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The Power of 2: Small Primes

iINn Number Theory

Jack A. Thorne (University of Cambridge, UK)

From Euclid to Gauss

The first proposition in Euclid’s Elements gives the construc-
tion, with ruler and compass, of the equilateral triangle. Later,
Euclid shows how to construct a regular n-gon for n = 5 and
n = 15, and how to pass from a construction of the regular n-
gon to a construction of the regular 2n-gon. For which other
values of n does a construction of the regular n-gon using ruler
and compass exist?

The answer to this ancient question was given roughly
2000 years later, by Gauss. In 1796, Gauss showed that the
regular 17-gon could be constructed, and eventually showed
in Disquisitiones Arithmeticae that the n-gon is constructible
when n is of the form n = 2%p,...p,, where pi,...,p,
are distinct Fermat primes, i.e., prime numbers of the form
Fn,=2"+1.

Gauss’ success in making progress on this question rested
on the fact that the Fermat number F, = 17 is a prime. Leg-
end has it that it was Gauss’ pleasure in proving this that made
his mind up to pursue mathematics as a career. The next Fer-
mat number, F3 = 65537, is also prime, but no other Fer-
mat primes are known. Today’s readers of the Disquisitiones
can be thankful that the list of Fermat primes does not end at
F;=5!

My research is in algebraic number theory, and in par-
ticular the Langlands program, which aims to give the ulti-
mate non-abelian generalisation of class field theory, a topic
which has its roots in topics treated in Disquisitiones (con-
sider quadratic reciprocity, the ideal class group and the re-
duction theory of binary quadratic forms, to name but a
few).

Much research in this part of number theory pulls in ideas
from many other parts of mathematics (geometry, representa-
tion theory, analysis, ...) — anything that will help reach the
final goal. And in many cases, a lucky numerical coincidence
helps to push us over the finishing line. My aim in this article
is to introduce the reader to some of the remarkable recent
research on the subject (as well as some of my own work),
with a particular eye for the supporting roles played by small
primes.

Cyclotomic fields
Let us first explain the modern point of view on the ideas be-
hind Gauss’ construction. First, identifying the plane with C,
one sees that it is enough to construct the n™ roots of unity.
Second, one sees that the complex numbers which are con-
structible are precisely those that can be seen inside a tower of
quadratic field extensions of the field Q of rational numbers.
The challenge, therefore, is to explain when ¢2*/" is contained
in such a field extension.

This is precisely the kind of question that Galois theory is
equipped to answer. Indeed, the number ¢*™/" generates the
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n™ cyclotomic field K, = Q(e**/™). The Galois correspon-
dence states that there are as many subfields of K, as there
are subgroups of its Galois group Gal(K,/Q), the group of
all automorphisms of K,,. Galois theory shows that K, can be
obtained by iterated quadratic extensions precisely when its
Galois group has order a power of 2.

One can show that there is an isomorphism Gal(K,/Q) =
(Z/nZ)*, so we see that the n-gon is constructible precisely
when the value ¢(n) of Euler’s totient function is a power of
2. Elementary number theory shows the equivalence of this
condition with the criterion given by Gauss.

Class field theory

Cyclotomic fields are the most basic examples of abelian ex-
tensions of number fields. A number field is a field extension
L/Q which can be obtained by adjoining finitely many alge-
braic numbers. We say that L/Q is Galois if L can be obtained
by adjoining all (not just some) of the roots of a fixed poly-
nomial with rational coefficients. If this condition is satisfied,
then the Galois group Gal(L/Q) of automorphisms of L acts
on L (and permutes these roots). We say that L/Q is abelian
when it is Galois and its Galois group Gal(L/Q) is abelian. As
we have seen, this class of number fields includes the cyclo-
tomic fields K,,.

A fundamental additional structure carried by the Galois
group of a number field is the presence, for each prime p, of a
conjugacy class of subgroups D, C Gal(L/Q). We call D, the
decomposition group at the prime p; it may be defined as the
subgroup of automorphisms of L which are continuous with
respect to the topology given by an absolute value on L ex-
tending the p-adic absolute value ||, on Q (the completion of
which gives the field Q,, of p-adic rational numbers). Much of
the charm of algebraic number theory comes from the inter-
action between global phenomena (e.g., the arithmetic of the
field L) and local phenomena (e.g., the structure of the group
D,, and the arithmetic of the completions of L with respect to
its p-adic absolute values).

The decomposition group comes with a normal subgroup
I,, the inertia group, and a canonical generator for the cyclic
quotient D,/1,, called the Frobenius element Frob,. For all
but finitely many primes p (which are said to be unrami-
fied in L) the inertia group is trivial, and we obtain a well-
defined conjugacy class of elements of Gal(L/Q). There is
a similar story when Q is replaced by any base number
field K.

We can now explain the importance of abelian extensions
L/K of number fields. When the Galois group is abelian, the
Frobenius elements are well-defined (not just up to conju-
gacy). This is the mechanism by which class field theory, one
of the great achievements of mathematics in the first half of
the 20" century, describes all abelian extensions of a given
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number field: it gives a canonical surjection from a gener-
alised ideal class group of K to the group Gal(L/K), uniquely
characterised by the requirement that the class of a prime ideal
of the ring of integers of K is sent to the corresponding Frobe-
nius element.

Serre's conjecture

The Langlands program should include, as a special case, a
non-abelian generalisation of class field theory. By duality,
we can think of class field theory as giving a correspondence
between the 1-dimensional representations of Galois groups
of number fields and the irreducible representations of gener-
alised ideal class groups. The Langlands conjectures would
describe n-dimensional representations of Galois groups in
terms of automorphic representations, which play the role of
characters of ideal class groups.

As a window into this circle of ideas, we are now going to
describe Serre’s conjecture, which aims to give an “automor-
phic” parameterisation of 2-dimensional representations of
Galois groups over Q in characteristic p. Serre published his
conjecture in 1987 [12]. It is closely related to, but not equiv-
alent to, the Langlands conjectures, and has had a tremendous
influence on their study.

We introduce some necessary notation. Let Q be an alge-
braic closure of Q, and let Gg = Gal(Q/Q) be the absolute
Galois group, equipped with its Krull topology. If L/Q is any
Galois number field (contained in Q) then there is a continu-
ous surjection Gg — Gal(L/Q).

Let p be a prime. The first class of objects we consider
in Serre’s conjecture consists of continuous representations
p:Gg— GLZ(FP), with coefficients in the algebraic closure
of the finite field F, of p elements. We say that p is of S -type if
itis irreducible and if det p(c) = —1, where ¢ € Gq is complex
conjugation. A typical source of such representations is in the
p-torsion subgroups of elliptic curves. We will discuss this
example in more detail below.

The second class of objects appears inside the cohomol-
ogy groups of arithmetic groups, which play a role analogous
to that of the generalised ideal class groups in class field the-
ory. If N > 1 is an integer, then we define I';(N) to be the
subgroup of matrices

a b
(c d)eSLz(Z)

satisfying the congruence conditions ¢ = Omod N, a = d =
1 mod N. The (group) cohomology groups H*(I';(N), R,) are
finite-dimensional vector spaces. More generally, if we are
given a pair of integers k,z with2 < k < p+1land0 <t <
p — 2, then we can consider V;, = Sym‘ ﬁ ® det’, a finite-
dimensional, irreducible representation of GL,([F,), hence the
cohomology groups H*(I'y(N), Vi,).

The group I'1(N) is a congruence subgroup of the group
GL,(Q). As a consequence, its cohomology groups receive
additional symmetries, in the form of an action of the Hecke
algebra of GL,(Q). For each prime ¢ { Np, there is a
distinguished Hecke operator 7, which acts on the vector
space H*(I'1(N), Vi), and can be thought of as playing the
role of the ideal class of a prime ideal in class field theory.
If ¢,, ¢, are two such primes then the operators T¢,, Ty, com-
mute. Consequently, there exist elements v € H*(I';(N), Vi)
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which are simultaneous eigenvectors for all of the Hecke op-
erators Ty (£ 4 Np). We call the collection (a¢)en, of eigen-
values in F, a system of Hecke eigenvalues of level N and
weight (k, 7).

