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Abstract

We study flow-induced enhancement of the speed of pulsating traveling fronts for reaction—diffusion equations, and quenching
of reaction by fluid flows. We prove, for periodic flows in two dimensions and any combustion-type reaction, that the front speed
is proportional to the square root of the (homogenized) effective diffusivity of the flow. We show that this result does not hold in
three and more dimensions. We also prove conjectures from Audoly, Berestycki and Pomeau (2000) [1], Berestycki (2003) [3],
Fannjiang, Kiselev and Ryzhik (2006) [11] for cellular flows, concerning the rate of speed-up of fronts and the minimal flow
amplitude necessary to quench solutions with initial data of a fixed (large) size.
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction and the main results

It is well known that the presence of a fluid flow can significantly increase mixing properties of diffusion. The study
of this phenomenon, sometimes called eddy diffusivity, has been the aim of a large body of mathematical and physical
literature. Questions of long time—large scale behavior are usually addressed via techniques of homogenization theory
(see, e.g., [14,21] and references therein). This approach is appropriate when one can wait a long time for mixing to
take effect. The presence of other processes, however, may introduce additional time scales to the problem. One such
process is reactive combustion, which happens on short time scales and therefore requires a different approach to the
study of combustive mixing.

The effects of flows on combustion have recently been studied by various authors, both qualitatively and quantita-
tively. The main effects are two-fold. A strong flow can speed up propagation of a reaction (such as a wind spreading
a fire) [1,3,5,7,13,15-17,23,25,30,32] but also extinguish it (the “try to light a match in the wind” effect) [8,9,11,18,
27,29,31]. The models used are reaction—advection—diffusion equations, in which the first phenomenon is manifested
by the enhancement of speed of their (pulsating) traveling front solutions, and the second by quenching of solutions
with (large) compactly supported initial data.

In the present paper we study both these effects for stationary periodic flows. We consider the reaction—advection—
diffusion equation

T, +u(x)-VT = AT + £(T) (1.1)
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for the (normalized) temperature 7 (¢, x) € [0, 1] of a premixed combustible gas, with (¢, x) € R x R4, The gas is
advected by a periodic incompressible (i.e., V - u = 0) mean-zero vector field u € C l"S(Rd) (also called flow). For the
sake of simplicity, we will assume that all periods of u are 1, that is, the cell of periodicity is the d-dimensional torus
T = [—%, %]d , with —% and % identified. The general periodic case is identical. The non-negative reaction function
fecC 1.(10, 1]) accounts for the increase of temperature due to a chemical reaction such as burning, and is of the
combustion type. That is, there is 6 € [0, 1) such that f(s) =0 fors € [0, 0]U{1}, f(s) > Ofors € (0, 1), and f is non-
increasing on (1 —4, 1) for some § > 0. If 6 > 0, then f is an ignition reaction (with ignition temperature 6), otherwise
f is a positive reaction. A special case of the latter is the Kolmogorov—Petrovskii—Piskunov (KPP) reaction [19] with
0< f(s) <sf’(0) forall s € (0, 1).

A pulsating traveling front in the direction of a unit vector e € R? is a solution of (1.1) of the form T'(t, x) =

U(x-e—ct,x), with ¢ € R the front speed and U : R x RY - [0, 1] periodic in the second variable such that
lim U(s,x)=1 and lim U(s,x)=0, (1.2)
§—>—00 §—>+00
uniformly in x € R?. It is well known that under our assumptions on u and f, for each e € R? there is a unique
cx(u, f) > 0 such that a pulsating traveling front in direction e and with speed c exists if and only if ¢ = ¢} (u, f) for
ignition reactions [28], resp. ¢ € [c} (u, f), oo) for positive reactions [2].

In both cases we will be interested in the fronts with the unique/minimal speeds c(u, f). These are the most
physical ones because they determine the speed of spreading of solutions to the Cauchy problem for (1.1) with (large
enough) compactly supported initial data. An exact formula for ¢} (u, f) has been obtained for general reactions
in [10] (and for the special case of KPP reactions also earlier in [4]). Unfortunately, it is a complicated variational
expression and it is not obvious how to use it to obtain simple general estimates on ¢} (u, f).

Our goal is to derive simple estimates on the front speed ¢} (#, f), and use them to answer open questions from
[1,3,11] concerning speed-up of pulsating fronts and quenching of reaction by strong flows. We will provide such esti-
mates in two dimensions, in terms of the size of f and the effective diffusivity D.(u) of the flow u (in the direction e).
The latter quantity can be found in a much simpler way than ¢} (u, f) using (1.5) and (1.6) below. It appears in the
homogenization theory which, as mentioned above, is applicable to the study of long time behavior of the solutions
of the related linear PDE

Vi +ux) - Vi = Ay (1.3)

Despite the fact that the presence of reaction introduces a short time scale to the model, we will be able to show by
other methods that in two dimensions (but not in three!), the effective diffusivity determines the front speed up to a
bounded factor.

The long time behavior of the solutions of (1.3) is governed by the effective diffusion equation

v =V - (DW)Vy), (1.4)

where the (x-independent positive symmetric) effective diffusivity matrix D(u) is obtained as follows. For any e € R?,
let x.(x) be the periodic mean-zero solution of the cell problem

—AYe4+Uu-Vye=u-e (1.5)
on T¢. Then D(u) is given by

e-D(ue' = /(Vxe +e) (Vxe +€)dx :e~e/+/Vxe -Vxe dx
Td Td
for any e, ¢’ € R?. The effective spreading in the direction of a unit vector e € R? is now governed by the effective
diffusivity

D.w)=e-Dwe =1+ Ve (1.6)

”iZ(Td )
When the nonlinearity in (1.1) is weak (the reaction time scale is large) so that we have

T, +u(x)-VT = AT + &2 £(T)



A. Zlatos / Ann. I. H. Poincaré — AN 28 (2011) 711-726 713

with & < 1, the long time—large space scaling 7 > ¢ /&%, x > x /e gives
1 [x
T+ —-ul— ) - VT = AT + f(T).
e \¢&
The homogenized version of this equation is
T, =V-(D@VT) + f(T),

with the unique/minimal front speed in direction e depending on D.(u) and f. Although the above approximation
holds only on certain space—time scales, it does suggest a relation between ¢ (u, f) on one hand and D, (u) and f on
the other. Our main result confirms this relation in two dimensions:

Theorem 1.1. Let [ be any combustion-type reaction. There are C1(f), C2(f) > O such that for any 1-periodic
incompressible mean-zero C'-° flow u on R* and any unit vector e € R?,

Ci(H)VDeW) < cy(u, f) < Co(f)y/ De(u). (1.7)

Remarks. 1. We have the following estimates on the constants in (1.7). From the results of [25] and monotonicity of
cy(u, f)in f it follows that

o< lro sl (1+ 116, (18)

for some C > 0. If m;(f) =min{f(s)|s €[, 1 — %]} > 0 (for each f as above there is such ¢ € (0, 1)), then
from the proof of Theorem 1.1 it follows that

7Vm{(f) (1.9)
14+ /m¢(f)

for some C; > 0. We note that this estimate is optimal up to a constant for small m,(f) (due to (1.8)), but also for
large m; (f). Indeed, C1(f) is uniformly bounded above in f for KPP reactions [25] and thus for all reactions.

