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Abstract

Motivated by transverse stability issues, we address the time evolution under the KP-II flow of perturbations of a solution which
does not decay in all directions, for instance the KdV-line soliton. We study two different types of perturbations: perturbations that
are square integrable in R x T and perturbations that are square integrable in R2. In both cases we prove the global well-posedness
of the Cauchy problem associated with such initial data.
© 2011 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction
1.1. Presentation of the problem

The Kadomtsev—Petviashvili (KP) equations
(U + Uyxx +Uuny)y iuyyzo (D
were introduced in [13] to study the transverse stability of the solitary wave solution of the Korteweg—de Vries equa-
tion

1
ut+ux+uux+(T—§)uxxx=0, xeR, reR. 2)

Here T > 0 is the Bond number which measures surface tension effects in the context of surface hydrodynamical
waves. Actually the (formal) analysis in [13] consists in looking for a weakly transverse perturbation of the transport
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equation u; + uy = 0. This perturbation amounts to adding to the equation a non-local term, namely %8; u yy. The
same formal procedure is applied to the KdV equation (2) yielding the KP equation of the form

1 1
ut+ux+uux+(T—§>ux”+§3x—1uyy20. 3)
By change of frame and scaling, (3) reduces to (1) with the 4 sign (KP-II) when T < % and the — sign (KP-I) when
T > %
As far as the transverse stability of the KdV solitary wave (“1-soliton”) ¥.(x — ct, y), where
3¢ o Jcx
Ye(x,y) = = cosh 2(7) 4)

is concerned, the natural initial condition associated to (1) should be ug = ¥, + vg where vy is either “localized” in x
and y, or localized in x and y-periodic. In any case this rules out initial data in Sobolev spaces like H*(R?) or their
anisotropic versions H*1-%2 (RZ), as was for instance the case considered in [4,28,29,9,10,12,27] for the KP-II equation
orin [17,14,11,31] for the KP-I equation.

Actually, it was proved in [18] that the Cauchy problem for the KP-I equation is globally well-posed for data which
are localized perturbations of arbitrary size of a non-localized traveling wave solution such as the KdV N-soliton or
the Zaitsev soliton (which is a localized in x and periodic in y solitary wave of the KP-I equation). The same result
has been proven in [6] for localized perturbations of small size using Inverse Scattering techniques.

No such result seems to be known for the KP-II equation for data of arbitrary size. The aim of the present paper
is to fix this issue. Observe that the results in [8] concern initial data localized in y and periodic in x, for instance
belonging to H*(T x R) which excludes initial data of type 1. + vg as above.

On the other hand, the Inverse Scattering method has been used formally in [1] and rigorously in [2] to study the
Cauchy problem for the KP-II equation with non-decaying data along a line, that is u (0, x, y) = uco(x —vy) + ¢ (x, y)
with ¢ (x, y) = 0 as x% + y? — 00 and us(x) — 0 as |x| — oo. Typically, us is the profile of a traveling wave
solution with its peak localized on a moving line in the (x, y) plane. It is a particular case of the N-soliton of the
KP-II equation discovered by Satsuma [22] (see the derivation and the explicit form when N = 1, 2 in the Appendix
of [19]). As in all results obtained for KP equations by using the Inverse Scattering method, the initial perturbation of
the non-decaying solution is supposed to be small enough in a weighted L' space (see [2, Theorem 13]).

As will be proven in the present paper, PDE techniques allow to consider arbitrary large perturbations of a
(smaller) class of non-decaying solutions of the KP-II equation.

We will therefore study here the initial value problem for the Kadomtsev—Petviashvili (KP-II) equation

(W + Uyxx +uny)y + Uyy = 0. )

We will either consider periodic in y solutions or we will suppose that u = u(t, x, y), (x,y) € R2, 1 € R, with initial
data

u(0,x,y) =¢(x,y) + ¥ (x,y), (6)

where v is the profile of a non-localized (i.e. not decaying in all spatial directions) traveling wave of the KP-II equation
and ¢ is localized, i.e. belonging to Sobolev spaces on R2. We recall (see [3]) that, contrary to the KP-I equation, the
KP-II equation does not possess any localized in both directions traveling wave solution. The background solution
could be for instance the line soliton (1-soliton) 1. (x — ct, y) moving with velocity ¢ of the Korteweg—de Vries (KdV)
equation defined by (4). But it could also be the profile of the N-soliton solution of the KdV equation, N > 2. The
KdV N-soliton is of course considered as a two-dimensional (constant in y) object.

Solving the Cauchy problem in both those functional settings can be viewed as a preliminary (and necessary!)
step towards the study of the dynamics of the KP-II equation on the background of a non-fully localized solution, in
particular towards a PDE proof of the nonlinear stability of the KdV soliton or N-soliton with respect to transversal
perturbations governed by the KP-II flow. This has been established in [2, Proposition 17] by Inverse Scattering
methods and very recently by Mizumachi and Tzvetkov [15] who proved (by PDE techniques but using the Miura
transform for the KP-II equation) the L? stability of the KP-II line soliton with respect to transverse perturbations.

We recall that it is established in [30] by Inverse Scattering methods and in [20,21] by PDE techniques which
extend to a large class of (non-integrable) problems, that the KdV 1-soliton is transversally nonlinearly unstable with
respect to the KP-I equation.



L. Molinet et al. / Ann. 1. H. Poincaré — AN 28 (2011) 653-676 655

The advantage of the PDE approach of the present paper compared to an Inverse Scattering one is that it can be
straightforwardly applied to non-integrable equations such as the higher order KP-II equations (see [25,26]).

1.2. Statement of the results

As was previously mentioned our main result is that the KP-II equation is globally well-posed for data of arbitrary
size in the two aforementioned functional settings.

Theorem 1.1. The Cauchy problem associated with the KP-1I equation is globally well-posed in H* (R x T) for any
s = 0. More precisely for every ¢ € H* (R x T) there is a global strong solution of (5) in C(R; H* (R x T)) with initial
datum u(0, x, y) = ¢ (x, y). The solution is unique in C(R; H*(R x T)) if s > 2. For s € [0, 2] the uniqueness holds in
the following sense. For every T > O there is a Banach space Xt continuously embedded in C([-T,T]; H*(R x T))
and containing C([—T, T]; H*® (R x T)) such that the solution u belongs to Xt and is unique in this class. Moreover
the flow is Lipschitz continuous on bounded sets of H(R x T). Namely, for every bounded set B of H*(R x T) and
every T > 0 there exists a constant C such that for every @1, ¢> € B the corresponding solutions uy, uy satisfy

ey — uzll Lo 1,17, s ®RxT)) < CllP1 — d21l s ®RXT)-

Finally the L*>-norm is conserved by the flow, i.e.
||bt(l, ')”LZ(RXT) = ||¢||L2(RXT)’ vVt e R.

We next state our result concerning localized perturbations.

Theorem 1.2. Let Y. (x —ct, y) be a solution of the KP-II equation such that for everyo > 0, (1 — 8)% — 83,) 7 Ye: R2 —
R is bounded and belongs to L%L;o (R2). Let s > 0 be an integer. Then for every ¢ € H*(R?) there exists a global
strong solution u of (5) with initial data ¢ 4 .. The uniqueness holds in the following sense. For every T > 0 there
is a Banach space Xt continuously embedded in C([—T, T]; HS(R x T)) and containing C([—T, T]; H* (R x T))
such that the solution u belongs to X and is unique in this class ¥.(x —ct,y) + Xr.

