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Abstract

In this paper, we consider the zero shear viscosity limit for the Navier—Stokes equations of compressible flows with density-
dependent viscosity coefficient and cylindrical symmetry. The boundary layer effect as the shear viscosity u = ep? goes to zero (in
fact, ¢ — 0 in this paper, which implies u — 0) is studied. We prove that the boundary layer thickness is of the order O (%), where
O<a< % for the constant initial data and 0 < o < % for the general initial data, which extend the result in Frid and Shelukhin
(1999) [4] to the case of density-dependent viscosity coefficient.
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1. Introduction

In this paper, we shall study the effect of boundary layers as the shear viscosity p goes to zero (in fact, ