describe an endomorphism

Ay CF (Lo, £g) — CF (Lo, L)
as follows. Suppose

vf € 7T2(Xa€j e 200 dez,asl ) X, Xﬁvl ’ﬂvz [ Xﬁvk_l ,ka ’ y)’

where each a¢; and B, are curves in £, or &£g, respectively, and each intersection
point labeled x,,,,» is in T,, N T,-. We define the 1-chain d () < X to be the bound-
ary of ¢ which lies in ag; U --- U &tg;. We define a quantity a(y, y) € F via the
formula

a(y.y) = #0a(¥) Ny).
We now define an endomorphism

Ay CF (£4.£5) — CF (£4. £p).

The map counts holomorphic polygons as would be counted in the hypercube differ-
ential for CF™ (£4, £4), except with an extra multiplicative weight of a (v, y).
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Lemma 13.12. Suppose that £, and £g are hypercubes of attaching curves on
(X,w,z,p) and y is a closed curve on Z. Then Oyor(Ay,) = 0, where Onor is the
morphism differential for hypercube morphisms.

Proof. The proof that dyor(#4,) = 0 follows from a Gromov compactness argument,
similar to the proof of the hypercube relations for CF~ (£4, £5).

Suppose that x € Ty, N Tp, and y € Ty, N Tp ,, for e < &’ and v < V'. We
consider a class of polygons

w € T[Z(Xaaj e g2t XOC82>0¢8] ' X, Xﬂul y.3v2’ T Xﬂkalyﬁvk ’ Y)’

where each Xq,, | is an intersection point appearing as a summand of a chain

from £, and similarly for the beta labeled intersection points. We suppose that
p) =4—j—k

so that M () is 1-dimensional. We consider the ends of the 1-dimensional moduli
space M ().

If j + k > 2, the ends of M () generically consist of i breaking into a pair
of holomorphic polygons (with at least 2 sides, each) representing homology classes
Y1, Y satisfying ¥ = 1 + ». It is helpful to organize possible degenerations into
three subtypes (up to reordering vr; and y5):

Feg—1

(e-1) vr1, ¥ both have boundary on both the alpha and beta curves.

(e-2) ¥; has boundary on both alpha and beta curves, while ¥, has boundary
only on the alpha curves.

(e-3) ¥; has boundary on both alpha and beta curves, while ¥, has boundary
only on the beta curves.

See Figure 13.1 for a schematic.

We consider the sum over all sequences of intersections points Xorg e,y 270
Xao, .0, aNd Xg, g, .....Xp, g, from the corresponding chains of £, and &Lg,
as well as classes ¥, as above, of

a(y. yyomun;

(We also multiply by any variables U; or V; appearing in the corresponding chains
of £, or £, but we omit this from the above equation.) We observe that if =
Y1 + Y2, as above, then

a(y,y) =a(y,y) +a,y).

nzy (V) nwy (W) agizg (0 oy () np, ()
Vll ue 14 V{Z Ull’l _._Utpt .

Therefore, when summing over the ends of #d.M (), instead of summing each end
with weight a (i, ), we can instead sum each end twice, once with weight a (1, y)
and once with weight a (3, y).
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y y y
X X X
(e-1) (e-2) (e-3)

Figure 13.1. The degenerations (e-1), (e-2), and (e-3) from Lemma 13.12.

Ends (e-1), summed as above, contribute the y coefficient of
(0 0 A, + A, 00)(X).

When weighted by a (1, ¥), we claim that the ends (e-2) and (e-3) cancel mod-
ulo 2 by the hypercube structure relation for £, and £g.

We will show that when weighted by a (5, y), the ends (e-2) and (e-3) cancel
modulo 2. To establish this, we claim more generally that if v/, is a class of polygons
on a subdiagram of (X, £4) or (X, £g), then

a(ya.,y) =0, (13.7)

which clearly will imply the claim. If v, is a class of polygons on (X, £g) this
claim is trivial since the alpha boundary of v, is trivial. If V¥, is instead a class
on a subdiagram of (X, £4), equation (13.7) follows from the fact that d,(¥,) =
d(D(yr2)), where we are writing D (vr,) for the domain of the class . We recall that
D(yr) is the formal integral combination of the components of X \ | J, ¢, @ Whose
multiplicity at a point p € X\ | gy, @ coincides with n,(2). Therefore,

a(Y2,y) = #9a(Y2) Ny = #3(D(Y2)) Ny = #D(Y2) N dy =0, (13.8)

since dy = 0. This establishes equation (13.7).
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Finally, we consider the ends of the moduli spaces ¥, as above, whenk = j = 1
(i.e., the ¥ is a class of disks). In this case, ends of the form (e-2) and (e-3) do not
appear, though ends of the form (e-1) contribute the y coefficient of (A, o d + d o
4, )(x) as before. In this case, there is an additional type of end which appears when
X=y:

(e-4) A constant holomorphic strip at x, together with a Maslov index 2 boundary

degeneration.

See [41, Section 5] for more on boundary degenerations in Heegaard Floer theory. We
claim that boundary degenerations make trivial algebraic contribution to the weighted
sum of the ends of the moduli spaces under consideration. This follows from the fact
that if ¥, is a class of boundary degenerations, then the same argument as equa-
tion (13.8) establishes that a (v, y) = 0.

Summing all ends as above, we conclude that dyer (A, ) = 0. ]

There is a more streamlined presentation of the proof of the above lemma. It is
helpful to view y itself as a type of Floer morphism from a set of attaching curves o
to itself. We refer to y as a formal endomorphism of a. We can define holomorphic
polygon counts with y as an input as follows. If 81, ..., §, are attaching curves, we
define

I610087.87 0080 (@12, 01,7, 7,0 41, ..., Ot n)

to count holomorphic n-gons of Maslov index 3 — n which are weighted by a factor
or #9s, () N y. If we formally set dy = 0, then it is straightforward to adapt the
argument from the proof of Lemma 13.12 to see that standard associativity relations
hold if we allow for a formal endomorphism as an argument.

We can extend the above formalism by defining a formal endomorphism of hyper-

cubes of attaching curves
Fp: &y — £La.

The morphism L, has only length 1 components, all of which are y. There are no
higher length components. We will think of F,, as a morphism of twisted complexes
(see Section 2.4).

Equation (13.7) immediately implies

N}W(FV) =0.

Furthermore, by definition
Ay = uy (Fy,—).

The Ao-associativity conditions for the category of twisted complexes implies that
Invtor (Ay) 1= 11" (13" (Fy, =) + p3" (Fy, 11" (=) = 0, (13.9)

which is the statement of Lemma 13.12.
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Another important property of the homology action is the following.

Lemma 13.13. Suppose that £, and £g are hypercubes of attaching curves on
(X, w,z,p) and that y is a closed 1-chain on X. Suppose that C C X is an inte-
gral 2-chain such that 0C =y + Sy + Sg where Sy are closed 1-chains which are
disjoint from all curves in £o and Sg are closed 1-chains which are disjoint from all

curves in £g. Then
Ay, ~0

as morphisms of hypercubes.

Proof. We construct the following diagram to realize the chain homotopy:

CF (£4.%5) —5 CF (L. £5)

lid \\‘\Iff lid
~A
CF (Ly. £5) —— CF (L4, £5)
We define the map Hc to have only length 2 chains in the above diagram (i.e., to
increment the y- and id-directions, but no other directions), and to send x €
CF™ (e, Bv) to nx(C) - x € CF™ (e, B), and to be equivariant in actions of the
variables.

We claim that the hypercube relations are satisfied. To see this, it is sufficient to

show that if
g1 <--<gp, and vy <---<vyy

are increasing sequences in the cubes for £, and &£ g, respectively, then
Hc o D125 4+ DJIZIS0 o He = (Ay) S50 (13.10)
In the above, D,'Z 2™ denotes the summands of the hypercube differential of
CF ™ (&£4, £) which counts curves on (X, ag,,, ..., 0g, Bv, ..., By,)-
In order to prove equation (13.10), we consider a class
Vf € 772(68,,,8,,_1 IR ®82,81 ’ X7 ®V1,U27 IR ®vm_1,vm, y)

of (n 4+ m)-gons, and consider d, () N C C X. Since dy () is 1-dimensional and
C is 2-dimensional, the intersection d4(1) N C is 1-dimensional. We compute
d(dy (¥) N C) using the Leibniz rule for intersections, which yields

3o (¥) N C) = #(334(¥)) N C + #34(¥) N IC  (mod 2)
= 1y(C) + ny(C) + #3u (W) N (y + S + Sg)  (mod 2).

We first note that d,(¥) N Sy = dg(¥) N Sg = @. Furthermore, d, () and dg (Y)
are homologous via the 2-chain D (), so we also have #9, (/) N Sg = 0. Hence

nx(C) +ny(C) = #do(¥) Ny  (mod 2).

This implies equation (13.10), completing the proof. |
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13.4 Relative homology actions and hypercubes

We now define an endomorphism ) for arcs A on X which have boundary on two
base points. We focus on the case that dA consists of two free base points, p; and p;,
to simplify the exposition.

In the case of the 3-manifold invariants, if (¥, p) is a multi-pointed 3-manifold
and A is an arc connecting two base points p;, p; € p, then there is an endomorphism

Ap:CF(Y,p) —» CF (Y,p)

which satisfies
Omor(42) = Ui + U;.

See [58, Section 5].

We now describe how to extend the construction of this map into the setting of
hypercubes. When &£, and &£ g are hypercubes of strongly equivalent attaching curves
on (X, w,z,p) and A connects two free base points p;, p i, we will construct a mor-
phism of hypercubes

Ay CF (L, iﬁ) — CF (&£q, iﬁ)

which satisfies
8Mor(ad"/l) =U; + U]

Similar to the case of closed curves y, we will define
A = 103" (Fi,—)
for some formal endomorphism
F: £y — £q.

The map F) will have length 1 components equal to the formal endomorphisms
A:a. — a.. However, unlike for closed curves, we will need to add higher length
arrows to the map F;. The main issue is that if v is a class of £-gons on a subdiagram
of (¥, £4,W,z,p), then in contrast to equation (13.7) we have

a(y, A) = np; (Y) —=np,(¥) (mod 2), (13.11)

which may be non-zero. Therefore the proof of Lemma 13.12 does not carry over
without modification.

To construct F) and understand its formal properties, we have to first expand our
notation of a formal endomorphism slightly. If « is a set of attaching curves, we will
also consider formal morphisms of the form a - I: « — &, where a is a polynomial in
the U;, V; and U; variables. We define holomorphic polygon maps with a - I as an
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input by declaring them to be U;, V; and U;-equivariant, and also strictly unital. That
is, we declare

fal,...,aj,aj,...,(xn x1,...,a-1,....,x,—1)

to vanish unless n = 2. We define
Jar X a-I)=a-x and fo, 0.0(@ - 1,X) =a-x.

We also declare d(I) = 0.

We can extend the above construction to define a formal endomorphism I: £, —
£, for any hypercube of attaching curves £,. The morphism I has only length 1
components, all of which are of the form I, .

‘We will construct F; so that

K1 (Fa) = (Ui + Uj) - L.
Once we construct F, we will define
Ay (=) = 13" (Fr. ).

In the following lemma, we prove that it is always possible to construct the higher
length chains of F; when £, is a hypercube of handleslide equivalent curves.

Lemma 13.14. Suppose that £y is a hypercube of handleslide equivalent attaching
curves on (X, w,z,p), and let A be an immersed arc on X.

(1) If OA = {p;, pj}, where p;, p; are free base points, then L) may be con-
structed so that
11" (Fy) = Ui + Uj.

(2) More generally, if 0A = {x1,x2} C wUzUp, then F) may be constructed
so that
WM (Fy) = B2, + B2

X2

where Eg‘l_ denotes the product of all variables for base points in the compo-
nent of ¥\ oz which contains x;. (Note that this is independent of e, since
Lo consists of handleslide equivalent attaching curves.)

Remark 13.15. (1) It follows from the associativity relations for ;1™ (as in equa-
tion (13.9)) that if £g is another hypercube of attaching curves and dA = {p;, p;}
consists of free base points, then

aMor('A)k) = (Ul + U]) -

as an endomorphism of CF™ (£, £4). The second part of the lemma has a similar
consequence.
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(2) As an example of the second part of the lemma, if (X, a, 8, W, Z) represents a
link L € Y for some & € £, and B € £, and x; = w; and xo = w; are two link
base points on components K; and K; of L, then

8Mor(‘A’A) = (ul vi + uj v]) -id.

Proof of Lemma 13.14. We focus on the first part of the lemma, as the second part is
not substantially different. The proof is described in [13, Section 6.2] when we set
U; = Uj, though we review it in detail since we need to prove additional properties
of the maps #.

We begin by considering the length 2 arrows which increment the A-direction. If
o is an immediate successor of ag in &£4, then we wish to construct a chain 7y, «,
so that the diagram below is a hypercube (except for the length 1 relations along A):

oo A— 0

®O(1 . Neeq S0 ®Ot1 o7

N
N
N
l \\l
X

o A— o

Concretely, this amounts to finding 14, .« € CF™ (2, a1, o) such that
ar]al,ao = Aio((aal,ao) + Ail (®oc1,oco)

Above, the map Aio weights curves by #(04,(¢) N A) while Ail weights curves by

#(0, (9) N A).
We recall that for the ordinary Floer complexes,

Azo((’aal,ao) + Ail (®a1,a0) = Upi q)p,' (®a1,0{0) + Upj q)pj (®a1,a0)-

See [58, Lemma 5.7]. However, @, (Oq, () and ®p; (Bq, o, ) are cycles of a Maslov
(grwup- &1,up)-bigrading (1, 1) larger than the canonical generator of HF (X, a1, o),
and hence are each boundaries. We note that 74, «, may be chosen to be in the sub-
module of CF™ (X, &1, ap) generated by the ideal (Up,, Up, ).

We now define the length 3 morphisms of F; which increase the A-direction. Sup-
pose that egg and &1 differ by two coordinates of £,. We consider the 3-dimensional
cube spanned by e g9, ®19, €01, 11, extended into the A-direction. All length 2 hyper-
cube relations are satisfied. We sum the terms which would appear in the length 3
relation of this hypercube except for contribution of the length 3 arrow. Write

C(xl 1,200 e CF~ (all s aOO)

for this element. We observe three facts:

(C-1) Cqy,,a00 1s acycle.



Relative homology actions and hypercubes 163

(C-2) Cqy, a0, has Maslov bigrading equal to that of the canonical top degree
generator of HF ™ (11, &op).

(C-3) Cayy.aq 18 in the submodule generated by the ideal (Up, , Up, ).

The first two equations are easily verified. To see the third, we observe that the length
3 relation is obtained by summing over all ways of taking a consecutive sequence
of morphisms in the cube, and then inserting A between 2 terms or at the start or
beginning and then applying the holomorphic polygon maps interpreted as above. As
an example, the expression Cy, ¢, cOntains the sum

fal 1,201,%00,%00 (®0‘1 1,%01° ®Clo] »&00° A)

+ fal 1,201,%01,%00 (®‘11 1,%01° A 4 ®‘x()l ,Ot()())
+ f()t] 1,211:%01,%00 (A’ ’ ®061 1,201 ®05()1 aaOO)'

The above expression may be collapsed into a count of holomorphic triangles which
are weighted by np, (¥) + np, (¥). In particular, the output lies in the submodule
generated by Uy, and Up . The same reasoning holds for the other terms in Co ;09 -

Further, since a7 and g are handleslide equivalent, the canonical generator of
HF ™ (11, o) has both the maximal gry,,,- and maximal gr,,,-grading of any non-
zero element, and furthermore, the canonical element is the unique non-zero element
of homology in this grading. Furthermore, it is straightforward to verify (e.g., by a

model computation on a simple diagram) that the quotient map
IT: CF~ (a11, @00) — CF (11, 000)/ (Ui, Uj) (13.12)

is non-vanishing on the canonical generator of top degree. This map IT vanishes on
Cay 1,000 because Cy,, a0 18 in the ideal (U;, U;). We note that Cy,, o, has the same
grading as the top degree element of HF ™ (et11, @), and hence Cy,, o, being zero
on homology, must be a boundary in CF™ (11, gp). We pick any homogeneously
graded chain wg, a, such that 0wy, ,a00 = Cay,.a00 to be the length 3 map in our
cube.

Filling in the higher-dimensional cubes proceeds in a similar, though slightly sim-
pler manner. In this case, when we want to fill over an n-dimensional subcube for
n > 3, all of whose morphisms except for the longest morphism are defined, the cor-
responding element C is a cycle of bidegree (n — 3, n — 3) greater than the canonical
generator, and hence will automatically be a cycle. ]

Remark 13.16. If one restricts to the case that &£, is algebraically rigid, then we
can take F, to have only length 1 components, which consist of the formal endo-
morphisms A. This is because if Y € m,(© -+ Oy a0, -+ Y) 18 a class of
polygons with expected dimension 0 on (2, e, ..., &, , W, Z, p), then the Maslov
grading formula in Heegaard Floer theory implies that

w(W) = gryup (O, ) Y) + 2nwup(¥).

Qg ey, 12"
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Since £, is algebraically rigid, gryy,(© ,y) > 0. It follows that, if u(y) =
3 — n (so that M () is O-dimensional) then there are no holomorphic representatives
of ¥ if n >3 and if n = 2 or n = 3, then we have nyup(¥) = 0. In particular,

np; (¥) = np; (¥) = 0 and hence

#o(V)NA =0

Uy Qe

by equation (13.11). In particular, we can argue as in Lemma 13.12 to see that d(F})
= (U; + U;) -1, when F}, is defined with only length 1 morphisms. Therefore, when
£ is algebraically rigid, we can define A, = " (Fy, —) (with Fj having no higher
length arrows) just as we defined #, in Lemma 13.12, whereas in general we need to
add higher length arrows to F.

The following is a technical result which is useful when we prove properties about
Ay (cf. [13, Lemma 6.2]).

Lemma 13.17. If oA = {x1, x>}, where x; € WU z U p, then all of the higher length
morphisms of F) may be chosen to be in the submodule spanned by (Ex,, Ex.,).

Proof. We focus on the case that A = {p;, p; } are free base points, so Ex, = U; and
E,, = Uj, since the general case is no different. In the proof of Lemma 13.14, we
observed that the length 2 components of F) could be chosen to be in the submodule
generated by the ideal (U;, U;). Consider the length 3 arrows of F, (the argument for
higher length chains is essentially the same). Following the proof of Lemma 13.14, let
Cu, 00 be the sum of the terms in the length 3 relation, excluding the term dwg, | 0
which has yet to be defined.

We observed in Lemma 13.14 that Cy, ¢, Was a boundary, and we picked some
gy, ,a00 0 bigrading (1, 1) higher than the canonical generator such that 0wy, a0, =
Coy 1 @00 Write

Wayy,a00 = Viwi + Ujw; + wo,

where wo has no powers of U; or U;. Note that the image II(w) of wp in
CF (11, @00)/ (Ui, Uj) is a cycle because in claim (C-3) in the proof of Lem-
ma 13.14 we showed that Cy, 1« is in the submodule spanned by (U;, U;). Further,
o has bigrading (1, 1) higher than the top degree. Hence I1(wy) is a boundary, i.e.,
IM(wo) = d(x0). We lift xg to CF ™ (e11, a2go) to get a chain x of homogeneous bigrad-
ing (1, 1) higher than wy, so that

0X = wqy + Uy; + ijj,
for some y;, y;. Note that

3(@ay @00 + 0X) = Cayy 00
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and Wy, 4o + 0X is in the submodule spanned by (U;, U;), so we use wg,, a9, + 0X
in place of wg, - The proof for chains of length n > 3 follows from essentially the
same logic. |

Remark 13.18. Applying essentially the same construction as above shows that F)
is well defined up to chain homotopy. If F and F; are two constructions of this
morphism, then we can apply the filling construction to build a diagonal morphism £
in the following diagram:

Lo —Fr=> Lo

RN |
I h\ I
1 ol
ia _F/{_> lfa

which gives a chain homotopy of generalized endomorphisms

nor(h) = F), + FJ.

13.5 Free stabilization

In [58, Section 6], the author describes maps for adding and removing base points
to the Heegaard Floer complexes. These are referred to as free-stabilization maps.
One can also define a free-stabilization map on the level of hypercubes. These are
described in [13, Section 7.1], and we recall the construction presently.

Suppose that £, and £g are hypercubes of attaching curves on a surface
(X, w,z,p), and that p is a point on ¥ \ (w U z U p), which is not contained in
any curves of £, or £ . We define stabilized hypercubes £ and i;. We construct
the attaching curves of £} and éﬁ; as follows. For each a in £, we adjoin a new
component which consists of a small circle bounding a disk centered at p. We define
Q‘i;{ similarly. We translate these curves slightly to achieve admissibility. If ¢ < &’
are points in the cube for £, and Og,, 4, is the corresponding chain of £, then we
define the corresponding chain in £ to be Ou, 0, ® 6+, where 07 is the top graded
generator of the new attaching curves centered at p. We make a similar definition for
the chains of éﬁ;.

We define a map

8, CF (Lo, £p) — CF (£7, Z3)

via the formula x > x ® 0, extended equivariantly over the variables U;, V; and U;.
There is also a map §, in the opposite direction, defined dually by the formula
x® 07 > 0and x ® 6~ > x, extended equivariantly over the variables U;, V; and U;.

Lemma 13.19. The hypercube free-stabilization maps, S ; and $,, are chain maps.
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The proof follows from a standard index computation and gluing argument. See
[13, Proposition 5.5] for a proof in the general case, and [58, Propositions 6.5 and
Theorem 6.7] for the case of holomorphic disks and triangles.

The fact that S; and §, are chain maps of hypercubes may be interpreted as
implying a form of naturality for the free-stabilization maps, similar to Remark 13.3.
Suppose H = (X, £q4. £p) and H' = (X, £4/, L) are diagrams of hypercubes of
attaching curves and that the curves of £, and £,/ are pairwise handleslide equiva-
lent, and similarly for £ and &£ /. Write J{; and ZH’; for their stabilizations. Using
the notation of Remark 13.3, we see that Lemma 13.19 implies the following (strict)
commutation of the diagram:

CF~(H) ——2=%__ CF~ (30

ls,jf ls;“
- Yot o - +
CF (}C;) —— CF(3(,)

Similar to the setting of the graph TQFT, we have the following relation between
the free-stabilization maps and the base point actions from Section 13.2.
Lemma 13.20. For appropriately degenerated almost complex structures, we have
S8, =@,

Proof. The argument is essentially the same as [13, Proposition 5.5], though we
repeat the argument here for completeness. We consider a class of polygons

U#Y € m12(Ogpay y X 07, Ogpay x0T, xx 0,05 5, x0T, ..,
®ﬂm715ﬂm X 9+7y X 0/)
which potentially contributes to the differential on the hypercube CF™ (£, £3).

