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How urgent are these aspects for mathematics? His-
torically, our subject has been the origin of arguably 
the most frequently used data: from Babylonian multi-
plication tables to Greek and Indian tables for sine val-
ues to the logarithmic tables ubiquitous for calculations 
until the second half of the 20th century. While comput-
ers have made such tables obsolete, they also generate 
a vast landscape of new resources. Today, mathematical 
research data may still derive from tables like collections 
of special functions, algebraic representations or combi-
natorial data, but likewise exist as libraries of formalised 
mathematics or be generated by extensive computations 
involving computer algebra systems or numerical simu-
lations. Based on zbMATH references, we will derive a 
rough heuristic of the current usage and discuss some 
examples.

A heuristic analysis of possible research data 
references
In this section, we report on the current status of our 
preliminary investigations. A more in-depth analysis is in 
preparation.

The zbMATH database [2] currently contains more 
than 30M references. Of those, currently 53.7% link back 
to other publications that are indexed in zbMATH. Oth-
er references are out of the scope: overall, 36.7% have a 
DOI and 10.9% have a DOI, but not one connected to a 
publication within zbMATH. One can estimate from this 
that more than 75% of references are connected to the 
published literature. Moreover, much of the rest consists 
of literature available at the arXiv, other repositories, or 
personal homepages. 

We used the following heuristic to detect links to non-
literature online resources. There are about 795,000 ref-
erences containing a (‘http’, ‘www.’, ‘ftp’) link to a web-
site. Excluding the most common patterns to literature 
repositories leaves us with about 161,000 links. Of these, 
20,518 are links to mathematical software as identified 
in the swMATH database [3]. For the remaining 141,000 
references, we identified 3 common link patterns: ref-
erences to mathematical online compendia such as the 
Online Encyclopedia of Integer Sequences [4], refer-
ences to normative data like standards or benchmarks, 
and references to community-maintained websites such 
as Wikipedia or MathOverflow. There is a large variety of 
different links included, and it becomes clear that there 
is an extremely long tail of specific data used in relatively 
few publications. Although we did not yet identify a suit-
able method to classify the links automatically into rea-
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Are there mathematical research data?
In fitting with our data-driven age, research data have 
become an increasingly important aspect of scientific 
work. In Germany, the Federal Ministry for Education 
and Research has launched a program to build a national 
research data infrastructure. Correspondingly, the DFG 
issued a call to form consortia dealing with the manage-
ment of such research data. Within the German math-
ematical community a proposal to establish MaRDI 
(Mathematical Research Data Initiative) is prepared [1]. 
One may initially wonder what the mathematical equiva-
lent of the vast amount of LHC measurements or data 
from clinical trials might be. Indeed, as one of the driving 
forces of storing research data has been the reproduc-
ibility crisis in several fields, one may ask whether storing 
research data is relevant to our subject at all, since math-
ematical results usually come with an inherently much 
higher level of confirmability than those connected with 
empirical scientific methods. 

However, reproducibility is just one aspect connected 
to research data, and perhaps not even the most impor-
tant one in the future. Storing and sharing research data 
according to the FAIR principles (Findability, Accessibil-
ity, Interoperability, Reusability) generates several ben-
efits for mathematicians (as for all scientists):

1. Improved citability: work that does not fit the classi-
cal format of journal articles or books should still be 
adequately acknowledged and cited when used as a 
basis for further work. 

2. Better findability: appropriate data repositories (ide-
ally, intrinsically cross-linked with each other, as well 
as the literature) would enable mathematicians to 
easily identify prior results on a different level rather 
than just entangled in the context of an article.

3. Confirmability: For appropriate peer review, compu-
tational results must be available to redo the compu-
tations, or provide a way to confirm the correctness of 
the results. 

4. Reusability: research data should be available in a 
form that facilitates building upon these results in a 
manner that is as efficient as possible. This also pre-
vents the unnecessary repetition of work and uses 
human resources and available publication space 
more efficiently. 

5. Long-term preservation: storage of research data in 
a dedicated infrastructure framework ensures that 
its longevity is independent of individuals or institu-
tions.
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our data from swMATH confirm a linear growth of the 
citation rates of the DLMF project. Despite the promi-
nent link to citation instructions (http://purl.org/zb/4) 
only fewer than 1% of all citations that DLMF received 
in the zbMATH database use a deep link to a chapter, 
formula or section.

This example illustrates that although the heuristic 
above may be helpful in identifying interesting datasets, 
the distinction “literature” vs. “data” may be extremely 
misleading, since many literature references may in fact 
be research data in disguise (a pattern that we also already 
noted in the relation between software and related publi-
cations). This can also be seen by the next example.

OEIS
The On-Line Encyclopedia of Integer Sequences (OEIS 
[4]) is a browsable and searchable online resource launched 
in 1996 that grew out of N. J. A. Sloane’s 1973 book A Hand-
book of Integer Sequences [13]. Starting in 1994, there are 
2,752 references to it in zbMATH (http://purl.org/zb/5).

Of these, more than 70% cite OEIS as a whole, while 
the remaining refer to one or, in about 5% of the cases, 
several actual entries of the database (with a single refer-
ence citing as many as 14 sequences in one case).

However, in contrast to the previous example, the 
references to the online service have quickly substituted 
those to the printed handbook (compare to http://purl.
org/zb/6). The easy usability of the OEIS and its powerful 
search features (which benefit from the rather simple data 
shape of integer sequences) appear to be a crucial factor 
here, making it a model for highly findable, accessible, and 
reusable mathematical data. Nevertheless, interoperabil-
ity remains an issue even for this resource. Currently, one 
can only dream of seamlessly cross-linking the generating 
functions of sequences in OEIS with respective entries in 
DLMF – a service which would open a whole new dimen-
sion of opportunities.

Calabi–Yau data
Lists of Calabi–Yau manifolds play a crucial role not just 
within mathematics, but due to their relation to string the-

sonable categories, the general structure of the sample 
analysed in [5] could be confirmed. To give an impres-
sion, we will present some examples in the following.

Examples
Singular
While it is still debated whether software code should be 
considered as research data, its output certainly is. Here 
we will take the example of the computer algebra sys-
tem SINGULAR [6], which is widely used and has been 
frequently cited in mathematical papers throughout the 
last two decades (http://purl.org/zb/1). Here, as for other 
mathematical software, we can employ the swMATH 
database to track its usage in mathematical papers, 
although it is frequently referenced in a rather diverse 
form, ranging from the direct weblink or the manual 
to the related book [7] (see [8] for the current status of 
standardisation for software citations). An analysis of 
these publications reveals that the involved computa-
tional results almost never exist in a fully FAIR form, 
although the initial additional effort would likely pay off 
greatly in the long term. 

This appears to be a general issue for computational 
results: The recent article [9] demands (emphasizing the 
reproducibility aspect) that results should be reproduci-
ble in identical, and comparable to runs in varied, settings. 
For long-running computations, this involves in particular 
the explicit saving of intermediate states (checkpoints). 
This involves among other things an exact specification 
of the computing environment used (software, libraries, 
versions, etc.) and the possibility for the full publication 
of all relevant entities (i.e. code/algorithms together with 
input datasets and results). Overall, while mathematics 
already enjoys an appropriate service to interlink infor-
mation on the used software via swMATH, the task of 
adequately documenting the computational output still 
needs to be addressed. 

DLMF
The NIST Digital Library of Mathematical Functions 
(DLMF, [10]) is among the most frequently cited collec-
tions identified through the above approach. It is the suc-
cessor of the Handbook of mathematical functions with 
formulas, graphs and mathematical tables [11], which is 
currently the most cited document in zbMATH (http://
purl.org/zb/2) with about 10,000 citations gathered by 
its five different editions. In comparison, there are still 
much fewer references (about 1,500) to the electronic 
version recorded by the DLMF entry (http://swmath.
org/software/4968), although referencing to a function 
or formula can be done much more precisely within the 
DLMF, as in the handbook. The attitudes to citing such 
data appear to be changing slowly, but steadily; the ratio 
of DLMF citations has increased in recent years. This is 
also confirmed by a recent study by the NIST library [12] 
based on citation data from the Web of science dataset, 
which obtained a similar pattern (cf., Fig. 1). According 
to the NIST data analysis and the assumption of a linear 
growth model, the DLMF will be cited more often than 
the printed book as early as 2028. As depicted in Figure 1, 