We are now ready to state Serre’s conjecture.! The first
approximation is that for any S -type representation, there ex-
ists N, (k, t) and a system of Hecke eigenvalues of level N and
weight (k, t) such that for all £ ¥ Np,

tr p(Froby) = ay.

The full conjecture asserts that the smallest possible N with
this property should be equal to the conductor N(p), an inte-
ger which measures the ramification of the representation p,
and that the possible (k,7)’s for which this system of Hecke
eigenvalues appears can be described explicitly using a recipe
which depends only on the restriction of p to the inertia
group I, C Go.

This conjecture is remarkable on many levels. It implies
that the set of isomorphism classes of S-type representa-
tions p 1 Gg — GLZ(F,,) of bounded conductor is finite
(since the cohomology groups on the automorphic side are
finite-dimensional). This elementary statement has no known
proof that does not rely on automorphic forms. More gen-
erally, the cohomology groups can be computed algorith-
mically, and this information used to give precise informa-
tion on the existence (or otherwise) of specific Galois rep-
resentations. An amazing application of this is the Cremona
database, which lists all elliptic curves E over Q of conductor
N(E) <5x10° [13].

Also significant for the development of the subject has
been the paradigm suggested by the conjecture: the most opti-
mistic form of a local-global principle relating the relative po-
sition of decomposition groups in the Galois groups of num-
ber fields to the cohomology of arithmetic groups. From this
point of view one can explain the existence of Ribet’s level-
raising and level-lowering congruences [10,11] between mod-
ular forms using a simple computation with Galois represen-
tations. The recipe for the set of weights (k, ) which should
give rise to p suggests the existence of a close relationship be-
tween the representation theory of the decomposition group
D, C Gq and that of the group GL,(Z,). This theme that has
been made precise in the Breuil-Mézard conjecture [3] and
has seen its ultimate expression in the formulation of the p-
adic Langlands correspondence for GL,(Q,) [2].

Fermat's Last Theorem
Another reason for the great interest of Serre’s conjecture is
that it implies Fermat’s Last Theorem, following a famous
gambit using the Frey curve associated to a putative non-
trivial solution to the Fermat equation. Indeed, suppose given
a solution

a’ + b =cP

In fact, Serre’s formulation uses the reduction modulo p of certain spaces
of automorphic forms in the place of the cohomology of arithmetic
groups. We have followed Buzzard—Diamond—Jarvis [4] in using coho-
mology, since it is both easier to describe and more amenable to gener-
alisation, for example to base fields other than Q. The existence of the
Eichler—Shimura isomorphism implies that the systems of Hecke eigen-
values are the same in either case.
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to the Fermat equation, where p > 5 is a prime and a, b, ¢ are
coprime integers such that abc # 0. (It is enough to consider
this case, since the non-existence of solutions in exponents 3
and 4 was already proved by Euler and Fermat, respectively.)
To this solution one associates the elliptic curve E given by
the equation
E :y? = x(x —a”)(x + bP).

Thus E is an algebraic curve of genus one, defined over Q,
which therefore admits a structure of commutative group vari-
ety, with identity element given by the unique point at infinity.
The complex points E(C) are isomorphic, as a Lie group, to
S1'xS!; consequently, if n > 1 is an integer, then the n-torsion
points E[n](C) form a finite abelian group abstractly isomor-
phic to (Z/nZ)*. Since the group operations of E . are defined
over Q, these points are defined over the subfield Q c C of al-
gebraic numbers. We write L, /Q for the number field gener-
ated by the x, y co-ordinates of the non-trivial n-torsion points.

Then L,/Q is a Galois extension, and its Galois group
Gal(L,/Q) acts on E[n](C). Choosing a basis for this free
Z/nZ-module gives a Galois representation

PEn - Gal(L,/Q) — GLo(Z/nZ).

Our discussion up to this point would apply equally well for
any elliptic curve over Q. However, something very special
happens for our curve, associated to a non-trivial solution to
the Fermat equation in degree p. Indeed, in this case the num-
ber field L, associated to the p-torsion points turns out to have
very little ramification, essentially because the discriminant
A(E) of E is (up to powers of 2) a p‘h power.