Here, 0,0’ € {67, 07}. Here, ¥’ has is a class in the stabilization region, and v
is a class on the unstabilized diagram. By a standard computation

p(#y’) = w(y) + 2n,(¥') + gr(6.6"). (13.13)

See [58, equation 6.3]. The hypercube differential counts solutions with u(y#y') =
3—m—n.

In equation (13.13), the term gr(6, 8’) is in {—1, 0, 1}. For sufficiently stretched
almost complex structures, we know that (¥ ) >3 —m —n if m 4+ n > 3, by transver-
sality. Therefore, it follows that when m + n > 3, we have

(/“L(w)’ gr(g’ 9/)’”17(‘,”/)) € {(3 -—m— I’l,O, 0)’ (4 —m—n, _130)}

In particular, 7, () = 0 so such curves do not contribute to ®,, because 1, (') = 0.
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When m + n = 2, it is possible for u(y¥) = 2 —m —n = 0 and for i to have a
representative, though such curves must represent the constant class. The only pos-
sibility with n, (") = 1 is when gr(0,0") = —1, u(¥) = 0 and n, (") = 1. These
curves have domain equal to the bigon in the stabilization region which covers p.
These are the only curves which are counted by the hypercube map ®,, and we see
that

¢, = S;' oS, -
The same neck-stretching argument as in Lemma 13.19 can be used to prove the

following (cf. [58, Corollary 6.6]).

Lemma 13.21. Suppose that A is an arc or a closed path which is disjoint from p.
For an appropriately degenerated almost complex structure, we have

= .
[A1, ] = 0.

We leave the proof of the above result to the reader, as it is very similar to Lem-
mas 13.19 and 13.20.

Similarly, we have the following analog of [58, Proposition 6.14], whose proof
we also leave to the reader.

Lemma 13.22. If p and p’ are distinct free base points, then [S,', S;,Z] ~ 0, where
01,02 € {+,—}.

13.6 Algebraic relations and the diffeomorphism action

In this section, we prove some important algebraic relations involving the maps #
and § ; . The relations we prove are analogs of the relations from the graph TQFT [58].
In the next lemma, we collect several first relations about the maps 4, and § ;.

Lemma 13.23. Suppose that £, and £ g are hypercubes of handleslide equivalent
attaching curves on (X, W, z,p).
(1) If p € p, then CDIZ, >~ 0. The same holds for base points in w U Z.

(2) Suppose that p, p' are distinct free base points, and that A is an arc on
(2, w,z,p) such that 0 = {p, p’}. Then

[Ax, Pp] x [A), Ppr] xid.
(3) Suppose that p € p is a free base point, and p' € T\ (WU z U p) is a point
which is not contained in £o or £g. If A is an arc with A = {p, p'}, then
Sy AS; ~id
as endomorphisms of CF™ (£y, £g, W, z, p). Here, we view S; as having
codomain CF~(£], éﬁ;,w,z, puU{p'h)/ (U, + Uy).
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Proof. The claim that ®2 ~ 0 follows from the argument in [49, Lemma 4.4]. Cf. [58,
Lemma 14.8].

The proof of the second claim is essentially the same as in the case of the ordi-
nary 3-manifold invariants [58, Lemma 14.6]. We differentiate the relation [0, #4)] =
(Up + Up) - id from Lemma 13.14 with respect to the U, to obtain the relation
[@,. A,] ~ id. The same logic gives [®,/, A,] =~ id.

The final claim that § A S; ~ id is proven in [13, Proposition 7.2]. Compare
[58, Lemma 7.10] for the case of the ordinary Heegaard Floer complexes. |

The following lemma is a hypercube analog of [39, Proposition 4.17] and [58,
Lemma 5.5].

Lemma 13.24. Let £, and £g be hypercubes of handleslide equivalent attaching
curves on (X,w,z,p). If y is a closed curve on X then

2 o
A, >~ 0.
If A is an arc which connects two distinct free base points p1, p2 € p, then
A; ~ Uy -id >~ U -id.

Proof. We begin by considering the claim for +4,, when y is a closed curve. Our
strategy will be to interpret the expression 1% (Fy, F,) and show that

wy (Fy, Fy) = 0.

Assuming such a formalism can be established, the associativity relations for twisted
complexes would show that

'A'V °© ‘AV = I‘L;W(FV7 /'L;W(F ’ _)) = aMor(M?;W(Fya Fy» _)) (1314)

We now describe how to interpret 13" (F,, Fy) and ut¥(F,, Fy,—). To define
these, it suffices to explain how to define the holomorphic polygon counting
maps when there are two inputs which are y. Let &y, ..., 8, be attaching curves
on (X,w,z,p). We define

J6108i8000887 1080 (O120 0 Vs Ohig1, o, O, Vs, Op1,n)

(where the two y’s are non-adjacent inputs) to count holomorphic n-gons of index
3 — n with a multiplicative weight of

(#ds; (Y) Ny) - (#3s, (Y) N y).
We define

I810080.8181 00080 (O1,20 0. Oi— 1, V. V. Oiit1, .. Op1.)
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to count holomorphic triangles with weight 3 — n and multiplicative weight

(#ds, (Y) Ny + D#I5, (¥) Ny)
5 :

The Aso-associativity relations are not hard to verify if we interpret ©;(y) = 0 and
wa2(y,y) = 0. This allows us to interpret all of the expressions in equation (13.14).
These numerical choices can be motivated by thinking of the homology action as
counting curves with marked points along their alpha boundaries. See [29, Section 3].

To establish equation (13.14), using associativity for u", it suffices to show that

w(Fy, Fy) = 0. (13.15)

To establish equation (13.15), we argue as follows. To streamline the argument,
we define the quantities

v v
al (a; +1)
af = #0e, () Ny) and al = L=

w

The length 1 components of u1¥(F,, F,) are equal to 15 (y, y), which is 0 by defini-
tion. The higher length components count sums as in

fasl seensllgj e seenslle 50 j 5enesllep (®1,27 B SRR SR ®n—1,n)-

Summing over all ways of inserting two y terms into the above expression, we see
that a given class ¥ is counted with weight

n
Za:./’a}/' +Za;€.

i<j i=1
It is straightforward to see that the above quantity is equal, modulo 2, to
(#do(Y) Ny)#Hda(¥) Ny + 1)
> .
By equation (13.7), #34(y/) Ny =0 (mod 2), so we conclude that 1" (F,, F,) = 0.
We now move on to the case that dA = {p;, p2} and p;, p, are two free base

points. In this case, we will construct a formal endomorphism % 5: £4 — £4 such
that

w3 (Fa, Fo) + wi¥(ha ) = Uy - L. (13.16)

When defining holomorphic polygon counts with two A terms as inputs, we use the
same convention as above, except we use

2. 2) = Uj -1

and
pi(d) = Ui + Uj) - L.



Arc systems and the link surgery formula 170

We return to the general question of verifying the associativity conditions on a
diagram (X, 81, ..., 8,, W, z,p). We remark that both our definition of u, (4, A) and
the definition of our polygon maps when A appears twice are asymmetric between U;
and U; . Note also that the quantity aw requires a choice of orientation on A. We orient
A so that #(d(y) N A) = np, (V) — npz(w). This implies that if ¥, and ¥, are the
nonnegative classes of index 2 §;-boundary degenerations which cover p; and p»,
respectively, then

a/'=1 (mod2) and a)2=0 (mod?2). (13.17)

Furthermore, if ¥ is any other nonnegative class of index 2 boundary degeneration,
then

a}{’j =0. (13.18)

With these conventions, we now claim that the Aoo-associativity relations hold for
polygons with two A inputs. We consider the desired associativity relations applied
to the tuple (@12,...,0;_1,;,A,..., 2,0 ;4+1,...,0,_1,). There are two cases
to consider: i < j and i = j. Suppose that ¥ = y; * v, is a class of n-gons. We
consider first the case thati < j. Here, the associativity relations follow from the fact
that

al‘.ha}/” + a;ha}llz + a;/’Za}h + al‘-ha}”2 = a;”l*v’za}h*‘/’z (mod 2).

Since the right-hand side is independent of the decomposition of ¥ = 1 * V5, we
may obtain the associativity relations in this case summing a; a"’#&M(W) (multi-
plied by the appropriate powers of U;, V; and U;) over n-gon classes ¥ of index
4 —n. If n = 2, there are additional ends corresponding to boundary degenerations.
Since we are considering the case that i < j, this corresponds to considering the asso-
ciativity relations for (1, ®1 3, A). In this case, boundary degenerations make trivial
contribution to the associativity relations since a‘lp a;/’ = 0 for any nonnegative, index
2 class of boundary degenerations ¥ (since ¥ will only have non-trivial boundary on
one of the two sets of attaching curves).

We now consider the associativity relation in the case that i = j. We observe the
relation

afil +a;@2 —I—a;/"al'.p2 = afil*‘/’z (mod 2).

When n > 2, the associativity relations follow from the above relation by summing
over the ends of moduli spaces of n-gons with Maslov index 4 — n, with a weight
of a . When n = 2, there are additional ends corresponding to boundary degener-
atlons. These cases are relevant to the tuples (A, A, ®; ) and (® 2, A, A). Focus
on (A, A, ®; ), since the other configuration is handled by a similar argument. The

values of a”; on index 2 boundary degenerations are described in equations (13.18)

i,0
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and (13.17). When weighted by a'{',l, the total weighted count of boundary degener-
ations is Uy, and this is contributed by the §;-degeneration covering p;. Similarly,
when weighted by a;/" 5, the total count is also Uy, and this is contributed by the §5-
degeneration covering p;. Both of these are encoded by the relation (A, A1) = Uy - 1.
This completes the proof of associativity.

We now construct /1, by a filling procedure similar to our construction of the
morphism F). We assume that the morphisms F, have already been constructed, as
in Lemma 13.14. We think of % , as being the diagonal morphism in a diagram of
the following shape:

Lo —Fr~> Ly
N |

Fy

VRN

Lo

hya

As such, we say that the length of a component of /1 _j from o, to e, is [&' —¢|p1+2.

We now construct the components of /3 , by induction on their length. We define
the length 2 components of /2, » to vanish. We consider the problem of filling arrows
of length n > 2 of h, ;. We illustrate the case that n = 3 below:

o
A/? 1\\},
— N TSy

N waz,a] \

N
o

—

A/az\

\

N
A %\:{v

(%)

We let Cy, o, denote the terms appearing in the length 3 relation, except for dwg, «,
(which has yet to be defined). We make two claims:

(1) Cys,«, is a cycle of bidegree (1, 1) less than the top degree of homology.

(2) If F) is constructed as in Lemma 13.17 so that its components of length 2
or more lie in the submodule generated by the ideal (U;, Uy), then Cy, 4, is
also in the submodule generated by the ideal (Uy, U,).

The claim that Cy, 4, is a cycle is an easy consequence of the associativity relations,
interpreted above, which we leave to the reader.

The fact that C,, o, may be assumed to be in the submodule spanned by (Uy, Uz)
may be seen as follows. By assumption each summand of Cg, o, which involves
Nas,e, 18 in this submodule. The remaining terms involve counts of holomorphic disks
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of index 1 which have ®g, o, as an input. There are multiple ways for such a holo-
morphic disk to contribute to Cy, 4, , depending on the locations of the two A-inputs.
We observe that the total count of a class ¢ € 72(®g, a,,¥) t0 Co, o, is weighted by

a‘faf + a‘f,l + ag’,z.

It is straightforward to see that the above quantity is congruent modulo 2 to

(a‘f + af)(a‘ll’ + a? +1)
5 .
We observe that af + af = (np, () — np,(¢)), since ID(¢) = g, () + 0, (@).
In particular, if a disk ¢ has n,, (¢) = np,(¢) = 0, then it is weighted by 0 in Cq, o, -
Hence Cyg, o, is in the submodule spanned by (Uy, U,).

We have established that Cy, 4, is a cycle in bigrading (1, 1) less than the canoni-
cal top degree generator, and furthermore is in the span of U; and U,. We observe that
the map IT in equation (13.12) for quotienting by U; and U, is a chain map which
is injective on the subspace of homology which lies in the grading of the canoni-
cal generator and also in the subspace of grading (1, 1) less than the top degree of
HF ™ (o2, ). Hence, Cy, o) = 00q, o, fOr some wy, o, in the top degree.

We now argue that wy, o, may be taken to be in the submodule (U;, U,). The
proof is essentially the same as Lemma 13.17. The image I1(wq,,q«,) is a cycle, and
by possibly adding a top degree generator of HF ™ (a2, 1), we may assume that
[IT(®as,a,)] = 0. From here, the argument of Lemma 13.17 may be applied verbatim.

From here, we continue filling the higher length chains of /1 . The argument
for the higher length chains is essentially identical to the argument for the length 3
chains, so we leave it to the reader. This verifies equation (13.16). The main claim
follows from this and the associativity relations for morphisms of twisted complexes
of attaching curves. ]

Remark 13.25. We now make an algebraic digression. We note that the map +
is in general only defined up to chain homotopy, and is not a cycle unless we set
U, = U,. Some care is required when composing maps which are not cycles. For
example, if f1, f2, g1, g2 are in End(C), (but not necessarily chain maps) and f; ~
f> and g1 >~ g7, it is not necessarily the case that f; o g1 >~ f> o g5. For the above
lemma to be meaningful, it must be the case that changing #, by a chain homotopy
also changes Ai by a chain homotopy. We observe the following: If f; ~ f; and
InMor(f1) = Omor(f2) is central in End(C), then each f;* is a chain map and

f12 = f22~

Similarly, if f1, f2, g1, g2 are maps so that f1 >~ f», g1 >~ g» and dy(fi) and
dmor(g;) are central in End(C), then [ f;, g;] are chain maps (i = 1,2) and

[f1,81] = [f2, g2]-
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To see that f? >~ f2, welet j be a chain homotopy between f; and f2, i.e., dvor(j) =
f1+ f2. Then

Wor(f10) +jo fo) =[O 1). J1+ 2+ f2 = f2+ f2

(Note here that dvior ( f1) = Omor(f2) since f1 =~ f5.) Similarly, if Oy (j) = f1 + /2
and duor(h) = g1 + g2, then

Omor([/, &1] + [ /2, 7])
= [f1+ f2,81] + [J. Omor(g1)] + [ /2, 81 + &2] + [Omor(S2), /1]
= [f1.&1] + [ /2. &2]-

Lemma 13.26. Suppose that £, and £g are hypercubes of handleslide equivalent
attaching curves on (X, W, z,p), where p consists of free base points. Suppose that
A1 and A, are closed curves or arcs on X with boundary in p. Then

[:A)LI,A)Q]Z Z Ui.

Pi€OAINIAL

Proof. The proof is similar to the proof of Lemma 13.24. We are going to construct
a formal endomorphism
h[)q,/lz]3 fa - :@a

which satisfies
11" (hiag o) = 13" (Fay Fag) + 13" (Fay. Fay). (13.19)
We think of constructing /[, 1,] as corresponding to building a diagram of the form

i(x _A] — ia

| |
Ay hpagyan Ao

i N i

Loy —ri1— Ly

;g‘[xll A2l .

which satisfies a suitable version of the hypercube relations.
Similar to our proof of Lemma 13.24, we need to describe how to interpret the
holomorphic polygon counts where we formally have both A1 and A, as an input.
We have already defined the holomorphic polygon maps when there is a single
input of Ay or A,. When there are two inputs, we make the following definitions.
Suppose 81, ..., 8, is a collection of attaching curves on (X, w,z,p). If j <k, s,t €
{1,2}, and s # t, we define

f;s1 ..... 5(/,8‘/ ..... Sk,8k,...,8n(®1,2,---v/\s’---,kh---,@n—l,n)
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to count polygons weighted by #(ds; (¥) N As)#(3s, (¥) N A;). Next, we define
J61,8;.87.87 0y (@125 A2, A1, oo, Op_1 )
to also count curves weighted by #(ds; (¥) N A2)#(ds; (¥) N Ay). Finally, we define
S610087.85.87 1080 (@125, A1, A2y, Opy ) = 0.

We claim that these satisfy a slightly restricted version of the Aso-associativity
relation. Instead of showing an A.-associativity relation on all tuples, we will show
that associativity is satisfied on only some generators. We will show that associativity
holds on tuples of the form

O12,....0; 1,7, A1y Ag, Ok k41, ... On_1) (13.20)

whenever j < k and ¢ # 5. Additionally, we will show that the associativity relations
also hold on

®12,....0,1,j,A1,42,0; j11,....0u_1,)
+O@12,....09;1,7, 42, 41,0 j41,...,On_1,) (13.21)

as long as we make the following conventions: We assume the polygon maps are
strictly unital with the A-inputs; dA; = 0;and [A1,A2] =, cg2 naa, Ui This weaker
notion of associativity is sufficient for the purposes of constructing /4, 1,1 and prov-
ing equation (13.19). Note that instead of the above approach, we could attempt to
prove associativity for general tuples, but this would require defining the polygon
maps when there are inputs such as A; - A,, which is an unnecessary detour.

The proof of associativity, as described above, is broken into several cases. The
first case is when n > 2 and j < k. In this case, the generic degenerations of a 1-
dimensional family of holomorphic n-gons will consist of pairs of a p-gon and a
q-gon for p + g = n + 2. Write ¢ and v for the classes of the p- and g-gons, respec-
tively. If s € {1, 2}, write a;’-> for #(ds; (#) N A1) and b}p for #(ds; (#) N A2). In this
case, the associativity relation applied to tuples as in equation (13.20) follows from
the additive relation

[IR") v [N Vv oxY g ok
ajbk+ajbk+ajbk+ajbk—aj by "

Associativity for tuples as in equation (13.21), when j = k and n > 2, follows from
the similar additive relation

A2 Yo b1 LR LN L4
ajb; +a;b; +a;b; +a;b’ =a; "bi".

Lastly, in the case that n = 2, there are additional ends corresponding to boundary
degenerations. These ends contribute in the associativity relations for (@1 2,A1,42) +
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(®1,2, A2, A1). The relation [A1,A2] =3 cs1,naa, Up corresponds to the fact
that afbg’ = 1 if ¢ is a nonnegative, index 2 class of §,-boundary degenerations
which covers a point of dA; N dA,. The associativity relations for (A1, A2, ®12) +
(A2, A1, 01 ) are similar. Finally, we consider the relations for (11, ®1 2, A2). In this
case, boundary degenerations do not make any contribution, since a‘fbf = 0 for any
boundary degeneration because a boundary degeneration has boundary on only one
set of attaching curves.

Having described the necessary associativity relations, filling the higher length
chains of Ay, 1,] and verifying equation (13.19) follows the same line of reasoning
as in the proof of Lemma 13.24. We leave the remaining details of the construction to
the reader. ]

We prove a final lemma.

Lemma 13.27. Suppose that Ay and A, are two 1-chains on (X, W, z, p), such that
oAy = {x1,x2} and 0Ay = {x2, x3}. Then

An AL, X A,

Proof. We observe first that for any class of curves ¢ which has boundary on «;, we
have
#(0o; (#) N (A1 + A2)) = #(3o,; (@) N A1) + #(0o,; () N A2).

In particular, we may take the formal endomorphism F} 4, to be F;, + Fj,. With
this definition, sy 1, = Ay, + x,. Since Fj 41, is well defined up to chain
homotopy by Remark 13.18, the claim in the statement follows for an arbitrary con-
struction of F),44,. ]

We now prove a helpful formula for understanding base point moving maps on
the link surgery hypercubes. See [58, Theorem 14.11] for an analogous result in the
setting of the ordinary Heegaard Floer complexes.

Lemma 13.28. Let H = (X, £y, £, W, z,p), where £y and £ g are hypercubes of
handleslide equivalent attaching curves, w U z are link base points and p are free base
points. Suppose that py € p, and that p, € X \ p is in the complement of the curves in
Lo and £ g. Suppose also that (X, Ly, Lg,W,2z,p) and (X, Lo, L, {p2} Up\{p1})
are both weakly admissible. Let J{;j denote the diagram obtained by free-stabilizing
H at p;. If A is a path from py to p,, then

- +
Sp, qj}(,"’,'z—%}f;,"l ArSp,

is chain homotopic to the diffeomorphism map which moves py to p2 along A. In the
above, we work on the complexes where we have identified U,, and Uy, so that 4,
is a chain map. Also W, + _ .+ denotes the map defined in Section 13.1.

P27 7py
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Proof. We give a slightly simpler proof than appeared in the setting of 3-manifold
invariants in [58, Theorem 14.11], as follows. Let g be a point very near to p,. We
will view A as the concatenation of a path A; from p; to ¢, and a path A, from ¢
to p>. In the following, we drop the transition maps W, + _ , + from the notation.
. . P2V py
We will write U for
U =Up = Up,.

Let ¢, denote the point pushing a diffeomorphism map which moves p;, to p;
along A, composed with the naturality map. It is sufficient to show that

id =~ ¢uS, A28, (13.22)

As a first step, we claim that the map §,, 4, S ;2 is functorial under concatenation
of arcs, i.e., that
- + ~ ¢— +¢— +
Sp AAS,, 8, AN, S, A S, (13.23)
To establish equation (13.23), first note that we may commute free-stabilization maps
with other terms by Lemmas 13.21 and 13.22 to obtain

— o +
Sy A S, Sy Ay S

~ §> 8" Ay, Ay SIS

p1°4 q °p2°
Next, we use the relations Ai >~ Uand Ay, 4, = Ay, + sy, fromLemmas 13.24
and 13.27 to see that

S5 Sq AnyAr SFTSE S ST (Aryaa, Ar +U)STST.

We use the relation §°S ; = 0 (which is immediate from the formulas for § ; and §.°)
and the fact that A, + A; = A to see that the above is homotopic to

—¢— +e+
Sy 87 Ay STSE.

Next, we use the fact that A is disjoint from ¢ to commute S~ with # using Lem-
ma 13.21, and then we use the relation Sq_rA)A] Sq+ ~ id from Lemma 13.23 to see
that the above equation is homotopic to

- +
Sp AS,, -

This establishes equation (13.23).

To obtain the main statement in equation (13.22), we combine equation (13.23)
with the naturality of all of the other maps with respect to diffeomorphisms, via the
following manipulation:

B3, 94)13;2 ~ ¢*3;=’4’k25;28p_1 A, S;
~ 8(1_‘74)05()&2)45*8;;811_1 ‘A‘/\l S;_

~ Sq_o‘\ad,(,{z)sl;‘: SP_I AMS;L.
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We may easily arrange that ¢(1,) and A; are isotopic on ¥ (relative to its boundary).
Hence g (1,) > +;, by Lemma 13.13. The expression is easily shown to be homo-
topic to the identity using the graph TQFT relations, as we briefly recall. We obtain
from Lemma 13.20 that

Sy AL ST S, AL ST ST AL DPp AL ST

The above expression is homotopic to S Ay, Az, Pp, S5 + S, A5, S by Lem-

P1%q
ma 13.23. By Lemma 13.24 we see that §, A7 ®,, 85 >~ US; S5 ®,, =0 and by
Lemma 13.23 we have that §, ), § ;‘ ~~ id. This completes the proof. ]

Remark 13.29. The above argument also applies to the setting of ordinary Heegaard
Floer complexes to give a shorter proof of the normalization axiom of the graph TQFT
[58, Theorem 14.11].