Fig. 1. Citations counts of the Handbook of mathematical functions 
and DLMF inWoS (according to the NIST library) and zbMATH. The 
citation counts of the online versions growwith a constant factor in 
contrast to the citation counts of the printed version

http://swmath.org/software/4968
http://swmath.org/software/4968
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likely become an important issue in the future. The require-
ment of an utmost level of confirmability for mathemati-
cal results in connection with the growing importance of 
computer aided computations and proofs will almost cer-
tainly be a driving force in establishing standards which 
should eventually lead to an interconnected, powerful 
infrastructure. However, the amount of work required to 
reach this goal is substantial: mathematical research data 
exists in very different forms, from small databases through 
to diverse software and its output to huge amounts of data, 
some of them created in collaboration with other sciences. 
Currently, they are not even always referenced in a trans-
parent manner, but are often intrinsically connected to the 
literature. Building a framework that cross-links the vari-
ous types of mathematical research data will require sub-
stantial metadata and semantic enrichment, enabling them 
to serve as “deep data” in an infrastructure facilitating new 
research dimensions, not just within mathematics but also 
its applications. 

To achieve this goal, we at zbMATH are investigating 
diverse approaches: For one, we analyze citation data and 
mathematical formulae to identify similar (or even pla-
giarized) content [25]. Moreover, we connect our datasets 
to external datasets such as Wikidata or MathOverflow 
[23, 24]. Additionally, after having switched to a LaTeX 
the input format for zbMATH reviews [22], we are con-
sidering to allow for semantically enriched LaTeX dia-
lects as used in the DLMF and DRMF [21] projects, or 
optional semantic annotations for mathematical formu-
lae via graphical tools [20].
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ory in physics. The data available at [14] are among the 
most prominent (although it is once more impossible to 
determine its real use, since related original publications 
are still as frequently cited as the data itself, see http://
purl.org/zb/7). They also form a model case in the sense 
that both the software and the computational output were 
made available in a transparent, reusable form. However, 
this static page also illustrates an urgent issue manifest 
for many research data. Due to the untimely death of its 
creator, it has remained in a frozen state ever since, and its 
status with respect to sustainability is completely unclear 
(which is only underscored by several links to further 
Calabi–Yau sites which have partially ceased to exist). 
Many examples of such valuable resources in a poten-
tially precarious state exist throughout the references and 
underscore the need for a more sustainable framework.

Further resources, big data vs. deep data, inter-
disciplinary issues
The reader is free to explore further examples by ana-
lysing our dataset of non-literature references generated 
by the procedure described above) available at github 
(http://purl.org/zb/8), e.g., by checking for entries col-
lected in the catalogue of mathematical datasets [15]. 
As indicated by the discussed examples, mathematical 
research data are typically no “big data” of many tera-
bytes (although there exists, e.g., the rather large collec-
tion of finite lattices [16]) but come along with highly 
diverse and sophisticated descriptional metadata, neces-
sary to facilitate their FAIR usage. In this sense, math-
ematical metadata are rather “deep data” [19], which 
would require extensive semantic enrichment before 
they could be properly cross-linked with each other and 
the literature, finally leading to a framework from which 
a mathematician could benefit in everyday work. The 
vision of a Global Digital Mathematics Library [17] can 
be understood as such an infrastructure.

Another important aspect is, of course, interdiscipli-
narity. Mathematics, as the language of exact sciences, is 
naturally connected to other disciplines, which have their 
own collections of research data. These are often of a dif-
ferent nature, and are preserved according to the stand-
ards of the discipline. Large genome or medical datasets 
may also be of interest for mathematical work, but are 
associated with quite different legal and computational 
aspects. One may even ask whether a precise definition 
of mathematical research data is possible; certainly, the 
distinction is not always as clear as between Calabi–Yau 
data (mathematical) and LHC measurements (physical) 
in high-energy physics. 

Mathematical modelling and simulation are now 
omnipresent in many sciences, and the related computa-
tions open up a whole new dimension of interdisciplinary 
research data [18]. Hence, a FAIR framework for math-
ematical research data would also require interfaces to 
application areas potentially dealing with them.

Conclusion and future work
Research data are widely used within mathematics, and 
their sustainable storage and FAIR availability will very 
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