We can make this precise by computing the invariants N,
(k, 1) attached to the representation py , (which is of S -type).
Assuming, as we may, that @ = 3 mod 4 and » = 0 mod 2, we
find that N = 2, (k, 1) = (2,0). Serre’s conjecture implies that
the representation pg , should be associated to a system of
Hecke eigenvalues occurring in H 1(1“1(2),Fp). This is a con-
tradiction! Indeed, the space H 1(1"1(2),F,,) is 1-dimensional,
and the unique system of Hecke eigenvalues it carries is not
associated to a representation of S-type (in fact, it is associ-
ated to a reducible Galois representation).

Of course, Fermat’s Last Theorem was proved first by
Wiles in 1993, more than 10 years before the proof by Khare
and Wintenberger of Serre’s conjecture. Wiles’ proof intro-
duced a vast number of new ways to study the relation be-
tween Galois representations and automorphic forms, many
of which appear again in an essential way in the work of
Khare—Wintenberger. However, the route that Wiles followed
to Fermat’s Last Theorem is essentially the one we have out-
lined above: he proved the modularity of the elliptic curve E,
hence of the representation pp ,, at level N = N(E). Ribet’s
level-lowering results, alluded to earlier, imply the modularity
of pg , atlevel N = N(pg ,) = 2, leading to a contradiction.

This is an appropriate moment to explain what it means
for a general elliptic curve E over Q to be modular. In fact, it
is simpler from our point of view to explain what it means for
a Galois representation

p:Gg — GL,(Q))
with coeflicients in the algebraic closure of the field Q, of
p-adic rationals to be modular. Exactly as in the case of Fp—
coefficients, the cohomology groups H*(FI(N),QP) receive
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actions of the pairwise commuting Hecke operators T, de-
fined for each prime £ + Np. We say that p is modular of level
N and weight? (2,0) if there exists a simultaneous eigenvector
v e H(T|(N), Q,) for the Hecke operators T such that for all
{1 Np, p is unramified at £ and we have the equality

tr p(Frob,) = eigenvalue of T on v.

One appealing feature here is that these cohomology groups,
together with their Hecke operators, are defined over Q: they
arise by base extension from the vector space H T (N),Q). If
v € H(T';(N), Q) is a simultaneous eigenvector for all of the
Hecke operators T, (£ 1 N), then the eigenvalues generate a
number field K = Q({a¢}en). Associated to v is a compatible
system of Galois representations p, : Gg — GL2(@,,), one for
each prime p and choice of embedding 1 : K — @p.

If E is an elliptic curve, then for any prime p we can glue
the representations pg ,» : Gog — GLa(Z/p"Z) together into
a representation pg ,~ : Gg — GL»(Q,). These representa-
tions form a compatible system, and we say that £ is modu-
lar if one (equivalently, all) of them is modular in the above
sense.

Modularity lifting theorems

The most important innovation in Wiles’ work is probably the
concept of the modularity lifting theorem. To explain this, we
first recall that the topology on Q,, is defined by the p-adic
absolute value | - |,. The set of elements of absolute value
at most 1 is a subring, denoted Zp, and the set of elements
of absolute value strictly less than 1 is an ideal in this sub-
ring, denoted mg . The quotient Zp /mip may be identified
with F,,. B

If p : Gg = GL2(Q,) is a continuous representation, then
we may conjugate p to take values in GL,(Z,), and reduce
modulo the ideal mz to obtain a representation p : Gg —
GLz(E). The character of p is determined by that of p.

We have defined what it means for p to be modular, and
also what it means for p to be modular. It is natural to ask how
these concepts are related. One direction is easy: if p is modu-
lar, then so is p, as can be shown by considering the reduction
modulo p of classes in H 1(l"l(N),@p). Much harder is to go
in the opposite direction. In general, there are many more sys-
tems of Hecke eigenvalues occurring in H'(I';(N), Q,) than
the analogous group with Fp-coeﬂ“lcients. This reflects the ex-
istence of plentiful congruences between modular forms, and
is the source both of the difficulty of the problem and of the
power of its solution.