We now prove the main base point moving map result.

Proof of Theorem 13.4. The proof follows from the same manipulation as in the set-
ting of the graph TQFT, see [58, Section 14.4]. We produce the argument for the
reader. We decompose y into the concatenation of two arcs Aq, A,, and view A; as a
path from p to a new base point ¢, and A, as a path from ¢ to p. In all of the Floer
complexes we consider, we identify the variables for p and g with a single variable U.
We compute
Vi Sq_AAzS;LS;AM S;_

~ S;A)qu)pe/‘)kl S;_

~ S ANST + S PpAu, AL ST

~id + §pS, (Ar, + Ay)AL ST

~id 4+ ®pS USS + ©pA, S, AL ST

~id + @, A,

completing the proof. u

13.7 Relating homology actions and base point actions

Suppose that (X, &, 8, w, z) is a Heegaard link diagram for (Y, L) and that K; € L
is a knot component which has base points w; € w and z; € z. We may represent K;
on X as an immersed curve [K;] on ¥ which is the concatenation of two arcs A, and
Ag which both have boundary {w;, z; }. The arc A, intersects only alpha curves while
Ag intersects only beta curves. See Figure 13.2. If ¢ is a class of disks, then

a(¢.y) = nw,(9p) —nz(¢) (mod 2). (13.24)
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Figure 13.2. A knot shadow K; (dashed) decomposed as a concatenation of two subarcs Ay
and Ag.

The map A[g,;) weights a holomorphic disk ¢ by a(¢, y). On the other hand, we
can define a map which counts holomorphic disks weighted by 7, (¢). This map is
clearly equal to U; @, . Similarly, the map which counts disks weighted by 7. (¢) is
equal to V; W, . Therefore, equation (13.24) translates into the equality

A[Kl] = ui (Dwi + Vi\pzlw

as endomorphisms of €FL(Y, L). Compare [55, Lemma 14.12]. In this section, we
prove a hypercube version of the above statement.

We consider hypercubes of handleslide equivalent attaching curves £, and £g
on (X, w, z). We suppose that there is a pair of arcs Ao, Ag € X such that

8/\a=8)kﬂ ={w,-,z,-}, Ki Zka*lﬂ,

and such that A, intersects only curves from &£, while Ag intersects only curves
from &£g. Write K; for the concatenation of A, and Ag. We recall from Section 13.3
that there is an endomorphism

Ak, CF (£q. £5) — CF (L. £p).

Since K; is a closed curve on X, the map ~[k,] counts holomorphic polygons (as
would be counted by the ordinary hypercube differential) with a weight of a(¢, K;),
where a(¢, K;) is the sum over #(dq,¢ N K) ranging over all &, in £4.

In Section 13.3, we constructed base point actions ®,,, and ¥, on the hypercube
CF (&£, £p). The map ®,,, was defined as the formal differential of the hypercube
differential with respect to U;. We note that in general powers of U; are contributed by
both the holomorphic curves in the hypercube differential, and also the powers of U;
present in the input chains of the polygon maps used to construct the hypercube. We
defined a map @%i only taking into account the multiplicities of holomorphic curves
at the base point w;. We proved in Lemma 13.10 that if £, and &£ are algebraically
rigid, then ®) = @y, and W), = W,,,. In general, this is not the case. Nonetheless,
we do have the following.
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Lemma 13.30. Suppose that £ and £g are hypercubes of handleslide equivalent
attaching curves on (X, w,z), and K; € X is a concatenation of two arcs Ay and
A 8, as above, where Aq intersects only the curves in £y, and £ g intersects only the
curves in £g. Then U; CI>0wi + V; @2[ is a chain map (regardless of whether £, and
L g are algebraically rigid) and

Ak, = Wi @y, + VilZ = U @u, + Vil
as hypercube morphisms.

Proof. Since a(¢, K;) = ny,;(¢) — nz;(¢) (mod 2) for any holomorphic polygon
counted by the hypercube differential of CF~ (£4, £g), we conclude that

Ak, = Wi @y + VW)

since the two sides count the same holomorphic curves, with the same weights. Since
the left-hand side is a chain map by Lemma 13.12, the right-hand side must also be a
chain map.

It remains to show that

U; @y, + VW) = U Dy, + ViV,

To see this, we observe that U; ®,,, + V;W;, may be described as summing over
sequences €1 < -+ < & and v; < -+ < vy, the maps

Wi - (bw et <en + Vi- (Yz)e1 < 28 (13.25)

(which count holomorphic curves weighted by their multiplicities over w; and z;,
respectively, as in equation (13.5)) and also summing expressions of the form

X faer ety Bog s (Ofm 1o (%4 ). O, %, 08, 00 | ),

(13.26)
as well as terms where the primed term is a beta-chain. In the above, we write @;’.‘ +1,)
for ®o,£j+1 a; and (®j'l+1,j)/ denotes (U;dy; + Vidv,)(OF,, ;), and similarly for
the beta terms. That is, we sum over the holomorphic polygon maps where we apply
(U;0v; + Vidv,) to exactly one of the inputs from &£, or £g. The sum of maps in
equation (13.25) is exactly the map U; @), + V; W2, so it suffices to show that the
terms in equation (13.26) vanish. To see this, we will show that if ® is any chain in
&Ly or £, then (U;dy; + V;0v,;)(O) = 0. We argue as follows, focusing on £,. We
observe that on the diagram (X, £, W, Z), the base points w; and z; are immediately
adjacent (by virtue of the existence of Ag, which is disjoint from the alpha curves).
We note that each subdiagram (X, ', ¢, w, z) represents an unlink U in a connected
sum of several copies of S! x S2. There is a |U|-component Alexander grading
on €FL(U), and the top Maslov bidegree generators lie in the Alexander grading
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(0,...,0). By construction, all of the chains of £, also lie in the Alexander grading
(0,...,0). Write A; for the component of the Alexander grading corresponding to K.
Since Ag connects w; to z; and is disjoint from all curves of £4, if x € Ty N Ty, we
have A; (x) = 0. In particular, any chain in £, must have equal powers of U; and V;,
i.e., it must be of the form u{" VlN -y, where y has no powers of U; or V;. Clearly,

(Wi dry; + Vidv, )(UNVY .y) =0,

as claimed. The same argument works for &g, so the proof is complete. |

13.8 Properties of the U -action on link surgery complexes

We now explore some of the complexities of the surgery theorem when we allow
arbitrary arcs for our o-basic systems.

Lemma 13.31. Suppose that A is a system of arcs for L € S3, and suppose that the
arcs for knot components Ky, Ko C L are alpha-parallel or beta-parallel (the case
that one is alpha-parallel and the other is beta-parallel is allowed). Then the actions
of Uy and U, are homotopic on X o (L, A)L in the sense that there is a type-D module
morphism H': Xp (L, A)t — Xx (L, A)L such that

vor(HY) = id ® (Uy + U»).

In the above, U; denotes U;V; and id ® (Uy + U,) means the map which sends X to
X ® (Ur + Us) in all idempotents.

Proof. Let H be a o-basic system of Heegaard diagrams for (L,.A). We may assume
that J{ is meridional for K; and K>, in the sense of Section 9.5. We begin with the
case that K; and K, are both alpha-parallel or both beta-parallel. For concreteness,
assume that K; and K, are both alpha-parallel, so that the arcs of A are both disjoint
from the alpha curves. We let A: [0, 1] — X denote a path from z; to z, which is
disjoint from all of the arcs of A.

Given hypercubes of alpha and beta Lagrangians &£, and £ 4 on a pointed surface
(X, w,z), as well as an arc A connecting two points x1, X, € X, we obtain a map

Ay CF (Lo, £g) — CF (Ly, L)
as in Section 13.3, satisfying
aMor(fA’,{) = E‘1x + Ea,

where EY denotes the product of the variables for the base points in the unique alpha
degeneration containing x;. Compare Lemma 13.14. We view the link surgery hyper-
cube as a 2-dimensional hypercube by internalizing all axis directions except those of
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K1 and K,. With this perspective, write:

181

8(0,0) — FKi4F—K1 — f(l,o)

~
~
~
~

EA(L) == FK2+F_K2

l

F—K1.—K»

FK24F=K2

~
~
~
~
~
\\
NS

Co,1) — FK14+F—K1 — €(11)

Write ¢ for the point-pushing diffeomorphism which moves z; to wy, and write

¢» for the map which moves z, to w,. Write

Aoo =A, Ao =¢1(A),

Ao,1 = ¢2(A),

A = ¢1(92(R)).

We now adapt the above construction of ) to the setting of the surgery hyper-
cube, which has maps corresponding to base point moving maps. We focus on a
o-basic system of Heegaard diagrams for L. We apply the aforementioned construc-
tion of the hypercube morphism #) to the hypercube consisting of all of the link
surgery edge maps with negatively oriented components. We obtain a diagram of the
following form, which is a hypercube except for the length 1 relations along arrows
labeled 4, (which instead satisfy [0, 4;,] = Uy + Us):

€00 = FFi———— Cq,0)
NN ““~~“ \
N NG A Ttk | A
\\ N 20,0 h L__2_© A1.0
\ N TTe——
\ AN \ Tt I
N _ -
RN €00 F=Ki1 7 Ca,0
\\\ \\\ \\\ | \\\
M N
F7K2 \\ F*K],*K’: N F7K2 \\
\\ \\\ ”@\ \\\ \\
N
h*Kz . .\(F‘ \\\ j7K2 (13.27)
\\\ AN 9,_ | N ‘\\
N *.
\ F—K2 N F_Kl —K> \ F—K2
\ N R \
\ ~ \L N \
~ \ It AN \
\ BN \
Co.ny == F-f1 —\—|— Ca. NN
TTee—o '-.\\\ \
Nl ET. h \
A%0.1 \ R e S Al NN
- ~~~\\\Nuw
Co.1) F=Ki + Ca.

We first claim that the maps labeled +_ in equation (13.27) are all equal. To see
this, note that A 11,0 18 obtained by concatenating A with the arc from z; to w; which
is disjoint from the alpha curves. Therefore, #3q(¥) N A = #94(Y¥) N A1, for all
classes of polygons ¥ used to define the complexes €y o). Similar arguments apply
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to the other length 1 maps #,, so we conclude that the length 1 maps satisfy
A, = Arg o (13.28)

forall ¢ € E,.
We now consider the length 2 maps, we claim that

ki = j=Ki fori ={1,2}. (13.29)

The argument is similar to the argument for the length 1 maps. Namely, the maps
h~%2 and j ~K2 count the same holomorphic curves. Some of the curves contributing
to h~%2 are counted with a weight of a (i, 1) whereas the same curves are counted
by a(y, ¢1(1)) for j K2, Since ¢ (1) is obtained by concatenating A with an arc
which passes through only beta curves, we see that a(y¥, 1) = a(y, ¢1(1)), so these
expressions are equal. We conclude that h=Xi = j—Ki

We now define an endomorphism Aig of the link surgery hypercube € (L) to be
the endomorphism induced by the components of the diagram in (13.27) which come
out of the page (i.e., the 4, -direction). By construction, the maps labeled h=%i have
the same equivariance properties as the link surgery maps F~Xi, so the morphism Aig
is induced by a morphism of type-D modules

AXT XA (L, AT — XA (L, A

(Note that outside of this lemma, we will write just #) or Ai for the maps labeled
A} and Af’l above.)

The components labeled ), preserve the idempotents for Ky and K». The ar-
rows labeled —K; are weighted in H! by multiples of the algebra element 7;. The
arrows labeled —K, are weighted by multiples of 7. The dotted arrow labeled
w~K1-K2 j5 weighted by a multiple of 7;7,. None of the components of Aic’l are
weighted by algebra elements containing a factor of o7 or o5.

As a morphism from the back face of the diagram in (13.27) to the front face, the
map Aig satisfies

nior(A3) = (U1 + ) -id

by Remark 13.15. We claim that the same equation is satisfied if we view Aiﬁ as
a morphism from €4 (L) to itself, and furthermore, that the type-D endomorphism
,A)ic’l satisfies BMor(,AuiC’l) =id ® (U; + U,) as an endomorphism of X (L)¥. Note
that the hypercube differential in the diagram in (13.27) does not include the differ-
entials FX1 or FX2_ Since we are using o-basic systems, these maps are identified
with the maps induced by localization at V; and V,. Once we include FX1 and
FX2 into the differentials on the front and back faces, the fact that BMor(eA)f) is still
(Uy + Uy) - id follows immediately from equations (13.28) and (13.29). The same
argument works for type-D morphisms. This completes the proof when both compo-
nents are alpha-parallel.
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We now consider the case that K is alpha-parallel and K is beta-parallel. In this
case, we must modify the map Aic’l. Recall that Aic’l was built from the map #4.
We instead replace this by a map Aic’l built from A, + Vo Ws,.

If we view the complex as a 1-dimensional cone in the K,-direction

Kyy p—K2

€a(L. A) = Cone(€y —+ 2 ¢)),

then we can define endomorphisms ) + VoW;,: €; — €; similar to the case when
K and K, were both alpha-parallel. The map #, + V,W¥,,: €y — €y consists of the
components labeled Ay, ,, 44, , and h=K1. As an endomorphism of €;, the map is
similar. Since K is alpha-parallel, we see that

‘Ako,o = ‘A’kl,o = Akv
and so the same argument as before shows that
aMor(‘A’A + VZ\Ijzz) = (Ul + UZ) -id

as endomorphisms of €;.
On the other hand, the point pushing map for K, moves z, to w, through exactly
the alpha circles which intersect the trace of K, on the knot diagram. Hence

"4’/\0,1 = ‘A’M,l = Ay + Ak,

Here, #[k,] denotes the hypercube homology action for the trace of K, on the
Heegaard diagram. We conclude that

FR2p; ~ (A + A, FX2, (13.30)
as maps from €y to €;. On the other hand, since F —K2 moves z, to w,, we have
F 52,0, ~ Uy ®,, F %2 (13.31)

We recall from Lemma 13.30 that A[g,] =~ Uz Py, + V2W;,, as endomorphisms
of €y. Combining the relations in equations (13.30), (13.31) with this equation for
A[K,]» We obtain

FR2(A; +VoW,,) ~ (Ay + Va0, F K2,

as maps from € to €;. Note that since F X2 is the map for localizing at V,, we also
have
F52(y + Va0,,) = (Ay + Vo0, F 52,

Arranging the maps ) + V,W,, (as maps from €; to €;) as well as the above
homotopies (which map €y to €;) into an endomorphism H of €5 (L), we see that
Omor(H) = (Uy + Uy) - id. The same logic gives a type-D homotopy, so the proof is
complete. ]






Chapter 14

The alpha-beta transformer

In this chapter, we describe a bimodule 5 7 %

Sformer bimodule. We will prove the following.

, which we call the alpha-beta trans-

Theorem 14.1. Suppose that L C S3 is a framed link with a distinguished compo-
nent K. Let A be a system of arcs for L such that the arc for K is alpha-parallel. Let
A’ be a system of arcs where K is beta-parallel, but otherwise the arcs are the same

as A. Then N
Xa(L, AL =~ Xa(L, A)E R 4T%.

The same formula holds if we switch the roles of A and A'.

14.1 The bimodule

The bimodule 7 has rank 1 over I, and has & 11 = 0. The map 85 is the unique I-linear
map which satisfies
§(a. ) =1®a,
for a € K. (This coincides with the identity bimodule.)
Additionally, there is a § i term, which is non-vanishing on tuples of the form
(a,b, ft,ip) where f, a and b are concentrated in a single idempotent, and which
vanishes on other elementary tensors. On such elements, we have the formula

84(a,b, fr.io) = iy ® (Jula) - dv(b) - f7).
Lemma 14.2. The structure maps on 3 T 7 satisfy the DA bimodule relations.

Proof. The only interesting structure relations to be verified are the ones with 5
inputs. There are only two non-vacuous relations to be verified, which are those for
sequences of the form (a, b, c, 7, ip) and those of the form (a, b, 7, ¢, ip).

The structure relations for sequences of the form (a, b, 7, c, ip) are straightfor-
ward, so we consider the tuple (a, b, c, t, ip). The structure diagrams with non-trivial
contribution are the following:

ab ¢ Ti abc v i abc 1 abc i

N\ N
M2 M2 Si
AN N :

51 55&
AV i& i& l
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The vanishing of the above equation follows from the algebraic relation
du(ab)dv(c) + du(a)dv(be) + dula)dv(b)e + ady(b)dv(c) =0,
which is straightforward to verify. |

In Section 14.3, we describe another perspective which makes the DA bimodule
relations more straightforward to verify.

14.2 Basepoint actions as A oo-morphisms

We now give a helpful reformulation of algebraic base point actions in terms of A
morphisms. This framework helps us to understand the structure maps appearing in
the alpha-to-beta transformer bimodule.

If C is a free F[U]-module, then there is natural base point action &y : C — C,
defined as follows. We pick a free [F[U] basis B of C. If x € B, then we write d(x) =
ZyeB cyxU"™x -y, where ¢yx € F and nyx € N. The map ®y is defined via the
formula

Py (x) = Z Ny xCyx U™ 1oy, 14.1)
YEB
The induced map (®g )« on Hy(C) is trivial (cf. Remark 13.11), though the map ¢
is often not null-homotopic through an IF [U]-equivariant homotopy.

Since C is free and the differential is F [U ]-equivariant, we may view C as corre-

sponding to a type-D module C FIUI Of course,

CcFlUI » cFlUl g ]F[U][]I]]F[U]-

There is a DA bimodule endomorphism ¢ of F[U] [I]FLY] defined as follows. We set
#1 = 0, and we set

$5(a, 1) = 1® 0y (a).
We set ¢ ]1 = 0if j > 2. The DA bimodule relations are straightforward to verify, and
easily translated into the Leibniz rule for derivatives.

Lemma 14.3. The map Oy in equation (14.1), viewed as a type-D morphism
®y: CFUI 5 CFIUL,
satisfies
Oy :=1c Ko,

The proof is immediate.

We recall that the map ®y satisfies ®?, ~ 0. See Lemma 13.23. It is helpful to
note that this relation may be translated into a fact about the DA bimodule endomor-
phism ¢].
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Lemma 14.4. The DA bimodule morphism ¢} satisfies
plogpl ~0.
Proof. We define a DA bimodule endomorphism
H w1 — g IF1

via the formula H, = 0 and

nn-—1) yn-2

HyU" 1H)=1® 5

The map o (H,) has three summands, shown as graphs below:

\il N Nd

M2 H) 83
aMor(1_1>s}) = ¥ 1 + + + +
H, 85 H)
N\
l K2 l l
%) H2

Hence,

Ivor(H)(U™, U™, 1)

nn—1)+mm—-1)+ m+m)n+m-—1) ynm-2
2

=1®nmU"™ 2 (mod 2)

= (¢« 0 )3 (U", U™ 1),

=1®

completing the proof.
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We will also need to consider analogous base point actions on complexes over
the 2-variable polynomial ring F[U, V]. In this case, we may define two DA bimod-
ule endomorphisms of gy, vj[1]FY), denoted ¢} and ¥}, which differentiate with
respect to U and V, respectively. Lemma 14.4 adapts to show that ¢} o ¢ ~ 0 and

V1ol ~ 0. Additionally, we have the following.

]I]]F[u,\?

Lemma 14.5. As endomorphisms of g, v[ 1 we have

$ao Vs =Yy 00y

Proof. We define a DA bimodule endomorphism H! of g vi[1]¥"V] whose only

non-vanishing action is given by the formula

Ha(o, 1) =1 Q 9 y(@),
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where aﬁ,v(a) = dy (dv(a)). We observe the equality
Ovor(Hy) = p oWy + V00,
which follows from the easily verified relation

82 p(a-b) +a- 8% y(b) + 82 (@) -b = du(@) - dy(b) + dv(a) - du(b). m

14.3 The transformer as a mapping cone bimodule

In order to efficiently prove statements about the transformer bimodule, it is helpful
to discuss some generalities about constructing bimodules. If f,}: 4 M B 4NBis
a morphism of DA bimodules such that dyo( f,}) = 0, then we may construct another
bimodule Cone( f,}) which is also a DA bimodule. If f,! and g} are two homotopic
bimodule morphisms, then Cone( f,!) and Cone(gl) are homotopy equivalent.

It is helpful to understand that the identity and transformer bimodules are map-
ping cone bimodules. For ¢ € {0, 1}, write x[i;]”, denote I, - 5 [I]* - I, with the
restriction of the structure map from the identity bimodule x[I]?. There are two
morphisms

sotat gclio]” — slin]®
as follows. The map ¢} = 0 for j # 2, and 1, (f,io) = i1 ® frandt,(fa,ip) = 0.
The map s} is similar, but with the roles of o and 7 reversed. It is not hard to see that
the DA bimodule morphisms s} and 7! are cycles. Furthermore,

%[ = Cone(s) + 11 x[io]* — x[i1]%).

The A base point actions ¢! and v from Section 14.2 also induce endomorphisms
of x[is]* for & € {0, 1}. In particular, we observe that the transformer bimodule may
be described as

xT% = Cone(s{ + (id + ¢y o Y1) o 132 xc[io]* — x[i1]%).

Remark 14.6. The above perspective gives a more streamlined proof that 5 7% sat-
isfies the DA bimodule structure relations. Indeed, it is sufficient to verify that ¢},

¥l sl and ¢} are cycles, which is easy to verify.
14.4 Properties of the transformer bimodule
In this section, we prove some important properties of the transformer bimodule.

We begin by showing that in analogy to Sarkar’s map for a Dehn twist [49], the
transformer bimodule is involutive.
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Lemma 14.7. The transformer bimodule satisfies
KR 5 T% ~ %[M%.
Proof. We compute that 57 % X % T % is equal to the mapping cone bimodule
Cone (s, + (id + ¢} o Yy 0 ¢y 0 Y) o 132 elio] — s [ia]™).

On the other hand, ¢ o ¥ o ¢1 o ! ~ 0 by Lemmas 14.4 and 14.5. Hence, x 7% X
% T % is homotopy equivalent to Cone(s} + ¢, which is g[I]7¢

Next, we consider the tensor product of the transformer with the modules for a
solid torus.

Lemma 14.8. The transformer bimodule satisfies
DI R xT* ~0F and xT* R 40V ~ 4or1

Proof The relation J) X 5 TH ~ i)‘K is trivial, so we focus on the relation
7H X JDF[U ~ ]{@A FIUT 1o 51mp11fy the notation, it is easier to construct a
homotopy equlvalence

KR x[Dalrv = x[Dalriys

though the maps we write down can be easily adapted to give the statement about DA
bimodules, since they are strictly F[U]-equivariant.

We will view both bimodules as mapping cone bimodules, in the sense of Sec-
tion 14.3. Define

xldelru) :=Ie - x[Dalru)
for & € {0, 1}. We observe that both y 7% X x[Dy]rry and x[Dy]r[y) are the
mapping cones of type-AA module maps from dy to d;. Indeed, there are type-AA
module maps
. Tit xldolriu) — x[dilriuy,

where 21.1,0(f0,x) = ma(fo,x) (where m, is the action from £, ) and 77 1,0(f7,X)
= my(ft,x). Furthermore, X1 0(f7,x) = 0 and 77,1,0(f0,x) = 0. Also X and
T vanish on other configurations of inputs. It is straightforward to verify that ¥, and
T are cycles. Additionally,

x[Dalriuy = Cone(Z« + Tx: x[dolr[w] = x[dilr[u)) (14.2)
and

KR 5 [Dalrw) = Cone(Ty + (id + ¢ 0 i) © Tt x[dolriu) — x[dilru)-
(14.3)
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Here, we are writing ¢ and ¥ for ¢! W 1o, and ¢! K 1gp,, where ¢! and v/} are
the endomorphisms of x[i;]* described above.
We observe that

$x 0 Py V_1¢* o (Ups + Vs), (14.4)

as endomorphisms of [d,], since ¢ ~ 0 by Lemma 14.4.
We write dy = Udy + Vdvy. We define an endomorphism J of x[d;]r[y] via
the formula

Jo,1,0(X) = dw(x).

We set J;1,; = O unless i = j = 0. Observe that Jy 1,0 commutes with the right
action of U. We claim that

Omor(J+) = Udse + V.

To see that, we note that there are exactly two structure trees which contribute to
OMor(J«). These are shown below:

a X a X
\ 1 1

83 Jo,1,0
Omor(J4)1,1,0(a,X) = 1 + \ L
Jo,1,0 83
1 1

Hence,
OMor(J)1,1,0(@, X) = dw(a -X) + a - Iw(x).

By the Leibniz rule we have that the above is dv(a) - X. Therefore,
aMor(-]>o<) = u¢* + ’\71#*,

as endomorphisms of [d;]. We conclude that ¢« o ¥, >~ 0 as endomorphisms of [d;]
by equation (14.4). Hence the two mapping cones in equations (14.2) and (14.3) are
homotopy equivalent. The proof is complete. ]

14.5 Proof of Theorem 14.1

We now prove Theorem 14.1, which states that changing from an alpha-parallel
arc to a beta-parallel arc may be achieved by tensoring with the transformer bi-
module 5 7.
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Proof of Theorem 14.1. We use our base point moving map formula from Corol-
lary 13.5.

Let A be an arc system for L € § 3 and assume that K; C L is a component
whose arc A; is beta-parallel. Let A; denote an arc for K; which is alpha-parallel,
and let A’ denote the arc system which has A; in place of A.

We pick a Heegaard link diagram # = (X, a, 8, w, z) for (S3, L) so that all of the
arcs of A are embedded in ¥ and pairwise disjoint. We assume the arc A; is disjoint
from B. The arc A} may also be viewed as being embedded on X. With respect to
this embedding, A; is disjoint from a. In principle, A; might intersect some of the
other arcs of A. However, by stabilizing the Heegaard diagram (X, &, 8, W, z), we
may assume that A’ is disjoint from all of the other arcs of A.

We build a hyperbox of Heegaard diagrams using the diagram # as the initial dia-
gram. If K; C L, then the K;-direction of this hypercube involves the composition of
a tautological diffeomorphism map to move z; along A;, followed by a holomorphic
polygon counting maps which change the alpha and beta curves back to their original
position. We do this in each axis direction to build a o-basic system used for the link
surgery formula.

For this o-basic system, we may change A; to A’ by composing the K;-direction
with a final base point moving hypercube which moves w; in a loop along the curve
[Ki] = A} * Ai_l . Corollary 13.5 implies that the effect on the link surgery hypercube
is to replace F~Xi (the sum of the hypercube maps ranging over all sublinks of L
containing — K;) with the map (id + V;IA[Ki] o®d,,)o F~Ki,

The map (id 4+ V; ' A[,] o ®y,) is viewed as an endomorphism of the (£ — 1)-
dimensional subcube of ‘611\ (L, A) C€x(L,A) which has K;-component 1. On this
subcube, the arc A intersects only beta curves, and A; intersects only alpha curves.
By Lemma 13.30, we have

i) = Ui Py, + ViV,
as endomorphisms of ‘6’}\ (L, A). Hence
id + V7 @y, Ak, = id + Vi @y, (Ui @y, + ViW5,) = id + Sy, U,
since d>2wi =~ (. In particular, it follows that if we write

FKi+F—Ki

€A (L, A) = Cone(€} (L, A) €A (L, A)),
then € (L, A’) is homotopic to
FXi4(id+®y,; 0, )F~Ki
Cone (€} (L, A) CA(L,A)).

On the level of type-D structures over &£, we claim that the above complex corre-
sponds to the tensor product of X A (L,.A)% with the transformer bimodule 5 7 % . To
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see this, observe that the components of the box tensor differential of X (L, .A)% X
% T % which involve the map 85 of xT % contribute the internal differentials of
€3 (L, A) (for e €{0,1}), as well as the maps FXi and F~%i to the mapping cone dif-
ferential. The terms of the box tensor product differential which involve §} of 57 %
contribute the term @, W, F ~Ki to the above mapping cone differential (compare
Lemma 14.3). This completes the proof. |



Chapter 15

The pair-of-pants bimodules

In this chapter, we describe several bimodules | WQJE 8 and g\ x ng - The bimod-
ules are related by the transformer bimodule

J{|]{WQJ§,I3 24 J('T‘K ~ ](‘|J(Wa¢7/§’ﬂ.

We call these the pair-of-pants bimodules. Other choices of @ and 8 in the subscripts
can also be constructed by tensoring in copies j 7% to switch from « to 8 and vice-
versa.

After defining these bimodules and proving several basic properties, we will prove
the following.

Theorem 15.1. Suppose that Ly, L, C S? are framed links with distinguished com-
ponents Ky € Ly and Ky C Ly. Writen = |Ly{| and m = |L;|. Let Ay o and A, g
be systems of arcs for L1 and L,. Suppose that the arc for K, is alpha-parallel and
the arc for K, is beta-parallel. (The other arcs need not be alpha- or beta-parallel.)
Let Ay and Ag be the system of arcs for L1#Ly which use an alpha-parallel (resp.
beta-parallel) arc for Ky (resp. K;). Then

(xAl(le-Al,a)Jc®$n71 ) XAI(Lzyﬂz,b)J{Qw’"*l) X JC\JCWQJE,O(
jad XA1+A2(L1#L27 Aa)$n+m—1
and

(XA, (L1, Apo)KOEn=1 Xp, (Lo, Az p) 7 OLm=1) W g5 WK 4
~ XA1+A2(L1#L2,Aﬂ)£"+m_1 .

15.1 The Wyg « and Wyg g bimodules

We now define the Wyg o and W5 g bimodules. We consider Wg g first. This bimod-
ule has a §} which is identical to the merge module M. Additionally, there is a 83,
determined by the following formula:

Sialb,a'|b', 1|t, t|1,ip) = iy ® V" 'y (ab)a’ (Udy + Vav)(b')z. (15.1)

In the above, a,b,a’,b’ €1, - X -1;.
The module W,g , is similar, except it has

8i(alb,a'|b', 1T, t|1,ip) = i1 ® V" 'y (ab)b'(Udy + Viv)(a')z.



The pair-of-pants bimodules 194

Lemma 15.2. The bimodules y | WjﬂC o and x| x Wa']g 8 satisfy the DA bimodule
structure relations. Furthermore, both are split Alexander bimodules when we give
the incoming algebra factors the discrete partition.

Proof. We consider the structure relations first. We take the perspective of map-
ping cone bimodules from Section 14.3. We begin by considering the merge module
J(|JCMJ<. We define bimodules J<|Jc[mg]‘K for e € {0, 1} by

I ® L) g M” -1,

The bimodule structure relations are easily seen to be satisfied. There are two DA
bimodule morphisms

8L T s mol® — g fmy] %

as follows. We set 8} = 0if j # 3. We set 83(1]o,01,ip) = i1 ® 0. The map T
is similar, but with 7 replacing . The DA bimodule endomorphisms S and T} are
easily seen to be cycles. Furthermore,

K156 M7 = Cone(8] + TL: x5 (Mol ™ — 5 [m1]%).

Note that we may form four DA bimodule endomorphisms ¢i, oL, Wi and v, of
X| 5 [m1]% by adapting the construction from Section 14.2. Here, ¢.. differentiates
with respect to U on the left factor of K ® K, while ¢, differentiates with respect to
U on the right factor. We may also view these maps as endomorphisms of |5 [m,]*
by boxing with the identity map on [m;]. With respect to the above notation, we
observe that

81+Gd+V ! (@ +1)o (UL +VYi))oT]

m]). (152

KK Wan,a = Cone([mo]

The map
(id + VH(@L + ¢7) o (UL + Vyl)) o T1

is a cycle since it is the composition of cycles. Similarly, 8! is a cycle by direct
computation. Hence the DA bimodule relations are satisfied for g5 ng’ - The same
argument works for |5 nga 5

Finally, the claim about split continuity is proven by an easy modification of the

proof for the merge module, from Lemma 8.3. ]

15.2 Proof of Theorem 15.1

We now give a proof of Theorem 15.1.
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Proof of Theorem 15.1. The proof is based on our formula for changing the path in
the link surgery formula of Corollary 13.5. It is easier to analyze the surgery hyper-
cubes, instead of their interpretation as type-D modules, so we focus on the statement
in terms of hypercube complexes first.

Letting K1 € L and K> € L, be the special components, and suppose that A 4
and A, g are systems of arcs such that K; has an alpha-parallel arc and K, has a
beta-parallel arc. We use the meridional o-basic systems considered in Section 9.3,
which we assume are algebraically rigid. These were constructed in Lemma 9.8. By
Theorem 12.1, we know that

Cp +8, (L1#Lo, Ay o# A5 )

FK FK F—K F—K
~ Cone(€%(Ly) ® €°(Ly) — N 2H T2

€'(L1) ® €' (L2)).

(Recall that we are writing F X for the sum of all surgery maps for oriented sublinks
of L; which contain +K;.)

The above surgery hypercube is for the system of arcs Ay q#A, g. The arc in
Ar,a#A, g for K1#K5 is the co-core of the connected sum band. The present state-
ment instead involves o-basic systems of Heegaard diagrams for L;#L, which use
an alpha- or beta-parallel arc on K #K>. If we want to change the arc to be alpha-
parallel, we may stack the above hypercube for €, A, (L1#L2, A1 o#A, g) With
the hypercube for moving the base point in a loop following K> in the subcube
€1(L,) ® €'(L,). We may compute this cube using Corollary 13.5. The effect on
the resulting surgery hypercube is to replace F~X1|F~X2 with the expression

(id + V7 1dy, 0 A, (F K FK2) €N (L #L,) — €1 (L1#L,).

We are using Proposition 11.8 to identify €°(L1#L,) =~ €%(L1) ® €%(L,), for
¢ € {0, 1}. The differential on each €¢(L#L>) is the tensor product differential, i.e.,
01 ® id 4 id ® 0. In particular, the map &, on €¢(L1#L,) is intertwined with the
map

Dy, ®id +id @ Dy,

under the connected sum isomorphism €1 (L #L,) = €!(L,) ® €!(L,). Similarly,
using the connected sum formulas for hypercubes in Propositions 10.1 and 11.8, it is
straightforward to see that with respect to the isomorphism €1 (L #L,) = €(L,) ®
€!(L,) the map [k, is intertwined with id ® #4|k,]. By Lemma 13.30 we see that

id ® Arg,) =1d ® (UDy, + VV;,),
as endomorphisms of €¢(L1) ® €¥(L,). We conclude that
Dy 0 Ax,] = (Py, ®id +id ® Py,) 0 (1d @ (UDy, + V).

The addition of this term is encoded exactly by the extra 2 term in equation (15.1)
(cf. Lemma 14.3), so the proof is complete. |
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15.3 Relation with the AA-identity bimodule

We recall that the AA-identity bimodule jy|x[I®] from Section 8.4 admits an exten-
sion to a bimodule
%1% [P0y