2. In particular, Cj(mf) ~ /m (j =1,2) as m — 0 for any fixed f.

3. In the case of KPP reactions, this result has been proved in [23,25], which also implies the upper bound for
general reactions (see Remark 1). This case is considerably simpler due to the fact that ¢} (u, f) = ¢} (u, f ), where
f (s) = f'(0)s and ¢} (u, f ) is the minimal front speed for the linear equation (1.1) with f in place of f. (Fronts for

f do not converge to 1 as x - e — —oo but rather grow exponentially.)

Ci(f) =2 C;

The relation ¢} (u, f) ~ C(f)~/D.(u) is analogous to that in the case of # = 0 and constant diffusivity matrix
D > 0. Indeed, spatial scaling x — ~/Dx shows that the unique/minimal front speed in the direction e for T; =
V- (DVT)+ f(T)is C(f)Ve- De (with C(f) =c}(0, f) independent of e). The problem with u 0, however, is
that the convergence of solutions of (1.3) to those of (1.4) occurs on large time scales, while solutions of (1.1) can be
effectively estimated using (1.3) on short time scales only. We will therefore study short time diffusivity for (1.3) in
Section 2 and relate it to D,(u) in Theorem 2.1 below. The theorem, which applies in all dimensions, will be a key
step towards overcoming this problem for d = 2.

The restriction to two dimensions comes from Theorem 3.1 below, a relation between the speed and the width of a
front. It turns out, in fact, that this result and Theorem 1.1 are false in dimensions d > 3, and Theorem 5.1 shows that
the bounds in (1.7) cannot hold with flow-independent C(f) and C,(f) for d > 3!

This raises an interesting question about large deviations of the stochastic process X; from (2.1), corresponding
to (1.3). If I, is the rate function for Z;"° = (x — X}) - e (i.e., lim/ 0ot~ InPo(Z)¢ > ct) = —1I, ,(c) for ¢ > 0
and any x), then I , (¢} (u, f)) = f'(0) holds for KPP reactions. From [25] we know that in two dimensions we have
@, )/ D) = 2\/f’(0) + O(f’(0)3/4) for small f’(0) and KPP f, with an (e, u)-independent error bound. This
means that 1, , (c) & c2 /4D, (u) for c < /D, (u), in the sense of 4D, (u)Ie,,,(c)/c2 — lasc/v/De(u) — 0, uniformly
in e, u. That is, effective diffusivity D, (u) yields a good approximation of the rate function /Z, , (¢) for ¢ < /D, (u) in
two dimensions. However, Theorem 5.1 shows that this is not true for general flows in more dimensions. At this point
we do not know how to explain this difference.
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Fig. 1. Streamlines of the cellular flow uc];.

Motivated by a conjecture from [1,3] (see Corollary 1.3 below), we are particularly interested in the strong flow
asymptotics of the unique/minimal speed c}(Au, f) for

T, + Au(x) - VT = AT + f(T), (1.10)

with the flow profile u as above and flow amplitude A € R large. A natural question is which flow profiles are able to
arbitrarily speed up fronts provided their amplitude is large enough (see [1,3,13,17,23,25,27,30,32]). Having proved
Theorem 1.1, this question in two dimensions becomes equivalent to the question of the asymptotics of D,(Au). The
latter is much simpler since D,(Au) can be computed via (1.5) and (1.6) with Au in place of u. In particular, it has
been proved in [6,12,25] (see, e.g., Proposition 1.2 in [25]) that in any dimension, limsup,_, ., D.(Au) < co when
the equation

u-Voo.=u-e (1.11)

has a solution ¢, € H 1(T9), and lim4_, o D.(Au) = 0o when (1.11) has no such solution. We therefore obtain the
following characterization.

Corollary 1.2. Let u(x) be a 1-periodic incompressible mean-zero C'-% flow on R?, let e € R? be a unit vector and f
any combustion-type reaction.

() If (1.11) has a solution ¢, € H'(T?), then
limsupc) (Au, f) < oo. (1.12)

A—0o0

(i) If (1.11) has no solutions in H'(T?), then
lim c¥(Au, f) = oco. (1.13)
A—>00

Remark. This result has been proved in [25] for KPP reactions but is new for general f.

Of particular interest have recently been both percolating and cellular flows. Percolating flows possess streamlines
(solutions of the ODE X’ = u(X)) joining x - ¢ = —o0 and x - ¢ = 00, a special case being shear flows u(x) =
v(x2, ..., xq)er1. Existence of such streamlines has obviously a strong effect on speed-up of fronts. Cellular flows, on
the other hand, possess only closed streamlines, a prototypical example being ucey (x) = V- (sin 27x; sin 27x2) whose
streamlines are depicted in Fig. 1. Their effect on speed-up of fronts is therefore more subtle, with diffusion across a
thin boundary layer near the flow separatrices playing an important role. The interest in these flows stems from them
being ubiquitous in nature. They appear as a result of instabilities in fluids such as Rayleigh—Bénard instability in heat
convection, Taylor vortices in a Couette flow between rotating cylinders, or heat expansion driven Landau—Darrieus
instability.

Corollary 1.2 shows speed-up of fronts in the sense of (1.13) for both percolating and cellular flows but known
estimates on the effective diffusivity and Theorem 1.1 yield more precise asymptotics. For percolating flows
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*(A (A
0 < liminf SeA% ) < limsup A% 1) “f) o
A—00 A—00 A

(1.14)

has been conjectured in [1] and later proved for all f in [17], and can also be recovered from Theorem 1.2 in [32] and
Theorem 1.1. The asymptotic ¢} (Aucen, f) ~ A/# for the above cellular flow has also been conjectured in [1,3] and
obtained in [23] for KPP reactions, but the best result for general reactions has been A!/3 S i (Aucens f) S AY* for
e=ep [17].

Using Theorem 1.1 and the estimate D,(Au) ~ A2 from [20], we now obtain the conjectured asymptotic from
[1,3] for general incompressible periodic cellular flows and all f. We also need to assume, as in [20], that the stream
function of the flow has only non-degenerate critical points (otherwise the result is not true in general). That is, there is
a periodic C>? function H : R* — R with only non-degenerate critical points such that u = V- H = (—H vy Hy,) and
the complement of the level set H = 0 has only bounded connected components (flow cells). Notice that this allows
for almost arbitrary periodic geometry of the flow cells. We will call such u periodic non-degenerate cellular flows.

