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Abstract

In this paper, we consider the zero shear viscosity limit for the Navier–Stokes equations of compressible flows with density-
dependent viscosity coefficient and cylindrical symmetry. The boundary layer effect as the shear viscosity μ = ερθ goes to zero (in
fact, ε → 0 in this paper, which implies μ → 0) is studied. We prove that the boundary layer thickness is of the order O(εα), where
0 < α < 1

2 for the constant initial data and 0 < α < 1
4 for the general initial data, which extend the result in Frid and Shelukhin

(1999) [4] to the case of density-dependent viscosity coefficient.
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1. Introduction

In this paper, we shall study the effect of boundary layers as the shear viscosity μ goes to zero (in fact, ε → 0
in this paper, which implies μ → 0) for an initial–boundary value problem to the Navier–Stokes equations of com-
pressible flows with density-dependent viscosity coefficient and cylindrical symmetry. We restrict ourselves to the
flows between two circular coaxial cylinders and assume that the corresponding solutions depend only on the radial
variable x in Ω := {x | 0 < a < x < b} and the time variable t ∈ [0, T ]. Precisely, under the cylindrical symmetric
transformation:
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(

u
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x
− v
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x
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x1

x
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)
, x =

√
x2
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2 , u = u(x, t), v = v(x, t), w = w(x, t),
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we consider the following three-dimensional compressible Navier–Stokes equations{
∂tρ + ∇ · (ρ �u) = 0,

∂t (ρ �u) + ∇ · (ρ �u ⊗ �u) + ∇p = div
(
μ

(∇�u + ∇�uT
)) + ∇(λdiv �u).

Here ρ is the density, p = Aργ is the pressure, where γ > 1 is the gas constant and A is a positive constant, which will
be normalized to be 1; u is the component of the velocity vector �u along the radial variable x (x ∈ Ω), v is the angular
component of �u, w is the axial component of �u; λ and μ are the bulk and shear viscosity coefficients, respectively.
λ > 0 is a positive constant and μ = ερθ with 0 � θ � γ and ε being a positive constant.

The reduced system is now of the form (see [8] for the case of constant viscosity coefficient):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρt + (ρu)x + ρu

x
= 0,

ρ

(
ut + uux − v2

x

)
+ px − (2μ + λ)

(
ux + u

x

)
x

− 2μxux = 0,

ρ

(
vt + uvx + uv

x

)
− μ

(
vx + v

x

)
x

− μxvx + μx

v

x
= 0,

ρ(wt + uwx) − μ

(
wxx + wx

x

)
− μxwx = 0.

(1.1)

In the domain QT := Ω × (0, T ), we consider the initial–boundary value problem given by (1.1) and

(ρ,u, v,w)|t=0 = (ρ0, u0, v0,w0)(x), x ∈ Ω := (a, b), (1.2)

u|x=a,b = 0, (v,w)|x=a = (v1,w1)(t), (v,w)|x=b = (v2,w2)(t). (1.3)

The viscosity coefficient is often assumed to be a positive constant. However, it is well known that the viscosity
coefficient of the flow is not constant. It is motivated by the physical consideration that in the derivation of the Navier–
Stokes equations from the Boltzmann equation through the Chapman–Enskog expansion to the second order, cf. [1,
6], the viscosity coefficient is a function of the temperature. Especially, for isentropic flow, this dependence of the
viscosity is translated into the dependence on the density. For more physical background, please refer to [22,23,29]
and references therein.

The asymptotic behavior of viscous flows, as the viscosity vanishes, is one of the important topics in the theory of
compressible flows, and the problem of small viscosity finds many applications, for example, in the boundary layer
theory [14].

Shelukhin studied the zero shear viscosity limit for flows with heat conductivity between two parallel plates in
[19,20] and the passage to the limit for a free-boundary problem of describing a joint motion of two compressible
fluids with different viscosities, as the shear viscosity of the fluids vanishes in [21].

Frid and Shelukhin in [4] investigated the cylinder isentropic problem (1.1)–(1.3) with constant shear viscosity
coefficient μ (i.e. θ = 0). They proved that the problem possessed a unique global strong solution when ρ0 ∈ H 1(Ω),
infΩ ρ0 > 0, u0, v0,w0 ∈ H 1

0 (Ω), and also investigated the boundary layer effect and proved the existence of a bound-

ary layer thickness (BL-thickness; see Definition 1.1 below) which is close to the value O(μ
1
2 ). For the non-isentropic

flows with constant shear viscosity coefficient μ and constant heat conductivity, Frid and Shelukhin in [5] justified
the vanishing shear viscosity limit. For the non-isentropic flows with constant shear viscosity coefficient μ and non-
constant heat conductivity, Jiang and Zhang in [7] studied the boundary layer effect and convergence rates as the shear
viscosity μ goes to zero. Their results showed that the BL-thickness and a convergence rate were of the orders O(μα)

with 0 < α < 1
2 and O(

√
μ), respectively.

But there are no relevant results for the problem with density-dependent viscosity coefficient. The main aim of
this paper is to extend Frid and Shelukhin’s result in [4] to the case of density-dependent viscosity coefficient. We
establish the convergence result as ε → 0 and also give BL-thickness of the order O(εα), where 0 < α < 1

2 for the
constant initial data and 0 < α < 1

4 for the general initial data.
The boundary layers problem has been one of the fundamental and important issues in fluid dynamics. The Prandtl

boundary layer (characteristic boundaries) are studied for the linearized case in [26–28] by using asymptotic analysis,
while the boundary layer stability in the case of non-characteristic boundaries and one spatial dimension is discussed
in [11,16]. For incompressible Navier–Stokes equations, there are a number of papers dedicated to the questions of
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the boundary layers, see [3,9,12,13,18,24,25] for example. We also mention that the fluids with μ = 0 and λ > 0 were
discussed in [10,15,17].

To formulate the main results of this paper, we need the following notations which will be used.

Notation. From now on, we use the notations ‖(f1, f2, . . . , fn)‖2 = ‖f1‖2 + ‖f2‖2 + · · · + ‖fn‖2 for func-
tions f1, f2, . . . , fn belonging to the same functional space equipped with a norm ‖ · ‖. Wm,p(O) and W

m,p

0 (O)

(Wm,2(O) = Hm(O), W
m,2
0 (O) = Hm

0 (O)) with m ∈ Z+ and p � 1 denote the usual Sobolev spaces defined over O,
W 0,p(O) ≡ Lp(O). The symbol Ck(O) (resp. Ck(O)) with non-negative integer k represents the set of functions
having continuous derivatives up to order k in O (resp. in O). For simplicity, we will use the abbreviations:

‖ · ‖Wm,p := ‖ · ‖Wm,p(Ω), ‖ · ‖Lp := ‖ · ‖Lp(Ω).

Lp(I,B) (resp. ‖ · ‖Lp(I,B)) denotes the space of all strongly measurable, pth-power integrable (essentially bounded
if p = ∞) functions from I to B (resp. norms), where I ⊂ R and B is a Banach space.

Then, our main results can be stated as follows.

Theorem 1.1. Assume that the initial and boundary data satisfy the conditions:

(ρ0, v0,w0) ∈ W 1,2(Ω), u0 ∈ W
1,2
0 ∩ W 2,2(Ω), ρ0 > 0,∥∥ρ−1

0

∥∥
C(Ω̄)

< ∞,
∥∥(vi,wi)

∥∥
C1([0,T ]) < ∞ (i = 1,2),

u0(a) = u0(b) = 0, (v0,w0)(a) = (v1,w1)(0), (v0,w0)(b) = (v2,w2)(0).

Then there exists a positive constant ε0, such that for all ε � ε0, we have:

(i) For any T > 0, there exists a unique solution (ρ,u, v,w) of the problem (1.1)–(1.3) satisfying

ρ ∈ L∞(
0, T ;W 1,2), ρt ∈ L∞(

0, T ;L2), ρ > 0,

u ∈ L∞(
0, T ;W 1,2

0 ∩ W 2,2), ut ∈ L∞(
0, T ;L2) ∩ L2(0, T ;W 1,2),

where the norms are all uniform in ε. There also exists a positive constant C independent of ε, such that
|(v,w)(x, t)| � C for all (x, t) ∈ [a, b] × [0, T ], and

ε
1
2
∥∥(vx,wx)

∥∥2
L∞(0,T ;L2)

+ ε
3
2
∥∥(vxx,wxx)

∥∥2
L2(0,T ;L2)

� C.

(ii) There exist functions (ρ̄, ū, v̄, w̄) such that as ε → 0,

(ρ,u) → (ρ̄, ū) strongly in Cα(Q̄T ) for any α ∈
(

0,
1

2

)
,

(ux, v,w) → (ūx, v̄, w̄) strongly in Lp1(QT ) for any p1 ∈ [1,∞),

(ρx, ρt , uxx, ut ) ⇀ (ρ̄x, ρ̄t , ūxx, ūt ) weakly-∗ in L∞(
0, T ;L2),(

εv2
x, εw

2
x

) → (0,0) strongly in Lp2(QT ) for any p2 ∈ [1,2],
where QT = (a, b) × (0, T ).

Furthermore, the limit functions (ρ̄, ū, v̄, w̄) solve the problem (1.1)–(1.3) with ε = 0 in the following sense:∫
QT

xρ̄(ψt + ūψx) dx dt +
∫
Ω

xρ0ψ(x,0) dx = 0, (1.4)
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∫
QT

x

[
ρ̄ūφt +

(
ρ̄ū2 + ρ̄γ − λūx − λ

ū

x

)
φx

]
dx dt

+
∫

QT

(
ρ̄v̄2 + ρ̄γ − λūx − λ

ū

x

)
φ dx dt +

∫
Ω

xρ0u0φ(x,0) dx = 0, (1.5)

∫
QT

xρ̄v̄

(
φt + ūφx − ū

x
φ

)
dx dt +

∫
Ω

xρ0v0φ(x,0) dx = 0, (1.6)

∫
QT

xρ̄w̄(φt + ūφx) dx dt +
∫
Ω

xρ0w0φ(x,0) dx = 0, (1.7)

for any text functions φ,ψ ∈ C1(Q̄T ) with φ(x,T ) = ψ(x,T ) = 0 for all x ∈ Ω , and φ(a, t) = φ(b, t) = 0 for all
t ∈ (0, T ).

Next, we state the result about the boundary layer effect. At first, let us give the definition of BL-thickness, which
mainly comes from [4].

Definition 1.1. A function δ(ε) is called a BL-thickness for the problem (1.1)–(1.3) with vanishing shear viscosity μ

(in fact, vanishing ε implies vanishing shear viscosity μ), if δ(ε) ↓ 0 as ε ↓ 0, and

(ρ,u) → (ρ̄, ū) strongly in Cα(Q̄T ) for any α ∈
(

0,
1

2

)
, as ε → 0, (1.8)

lim
ε→0

∥∥(v − v̄,w − w̄)
∥∥

L∞(0,T ;L∞(Ωδ(ε)))
= 0, (1.9)

lim inf
ε→0

∥∥(v − v̄,w − w̄)
∥∥

L∞(0,T ;L∞(Ω))
> 0, (1.10)

where Ωδ := {x ∈ Ω | a+δ < x < b−δ}, and (ρ,u, v,w) (resp. (ρ̄, ū, v̄, w̄)) is the solution to the problem (1.1)–(1.3)
(resp. to (1.4)–(1.7)).