Wiles proved the first modularity lifting theorem, stating
that for a representation p satisfying some technical condi-
tions, the modularity of p implies the modularity of p. (These
technical conditions usually take the form of a global condi-
tion on p, for example that it is irreducible, and some neces-
sary local conditions on p, for example that p|p, can be re-
alised inside an abelian variety.)

To prove the modularity of an elliptic curve E using such a
theorem, one needs to choose a prime p (with the aim of prov-
ing pg ,~ is modular) and verify the modularity of the residual

2 One can consider other weights (k, 7); this amounts to replacing @p by a

non-trivial coefficient system, just as we have done above in the mod p
case.
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representation pg ,. Wiles chooses p = 3, and makes use of
the following two remarkable coincidences: first, that the re-
duction homomorphism GLy(Z3) — GL,(F3) has a splitting
s : GLy(F3) — GL,(Z3); second, that the resulting represen-
tation s o pp; : Gg — GLa(Z3) has soluble image, and so
can be shown to be modular using earlier work of Langlands—
Tunnell (in particular, Langlands’ proof of cyclic base change
and descent for automorphic forms on GL,). Neither of these
two facts holds for any prime p > 3. Combining these obser-
vations with his modularity lifting theorem, Wiles is able to
prove the modularity of semistable elliptic curves E, provided
that pg 5 is irreducible.

To treat the remaining case, Wiles introduces another fa-
mous technique, the “3-5 switch”. To prove the modularity of
an elliptic curve E such that pp 5 is reducible, he introduces
an auxiliary elliptic curve A with the property that o, s = pg 5
and p,, 5 is irreducible. This is possible since X (o, 5), the mod-
ular curve which parameterises those elliptic curves A such
that p, 5 = pg s, is isomorphic to ]P}Q, and therefore has in-
finitely many rational points (once again, this would be false
if 5 was replaced here by any larger prime.) The modularity
of A follows using the argument of the previous paragraph.
Finally, applying the modularity lifting theorem with p = 5
we deduce the modularity of E.

The proof of Serre's conjecture

As evidenced by Wiles’ proof, modularity lifting theorems
become especially potent in the presence of compatible sys-
tems of Galois representations. In fact, this combination
formed the basis of the proof of Serre’s conjecture by Khare
and Wintenberger, in which the “3-5 switch” becomes a “p—
P”-switch, where p, P are primes which become arbitrarily
large.

Let us sketch the earlier proof by Khare [7] of the N = 1
case of Serre’s conjecture, i.e., the modularity of S -type rep-
resentations p : Gg — GLZ(F,,) which are unramified outside
p. The argument is by induction on the prime p; in fact, it is
enough to show the truth of the conjecture for infinitely many
primes.

The base cases of the induction is the case p = 2. As
we saw earlier, H 1(1“1(2),F2) is essentially trivial, leading to
the expectation that the conjecture is vacuously true in the
case p = 2: there are no irreducible representations. This is
true, and was proved directly by Tate by analysing the dis-
criminant of the number field cut out by a putative irreducible
representation p. This is a more sophisticated version of the
elementary deduction, from Minkowski’s bound, that there is
no number field L/Q which is unramified everywhere.

What about the induction step? Suppose that the conjec-
ture is true for a given prime p, and fix a second prime P > p
and an irreducible representation p : Gg — GL,(Fp). The
first step is to lift p to a compatible system of representations
pr:Gg — GL,(Q 1)- Taking a p-adic member p,, of this com-
patible system, one hopes to verify the residual modularity of
p, (by induction) and then apply a modularity lifting theorem
to deduce the modularity of p,. We can then appeal, as in the
case of the compatible systems of Galois representations as-
sociated to elliptic curves, to the fact that the modularity of
a single member of a compatible family is equivalent to the
modularity of every member.
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Carrying out this argument in practice is subtle because
of the technical conditions imposed by modularity lifting the-
orems, and would not have been possible without important
refinements of the modularity lifting theorems in Wiles’ orig-
inal in work by many authors. Another key ingredient is a
technique for constructing lifts of Fp-representations p to @p-
representations with prescribed local behaviour (for example,
with the same conductor N as p). The existence of such lifts is
a key consequence of Serre’s conjecture; Khare and Winten-
berger turned this on its head and established it, using modu-
larity lifting theorems, on the way to proving the full conjec-
ture.