Corollary 1.3. Consider a 1-periodic non-degenerate cellular flow u on R?, let e € R* be a unit vector, and f any
combustion-type reaction. Then
o (Au, . o (Au,
0< liminfw < limsup ce(—uf)
A>oco  Al/A Ao AlA

(1.15)

As mentioned above, we also address the closely related question of quenching of reaction by cellular flows.
Quenching occurs in the Cauchy problem for (1.1) with initial data 7' (0, x) = Ty(x) when ||T (¢, )|lco = 0 as t — oo.
This happens for ignition reactions when T is small in some sense so that 7' (z, -) becomes uniformly smaller than
the ignition temperature for some t > 0 (and thus T solves (1.3) for > 7 by the maximum principle). But sometimes
even large initial data can be quenched with the help of enhanced diffusion due to mixing by strong flows.

It has been proved in [11] that the flow Auce quenches initial data supported in a strip of width L provided the
amplitude A > L*In L. The authors also conjectured that the factor In L can be removed (heuristically, the minimal
quenching amplitude should be such that ¢} (Au, f) ~ L, ie.,, A~ L*). We prove this conjecture for all periodic
non-degenerate cellular flows on R2, which are also symmetric across the x, axis (i.e., the stream function H is odd
in x1). We will call such periodic non-degenerate flows, which include uce)j, Symmetric.

Theorem 1.4. Consider a 1-periodic symmetric non-degenerate cellular flow u on R2. There are yg > 0 (independent
of u) and C, 9 > 0 such that if f is an ignition reaction with ignition temperature 6 > 0 and || f (s)/s|lco < Vo, then
initial data To(x) € [0, 1] supported in [—L, L] x R are quenched whenever A > Cy, o L4,

Remarks. 1. We note that the bound yp on f is in fact necessary. It is easy to show that if f is large enough, then
even a single cell with Dirichlet boundary conditions can support the reaction for any A [11].
2. As in [11], scaling shows that || f(s)/s|lcc < ¥ can be replaced by the requirement that the period of u be

smaller than ||f(S)/S||cl>éZV9_l/2-

The rest of the paper is organized as follows. In Section 2 we introduce our main technical tool, Theorem 2.1, relat-
ing short and long time diffusivity of (1.3) in any dimension. In Section 3 we prove Theorem 3.1, a relation between
the speed and the width of a front in two dimensions, and then Theorem 1.1. In Section 4 we prove Theorem 1.4 and
in Section 5 we provide a counterexample to Theorem 1.1 in three and more dimensions.

2. Short time diffusivity of periodic flows
In this section we show that there is a close relation between short- and long-time diffusivity of the parabolic

operator in (1.3). The results contained here are valid in any dimension.
Consider the stochastic process X; starting at x € R? and satisfying the stochastic differential equation

dX} =~2dB, —u(XF)dt,  X§=nx, 2.1
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where B, is a normalized Brownian motion on R¢ with By = 0 (defined on a probability space (2, Bso, P2)). By
Lemma 7.8 in [24], we have that if i solves (1.3) with (0, x) = ¥9(x), then

Y, x)= / Yok (x, y)dy =Eq (¥o(X7)), (2.2)
R4
with k;(x, y) the fundamental solution for (1.3) and E; expectation with respect to w € §2. That is, k;(x, -) is the
density for X;.
We also have that if T solves (1.1) with T(0, x) = To(x) and o(x) = To(x) = 0, then by the comparison princi-
ple [26], for all ¢, x,

0<Y(t,x) <T(t,x) <Oy x). (2.3)

We will use this relation to obtain short time upper estimates on the solution of (1.1).
We start the study of short time diffusivity for (1.3) with noting that uniformly in x € R¢,

X _ 12
lim Eg <M> = D, (). 2.4)
t—00 2t

This is based on the fact that

Eq(|(X) —x)-e*) = /|(y —x)-ek(x, ) dy = /\(ﬁy —x) - e 19k, (x, T y) dy
d d

and the following estimates on k; (x, y):
192k (x, V1 y) = k§(0,y) in L*(R?) as t — oo, uniformly in x;
0<ki(x,y) < Cr=d/2e==yP/Ct for some u-dependent C > 0.
The first is the standard homogenization limit (see, e.g., [14,21]) with

1
Jdet (D)) (4rt)d/2

the fundamental solution of (1.4), the second is the Nash—Aronson estimate for mean-zero flows (see, e.g., [22]). The
limit (2.4) now follows from

VD 2 D
/Iy e’k (0, y)dy = /' (4(”)5/26' ez _/ & (4]1)2’26' e dz = 2D, (u).

—x)- —1ly—
K (x, y) = o= =0 D)~ (y=x) /41

The main result of this section is a lower bound on short time diffusivity for (1.3):

Theorem 2.1. There is C > 0 such that for any T > 1, any 1-periodic incompressible mean-zero Lipschitz flow u and
any o > 0 there are x € R andt € [0, T] such that

Po(|(Xf —x)-e| >ayTD.(u)) > 1-Ca. (2.5)

Proof. We first note that if £ = T¢ x £2 is equipped with the product probability measure (i.e., the first coordinate
x € T4 is uniformly distributed), then (2.4) gives

X _ 12
lim E <M> =D, (u), (2.6)

t—00 2t

where the expectation is with respect to (x, @) € £2. Then we have

Lemma 2.2. There is C > 0 such that for any © > 1 and u as in Theorem 2.1,

Eg(|(X —x)-e’) > CtDe(w). 2.7)
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Proof. Let us first assume 7 = 1. For x € T, let X F=X/mod1le T be the process corresponding to (1.3) on T¢.
We note that X7 is uniformly distributed over T as a random variable on £2. Indeed, if B € T¢ and Yo(x) = xp(x),
then for each t > 0,

Pé(ffeB)=/w(t,x)dx=/w(o,x)dx=|B|
Td Td

because the evolution (1.3) preserves the total mass of .
We next let Y;* = X — X7, and Z} = Y;* - e. Then periodicity of u implies
x* X* ~
Yi=XT =X =X - X

in law. Since the X ;‘71 for all + > 1 are identically distributed as random variables on S~2, the same is true for the
increment displacements Y;* as well as the Z}. In particular, for each ¢ > 1,

Es(z ) =Eg (121 ). 2.8)