Clearly, this definition does not determine the BL-thickness uniquely, since any function δ∗(ε) satisfying the in-
equality δ∗(ε) � δ(ε) for small ε is also a BL-thickness.

Theorem 1.2 (BL-thickness for the constant initial data). Under the conditions of Theorem 1.1, we assume in addition
that the initial data satisfy (ρ,u, v,w)|t=0 = (ρ0,0,0,0) where the initial density ρ0 is positive constant. Then the
limit problem (1.4)–(1.7) has only trivial solution (ρ̄, ū, v̄, w̄) = (ρ0,0,0,0), and any function δ(ε), satisfying the

conditions δ(ε) → 0 and ε
1
2 /δ(ε) → 0 as ε → 0, is a BL-thickness such that

(ρ,u) → (ρ0,0) strongly in Cα(Q̄T ) for any α ∈
(

0,
1

2

)
, as ε → 0,

lim
ε→0

∥∥(v,w)
∥∥

L∞(0,T ;L∞(Ωδ(ε)))
= 0,

and

lim inf
ε→0

∥∥(v,w)
∥∥

L∞(0,T ;L∞(Ω))
> 0,

whenever the boundary conditions vi and wi (i = 1,2) are not identical zero.

Motivated by the ideas of [7], we can give some results about the BL-thickness for the general initial data under
some additional initial assumptions. The main result is as follows:

Theorem 1.3 (BL-thickness for the general initial data). Let the assumptions given in Theorem 1.1 hold. Assume
in addition that (v0,w0) ∈ H 3(Ω) and ρ0 ∈ H 2(Ω). Then, any function δ(ε), satisfying the conditions δ(ε) → 0
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and ε
1
4 /δ(ε) → 0, as ε → 0, is a BL-thickness such that (1.8)–(1.10) hold, whenever the boundary conditions

(v1,w1, v2,w2) are not identical (v̄(a, t), w̄(a, t), v̄(b, t), w̄(b, t)).

Remark 1.1. When θ = 0, all the results in Theorems 1.1, 1.2 and 1.3 hold without the restriction ε � ε0 (we can
choose the constant ε0 as in (2.21)), which can be proved by using the ideas in [4,7]. So, in this paper, we only consider
the case when 0 < θ � γ .

Remark 1.2. The above results also hold for the case when γ = 1, where ργ

γ−1 in (2.2) is replaced by (1 −ρ +ρ lnρ),

which is positive for ρ > 0. We don’t refer this case in the present paper, see [4] for details.

The difficulty of this problem is to obtain the upper and lower bounds of the density ρ, especially for the lower
bound. When ε is small enough in some sense, using some new a priori estimates for the solution, we can obtain the
bounds of the density. The key ideas are using the classical continuity method and the following a priori assumption:

sup
t∈[0,T ]

ε2

b∫
a

(
ρθ

)2
x
dx � 1, for any T > 0.

In Lemmas 2.2–2.4, we get some uniform a priori estimates (with respect to ε) for the solution. Then, using these
estimates and the smallness restriction on ε, we can obtain

sup
t∈[0,T ]

ε2

b∫
a

(
ρθ

)2
x
dx � 1

2
, for any T > 0.

Using the classical continuity method, we can close this estimate.
Compared to [4,7], there are some other difficulties in our paper. Firstly, we have to seek a new method to estimate

the bound of ρ because of the effect of density-dependent shear viscosity μ (see Lemma 2.2). Secondly, in order to

obtain the bound of v, we must deal with
∫ b

a
v2N

x2N dx instead of
∫ b

a
v2N dx as in [7], where N ∈ N. Finally, when we

want to get the BL-thickness results, we have to obtain the estimates:

δ

b−δ∫
a+δ

∣∣∣∣
(

v

x

)
x

∣∣∣∣dx � Cε
1
2

(
see (3.16) for the constant initial data (ρ0,0,0,0)

)
, (1.11)

or

δ

b−δ∫
a+δ

∣∣∣∣
(

v − v̄

x

)
x

∣∣∣∣dx � Cε
1
4

(
see (3.40) for the general initial data

)
, (1.12)

instead of estimating in [7]

δ

b−δ∫
a+δ

|vx |dx � Cε
1
2 , (1.13)

or

δ

b−δ∫
a+δ

∣∣(v − v̄)x
∣∣dx � Cε

1
4 . (1.14)

In fact, as in [7], when we estimate (1.13) and (1.14) directly, we will encounter the terms like

t∫
0

b∫
a

μxv

ρx
zxϕ

′′
ν ξδ(x) dx dτ, z = vx, (1.15)

because of the effect of density-dependent shear viscosity μ. However, we have no method to estimate (1.15).
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The paper is organized as follows. We first derive some a priori estimates in Section 2. Then, at the beginning of
Section 3, we illustrate the proof of Theorem 1.1 concisely, since the process of it is similar to that in [2,4,5,19,20].
Next, in Section 3.1, we apply uniform estimates in Section 2 to prove Theorem 1.2 by adapting and modifying the
techniques used in [4,7]. Finally, in Section 3.2, we give some results on the convergence rate (w.r.t. ε) and the BL-
thickness for the case of general initial data under certain additional initial conditions and this completes the proof of
Theorem 1.3.

We should mention that the methods introduced by Frid and Shelukhin in [4,5] and Jiang and Zhang in [7] will
play a crucial role in our proof here.

2. A priori estimates

This section is devoted to the derivation of a priori estimates uniform in ε for the solution to the problem (1.1)–
(1.3). For simplicity, throughout the rest of this paper we shall denote by C the various positive constants dependent
on the initial data, γ , λ and T , but independent of ε.

At first, we give the basic energy estimates.

Lemma 2.1. For any t ∈ (0, T ), we have

b∫
a

xρ(x, t) dx =
b∫

a

xρ0(x) dx > 0, (2.1)

and

b∫
a

x

{
ρ
(
u2 + v2 + w2) + ργ

γ − 1

}
dx

+
t∫

0

b∫
a

x

{
(2μ + λ)

(
u2

x2
+ u2

x

)
+ μ

(
vx − v

x

)2

+ μw2
x

}
dx dτ � C. (2.2)

Proof. Firstly, it follows that (2.1) holds from (1.1)1 and boundary conditions (1.3).
Secondly, rewrite (1.1) as{

1

2
ρ
(
u2 + v2 + w2)x + ργ

γ − 1
x

}
t

+
{

1

2
xρu

(
u2 + v2 + w2) + γ

γ − 1
ργ ux

}
x

+
{
(2μ + λ)

(
u2

x + u2

x2

)
+ μ

(
vx − v

x

)2

+ μw2
x

}
x

= {
(2μ + λ)uxux

}
x

+ {μvvxx}x − {
μv2}

x
+ {μwwxx}x. (2.3)

Integrating (2.3) with respect to (x, t) over (a, b) × (0, t) and using the boundary conditions u(a, t) = u(b, t) = 0,
we have

b∫
a

x

{
1

2
ρ
(
u2 + v2 + w2) + ργ

γ − 1

}
dx +

t∫
0

b∫
a

x

{
(2μ + λ)

(
u2

x + u2

x2

)
+ μ

(
vx − v

x

)2

+ μw2
x

}
dx dτ

=
b∫

a

x

{
1

2
ρ0

(
u2

0 + v2
0 + w2

0

) + ρ
γ

0

γ − 1

}
dx +

t∫
0

μvvxx|bx=a dτ −
t∫

0

μv2
∣∣b
x=a

dτ +
t∫

0

μwwxx|bx=a dτ.

(2.4)
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On the other hand, integrating Eqs. (1.1)3–(1.1)4 over (a, x) and (x, b), respectively, we have by using the boundary
conditions (1.3) that

μvvxx|x=a = a

b − a
v1(t)

b∫
a

μ

(
vx − v

x

)
dx − a

b − a
v1(t)

d

dt

b∫
a

x∫
a

ρv dy dx

− 2av1(t)

b − a

b∫
a

x∫
a

1

y
ρuv dy dx − av1(t)

b − a

b∫
a

ρuv dx

+ 2a

b − a
v1(t)

b∫
a

x∫
a

μ

(
vx − v

y

)
1

y
dy dx + (

μv2)∣∣
x=a

, (2.5)

μvvxx|x=b = b

b − a
v2(t)

b∫
a

μ

(
vx − v

x

)
dx + b

b − a
v2(t)

d

dt

b∫
a

b∫
x

ρv dy dx

+ 2bv2(t)

b − a

b∫
a

b∫
x

1

y
ρuv dy dx − bv2(t)

b − a

b∫
a

ρuv dx

− 2b

b − a
v2(t)

b∫
a

b∫
x

μ

(
vx − v

y

)
1

y
dy dx + (

μv2)∣∣
x=b

, (2.6)

μwwxx|x=a = 1

b − a

{
aw1(t)

b∫
a

μwx dx − aw1(t)
d

dt

b∫
a

x∫
a

ρw dy dx − aw1(t)

b∫
a

x∫
a

1

y
ρuw dy dx

− aw1(t)

b∫
a

ρuw dx + aw1(t)

b∫
a

x∫
a

1

y
μwx dy dx

}
, (2.7)

and

μwwxx|x=b = 1

b − a

{
bw2(t)

b∫
a

μwx dx + bw2(t)
d

dt

b∫
a

b∫
x

ρw dy dx + bw2(t)

b∫
a

b∫
x

1

y
ρuw dy dx

− bw2(t)

b∫
a

ρuw dx − bw2(t)

b∫
a

b∫
x

1

y
μwx dy dx

}
. (2.8)

Substituting (2.5)–(2.8) into (2.4), we have

b∫
a

x

{
1

2
ρ
(
u2 + v2 + w2) + ργ

γ − 1

}
dx

+
t∫

0

b∫
a

x

{
(2μ + λ)

(
u2

x + u2

x2

)
+ μ

(
vx − v

x

)2

+ μw2
x

}
dx dτ

� C + C

t∫ b∫
xμ

(
v2

1(τ ) + v2
2(τ )

)
dx dτ + 1

2

t∫ b∫
μ

(
vx − v

x

)2

x dx dτ
0 a 0 a
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+ C

t∫
0

b∫
a

ρv2 dx dτ + C

t∫
0

b∫
a

ρ
(
v2

1t (τ ) + v2
2t (τ )

)
x dx dτ

+ 1

4

b∫
a

ρ
(
u2 + v2 + w2)x dx dτ + C

b∫
a

ρ
(
v2

1(t) + v2
2(t) + w2

1(t) + w2
2(t)

)
x dx

+ C

t∫
0

b∫
a

(∣∣v1(τ )
∣∣ + ∣∣v2(τ )

∣∣)ρ(
u2 + v2)x dx dτ + 1

2

t∫
0

b∫
a

μw2
xx dx dτ

+ C

t∫
0

b∫
a

xμ
(
w2

1(τ ) + w2
2(τ )

)
dx dτ + C

t∫
0

b∫
a

ρw2x dx dτ

+ C

t∫
0

b∫
a

ρ
(
w2

1t (τ ) + w2
2t (τ )

)
x dx dτ + C

t∫
0

b∫
a

(∣∣w1(τ )
∣∣ + ∣∣w2(τ )

∣∣)ρ(
u2 + w2)x dx dτ

� C + 1

2

t∫
0

b∫
a

μ

(
vx − v

x

)2

x dx dτ + 1

2

t∫
0

b∫
a

μw2
xx dx dτ + 1

4

b∫
a

ρ
(
u2 + v2 + w2)x dx dτ

+ C

t∫
0

b∫
a

ρ
(
u2 + v2 + w2)x dx dτ + C

t∫
0

b∫
a

xργ dx dτ.