The spaces X7 involved in the statements of the above results are suitable Bourgain spaces defined below.

Our proof is based on the approach by Bourgain to study the fully periodic case. We need however to deal with
difficulties linked to several low frequencies cases (see for example Lemma 3.4 below) which do not occur in the
purely periodic setting. Moreover in the proof of Theorem 1.2 one needs to make a use of the Kato type smoothing
effect for KP-II which was not present in previous works on the low regularity well-posedness of the KP-II equation.

Remark 1.3. As was previously noticed, the result of Theorem 1.2 holds (with the same proof) when we replace V.
by the value at # = 0 of the N-soliton solution Sy of the KdV equation which satisfies similar smoothness and decay
properties as .. This follows from the structure of the Sy . For instance (see [5]) the 2-soliton of the KdV equation
written in the form

U — Oully + Uy =0
is
3 +4cosh(2x — 8t) 4+ cosh(4x — 64t)
(3 cosh(x — 28¢) + cosh(3x — 36¢))2

So(x, 1) =—12

On the other hand, a priori one cannot take instead of . a function i which is non-decaying along a line {(x, y) |
X — vy = xp}, as for instance the line soliton of the KP-II equation which writes ¥ (x — vy — ct). However, as was
pointed out to us by Herbert Koch the change of variables (X = x + vy — v?t, ¥ =y — 2vr) leaves invariant the KP-II
equation and transforms the line soliton to an independent of y object. Therefore our analysis applies equally well to
the line soliton.
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1.3. Organization of the paper

The second section is devoted to the proof of a bilinear estimate for localized functions in R? x Z. It is based on
Bourgain’s method in [4] who considers the case of functions in R x Z2. We prove Theorem 1.1 in Section 3 as a
consequence of two bilinear estimates in Bourgain X”»* spaces. Finally we prove Theorem 1.2 in Section 4 by a fixed
point argument in suitable Bourgain spaces, using in a crucial way the dispersive and smoothing properties of the
KP-1II linear group.

1.4. Notations

We will denote || - ||L» (resp || - || gs) the standard norm in the Lebesgue space L? (resp. the Sobolev space H*), the
domain being clear from the context. The Fourier transform on Rﬁ’ y X R; (resp. Ry) is denoted F or " (resp. Fy). We

will use the “Japanese bracket notation” (-) = (1+ - |2)1/2. The notation U () will stand for the (unitary in all H* (R?)
or H* (R x T) Sobolev spaces) KP-II group, thatis U (t) = e—r(a§+a;la§)' For (b, s) € R xR, the norm of the Bourgain
space associated to U (¢) is, for functions defined on R?c’ y X R; (with the obvious modification that integrationinn € R
is replaced by summation in g € Z for functions defined on R, x T, x Ry): |[u|l yo.5,.5 = |U(=t)ul yyo.6,.s, where

2by
12ll? 5y = / <%> O Pa. s drdsdy. ¢ = ).
Réan,

that is

2b;
12ty = / <%> () (o (e 6, (e £, )| dv d dn,

RE xR,

where o (t,&,7) =1 — £3 4+ n?/&. For any T > 0, the norm in the localized version X};’b"s is defined as

lall s = inf{|wll yo.5.5, w(t) =u(t) on (=T, T)}.

For (b, s) € R x R the space Z”* is the space associated to the norm

el zos = || ()"~ @)Sﬁ”LgL;'

We define the restricted spaces Z[;’S similarly to above. The notation < is used for < C where C is an irrelevant
constant. For areal number s, s — means “for any » < s close enoughtos”.If A, B € R, we denote AA B =min(A, B)
and A vV B =max(A, B). A ~ B means that there exists ¢ > 0 such that %|A| < |B] < clAl. If S is a Lebesgue
measurable set in R”, | S|, or mes S, denotes its Lebesgue measure. #S denotes the cardinal of a finite set S.

2. A bilinear estimate for localized functions in R2 x Z

In this section we will prove the following crucial bilinear estimate for functions having some localizations related
to the KP-II dispersion relation in R? x Z. This is essentially a bilinear L*~L? Strichartz estimate associated to the
linear KP-II group. We mainly follow the proof of Bourgain [4] that treats the case of functions in R x Z2.

Proposition 2.1. Let u; and u» be two real valued L?* functions defined on R x R x Z with the following support
properties

(t.§.q) esuppui) = Sl [§l~Mi  (t—&+q*/E)~Ki, i=12
Then the following estimates hold,

lur xuall 2 S Ky A KD2(0 AL (K v KAy A M) )y 2 a2 @)
and if My A My > 1 then
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luy *uall 2 S (Ky A K2)V2(Ky v K)YA(My A M)A

(K1 Vv K2) (N A D2
(M1 v Mp)!= (K1 Vv Kp)l/4

x [(Ml A M2)1/4< ]||u1||Lz||uz||Lz. (8)

2.1. Three basic lemmas

Before starting the proof of the proposition let us recall the three following basic lemmas that we will use inten-
sively.

Lemma 2.2. Consider a set A C R¢ x Z;. Let the projection of A on the &-axis be contained in a set I C R. Assume
in addition that for any fixed &y € I the cardinal of the set A N {(&o, q), q € Z} is bounded by a constant C. Then
Al < CI|.

Lemma 2.3. Let [ and J be two intervals on the real line and f : J +— R be a smooth function. Then
7]

mes{er: f(x)e[}gm

and
#{geJNL: f(q)el} g#—i—l.
infgey [ f/(§)]

Lemma 2.4. Let a # 0, b, ¢ be real numbers and I be an interval on the real line. Then

|I|l/2

)
mes{x € R: ax”+bx+cel} < Qi

and
1712

. 2
#{q € Z: aq +bq+ce1}<|a|—1/2

+ 1

2.2. Proof of Proposition 2.1

According to [4, p. 320], we can suppose that § > 0 on the support of u; (1, £, q) (see also [24, p. 460] for a detailed
discussion). We thus have to evaluate
2

Z Z / Xig—g =001 (t1, &1, q)ua(t — 11,6 —&1,9 —q)dri dé| drdé.

9€LRyR, NELRxR,

By the Cauchy—Schwarz inequality in (71, €1, q1) we thus get

2 2 2
lur xuzll;s S sup [Acgglliunllyalluzllys 9
(r.§20.m)

where A; ¢, C R? x Z is the set

Aregi= {(TI»SI»QI)3 §&1eh, §-6€h, 0<§~M, 0<§—§ ~ My,
2 2
q (g —q1)
<T1 —513+—1>“K1, <T—T1 —(5—51)3+&>NK2}-
&1 §—&
A use of the triangle inequality yields
Az ql S (K1 AK2)|Brg gl (10)

where
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Breg = {(51,611)2 &reh, E-§&e€h, 0<é~M, 0<&—8& ~M>,

5, 4 Eq1 —&19)
<f £+ £ +3861(6 -8 + S5 G )
Let us now first prove (7) by bounding |B; ¢ 4| in a direct way. The measure of the projection of B; ¢ , on the &;-
axis is bounded by (|I1| A |I>) and for a fixed &1, using Lemma 2.4, the cardinal of its g;-section is bounded by
c(My A Mp)'2(K 1 v K2)'/? 4 1. Therefore Lemma 2.2 and (9)—(10) yield the bound (7).
To prove (8) we divide B ¢ 4 into two regions by setting

>§(K1VK2)}-

Bl = {@1 a1) € Breg: ?—gig <1} (11)
and

B2 Q1) €Brgg: L1741 >1}. 12

v {(El W € Brsa &1 56 (12)

In the next lemma we estimate the size of the first region.