Symmetric power functoriality

We now discuss applications of these kinds of techniques to
a different problem. Symmetric power functoriality refers to
a special case of Langlands’ functoriality conjectures, which
suggest a beautiful set of relations between automorphic
forms on different reductive groups. These relations should
reflect, through Langlands duality, the relations between the
Langlands dual groups. The most basic relations are those as-
sociated to the symmetric powers of the standard representa-
tion of GL,.

Both the shape and the importance of these conjectures
can be motivated by considering the case of modular elliptic
curves over Q: in this case, they are related to the now-proved
Sato-Tate conjecture. If E is an elliptic curve over Q, then for
all primes p 1 N(E), the curve E has good reduction, and it
makes sense to consider the set of F,-points of E. Write n,
for the cardinality of this set; then Hasse’s theorem implies
the estimate

p+1-n, <2+/p.
The Sato-Tate conjecture® concerns the distribution of the
normalised error terms a, = (p + 1 —n,)/2+/p € [-1,1] as
the prime p varies: it states that the numbers {a, | p < X} be-
come equidistributed as X — oo with respect to the Sato—Tate
measure 2 V1 — £2d.

Serre identified how one might hope to prove the Sato—
Tate conjecture, using a method inspired at some level by
the Hadamard—de la Vallée Poussin proof of the prime num-
ber theorem. The crux is to consider the so-called symmetric
power L-functions associated to the elliptic curve E.

Recall first that the L-function associated to an elliptic
curve E over Q is defined as an Euler product*

LE,s)= | |1 =app™ +p7",
p

where s is a complex variable. Hasse’s theorem implies
that this product converges absolutely in the right half-plane
Re s > 3/2. In fact, the resulting holomorphic function admits
an analytic continuation to the whole complex plane; this is a
consequence of the modularity of the elliptic curve E. The
famous Birch—Swinnerton-Dyer conjecture relates the group
E(Q) of rational points of E to the leading coefficient in the
Taylor expansion of this function at the point s = 1 [14].

3 This statement is valid provided that E does not have complex multipli-

cation (CM). When E does have CM, a different measure must be used,
reflecting the existence of the curve’s additional symmetries.

Some care is needed to define the Euler factors at the primes p|N(E); we
elide this detail here.
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For each n > 1, we may equally define the n'" symmet-
ric power L-function as follows. Let Sym” : GL, — GL,,
denote the n'" symmetric power of the standard (identity) rep-
resentation of GL,. Let t, € GL,(C) be a matrix with char-
acteristic polynomial det(X —1,) = X2 - ap,X + p. Then we
define

L(E, Sym’", s) = ]_[ det (1 - p~* Sym"(z,)) "
14

(When n = 1, Sym' is the standard representation and
L(E,Sym!, s) = L(E, s5).) Once again, this Euler product con-
verges absolutely in a right-half plane Re s > 1 + n/2. Serre’s
observation was that if all the symmetric power L-functions
can be shown to admit an analytic continuation to the whole
complex plane, non-vanishing on the line Re s = 1 +n/2, then
the Sato—Tate conjecture follows.

These properties of the symmetric power L-functions fol-
low from the Langlands conjectures! Indeed, L(E, Sym”, s)
would be precisely the standard L-function associated to an
automorphic representation of GL,., which deserves to be
called the symmetric power lifting of the automorphic repre-
sentation of GL, associated to E. These standard L-functions
are known to have the required analytic continuation and non-
vanishing properties.

The Sato—Tate conjecture for elliptic curves has now been
proved. It turns out that the necessary analytic properties of
the symmetric power L-functions can be proved to follow
from the potential automorphy of the functorial lifts. More
precisely, it is enough to show that the symmetric power L-
functions admit meromorphic continuation and are holomor-
phic and non-vanishing on the appropriate line; these proper-
ties follow from the automorphy of the Galois representations
Sym" pg p=|g,, » for some (inexplicit) totally real number field
M, /Q. This was established in a series of works (culminat-
ing in [1]) based on Taylor’s technique of potential automor-
phy and relying on contributions to the Langlands program by
many other mathematicians.