Here we have used the Cauchy–Schwartz inequality, the Young inequality and 0 < θ � γ .
By Gronwall’s inequality, we deduce (2.2). This completes the proof of Lemma 2.1. �
In order to estimate the upper and lower bounds of ρ, we suppose the following a priori assumption holds:

sup
t∈[0,T ]

ε2

b∫
a

(
ρθ

)2
x
dx � 1. (2.9)

Lemma 2.2. Under the assumptions of Theorem 1.1 and the a priori assumption (2.9), if ε � ε0 < 1, then there exists
a positive constant C, such that

C−1 � ρ(x, t) � C, for all (x, t) ∈ QT . (2.10)

Proof. For any fixed point (x0, t0) ∈ QT , we want to obtain the bound of ρ at a fixed point (x0, t0). First, by (2.1) and
the assumptions in Theorem 1.1, there exists x1 = x1(t0) ∈ (a, b) such that (b − a)x1ρ(x1, t0) = ∫ b

a
xρ(x, t0) dx =∫ b

a
xρ0(x) dx, which implies that there exists a positive constant C such that

C−1 � ρ(x1, t0) � C. (2.11)

Let L(x, t) = 2ε
θ

ρθ + λ lnρ. We shall examine the difference L(x1, t) − L(x0, t) by considering its evolution along
particle trajectories. Define Xj(t) by

d

dt
Xj = u(Xj , t), Xj (t0) = xj , j = 0,1,

and let �L(t) = L(X1(t), t) − L(X0(t), t). We then obtain from (1.1) that
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d

dt
�L(t) = −(2μ + λ)

(
u

x
+ ux

)∣∣∣∣
X1

X0

= −
X1∫

X0

(
ρut + ρuux − ρv2

x
+ px + 2μx

u

x

)
dx

= − d

dt
I (t) − �p −

X1∫
X0

ρ

x

(
u2 − v2)dx −

X1∫
X0

2μx

u

x
dx, (2.12)

where I (t) = ∫ X1
X0

ρudx, and �p = p(ρ(·, t))|X1
X0

. Now define α(t) = �p(t)
�L(t)

. It is easy to see that α(t) � 0 by the
representations of L and p.

Rewrite (2.12) as the forms of a linear ODE

d

dt
�L(t) + α(t)�L(t) = − d

dt
I (t) −

X1∫
X0

ρ

x

(
u2 − v2)dx −

X1∫
X0

2μx

u

x
dx,

whose solution is

�L(t) = e− ∫ t
0 α(τ) dτ

(
�L(0) + I (0)

) − I (t)

+
t∫

0

e− ∫ t
s α(τ) dτ

{
α(s)I (s) −

X1∫
X0

ρ

x

(
u2 − v2)dx − 2

X1∫
X0

μx

u

x
dx

}
ds, (2.13)

which implies∣∣�L(t)
∣∣ �

∣∣�L(0)
∣∣ + ∣∣I (0)

∣∣ + ∣∣I (t)
∣∣

+
t∫

0

e− ∫ t
s α(τ) dτ

{
α(s)

∣∣I (s)
∣∣ +

∣∣∣∣∣
X1∫

X0

(
ρ

x

(
u2 − v2) + 2μx

u

x

)
dx

∣∣∣∣∣
}

ds. (2.14)

Now we estimate the third term on the right-hand side of (2.14) as follows:

∣∣I (t)
∣∣ =

∣∣∣∣∣
X1∫

X0

ρudx

∣∣∣∣∣ �
X1∫

X0

|ρu|dx �
X1∫

X0

ρu2 dx + C

X1∫
X0

xρ dx � C,

where we have used Lemma 2.1.
Substituting the above estimate into (2.14), we have

∣∣�L(t)
∣∣ � C + C

t∫
0

e− ∫ t
s α(τ) dτ α(s) ds +

t∫
0

∣∣∣∣∣
X1∫

X0

(
ρ

x

(
u2 − v2) + 2μx

u

x

)
dx

∣∣∣∣∣dτ. (2.15)

By Lemma 2.1 and the a priori assumption (2.9), we have
t∫

0

e− ∫ t
s α(τ) dτ α(s) ds = 1 − e− ∫ t

0 α(τ) dτ � 1,

and
t∫

0

∣∣∣∣∣
X1∫

X0

(
ρ

x

(
u2 − v2) + 2μx

u

x

)
dx

∣∣∣∣∣dτ

� C

t∫ X1∫ (
ρu2 + ρv2)dx dτ + C

t∫ X1∫
ε2(ρθ

)2
x
dx dτ + C

t∫ X1∫
u2

x2
dx dτ � C.
0 X0 0 X0 0 X0
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Thus (2.15) shows∣∣�L(t0)
∣∣ =

∣∣∣∣2ε

θ
ρθ (x1, t0) + λ lnρ(x1, t0) − 2ε

θ
ρθ (x0, t0) − λ lnρ(x0, t0)

∣∣∣∣ � C,

which implies the pointwise bound (2.10) follows from this and (2.11) under the assumption ε � ε0 < 1. �
Lemma 2.3. There is a positive constant C independent of ε, such that

−C � v(x, t),w(x, t) � C for any (x, t) ∈ Q̄T . (2.16)

Proof. Multiplying (1.1)4 by 2Nxw2N−1 with N ∈ N, we have(
xρw2N

)
t
+ (

xρuw2N
)
x

= 2Nx(μwx)xw
2N−1 + 2Nμw2N−1wx.

Integrating the above equality over (a, b) × (0, t), we get

b∫
a

xρw2N dx =
b∫

a

xρ0w
2N
0 dx − 2N(2N − 1)

t∫
0

b∫
a

xμw2
xw

2N−2 dx dτ

+ 2N

t∫
0

(
xμwxw

2N−1)∣∣x=b

x=a.
(2.17)

We can use Lemmas 2.1, 2.2, (2.7) and (2.8) to deal with the boundary terms in (2.17), which can be controlled by
CN2C2N through simple calculation. Then we get

b∫
a

xρw2N dx + 2N(2N − 1)

t∫
0

b∫
a

xμw2
xw

2N−2 dx dτ �
b∫

a

xρ0w
2N
0 dx + CN2C2N � CN2C2N,

where C is a positive constant, independent of N , ε. Now, we raise to the power 1
2N

for both sides of the above
inequality and let N → ∞ to deduce that ‖w(t)‖L∞ � C.

Next, we prove ‖v(t)‖L∞ � C. Multiplying (1.1)3 by 2Nx−2Nv2N−1 with N ∈ N, we have(
x−2Nρv2N

)
t
+ (

x−2Nρuv2N
)
x

+ (4N + 1)ρuv2Nx−2N−1

= 2Nx−2N

(
μ

(
vx + v

x

))
x

v2N−1 − 4Nx−2Nv2N−1μx

v

x
.

Integrating the above equality over (a, b) × (0, t) and integrating by parts, we get

b∫
a

x−2Nρv2N dx =
b∫

a

x−2Nρ0v
2N
0 dx − (4N + 1)

t∫
0

b∫
a

x−2N−1ρuv2N dx dτ

− 2N(2N − 1)

t∫
0

b∫
a

x−2Nμv2N−2
(

vx − 4N + 1

4N − 2

v

x

)2

dx dτ

+ 9N

4N − 2

t∫
0

b∫
a

x−2N−2μv2N dx dτ

+ 2N

t∫
0

{
x−2Nv2N−1μ

(
vx − v

x

)}∣∣∣∣
x=b

x=a

dτ. (2.18)

We can use Lemmas 2.1, 2.2, (2.5) and (2.6) to deal with the boundary terms in (2.18), which also can be controlled
by CN2C2N .
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By (2.18) and Lemma 2.2, we get

b∫
a

v2N

x2N
dx � CN2C2N + CN

( t∫
0

(
1 + ∥∥u(τ)

∥∥
L∞

) b∫
a

v2N

x2N
dx dτ

)

� CN2C2N + CN

( t∫
0

(
1 + ∥∥ux(τ )

∥∥
L2

) b∫
a

v2N

x2N
dx dτ

)
,

where we have used the Cauchy–Schwartz inequality and Sobolev’s inequality ‖u(t)‖L∞ � ‖ux(t)‖L2 ∈ L1(0, T ).

Therefore, Gronwall’s inequality yields

b∫
a

v2N

x2N
dx � CN2C2N exp{CN},

where C is independent of N , ε. Now, we raise to the power 1
2N

for both sides of the above inequality and let N → ∞,
then we get ‖v(t)‖L∞ � C.

This proves Lemma 2.3. �
Lemma 2.4. For any t ∈ (0, T ), the following estimate holds

b∫
a

ρ2
x(x, t) dx � C. (2.19)

Proof. From (1.1)1 and (1.1)2, we have

ux + u

x
= −ρt + uρx

ρ
,

and [
ρ

(
2μ + λ

ρ2
ρx + u

)]
t

+
[
ρu

(
2μ + λ

ρ2
ρx + u

)]
x

+ px + 2μx

u

x
+ ρ

x

(
u2 − v2) = 0.

Multiplying the above equation by (
2μ+λ

ρ2 ρx + u) and integrating the resulting equation over (a, b), we can get

1

2

d

dt

b∫
a

ρ

(
2μ + λ

ρ2
ρx + u

)2

dx + γ

b∫
a

(2μ + λ)ργ−3ρ2
x dx

= −γ

b∫
a

ργ−1ρxudx + 1

2

b∫
a

ρu

x

(
2μ + λ

ρ2
ρx + u

)2

dx

−
b∫

a

ρ

x

(
u2 − v2)(2μ + λ

ρ2
ρx + u

)
dx − 2ε

b∫
a

(
ρθ

)
x

u

x

(
2μ + λ

ρ2
ρx + u

)
dx. (2.20)

The first three terms on the right-hand side of (2.20) can be estimated by Lemmas 2.1–2.3 and the Cauchy–Schwartz
inequality as follows:∣∣∣∣∣γ

b∫
a

ργ−1ρxudx

∣∣∣∣∣ � 1

2
γ

b∫
a

λργ−3ρ2
x dx + C

b∫
a

ρu2 dx � 1

2
γ

b∫
a

λργ−3ρ2
x dx + C,

and
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∣∣∣∣∣1

2

b∫
a

ρu

x

(
2μ + λ

ρ2
ρx + u

)2

dx

∣∣∣∣∣ +
∣∣∣∣∣

b∫
a

ρ

x

(
u2 − v2)(2μ + λ

ρ2
ρx + u

)
dx

∣∣∣∣∣
� C

∥∥u(t)
∥∥

L∞

b∫
a

ρ

(
2μ + λ

ρ2
ρx + u

)2

dx + C

b∫
a

ρ

(
2μ + λ

ρ2
ρx + u

)2

dx + C

b∫
a

ρ
(
u2 − v2)2

dx

� C

(
1 +

b∫
a

u2
x dx

) b∫
a

ρ

(
2μ + λ

ρ2
ρx + u

)2

dx + C + C

b∫
a

u2
x dx,

where we have also used Sobolev’s inequality ‖u(t)‖L∞ � ‖ux(t)‖L2 ∈ L1(0, T ).

And we can bound the last term on the right-hand side of (2.20) by using the a priori assumption (2.9):∣∣∣∣∣2ε

b∫
a

(
ρθ

)
x

u

x

(
2μ + λ

ρ2
ρx + u

)
dx

∣∣∣∣∣ � C

b∫
a

ρu2
(

2μ + λ

ρ2
ρx + u

)2

dx + Cε2

b∫
a

(
ρθ

)2
x
dx

� C + C

b∫
a

u2
x dx

b∫
a

ρ

(
2μ + λ

ρ2
ρx + u

)2

dx.

Hence, inserting the above three estimates into (2.20) and using Lemmas 2.1–2.3, and applying Gronwall’s inequality,
we obtain (2.19).

The proof of Lemma 2.4 is completed. �
Now we prove that the a priori assumption (2.9) is closed. From Lemmas 2.2 and 2.4, if we choose

Cε2
0 � 1

2
, ε0 < 1, (2.21)

then we have

ε2

b∫
a

(
ρθ

)2
x
dx = θ2ε2

b∫
a

ρ2θ−2ρ2
x dx � Cε2 � Cε2

0 � 1

2
,

and this closes the a priori assumption (2.9).

Lemma 2.5. For any t ∈ (0, T ), we have

‖u‖L∞(0,T ;L∞(Ω)) � C,

and
b∫

a

u2
x dx +

t∫
0

b∫
a

(
u2

t + u2
xx

)
dx dτ � C. (2.22)

Proof. Rewrite (1.1)2 as

ρut + ρuux − (2μ + λ)uxx = (2μ + λ)

(
ux

x
− u

x2

)
+ ρv2

x
− px + 2μxux,

and

(
ρut − (2μ + λ)uxx

)2
ρ−1 = ρ−1

{
(2μ + λ)

(
ux

x
− u

x2

)
− ρuux + ρv2

x
− γργ−1ρx + 2μxux

}2

,

which implies
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ρu2
t + (2μ + λ)2

ρ
u2

xx − 2
(
(2μ + λ)uxut

)
x

+ d

dt

[
(2μ + λ)u2

x

] − 2μtu
2
x + 4μxuxut

= ρ−1
{
(2μ + λ)

(
ux

x
− u

x2

)
− ρuux + ρv2

x
− γργ−1ρx + 2μxux

}2

.

By using Lemmas 2.1–2.4 and the Cauchy–Schwartz inequality, we have

t∫
0

b∫
a

(
u2

t + u2
xx

)
dx +

b∫
a

u2
x dx

� C + C

t∫
0

b∫
a

{|μt |u2
x + |μxuxut | + u2u2

x + (2μ + λ)2(u2
x + u2) + μ2

xu
2
x

}
dx dτ

� C + C

t∫
0

b∫
a

{
ερθ−1|ρt |u2

x + ε
∣∣(ρθ

)
x
uxut

∣∣}dx dτ

+ C

t∫
0

‖u‖2
L∞

( b∫
a

u2
x dx

)
dτ + C

t∫
0

b∫
a

μ2
xu

2
x dx dτ

� C +
t∫

0

b∫
a

ε

∣∣∣∣ρxu + ρux + ρu

x

∣∣∣∣u2
x + 1

2

t∫
0

b∫
a

u2
t dx dτ

+ Cε2

t∫
0

b∫
a

(
ρθ

)2
x
u2

x dx dτ + C

t∫
0

‖ux‖2
L2

( b∫
a

u2
x dx

)
dτ

� C + C

t∫
0

b∫
a

ε|ρxu|u2
x dx dτ + C

t∫
0

b∫
a

ε
∣∣u3

x

∣∣dx dτ + C

t∫
0

‖u‖L∞

b∫
a

εu2
x dx dτ

+ 1

2

t∫
0

b∫
a

u2
t dx dτ + Cε2

t∫
0

b∫
a

(
ρθ

)2
x
u2

x dx dτ + C

t∫
0

‖ux‖2
L2

( b∫
a

u2
x dx

)
dτ

=: C +
6∑

i=1

Ii . (2.23)

Now we estimate Ii (i = 1,2,3,5,6) as follows

I1 � C

t∫
0

b∫
a

ρ2
xu2

x dx dτ + Cε2

t∫
0

b∫
a

u2u2
x dx dτ

� C

t∫
0

‖ux‖2
L∞

b∫
a

ρ2
x dx dτ + Cε2

t∫
0

b∫
a

u2u2
x dx dτ

� C

t∫
‖ux‖L2‖uxx‖L2 dτ + Cε2

t∫ b∫
u2u2

x dx dτ
0 0 a
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� 1

4

t∫
0

b∫
a

u2
xx dx dτ + C

t∫
0

b∫
a

u2
x dx dτ + Cε2

t∫
0

‖ux‖2
L2

( b∫
a

u2
x dx

)
dτ,

I2 � Cε

t∫
0

‖ux‖L∞‖ux‖2
L2 � Cε

t∫
0

‖ux‖
1
2
L2‖uxx‖

1
2
L2‖ux‖2

L2 dx

� Cε

t∫
0

(‖ux‖L2 + ‖uxx‖L2

)‖ux‖2
L2

� 1

4

t∫
0

‖uxx‖2
L2 dτ + Cε2

t∫
0

‖ux‖4
L2 dτ + Cε

t∫
0

‖ux‖3
L2 dτ

� 1

4

t∫
0

‖uxx‖2
L2 dτ + Cε2

t∫
0

‖ux‖2
L2‖ux‖2

L2 dτ + Cε

t∫
0

‖ux‖L2‖ux‖2
L2 dτ,

I3 + I6 � C

t∫
0

(
1 + ‖ux‖2

L2

)( b∫
a

u2
x dx

)
dτ,

and

I5 � Cε2

t∫
0

‖ux‖2
L∞

b∫
a

(
ρθ

)2
x
dx dτ � 1

4

t∫
0

b∫
a

u2
xx dx dτ + C

t∫
0

b∫
a

u2
x dx dτ.

Here we have used Sobolev’s inequality.
Substituting the above estimates into (2.23), we have

t∫
0

b∫
a

(
u2

t + u2
xx

)
dx dτ +

b∫
a

u2
x dx � C + C

t∫
0

(
1 + ‖ux‖2

L2

)( b∫
a

u2
x dx

)
dτ,

which implies (2.22) by Gronwall’s inequality. Lemma 2.1 and (2.22) give the bound of ‖u‖L∞(0,T ;L∞) � C. The
proof is completed. �
Lemma 2.6. There exists a positive constant C independent of ε, such that

ε
1
2

b∫
a

(
v2
x + w2

x

)
dx + ε

3
2

t∫
0

b∫
a

(
v2
xx + w2

xx

)
dx dτ � C.

Proof. From (1.1)3 and Lemma 2.2, we have

μvxxρ
−1 − vt = uvx + uv

x
− μρ−1

(
vx

x
− v

x2

)
− ρ−1μxvx + ρ−1μx

v

x
.

Multiplying the above equation by μvxx and integrating the resulting equation over (a, b) × (0, t), we get

1

2

b∫
a

μv2
x dx +

t∫
0

b∫
a

μ2ρ−1v2
xx dx dτ

= 1

2

b∫
μ0v

2
0x dx − 1

2

t∫ b∫
μuxv

2
x dx dτ +

t∫ b∫
μvx

(
uv

x2
− uxv + uvx

x

)
dx dτ
a 0 a 0 a
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−
t∫

0

b∫
a

μxvx

uv

x
dx dτ −

t∫
0

b∫
a

μρ−1μvxx

(
vx

x
− v

x2

)
dx dτ

−
t∫

0

b∫
a

μρ−1vxxμxvx dx dτ +
t∫

0

b∫
a

μρ−1vxxμx

v

x
dx dτ

− θ

2

t∫
0

b∫
a

μuxv
2
x dx dτ − θ

2

t∫
0

b∫
a

μv2
x

u

x
dx dτ +

t∫
0

(μvxvt )|x=b
x=a dτ

+
t∫

0

b∫
a

μxvx

x
uv dx dτ −

t∫
0

b∫
a

ρ−1μμxvxvxx dx dτ −
t∫

0

b∫
a

ρ−1μ
μx

x
v2
x dx dτ

+
t∫

0

b∫
a

ρ−1μv
μxvx

x2
dx dτ +

t∫
0

b∫
a

ρ−1μ2
xvx

v

x
dx dτ −

t∫
0

b∫
a

ρ−1μ2
xv

2
x dx dτ,

where we have used integration by parts and boundary conditions (1.3).
The above equation implies

ε

b∫
a

v2
x dx + ε2

t∫
0

b∫
a

v2
xx dx dτ

� Cε + Cε

t∫
0

b∫
a

|ux |v2
x dx dτ + Cε

t∫
0

b∫
a

|vx |
(
1 + |ux | + |vx |

)
dx dτ

+ Cε

t∫
0

b∫
a

|ρxvx |dx dτ + Cε2

t∫
0

b∫
a

|vxx |
(
1 + |vx |

)
dx dτ

+ Cε2

t∫
0

b∫
a

|vxxρxvx |dx dτ + Cε2

t∫
0

b∫
a

|ρxvxx |dx dτ

+ Cε

t∫
0

∣∣vxvt |x=b
x=a

∣∣dτ + Cε2

t∫
0

b∫
a

|ρx |v2
x dx dτ + Cε2

t∫
0

b∫
a

|ρxvx |dx dτ

+ Cε2

t∫
0

b∫
a

ρ2
x |vx |dx dτ + Cε2

t∫
0

b∫
a

ρ2
xv2

x dx dτ

=: Cε +
11∑
i=1

Ji, (2.24)

where we have used Lemmas 2.1–2.5.
Before we estimate the terms on the right-hand side of (2.24), we give the following useful estimates (see (2.10)

in [7])∣∣vx(x, t)
∣∣ � C

(
1 + ∥∥vx(t)

∥∥ 1
2
L2

∥∥vxx(t)
∥∥ 1

2
L2

)
, for all x ∈ [a, b], (2.25)

and ∣∣wx(x, t)
∣∣ � C

(
1 + ∥∥wx(t)

∥∥ 1
2

2

∥∥wxx(t)
∥∥ 1

2
2

)
, for all x ∈ [a, b]. (2.26)
L L
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Next, we estimate the terms on the right-hand side of (2.24) by virtue of Lemmas 2.1–2.5, (2.25) and (2.26) as
follows: Firstly, we have

J1 � Cε

t∫
0

(‖ux‖2
L∞ + 1

) b∫
a

v2
x dx dτ, (2.27)

J2 + J3 � Cε

t∫
0

b∫
a

(
1 + v2

x + u2
x + ρ2

x

)
dx dτ � Cε + Cε

t∫
0

b∫
a

v2
x dx dτ, (2.28)

J4 � Cε2 + 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

v2
x dx dτ, (2.29)

J5 � 1

16
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

ρ2
xv2

x dx dτ

� 1

16
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

∥∥vx(τ )
∥∥2

L∞([a,b])

b∫
a

ρ2
x dx dτ

� 1

16
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

∥∥vx(τ )
∥∥

L2([a,b])
∥∥vxx(τ )

∥∥
L2([a,b]) dτ + Cε2

� 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

v2
x dx dτ + Cε2, (2.30)

and

J6 � 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

ρ2
x dx dτ � 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2. (2.31)

Secondly, the boundary term J7 can be estimated as

J7 � Cε
1
2 + 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε

t∫
0

b∫
a

v2
x dx dτ, (2.32)

where we have used Young’s inequality and (2.25).
Finally, we can estimate J8–J11 as follows:

J8 � Cε2

t∫
0

b∫
a

v2
x dx dτ + Cε2

t∫
0

b∫
a

ρ2
xv2

x dx dτ � 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

v2
x dx dτ,

J9 � Cε2 + Cε2

t∫
0

b∫
a

v2
x dx dτ,

J10 � Cε2

t∫
0

b∫
a

ρ2
x dx dτ + Cε2

t∫
0

b∫
a

ρ2
xv2

x dx dτ � Cε2 + 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

v2
x dx dτ,

and
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J11 � Cε2

t∫
0

‖vx‖2
L∞ dτ � 1

8
ε2

t∫
0

b∫
a

v2
xx dx dτ + Cε2

t∫
0

b∫
a

v2
x dx dτ.