Lemma 2.5. For M| A M> > 1, the following estimate holds
B ¢ 4| S (Ki v Ko)' (M) A Mp)'/2.

Proof. Recall that £ and & — & are non-negative real numbers and thus & ~ & Vv (§ — &1). Note also that

(g1 —£19)° _ 616 —81) (g q —m)z 13
§61(5 —§&1) 3 & £-48
From the definition of BT1 £.q WE thus deduce that
|t — & +q? /6 + 3651 —&D| S K1V K2+ My A My,
According to Lemma 2.4, the projection of B1 g On the £-axis is thus bounded by
(K1 v Ky + My AM)'2 (Kviz)‘/2 (My A Mp)'/2 (14)

(M v My)!/? Y (M M)V (M v M)V
We separate two cases:
(1) My A My < Ky Vv K5. Then from the definition of Bt £.q

of the g1 -section of B 1s bounded from above by (M1 A Ma) ~ M1 A M>. We thus get by Lemma 2.2 that in the
considered case

and Lemma 2.3 we infer that for &; fixed, the cardinal

(K1 V K2)'2(My A Ma)

1/2 1/2
1Byl S vz S K Koy My A M)
(2) Mi A M, > K Vv K;. In this case we subdivide once more:
2.1 | " q‘ | < % Then again by (14), Lemmas 2.2 and 2.3, we have that in the considered case

(M) A Mp)'/? < (K1 v K)V2(My A My)

B < (K1 v K)Y2(My A M)V
| $q|N(M1VM2)1/2 (M]VM2)1/2 >N( 1 2) T (M 2)

KiVK :
221> %—2—(“2% Since

(e e ke sl<s—sl)<q_1_q—q1)2>:__
am(’ S 5 E—g

it follows from Lemma 2.3 that the cardinal of the g;-section at fixed &; is bounded by

(M) A Mp)'/?
(K1 Vv K)'/?

91 49—4q

15)

2(K1 vV K2) 1< (K1 v K2)2(My A Mp)'/2.
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According to (14), the projection of this region on the £;-axis is of measure less than a uniform constant and thus in
the considered case

B! e, | S (K1 v K)' (M) A M),

This completes the proof of Lemma 2.5. O

We now divide B? £.q into three regions by setting

21 9 49—q (K1 V K»)1/?
Brigg = Gran ey §E—&| (M AMY
B2 =l q1) e B (KivK)'"? g1 g—qi|  (Miv M)/
wha TS Pe s G M) S [ T E—a | T My A M)
and
Ky v K2 (M) v My)'/? —
B2} =l a0 e B2, : max (K1 Vv K3) 7( 1V M>) | _azar|]
nea nha (My A M) (My A M)'/2 s 54

Note that stl and BT &4 May be empty.

Lemma 2.6. The following estimates hold whenever My A M > 1

2,1 (M, A Mp)'/?
B | S K0 K G a2 (1o
and
|B2Z | S (Kiv K)'2(My A M)'/2. (17)

Proof. Assuming that Bzg q is not empty, it follows from (13) and Lemma 2.4 that the measure of its projection on
the &;-axis can be estimated as

< (Kiv K»)!/2

~(My v My)/2
On the other hand, it follows from Lemma 2.3 that for a fixed &; the cardinal of its g1-section is bounded by

S (MiA M) (K v K)' 2+ 1S (My A M) (K v K2) 2, (18)

This proves (16) in view of Lemma 2.2. Now coming back to (13) and using Lemma 2.4 we infer that the projection

of Bt £,q ON the &;-axis is bounded by

1

1/2
W[(Kl V K3) + (M vV M»)] ?<c

since B E q is empty as soon as K1 V Ky > M| V M>. On the other hand, it follows from (15) and Lemma 2.2 that
for a fixed & the cardinal of its g-section is also bounded by (18). This leads to (17) thanks to Lemma 2.2. This
completes the proof of Lemma 2.6. O

We finally estimate the size of BT Eq

Lemma 2.7. For any 0 < ¢ < 1 it holds

23 (My A Mp)1/2+el2
[B22al S Coiaryany e K1V KD+ IDI AL (19)
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Proof. We subdivide B?; q by setting

q1 49 —q1
B} (+00) :={(sl,q1>eB$;§,q: " >|K1v1<2|}
and
2,3 . 2,3 . |41 q—4q1
qu(L).:{(gl,ql)eBt,E’q. & Fh NL}

where L =2, Io <1 <1y, with

Miv M, K|V K>
lp ~ In| max , , I ~In(K; Vv K3).
M AMy M| ANM,

In view of (15), for a fixed &, the g;-section of Bf; q (+00) contains at most two elements and thus by Lemma 2.2,
|B2Z (+00)| SILIA L. (20)

Now, in B} , (L) itholds

|0 — & +4°/5 +3651( — D[ S K1 v K1+ (M1 A Mp)L?

and thus from Lemma 2.4 we infer that the measure of the projection of this region on the &1 -axis is bounded by
(K1 v K)'2 (M A M) 2
(Myv Mo)V2— (My v Mp)'/2

Interpolating with the crude bound M; A M> we obtain the bound

(K1 Vv K)'2 (My A M)/
(Myv Mp)!/2 (M v Mp)!/?
On the other hand, for a fixed &1, by using again (15) and Lemma 2.3, we obtain that the cardinal of its g1-section is
bounded by
KiVvK KiVvK
1 2 11< 1 2

~

1—¢
L:| (M1 A M>)®.

We thus get by Lemma 2.2,

B2 (L)< [(Kl VK2 (MiA My
PRI L (M M) 2T (M v M)
< (M1 A M)VPHR(Ky v K)
~ (M v M2)1/2—a/2La

(K1 V K»)
L

I—¢
Li| (M1 A M))®

b

(K1VEKy)'/2

where we used that in the considered case L > ) 7

A summation over L yields the claimed bound. This
completes the proof of Lemma 2.7. O

Now, using Lemmas 2.5-2.7, we get

(My A M2)V2(Ky Vv K2)
(M v Mp)l/2—¢

1Beg gl S (K1 v K)'2(My A M2)'V2 4 C, AN

and thus according to (9)—(10),

g *uzll 2 S Ce(Ky A K2)'V2(Ky v Kp)'*

(Kiv K)' \ (hlAlLDp'?
(M v M2)1/46> (K1 Vv Ky)l/4
This completes the proof of Proposition 2.1.

x [(Ml A M2)1/4< :|||M1||L2||’42||L2-
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Corollary 2.8. Let uy and u> be two real valued L* functions defined on R x R x Z with the following support
properties

(T.&,q) esupp(u;) = [E|~M;,  (t—& +g*/E)~Ki, i=1,2.
Then the following estimates hold,
llur *uzllp2gg~ny S (K1 A K2)'2(My A My A M)
x (K1 v KV My A M) ) lun 2wzl 2 @1
and if My A My > 1 then
lur *uzllp2ggomy S (K1 A K2 (K v Kp)'*

(K1 v Ka) \"* My A My A M2
(M v Mp)'= (K1 Vv Kp)l/4

x [(Ml A M2)1/4< ]||M1||L2||M2||L2- (22)

Proof. Rewriting the functions u; asu; =) <7 Wik with

Uik = Ui X(kM<E<(k+1)M)s

we easily obtain by support considerations and the Minkowsky inequality that

Y Y i

keZ 0<qI<1

S YD urkxuz kg2

0<qgS1keZ

Nt *uzllp2gj~pr) =
L2(|&|~M)

The desired result follows by applying Proposition 2.1 with |/;| = 12| = M for each k € Z, and then Cauchy—Schwarz
ink. O

A rough interpolation between (7) and (8) on one side and between (21) and (22) on the other side gives the
following bilinear estimates that we will use intensively in the next section.