We also have (X3, —x) -e= fozl Z} for any N € N and so by (2.6),

N
> Eg(ZyZy) =2ND.(u) + o(N). (2.9)

n,m=1

Since |[Es(Z; Z))| < Eg(1Z7 |2) is obvious from (2.8) and the Schwarz inequality, we will obtain (2.7) for 7 = 1 if
we can show the existence of u-independent M € N and y > 0 such that

Eg(Ziz5)| <27 "Eg (|21 ]) (2.10)

whenever |m —n| > M + 1.
We denote 7, (x,y) =) jeza ki(x,y + j) the fundamental solution for (1.3) on T¢, with k, from (2.2). We then
have

fht(x,wdy:fht(x,y)dx:l. @11
Td Td

By Lemma 5.6 in [9], there is M € N such that for all u as above, ||l (-,) — 1]lco < % The maximum principle gives
1A (s) — oo < llhs(-y-) — 1]l oo for ¢ > s and this together with (h; — 1) * (hy — 1) = hy4s — 1 (from (2.11)) implies
forallm > M and y = 2M)~ !,

[y =1 <2770, (2.12)
As a final prerequisite, we note that
Y+ —xkix,y+ j)dxdy=0. (2.13)
a2 JE2

This can be obtained by taking the initial datum ¥o(x) = xga(x) in (1.3) on R? and evaluating

d

P xydx =/xA1// —xV .- (uy)dx =/uwdx =/u(x) Z Yv(t, x4+ j)dx =0,
R4 R R Td jezd

where we used integration by parts (with the Nash—Aronson estimate for /), the fact that ) jezd Wt x+j )=1and

u being mean-zero. Thus for each ¢ > 0 (recall that Td = [—%, %]d),

Ozfxw(t,x)dxz / xk:(x,y)dxdy = / (x — )k (x,y)dxdy

R4 Rd xTd Rd xTd
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because fRd vk (x,y)dx =y. Now (2.13) follows from periodicity:
0= [ Yw+i-vha+inddy== [ Y -j-xkty-jdxdy.
(Td)2 jezd (Td)2 jezd
In what follows we denote x, = x - e for x € R?. Form —n > M + 1 we have by k; x kg = kiys,
’E[} (Z;); Z2)| = Xn = Xp—1)e(Xm — Xm—1)ekn—1(x, Xxn—1)k1 (xXn—1, Xs)
de(Rd)4

X ki —1—n(Xns Xm—1)k1 Com—1, X)) dx dxp—y dxp dXpy—1 dxp,

= Z (Xn 4+ J = Xn—DeCm +1 — X1 ehn—1(x, Xp— 1)kt (Xp—1, X5 + j)
(Td)S j.lezd

X hp—1—nn, Xm—1)k1 (X =1, X + D dx dxy—1 dxy dxy—1 dxp,

Here we have used the fact that

> Gm+ P —Xmo1 = @ekm1-nCn Xm—1 + k1 Xm—1 +q. X + p)

p.qeZd
= Z(-xm +1—xpm-1)e Z kp—1-nXn, Xm—1 +@Qk1(xp—1 +q, X +1+q)
lezd qe74
= Z(xm +1—xm—1)ek1(Xm—1,Xm +1) Z kpm—1—n(Xn, Xm—1+q)
lezd qe7d
= Z(xm +1—xm—1ehm—1-nXn, Xm—1)k1 m—1, Xm +1)
le7d

(due to periodicity of ) and similarly

Z (x, + P—Xn—-1— Q)ekn—l(xa Xn—1 +Q)k1 (Xn-1 +q,xn, + [7)
p.qeZd

=Y Ot 4 J = X Dehtn—1(X, X1k Con1, X0 + ).
jezd

The integral with respect to x can now be eliminated along with A4, _1(x, x,,—1) because de hp_1(x, x,-1)dx = 1.
Notice that (2.13) gives
Z X +1 = Xm—1)ek1 Com—1, Xm +1) dxp—1 dx,;, =0,
(Td)2 lezd
and so (2.12) and Schwarz inequality imply
2|y (7373)
=2y(m7n) / Z (xXn +J —xXn—1)e(xXm +l_xm—1)ekl(xn—lvxn+j)

(Td)4 j,lGZd

X [hmflfn(xna Xm—1) — 1]kl(xmflaxm +Ddxp—1dx, dxy—1dxy
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1/2

. 2 .
< ' Z |(xn +J- xn—l)e| k1ot X + Pkt o1, X + D dxp 1 dxp dxpy 1 dxp
(Td)4 j,leZd
12

2 .
) ’ / Z |(xm +1 _xm—l)e| k1 (xxn—1,%n + k1 (Xm—1, Xim + 1) dxp—1 dxp dxp—1 dxp
(Td)4 j,leZd

172
Z' / Z‘(xn+j_xnfl)e’zkl(xnf],xn‘|‘J.)dxn71dxn
(rdy2 J€2
12
X Z|(xm +l_xm—l)e|2kl(xm—laxm + D dxpm—1dxp
(T9)2 lezd

2,12 2\1/2
=Es(1Z:) "Eg(1Z0])
Now (2.8) yields (2.10), finishing the proof for = 1. The general case is identical, this time with ¥;; being X}, —
an_l)t, the same y, M and C, and 2N replaced by 2Nt in (2.9) (one actually gets C — 2 as T — 00). [

We will now prove (2.5) with C = 10C-1/2 by contradiction. Assume that for some u there are T > 1 and o > 0
such that for any x € R4 and any t € [0, 7],

IP_Q(|(Xf —x) ~e| < a‘/tDe(u)) > Ca. (2.14)

We first claim that (2.14) implies for the above C and each x € RY,

4V Delu) ) S 1 (2.15)
C = . .

Pg(Vte[O,t]: |(X) —x)-e| < 5

Indeed, if this is not true, let x be such that the probability in (2.15) is less than % This means that there is a subset

2’ C £2 of measure more than % such that if #;(w) > 0 is the first time the (almost surely continuous in ) path
X} = X7 () hits the set

Hi={yeR!||y—x) e|=2jay/tDc(w)}.

then 7j(w) < 7 for each w € 2" and j =0, ..., L%J. Now the strong Markov property of the process X7, the fact
that T —¢; € [0, 7], and (2.14) imply that for j =0, ..., L%J the following conditional probability satisfies

Po([(X7 —x)-e| € (2j — Day/TD.(u), 2j + Day/tD.(w)) | B;;) > Caxar (o),

with B;; the o -algebra corresponding to the stopping time #;. Thus

. . Ca
Po(|(XF —x)-e| € (2j — Day/TDe(w), 2j + Day/TDe())) > -
for j =0,..., L%J. Since %(L%J + 1) > 1, this is a contradiction, thus proving (2.15).