It follows from Theorem 12.1 and Proposition 13.2 that we may use g |x [[®] to
obtain a valid model of the link surgery formula when taking the connected sum
of two links (i.e., the resulting hypercube has the correct module actions on the
remaining knot components). It is not clear from this argument whether tensoring
with g% [[®]r[u] gives a valid model. In this section, we show that indeed tensoring
with g |x [[®]F[u] produces a valid model, via the following algebraic result.

Proposition 15.3. There is a homotopy equivalence
JC\J(WQJE,O, X x[Dolrv) = x1x[IPlrw)-
The same holds if we replace Wyg o with Wyg g.
The above proposition will be verified in several steps.

Lemma 15.4. The operations ¢} and W} satisfy the following relations:
(1) As morphisms from xlio]” to x[i1]%, we have
plosl ~slogpl and ylosl~sloyl.
Similarly,
thopl ~V2ylotl and tloyl ~V72plor)l
(2) As morphisms from J{‘Jc[mo]x to J(|](‘[m1]'x we have
plo8l ~8lopl and yloSl~8loyl

and
Tlogl ~V2yloTl and Tloyl ~V72¢l o7l
The same relations hold with ¢~ and . in place of pL. and L.

Proof. We begin with two algebraic relations on K. If f €I;- KX -I; and g € I -
K -1 are such that ta = bt then

(@) = V?ov(b)r and Tdv(a) = V 20y (b)t.
We verify the above equations. If ¢ = U/V/, then b = ¢ (a) = U/ V?/ 7%, Then
Ty (a) = (WYY = il = WV T = V29 (b)t
as claimed. Similarly,

Tdy(a) = WV = jW IV 727 = V729 (b)t.
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We now consider the equation ¢! o sl ~ sl o ¢l. We define a morphism hl:
xlio]” — x[i1]% via the formula

hy(fo,1) = 1 ® du(f)o.

One checks easily that dyor(hl) = ¢l o sl + sl o L. The other relations with z} and
¢} and ¥} are proven similarly.

We now consider the relations for 81 o ¢L ~ ¢L o 8. Define f,! := 8L o ¢% and
note that f,! has /! non-trivial, and this map satisfies

£l 1o,ald  ig) = i1 ® cdy(a)d’.

Note that more generally, f,!(acl|a’,b|b'o, c|c’,ig) = i1 ® aa’bb'cdy(c)c’, though
we omit the extra possible coefficients on the o terms to simplify the notation. Define
gl := ¢! 0 8! and note that g! has only g} non-trivial, and

gilald’,ol1,1]0,ip) = i1 ® du(a)a'o.

There is a third map of interest, ki, which has

ki(o|l,ald’, 1|o,ip) = iy ® a'ady(a).
A homotopy hl between f,! and k! is given by
hi(ac|a’,b|b'o,ip) = iy ® aa'b'o oy (b).

A homotopy between k! and gl is constructed similarly. The other relations in the
lemma statement are proven by minor modifications of the above argument. ]

Lemma 15.5. There is a homotopy equivalence
K1 Wi o B s [Dolrwy = (xTH. xT%) & 515 [1Plr(0)-
The same holds if we replace Wyg o with Weyg g.

Remark 15.6. The above statement does not hold if we replace Wy o With Wy g,
Waa,p- Wap.a Or Wpp g

Proof of Lemma 15.5. The argument is similar to the proof of Lemma 14.8. The key
is to observe that we may define a homotopy dw = Udy + Vdv, and that dv com-
mutes with the action of U = UV.

In our present context, we want to view both modules in the statement as AA-
bimodule mapping cones. For ¢ € {0, 1}, write

sixmder = I ® L) - x5 [ ]r)-
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Both of the bimodules in the statement may be viewed as a mapping cone of an AA-
bimodule morphism from [mdp] to [md;].
Similar to equation (15.2), we may view W,g o X g as the mapping cone of

Su + (id + V(B + L) (UBL + VYL)) 0 T (15.3)
We observe that the morphism Hy 1,0: [md;] — [md;] given by Hy 1,0(X) = dw(X)
satisfies
dvor(Ho.1,0) = UpL + UL + Vil + vyl
In particular, we obtain that
id + V7 (h + 6L (Ugk + Virl)
= id + V' gL (Ul + Vi) + VI LUGL + V)
~ id + V7 gL (Ul + VYl) + VL UGS + V)
~id + gLyl + ¢Lyl
~ (id + $Lyi)(id + ¢Lyl).
In the last equivalence, we are using the fact that
Py ~ 0
since pLyrl ~ V1pL (UpL + VL) (and similarly for ¢ 7)), so
PLYAPLYL ~ V2PLPLUSL + VYL (UL + VYL) = V2 hlel (Ul + Vi) ~ 0.
Hence, the map in equation (15.3) is homotopy equivalent to
S« + (id + ¢Lyl) (id + LY L) T

Arguing similarly to the proof of Lemma 15.4, one sees that the above map is homo-
topic to the map whose cone is

e T7 xT5) B 015 [1P]r 10y,
completing the proof. |
Lemma 15.7. There is a homotopy equivalence
(xTH, 5 T5) R g aeM* R 5 T5 ~ g oM™
Proof. The proof is similar to the proof of Lemma 15.5. We observe first by com-

puting algebraically using the techniques of Lemma 15.4 that (37 %, 57 %) X
x|xM K K 5T % is homotopy equivalent to the mapping cone

SL+(d+ @@L+ (Wh+yD)) (d+ohyl) d+eLy)T)
[my] > [my].

(15.4)
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One observes by direct computation that
(id + (@ + $D (Wi + ¥YD)(d + L) (id + ¢yl = (id + Ly l)(id + Yigl).
We define the mapping cone complexes

SL+Gd+elyl)(d+yiel)TL
x|xX = [mg] > [mq],

and
8L+Gd+yhel)Thd+¢lyl)
x|lxY = [mg] > [my].

We now claim that g% X and 5% Y are homotopy equivalent. We construct a homo-
topy equivalence F by way of the following diagram:

xix X% [nTO] — SL+(id+ohyl) (d+ylel) T [nlll]
lF = idtelyl - el id+plyl
v T ~— +
V& 1 (i / 1yl gpry ==
KIK [my] ——————— sl+Ga+vle)TLGa+ely) ————— [my]

The length 2 map above is a morphism which realizes the chain homotopies
(id + L) (d + Yo pD)Th = (d + YadD)To(id + $Ly D)%,

and
lid + ¢Lyl, 8L ~o0.

Note that by a similar construction we can construct a map in the opposite direction:

KK Y% [Hllo] ES— \\ 8L+Ga+yloD) TG+ hyl) ———— [nrln]
lG = id+¢lyl - Tl id+elyl
L T v
x* Uy db bl v Gddwrl ol )T ==
KIX [mo] SL+Gd+elyD)d+ylel)T ———— [my]

Note that since (id + ¢Ly)? ~ id as a map from [m;] to [m;], it follows that G o F
is homotopic to a map J: 55 X K x|xX K which takes the following form:

x|x X% [HTO] S — . 81+ A+l YD) (d+yl ¢ T ————— [nlll]
lJ = id T e id
L T —— 4
x* 14 Gdaol v Gdswrl 1 TTe-
KX [my] ———————— sl+Gd+elyl)(d+ylgl)Th —————— [my]

Note that J2 = id. Therefore, the map F has a left homotopy inverse J o G since
J o G o F ~ id. One may modify the construction above to construct a right inverse
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to I by similar reasoning. By basic algebra, the left and right inverses of F' must be
homotopic. Hence F is a homotopy equivalence.
Finally, we use Lemma 15.4 to see that

(id + YD) To(d + PLy]) = (id + Yi9))°T, = T,
It follows that the (5T %, xT %) &K s M* R 5T % (shown in equation (15.4))
is homotopy equivalent to the mapping cone
Cone(8L + T: x5 [mo]™ — x| 5[m;]7)
which is the definition of x| M %. n

Proposition 15.3 is now proven as follows. Lemma 15.5 implies that
K15 W o 8 x[Dolruy = (75, 5T7) B g6 M 8 5[ Dolro).
Lemmas 14.7 and 15.7 imply that
(e TH, xTH) & g5 MP R ge[Dolwiyy = s M B g TH B x[Dolriuy.
Lemma 15.5 implies that the above is homotopy equivalent to
K19 M* R 5[ Dol

which is the definition of | x [I®]r[u]-

15.4 Relation with the bordered invariant of S x P

In this section, we sketch why the bimodules | Wajg, P and g% Wang,a can nat-
urally be interpreted as the bordered invariants for S' x P, where P denotes a 2-
dimensional disk with 2 subdisks removed. In fact, this is a consequence of the
connected sum formula and a computation from [3] of the invariant for the identity
mapping cylinder over the 2-torus.

Proposition 15.8. The bimodules |5 Wa‘]g ) and g\ x Wa‘]g o @re the bordered invari-

ants for S' x P, for various choices of arc systems on the boundary components.
Remark 15.9. The arc systems on the boundary are compatible with the following
gluing convention:

(1) We glue alpha bordered boundary components to alpha bordered boundary
components, and vice-versa.

(2) x|xI® has one alpha bordered boundary and one beta bordered boundary
component.
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Since we switch from type-D to type-A by tensoring with |12, this convention
means that a type-A component of K is “alpha bordered” if the arc system is beta-
parallel, whereas a type-D component of X is “alpha bordered” if the corresponding
arc system is alpha-parallel.

Proof of Proposition 15.8. A surgery description of S! x P is given in Figure 15.1.
We can view the 5-component link appearing in this surgery description as being
obtained as the connected sum of two copies of a 3-component link J, as shown in
Figure 15.1. (The link J is a connected sum of two Hopf links.) Write A, g for an arc
system on J where the top component is alpha-parallel, and the bottom component
is beta-parallel. The middle component can have either alpha- or beta-parallel arc.
Write 5 Xo(J, Aq, ,3)‘K for the DA bimodule where the left action is the top-most
component of J, and the right action is for the bottom-most component. The middle
component is surgered out. (Le., we take the type-D module for the 3-component link,
tensor g Dy to the middle component, and tensor J<|J<H3 to the top component.) It is
proven in [3, Theorem 1.7] that

7 X0(J, A p)® ~ 3 X0(J, Aga) ~ 5[ (15.5)

(This computation is obtained by tensoring two copies of the Hopf link complex
which we compute in Chapter 16 of the present memoir.) It follows from our con-
nected sum formula that if g 5 X (L)* denotes the surgery module for the 5-compo-
nent link describing S! x P, then

217 X (L) > (5 Xo (. Aa,p)™ . 3 X0 (J. Ap.a)™) B g1 WL -

By equation (15.5), the above is homotopy equivalent to j|x Wﬂ‘}i o> completing

the proof. |

Q) Q, L A)
G - R, 06

Figure 15.1. A Kirby diagram for S! x P. The components marked 0 are surgered, while a
tubular neighborhood of the unmarked components is removed. On the right, we describe the
5-component link as a connected sum of two copies of a 3-component link J.






Chapter 16

The link surgery complex of the Hopf link

In this chapter, we compute the link surgery complex of the Hopf link. Our main
result is Proposition 16.1.
16.1 Computation of the surgery complex

In this section, we compute the surgery hypercube for the Hopf link. We use the
following model of the Hopf link:

a<+u—b

EFL(H) =~ J] . (16.1)
| 1
c—Vv>d

This complex is realized by the diagram in Figure 16.1. This complex is for the neg-
ative Hopf link, i.e., the two components have linking number —1. The complex of
the positive Hopf link has a similar model. The techniques of this section may also
be applied, essentially verbatim, to the positive Hopf link, though we focus on the
negative one for concreteness.

The Alexander gradings A = (A1, A2) and Maslov gradings gr = (gr,,, gr,) of
the generators are

11 gr(a) = (0,0),

o= (_5’_5)’ gr(b) = (=1, 1),

A(e) = (l l) gr(e) = (1,-1),
22 gr(d) = (0,0).

Note that we are using the conventions where the top degree generator of HF (53, w)
is in Maslov grading 0. See Remark 6.3.
The main result of this section is the following result.

Proposition 16.1. Suppose that A = (A, A3) is an integral framing on the negative
Hopf link H. Let Ayy be a system of arcs for the Hopf link where both arcs are
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alpha-parallel. The link surgery hypercube €5 (H, Ayq) has the following maps (up
to overall homotopy equivalence):

(1) The maps CIDILi' L, and CDEI' g are the canonical inclusions of localization. The

maps qD;ILle and @Zf}a are both given by the following formula:

I

o-Li _ b0
c— V%‘Hb—l—\?i”uzc
d— Vs

(2) The maps CDILle and <I>I€§ g are the canonical inclusions of localization. The

maps ® L21 and CDZ;% are both given by the following formula:

a —— WV
b——0

c——> V;ﬁlb + umézc

o L2 =

Ay v,
(3) The length 2 map CIDI}% is given by the following formula:

ar—— \7)1“_2\7%2_%
g b—0

Crp = A1—TnoA
c—— V' VA

d—— Viivia2e

The length 2 maps for other orientations of the Hopf link vanish.

We now compute the link surgery hypercube maps for the Hopf link. For the
purposes of computation, it is easier to compute the induced maps after quotient-
ing variables, instead of after localizing. Since the link surgery hypercube maps are
defined by computing holomorphic polygons on diagrams where we have deleted cer-
tain base points, this is easily seen to contain equivalent information as the ordinary
surgery hypercube. Compare Lemma 6.5.

As an example, if L; C H, then the descent map from surgery hypercube takes
the form

Oy, CFL(H) — V' CFL(H).
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The map P, H H\ 1, is completely determined by the choice of framing on A, and the

induced homotopy equivalence on the level of quotients

B TEFL(H)/(Uy — 1) — EFL(H)/(Vy — 1).

In this section, we write &N for the descent map on the level of quotients of CFL(H ).

Lemma 16.2. Write L and L, for the two components of the negative Hopf link. Up
to overall equivalence, the maps for the Hopf link are as follows:

(1) The map
O CFL(H)/(Uy — 1) - CFL(H)/(Vy — 1)
is given by the following formula:

a——d
=_L, b—0
H,L»

¢ —— b+ Use

d — U,d

extended F[U,, V,]-equivariantly, and sending V1 to U,.
(2) The map

&L eFE(H) /Uy — 1.V, — 1) — €FL(H)/ (V1 — 1,V — 1)

is given by the same formula as CTDI:, ng’ except with V, set to 1.

(3) The map
&7 (CFL(H)/(Uz — 1) — €FL(H)/ (V2 — 1)
is given by the following formula:

a— Uja
F-L _ b—0
H.L, —

¢c—— b+ Use

d— a

extended equivariantly over F[Uy, V1], and sending V, to U,.
(4) The map

& L2rer e (H) (Vi — LUy — 1) = €FL(H)/ (V1 — 1,V — 1)

is given by the same formula as 5;Lfl, except with V1 set to 1.
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(5) The length 2 map
S CFL(H) /(W — 1,Us — 1) — CFL(H)/(Vy — 1,V — 1)

is given by the following formula:

a——c¢
= _ b——0
oyl =

c——d

d——¢

extended to send V1 to Uy and V5 to U,.

(6) The length 1 maps with positively oriented components, e.g., &DILj L, are the
canonical quotient maps. The length 2 maps vanish for any orientation other
than —H.

Remark 16.3. As we will see in the proof of the above lemma, all of the maps in the
surgery hypercube for H are uniquely determined by the chain complex €F £ (H ),
except for the length 2 map 52‘ Ly and up to homotopy there are two possible
choices. We will use additional algebraic restrictions on the link surgery hypercube

to determine which choice of length 2 map is correct.

Proof of Lemma 16.2. We focus first on the length 1 maps. Consider the following
complexes:

a<u—b a<u—b
_ 7T I _ 7T I
/U —1) =y, 1 and  €/(Vi—-1)= U
| 1 | 1
c—Vv2-+d c—"V2>d
The map CTJ;I,LL'z is a homotopy equivalence between these two complexes, which is

F[U,, V,]-equivariant, and sends V; to U;. We perform the following changes of
basis:

a b a+Vad b+ Use
0 |
'6/(u1 - 1) = Vi+Uz2Va j{ and €/(V1 - 1) = T u1+|l(2\72
| |
¢+ Vb d+ Usa C d
(16.2)

We may view each of the above complexes as the knot Floer complex for an unknot,
with an extra free base point. In the following, we write gr,, for the grading induced
by the complete collection of base points consisting of the w-type link base points
(i.e., the ones where the unknot intersects the Heegaard surface negatively), and all
the free base points. We write gr, for the grading induced by the complete collection
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consisting of the z-type base points and the free base points. We may easily compute
the (gr,,, gr,)-gradings of all of the quotiented complexes, viewed in this manner:

(gry.gr,)

(0,0) a— (0,-2)
e/u—1: P LD ey gy P CL D
cr— s (~1,-1) N

d— (-2,0) d— > (0,0)

a — (=2.0) a—— (0,0),
e/a-n: P MY ey P OB
c——— (—1,-1) cr—— (1,-1)

d ———— (0,0) d — (0,-2)

The homotopy equivalence &)I}Liz is grading preserving with respect to the above

gradings, since it is the map for changing Heegaard diagrams. It is straightforward
to see from equation (16.2) that there is a unique choice of a non-zero chain map
from €/(U; — 1) to €/(V1 — 1) which is (gr,,, gr,)-grading preserving, is F [U,, V]-
equivariant, and sends V; to U;. (Note here we are using the (gr,,, gr,)-bigrading
obtained by viewing € /(U; — 1) and €/(V; — 1) as the complex of an unknot, shown
above; we are not using the gradlngs naively inherited from the Hopf link.) This map

is the homotopy equivalence oy H. L‘ in the map in the statement. By a symmetric

argument, one obtains the formula for ) LL2 in the statement

Next, by the definition of a o-basic system, the map o, L @ is obtained by quotl-
enting the domain and range of o, H L‘ by V, — 1. The maps ) LL2 and d> 0 are
related by a similar relation.

We now consider the diagonal map of the cube. Firstly, since we are working
with a basis system, the length 2 map vanishes except for the orientation —H (i.e., all

components oriented negatively). In our present notation, this is the map
D5/ (UL — 1, Uz — 1) — €/ (Vy — 1, V2 — 1).
We define the map
E:=3; o®p2 + 3,200, . (16.3)
Using our computations of the length 1 maps of the cube, we compute E to be

ar———a+d
b——0
c—— (Up + Uy)e

E =

d— a+d,

extended linearly by sending V; to U; and V5 to U,.
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Up to an overall chain homotopy intertwining IF[V1, V,] and F[U;, U,], there are
two choices for a graded null-homotopy of the map E. These are the maps

a——c¢ ar——¢
H1:=b 0 and H2:=b 0
c—— 0 c——d
d—— ¢, d —— c.

To prove this, we first observe that H; and H, are easily checked to be valid homo-
topies. Any other valid homotopy will differ from H; by a +1 graded chain map
from €/(U; — 1,U, — 1) to €/(V; — 1,V, — 1). However, it is easily checked that
up to chain homotopy, there is exactly one non-zero +1 graded map from € /(U; — 1,
Uy — 1) to €/ (V1 — 1,V — 1) which sends V; to U;. This is the map which sends ¢
to d, sends V; to U;, and vanishes on other generators. Adding this map to H; yields
H,. Hence, H; and H, are the only possible choices, up to further homotopy. We
prove in the subsequent Lemma 16.4 that H; is not a valid choice when we use the
arc system Ay, and hence the length 2 map of the surgery hypercube is H,. ]

We let (S2,a, B, {wy, w2}, {z1, z2}) be the diagram shown in Figure 16.1, and
we have p € o for the point shown therein. We define a map A, by counting disks
weighted by the difference in multiplicities on the two sides of the point p. Note
that the map A, may be identified with the relative homology map considered in
Section 13.4 if we pick a path A which connects a base point on L; to a base point on
L, and satisfies A Na = {p}.

The map A, is defined on €F £ (H ), and is easily computed by counting holo-
morphic bigons to be given by the formula

a V2>b a—— Vb + Use
1 _b——0
P — Uy Vi -
v c— Vod
2
c<u—d d —— Uze + Vib.
2

The map A, has an extension to hypercubes, similar to the construction described
in Section 13.4. We can describe this by considering a formal endomorphism

Fpia — a,

and setting the hypercube action #, to be u3* (Fp, —).

As in Lemma 13.31 we can extend the above construction to give an endomor-
phism 4, of the link surgery formula when we are using a o-basic system of Hee-
gaard diagrams for H where the arc system consists of only alpha-parallel arcs. In
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d

Figure 16.1. A diagram for the Hopf link with a special point p € «.

this case, the point-pushing diffeomorphisms never change «. We consider this hyper-
cube on the 2-dimensional hypercube used to define all of the link surgery structure
maps for negatively oriented sublinks of H. With these considerations in mind, we
obtain a diagram of the following form:

c/(U; -1, U — 1) L1 —C/(Vi—1,U— 1)

\\\Q*';&\_'Ap T h;Ll s“l‘\\‘ \Ap
AN T~ | T ~
\\ \8/(u1—1u2—1)—¢ LIHE/(VI—IFLQ—])
g N H | a0
Cone(A,) = nyl2 N " op \\l\ P
\\\\ $7L2 \\\\ J{\ " \\\\ &),Lz
4 \\\ \\A N \
/(U — 1,V — 1)-g—L1v, -€/(V1 —1, \72—1) N
\A\‘"“\\\ —_— ~, N
4 \ h_ 1
T~ M Tl \ ,J—{V
/(U — 1,V —1) —&—L1 *> €/(Vi—1,V2—1)
(16.4)
—L»

In the above diagram, both maps labeled /1, > are induced by a single map from
€/(Uy — 1) to €/(V, — 1). The map labeled h;Ll is similar.
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The diagram in equation (16.4) does not satisfy the hypercube relations. Instead,
if we view it as Cone(s,), where 4, is a morphism from the back face to the front
face, then

[0, Ap] = (U1 V1 + U V5) -id.

We now analyze the maps labeled h;Li. Consider first h;Lz. Both instances of
this map are induced by a single map from €/(U, — 1) to €/(V, — 1), for which
we also write h;Lz. This map preserves the Maslov bigradings, if we view € /(U —
1) and €/(V, — 1) as the link Floer complexes for an unknot with an extra free
base point. Extending the observation from the proof of Lemma 16.2 that we used
to compute the length 1 maps, there were exactly two grading preserving chain maps
from €/(U, — 1) to € /(V2 — 1) which are F[U;, V4 ]-equivariant, and send Vs to Usy:
the zero map, and the map labeled ®~L2. This observation constrains hp L2 (6 be one
of two maps, which differ by the map ®~L2. The same comment apphes for h;L‘

We compute that directly

[&')—Ll , Ap] —
Hence, by the above observation, we conclude that

hytt=5. 970 (16.5)

for some s € IF.
Similarly, we compute that

a———— 0
[&)_Lz’AP] — b———0

¢ —— Uza+ Uqd

d— 0.

Hence, _
hl2 =(crb)+1-d712, (16.6)
for somet € F.
Using the above observations, we are now able to compute the length 2 map of
the link surgery hypercube of the Hopf link.

Lemma 16.4. The length 3 hypercube relation in equation (16.4) is satisfiable with
H,, but not with Hy. Hence, H is the length 2 map of the Hopf link surgery hyper-
cube.

Proof. Fori € {1,2}, let C; denote the sum of compositions of maps in (16.4) which
would appear in the length 3 relation, except for [0, w,]. Here, C; is computed with the
map H = H;. The hypercube relations are satisfiable with H; if and only if C; >~ 0.

We have determined the maps h;Lz and h;Ll up to a minor ambiguity, as shown
in equations (16.5) and (16.6). Note that changing the value of s in h;Ll changes C;
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by addition of the map E from (16.3), which we already know to be null-homotopic.
Changing ¢ by adding 1 has the same effect. Hence, it is sufficient to consider the case
where s =t = 0.

One easily computes

a—d
b—0

Ci = [h,">, 71 + [Hy, 4] = bt
C —— 2C

d—d,

which is not null-homotopic. Hence, H; is not a valid choice. It is easily checked that
in fact
[h,"2, @751 + [Hy, Ap] = 0.

Hence, the diagonal map must be H5. ]

Remark 16.5. View the maps H; and H, as being F[U;, U,]-equivariant, where
U; acts by V; on the domain, and U; on the codomain. The maps H; and H, are
homotopic over F[U; ] or F[Us], but not over F[Uy, U;]. If we wanted to compute the
Heegaard Floer homology of surgeries on the Hopf link, either H; or H, would give
the same answer. Compare [30, Section 5.2]. We will see in Section 16.3 that using
H to build the link surgery hypercube gives € (H, Aqg) where Aypg is a system of
arcs where one arc is alpha-parallel and the other is beta-parallel.

Since we will be taking tensor products, we need to know the length 2 map over
the ring F[U;, U,], and there are algebraically two distinct models.

It remains to describe the proof of Proposition 16.1.

Proof of Proposition 16.1. The proof is obtained by filling in powers of V; in the
maps from Lemma 16.2 according to Alexander grading changes. We leave this
mostly to the reader, but we verify the claim for the map CDI_{’LLIZ. This map sends
Alexander grading s to s + (A1, —1). Furthermore, it is F[U,, V,]-equivariant, and is
T -equivariant with respect to IF[U;, V;]. As an example, the equivariance properties
and the computation of the quotient map in Lemma 16.2 constrain ‘IJ;ILle (a) = V{V d
for some N. Since A(a) = (—%, %) and A(d) = (%, —%), we conclude that N =