Corollary 2.9. There exists By < 1/2 such that the following holds true. Let uy and us be two real valued L? functions
defined on R x R x Z with the following support properties

(& @) esuppuy) = [EI~M;>1,  (t-&+¢*/5)~ K, i=12
Then the following estimates hold,

luy % uall 2 S (K1 K)o (My A M2) 2 lus [l 2 luall 2 (23)
and

lur > uall 2 e ponny S (K1 KR [(My A M)+ (My A Mo A MDYl || 2 ez ) 2 (24)

Proof. Let us first prove (23). If M1 A M, < 1 then we can easily conclude by only using (7). If M1 A M, > 1 then
(8) gives
lur % uzll 2 S (Ki A Ko)'2(Ky v K4 (M) A M)A
(Kiv KV (M A M)
x |14+
(Myv M)V4= — (Ky v Ko)l/4

)””1 2wzl 22

We now distinguish cases according to which terms dominate in the sum

(Ky vV K)Y4 My A Mp)V/*
(My v M)A~ 7 (Ky v Kp)l/4°

1+



662 L. Molinet et al. / Ann. I. H. Poincaré — AN 28 (2011) 653—-676

If the first or the third term dominates then we get directly the needed bound. The only case we really need an
interpolation between (7) and (8) is when the second term dominates. In this case we interpolate with weight 6 on the

bound (7) and weight 1 — 6 on the second bound (8) and the conditions on 6 to get the needed estimate are
3 1
6 >0, -0 < —
4 2

which of course can be achieved. Let us now turn to the proof of (24). Again, if M1 A M, < 1 then we can easily
conclude by only using (21). If M1 A M3 > 1 then (22) gives

ey % uall 2 e opry S Ky A K2)' 2Ky v Ko) V4

(K1 Vv Ky)l/4 (M A My A M)YY2

(M v Mp)/4= (K1 Vv K4
Again, we distinguish cases according to which terms dominate in the sum
(My A M)AV KV (M A My A MDY

(My v Mp)/4= (K1 v K4

If the first or the third term dominates then we get directly the needed bound. If the second term dominates than we
interpolate with weight 6 on the bound (21) and weight 1 — 6 on the bound (22) and the conditions on 6 to get the
needed estimate are

X |:(M1/\M2)]/4(1+ :|||”1||L2||M2||L2-

(M1 A M)+

1
6>0 6<-,
2

the first assumption being imposed in order to ensure the K, K> conditions and the second one for the M, M| and
M, conditions. This completes the proof of Corollary 2.9. O

3. Global well-posedness on R x T
3.1. Two bilinear estimates in X>?15 spaces

The local well-posedness result is a direct consequence of the following bilinear estimates combined with a stan-
dard fixed point argument in X??1% spaces.

Proposition 3.1. There exist B < 1/2 and 1/4 < by < 3/8 such that for all u,v € X'/%P05 | the following bilinear
estimates hold

185 @v) | y-1/20.5 S Nl 12015 10l 05 + el xpos 10l g1/21.0 (25)
and

|8x @v) | 105 S Nl grr200s 10l xp0.5 + el xpos (0] 1720155 (26)
provided s > 0.

To prove this bilinear estimate we first note that by symmetry it suffices to consider 9, A(u, v) where A(:,-) is
defined by

Fo(AGwv) == f e 1< et (Fat) (&) (Fev) & — £1)dEy.
R

The following resonance relation (see [4]) is crucial for our analysis:

(Eq1 —&19)?

6 i) > 36615 — &), 27)

lo —o1 —o02| = ‘3?‘551(5 &)+
where

o:=0(1,6,q) =1 —& +q°/¢, o1 :=o0(t1,&1,q1),
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and op ;=0 (1t — 11, & — &1,9 — q1). We start by giving an estimate for interactions of high frequencies in x whose
sum is not close to zero.

Lemma 3.2. There exists B < 1/2 such that
|03 Po1 AP 11, 0)|| 1720y S Ml g172605 101 xp0.s 4 Nl x.00 101l g1/2.81.5
provided s >0 and 1/4 < by <3/8.

Proof. By duality we have to prove that

1:‘ / Y rr f@LEL g8t 2. g (T £, ) dT T dE dEy

R4 (9.91)€Z?
S (Wf lgrzensllglxeos + 1Lf I xpos llgllxi/2e0) 1A ]2 (28)
where
reéa -1/2 ﬂ i’ s —S/y g \—S
kg = XUSIEI<IE—E, 1£1>11(0) <<§>3> IEHE) (C1) (¢ — ¢y
For s >0,
@Y S +—-a). (29)

We therefore need to prove (28) only for s = 0. In addition, we obtain that thanks to (29) the estimate (28) holds with
the following left-hand side

(I f 12005 Il xp00 + 1 Fllx1251018 1 xp0s 411 Flxpos gl xr2e0 + 1L fl xsoollglxi2.s) I1Al2.

The above refinement allows us to get tame estimates which provides the propagation of regularity in the proof of
Theorem 1.1. We will not further detail this (standard) aspect of the analysis in the sequel.

We can of course assume that f, g and & are non-negative functions in R? x Z. For any L? function w of (t, £, ¢)
and any (K, M) €[1, —|—<><>[><]Rjr we define the following localized versions of w:

WK = WX{(o)~K)> WM = WX(gl~m)  and Wk M = WX (0)~K, [§l~M)- (30)

We now consider the dyadic level

K,K,K
Dy, =1 6.9, 11,61, q): 1€l ~ M, |&1] ~ My,
&€ — &1l ~ My, (0) ~K, (01) ~ Ki, (02) ~ K2 }.

Denoting by J /\l/1< Alflll M, the contribution of D,’;,’ [/‘(’111’ 1;,?2 to (28), then clearly

K.Ki,K
s X Tuwi 31)
K,K\,K2,M, M <M,
where K, K1, K2, M, M1 and M, describe the dyadic level 2N From the resonance estimate (27) it follows that
Dﬂlfl’,lﬂ(lll’,ll(ljz is empty whenever max(K, K, K») < M M| M,. We thus have only to consider the three following contri-
butions:

e ALK Z2 MMM,

e B.K{ 2 MM M and K S MM M5,

o C. KQRMMle andmax(K,Kl)gMMle.
Moreover, since M| < M», it is clear that either

e L. M<SM| ~M,
or
e 2. M| <M~ M.
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We will now estimate all these contributions.
Al. K 2 MMMy and M < My ~ M. In this case we can write K ~ 21MM22 with [ € Z,. Moreover one has
clearly K > M?. From (24) we thus have