Substituting the above estimates J1–J11 into (2.24), we get for ε � ε0 that

ε

b∫
a

v2
x dx + ε2

t∫
0

b∫
a

v2
xx dx dτ � C

t∫
0

(
1 + ‖ux‖2

L2 + ‖uxx‖2
L2

) b∫
a

εv2
x dx dτ + Cε

1
2 .

Therefore, we obtain the desired estimate for the angular velocity v by using Lemma 2.5 and Gronwall’s inequality.
By the similar method, we can also obtain the estimate for the axial velocity w.

The proof of Lemma 2.6 is completed. �
By virtue of Lemma 2.6, we have the following useful result.

Corollary 2.1. There exists a positive constant C, independent of ε, such that

ε2

t∫
0

b∫
a

(
v4
x + w4

x

)
dx dτ � Cε

1
2 .

Proof. By Sobolev’s inequality, (2.25), (2.26) and Lemma 2.6, we have

ε2

t∫
0

b∫
a

(
v4
x + w4

x

)
dx dτ � Cε

3
2

t∫
0

∥∥(vx,wx)(τ )
∥∥2

L∞

b∫
a

ε
1
2
(
v2
x + w2

x

)
dx dτ

� Cε
3
2

t∫
0

∥∥(vx,wx)(τ )
∥∥

L2

∥∥(vxx,wxx)(τ )
∥∥

L2 dτ + Cε
3
2

� Cε
1
2 .

This proves Corollary 2.1. �
Lemma 2.7. We have

‖ux‖L∞(0,T ;L∞) � C,

and

sup
t∈[0,T ]

b∫
a

(
u2

t + u2
xx

)
dx +

T∫
0

b∫
a

u2
xt dx dτ � C.

Proof. From Lemma 2.5 and Sobolev’s inequality, we have

‖u‖L∞(0,T ;L∞) + ‖ux‖L2(0,T ;L∞) � C. (2.33)

By (1.1)1, Lemmas 2.2, 2.4 and 2.5, we get

b∫
a

ρ2
t dx � C

b∫
a

(
ρ2u2

x + ρ2
xu2 + ρ2u2)dx � C. (2.34)

Differentiating (1.1)2 with respect to t and using (1.1)1 and (1.1)3, we obtain
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ρutt + ρuutx − (2μ + λ)uxxt

= (2μ + λ)

(
uxt

x
− ut

x2

)
+ (ut + uux)

(
(ρu)x + ρu

x

)
− ρutux + 2μt

(
ux + u

x

)
x

− pxt

+ 1

x

{
−(

ρuv2)
x

− 3ρuv2

x
+ 2μ

(
vx + v

x

)
x

v + 2μxvxv − 2

x
v2μx

}
+ (2μxux)t .

Multiplying the above equality by ut and integrating the resulting equation over (a, b), we deduce

1

2

d

dt

b∫
a

ρu2
t dx +

b∫
a

(2μ + λ)u2
xt dx

=
b∫

a

(2μ + λ)ut

(
uxt

x
− ut

x2

)
dx −

b∫
a

(
u2

t + uuxut

)
x
ρudx

+
b∫

a

1

x
ρu

(
1

2
u2

t + uutux

)
dx −

b∫
a

ρuxu
2
t dx +

b∫
a

(
ργ

)
t
uxt dx − 3

b∫
a

ρuv2

x2
ut dx

− 2

b∫
a

μ

(
vx + v

x

)(
−vut

x2
+ vxut

x
+ vutx

x

)
dx − 4

b∫
a

μx

v2ut

x2
dx

+
b∫

a

ρuv2
(

uxt

x
− ut

x2

)
dx − 2

b∫
a

μxtut

u

x
dx − 2

b∫
a

μtutx

(
ux + u

x

)
dx

=:
11∑
i=1

Ri. (2.35)

Next, we estimate each term on the right-hand side of (2.35) by applying the previous lemmas and (2.34) as follows:

R1 =
b∫

a

(2μ + λ)ut

(
uxt

x
− ut

x2

)
dx � C

b∫
a

(|utuxt | + u2
t

)
dx � 1

7

b∫
a

λu2
xt dx + C

b∫
a

ρu2
t dx,

R2 = −
b∫

a

ρu
(
2utuxt + u2

xut + uutuxx + uuxuxt

)
dx

� 1

7

b∫
a

λu2
xt dx + C

b∫
a

(
ρu2

t + u2
x

)
dx + C

b∫
a

(
u4

x + u2
xx

)
dx

� 1

7

b∫
a

λu2
xt dx + C

b∫
a

ρu2
t dx + C

(
1 + ∥∥ux(t)

∥∥2
L∞ + ∥∥uxx(t)

∥∥2
L2

)
,

R3 + R4 � C

(
1 +

b∫
a

ρu2
t dx + ∥∥ux(t)

∥∥
L∞

b∫
a

ρu2
t dx

)
� C + C

(
1 + ∥∥ux(t)

∥∥
L∞

) b∫
a

ρu2
t dx,

R5 � 1

7

b∫
λu2

xt dx + C

b∫
ρ2

t dx � C + 1

7

b∫
λu2

xt dx,
a a a



L. Yao et al. / Ann. I. H. Poincaré – AN 28 (2011) 677–709 695
R6 + R9 � C + 1

7

b∫
a

λu2
xt dx + C

b∫
a

ρu2
t dx,

R7 � Cε2 + 1

7

b∫
a

λu2
xt dx + C

b∫
a

ε2(v2
x + v4

x

)
dx + C

b∫
a

ρu2
t dx

� 1

7

b∫
a

λu2
xt dx + C

b∫
a

ρu2
t dx + C

(
ε

3
2 + ε

3
2
∥∥vx(t)

∥∥2
L∞

)

� 1

7

b∫
a

λu2
xt dx + C

b∫
a

ρu2
t dx + C

{
ε

3
2 + ε

3
2
(∥∥vx(t)

∥∥2
L2 + ∥∥vxx(t)

∥∥2
L2

)}

� 1

7

b∫
a

λu2
xt dx + C

b∫
a

ρu2
t dx + C

(
ε + ε

3
2
∥∥vxx(t)

∥∥2
L2

)
,

R8 = −4θε

b∫
a

ρθ−1ρx

v2

x2
ut dx � C

b∫
a

ρu2
t dx + Cε2

b∫
a

ρ2
x dx � Cε2 + C

b∫
a

ρu2
t dx,

and

R10 + R11 = 2

b∫
a

μt

(
−utxux + ut

ux

x
− ut

u

x2

)
dx

� Cε

b∫
a

ρθ−1|ρt |
(|utux | + |ut | + |utxux |

)
dx

� 1

7

b∫
a

λu2
tx dx + Cε2

b∫
a

ρ2
t dx + C

b∫
a

ρu2
t u

2
x dx + C

b∫
a

ρu2
t dx + Cε2

b∫
a

ρ2
t u2

x dx

� 1

7

b∫
a

λu2
tx dx + Cε2 + C

(
1 + ∥∥ux(t)

∥∥2
L2 + ∥∥uxx(t)

∥∥2
L2

) b∫
a

ρu2
t dx

+ Cε2(∥∥ux(t)
∥∥2

L2 + ∥∥uxx(t)
∥∥2

L2

)
.

Substituting the estimates of Ri (i = 1, . . . ,11) into (2.35), we get from Lemmas 2.1, 2.2, 2.5, 2.6, and Gronwall’s
inequality that

sup
t∈[0,T ]

b∫
a

u2
t dx +

T∫
0

b∫
a

u2
xt dx dτ � C.

This together with Eq. (1.1)2 and previous lemmas give the bound of ‖uxx‖L∞(0,T ;L2). The proof of Lemma 2.7 is
completed. �
3. Proof of the main results

In this section, we will give the proof of Theorems 1.1–1.3. By virtue of uniform a priori estimates given in
Section 2, the existence and uniqueness of the global strong solution to the problem (1.1)–(1.3) with any fixed 0 <

ε � ε0 can be proved in a standard way as that in [19]. Following a process similar to that in [4] (also cf. [2,5,20]),
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one can also justify the zero shear viscosity limit (in this paper, ε → 0 implies μ → 0). Moreover, we can easily get
the convergence result (ii) in Theorem 1.1 by Lemmas 2.1–2.7 and Corollary 2.1.

Next, we prove two results about BL-thickness, which corresponds to the constant initial data (see Theorem 1.2)
and the general initial data (see Theorem 1.3) respectively.

3.1. BL-thickness for the constant initial data

As in [4,7], to make the proof of the existence of a BL-thickness simpler and the idea clearer, we restrict ourselves
to the following constant initial data:

ρ|t=0 = ρ0 = const. > 0, (u, v,w)|t=0 = 0. (3.1)

First, we have the following proposition.

Proposition 3.1. Let the assumptions given in Theorem 1.2 and (3.1) hold. Then the limit problem (1.4)–(1.7) has only
the trivial solution (ρ̄, ū, v̄, w̄) = (ρ0,0,0,0).

The proof of this proposition is the same as that in [4], so we omit it here for brevity.
Assume (3.1) holds. Then by virtue of Proposition 3.1, to prove Theorem 1.2, it suffices to show that

b∫
a

(|v| + |w|)dx � Cε
1
2 , δ

b−δ∫
a+δ

(∣∣∣∣
(

v

x

)
x

∣∣∣∣ + |wx |
)

dx � Cε
1
2 , (3.2)

for the solution (ρ,u, v,w) to the problem (1.1)–(1.3) satisfying the condition (3.1), where δ = δ(ε) satisfies the
conditions given in Theorem 1.2. In fact, if (3.2) hold, then we have by W 1,1([a + δ, b − δ]) ↪→ L∞([a + δ, b − δ])

‖v‖L∞([a+δ,b−δ]) � C

∥∥∥∥v

x

∥∥∥∥
L∞([a+δ,b−δ])

� C

b−δ∫
a+δ

∣∣∣∣vx
∣∣∣∣dx + C

b−δ∫
a+δ

∣∣∣∣
(

v

x

)
x

∣∣∣∣dx

� C

(
ε

1
2 + ε

1
2

δ

)
→ 0, as ε → 0,

and

‖w‖L∞([a+δ,b−δ]) �
b−δ∫

a+δ

|w|dx +
b−δ∫

a+δ

|wx | � C

(
ε

1
2 + ε

1
2

δ

)
→ 0, as ε → 0.

On the other hand, it is easy to see

lim inf
ε→0

∥∥(v,w)
∥∥

L∞(0,T ,L∞(Ω))
> 0, provided (vi,wi)(t) �= 0

(
i ∈ {1,2}) for t > 0.