Now (2.15) and the almost sure continuity of X} in ¢ show for each x € R4 and each j=1,

RO J
pQO(Xg_x).eDW) g(%) _

That, however, means
o 16TD,(u) ST TN 1\ 96tD.w) -
Ea(|(X: —x)-¢f) s —m— ;J 5] —(3) | <Cepew,

contradicting (2.7). This finishes the proof of Theorem 2.1. O
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3. Pulsating front speed in 2D

We will now prove Theorem 1.1. The upper bound in (1.7) is immediate from the results in [25]. Indeed, the same
bound has been proved there for KPP reactions with C>(f) =C \/ O+ \/ f7(0)). One thus only needs to apply
this result to some KPP f such that f < f and || £(s)/s]lcc = £'(0), and use the fact that c¥(u, f) < c(u, f) due to
<7

We will now prove the lower bound in (1.7) using Theorem 2.1 coupled with the following bound on the width of
the front in terms of its speed. We note that we can assume 7; > 0. This has been proved in [2] for all ignition reactions
(and also for positive reactions with f'(0) > 0), and the lower bound in (1.7) for any ignition reaction f < f proves
the lower bound for f because again ¢ (u, < ci(u, f).

Theorem 3.1. There is Co > O such that for any 1-periodic incompressible mean-zero C'® flow u on R?, any unit
vector e € R?, and any combustion-type reaction f the following holds. If f > m Xic.g1 for somem > 0and 0 < ¢ <
E<1,e€(0,(6—2¢)/2), and T(t, x) is a pulsating front for (1.1) with speed ¢ > 0 and T; > 0, then there is z € R
such that for any t € R any connected set B with

Bg{xeRz|x-e}z—i—ct—i—cCo(m71—i—efz)—}—2andT(t,)c)2;—}—5}53[+
or
Bg{xeRz|x-e<z+ct—cC0(m_l+£_2)—2andT(t,x)<§—a}EBt_

satisfies diam(B) < %.

Remark. The above form of this result will be sufficient for our purposes. Its proof in fact shows that the set of x
such that T (¢, x) > ¢ + e resp. T (t, x) < & — ¢ covers less than 1% of any unit square lying in the half-plane x - e >
z+ct+cCom P +e72)+2 resp. x -e < z+4ct —cCo(m™" + £72) — 2 (and this bound decreases as Cy increases).
That is, for any ¢, outside of a spatial strip of width 2CC()(m_1 + 8_2) + 4, values of T'(¢, -) are mostly outside of
[ 4+ €,& — €]. This yields a bound on the width of the front in terms of its speed.

Proof. Let T(¢t,x) =U(x - e — ct, x) with U (s, x) satisfying (1.2), so that
—cUs+u-VeU~+u-eUs =AU+ Uss +2e-V,Us + f(U). (3.1

Integrating this over I' =R x Iy =R x [0, 1]*> and using 1-periodicity of U in x, (1.2), and u being incompressible
and mean zero, we get

/f(U(s,x)) dsdx =c. (3.2)
r

Similarly, multiplying (3.1) by U and integrating over I" yields

%—l—/|VxU—|—eUS|2dsdx=/f(U(s,x))U(s,x)dsdx.
r r

The right hand side is bounded above by c thanks to (3.2) and so

/f(T(t,x))dt dx =1, (3.3)
r

. 34

N =

/|VXT(t,x)|2dtdx<
r

Let T(¢) = fFo T(t,x)dx € [0, 1] so that 7, > 0 because 7; > 0. Assume that T (r) € [{ + 5.& — 51 for some .
Then the Poincaré inequality ||7 (¢, ) — 7_"(t)||Lz(1~O) S CilIVaT (@, )l 2,y for some Cy > 2 gives either || T(z, ) —
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T(t)||Lz(1~0) 4 or |V, T(t, )||Lz(1-0) —~. In the first case the set of x € Iy with |T' (¢, x) — T(t)| > % has measure
less than § and so Jr, (T, x))dx > 'g . Thus (3.3) and (3.4) show that the interval of all # with 7'(1) € [¢ + 5, & — £]

has length at most % + 88%'2

Assume now 7' (1) < ¢ —i—% and that there is a connected set B C {x € Iy | T (¢, x) > ¢ +¢} with diam(B) > % (such
t form an interval due to 7; > 0). Projection of B on one of the axes (let us say x1) is then an interval [ of length more
than g¢. If for each x; € I there is x2 € [0, 1] such that T'(z, x1, x2) < ¢ + s then |V T(t, )12 2 16- If on the
other hand T(t,y,x2)=2¢+ 348 for some y € I and all x; € [0, 1], then there is J € [0, 1] of measure at least % such
that either 7' (¢, x1, xp) > 8 for all (x1,xp) € [0, 1] x J or T(t,x1,x7) < 58 for each x, € J and some x3- dependent
x1 € [0, 1]. In the first case ||T(t D= T(t)||Lz(F0) £, and the Poincaré 1nequahty glves VT, )2y 2 56, In
the second case ||V T (t, )l 2, 2 12 In either case we have ||V T (7, )12 = so the interval of the ¢ above

Cl

8C1 ’
has length at most

The same is true for t such that T(r) > & — % and there is a connected set B C {x € Iy | T(t,x) < & — ¢} with

72C2
5—21 such that for + < a connected subsets of

diam(B) > %. Thus there is an interval [a, b] with b —a < % +
{x e Iy | T(t,x) = ¢ + ¢} have diameter at most % and the same is true for ¢ > b and connected subsets of {x € I |
T(t,x) <& —c¢}

Finally, let z = —c“;b and Cp = 36C?2, and assume that for some 7 a connected set B C B,+ contains a point X.
Then with | x ] the integer part of x,

- [X]-e -
T(t,x):U(x-e—ct,x):U(x-e—ct,x— |_xj)=T t— ,x—|x] ).
c
We have using X € B,

%ga—i—b

— 36C%(m7] +872) <a

and so diam(B) = diam(B — |x]) < % by the statement in the last paragraph (in fact, to handle B not lying entirely
inside a square with integer corners, we need to consider Iy = [—%, 1+ %]2, which only changes Cy by a fixed
factor). A similar argument takes care of sets B C B, , thus finishing the proof.