15 Z MK_1/2(1+Kb]/M3bl)<fM1K1*gMz,szhM,K>
K.K1,Ky, My, M <M,

(M21/4 + Ml/Z)M173b1

S Y. K e T e K 28 o 2 a3 2
K],Kz,Mst, IEZ+ 2
1-2b
s gk () ol o ||
N 1K> ) 7 Iy k2118, k5 12 M2 mmll2-

Kl,Kz,MSMz, 1€l

Here and in the sequel we use a slight abuse of notation by denoting still by / the contribution of the region of dyadic
values under consideration to I (see (31)). Summing over K, K», [ and over M taking values < M;, we get for

B € (Po, 1/2),
IS5 N fulixsoollgas llxsoollll2
M
and Cauchy-Schwarz in M> yields
1/2

12
Is(anMzniﬁ,o,o) (anMzniﬂ,o,o) IRl S 1Lf xeoollgllxsoolll2.
M M,

A2. K 2 MMMy and M| < M ~ M. In this case we can write K ~ 21M1M22 with [ € Z,. We distinguish
between the cases K < M3 and K >M 3,
(i) K < M3. Then according to (23), it holds

12
M,
1
15 Z (Kle)ﬂOanMl,Kl||2||8M2,K2||2||hM2’21M1M§||2
K1.K> MM,
My <Ma, 130
)
S 2PEKIKDPN fury k1208w, ko 121 pgy pg, a2 2
Ky, K>
M <M, 120

Summing over K1, K and applying Cauchy—Schwarz in (M1, M>) it leads to

1/2 1/2 1/2
Iﬁzz‘”z(anMlniﬁ.o,o) (anMzui,g,o.o) (Z nth,zleMgn%) :
My M,

1>0 My, M
provided 8 € (Bo, 1/2) which leads to the needed bound.
(i) K > M3. Then using (24) we have
1/2 5 1-3b;

Ml MZ h
2(1/2—b1)1M]1/2_b|M21_2h] ”sz,K] ||2||gM2,Kz ”2” M’ZIMM22“2

IS Y. (KikyP

Ki.K»
My <M, 120

b
/- M\
< Z 2-(/2 bl)l(Kle)ﬁ(’(E) Iy 20805, ko M2 1P g 200, a2 112

Ki,K>
My <My, 120

Summing as in A.1, exchanging the role of M and M and using that b1 > 0 yields the needed bound.
B1. Ky Z MM My, K< MMMy and M < My ~ M;. Then we can write K| ~ ZZMMZ2 with [ € N. We separate
again the cases K < M> and K > M3 and use that K| > K.
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(i) K < M?3. Then we get using Corollary 2.9
Is > ME 2 (14 K2 M) (fan g, 8y ky * v i)
K.K1, Ky, M<M, M,
M1/2M(2l/2M1/2M2)

S ). (KkyP

I aty 20 mmaz 12118015, k5 2l 2

= QM2 M) K12
M< My, 130
_ i M
D e /30)(E>(21/2M1/2M2)||fM2721MM22||2K§0||gM2’K2||2||hM,K||2.
KK
M< My, 130

Summing as in A.1 yields for 8 € (o, 1/2),

IS fllxrzo0liglixsoollhll.

Observe that in this case and in some places of the sequel we use that the localization assumptions in the bilinear
estimates established in the previous section are invariant under the transformation (z, &, ¢) — (—1, —§, —¢q).
(i) K > M3. Then we have using Corollary 2.9

< b M1/2M1—3b|

1

~ KXK: 2(1/2=b) pg1/2—by M21—2b1 K12
M< My, 130

x (2P M P M) frgy a2 12K5 N80t 5 N2 g 2

M 1-2by
< 3 2—(1/2—b1)lK—(1/2—/30)<_)
M
K,Ky

M<M,, 10
1/2241/2 Ji!
x (22M 2 M) fyg, g aa2 112K 18000, ko 21t i 2.

This implies the result as above.
B2. Ky Z MM My, K< MMM and My < M ~ M;. Then one can write Kj ~ 21M1M22 with [ € N and clearly
K < M3~ M3. Using Corollary 2.9, we obtain

12 1/4
s ¥ x—/2-p ML+ My )M
T
M <M;, 120

1/2
X (272 M 2 M2)| Fog, 21aay w2 12K N0 k2 N2t i -

Next, we can write

1/2 1/4
(M]/ +M2/ YM> <21/2(M]2b' N 1 ><ﬁ>bl
21/2Mll/2M2 ~ M22b‘ M11/2—2b1M22b1—1/4 M13

2b 2b1—1/4 b
52—1/2<M1 l + My ><K1 > ’

2b; 2b1—1/4 3
Mz Mz Ml

and we can conclude as in the previously considered cases thanks to our assumptions on b;. Note that this is a case
where we need to introduce the additional factor in the Fourier transform restriction norm.

C1.Ky 2 MMMy, max(K, K1) S MMM, and M < My ~ M;. Then we can write Ky ~ 21MM22 withl € Z.
Since M| ~ M5 this contribution can be treated exactly as the contribution of the case B.1 by exchanging the roles of
K and K.

C.2. K> 2 MM M>, max(K, K1) S MMM, and My < M ~ M>. Then we can write K» ~ 2/ M; M3 with [ € N.
In the considered case K < M3 and thus using Corollary 2.9, we get
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1/2

s KK /2;;1/252)1{1 g I (272 My M) g, g i 2 W
M <KM[2{,IZEN v
S > 2PRERRP fu 10 (22 M M) g agy a2 2t
My gKMIZ(,l leN

Summing as in A.2 case (i) yields the result. This completes the proof of Lemma 3.2. O
Let us now treat interactions of frequencies in x whose sum is closed to zero.

Lemma 3.3. There exists B < 1/2 such that
|8 P<a AG, ) | g-1/20.0 S Nl grrzons [0 g0 + (0017200 el s0

provided s > 0and 1/4 < by <3/8.

Proof. By duality it is equivalent to prove (28) with

by
Frt{éfql = XgI<IE-E, s<1}<0>_1/2<%> IEKEY (C) e = o).

Again we can restrict our attention to the case s = 0. We proceed in a similar way as in the proof of Lemma 3.2.
The only difference is that here M describes the dyadic levels 2N and M 1, M7 describe the dyadic levels 2Z We
distinguish between the region 1. || ~ |&>| and the region 2. |£]| ~ |&>].

1. |&1| ~ |&|. In this region |&| < |&1]. We treat only the case |o1| < |o7| since, as |£1| ~ |&2], the case |on| < |oy] is
similar. We subdivide this region in the two subregions |o| > |o| and |o1| < |o|. In the first one, according to (7) we
infer that

(K A K)V2K v Ky) /4 Mm1/2
IS T 1 f& 015 121 8 ks 2l ke 12
K,K{,K»

M<I1, M,

S Y KiK)ERPTVEMY ey s a8k s 2 Ik -

K,K1,K»
ML, M,

Summing in M, K5, K, K1, using that b; < 1/2 and applying Cauchy—Schwarz in M, implies the desired result.
Now in the subregion |o1| < |o| we know from the resonance relation (27) that |o'| 2 |&1]|&2||&| and thus according
to (21)

IS

1/4
(K1 A K2)V2(Ky v KA My!

(MM22)1/8K3/8—b1

| fx, m 20185, M 121k 0 1I2

K,Ky,K>
M<L1, My>1
3 (Ki AK2)'2 (K1 v K)' M
+ Kl/z_bl ”le,Mz”Z“ng,Mz ”2||hK,M||2

K.K1.K>
M<1, 0<Mr<1
S Y KKK TEMIB fiy s 2 gk 2Rk 2

K,K{,K»

M<1,M,
which can be summed in the same way as above for b1 < 3/8.

2. |&] ~ |&|. Inthis region |&1| < || and M, M| and M3 describe only the dyadic levels 2-N. Since M; <M~ My,

it follows from (7) that
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(K1 A Kp)V2(Ky v K)/4my
s Far=T I f&y1, 1218 s 21k s 12
K,K{,K>
M;<1, Mr<1
3/8 1-3/8 b1 —1/241/2
< KPRPRNTEMY fi o N2lg ks 2k -
K,K1,K»

M<1, Mr<1

Summing in M1, K>, K, K1, using that b; < 1/2 and applying Cauchy—Schwarz in M, we obtain the desired result.
This completes the proof of Lemma 3.3. O

It remains to treat interactions between very low frequencies and high frequencies. For this purpose we define the
operators A;,i =0, 1,2, by

ft,x,y(Ai(ua v))(f9 %.’ CI)

= ZX{(m],g,s],q,q])eA,-}(fz,x,yu)(Tl,51,Q1)(-7:z,x,yv)(f —11,6 —&1,9 —qv)dédr,

R2 qeZ
where
Ao:={(t.711.£.£1.9.q1) € B: |o| > |§|I&111E — &1}
Ap:={(tr.71,6.&.9.q1) € B: |o1| 2 [§]|&111§ — &| > max(|o |, |o2]) ],
Ay:={(r,711,6.81,9.q1) € B: |oa| > [£]I&111E — &1| > |o]},
with

B:={(t,11,&,&1,9,q1) eR* x Z%: |&1| < & — &1}

Lemma 3.4. There exists B < 1/2 such that

[0x Ao(P<iut, P22v) || y-1/205 S Nutll iz [0l .0 + Nl xpos [0l 17200, (32)

|0x A2 (P<iut, Pov)|| o120 S Nl grzys 0l xsos + lluell xpos 10l 12,0 (33)
and

|0 A1 (P<ite, Poov) || ymramys S Nl grzons [0l xsos + lull xpos 0]l 120, (34)

provided 1/4 < by <3/8.

Proof. By duality it is equivalent to prove (28) with

by
Frff,ilq,ql = XA X{E< 1, s—s.|>2}<0>]/2<%> IENE) ()~ — ).

We thus proceed similarly to the previous propositions. The only difference is that here M; describes the dyadic level
27N and M, M, describe the dyadic level 2V. Again, we only consider the case s = 0.

We first prove (32). Note that in Ag we have |&1| < 1, [§] ~ |&] > 2 and |o| > |€]|&1]|€2]. We can thus write
K ~ 21M1 M22 with [ € N. We distinguish between the two cases K < M3 and K > M3,

(i) K < M?3.In this case we can write

1/2

M,""M

1/2 1/4 5 ,1/4 1 2
IS > (K1 A K2) P5((K1 v K2) M, )mﬂfm,m 121805, &2 1217 01, 51 1, a2 W12
Ki1.K> 1 2
Mlsl, Mzzl, leN
—1)2 13/8 £3/8
< Yoo 2 PRI k12 N2 gy a2 2

Ki,K>
Mlsl, Mzzl, leN
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Summing in K1, K> and then applying Cauchy—Schwarz in (M1, M>) implies

1/2 1/2 1/2
Iszz‘l/z(anMlniﬂ.o,o) (anMzui,g,o.o) (Z Ithz,zleM;II%)
My M,

leN My, M
S flixpoollgllysoollhll,

provided S € (3/8,1/2).
(ii) K > M3. Then we have for 8 € (3/8,1/2),

1/4
15 Yo K ARk v Ky
K1,K>
Mlsl, Mzzl, leN
M11/2M2173b1
X 2(1/2—b1)1M11/2_b1M21_2b1 ”fM],K] ||2||gM2,K2||2||hM2,21M|M22||2
_ _ — b —b
S > 22008y Ky )33P MY M| f xpoo I8l xsooll 2.
K1.K>

Mlsl, Mzzl, leN

A direct summing in [, K1, K>, M1 and M, yields the desired result.

Let us now prove (33). In A,, we have |&1| < 1, |§]| ~ || = 2 and |o2| > |€]|€111&2] > |o|. We can thus write
Ky ~2'M M3 with [ € N.

(i) K < M?. In this case we can write by using (7)

1< > (K AKDV2(K v K4

K,K|
M <1, M1, [eN

1/2
MMy
21/2A4f/2A421(1/2

_ _ 3/8 1/2
S 2 PR k12 (2P M P M) gy g, a2 N2 2

K,K,
Mi<M;, leN

1/2
I o i 12 (272 My 2 M) 1 g g, a2 2 12

Summing in K, K; and then applying Cauchy—Schwarz in (M7, M>), it results for g € (3/8, 1/2),

1/2 1/2
1 SZZ"”(anMlniﬁ,o,o) (ann%) (
M, M

leN
S I lixsooliglixizoollill.
(ii) K > M?. Then using that K, > K we have
K/ M3 <
Ky/M3 "~

1/2
I 2 2

Z 2 MM, ||8M2,21M1M§”2)

My, M,

and thus we can proceed exactly as in the case K < M3, the obtained bound being
I £l xs00llgllxi/2er0ll7ll2.
Let us finally prove (34). In this case we have
KiZK+K,, KSM),  KiZMM;.
Thus using (28) and (7) we can write

1/2
12 14 MM
1S Y KUK —am i aligas o kil
K,K1,K»
M]Sl,Mzzl
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(we simply neglect the & localizations). We now naturally split the sum into two contributions, the contribution of
M11/2M2 >1and M11/2M2 < 1. In the first case we can write for § € (0, by — 1/4) and ¢ > O such thatb; —§ —1/4 —
2¢e >0,

1/2
14 MM 1/2+b1—¢ 1/2—¢
IS > Ky KV ok 12K 80tk 212
K1/2K1/2+hl 2¢e
K,K{,K» 1
MSL Mo 2L, MyM3 21
1/2
M:'"“ M,
1 1/24by—¢ 1/2—¢
S > P 1faty &y 12K > llgans. ko 21112
Ki,K> 1 1
M <1 My 21, MiM3 2]
< > Ll sty I xp00 2]
~ Myl x1/2.61.018M; Il x8.00 (17212
(M M3)

M <1 Ma 21, MiM3 2]
-6l
S 2 2N a2 lxeolgmslixsoollhl
M>2>1, 1eN
S lxrzmoliglxsoolihla,

where B € ]1/2 — ¢, 1/2[ and in the last inequality we use the Cauchy—Schwarz inequality in the M> summation (at
fixed /). In the second case the argument is even easier since we do not use the lower bound on K. Namely, we can
write for g € (3/8,1/2),

12
12,174 M{"" M2
> Ky K = L a2l 2 [
K.Ky.K;
M <1, Ma 21, MyM3<1

—1/2
< Y 2P fyyxsoolgu lxsaolihlla 1L Fllxsoollglxsoo il
Mzzl, leN

This competes the proof of Lemma 3.4. O
Now (25) follows by combining Lemmas 3.2-3.4.
3.2. Proof of (26).