A1 — 1. Similar arguments hold for all of the other components. ]

16.2 The Hopf link complex as a type-D module
We now describe the type-D module over £, = K ® K for the Hopf link complex.

We write %X{@K for the type-D module for the negative Hopf link with an alpha-
parallel system of arcs. We recall that by definition, for each ¢ € E,, we define # - I
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to have the same generators over [ as a free F[U;, V1, Uy, V;]-basis of €EFL(H).
Hence, we write
JQ{C&K -1, = Spang (a;, b, ¢, d;).

It is helpful to write #, for # 5 - I.. With this notation, we may decompose # as

Hoo  Hio

s

Hp =
Ho,1  Hia

s

We now describe the structure maps.

Lemma 16.6. Let Jf;ZC@‘K be the type-D module associated to the negative Hopf link

KK
A

with an alpha-parallel system of arcs. The type-D module H is as follows:

01 7 Hoo — Lip 4Lipt — Hig L

~
~
~
~
~

L2F1+—L2F1 —H Ql L2G1+—L2Gl

l SNy l

a1 j e;f(),l — Ligly—Ligl — %1,1 :81

where the maps are as follows:

(1) The map 3" is the ordinary differential of the Hopf link complex. See equa-
tion (16.1).

(2) The maps denoted 1P, ~L1pl L1Ql gqnd =L1Q1 correspond to the length
1 surgery maps for L. The maps “1P' and L1Q* share the same formula
as each other, and the maps ~L1P' and _LlQl share the same formula as
each other. They are given by the following formulas:

(@) a—— a®o;
Lpt_ b——b&a

c—— c® o

d—— d®o;.

(b) ar—— d®\7f1_lrl
b > 0

—L1P1 —
¢c —— b®\7f‘+1r1 +C®U2V)}l‘[1

d——— dR WUV 1.
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(3) The maps L2F' and ~L2F are the surgery maps for the component L, with
L unreduced. They are given by the following formulas:

(a) a—— a®o
Lopl _ b——b®o,

C——> c® o0y

d— d®o,.

(b) ar—— a®u1\7§2r2
b > 0

c——b ®V§2+lfz +C®U1V§2T2

—L2F1 —

d—— 5 a@ Vi 'y,

The maps L2G' and ~L2G' are the surgery maps Lo, with Ly already
reduced. They are given by the same formulas.

(4) The map ~HQ is the length 2 surgery map for —H = —L1 U —L,. This map
takes the following form:

a——c® \7’11‘_2\7;2_%1@
- b——0
HQl - A1—179A
c—— de V' Vlun
d—— c@ Vi 2y g,
We leave the verification of the above lemma to the reader as it is mostly a restate-
ment of Proposition 16.1 using the notation from Section 8.6.

16.3 The Hopf link with arc system Ayg

In this section, we compute the type-D module of the Hopf link complex when we
use an arc system such that L, is alpha-parallel, and L, is beta-parallel. We write
H A\ for the associated type-D module.

—KQK
Proposition 16.7. The type-D module J ®% is identical to the module J(’XC@'K,
except that we delete the term ¢ — d ® \7{“ _1\7;2 717, from §1.

Proof. We may use Theorem 14.1 and the transformer bimodule to change one of the
arcs from alpha-parallel to beta-parallel. Accordingly, we have that

5K 18K K1®K> +X
%A = %A & J<2J 2.
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We claim that the above tensor product description of ﬁiﬁ@(m gives exactly the
module structure described in the statement (i.e., with structure maps as in Lem-
ma 16.6, except with the additional length 2 term ¢ > d ® \7)1“_1\722 7172). This
is verified by a direct computation. We compute Jr’(f‘@‘xz X ngT‘KZ. The module
J<2‘T‘K2 has a structure map term of the form 85 (a,Jl() = 1 ® a, for all a. These
contribute all of the differentials from Jr’dc' K2 o 70 A ! ®J<2. Additionally, KZTKZ
has a §; term, which is given by

§i(a,b,ct,ip) = iy ® dy(a)dv(b)ct.

The structure map diagram which adds the extra length 2 differential is the following:

Coo io
!
L2
!
de
!
oI
\ (;i \
d11 i1 V%l_lvlzlzfl‘[z

In the above, @2, 3¢ and @11 denote specific summands of the structure map §'
on Jdﬁ@'xz. The specific sequence of generators contributing to the above diagram
is the following:
d L2 A de Ao
coo — €01 @ Ui V21 — do1 @ V2 @ Ui V5> 12

L1
2 d UV T ® Ve @ Uy V2T

(Here, we omit all terms which evaluate to zero under [ ® §}.) Applying §}, we obtain
the extra term

A A A1—149A
coo > di1 V' Ui V3% 1, =di @ V' V3iTits,

as claimed in the statement. Note that when evaluating §! and §} in the tensor product,
we are using the extension of scalars construction from Section 3.5 to view g, 77!
as a DA bimodule over (K1 ® K2, K1 ® K>2). [ ]
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Remark 16.8. In our proof of Proposition 16.1, we observed that all of the maps
in the Hopf link complex were uniquely determined except for the length 2 map, and
there were two choices, up to overall homotopy. We wrote H; and H» for these maps.
We proved that H, was the correct choigﬁe when the system of arcs was alpha-parallel.
We observe that the above model of H# A2 corresponds exactly to the other choice of
homotopy.






Chapter 17

Minimal models for the Hopf link surgery complex

In this chapter, we consider the link surgery complex for the Hopf link as a DA bimod-
ule. We do this via a tensor product

JC%KC = :%ZC@'K X J(|J<[H§].

In the above, just one algebra output of %1{(‘8']{ is input into x| % [I®].

We note that the number of generators in the complex %XC&K can be reduced by
homotopy equivalence. To this end, we define the maximal ideal m C X, to be the
one which is generated by U,V eIy - K -Ip,0, 7€} - K -IpandU € I; - K -I5.
We make the following definition (compare [6, page 476]).

Definition 17.1. We say that a type-DA bimodule y X% is minimal if § LX > X®
K /m is zero.

In the Heegaard Floer literature, one frequently uses the term reduced instead of
minimal. In this chapter, we will explore a minimal model of the Hopf link complex
P4 A for Wthh we will write % Z% . We will also compute a minimal model of the
complex J(’e}f A obtained by using both alpha and beta-parallel arcs on the Hopf link.

17.1 DA-perspectives on the Hopf link complex

In this section, we describe how to view the Hopf link complex as a type-DA module,
and we compute a minimal model. This perspective was first explored in [14].

Write H = L1 U L, for the Hopf link. Write P, =F[U;, V] and P, =F[U,,V;],
where P; contains the variables for L;. Let us write € for €¥L(H).

We may view € as a type-D module over P,. We do this by viewing €72 as freely
generated by a, b, ¢ and d over P;. The structure map §' is shown below:

a[lly, V1] <- 11Uz -- b[Uy, V1]

|

|

Py ~ '
€ 2= V]II ulll

|

|

c[Uy, V1] --11v2 -3 d[Uq, V4]
An arrow from x to y labeled by a|b indicates that §! (x) has a summand of (a -y) ® b.

As a type-D module, € %2 is not minimal. We now describe a homotopy equivalent
complex which is minimal. It is helpful to realize that the above description of €2
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may be further decomposed as a box tensor product, as follows. Let &, denote the
exterior algebra on two generators,

€ 1= A" (¢2.V2).

We consider the following type-DD bimodule 2K P2, As a vector space, K = IF. The
type-DD structure map is given by the formula

(1) = gl 1[Us + P2|1] Vs

We may define a type-A module Cg,, generated freely over P; by a, b, ¢ and d, with
module structure given by the following diagram:

a[Uy, V1] <—¢2— b[Uy, V]

A I

I I

Ce, = v U,
| |
1 hd

C[ul, Vl] — Y2 —> d[ul, V]]

In the above, solid arrows denote the m, actions of &,, while the dashed arrows denote
the m1 actions (i.e., internal differentials). To illustrate the notation, if f € F[U, V4],
then

ma(f-b,¢2) = f-a and mi(f-b)=U;- f-d

The action of V5 is similar.
Clearly, there is an isomorphism of type-D modules

P2 ~ €g, K E25P2.

In the above, we have forgotten about the natural action of P;, given by ordinary
multiplication. In fact, we may incorporate additionally this action to obtain bimod-
ules p, €72 and p, €g,, such that

Py ~ &>q,P
p €72 = p €, M=2K"2,

The module p, €%2 has only §! and 8} non-trivial, and p, €, has only m¢,1,0, m1.1,0
and mg,1,1 non-trivial. In the next section, we explore minimal models.

17.2 Minimal models for the Hopf link Floer complex

We apply the homological perturbation lemma to obtain minimal models of the Hopf
link bimodules from the previous section. We will define a DA bimodule p, Z >
which is homotopy equivalent to p, ©¥2 and which has §] = 0. The techniques of
this section formalize the construction in [14].
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First, define the chain complex €, by forgetting about the &;-action on Cg,.
Over [F,, €y is homotopy equivalent to its homology, which we view as the vector
space

Z = a[ul] (&%) d[Vl]

Here, a[U;] denotes a copy of F[U,], generated by a, and similarly for d[V;]. There
are natural maps

itZ —>€, 7w:€—Z, and h:€y — €

such that i and 7 are chain maps, i ow =id + [my,h],moi =id,hoi =0,7 0 h =0
and 2 o h = 0. The map i is given by

i(Uja) =Ufa and i(V}d) = V]d.
The map = is given by

Wa ifm =0,

0 otherwise,

vmd ifn =0,

a(UIVTa) =
UiV { 0 otherwise.

and m(UTV'd) = {

The map # is given by

Urvm=le ifm > 1,

ur—tvmp ifn > 1,
h(U'{VTa):{O [TV ifn 2

and A(UVTd) = {O

otherwise, otherwise.

The homological perturbation lemma for A.,-modules, Lemma 4.1, endows Z with
the structure of a right A-module over the exterior algebra &,, for which we write
Zg,, which is A-homotopy equivalent to Cg,. In fact, the homotopy equivalence is
given explicitly by the homological perturbation lemma. The maps i, 7 and % extend
to Aoo-module morphisms i, 7w, and &,. We box these morphisms with the identity
map on €25 *2 to obtain maps of type-D modules

ntef2 - zh  pt.zP s ef2 and H:eP2 - €2

Lemma 17.2. The morphisms I1' and T1' are type-D homomorphisms (i.e., dyor(1'1)
= 0 and dyior(ITY) = 0). Furthermore,

(1) Mo 7! =id.

2) H'oH! =0.

3) H'oI!' =0.

4) MoH! =0.

(5) I' oI =id + Ovor(H ).



Minimal models for the Hopf link surgery complex 220

Proof. Lemma 4.1 (the homological perturbation lemma) implies that the stated for-
mulas hold for iy, i« and .. Boxing with the identity map preserves these relations
since the algebra is &, (which is an associative algebra), so

(fu B5c) o (g M gc) = ((fi 0 gx) K1),

by [25, Remark 2.2.28]. Furthermore, boxing with the identity is a chain map

Ivor (S B I5c) = (Imor (Sf) B Tc).
See [25, Lemma 2.3.3 (1)]. [ ]

It is enlightening to compute concrete formulas for the morphisms IT!, H! and 7.

Lemma 17.3. The type-D module maps 11, TI' and H' are given by the following
formulas:
(1) IV isgivenby I'(x) =x® 1, forx € Z.

(2) ! vanishes on Span(b, ¢), and satisfies
ma v < [WaEWYS iz

H VITT A QUEVERY ifi <

g < (172U i
H VITd @ UV ifi < j.

(3) H! vanishes on Span(b, ¢), and maps Span(a, d) to Span(b,¢) ® P,. It is
given by the formula

UV Tle@ 1+ UV @V, + -

HVa) — +U DUV ifj =i,
171 — i1 i—1yJ—1
UV e@ 1+ UV D@ Vs + -+
+ V7 e @ ULV ifj>i,
and
UV b1+ UV e Uy + -
H'AVId) = U DUV fi>J
s UTVb @ 1+ UV @ Us 4+
+ Ve ULVLT! ifi <j.

Proof. Lemma 4.1 gives a concrete formula for the Aoo-action on Zg,. We will prove
the first statement, and also compute IT!(U{V{a) when i > j in order to illustrate
the technique. We will leave the remaining cases to the reader.
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Firstly, we begin with /!. We are boxing with I, so suppose that ay|-- - |a,|1]
bp|---|by is the output of repeated applications of §'-! on €25F2. The homological
perturbation lemma gives a recipe for m f 1 (x,a1,...,an). See Figure 4.1. The recipe
is to include x into € via i. We then apply m,(—, a1), then h, then m,(—, a,), then £,
and so forth, until one applies m(—, a,). Then we apply 7. The algebra output is the
product b, - - - by. The m, action of &, on € vanishes on the image of i, so there are
no contributions unless n = 0. The formula follows.

We now compute IT! (U} Vj a) fori > j. We begin at U} Vj acC.If j =0,then
h(U, Vj a) = 0, so our only option is to apply 7, which gives U} a as claimed. If j > 0,
the only option is to apply / to get w V’ ¢. Then we apply m,(—, ¢2) which gives
U’ \7] 'd ® V,. We then apply h and m,(—, ¢») and we get U’ IVJ a® UV, We
repeat this procedure until we cannot apply % or m, anymore. In the case thati > j,
the final term in this sequence will be uj‘f a® u%\?é. All of the remaining claims
follow a similar analysis. u

Lemma 17.2 allows us to apply the homological perturbation lemma of DA bi-
modules, Lemma 4.2, which equips Z with a DA bimodule structure p, Z P2 and
supplies morphisms of DA bimodules

nl:pef2 — pzP2 lipzP2 5 pef2, and Hl:p€P? - peh?
which satisfy relations identical to Lemma 17.2.

Lemma 17.4. The bimodule p, Z P2 and the morphisms T1L, I} and H} satisfy the
following relations:

(1) The structure maps 8} on p, ZP2 vanish if j # 2.

(2) The maps H} and H jl vanish unless j = 1.

(3) The map I jl vanishes if j > 2.

(4) The maps 8} and I} are strictly unital, i.e., they vanish if 1 is an input, except

for 83, which satisfies §3(1 ® x) = x ® 1. (Note that Hj1 and Hjl. are trivially
unital, since they are only non-trivial if j = 1.)

Proof. The proofs of all statements are by explicit examination of the maps from the
homological perturbation lemma.

We begin with the statements about § ]1 Consider first a sequence of algebra ele-
ments (ay,...,a1) in P1. The rule for computing 5} is to input via /1, then apply m,
then we apply pairs of H! followed by m, until we exhaust (a,,...,a;), and then
finally we apply I1;. The algebra elements outputs are multiplied together by apply-
ing u, repeatedly. However, applying m, does not move an elements position in €
(i.e., a, b, c or d). The map H' does change the generator, and it maps Span(a, d)
to Span(c, b) ® P,, and vanishes on Span(c, b). If we apply another m,, we remain
in Span(c, b). We note that IT' and H! both vanish on Span(c, b). In particular, the
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only terms making non-trivial contribution are those with one 8., and no H'! term.
The same argument shows that 1'[,1c and H kl vanish if £ > 1.

To compute the map [ jl + (aj, ..., a1, x), the recipe is to first include x into
€ ® P, via I'. This includes x into Span(a,d) ® P,. We then apply 81 (a1, —).
This preserves Span(a,d) ® P,. Next we apply H!, which maps Span(a,d) ® P,
to Span(b, ¢) ® P,. Any further applications of §1(ay, —) followed by H! would
map to zero. Hence we may have 1, but not /' for j > 2.

The final statement about being strictly unital follows from the homological per-
turbation lemma. ]

It is helpful to explicitly compute 5% onp Z P2 Since there is no § ]1 for j > 2 by
Lemma 17.4, we compute only 85 (Uy, —) and 8} (Vy, —).

Lemma 17.5. The map 5% onp Z P2 satisfies the following:
() 83U, W) =UW!Ma® 1.

U’l’_la®uz\72 ifl’l > 0,

d® "V, ifn=0.

(3) 8L(Vy, VId) = VA @ 1.

Vrln_ld Q® UV,  ifm > 0,

a® U, ifm=0.

(2) 8,(V1, Uja) = {

@) 83Uy, Vid) = {

Finally, the complex V; '€ will also be important to understand. Similarly to €,
the complex \71_11‘,’ can be reduced in size via a homotopy equivalence. We note that
V1€ is the following DA bimodule:

a[Uy, V1, V'] < 1w — b[Uy, Vi, V7]

T |

—1 ~
Vi€ = Vi1 Uyl

| |

c[Us, Vi, VT — 11v2 = d[Uy, Vi, V7]

In the above, all arrows denote §; . The actions of §} are given by ordinary polynomial
multiplication. Since V; is invertible, the arrow labeled V1|1 and the two generators a
and ¢ may be completely canceled from the complex. Hence, the above is homotopy
equivalent to a DA bimodule whose underlying type-D structure is shown below:

b[Uy, Vi, V'] llR a[Uy, vy, Vit

This complex above may be further reduced as a type-D structure, giving a minimal
model, for which we write Vol py W2 As a vector space, W = d[V, \71_1]. The same
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homological perturbation argument as before equips W with the bimodule structure
vrlpy W P2 which has § 11 = O unless j = 2. For completeness, we record the actions.

Lemma 17.6. The bimodule viip W P2 has the following action:
SYEVI Vid) = VT d @ ULV,

We leave the proofs of Lemmas 17.5 and 17.6 to the reader.

17.3 Minimal models over K

In this section, we describe a minimal model of the DA bimodule g, # (‘f 12’0). We will
denote the minimal model by
P
172(21,0)

The existence of the minimal model follows from the homological perturbation
lemma for hypercubes of DA bimodules. From the description of x, Jféflz’o) it is
clear that there is a filtration by the cube [E,. In Section 17.2, we described minimal
models of €FL(H)FM2-V2] and \71_1‘6317§E(H)]F[u2’\72]. Note that we may identify
the underlying type-D module JQ‘K 2 with one of these type-D modules, for ¢ € E,.
Hence, the construction from Section 17.2 may be viewed as giving morphisms of
type-D structures

1. 9p K K 1. 7K K 1. 9p K K
Oo:H? = 272, 1,:27% — H?2, and H: H? — H?

which induce a homotopy equivalence of type-D structures, such that furthermore
the algebraic assumptions of the homological perturbation lemma are satisfied. We
obtain a homotopy equivalent hypercube of DA bimodules KIZ(JE’O) by applying
the homological perturbation lemma for hypercubes of DA bimodules, Lemma 4.5.
We now schematically sketch the induced type-D structure map:

— _ _
Zo,0 Z1,0 my _~ Zoo - eyt s> Zio o m)
S = -1, 1|—L 1 §1 =
1 — 2f1 + 2f1‘ 2g1—|— Zgl 2 —
4 4 .
1 14, — 1 - 1
ZO,I Zl,l my Zo,1 -Ligl+=Ligl » Zl,l « M2
Zo o Zio
sl = \711 1
3 w3

Zo,1 Z11



Minimal models for the Hopf link surgery complex 224

Proposition 17.7. Give the negative Hopf link framing (A1, 0). The structure maps
of the minimal model x, Z’gfﬁ o) are as Sfollows:

(1) The maps m; are the same as the 8; maps in Lemmas 17.5 and 17.6.

(2) The maps L1 p% and qu% are given by the same formulas as each other, as
are ~11 pé and _qué. They are determined by the following formulas:

@ Lipl(or.Uia) = VTl @ UyVET! and L1pi(01. V]d) = V]d ® L.
) ~Lipl(ry, Wa) = V" " MA@ 1 and ~Lipl(zy. Vid) = VT Md ®
uf-‘rlvj
2 2
© Lipl(zi,—) =0and Lipl(oy,—) =0.
(3) The maps for £ L, are as follows:
@) L2fl(Wa) = Wa® o, and L2f (V]d) = VId ® 0.
(b) ~L2flUa) = U a® 1, and

a®Vyln, ifj=0,

—Ly lvjd — )
LK {v{‘ld@)rz ifj > 0.

(©) L2gl(Vid) =Vid ® oo
@ ~Fgi(Vid) =V 'd® .
(4) The map _Ha)31 is determined by the relations
“Hpl(z,, VP Ula) = min( 4 1,m)V T 2 @ UV le,
Hpl(z,, U, Ula) = 0,
-H 1 noA A — i S\ —ntA—1 J—=1yj—2
w5 (11, UT, V1d) = min(n, j)V; de U, 'V, “n,

“Hol (v, V7, v]d) =0,

and that _Ha)g vanishes if an algebra input is a multiple of 1. The map

_Ha)§ also vanishes on pairs of algebra elements with other configurations
of idempotents.

Remark 17.8. We have not enumerated a complete list of the structure maps. Addi-
tional powers of U; and V; may be added to arguments in the above maps. There are
no terms of § ]1 41 for j > 2, however. A more minimal list could also have been made
by specifying the length 1 maps on only a and d. As an example of several relations
which are forced by the DA bimodule relations, we have

Aoy (1, U V] Wfa) = ~Hwl(r, Vi, U a)
and

“Hol (0 WV Vid) = ~Hol(r, W, V1),
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Proof. All of these computations are performed algorithmically using the homolog-
ical perturbation lemma for hypercubes of DA bimodules, Lemma 4.5. For the first
two sets of equations the computation is essentially straightforward. We first apply the
map 1, 61, then we apply a length 1 map of the cube (either with no algebra input, as
for the maps labeled f,' and g}, or with an algebra input of o7 or 7y, as for the maps
pé and qzl). We leave these computations to the reader, as they are straightforward.

The map ~Hw! is more interesting. There is exactly one configuration of a mor-
phism graph which gives a non-trivial evaluation. This occurs for elements Xg o in the
idempotent ¢ = (0, 0). The structure graph is shown below:

b‘L’] a X0,0
{
]1
{
8
1

H' 17.1)

1

In the above, the map ~# Q! denotes the component of §1 on Jf;{cl@xz X %, %, [[°]
contributed by the map component ~# Q1 of §! of ﬂf' &2, Concretely, it is given
by the formula

W Viagy — bV 2T WV )ery ® V3'n

W Vi bgo ¢ s 0
Qb —)= 11

UV g —— bV LT (W VA ® o
W Vidgo — bV T (W VI )ery ® V321,
We focus on the case that b = i;. Consider first the case that x = uil a. lfa =

u”, then 81 (U?, U a) = U™ a ® 1, however, H'! vanishes on this element, so we

conclude that )
“Hopd (11U U a) = 0.

The same argument implies that _Ha)31 (t1, VT, \7{ d) =0.
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We now consider the case that x = Uja and @ = V?'. In this case, H (U V"a)
is a sum involving both ¢ and b. The next term in equation (17.1) is an application of
—H 23, which vanishes on multiples of b. In particular, we only need to consider the
terms of H (U, V™a) involving ¢. There are min(i + 1,m) such terms. They are

WV le® 1+ WV 2e @ Uy Vy + U2V 3e @ UBV2 +

(The sum is over all terms in the sequence above where U; and V; both have nonneg-
ative exponent.) We then apply ~# QJ, I, and then multiply the outgoing algebra
elements by repeatedly applying j,. It is easy check that the application of ~7 Q1.
IT', and p» on each of the above summands coincide, so we will only consider their
evaluation on U V"~ le ® 1. Applying ~7 Q1 gives

rVAl 1¢ (ut'\?m 1)d®f2®1—um 1r\72m+)tl —3— ld®‘[ ®1

Applying IT' to the above generator, and then multiplying the algebra elements and
the coefficient min(i 4 1, m) gives

w3 (T1, VY, ’ia) = min(i + 1,m)\7’1"—"—2+11d ® Up—lym=lig,

which is the stated formula.
We now consider ~Hw! (z;, W, V] d). The terms of H'(W!V?d) which involve
care
WV e @ Uy + W2V e @ UV, + -

As before, the sum contains all such elements in the sequence which have nonnegative
powers of both U; and V. There are min(#n, j) terms in this sum. As before, it is
sufficient to evaluate —# Q% and T1! only on the first term, and then multiply the
result by min(z, j). Applying 7 Q1, we obtain

VATV A @ 6 @ Uy = W IV T T @ 1, @ Us.
Applying TT! and id ® y,, and multiplying by the coefficient min(n, j) gives
@} (r1, V1, Wia) = min(n, j)VI MA@ WV P,
which proves the statement. |

Remark 17.9. Recall that we write xlﬁfz for the Hopf link complex obtained by
using one alpha-parallel arc and one beta-parallel arc. The associated type-D module
over K ® K is computed in Proposition 16.7. Write xlz A2 for the minimal n}?del
of the associated type-DA b1m0dule We leave it to the reader to verify that x, Z, | o)
has an identical description to j, z% ( A () except that we omit the 81 term.

The DA bimodule structure maps of x, Z(o,o) are illustrated in Figure 17.1.
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_VIU ~VIU /VlU\J /VW\ VIt VIt

U2a Ua a d vd .- Eo

?ﬂ/ Tiuu/ iuu/ iulu/ %IU/ Yuu/

T o T o T o v—1z o T o T

/vuk /vk /Wk vw\ /Vllkv /Vllk
d ..

/
. U2a Ua a_
Supn | ~u1— | Y~up— uu

- Ego
K
uu -~ o~

a|lUZV olUV alv a1 a1
7|1 7|1 7|1 /U Tlu

l vy l VIl l v l i l

Vv-3d V24 V14 TyogT Tyig .- Eqo

) Sy S T gy e e

Uu\u 1% Ulu 1% 1%

V|1
/|$

VIU o VU VU V|V V|1 VI
- ~ Wy VI
U2a Ua a d vd -+ Ep

T | i | 1’\u|1/|‘/\u|u/ | Sup | S uu

a|U?V olUV alv o1 o1
7|1 7/l 7|1 T|U T|lUU

l VI l VI l v l Vi1 l Vi1

~ ~~
v V2 v-la, \"WdF \”‘vld: - By
1

AN A | N N N
AN /w\ /w\ /W\

V|1
P

V1 —
g y-3 V24 \7 ld

vﬂu/m v—lu/mﬂ -1 m i m alling m v~

414 1% u|\u 1% u|\u

Eqo

Figure 17.1. The DA bimodule of the negative Hopf link x Z (- The gray arrows denote 8% .
Subscripts on algebra elements indicating link components are omitted. This coincides with the
bimodule JCZ{(;O) except for the lack of the a); differential.