Notice that if B is not required to be connected in the proof, then one still obtains the bound 11—6 on the measures of
its projections on the axes. This proves the remark. 0O

Proof of Theorem 1.1. As mentioned above, we only need to prove the lower bound in (1.7) and only assuming
2 2
T; >0.Forc € (0,1) letéE=1— (I—Tg) and ¢ = (1_8“ , and pick M, a; > 0 so that with C from Theorem 2.1,

(+e  1—(E—g)e ™

<1—-Ca,. 3.5
E—e  1-(C+e) * ©:3)
This is possible because if ¢’ > ¢ +cand 1 — <§ e (e.g., §_1+7c) then
_e?
(+e 1-G-o __ ¢ +“2“_]_<1+;/2><1—;’><
E—e I-(@+e) 0= T 0—¢ 2042 ¢

Let us choose ¢ so that f is strictly positive on [¢, £] and denote m = minge[; £] f(s) > 0. It is sufficient to assume
that

m< M and  f(s) < @s for s € [0, 1]. (3.6)

Indeed, otherwise consider f(s) = mln{f(s) Zs,M;s} (which satisfies (3.6) with m = minge g f(s) =

min{m, M;¢} in place of m) instead of f and then use c;(u, f) < i (u, f). Note also that (1.9) for all m;(f) €
(0, M ¢) proves (1.9) for all m;(f) > 0 (with a different C;). So let us assume (3.6).
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Let T be a pulsating front for (1.1) in direction e and with speed ¢ (i, f), assume z = 0 in Theorem 3.1 (otherwise
shift T in time by z/c} (u, f)), and let t = M;¢/m > 1. Theorem 2.1 and (3.5) show that there is x € R2and ¢ € [0, 7]
such that either

IPQ((X;‘ —x) e < —a;\/ng(u)) >

g J_ri 3.7)
or
1= (€ — )/t

IP_Q((X;‘ —x) » (x;\/tDe(u)) > . (3.8)

1—-(+e¢)

We now claim that

1
T De () = 15 <, )t +2c; @, HHCo(m™" +67%) +8. (3.9)
If so, then t < 7 = M ¢ /m gives
Civ/mD,(u) — Com
C3+ Cym

with some ¢-dependent positive constants. Since D,(#) > 1 by (1.6), this then gives Csi/mD,(u) < c}(u, f) for
some Cs > 0 and all small enough m > 0, thus proving (1.7) and (1.9) for all m(f) > 0.

It remains to prove (3.9), and it is sufficient to consider a;+/7 D, (1) > %. Assume first (3.7). Due to spatial
periodicity of u we can assume for x, ¢ from (3.7),

<c(u, f)

|x-e—ciu, )t —ciu, fHCo(m™ +e72) —4| < 1. (3.10)
We can also assume

T(t,x)<+e¢ @3.11)

at the expense of changing (3.7) to
§+e

]P’g((Xf —x) e < % —OlC\/TDg(M)) > :

This is because Theorem 3.1 shows that the largest connected set B of points satisfying (3.10) but not (3.11) and
containing x (if it is non-empty) has diam(B) < % (recall that z = 0). Hence almost sure continuity of X} in ¢ shows

(3.12)

for any B < —%,

Pa((X: —x)-e <B) < sup Po((X]—x)-e<p)< sup Pg<(xg’ C))e<Bt i).
yeBB yeaB 10
s€[0,¢] s€[0,1]

Let I" be the union of all connected components of the set I” = {y € R?|T(0, y) < & — ¢} lying entirely in
(yeR?|y-e< —ci(u, f )Co(m ™" + &%) — 2}. Then by Theorem 3.1, each connected component of I" has diameter
at most 11—0 and

ror'n {y € R? | y-e< —cj(u, f)C()(m_l +8_2) —3}. (3.13)

Let ¢ solve (1.3) on the domain R? \ I" with (0, y) = T(0,y) for y e R>\ I" and ¥ (s,y) = T(s,y) (= £ — ¢
because T; > 0) for y € 9I". Then similarly to (2.2) and (2.3),

Y (t,x) =Eo(T(0, X} ) xost + T(t — 0, XE) xo<t) = Ea(T(0, X}) xost + (€ — ) xo<r), (3.14)
with 0 = 0 (@) = infxx(w)er s, and

0<Y(t,x) ST, x) <™yt x). (3.15)
If (3.9) is violated, then (3.10) and (3.12) show that
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+e
£E—¢
so that (3.13) and (3.14) yield ¥ (¢, x) > %(5 — &) = ¢ + €. But this contradicts (3.11) and (3.15), so (3.9) is valid

and we are done in the case when (3.7) holds.
Let us now assume (3.8). Here one uses a similar argument with (3.10), (3.11), and (3.12) replaced by

Po(X; -e <—ci(, HCo(m™" +67%) =3) >

|x-e+ciu, )HCo(m™" +e7%) +4] <1, (3.16)

T0,x)>¢ —e, (3.17)
. 1 1 — (& —g)e™m/¢

PQ((X[ —x)-e}a@/‘l:De(u)—E)> I—C+o (3.18)

and I" the union of all connected components of the set I/ = {y € R? | T(t, y) > ¢ + ¢} lying entirely in {y e R?| y -
e=ci(u, fit+ciu, f)Co(m_l +e H+ 2}. Again each connected component of I" has diameter at most 11—0 and

ror'n{yeR?*|y-exciu, fir+ciu, f)Co(m " +e72) +3}. (3.19)
If (3.9) is violated, then (3.16) and (3.18) show

1— (& —g)e ™/t

X Sk K -1 -2
IP’_Q(Xt ~€>Ce(u,f)t+69(”’f)C0(m te )+3)> 1—(C+¢)

9

and so (3.19) and

Y(t,x)= EQ(T(O7 X;C)X<r>t + T(f -0, X();)Xoét) <Eg (T(07 X;C)X(T>t + &+ S)Xogt)
(with ¢ defined as above) yield

1— (& —e)e ™M/t 1— (& —e)e ™\ —_
Yt x) < I—Cte) (§+8)+(1— I to) )—(E—S)e .

This again contradicts (3.15), (3.17), and T; > 0, so (3.9) is also valid when (3.8) holds. O

4. Quenching by cellular flows

Proof of Theorem 1.4. It is obviously equivalent to consider the problem on R x T with Ty supportedin [—L, L] x T,
which is what we will do (here T = T"'). It has been proved in [20] that periodic non-degenerate cellular flows in two
dimensions have D,(Au) ~ A2 a3 A > 0 (the special case of ucep has been treated earlier in [12]). It is therefore
enough to prove that a 1-periodic symmetric non-degenerate cellular flow # quenches solutions of (1.1) when

| f )5 < vo 4.1

and Ty is supported in [—bg~/D,(u), bg~/D.(u)] x T, with e = e; = (1, 0) and some by > 0. Having Theorem 2.1 at
hand, the proof is similar to that of Lemma 4.2 in [30].