This year, James Newton and I proved the automorphy
of the symmetric power L-functions of elliptic curves; this
shows in particular that they have the expected analytic (as
opposed to merely meromorphic) continuation to the entire
complex plane. More generally, we showed that for any auto-
morphic representation of GL, which contributes to the coho-
mology of congruence subgroups of GL,(Q), all of the sym-
metric power lifts exist, as predicted by Langlands’ conjec-
tures [8,9].

We now sketch the proof of this result in the essential case
of automorphic representations of level 1 (equivalently, which
contribute to the cohomology of SL,(Z) for some choice of
coefficient system); this includes the important case of the
representation generated by Ramanujan’s A-function

Ag) =q] Ja-g)
n=1

Our proof is based on the existence of the Coleman—Mazur
eigencurve &, [6], which can be defined for any fixed prime
p, and is a kind of a universal p-adic family of systems of
Hecke eigenvalues. The eigencurve &, is a 1-dimensional p-
adic rigid analytic space, which admits a morphism

Ep—>W
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to the space W = Hom(Z;,< /{x1}, G;,), called weight space.
The eigencurve &, has a dense set of “classical points™ cor-
responding to pairs ({ac}eyp, @p), Where {ac}, is a system of
Hecke eigenvalugs2 appearing in  some  group
H'(SL,(2), Symk_2 Q) and «,, is a root of the Hecke poly-
nomial X? — apX + p*!; the image of this classical point in
weight space is the character x +» xf2,

The density of these classical points is a reflection of the
fact that systems of Hecke eigenvalues can be put in p-adic
families, in which the Hecke eigenvalues vary continuously
(in the p-adic topology) as a function of the weight k. The
non-classical points of &, can be interpreted as arising from
the systems of Hecke eigenvalues appearing in p-adic “over-
convergent” cohomology groups.

The first step in our proof is to show that (for fixed n)
the automorphy of the n'" symmetric power lifting is a prop-
erty which is constant on irreducible components of &,: put
another way, we can analytically continue the functorial lift
along irreducible components of the eigencurve. We are also
able to establish the existence (using modularity lifting the-
orems) of some modular forms for which a given symmetric
power lift exists.

Each irreducible component of the eigencurve contains
infinitely many classical points, so this shows at least that
for each n, infinitely many modular forms admit a symmet-
ric power lifting. This does not yet solve the problem com-
pletely, since the irreducible components of the eigencurve,
and its global geometry more generally, remain mysterious.

We have not yet specified a choice of prime p. We now
choose p = 2. Buzzard and Kilford were able to compute a
large part of the 2-adic eigencurve &,, namely the part ‘close
to the boundary of weight space’ [5]. When p = 2 the group
Z;/ {x1} is free and ‘W may be identified with the open p-adic
disc {|w| < 1}. By the boundary of weight space, we mean the
annulus {1/8 < |w| < 1}. Buzzard—Kilford showed that above
this boundary annulus, the geometry of the eigencurve in fact
becomes very simple: a countably infinite collection of open
annuli, each of which maps isomorphically to the boundary
of weight space.

To finish the proof, we need only to show that each of
this infinite collection of boundary annuli inside &, meets an
irreducible component over which the symmetric power lift-
ing exists. This we can achieve by combining our freedom to
analytically continue along components with the freedom to
move between the two classical points corresponding to the
two roots of the Hecke polynomial X* — a,X + p*~!: above
the boundary of weight space, this has the effect of jumping
between different boundary annuli in &,.

We conclude with a concrete numerical consequence of
the Buzzard—Kilford theorem: if n > 3 and y : (Z/2"Z2)* —
@; is a primitive character such that y(—1) = 1, then the space
of cuspidal modular forms of level 2", weight 2, and character
X has dimension 27=3 and the 2-adic valuations of the eigen-
values of the U, operator are the numbers in (2,1%32) N (,1),
each appearing with multiplicity 1.

This statement, a beautiful generalisation of the triviality
of H 1(1"1(2),@2) which underpins the proof of Fermat’s Last
Theorem, is the essential starting point for our proof of sym-
metric power functoriality for holomorphic modular forms.
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