Thus we can conclude that δ(ε) is a BL-thickness satisfying the conditions in Theorem 1.2.
Next, we turn to prove (3.2) under the condition (3.1). As in [4,7], let ϕν(v) = √

v2 + ν2. Multiplying (1.1)3 by
xϕ′

ν(v) and integrating the resulting equation over (a, b) × (0, t), we get

b∫
a

xρϕν(v) dx =
b∫

a

xρ0ν dx −
t∫

0

b∫
a

ρuvϕ′
ν(v) dx dτ −

t∫
0

b∫
a

μϕ′
ν(v)

(
vx + v

x

)
dx dτ

−
t∫ b∫

xμxϕ
′
ν(v)

(
vx + v

x

)
dx dτ −

t∫ b∫
xμϕ′′

ν (v)

(
vx + v

x

)
vx dx dτ
0 a 0 a
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+
t∫

0

xμ

(
vx + v

x

)
ϕ′

ν(v) dτ |x=b
x=a +

t∫
0

b∫
a

xμxvxϕ
′
ν(v) dx dτ

−
t∫

0

b∫
a

μxvϕ′
ν(v) dx dτ. (3.3)

Now we estimate the terms on the right-hand side of (3.3) as follows:
Firstly, letting ν → 0, we get by Lemmas 2.2–2.6 and the fact that |ϕ′

ν(v)| = |v|√
v2+ν2

� 1

− lim
ν→0

t∫
0

b∫
a

ρuvϕ′
ν(v) dx dτ � C

t∫
0

b∫
a

|v|dx dτ,

− lim
ν→0

t∫
0

b∫
a

μϕ′
ν(v)

(
vx + v

x

)
dx dτ � Cε

t∫
0

b∫
a

(|vx | + |v|)dx dτ

� Cε

(
1 +

t∫
0

( b∫
a

v2
x dx

) 1
2

dτ

)
� Cε

3
4 ,

− lim
ν→0

t∫
0

b∫
a

xμxϕ
′
ν(v)

(
vx + v

x

)
dx dτ � Cε

t∫
0

b∫
a

∣∣∣∣ρx

(
vx + v

x

)∣∣∣∣dx dτ

� Cε

( t∫
0

b∫
a

ρ2
x dx dτ +

t∫
0

b∫
a

(
v2
x + v2)dx dτ

)

� Cε
1
2 ,

lim
ν→0

t∫
0

b∫
a

xμxvxϕ
′
ν(v) dx dτ � Cε

t∫
0

b∫
a

(
ρ2

x + v2
x

)
dx dτ � Cε

1
2 ,

and

− lim
ν→0

t∫
0

b∫
a

μxvϕ′
ν(v) dx dτ � Cε

t∫
0

b∫
a

|ρx |dx dτ � Cε.

Secondly, by virtue of the fact that ϕ′′
ν (v) = ν2

(v2+ν2)
3
2

� 0 and 0 � v2ϕ′′
ν (v) � ν, we can get

−
t∫

0

b∫
a

xμϕ′′
ν (v)

(
vx + v

x

)
vx dx dτ

=
t∫

0

b∫
a

μ
v2

4x
ϕ′′

ν (v) dx dτ −
t∫

0

b∫
a

xμ

(
vx + v

2x

)2

ϕ′′
ν (v) dx dτ

�
t∫ b∫

μ
v2

4x
ϕ′′

ν (v) dx dτ � ν

t∫ b∫
μ

4x
dx dτ → 0, as ν → 0.
0 a 0 a
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Finally, for the boundary term in (3.3), we can use (2.25), Lemma 2.6 and the Hölder inequality with 1
2 + 1

4 + 1
4 = 1,

to get

lim
ν→0

t∫
0

xμ

(
vx + v

x

)
ϕ′

ν(v) dτ |x=b
x=a

� Cε

(
1 +

t∫
0

∥∥vx(τ )
∥∥ 1

2
L2

∥∥vxx(τ )
∥∥ 1

2
L2 dτ

)

� Cε + Cε
1
2

(
ε

1
2

t∫
0

∥∥vx(τ )
∥∥2

L2 dτ

) 1
4
(

ε
3
2

t∫
0

∥∥vxx(τ )
∥∥2

L2 dτ

) 1
4

� Cε
1
2 .

Therefore, recalling ϕν(v) → |v| as ν → 0, substituting these estimates into (3.3), using Lemma 2.2 and Gronwall’s
inequality, we get

b∫
a

∣∣v(x, t)
∣∣dx � Cε

1
2 for any t ∈ (0, T ).

In the same way, we can also prove an analogous estimate for w. Thus, we obtain the first inequality in (3.2).
To show the second inequality in (3.2), denoting z := vx − v

x
, and dividing (1.1)3 by ρ, and then differentiating it

with respect to x, we deduce

zt + (uz)x +
(

uv

x

)
x

+
(

μv

ρx2

)
x

−
(

μ

ρ
zx

)
x

−
(

μz

ρx

)
x

−
(

1

ρ
μxz

)
x

+ 1

x

{
μvxρx

ρ2
+ 2

μvx

ρx
− μv

ρx2
− μxv

ρx
− 2uv

x
+ uxv

}
= 0. (3.4)

Introduce the function ξδ(x) as follows (cf. [4,7]):

ξδ(x) =
{

x − a, if a � x � a + δ,

δ, if a + δ � x � b − δ,

b − x, if b − δ � x � b.

Then, multiplying (3.4) by ξδ(x)ϕ′
ν(z) and integrating by parts, we obtain

b∫
a

ξδ(x)ϕν(z) dx = ν

b∫
a

ξδ(x) dx +
t∫

0

b∫
a

uzzxϕ
′′
ν (z)ξδ(x) dx dτ +

t∫
0

b∫
a

uzϕ′
ν(z)ξ

′
δ(x) dx dτ

−
t∫

0

b∫
a

u

x
zϕ′

ν(z)ξδ(x) dx dτ −
t∫

0

b∫
a

ux

x
vϕ′

ν(z)ξδ(x) dx dτ

−
t∫

0

b∫
a

μ

ρ
z2
xϕ

′′
ν (z)ξδ(x) dx dτ −

t∫
0

b∫
a

μzx

ρ
ϕ′

ν(z)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

μz

ρx
zxϕ

′′
ν (z)ξδ(x) dx dτ −

t∫
0

b∫
a

μz

ρx
ϕ′

ν(z)ξ
′
δ(x) dx dτ

+
t∫ b∫

μv

ρx2
zxϕ

′′
ν (z)ξδ(x) dx dτ +

t∫ b∫
μv

ρx2
ϕ′

ν(z)ξ
′
δ(x) dx dτ
0 a 0 a
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−
t∫

0

b∫
a

μxz

ρ
zxϕ

′′
ν (z)ξδ(x) dx dτ −

t∫
0

b∫
a

μxz

ρ
ϕ′

ν(z)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

1

x

{
μvxρx

ρ2
+ 2

μvx

ρx
− μv

ρx2
− μxv

ρx
− 2uv

x
+ uxv

}
ξδ(x)ϕ′

ν(z) dx dτ

= ν

b∫
a

ξδ(x) dx +
13∑
i=1

Ki. (3.5)

Now we estimate the terms Ki (i = 1,2, . . . ,13) on the right-hand side of (3.5) as follows: Firstly, by virtue of the
fact that ϕ′′

ν (z) � 0 and 0 � z2ϕ′′
ν � ν, we find that

K1 + K5 + K7 + K11 � −1

2

t∫
0

b∫
a

μ

ρ
z2
xϕ

′′
ν (z)ξδ(x) dx dτ + C

t∫
0

b∫
a

1

μ
z2ϕ′′

ν (z)ξδ(x) dx dτ

+ C

t∫
0

b∫
a

μz2ϕ′′
ν (z)ξδ(x) dx dτ + C

t∫
0

b∫
a

μ2
x

μ
z2ϕ′′

ν (z)ξδ(x) dx dτ

� Cν

t∫
0

b∫
a

1

μ
ξδ(x) dx dτ + Cν

t∫
0

b∫
a

μξδ(x) dx dτ

+ Cν

t∫
0

b∫
a

ερ2
x dx dτ → 0, as ν → 0. (3.6)

Here we have used Lemmas 2.2, 2.4 and 2.5.
Secondly, by the definition of ξδ(x), we can estimate K2 as follows:

K2 =
t∫

0

a+δ∫
a

uzϕ′
ν(z) dx dτ −

t∫
0

b∫
b−δ

uzϕ′
ν(z) dx dτ � C

t∫
0

a+δ∫
a

ξδ(x)|z|dx dτ + C

t∫
0

b∫
b−δ

ξδ(x)|z|dx dτ

� C

t∫
0

b∫
a

ξδ(x)|z|dx dτ. (3.7)

Here we have used the following inequalities:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∣∣u(x, t)
∣∣ �

x∫
a

∣∣uy(y, t)
∣∣dy � C(x − a) � Cξδ(x), for any x ∈ [a, a + δ],

∣∣u(x, t)
∣∣ �

b∫
x

∣∣uy(y, t)
∣∣dy � C(b − x) � Cξδ(x), for any x ∈ [b − δ, b].

(3.8)

For K3 and K4, by Lemmas 2.5, 2.7 and the first assertion of (3.2) and W 1,1([a, b]) ↪→ L∞([a, b]), we have by
letting ν → 0 that

lim
ν→0

(K3 + K4) � C

t∫ b∫
ξδ(x)|z|dx dτ +

t∫
‖ux‖L∞

b∫
|v|dx dτ
0 a 0 a
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� C

t∫
0

b∫
a

ξδ(x)|z|dx dτ + Cε
1
2

t∫
0

‖ux‖L∞ dτ

� C

t∫
0

b∫
a

ξδ(x)|z|dx dτ + Cε
1
2

t∫
0

b∫
a

(|ux | + |uxx |
)
dx dτ

� C

t∫
0

b∫
a

ξδ(x)|z|dx dτ + Cε
1
2 . (3.9)

For K6, recalling the definition of ξδ(x), we see that

K6 = −
t∫

0

b∫
a

μ

ρ

(
ϕν(z)

)
x
ξ ′
δ(x) dx dτ

= −
t∫

0

a+δ∫
a

μ

ρ

(
ϕν(z)

)
x
dx dτ +

t∫
0

b∫
b−δ

μ

ρ

(
ϕν(z)

)
x
dx dτ

=
t∫

0

{(
μ

ρ
ϕν(z)

)∣∣∣∣
x=b

x=b−δ

−
(

μ

ρ
ϕν(z)

)∣∣∣∣
x=a+δ

x=a

}
dτ +

t∫
0

b∫
a

(
μ

ρ

)
x

ϕν(z)ξ
′
δ(x) dx dτ

�
t∫

0

(
μϕν(z)

ρ

∣∣∣∣
x=b

+ μϕν(z)

ρ

∣∣∣∣
x=a

)
dτ −

t∫
0

b∫
a

μρx

ρ2
ϕν(z)ξ

′
δ(x) dx dτ +

t∫
0

b∫
a

μx

ρ
ϕν(z)ξ

′
δ(x) dx dτ

=: K1
6 + K2

6 + K3
6 .