Since X ~1/2+:0:5 is continuously embedded in Z* and since in the proof of Lemmas 3.2-3.4, except in the case
A in Lemma 3.2 and in the proof of (32) in Lemma 3.4, we can keep a factor K 0+ with hg, it remains to treat the
corresponding regions. Actually it is obvious to see that we can even restrict ourselves to the intersection of these
regions with the region |o| > 2. By duality we have to prove

J = > X\sl\gs—sl|@;’?gf’,qlf(f],51,ql)g(rz,Ez,qz)h(é‘,q)drdn d§ d&,
R4 (9.91)€Z?

S I l2wexmy 822 1721l L2 <
where
Or5t = (o) TNENO ) T — 4

Again we can suppose that s = 0 and moreover we will not make use of the factors involving b;. Recall that in the
region A of Lemma 3.2 we have M, M1, M> > 1 and we can write K ~ 2! MM M> with | € N. We separate the cases
My~ My and M ~ M>.

Al. K Z MMM, and M < M| ~ M. Then we can write K ~ ZZMMZ2 with [ € Z. From (27) and (24) we thus
have
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1/2

M
IS Y KK 2 funy k2l ts, s N2 1m Xyt a2y 12
2PMM 2
K1,K» 2
MSMz, leN

) M2
Y 2’/2(K1K2)’30<ﬁ2> Il fvto, &y 12118015, 5 21 p N2

K, K>
Mst, leN

Summing over M < M3, Ky, K> and [ and then applying Cauchy—Schwarz in M, we get the desired result.
A2. K 2 MMM, and M] < M ~ M,. We have

M,
TE X g et g 1 % 8K ) (39)
Ki.K 2
Mlgllllz,zleN

If K, > K, we can easily conclude by using (24). We shall therefore suppose that K > K». For fixed (&, q),

1
X{(o)~K} S X{(o)~K} * T XrI<ky |-

Using that the function x(r|<; is pair, the L? scalar product in (35) can be estimated by

1
(hMZX{(a)~21M1M22}’ JKimy * (ng,Mz *z (EX{<0)<21M1M22}>>> :
L2

We have that gk, m, *r (%X{(a><2lM1M§}) is of the form g}VIZ’KJer with

K2 1/2
”g;WQ,KJer ”2 S (?) &Ky, My ll2- (36)

Indeed the linear operator Tk g, :v %v() X{()~K»} * X{(1<K} 1S a continuous endomorphism of LY(R) and of
L*®(R) with

1 K>
1Tk kvl o) < sup — /U(y)X{(y>~K2} * (-0 <k} dy| S —llvllL=®)
xeR K K
R
and

1
||TK,K2U||L1(]R) < E||U||L1(R)||X{(»)<K}||L1(R) S ||U||L1(R)-

Therefore, by Riesz interpolation theorem Tk, is a continuous endomorphism of L*(R) with

Ko\ 2
||TK,K2U||L2(1R)(—) vl 2(w)-

K
Applying (23) with (36) at hand we get
1/2
M
Bo B0 1 2
IS KﬁKanfMl,m D208ty ks Lo et Xty ~2am na2y 22
K, K
Mlglll/lz,zlEN
1/2 - Bo B K3 2
S KZ 27! K‘OK20<W> I forr. & 28k 2 ags 2
1,K2
M <M;, leN

- =4
SRR RS (MM3) N fny kD2, K 2V 2 -

By choosing § € (0, 1/2 — Bp), we can sum over K|, K>, M, M> and [ which yields the needed bound.
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It remains to treat the part of the region Ag where |£1]| < 1, |&2] > 2. We can write

IS Y KT Ma(hay oKy SR My * 8K M) 2

K,K1.K»
<1, My>1

We now consider separately the contributions of the regions M M22 < 1 and M, M22 > 1 to J. Let us denote by J; the
contribution of M M22 < 1. Then we can write by using (23) for some Sy < 8 < 1/2

1/2

< Mle fo
1S E W(KIKZ) Ihns 121l fiy v 1121185 5 12
K.,K1,K>
M ZL Ma2 1, MiM3<]
1,2
S E MoM "R 2| fary L x00 | gas Nl x8.0.0

M <1, Ma 21, MyM3<]

—1/2
S D 2Pklal g2 xeooligay i xsoo
leN, MzZl

S I fllxsoollglixsoollfll2,
where in the last inequality we used the Cauchy—Schwarz inequality for fixed / and then summing in a straightforward
way in [.
We next estimate the contribution of M| M22 > 1. Denote by J, this contribution to J. Since |o| = |£]|£1]]&2], we
can write (o) ~ 2/ M, M22 with [ € N. We only consider the case K 2 K>, the case K < K» being simpler. Using (7)
and proceeding as in A.2 above, we obtain

1/4
ns > (K1 A K2)'2{(Ky v KMy
K1,K>
M <1, Myl [eN, MyM3>1
MM,
/
X gy e 1211805, &+ 15 | 1882 X011, a2 2

where again g;wz MK satisfies (36). Thus

4
hs > (K1 A K2Ry v K)'AmT)

K1, K2,2'Mi M3 2 K
M S1My, IeN, M{M3>1

1/2
M,/ Mz( K>

12
1/2
> (21M1M22) / I fary, ki 2118 s, k5 1211 s 12

X
2!M M3\ 2! M M3
We therefore obtain that for a suitable § > 0 and g < 1/2,
-3
RS > (M M3) "1 fllxp00ll gty | xs00 1 12

M1 <1,My, MyM3>1
S fllxsoollgll xsoollill2,

where in the last inequality we write M M22 = 29 with g € N, we apply the Cauchy—Schwarz in M; and then we sum
in g. This completes the proof of Proposition 3.1. O

3.3. Global well-posedness

Let s > 0 and 1/4 < by < 3/8. Noticing that in all the estimates in Sections 3.1-3.2 we can keep a factor K ?+ or

Kg+ with fa, k, or gm, k, and that for any function v € Xx1/2s supported in time in |7, T,

Ivllxsos < TY27P )] g1/, (37)
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we infer that the following restricted bilinear estimates hold:

v
(kX (uv)HX;l/z.bl’x ST ”u”X;_/Z,ble ||U||X1T/2~b1’5 (3%)
and
< v
(kX (uv)||Z;1/2,s ST ”””Xl/”’” IIUIIXIT/z,hw (39)

with v > 0. Estimates (38), (39) in conjugation with the linear estimate (see [7])

<| Flly=1/261.507-1/2.5
X1/21b| Snz1/2.s

H V(1) / Ut —1t)ocF(t')ar’
0

with ¢ € C5°(R), lead to the well-posedness result by a standard fixed point argument in X IT/ 2b1s A ZlT/ 2’3, T>0
small enough, on the Duhamel formulation of (5):
1 t
wny =g -3 [Ul-)aG)ar. @)

0

Also standard considerations prove that the time of existence T* of the solution only depends on ||| ;2 (see (29)).
The uniqueness statement for s > 2 follows from the Gronwall lemma. Next, from (40) and the fact that H* (R x T) is
an algebra for s > 1 we infer that for s > 1, 3;114 belongs to C([0, T*]; H*(R x T)) provided ¢ € H® | (R x T) where

Il = /<|s|—1)2<<s, ) |6 )| de.
"EZRE

Taking the L? scalar product of (5) with 9, L4 it is then easy to check that the L2(R x T)-norm of such solutions is a
constant of the motion. The density of H*, (R x T) in L%(R x T) combining with the continuity with respect to initial

data in L2(R x T) ensures that the L2-norm is a constant of the motion for our solutions (see [16] for details on this
point). This proves that the solutions exist for all time. This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