We now prove that g, Jf(’];f 12 0) and g, Z(J/& o) are both Alexander modules, and
are furthermore homotopy equivalent.

Lemma 17.10. The DA bimodule structure maps on x, ‘%({1(12,0) and xlz{jf’o) are
continuous.

Furthermore, all of the maps involved in the homotopy equivalences described in
Proposition 17.7 are continuous.
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Proof. The DA bimodule structure maps on g, J€( A, 0) are continuous by virtue of the

facts that the map 8! on J€( 2 1%) 2 belng continuous, since H(4, o) is a finitely gen-

erated vector space, and that g, J€( 31.0) is obtained by a tensor product of J{’ X1 ®)’K 2

with X11K1 [I[ ]

The structure maps on JCIZ(A 0) and also the equivalence with g, ‘%(A ) are
given by the homological perturbation lemma. These maps are finite compositions of
the maps I1', H', I'!, as well as the map &} of x, J(’(‘ﬁz’o). Hence, it is sufficient to
show that each of these maps is continuous with respect to the appropriate topology.
The map 1! is obviously continuous, since it is given by x > x ® 1.

Consider the map IT! applied to elements in Iy - #(4,.0) - Io. This map is com-
puted in Lemma 17.3. As an example, consider IT!(x) when x = U’i \7{ afori > j
> 0. In this case,

' Wiv]a) = U/ a @ UV,

Given a finite set of S € N and some n € N, we wish to show that all but finitely
many U} V{a are mapped into Span(Uja ® u;v;’ :s € N\ Sorj>n). Thisis the
case, since of course there are only finitely many 7, j > 0 such that 0 < j < n and
i —j € S§. A similar computation holds for the rest of Iy - #(;,,0) - Io, so ! is
continuous in these idempotents. Essentially the same argument applies for the other
idempotents of .

The map H! is verified to be continuous by a very similar argument. ]

17.4 Comparison with the Eftekhary—-Hedden-Levine model

We now compare our Hopf link complex with the dual knot formulas of Hedden—
Levine [11] and Eftekhary [4].

If K € S3, we will write EHL,, (K)F®-V] for the complex described in the intro-
duction of [11], which is a model for €FL(S>(K), w)F%V! where 1 is a dual of K
inside of the Dehn surgery.

Proposition 17.11. If K is a knot in S3, then there is a canonical isomorphism
EHL, (K)FIWV! o~ &, (K)® R 4 ZFWVI,

Proof sketch. Since we do not need this result for any later results, we will not spell
out all details. Instead, we will sketch several important details from which the inter-
ested reader can easily work out the rest of the argument.

Both complexes are mapping cone complexes with similar structures. We will
abbreviate our complex by X5 (K). We write

EHL, (K)FIUYT =~ Cone(v' + hl): Agy (K) — By (K))
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and
XA (K)FIEYY o~ Cone(v™ + h#: AM(K) — BH(K)).

We will only consider the claim when n = 1. Furthermore, we will only show that
Apy (K) = A*(K)

as (infinitely generated) type-D modules over [F[U, V]. Most of the remaining details
are straightforward extensions of the ideas we present.

We follow the description of EHL 1 (K) given by Hedden and Levine [11]. They
focus on a version of the knot Floer complex which is denoted CFK*°(K). This takes
the form of a free chain complex over F[U, U '] which is filtered by Z & Z. The
generators are of the form [x, 7, j], where x € T, N Ty and A(x) = j —i. The
variable U acts by U - [x,1, j] = [x,i — 1, j — 1]. The components i and j are
the two components of the Z & Z-filtration. There is additionally a Maslov grad-
ing gry,([x,1, j]) = gry,(x) + 2i. Given such a filtered chain complex, we can recover
the chain complex €F K (K) by replacing each F[U, U~!] basis element [x, i, j]
with a single generator x, viewed as having Alexander grading j —i and gr, -grading
grw([xv I ]]) —2i.

We will write A2, (K) for the infinity version of the Hedden—Levine model. (We
will later reformulate this to get the version which is a type-D module over F[U, V].)
By definition,

AR (K) = [ 4%(K),
SEZ
for some finitely generated Z @ Z-filtered complexes AS°(K), as follows. For each x
(an intersection point for a Heegaard diagram of K), the generators are of the form
[x,, j], where A(X) = j — i, where A(x) is Alexander grading from €K (K). We
will write x; ; for [x,, j]. They describe two filtrations I and § on these generators
given by the formulas

I(x;,j) =max(i,j —s), J(x;;) =max(i—1,j—s)+s.

Then the Z & Z-filtration of x; ; is (I(xX;,;), $(xi,;)). They also define a Maslov
grading
2s—1)2-1
—
See [11, equations (1.5)—(1.10)], noting that we are setting s = s;, k = landd =1
in their formulas.

We now rewrite I and ¢ as follows:

gr,(Xi ;) = gry(x) +2i +

I(x;;) =i+ max(0,j —i —s) and J(x;;) =max(i —j +s—1,0)+ /.
17.2)
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It is helpful to consider the two cases A(x) > s and A(x) < s separately. Recalling
that A(x) = j — i, we compute, using equation (17.2), that

(J=s.7) if A(x) = s,

(2, $)(xi,;) = {(i,i +s—1) ifARX) <s.

We now modify the above algebraic generators to get a type-D module over
F[U, V]. We do this using the same procedure as we described to go from CFK*(K)
to €F K™ (K). We write Agy (K) 1= [[ ez A (K) for the type-D module con-
structed from A, (K) in this manner. For each generator x in €K™ (K), we get a
generator X; of A (K) with Alexander grading

if A(x) > s,
Ax) =1’ A 2 s (17.3)
s—1 if A(x) <s.
We have, additionally, that
, . 2s—1)2—1
ey (%) = gry (%)) — 2L (x;,j) = gr, (%) + 2min(0,5 — AX)) + —————.
(17.4)

We now consider the powers of U and V which appear in the differential. Recall
that in general, if x and y are generators of a knot Floer complex €F K (K) (for a knot
K in an integer homology 3-sphere) and there is a differential from x to y which is
weighted by U V/, then

j—i=AX) —A(y) and gr,(y) = gr,(x) — 1+ 2i. (17.5)

We now compare this with the type-D structure A*(K). By construction, this
type-D structure is the tensor product of €F.K (K)FIWV] with the DA bimodule
shown below:

w2 /VIUS\ua/V\UN VIV VI VIl —

a “ < Vzd e
~u1— ~uj1 — uu — ujy — ~uu—

We can give A*(K) a similar description to A~ (K). The generators of A*(K) are of
the form x ® y, where x is a generator of €K ~(K), and y is of the form U’a or Vd.
We define an Alexander grading on generators via the formula

A(Wa)=—i and A'(V'd)=i+1.
We then define A% (K) € A*(K) to be the F span of pairs X ® y where

AX) + A'(y) = 5.
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It is straightforward to see that A% (K) is a subcomplex of A*. We claim that there is
an isomorphism of type-D modules

ARK)FIEYT o 47 (K)FILYI,

Note that there is a canonical bijective correspondence between F[U, V]-generators
of these complexes, since the generators of both complexes are bijectively identified
with generators of €F K (K). Therefore, we have a canonical isomorphism of vector
spaces between these modules. We claim that this isomorphism intertwines the dif-
ferential. To see this, note that the differentials on both complexes are also identified
with the ordinary differential of €K (K), except with powers of U and V changed.
Therefore, it suffices to show that the powers of U and 'V appearing in the two differ-
entials coincide.

We consider a differential in €¥K (K) from x to y, weighted by a € F[U, V].
We consider its induced weight in A% (K) and A,(K). Suppose that in A% (K), it is
weighted by an algebra element a*, and suppose that in A, (K), it is weighted by an
algebra element a’. Our goal is to show that a”* = a’.

Using equations (17.3) and (17.5), we observe that

0 if A(x), A(y) = s,
Ad) = 0 %f A(x), A(y) < s, (17.6)
1 if A(x) > s and A(y) < s,

—1 if A(x) < sand A(y) > s.
Next, we compute, using equations (17.4) and (17.5), that
gry(a’) = gry(x) — gry,(y) — 1 + 2min(0, s — A(x)) — 2min(0, s — A(y)). (17.7)

Note that gr,(a’) and A(a’) uniquely determine a’.

Next, we compute a* and show that it is equal to a’. It is helpful to break the
argument into four cases, parallel to equation (17.6). We will consider two of the four
cases, and leave the rest to the reader.

We consider first the case that A(x), A(y) > 0. The corresponding generators of
A% (K) are of the form

x@UA®Sa and y@ UAWSa,
We can write

4 = U~ Ew@/29A@ _ (e, ®—gry () —1D/2pAR—A0)

Note that

5; (a, uA(X)—Sa) = UAD) 5y @ U~ E@w®—ern()—1)/2+ A0 -AG)
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(Some care must be taken to verify the above formula when A(x) — A(y) is negative,
but the formula holds regardless of the sign of A(x) — A(y).) Hence,

alt = U@ @—gr, @=1/24+ 4@ -AW)
We observe that A(a*) = 0 = A(a’). Also,

gry(a’) = gry(x) — gry (y) = 1 + 2(A(y) — A(x)).

which is the same as gr,,(a").

We now consider the third case in equation (17.6), where A(x) > s and A(y) < s.
Since A(x) > s, the corresponding generator of A (K) is of the form x ® UA® 53,
Also, the generator of A% (K) corresponding to y will be of the form y ® V~4M~14,

We write
a = U~ @w®—gry()—1)/2pA0)—A®)

In this case, we have A(x) — A(y) > 0. Therefore we can read a* as follows. Firstly,
we have a factor of U~ @w®—gw®)=1/2 Then, we have an additional factor which is
obtained by composing all of the right moving arrows from UA®~5a to VS—4M—1q,
This will give us factors of U4®~5V_ Therefore,

at = @@=, ®)-D/2+4@)-sy)

This must coincide with @’, since it has the same (gr,,, A)-bigrading by equations
(17.6) and (17.7).

It remains to verify that ¢’ = a* in the cases that A(x), A(y) < s and when
A(x) < s and A(y) > s. The argument follows from the same line of reasoning as
the two previously analyzed cases. We leave the details to the reader.

The analysis of B*(K) and the maps v and A} follows from similar, albeit
somewhat tedious, reasoning, so we leave the details to the interested reader. [



Chapter 18

Examples and basic properties

In this chapter, we perform several example computations. In Section 18.1, we com-
pute the effect of adding a 4-1-framed meridian to a link component. We show that it
corresponds to a simple bimodule. In Section 18.2, we compute the type-D module
fora p/q-framed solid torus. We show that the type-D module for a p/g-framed solid
torus recovers the rational surgeries formula of Ozsvéth and Szabé [44]. Additionally,
we show that the type-D modules for solid tori recovers the surgery exact triangle by
exhibiting a homotopy equivalence

DL ~ Cone(f: D) — D )

foralln € Z.

18.1 Meridional Dehn twists

In this section, we consider the effect of adding a +1-framed meridian to a link com-
ponent. Adding a meridian may be encoded by taking the connected sum with a Hopf
link, which has a predictable algebraic effect.

We first define our algebraic candidate, denoted y B fl. These are the bimodules
for two very simple algebra endomorphisms of K. As an (I, I)-module, B4 = I with
the natural I-action. The structure map 511 vanishes. If a € I; - K - I; foreither j =0
or j =1, then weset §1(a,i) =i ®a fori € L. Additionally, we set

83(0.ip) =i1 ® 0 and 8(z.ip) = i} ® VElr
We write ;Ksmi‘l for the type-D module

KM} = JTOBT R 50, Do B g, 15 Wik o (18.1)

«,

where Wyg  is the pair-of-pants module from Chapter 15 and
A(£l) = (£1,0).

In the above, K¢ and K denote the algebras associated to different components of
the Hopf link. We write K for the algebra associated to the component of the Hopf
link which becomes the new meridian (and is framed by +1).

By the pairing theorem and Theorem 15.1, adding a +1-framed meridian to a
component K C L and tensoring x Dy into the factor of the meridian has the effect
of tensoring with the bimodule xﬂ]k'fl.
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Proposition 18.1. Let Jcim‘fl denote the DA bimodule in equation (18.1) for adding
a *1-framed meridian. Then

K X
x My =~ 5B

The proof is a direct computation, which we do in several steps. Firstly, we
observe the very basic isomorphism

Ko S B
J(Oo(D() o~ o@o X J{O|](‘2[I[D].

(The subscripts on different copies of K are meant to indicate only how the tensor
product is formed.) Hence, we may manipulate several terms in equation (18.1) as
follows:

Ko®K o 2 Ko®K
’%A(gl:l) 'K HoDo = Dy (‘%A(?tl) X JCoIsz[I[ D
2 X1
= 500 X sz'%A(il)

~ NK2 & K1
~ Dy W,z

i) (18.2)

Therefore, combining equations (18.1) and (18.2), we see that

HKo®K S K
K = 0,055 B a0, Do B sy W

:K A
~ J)O 5o & KZZA(I:H) X JC]IJCWQJBC,Q- (18.3)
On the other hand, we observe by direct computation that
K A
K, B ~ DEY Wy Wi o (18.4)

Comparing equations (18.3) and (18.4), we observe that to prove Proposition 18.1, it
suffices to show
DF R 5,251y = DX, (18.5)

Let us write
K ._ K1 & X
Zy = D ! IZllezA(:l;l)‘

We note that the type-D module zX A+ is not minimal, in the sense of Def-
inition 17.1. Using the notation of Proposition 17.7, the complex Z% A(£1) May be
written as follows:

ngo — plor+n.o) — ZT

ZA(:I:I) = A gl (18.6)
{ l

Zg’cl — g3 (o1t — Z‘f’cl
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In the above, we are writing f,' for the map £2£,! + ~£2£!, and similarly for all of
the other maps. Note that _Ha)31 does not make any contribution.

Our argument will go by way of viewing the above diagram as a mapping cone
from the top line to the bottom line, and then applying the homological perturbation
lemma. Let us write

1
x 5 P20oitTo) g
Qprn)e = Cone(ZO,g — Zl,e)‘

We will write
1 9K K
T Qaeno = Qaena

for the total morphism from the top line to the bottom line of equation (18.6) (i.e.,
S ® gl), so that Z{im) is Cone(J 4 (41))-

For ¢ € {0, 1}, write isjC for the type-D module which is concentrated in idem-
potent I, has a single generator, and has vanishing §'. Equation (18.5), and conse-
quently Proposition 18.1, follows from the subsequent two lemmas.

Lemma 18.2. For ¢ € {0, 1}, there are maps
1.:K K 1. g K K 1. K K
I = QyCpyer T @Qp gy > iy and Hp: Q). = QaCy)e

such that 1} and T1} are cycles, and 1} o T1} = id + Oymor(H}) and 1L o I} = id.
Furthermore,

Mo Jl{(_l) oI} = (ip i1 ® (0 + V1)). (18.7)
Here, i, denotes the generator of igc. In particular, Zf(_l) is homotopy equivalent to
the solid torus module !Dfl defined in Section 8.1.

Proof. As a first step, we record the mapping cone of Qi{(_l),s. This is the following
type-D module:

UWa Ula Ula a d Vid  Vid  V3d

Y Y 4 B I B A
W3VE 1 uUdvi 1 wpvz 1 V2o U 1 udvy 1 udv2 o1 udvioa
VARV I ly Ly " dv 4

vitd viid viid vila d vid Vid @ Vid

We define the type-D module N €, where & is the exterior algebra on one generator, 6.
The module N has a single generator, and differential §!(1) = 1 ® . Then (,‘21‘7\((_1) .
is obtained by boxing N € with the DA bimodule over (€, X) shown below:

Ula Ua  Ua a d Vid V3d @ Vid

| / /
A A A T A e
BU3VE 16|U3V3 1 0|UxV3 1 O1V2 01Uz 1 6|U3Vs 1 6]u3vE 1 6|udVv3 1

| /7 /

| | | N , / /
+ + + v v v v/ V

Vi*d Vid Vidd Vi'd d 0 vid o Vi V3d
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In the above diagram, the solid lines denote the § I action, while the dashed lines
denote 81 (6, —). A solid arrow from x to y with a 1 means that §! (x) has a summand
of y ® 1. If we ignore the type-A action, then the type-D module is equivalent to the
one spanned by Vl_ld with vanishing §1. There is a canonical inclusion map i! and
projection map 7!. A homotopy A! is defined by moving backwards along the solid
arrows. Clearly, i ! and 7! are type-D homomorphisms, and

iton! =id + duee(h!), #loil =id.

Similarly, 7' o h!' =0, h' o h' =0,and h! oi! = 0. By the homological perturbation
lemma, Lemma 4.2, i!, 7!, and h! extend to a homotopy equivalence of DA bimod-
ules, which we denote by i}, !, and hL. We define the type-D module morphisms in
the statement by

I} =1y Ri!, N!=IyRx), and H}!=IyXRAiL

We leave it to the reader to check that the above expressions (which involve infinite
sums on the completion) determine continuous morphisms.

All of the remaining claims in the statement are clear, except equation (18.7). We
compute that /] maps ip to V;'d ® 1. By the computation of Proposition 17.7, the
map J}&(_l) sends this to

Vi2d® 1+ V'd® o,.

Then I1{ maps this to
i1 ® Vata + i1 ® 03.

Note that the application of T1] to V;2d ® 1, is slightly subtle. Indeed, the recipe
from the homological perturbation lemma is to move backwards along the arrow from
a to V72d and move forward along the arrow from a to V;'d, while picking up a
factor of V,. The proof is complete. |

We now consider the claim for the framing A(+1).
Lemma 18.3. There are maps

1.:K K 1. 9K s K 1. 9K K
Iy = Qe @iy >0y and Hp: Qi) = Qx41)e

such that 1} and T1} are type-D homomorphisms, and 1} o T1} = id + Oyor(H ) and
M} o I} = id. Furthermore,

Hi o J11\(+1) o 101 = (l() = il ® (O’ +\7_lr)).

Here, i denotes the generator of @ﬁ, o In other words, Zfl ~ DX,
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Proof. The proof is very much the same as the proof with framing —1. We write down

the complex @7 A+1)ie below:

Wa Ula Ula d Vid  Vid  V3d

.o a .o
N NN I\ NN N \
usvy 1 udvi 1 upvz 1 Va2 1 U 1 UVa 1 udvi o wivi
N N N \ PR WA VIR V)
vritd viid viZd vild d vid  Vid  V3d

Similar to the framing —1 case, we realize the above diagram as the box tensor prod-
uct of N€ with the following DA bimodule over (&, X):

UWa  U3a u%a a d vid Vid @ Vid
\ | | AN A N
O3 VA 1 0|U3v3 1 6/uvi1 6IV2 1 1 9|uz 1 01U3V, 10|u V31 0|u4
v v \ v \/w:r \/l 4l \Lrl Ml N
vi‘d vVi*d Vvi2a vila  d Vid  Vid  V3d

\

We forget about the left &-action and simplify the type-D structure. We build a homo-
topy equivalence with the module 'WgK , by picking type-D module maps i!, 7!,
and h'. The map i! sends i, to (a + d) ® 1. The map 7! requires a choice. It is
either (a > i, ® 1,d — 0), or (a+> 0,d — i, ® 1). The choice of h! depends on
our choice of 7!, If ! sends a to i, then 2! maps d (on the bottom row) to d ® 1
(on the top row). If 7! maps d to i, ® 1, then 4! maps d (bottom row) to a ® 1 (top
row). Arbitrarily, pick 7! to map d to i ® 1. Away from the central region, the map
h! just maps backwards along the arrows marked with 1. One easily verifies that 7!,
!, and h! satisfy the assumptions of the homological perturbation lemma.

The homological perturbation lemma now gives us extensions 7}, il and hl.
Boxing these with [y gives homotopy equlvalences between Q% A+1)e and i 1 de-
scribed in the statement. Note that the maps I Hl, and H, ! sometimes involve
infinite sums, however, it is straightforward to verify that the induced maps are con-
tinuous.

It remains to perform the computation involving J 11\ We easily compute

+1)°

IfG) = +Ua®Vo+a®1+d®1+Vid®Us + -

Using part (2) of Proposition 17.7, we compute that the map J, Al sends the above to

(+1)
4+ Ua®RoaVr+ta®or +d®or +Vid® orUy + -+,
WAV, +Ua®n +a® Vv, n +de s + -

The map H} evaluates the above i} ® (02 + V5 17,) (regardless of which choice we

made in the construction of 7!). Note, we are using here that 1,U, = V;ltz. The
proof is complete. |
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18.2 The type-D invariants of solid tori

We now describe the type-D module for a solid torus with p/q € Q U {oco} fram-
ing. The most convenient description is to take a standard unknot complement (with
standard meridian and O-framed longitude) and perform —¢q/p surgery to a merid-
ian of U. See Figure 18.1. Additionally, we will consider the co-framed solid torus,
which we view as being obtained by performing O surgery to a meridian of U.

—q/p
r/q O
0

U

Figure 18.1. A slam dunk on a p/g-framed solid torus (top row), and an co-framed solid torus
(bottom). The component U with an arrow on it denotes the component which we associate
to K.

We now define our candidate type-D modules. We begin by recalling that by
definition the type-D module for an n-framed solid torus DX is the same as the
surgery complex for an n-framed unknot, and hence has two generators x° and x!,
which live in idempotent 0 and 1, respectively. The structure map is given by

$1x% =x! @ (0 + V7).

Generalizing this, we now define the candidate p/g-framed solid torus module

J)I‘qu, where p, g are coprime and g > 0. We define i);fq - I to be spanned by gener-
ators xg, . . ., XZ_I, for ¢ € {0, 1}. The structure map is given by the following formula:

8 (X)) = X(i4 p)modg ® vli+p/ale 4 x! @ 0.

K

The examples D7 /3

are shown in Figure 18.2.

Remark 18.4. The bimodule O ;fq recovers the rational surgery mapping cone com-
plex X, /4(K) of Ozsvéth and Szabé [44] in the sense thatif K C § 3 is a knot, then

DX B 5 Xo(K) = Xp/q(K).
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Figure 18.2. The modules D{%; (left) and D7 5 (right).

Finally, we define the type-D module J)gg for the oco-framed solid torus. This
module JOO‘ZE -Ip = {0} and JDOJf, -I; = Spanp(x,y). The structure map is given by

S'x)=y® (1 +V).
The link surgery formula naturally produces a type-D module X gfq for the p/q-
framed solid torus, as follows. We may write p/q as a continued fraction expansion

1

p/q =lan,...,a1]” =a, —
ap—1 —

Ap—n—:

We may define X gfq as the link surgery complex of a linear plumbing with weights
dy, . ..,ay. This produces a type-D module over £,. We tensor O-framed solid tori
to the components labeled a,_1, ..., a;. The remaining component, weighted a,,

corresponds to the type-D algebra action of X }75 e

Proposition 18.5. The type-D module for a p/q-framed solid torus X gfq is homo-

: K
topy equivalent to {Op =

Proof. The proof is by induction. By considering the continued fraction decomposi-
tion above, we will assume that the formula holds for p/g, and use this to show that
it also holds for

1 q

A
whenm € Z.

Note that increasing the framing by m may be performed by tensoring with m
meridional Dehn twist bimodules J(Bfl from Section 18.1. This tensor product is
easy to understand, and indeed it is easy to check that

X & X ~ ok
Dpjq B 5By = Dy
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In particular, it suffices to show that if the claim is true for some p/q, then it is true

for —q/p.
On the algebraic level, it is sufficient to show that

X oK & oK
DZ41p = Dpjg B 25,0y

where xZ‘(}g 0) is the Hopf link bimodule.
In this case, we compute the type-D module in a similar manner to our computa-

tion of the meridional Dehn twist module from Section 18.1. We will only consider
the case that p < 0 and g > 0. The case that p > 0 and g > 0 follows from a straight-

forward modification of this argument.
K Iy first. The tensor product has generators

X &
We compute e‘Dp Iq X ]CZ(O’O)

i._ 0qi i._ (O
x;:=x;Uia and y; :=x;Vid,

ranging over i € N and j € Z/q, and generators

i._ i
z; == x;Vid

ranging over i € Z and j € Z/q. We display the complex in Figure 18.3.
Let us write |p| =a-q + r, wherea > 0 and 0 < r < g — 1. The minimal model

of JDI‘ffq X J(Z(JS,O) -Ip is generated by the | p| generators

0o _ _—1 0o _ _—1 0 _ —a—1
Wo = Zq—l’wl - Zq—2’ ’W\p|—1 - Zq—r
1 1 1 0 0 0 0 0 0 0 0 0 0 1 1 1
X2 X3 Xy Xo X1 X3 X3 Xy Yo Y1 V2 V3 Vs Yo V1 Va2

I I ! I I I I 1 1 1 1 1 1 1 1

I I / I I I I 1 1 1 1 1 1 1 1

1 ! / ! ! ! 1 1 1 1 1 1 1 1 1

I I / I I I I 1 1 1 1 1 1 1 1

I I / I I ! ! 1 1 1 1 1 1 1 1

! ! ! ! ! [ [ | | | | | I I I

! ! / ! ! I I 1 1 1 1 1 | | 1

I I // I I I I 1 1 1 1 1 ' ' '
uvz/uvz/uvz / v II v II v II v II A% u : u : U : u : u : U2y .uzv.uzv.
I I ) | | | | | | | | | i i i

1 1 / ! | | | 1 1 1 1 1 1 1 1

I I J / ! I I 1 1 1 1 1 1 1 1

! ! / ! ! ! ! | | | | | | | |

I I h I ! ! ! 1 1 1 1 1 1 1 1

! ! / ! ! ! ! N | | | | | | | |
N S e - N N ~