Let us prove the last claim. We only need to consider large enough D, (1) because solutions supported in [—bj,, by ]
are quenched for any u provided (4.1) holds and by, > 0 is small enough [29, Theorem 1.1(ii)]. By the comparison
principle, it is sufficient to consider initial data To(x) = x[—r,2](x1) with L = L%./De (u) — %J and C from Theo-
rem 2.1 (then we can take bg = 62(128C) ! min{1, 2by,/3} and have bg~/D, (1) < max{by, L}). Let ¥ be the solution
of (1.3) with initial datum ¢ = Tp. We first claim that there is a continuous curve 4 : [0, 1] — [0, 1] x T such that
h1(0) =0and k(1) =1 (with the subscript 1 again denoting the first coordinate of a vector), and for all s € [0, 1] and
t>1,

Y (1, h(s)) < % (4.2)

To this end we let ¢ be the solution of (1.3) with initial condition ¢ (0, x) = x[—x—2,k](x1) where K = [8LO~ 1.
Theorem 2.1 with
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K+2 _8L+40 _ 6
VD.w)  6/D.w)  8C

shows that there are 7 < 1 and y € [—1, 0] x T such that

o=

0
¢(t.y) =Po((XY), e [-K —2,K]) < g
The maximum principle for (1.3) implies that the connected component of the set
0
(t,x) €0, 7] xRx’JI“qb(t,x) < g}

containing (r, y) must intersect

xeRxT‘q&(O,x)g%}=(R\[—K—2,K])x']1‘.

Since by symmetry ¢ (¢, x1, x2) = ¢ (¢, —2 — x1, x2) for x1 > 0, this means that there is a curve h(s) joining {0} x T
and {K} x T such that for each s there is 7y, < T with

¢ (75, h(s)) =P ((X2V), e [-K —2,K]) < % 4.3)

Lemma 2.1(iii) in [30] shows for any M € N, ¢ > 0, and any 1-periodic symmetric flow,

yil 77!
Pa(lxi|<m)<| S|

Applying this with M =L, y = Xg(s) and t — 75 (for r > 1 > 7,) in place of ¢, we obtain using (4.3) for any t > 1
and s,

X 0 oN[K]™' o o\o 0
vono) =ra(xivl <)< g+ (1-6)[ | <5+ (1-5)5 <5

which is (4.2) (after reparametrization of /4 and restriction to s € [0, 1]).

Symmetry of u and 1 implies that (4.2) holds for k(s) extended to s € [—1, 1] by h(—s) = (—h1(s), ha(s)).
Finally, (4.2) applies to h(s) extended periodically (with period 2) onto R. The last claim holds because ¥ (¢, x) >
Y(t,x +(2,0)) when x1 > —1 (and ¥ (¢, x) > ¥ (¢, x — (2,0)) when x1 < 1). This in turn follows because ¥ (¢, x) —
v (t,x + (2,0)) solves (1.3) with initial datum that is symmetric across x; = —1 and non-negative on [—1, 00) x T,
and hence stays such by the symmetry of u across x; = —1 (the latter is due to the symmetry of u across x; = 0 and
periodicity).

This means that ||[Y(t 4+ 1, )|leo < |72, oo + % where 7 is the solution of (1.3) on the torus [—1,1] x T
(with —1 and 1 identified) with n(0,x) =1 and n(¢, h(s)) =0 for t > 0 and s € [—1, 1]. Then Lemma 2.3 in [30]
shows that there is a universal constant 8§ > 0 such that || (f + 1, -)[lece < 2¢7% + %. We let g = %ln% + 1 so that

IV (t0. )loo < §. I now yp = 7, ' In2, then

1T (0., <e’™|¥(te.)] <6
The maximum principle then implies that for ¢ > 74 the function 7' solves (1.3) with ||T' (¢, -)|co < 6, and quenching
follows. O

5. A counterexample in 3D

In this last section we show that our main result, Theorem 1.1 does not hold in three and more dimensions. The
counterexample we provide also shows a breaking of symmetry in more dimensions. Specifically, despite the fact
that D,(u) = D_.(u) for any e and u, it is not true that ¢ (u, f)c* ,(u, )~ is bounded by u-independent positive
constants when d > 3.
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Theorem 5.1. Assume d > 3, e = e1, and f is any KPP reaction. Then there is no C1 > 0 such that for any 1-periodic
incompressible mean-zero cls flow u on RY we have cx(u, f) = C1/D.(u), and there is no Cp < oo such that for
any such u we have c;(u, f) < Cax/D.(u).

Proof. We will use the following two results from [32]:

c*(Au, u-e)w?dx

lim —e( f = sup —de( )2

A—o00 A weZ lwll3
IVw|2< /O lwl

. A/D.(Au) de (u-e)wdx
lim —— =sup ————,

A—00 A wel ||Vw||2

where
IE{U)EHI(Td) |u-Vw:0}.

We let e = e1 and we will assume d = 3 since the general case is analogous. Let y > 0 be a smooth characteristic
function of the unit disc in R? and for small R > 0 let xz(x2, x3) = RZ||x ||1_1 Zj,keZz x TR b k) We will con-
sider the mean-zero periodic shear flows Aug(x) = (Aupg(x2, x3),0,0) with A € R and u g (x>, x3) = xr(x2,x3) — 1.
In this case the elements of Z are precisely the w € H'(T?) which are independent of x; and the above formulae

become

*(Aug, urw?dx, dx
li Ce(Aur, 1) f)= sup —fT2 u 22 3, 5.1
A=—00 | Al weZl’ ”w”z
IVwl3< /(O w3
ci(Aug, f) _ sup fTZ(_uR)wz dxydx; 5.2)
A--cc A wel' lwl3 ’

IVwl3< £/ O)[lw]3

VD, (Aupg) — sup sz urwdxydxs

(5.3)
A—zoo |A| wel’ Vw2

where 7/ = H'(T2) and e = e.
For (x3, x3) € [—%, %]2 =T?andr = /xg +x§ let wg (x2, x3) = max{0, min{log ﬁ, log 21—r}}. Taking w = wg we

see that RHS of (5.3) 2 log z for small R. On the other hand, —ug < 1 and so RHS of (5.2) < 1. This proves the
first claim.

Now let wg be the maximizer of the RHS of (5.3), which exists by [32], normalized by [[Vwgll2 =1 and
sz wpg dxy dx3 = 0. The Poincaré inequality then gives ||wR||2 < C for some C > 1. Let C = max{C, (f N1y,
choose Kg € R so that ||wg —I—KR||2 = C, and define wg = wr + Kgr. Then 1 = ||VwR||2 = ||wR||2/C f! (0)||wR||2
(so wg enters in the RHS of (5.1)) and wg also maximizes the RHS of (5.3). Schwarz inequality, ||wR||% =C,
ur = xg — 1, and the previous paragraph then imply

[
/XRwRdxzdx3+ﬁ>/uRwRdxzdx3=RHs of (5.3) > logE (5.4)
T2 T2

for small R. But then taking w = wg, in (5.1) and using Schwarz inequality, sz Xrdxadx3z =1, and (5.4) gives

(Jp2 Xrwg dx2 dx3)?