We write the solution u of (5), (6) as
u(t,x,y) =ve(x —ct,y) +v(t,x —ct,y)
where v(t, ., .) is an LZ(R?) function. This v satisfies the equation
(Ut_Cvx‘i’vxxx‘i‘vvx‘i‘ax(l/fcv))x —Uyy =0, v(0,x,y) =¢(x,y). 41
Our strategy is to perform a fixed point argument in some Bourgain’s type spaces on the Duhamel formulation of (41).
In the context of (41) some straightforward modifications taking into account the term cv, of the unitary group U (¢)
and the Bourgain spaces should be done.
We will use in a crucial way the following linear estimates of Strichartz or smoothing type (see for instance [23])
injected in the framework of the Bourgain spaces.
Lemma 4.1. One has
Ivlls S Ivllxeoo (42)
and

el eorz, S Mvllxnon, 43)

provided b > 1/2.
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Proof. We only briefly recall the proof of (43), for (42) we refer to [28] for instance. By usual considerations (see [7])
it suffices to prove that

[0: (U)o 12, S Nllrz, - (44)
We first notice that
. i (E3dcE—_p? ~
R (UMe)(x,y)=c / (i&)e! 5Ty I G HET/D G (& ) dE diy
RZ

and that, for any fixed 7, & > &3+ c£ —n? /& is an increasing bijection from R?% into R and from R* into R. Therefore
splitting the £ integral into two pieces corresponding to positive and negative values of £ and after performing the
change of variables & — £3 4 c& — n?/£ ashort computation leads to

2
2 R 2 &
o, U (¢t = , — 2 d&dn.
lo:U@elz, c/|¢(g N e
RZ
This yields (44). O
Lemma 4.2. Forany s >0,0<T < 1, b > 1/2 one has

Jor e g S (1aevels + 3 108 el e Yol gon @)

lo|<s
Proof. We write 9, (Y.v) as dy¥.v 4 vy and we treat each term separately. Write
10x¥ev ”X(%O’S = [|0x wc‘U”L%Hgy

S 0xvellwsellvllLge s
S 3 vellwse< vl gbo.s.

Further, we have

ieostgns 5 (3 188, 0el g ) ( 2 1080l )

la|<s IBI<s
This leads to (45) thanks to Lemma 4.1. O

Proposition 4.3. There exists ey > 0 such that the following bilinear estimate holds

05 @) || 17212010 S Ml gr2eeys (0] 172001 (46)
provided 1/4 <b1 <3/8, s >0and 0 < ¢ < &.
Proof. We have that Proposition 2.1, Corollaries 2.8-2.9 and their proofs are still valid for functions of R3. Since as

noticed in Section 3.2 we can always keep a factor K except in the cases |o| > 2 dominant and || > 2, we deduce
that there exists g9 > 0 such that

”-thy (X{|a|<max((01),(crz))}X{IE\<2}g i * 6) HX 1/242¢6.b1.5 <5 ”u”X]/Z'*'S by.s ||U||X1/2+F by.s

provided 1/4 < by <3/8,s > 0and 0 < ¢ < g. It thus remains to treat this region |o| > max({o1), (02)), |§| = 2. We
thus have to prove that

J =

/ ;ilqu(fl E1,n)g (2, &2, m)h(r, &, n)drdridEdérdndn| S| Fll2ligl2llAll2
R6

where
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nEn .
Fn,gfm = XULIEIKIE-E1] 1§22, |o| Zmax({o1),(02))}
GERPIEN) (e~ e —a)

» E
1/2—2¢ 1/24¢¢{91) \b 1/2+4e(_(02) \b
(0)1/2728 () /248 (235 b1 () /248 (225 )b

witho =0 (1,£,9) :=1 — &> — cE +n?/E, 01 := 0 (11, &1, 1) and

(47)

oy:=0(t—11,&§ —&,n—mn1).

Notice that the crucial non-resonance relation (27) for o, o1 and o> still holds with the slight modification of the
definition of o. We can of course assume that f, g and h are non-negative functions in R>. We separate the domain
of integration into two regions.

1. 100|o| > |£]3. By Plancherel and then Holder inequality, using the Strichartz inequality (42), we infer that for
ek,

15/ |s|“3h1‘3“/2—2s—”1>h<r,s,n)/ fengung —n, & —8un=n) 4 e an ae e a
R3 R3

(o1)1/2He (og) 1/2He
f g
fr,é,n(<a>1/2+_8> .7:1,5,'7(<0>1/2+8>

2. 1000 | < [£]. Applying Cauchy-Schwarz in (1, &1, n1) and setting (12, &, m2) := (r — 71, & — &1, — 1) we
get

<

Il S A2 lgl2lallge.
4 L4

12
15/1(%5,77)[/If(n,él,m)g(rz,éz,n2)|2dt1d51d771} h(t, &, n)dt dédn, (48)
R3 R3

where, using the elementary inequality,

/ do < 1
(9_a)1+28(9_b>]+2€ ~ (a+b)]+25
R

it holds, by the resonance relation,

€| dr| 12
= A e~

R2  max(|oyl,lo2)<o|

< I8l / dgrdm \'"?
~ (O_>1/2—28 (o1 +0-2>1+28 :
R2N{|E&1 (E—&DI<Io ]}
We perform the change of variables (§1, n1) — (v, ©) with

{ v =3561(5 —§1),

n=o1+o3.
Noticing that v € [-3]o|, 3|0 ],
Ww|V2dvdu
2387 — )20 + v — pl'/2

dérdn =c

and using the elementary inequality

/ deo < 1
6 — a)l+28|9 _ b|1/2 ~ (a +b)1/2’
R

we thus infer that
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- 3lo| +oo 1/2
/< 1£11/4 Ww'2dvdu
TP Y T GE =) e v — 2
BEG
- 3lo| 1/2
ol [ /12 av /
Tl GE -0 P2 ]
——3|o

By the definition of v it holds [v| < 3|£]3, i.e. [3£% — v| ~ |£|3 and thus

|€|_1/2 3|o] |v|1/2dv 1/2
f<— STV (o) S g 7120 <,

~ (0)1/2—25 o+ v)1/2
—3lo|

provided 0 < ¢ < 1/12. This concludes the proof of (46) by applying Cauchy—Schwarz in (z, &, n) in (48). This
completes the proof of Proposition 4.3. O

For T < 1 and ¢ « 1, we have the following estimate (see [7,28])

t

/ U(r—1')F(t")dt’

0

S I Fll g1z )

1/2+¢,by,s
XT

Moreover, using [28, Theorem 3.1], we obtain that for some v > 0,
||F||X;l/2+s,h|,s <T’ ||F||X;l/2+25,b|,s. (50)

Combining Proposition 4.3, Lemma 4.2 and the bounds (49), (50), we infer that the map
t
Givs Up — / U(t —1')dc (v*/2 + Yev) dt’
0

is a strictly contractive map in the ball of radius R :=2||¢| gs of X;/ZH’I’"S provided 7' = T (R) > 0 is small enough.

Therefore there exists a unique local solution. Moreover, arguing as in Section 3.3 it is easy to check that the following
differential identity holds for our solutions:
1d 1
EE v’ = —5 / 0x (Ye) v?
R2 R2
and thus

[v@)] 2 S exp(tliveliLe) g1l 2.
This leads to the global well-posedness result.
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