-2 -2 -2 -1 .,-1_,-1_.-1 -1 0 0 0 0 0 1 1 1

o Zy Z3 Zy . ZO Z17 Zy Z3 Z0 1 Z, Z3 Zy ZO Z1 Zp

Figure 18.3. The tensor product i)fcl/s X KZ{&O) -1, for either ¢ € {0, 1}. The boxed gen-
erators are the generators of the minimal model of !Dg; 4 X KZ{S,O) -I. The dashed arrows
are weighted by 1. The dotted arrow indicates a term of §° which maps from idempotent 0 to
idempotent 1. (Note that technically this arrow goes from the copy of this complex in idempo-

tent O to the copy in idempotent 1.)
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We think of the above generators as all of the generators between z, 4 U and z;_ll
if we arrange the generators in a row as in the bottom row of Figure 18.3. (Recall
here we are assuming that p < 0 and ¢ > 0.) The same argument works for i)gfq X
](‘Z(Jg,o) -1y, and we write W(l), .. ’Wllpl—l for these generators.

This gives the stated identification of the generators of the module. It remains now
to understand §'. This is obtained via homological perturbation (cf Lemma 4.5) by
first applylng the inclusion map from JD IO into i) IZI xZx . 0) -Io, applylng
8! of @‘K X sz(o 0y and then prOJectlng @ /4 X 'KZ(O 0) 11 to @ I.

There is clearly a summand of §' which sends w to w ® o, for each i €
7/q. There is a remaining term of §! terms which contnbutes 7. We recall that via
homological perturbation theory, these terms are obtained by first including, apply-
ing §!, and then projecting. After including, the map §! moves a generator of :D;f 4 X

K Z(0 0)
projection map. If the application of §' sent w) to wj ®  for wj € {wg,...,w,_,},
then the projection map sends le- to w} ® 1. In general, the projection map will
involve traveling to the generators Wos oo Wy
complex SD;E q X KZ{&O) (more precisely, such a zigzag may be encoded by the
homological perturbation lemma, similar to our argument from Section 18.1). We

pick up one power of V for each zigzag we have to do to get back to w}

to the left by g places. The outgoing algebra element is 1. We then apply the

| Vvia a zigzag of arrows in the larger

(i+g)mod p*
The number of zigzags that we have to do to map §'(w}) to W(Z +q)mod p 18 exactly
LG + q)/(—p)]. This coincides with DF /(—p)> completing the proof. ]

Proposition 18.6. The type-D module for an co-framed solid torus is i)gg .
Proof. We compute the tensor product
DL = of & x2§ .

We note for both ¢ = 0, 1, that Dy X xZX .1, is isomorphic to the following

(0,0)
complex:
Uya a d Vid
| | |
1+UV? 1+Vv 1+u 1+1|12v
~ V¥ <+ ~
Vi3 vitld d Vid

In idempotent Iy, this complex is acyclic. For example, Cone(l + U : d — d) is
acyclic because 1 + U is a unit in the completion of I - K - Iy. Its inverse is given by
322 U In idempotent I;, each summand is acyclic except for Cone(1 + V :a —
V;1d). Deleting each acyclic subcomplex yields i)gg , completing the proof. ]

There is a related bimodule which is useful for applications, defined by

J{i)OFO[U] = o((-)ng gl J(|J{[]I©]]F[U].
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The following lemma is helpful.

Lemma 18.7. The DA bimodule xi)fow] is homotopy equivalent to the DA bi-
module with a single generator z*, concentrated in idempotent 1,, such that 8; (W7,
)=z ® U
Proof. Write J{ZEO[U] for the small model in the statement. We view the completion
F[U] .
of x D as being the vector space
F[V.V-'x") @ F[V, V~'](y")
We have
STV = (1 +V)Vy! @ 1.
Furthermore,
81 (l-l'vn Umil , VZXI) — '\7n+txl ® Um
F[U]

and similarly for y!. Apply the forgetful functor to the type-A actions on y Do
and Zg ] Define type-D morphisms

il ZEWU  oFlUl - 71, pFU] _ ZFIU1 - and 4! DEIV! 5 DEIYI
via the following formulas. We set

1 . .
. ) ®1 ifi=0
iY@z = ( V’)Xl ®1, #'(Vx! = z ’
(z) E ( ) 0 )

ez otherwise.
Additionally, we set

YiaVx'el ifi <0,

'y =0 and A'(Vyl) = .
V¥ TY) =T Lvix el i >o.

We leave it to the reader to check that the above maps are continuous, and furthermore

aloil =id, ilon! = due(h!), hloh! =0

aloh!' =0, and h'oi' =0.

Applying the homological perturbation lemma from Lemma 4.2 induces a type-DA
Alexander bimodule structure on Z]F[U] which is homotopy equivalent to JCIDF[U]
This bimodule structure is easily checked to coincide with our definition of KZF[U]
completing the proof. |
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18.3 The surgery exact triangle
We now show that our bordered invariants recover the surgery exact triangle, in the

following sense.

Proposition 18.8. There is a type-D morphism f1: J);,K — ‘D;Zil such that
Cone(f1: D% — ;D;Zil) ~ DX,
foranyn € 7.

Remark 18.9. This is unsurprising since the knot and link surgery formulas are
proven using surgery exact triangles, though it highlights the similarities with the
original bordered theory, cf. [27, Section 11.2].

Remark 18.10. It is straightforward to adapt our proof to construct morphisms and
homotopy equivalences

!D,;]Srl ~ Cone(g': DX - 0%) and D ~ Cone(hl:(i);f|r1 — D5,

Proof. Write X¢, x; for the generators of D‘O;lx and y,, y; for the generators of fl);l}frl.
We define ! via the formula

fl(xl:‘) =Y. ® (1 +0[)
for ¢ € {0, 1}, where

o = Z(us_I_VS)Us(s—l)/Z _ (u+v)+(u2+\72)U+(U3—|—V3)U3+...,

s>1

(The element « is discovered by writing 8 = 1 +« as B = ) ;. B; where f; has
Alexander grading i, and then recursively solving the equation V¢*(8;) = B;+1 start-
ing with 8o = 1.)

It is straightforward to see that dyor( £ 1) = 0. Write:

Xg — l+a —> Yy,

w_ | |
Cone(f ") = 54vn: o4+vntlg

X] — l+a —3 y;

Since 1 + « is a unit in the completion of Iy - X - Iy, the above complex is homo-
topy equivalent to the bottom row, Cone(l + « : X; — y;). To construct a homotopy
equivalence between Cone(l + « : x; — y;) and i)gg, it is sufficient to show that
1 + o = (1 + V)u for some unit u in the completion of I; - K - I;. To see this, we
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recall that U = UV~!. We use this expression for U in our formula for & and then
regroup terms based on the powers of U, and we obtain the following expression:

l4+oa= Z(vs + V_S+I)US(S_1)/2.

s>1
We observe that
(Vs + V_S+I)US(S_1)/2 — (1 + VZS—I)v—S-i-lUs(s—l)/Z’

which clearly has a factor of (1 + V), for all s > 0. Hence, 1 + o = (1 + V)(1 4+ Uf)
for some series f, and (1 4+ Uf) is a unit in the completion of I - K - I;, completing
the proof. ]

18.4 Finite generation

In this section, we prove a basic property of the surgery modules that is useful in
applications.

Proposition 18.11. Suppose that L C S3 is a link with framing A, and L = K, U
-+ U Ky. Suppose further that 0 < j < { and write L, j = K; U---U K; and
Ljyi,.0 = Kjp1 U+~ UKy Let Xp(Lu,....j, Ljy1,..0)%¢/ denote the type-D
module obtained by tensoring y Dy into each algebra component for L. j. Then
Xa(La,..js Ljy OEi is homotopy equivalent to a finitely generated type-D
module.

.....

Our argument is similar to Manolescu and Ozsvéth’s truncation procedure [32,
Section 10]. We will prove the claim in several steps. If j < {, we write A for
the induced framing matrix on Ly, ;. We will first verify the claim when A(;y is
positive definite. We will then use the exact triangle from Section 18.3 to verify the
claim for arbitrary framings.

If 0 < j < { and we decompose L as L = Ly, ;U Ljy;, . ¢, then we may
consider the subcube

XS’O)(LL...,]» Lj+1,...,e)x“'/

generated by points of the cube E; which have L; i, _, components 0. We will
view this as a type-D module over the algebra F[U; 1, V;j11,..., Uy, V¢] which is
continuous with respect to the topology induced by

Eo-&Loj-Eo = F[WU1,Vjtr,.... U, Vol

Recall from Section 8.2 that the solid torus module x ¢y may be decomposed as
a tensor product
x[ Dol ® g F[U].
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Hence, there is a type-D module XA (L1, ..., Lj+1,_“,g)F[U1 """ Ujl®£n—j from which
we get XA (L1, Lj1,..0) % by tensoring with gy, ..v, F[Ur. ... Uj].

Lemma 18.12. Suppose L = K, U---U Ky isalink in S3, and 0 < j < L. Suppose
that A ;y is positive definite. Then

XE\*’O)(LI ij]'-‘rl e)IF[Ul,...,Uj,Uj+1,Vj+1,...,u€,Vg]

is homotopy equivalent to a finitely generated type-D module. Furthermore, the maps
appearing in the homotopy equivalence may be taken to be continuous if we equip
xg*,o) (L1,....j» Ljy1,..¢) with the product topology over a monomial basis, and we
equip

F[U], ey Uj,Uj+1,Vj+1, e ,Ug,Ve]

with the (Uy, ..., Uy)-adic topology.

Remark 18.13. The fact that the morphisms in the homotopy equivalence may be
taken to be continuous with respect to the (U, ..., Ug)-adic topology, as opposed
to being continuous with respect to the (Uy, ..., Uj, U;41, Vi1, ..., Uy, Vi)-adic
topology, allows us to use the homotopy equivalence constructed in the lemma for
the complex at each subcube E; x {¢}, foralle € E,_;.

Proof. Our proof will be by induction on j. The case that j = 0 is automatic since
XE\*’O) (@,Ly,. ¢) = C€FL(L), which is a finitely generated type-D module over
F[Uy, Vq,...,Ug, Vy].

We define a shifted Alexander A;-grading on XK"O)(LLNJ, Lj. . ¢),as follows.
We set

o(s) = —(k(Ky, Kj). ... . k(K 1. K)A Gy (51, osi-1) T (18.8)

In the above, A(_jl_1 is the inverse matrix (over Q) and T denotes transpose. Also, if
s € H(L) we are writing s = (s1, ..., S¢). On the link surgery formula, we define the
w-shifted Alexander grading

AT (s) == 55 + w(s).
We observe that if i # j, then
(s + AL—k;) —w(s) = —Ik(K;, K;), (18.9)

where Ay g, (as defined in Section 6.1) consists of the vector whose j-th com-
ponent is Ik(K;, K;) if i # j, and whose i-th component is A;, the framing of K.
Equation (18.9) follows from the fact that the i-th column of A(;_y) is obtained by
deleting the last component of Az g, . Equation (18.9) verifies that if M C Ly,
is a sublink which does not contain — K, then oM preserves A;f’ .
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On the other hand, we compute directly from equation (18.8) and the definition
of AL,—Kj that

Aj+o(s+ AL —k;) — w(s)
= A — (k(K1, K)). ... . K(Kj—1. KAy (K(K 1, K)o k(K -1, KT
(18.10)

Note that the above quantity, which we denote by )L}, is the Schur complement of
A(j—1) inside of A(jy. In particular, A ;) is positive definite if and only if A(;_ 1) is
positive definite and )L/ > 0. It follows from equation (18.10) that if —K; < M -
Ly, j,then oM shlfts A? by 1.

We may thus decompose the complex XA (,0) (L1,....j» Ljy1,..¢) as a sum of stair-
cases:

\ ‘A’;D—A} | \ 'A’?)H_;
,\| N, o \FL, N
LN |
By )U By 35)“’ \

The vertical direction is the direction of K Here, we are writing F X/ for the
hypercube maps for all oriented sublinks McCL,.. ; which contain —Kj, and we
define FX/ similarly. In the above, we are writing 42 C ‘6’1(\*’0) (L1,...jsLjy1,..0)
for the subspace of F[Uy, ..., U;, Uj+1,Vj+1, ..., Uy, V¢]-module generators with
K;-component 0 and Alexander A7-grading s € Q. The subspace B¢’ is similar, but
has Kj-component 1. Since H(L1,... ;)/A;) is finite, there are only finitely many
such staircases. Here, the subscript s of A and B¢ denotes their shifted Alexander
grading.

Standard arguments (see [32, Lemma 10.1]) imply the following:

(h-1) If s is sufficiently large, the map F%/ is a homotopy equivalence between

A$ and BY.
(h-2) If s is sufficiently negative, the map F~%/ is a homotopy equivalence

w
between A% and B¢ A

Note that we may view 47 ® F[U;] as being a subspace of X( 0)(L1, i1
Liti,.0) @F[U;, V)] in AP-Alexander grading s. Similarly, we may view 8¢ ®
F[U;] as being the subspace ofX( 0)(Ll wi—tLjy1,..0) ®F[u,,v,,v in A“’

Alexander grading s. By induction, X (.0 (L1,....j—1, Lj41,....¢) is homotopy equlva—

lent to a finitely generated type-D module over F[Uy,...,U;j—1,U;,V;, ..., Uy, V]
with respect to the topologies in the statement of the lemma.
In particular, we may replace Xf\*’o) (Li,...,j—1.Lj....¢) with a finitely generated

model €', and also replace the subcomplexes A$ and B;" with the finite-dimensional
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subspaces of €' ® F[U;,V;] and €’ ® IF[uj,Vj,Vj_l] which form an [F[U;] basis in
Alexander grading s. Properties (/1-1) and (4-2) are preserved by homotopy equiva-
lence, and hence still persist on the finitely generated models. Abusing notation, we
write A and B¢ also for the finitely generated models.

Using the same logic as for the ordinary knot surgery mapping cone formula [43],
each such staircase above admits a finitely generated truncation. We need additionally
to show that the maps appearing in a homotopy equivalence with the finite trunca-
tion are continuous with respect to the topologies in the main statement. These maps
may be described easily using homological perturbation theory. Compare the proof of
Lemma 18.2. Since €’ is finitely generated, for s > 0, each generator of A% must be
a multiple of V ") for some function r: @Q — N such that 7 (s) — co as s — oco. Simi-
larly, for s < O each generator of A$ must be a multiple of u’(s) for some /: Q — N
such that /(s) — oo as s — —oo. Using the equivariance of the maps FX/ and F~K
from Lemma 6.7, we see that for s < 0, the map FX/ sends A% into the ideal (U l(s))
Similarly, for s 3> 0, F %/ maps A into the ideal U; r(s)) This is sufficient to show
that the maps appearing in the homotopy equivalence are continuous as stated.

Since Xf\*’o) (L1,..,j» Lj+1,..,7) decomposes as a sum of finitely many staircases,
each of which is homotopy equivalent to a finitely generated truncation, as above, the
direct sum is homotopy equivalent to a finitely generated complex, completing the
proof. ]

‘We now prove a basic lemma concerning homological algebra.

Lemma 18.14. Write R = F[Uy, ..., Uj—1, U1, V41, ..., Uy, Vi), where 0 <
j < €. Write R[U;] for R @ F[U;). Suppose that X®Wil is a finitely generated type-
D module which admits a relative Q x Q-valued (gr,,, gr,)-bigrading. Suppose that
U; ~ U, Vy as type-D morphisms (i.e., there is a morphism J 1 satisfying dyor(J 1) =
id® (U; + UgVy)). Then

(XU R gy FIU DR

is homotopy equivalent to a finitely generated type-D module over R.

Remark 18.15. The condition on the (gr,,, gr,)-bigrading is likely not absolutely
necessary, though it simplifies the discussion on completions.

Proof. Our proof uses homological perturbation theory. We view X*®IUil as a being
obtained from a DA bimodule ¢ W*Ui1 where & denotes the exterior algebra on one
generator. We define 8; +1(0,....0.x) on W to consist of the components of 8l of X
which are weighted by an algebra element of total R-degree equal to k. Here, the R-
degree of a monomial denotes the sum of powers of variables from R appearing (but
not of powers of U;). It is straightforward to see that ‘W satisfies the DA bimodule
structure relations.
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Note that 8} on W consists of exactly the terms of the differential of X which are
weighted by elements of F[U;].
Let N € be the rank 1 type-D module with §'(1) = 1 ® 6, so that

NE R g WRIU = xRIU],

We consider the type-D module ¥R[Ui1 obtained by applying the forgetful functor
to
g WRIUS1,

The type-D module ¥RUi1 has §! with algebra elements in F[U i1, i.e., we may view
it as a finitely generated free chain complex over [F[U;]. Setting all variables except
U, equal to 0, the map J! induces a map h! on YRIU/1 which satisfies dyior(j ') =
id ® U;. The classification theorem for finitely generated chain complexes over a
PID implies that we may find a basis of ¥ so that ¥®RIUi] decomposes as a direct
sum of 1-step complexes (i.e., generators with vanishing §'), and 2-step complexes
(i.e., summands generated by two generators with §!(y) = 0 and §' (x) = y ® @). Our
assumptions about the existence of a relative bigrading imply that @ may always be
taken to be a power of U;. The fact that Oy (j H=ideU /; implies that there are no
1-step summands, and each 2-step summand is of the form §'(x) =y ® U;.

We define the finite-dimensional subspace @ € ‘W X [F[U;] as follows. Enumerate
the generators of the Ujl—weighted 2-step complexes as X; and y,, so that §!(x;) =
¥: ® Uj, for ¢ in some finite set. We define @ to be the I span of y, ® 1, ranging over
all t. We view @ as being a finitely generated type-D module over &R with vanishing
differential. There are maps forming a homotopy equivalence of type-D modules

L (WREFUDR > @R, it:@® - (WRF[U;)E,

and
W' (WREFUDR — (WRF[U;)R

which satisfy the assumptions of the homological perturbation lemma stated in Lem-
ma 4.2. The map 7! sends y, ® U ftoy, ® 1if s = 0, and is zero on all generators.

The mapi! sendsy, to(y, ® 1) ® 1 The map 4! sendsy, ® Ulto(y, ® U™ H®1if
s > 0, and h! vanishes on all other generators. Applying the homologlcal perturbatlon
lemma endows @® with a left action of &; and also yields a homotopy equiva-
lence QR ~ ¢ WRIUI K FU; 1F[U;]. Note that the induced Aoo-module structure
is operationally bounded by grading considerations. Finally, boxing with the identity
morphism of N€ gives a homotopy equivalence as in the statement. |

We are now able to prove finite generation in general.
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Proof of Proposition 18.11. Suppose that L = K; U---U Ky is a link in S3, and A
is an integral framing on L. Let 0 < j < £. It is sufficient to show that

xf\*,O)(Ll’m’j’ Lj+1’m’€)F[uj+l Vi1 We, Vel

is homotopy equivalent to a finitely generated type-D module over F[U; 11,V 41,
..., Ug, Vy]. This is sufficient since we may use this model at each point of the cube
E,,—; to obtain a finitely generated model of XA (L1,...;, Lj+1,m,g)x"—f .

By Proposition 13.2, changing the arc system on the components K, . . ., K; does
not change the homotopy type of XA (L1,...;, Lj+1,m,g)‘f"—/. Hence, we assume all
of the arcs for K1, ..., K; are alpha-parallel.

Lemma 18.12 verifies that if A ;) is positive definite, then

XE\*’O)(LI ij]'—‘rl e)F[Ul,...,Uj,Uj+1,Vj_;,_l,...,uZ,Vg]

is homotopy equivalent to a finitely generated type-D module. Furthermore, since
A (jy is positive definite (in particular, non-singular), it is straightforward to see that
this complex admits a relative Q x Q-valued (gr,,, gr,)-bigrading (compare [32, Sec-
tion 9.3]). Lemma 13.31 implies that each Uy, . .., U; is chain homotopic to U, "V, as
a type-D endomorphism on this subcube. (Note that on this subcube, the K,-direction
is never incremented, so the arc for Ky is irrelevant.) Lemma 18.14 now implies that
generated type-D module.

Since gci)fo[u] is homotopy equivalent to a finitely generated type-DA module by
Lemma 18.7, we observe that the claim still holds if we replace any number of fram-
ings in a positive definite A ;) with +o0. The mapping cone of two finitely generated
complexes is finitely generated, so the surgery exact triangle from Proposition 18.8
(cf. Remark 18.10), implies that XA (Lq,... ;, Lj+1,‘,_’4)£"—f is homotopy equivalent
to a finitely generated type-D module for any framing, concluding the proof. ]






Appendix A

Splicing operations

In this chapter, we describe some topology related to splicing knot complements.
Everything in this chapter is well known, and we only include it as a reference.

A.1 Splices and connected sums

Suppose that K; and K, are knots in S 3. The complements of K; and K, are mani-
folds with torus boundary. The following is well known, though we give a proof for
the convenience of the reader. Compare [7, Section 7].

Lemma A.1. Suppose that A1 and A, are integral framings on knots K, and K,
in §3, and let [M1] and [A;] denote the induced elements of Hy(dS3 \ N(K1)) and
H{(0S3\ N(K>)). Then S/%IJFAZ (K1#K>) is diffeomorphic to the 3-manifold ob-
tained by gluing S3 \ N(K1) to S® \ N(K>) using the diffeomorphism which sends

Ml = —[A2] and  [pi] = [i2].

Proof. Consider the manifold Z obtained by gluing the complements of K; and
K, as described above. We may describe Z alternatively by first attaching a 3-
dimensional 1-handle to connect S3 \ v(K;) and S3 \ v(K3), and then attaching
two 2-handles and one 3-handle. The first 2-handle is attached along 1 * i, (Where
> denotes p, with orientation reverses), and the second 2-handle is attached along
A1 * A,. In both cases, the curves are concatenated across the 1-handle.

We observe that joining S3 \ v(K;) and S? \ v(K>) with the 1-handle and the
2-handle, tracing /11 * Ji» is the same as gluing S\ v(K;) and S3 \ v(K>) along
meridians of K and K,. This gives S \ v(K1#K>). Gluing the second 2-handle and
then the 3-handle is the same as performing Dehn surgery on K;#K, with framing
A+ As. |

Remark A.2. The argument above also holds for arbitrary knots in 3-manifolds, as
long as the framings are Morse.

Remark A.3. The same argument works for links. Suppose that L; and L, are links
in S3 with framings A ; and A,. Suppose that K| and K, are two chosen components
of L1 and L, respectively. Then

S13\1+A2(L1#L2) = Mp, (L1, K1) Uy Mp, (L2, K3),
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where M, (L;, K;) is the manifold obtained by surgering along L; — K;, and remov-
ing a neighborhood of K;. The diffeomorphism ¢ which identifies dN(K;) with
dN(K>) sends A1 to —A,, and 1 to po. The framing A1 + A5 is obtained by sum-
ming the framings for K; and K, and leaving the remaining framings unchanged.

A.2 The Hopf link and changes of parametrization

We may naturally view the Hopf link as a link which changes the boundary param-
etrization. There are two ways to do this:

(1) (Blow up) If K is the special component, and we connect the sum with a Hopf
link, and leave K the special component. If we give the other component of
the Hopf link framing £1, then we change the framing on dN (K) by a Dehn
twist along the meridian.

(2) (Rotating layer) Noting that the complement of the Hopf link is T2 x [0, 1],
we may use the description from the previous remark to see the effect of a
connect summing the Hopf link to the special component, and using the new
Hopf link component as the special component. The effect is to change the
boundary parametrization by composing with one of the two maps:

ur—=>A and A —pu,

or
ur>—A and A pu.

These two cases are distinguished by the sign of the Hopf link which is used
in the connected sum.
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Bordered Manifolds with Torus Boundary
and the Link Surgery Formula

In this memoir, we develop a theory of bordered HF™ using the link surgery formula of
Manolescu and Ozsvath. We interpret their link surgery complexes as type-D modules over
an associative algebra K, which we introduce. We prove a connected sum formula, which
we interpret as an As-tensor product over our algebra XK. Topologically, this connected
sum formula may be viewed as a formula for gluing along torus boundary components.

We discuss several important examples. As a basic example, if K; and K> are knots in 3, and
Y is obtained by gluing the complements of Ky and K, together using an orientation
reversing diffeomorphism of their boundaries, then our theory may be used to compute
CF™(Y) from CFK* (K1) and CFK® (K3 ). By computing the type-D modules for rationally
framed solid tori, our theory gives a version of the link surgery formula for rationally framed
links. As a final example, we use our theory to derive the Heegaard Floer homology of all
3-manifolds which bound the plumbing of a tree of disk bundles over 2-spheres.
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