— 1> (RHS of (5.3))°
Csz XR dx; dx3 ~ ( ( ))

1
RHS of (5.1) > 5/XRw?e dxrdxz —1>
']1*2

for small R. This together with (5.4) proves the second claim and the proof is finished. O



726 A. Zlatos / Ann. I. H. Poincaré — AN 28 (2011) 711-726

Acknowledgements

It is a pleasure to thank James Nolen for useful discussions. The author has been supported in part by NSF grants
DMS-1113017 and DMS-1056327 and by an Alfred P. Sloan Research Fellowship.

References

[1] B. Audoly, H. Berestycki, Y. Pomeau, Réaction diffusion en écoulement stationnaire rapide, C. R. Acad. Sci. Paris, Série IIb 328 (2000)
255-262.
[2] H. Berestycki, F. Hamel, Front propagation in periodic excitable media, Comm. Pure Appl. Math. 55 (2002) 949-1032.
[3] H. Berestycki, The influence of advection on the propagation of fronts in reaction—diffusion equations, in: H. Berestycki, Y. Pomeau (Eds.),
Nonlinear PDEs in Condensed Matter and Reactive Flows, in: NATO Science Series C, vol. 569, Kluwer, Doordrecht, 2003.
[4] H. Berestycki, F. Hamel, N. Nadirashvili, The speed of propagation for KPP type problems, I — Periodic framework, J. European Math. Soc. 7
(2005) 173-213.
[5] H. Berestycki, F. Hamel, N. Nadirashvili, Elliptic eigenvalue problems with large drift and applications to nonlinear propagation phenomena,
Comm. Math. Phys. 253 (2005) 451-480.
[6] R.N. Bhattacharya, V.K. Gupta, H.F. Walker, Asymptotics of solute dispersion in periodic porous media, SIAM J. Appl. Math. 49 (1989)
86-98.
[7] P. Constantin, A. Kiselev, A. Oberman, L. Ryzhik, Bulk burning rate in passive-reactive diffusion, Arch. Ration. Mech. Anal. 154 (2000)
53-91.
[8] P. Constantin, A. Kiselev, L. Ryzhik, Quenching of flames by fluid advection, Comm. Pure Appl. Math. 54 (2001) 1320-1342.
[9] P. Constantin, A. Kiselev, L. Ryzhik, A. Zlato§, Diffusion and mixing in fluid flow, Ann. of Math. (2) 168 (2008) 643—-674.
[10] M. El Smaily, Min—-max formulae for the speeds of pulsating traveling fronts in heterogeneous media, Annali Mat. Pura Appl. 189 (2010)
47-66.
[11] A. Fannjiang, A. Kiselev, L. Ryzhik, Quenching of reaction by cellular flows, Geom. Funct. Anal. 16 (2006) 40-69.
[12] A. Fannjiang, G. Papanicolaou, Convection enhanced diffusion for periodic flows, SIAM J. Appl. Math. 54 (1994) 333-408.
[13] S. Heinze, Large convection limits for KPP fronts, Max Planck Institute for Mathematics, Preprint No. 21/2005, 2005.
[14] V.V. Jikov, S.M. Kozlov, O.A. Oleinik, Homogenization of Differential Operators and Integral Functionals, Springer-Verlag, Berlin, 1994,
Chapter 2.
[15] L. Kagan, P.D. Ronney, G. Sivashinsky, Activation energy effect on flame propagation in large-scale vortical flows, Combust. Theory Model. 6
(2002) 479-485.
[16] L. Kagan, G. Sivashinsky, Flame propagation and extinction in large-scale vortical flows, Combust. Flame 120 (2000) 222-232.
[17] A. Kiselev, L. Ryzhik, Enhancement of the traveling front speeds in reaction—diffusion equations with advection, Ann. Inst. H. Poincaré Anal.
Non Linéaire 18 (2001) 309-358.
[18] A. Kiselev, A. Zlato§, Quenching of combustion by shear flows, Duke Math. J. 132 (2006) 49-72.
[19] A.N. Kolmogorov, I.G. Petrovskii, N.S. Piskunov, Etude de 1’équation de la chaleur de matiére et son application 2 un probléme biologique,
Bull. Moskov. Gos. Univ. Mat. Mekh. 1 (1937) 1-25.
[20] L. Koralov, Random perturbations of 2-dimensional Hamiltonian flows, Probab. Theory Related Fields 129 (2004) 37-62.
[21] P. Kramer, A. Majda, Simplified models for turbulent diffusion: theory, numerical modelling, and physical phenomena, Phys. Rep. 314 (1999)
237-574 (Chapter 2).
[22] J.R. Norris, Long-time behaviour of heat flow: global estimates and exact asymptotics, Arch. Ration. Mech. Anal. 140 (1997) 161-195.
[23] A. Novikov, L. Ryzhik, Bounds on the speed of propagation of the KPP fronts in a cellular flow, Arch. Ration. Mech. Anal. 184 (2007) 23-48.
[24] B. Bksendal, Stochastic Differential Equations, Springer-Verlag, Berlin, 1995.
[25] L. Ryzhik, A. Zlatos, KPP pulsating front speed-up by flows, Commun. Math. Sci. 5 (2007) 575-593.
[26] J. Smoller, Shock Waves and Reaction—Diffusion Equations, Springer-Verlag, New York, 1994.
[27] N. Vladimirova, P. Constantin, A. Kiselev, O. Ruchayskiy, L. Ryzhik, Flame enhancement and quenching in fluid flows, Combust. Theory
Model. 7 (2003) 487-508.
[28] J. Xin, Existence of planar flame fronts in convective-diffusive media, Arch. Ration. Mech. Anal. 121 (1992) 205-233.
[29] A. Zlatos, Quenching and propagation of combustion without ignition temperature cutoff, Nonlinearity 18 (2005) 1463—1475.
[30] A. Zlatos, Pulsating front speed-up and quenching of reaction by fast advection, Nonlinearity 20 (2007) 2907-2921.
[31] A. Zlatos, Diffusion in fluid flow: Dissipation enhancement by flows in 2D, Comm. Partial Differential Equations 35 (2010) 496-534.
[32] A. Zlatos, Sharp asymptotics for KPP pulsating front speed-up and diffusion enhancement by flows, Arch. Ration. Mech. Anal. 195 (2010)
441-453.



	Reaction-diffusion front speed enhancement by ﬂows
	1 Introduction and the main results
	2 Short time diffusivity of periodic ﬂows
	3 Pulsating front speed in 2D
	4 Quenching by cellular ﬂows
	5 A counterexample in 3D
	Acknowledgements
	References