From (2.25), Lemmas 2.2–2.4 and 2.6, K1
6 , K2

6 and K3
6 can be bounded as follows:

lim
ν→0

K1
6 � Cε

(
1 +

t∫
0

∥∥vx(τ )
∥∥ 1

2
L2

∥∥vxx(τ )
∥∥ 1

2
L2 dτ

)

� Cε + Cε
1
2

(
ε

3
2

t∫
0

∥∥vxx(τ )
∥∥2

L2 dτ

) 1
4
(

ε
1
2

t∫
0

∥∥vx(τ )
∥∥2

L2 dτ

) 1
4

� Cε
1
2 ,

lim
ν→0

K2
6 � Cε

t∫
0

∥∥ρx(τ )
∥∥

L2

∥∥∥∥
(

vx − v

x

)
(τ )

∥∥∥∥
L2

dτ

� Cε
3
4

(
ε

1
2

t∫
0

∥∥vx(τ )
∥∥2

L2 dτ

) 1
2

+ Cε � Cε
3
4 ,

and

lim
ν→0

K3
6 � Cε

t∫
0

b∫
a

|ρx |
∣∣∣∣vx − v

x

∣∣∣∣dx dτ � Cε
3
4 .

Therefore, for ε � ε0, we have

limK6 � lim
(
K1

6 + K2
6 + K3

6

)
� Cε

1
2 . (3.10)
ν→0 ν→0
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Similarly, we can get

lim
ν→0

(K8 + K10) � Cε

(
1 +

t∫
0

b∫
a

|vx |dx dτ

)
� Cε

3
4 , (3.11)

and

lim
ν→0

K12 � Cε

t∫
0

b∫
a

|ρx ||z|dx dτ � Cε

t∫
0

b∫
a

ρ2
x dx dτ + Cε

t∫
0

b∫
a

(
vx − v

x

)2

dx dτ

� Cε
1
2 . (3.12)

Furthermore, we have by integrating by parts that

K9 =
t∫

0

b∫
a

μv

ρx2

(
ϕ′

ν(z)
)
x
ξδ(x) dx dτ

=
t∫

0

b∫
a

μv

ρx2

(
−ξ ′

δ(x) + ξδ(x)

x
+ ρx

ρ
ξδ(x)

)
ϕ′

ν(z) dx dτ −
t∫

0

b∫
a

μ
ξδ(x)

ρx2
zϕ′

ν(z) dx dτ

−
t∫

0

b∫
a

μxv

ρx2
ϕ′

ν(z)ξδ(x) dx dτ

�
t∫

0

b∫
a

μv

ρx2

(
−ξ ′

δ(x) + ξδ(x)

x
+ ρx

ρ
ξδ(x)

)
ϕ′

ν(z) dx dτ −
t∫

0

b∫
a

μxv

ρx2
ϕ′

ν(z)ξδ(x) dx dτ,

which implies by Lemmas 2.2–2.4

lim
ν→0

K9 � Cε

(
1 +

t∫
0

b∫
a

|ρx |dx dτ

)
� Cε. (3.13)

Finally, by Lemmas 2.2–2.4, 2.6, and the first assertion in (3.2), we have

lim
ν→0

K13 = −
t∫

0

b∫
a

1

x

{
μvxρx

ρ2
+ 2

μvx

ρx
− μv

ρx2
− μxv

ρx
− 2uv

x
+ uxv

}
ξδ(x)ϕ′

ν(z) dx dτ

� Cε
1
2 . (3.14)

Substituting (3.6), (3.7) and (3.9)–(3.14) into (3.5) and sending ν → 0, we find that

b∫
a

ξδ(x)|z|dx � C

t∫
0

b∫
a

ξδ(x)|z|dx dτ + Cε
1
2 , (3.15)

which implies by Gronwall’s inequality

δ

b−δ∫
a+δ

∣∣∣∣
(

v

x

)
x

∣∣∣∣x dx �
b∫

a

ξδ(x)

∣∣∣∣
(

v

x

)
x

∣∣∣∣x dx =
b∫

a

ξδ(x)

∣∣∣∣vx − v

x

∣∣∣∣dx � Cε
1
2 . (3.16)

Thus, the second assertion in (3.2) holds for the angular velocity v.
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To establish an analogous estimate for w, we argue in a similar manner. Dividing (1.1)4 by ρ, then differentiating
the resulting equation with respect to x and denoting z1 := wx , we have

z1t + (uz1)x −
(

μz1x

ρ

)
x

−
(

μz1

ρx

)
x

−
(

μxz1

ρ

)
x

= 0. (3.17)

Multiplying the above equation by ξδ(x)ϕ′
ν(z1) and integrating the resulting equation over (a, b) × (0, t), we get

b∫
a

ξδ(x)ϕν(z1) dx = ν

b∫
a

ξδ(x) dx +
t∫

0

b∫
a

uz1z1xϕ
′′
ν (z1)ξδ(x) dx dτ +

t∫
0

b∫
a

uz1ϕ
′
ν(z1)ξ

′
δ(x) dx dτ

−
t∫

0

b∫
a

μ

ρ
z2

1xϕ
′′
ν (z1)ξδ(x) dx dτ −

t∫
0

b∫
a

μz1x

ρ
ϕ′

ν(z1)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

μz1

xρ
z1xϕ

′′
ν (z1)ξδ(x) dx dτ −

t∫
0

b∫
a

μz1

xρ
ϕ′

ν(z1)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

μxz1

ρ
z1xϕ

′′
ν (z1)ξδ(x) dx dτ −

t∫
0

b∫
a

μxz1

ρ
ϕ′

ν(z1)ξ
′
δ(x) dx dτ

= ν

b∫
a

ξδ(x) dx +
8∑

i=1

Li, (3.18)

where the terms L1,L3,L5,L7 can be bounded in the way similar to that in the derivation of (3.6) as follows:

lim
ν→0

(L1 + L3 + L5 + L7) � 0.

In addition, using the similar arguments as that in estimating K2 (see (3.7)), L2 can be estimated by

lim
ν→0

L2 � C

t∫
0

b∫
a

ξδ(x)|z1|dx dτ,

and L4 and L6 can be dealt with by the similar method as that in K6 and K8 respectively, which are simpler, and
consequently,

lim
ν→0

(L4 + L6) � Cε
1
2 .

Furthermore, L8 coincides with K12, yields

lim
ν→0

L8 � Cε

t∫
0

b∫
a

|ρx ||wx |dx dτ � Cε
1
2 .

Substituting the estimates of Li (i = 1, . . . ,8) into (3.18), and sending ν → 0, we find that
b∫

a

ξδ(x)|z1|dx � C

t∫
0

b∫
a

ξδ(x)|z1|dx dτ + Cε
1
2 ,

which implies by Gronwall’s inequality,

δ

b−δ∫
a+δ

|wx |dx �
b∫

a

ξδ(x)|z1|dx � Cε
1
2 . (3.19)

(3.16) and (3.19) show the second assertion in (3.2) holds.
This completes the proof of Theorem 1.2 under the case that ρ̄ = ρ0 = const. > 0, ū = v̄ = w̄ = 0.
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3.2. BL-thickness for the general initial data

In this subsection, motivated by the ideas of [7], which deals with constant viscosity, we can also give some further
conclusions on convergence rates of the vanishing shear viscosity (in fact, in this paper, ε → 0 implies μ → 0) and the
BL-thickness for the general initial data under some additional initial assumptions. Let us first recall from (1.4)–(1.7)
that (ρ̄, ū, v̄, w̄) solves the following initial–boundary value problem in the sense of distribution:

ρ̄t + (ρ̄ū)x + ρ̄ū

x
= 0, (3.20)

ρ̄

(
ūt + ūūx − v̄2

x

)
+ p̄x − λ

(
ūx + ū

x

)
x

= 0, (3.21)

ρ̄

(
v̄t + ūv̄x + ūv̄

x

)
= 0, (3.22)

ρ̄(w̄t + ūw̄x) = 0, (3.23)

supplemented with the initial and boundary conditions

(ρ̄, ū, v̄, w̄)|t=0 = (ρ0, u0, v0,w0)(x), x ∈ Ω := (a, b), (3.24)

ū|x=a = ū|x=b = 0. (3.25)

By the similar arguments as those in Section 2 and [7], we have the following uniform estimates for the solution
(ρ̄, ū, v̄, w̄) of the limit problem (3.20)–(3.25), provided that the initial–boundary conditions stated in Theorem 1.1
are satisfied.

Lemma 3.1. Under the assumptions of Theorem 1.1, we have

∥∥(ū, v̄, w̄, ūx)
∥∥

L∞ � C, C−1 � ρ̄ � C,

b∫
a

ρ̄2
x dx � C,

b∫
a

ū2
x dx +

t∫
0

b∫
a

(
ū2

t + ū2
xx

)
dx dτ � C,

b∫
a

ū2
t dx +

b∫
a

ū2
xx dx +

t∫
0

b∫
a

ū2
xt dx dτ � C,

and
b∫

a

(
v̄2
x + w̄2

x

)
dx � C.

Furthermore, assume in addition that (v0,w0) ∈ H 3(Ω) and ρ0 ∈ H 2(Ω), we have

b∫
a

ρ̄2
xx dx � C,

t∫
0

b∫
a

ū2
xxx dx dτ � C,

b∫
a

(|v̄xx |2 + |w̄xx |2
)
dx � C,

and
b∫ (|v̄xxx |2 + |w̄xxx |2

)
dx � C.
a



704 L. Yao et al. / Ann. I. H. Poincaré – AN 28 (2011) 677–709
Similar to that in [7], we deduce from (1.1)1 and (3.20) that

(ρ − ρ̄)t + u(ρ − ρ̄)x + (u − ū)ρ̄x + ux(ρ − ρ̄) + ρ̄(u − ū)x + u(ρ − ρ̄)

x
+ ρ̄(u − ū)

x
= 0.

Multiplying the above equation by (ρ − ρ̄) and integrating by parts over (a, b) × (0, t), we have

b∫
a

|ρ − ρ̄|2 dx � C

t∫
0

b∫
a

∣∣(u − ū)x
∣∣2

dx dτ, (3.26)

where we have used Sobolev’s inequality and Gronwall’s inequality.
Similarly, we have by (1.1)2, (1.1)3, (1.1)4, (3.21), (3.22) and (3.23) that

(v − v̄)t + u(v − v̄)x + (u − ū)v̄x + u(v − v̄)

x
+ v̄(u − ū)

x
= μ

ρ

(
vx + v

x

)
x

+ μx

ρ
vx − μx

ρ

v

x
,

(w − w̄)t + u(w − w̄)x + (u − ū)w̄x = μ

ρ

(
wxx + wx

x

)
+ μx

ρ
wx,

and

(u − ū)t + u(u − ū)x + ūx(u − ū) − (v + v̄)(v − v̄)

x
+ ρ−1(ργ − ρ̄γ

)
x

+ (
ρ−1 − ρ̄−1)(ρ̄γ

)
x

− λ

ρ

(
(u − ū)x + u − ū

x

)
x

+ λ(ρ − ρ̄)

ρρ̄

(
ūx + ū

x

)
x

− 2μ

ρ

(
ux + u

x

)
x

− 2

ρ
μxux = 0.

By using the method similar to that in [7], we can easily get

b∫
a

(|v − v̄|2 + |w − w̄|2)dx � C

(
ε

1
2 +

t∫
0

b∫
a

∣∣(u − ū)x
∣∣2

dx dτ

)
, (3.27)

and

d

dt

b∫
a

|u − ū|2 dx +
b∫

a

∣∣(u − ū)x
∣∣2

dx

� C

(
ε2 +

b∫
a

∣∣(ρ − ρ̄, u − ū, v − v̄)
∣∣2

dx +
b∫

a

|u − ū|2(ρ2
x + ρ̄2

x + ū2
xx

)
dx

)
. (3.28)

Here we have used Lemma 3.1 and the estimates in Section 2.
On the other hand, we get from Lemmas 2.4 and 3.1 that

C

b∫
a

|u − ū|2(ρ2
x + ρ̄2

x + ū2
xx

)
dx � C‖u − ū‖2

L∞ � C
∥∥(u − ū)

∥∥2
L2 + 1

2

∥∥(u − ū)x
∥∥2

L2 .

Then, we obtain from (3.26)–(3.28) that

d

dt

b∫
a

|u − ū|2 dx +
b∫

a

∣∣(u − ū)x
∣∣2

dx

� C

(
ε

1
2 +

b∫
a

|u − ū|2 dx +
t∫

0

b∫
a

∣∣(u − ū)x
∣∣2

dx dτ

)
. (3.29)

Summing (3.26), (3.27) and (3.29) up, we get the following result on convergence rates of the vanishing ε (in this
paper, vanishing ε implies vanishing shear viscosity μ).
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Theorem 3.1. Under the assumptions of Theorem 1.1, we have

b∫
a

∣∣(ρ − ρ̄, u − ū, v − v̄,w − w̄)
∣∣2

dx +
t∫

0

b∫
a

∣∣(u − ū)x
∣∣2

dx dτ � Cε
1
2 ,

where C is a positive constant independent of ε.

Now, we can discuss the result on BL-thickness for the general initial data. Before we give the proof of Theo-
rem 1.3, we give some useful estimates.

Lemma 3.2. Under the assumptions of Theorem 1.3, we have

ε
1
2

b∫
a

ρ2
xx � C. (3.30)

Proof. From (1.1)1 and (1.1)2, we have

(2μ + λ)ρxt = −2(2μ + λ)ρxux − (2μ + λ)ρxxu − (2μ + λ)
ρxu

x
− ρ2(ut + uux)

+ ρ2v2

x
+ 2ρμxux − ρpx. (3.31)

Differentiating (3.31) with respect to x, then multiplying the resulting equation by ρxx , we have

ρxx

{
(2μ + λ)ρxxt + 2μxρxt

}
=

{
−4μxρxux − 3(2μ + λ)ρxxux − 2(2μ + λ)ρxuxx

− 2μxρxxu − (2μ + λ)ρxxxu − 2μx

ρxu

x
+ (2μ + λ)

ρxu

x2
− (2μ + λ)

ρxxu

x

− (2μ + λ)
ρxux

x
− 2ρρx(ut + uux) − ρ2utx − ρ2u2

x − ρ2uuxx − ρ2v2

x2
+ 2ρρxv

2

x

+ 2ρ2vvx

x
+ 2ρxμxux + 2ρμxxux + 2ρμxuxx − (ρpx)x

}
ρxx. (3.32)

Integrating (3.32) over (a, b), we have by using integration by parts and the previous lemmas that

1

2

d

dt

b∫
a

(2μ + λ)ρ2
xx dx

=
b∫

a

(
μtρ

2
xx − 2μxρxxρxt − 2μxρ

2
xxu + μxρ

2
xxu − 4μxρxuxρxx − 2μx

ρxuρxx

x

+ 2ρxμxuxρxx + 2ρμxxuxρxx + 2ρμxuxxρxx

)
dx

+
b∫

a

(
−5

2
(2μ + λ)ρxxux − 2(2μ + λ)ρxuxx

)
ρxx dx

+
b∫ (

(2μ + λ)
ρxu

x2
− (2μ + λ)

ρxxu

x
− (2μ + λ)

ρxux

x

)
ρxx dx
a
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+
b∫

a

(
−2ρρx(ut + uux) − ρ2utx − ρ2u2

x − ρ2uuxx − ρ2v2

x2
+ 2ρρxv

2

x
+ 2vvxρ

2

x
− (ρpx)x

)
ρxx dx

� C

b∫
a

(
1 + |μxρxρxx | + ρ2

xx + |uxxρxρxx | + |ρxutρxx | + |utxρxx | + |uxxρxx |

+ |vxρxx | + |μxxρxx | + |μxuxxρxx | + ρ2
x |ρxx | + |ρxρxx |

)
dx

� C

b∫
a

(
1 + ρ2

xx + |uxxρxρxx | + |ρxutρxx | + |utxρxx | + |uxxρxx |

+ |vxρxx | + ρ2
x |ρxx | + |ρxρxx |

)
dx. (3.33)

Here we have used the representation μxx = εθ(θ −1)ρθ−2ρ2
x +εθρθ−1ρxx , the uniform estimates for (ρ,u, v,w,ux)

and the following equality

b∫
a

(2μ + λ)ρxxxρxxudx = −1

2

b∫
a

(2μ + λ)ρ2
xxux dx −

b∫
a

μxρ
2
xxudx.

Noticing that by Sobolev’s inequality, we have

b∫
a

(
ρ2

x + |ρx ||uxx | + |ρx ||ut |
)|ρxx |dx � C

( b∫
a

ρ2
xx + ‖ρx‖2

L∞

b∫
a

(
ρ2

x + u2
xx + u2

t

)
dx

)

� C

(
1 +

b∫
a

ρ2
xx dx

)
, (3.34)

and

b∫
a

(|utx | + |uxx | + |vx |
)|ρxx |dx � C

( b∫
a

ρ2
xx dx +

b∫
a

(
u2

tx + u2
xx + v2

x

)
dx

)

� C

(
1 +

b∫
a

u2
tx dx +

b∫
a

ρ2
xx dx +

b∫
a

v2
x dx

)
. (3.35)

Substituting (3.34) and (3.35) into (3.33) and using the Cauchy–Schwartz inequality, we have

d

dt

b∫
a

ρ2
xx dx � C + C

b∫
a

ρ2
xx dx + C

b∫
a

u2
tx dx + C

b∫
a

v2
x dx,

which implies

d

dt

b∫
a

ε
1
2 ρ2

xx dx � C + C

b∫
a

ε
1
2 ρ2

xx dx + C

b∫
a

u2
tx dx + C

b∫
a

ε
1
2 v2

x dx.

By Gronwall’s inequality, Lemmas 2.6 and 2.7, we deduce (3.30) and the proof of Lemma 3.2 is completed. �
Next, we give the proof of Theorem 1.3.
From (1.1)3 and (3.22), we have
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vxt + (uvx)x +
(

uv

x

)
x

−
(

μ

ρ
vxx

)
x

−
(

μvx

ρx

)
x

+
(

μv

ρx2

)
x

−
(

μxvx

ρ

)
x

+
(

vμx

ρx

)
x

= 0,

v̄xt + (ūv̄x)x +
(

ūv̄

x

)
x

= 0.

Denoting z2 := (v − v̄)x − v−v̄
x

, we get

z2t + (uz2)x +
(

u(v − v̄)

x

)
x

+
(

μ(v − v̄)

ρx2

)
x

−
(

μ

ρ
z2x

)
x

−
(

μz2

ρx

)
x

−
(

1

ρ
μxz2

)
x

+ 1

x

{
μvxρx

ρ2
+ 2

μvx

ρx
− μv

ρx2
− μxv

ρx

}

= v̄xxx

μ

ρ
+ v̄xx

(
μx

ρ
− μρx

ρ2

)
− v̄x

μ

ρx2
− v̄

(
μx

ρx2
− μρx

ρ2x2
− 2

μ

ρx3

)
+ v̄xx

μx

ρ

+ v̄x

(
μxx

ρ
− μxρx

ρ2

)
+ 2

x2

{
u(v − v̄) + v̄(u − ū)

} − 1

x

{
(ux − ūx)v + ūx(v − v̄)

}
− (u − ū)x v̄x − (u − ū)v̄xx −

(
v̄x

ρx
− v̄ρx

ρ2x
− v̄

ρx2

)
μx − μxx

v̄

ρx
:= R̂. (3.36)

Multiplying (3.36) by ξδ(x)ϕ′
ν(z2) and integrating the resulting equation over (a, b) × (0, t), we have

b∫
a

ξδ(x)ϕν(z2) dx = ν

b∫
a

ξδ(x) dx +
t∫

0

b∫
a

uz2z2xϕ
′′
ν (z2)ξδ(x) dx dτ +

t∫
0

b∫
a

uz2ϕ
′
ν(z2)ξ

′
δ(x) dx dτ

−
t∫

0

b∫
a

u

x
z2ϕ

′
ν(z2)ξδ(x) dx dτ −

t∫
0

b∫
a

ux

x
(v − v̄)ϕ′

ν(z2)ξδ(x) dx dτ

−
t∫

0

b∫
a

μ

ρ
z2

2xϕ
′′
ν (z2)ξδ(x) dx dτ −

t∫
0

b∫
a

μz2x

ρ
ϕ′

ν(z2)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

μz2

xρ
z2xϕ

′′
ν (z2)ξδ(x) dx dτ −

t∫
0

b∫
a

μz2

xρ
ϕ′

ν(z2)ξ
′
δ(x) dx dτ

+
t∫

0

b∫
a

μ(v − v̄)

ρx2
z2xϕ

′′
ν (z2)ξδ(x) dx dτ +

t∫
0

b∫
a

μ(v − v̄)

ρx2
ϕ′

ν(z2)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

μxz2

ρ
z2xϕ

′′
ν (z2)ξδ(x) dx dτ −

t∫
0

b∫
a

μxz2

ρ
ϕ′

ν(z2)ξ
′
δ(x) dx dτ

−
t∫

0

b∫
a

1

x

{
μvxρx

ρ2
+ 2

μvx

ρx
− μv

ρx2
− μxv

ρx

}
ξδ(x)ϕ′

ν(z2) dx dτ

+
t∫

0

b∫
a

R̂ξδ(x)ϕ′
ν(z2) dx dτ. (3.37)

We find the last term on the right-hand side of (3.37) can be bounded by using Theorem 3.1, Lemmas 3.1 and 3.2
as follows:
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∣∣∣∣∣
t∫

0

b∫
a

R̂ξδ(x)ϕ′
ν(z2) dx dτ

∣∣∣∣∣ � C

(
ε

3
4 +

t∫
0

b∫
a

(|u − ū| + |v − v̄| + ∣∣(u − ū)x
∣∣)dx dτ

)

� C

(
ε

3
4 +

( t∫
0

b∫
a

(|u − ū|2 + |v − v̄|2 + ∣∣(u − ū)x
∣∣2)

dx dτ

) 1
2
)

� Cε
1
4 . (3.38)

The other terms on the right-hand side of (3.37) can be dealt with by employing arguments similar to those used in
the derivation of (3.16), then we have

b∫
a

ξδ(x)|z2|dx � C

t∫
0

b∫
a

ξδ(x)|z2|dx dτ + Cε
1
4 , (3.39)

where we have also used Theorem 3.1 to get that

b∫
a

|v − v̄|dx � C

( b∫
a

|v − v̄|2 dx

) 1
2

� Cε
1
4 .

Thus, we conclude from (3.39) that

δ

b−δ∫
a+δ

∣∣∣∣
(

v − v̄

x

)
x

∣∣∣∣x dx �
b∫

a

ξδ(x)

∣∣∣∣
(

v − v̄

x

)
x

∣∣∣∣x dx =
b∫

a

ξδ(x)|z2|dx � Cε
1
4 . (3.40)

An analogous estimate also holds for (w − w̄)x by using similar arguments, which is simpler (where we let z3 :=
(w − w̄)x ). Therefore, we have proved Theorem 1.3 on the BL-thickness for the general initial data.
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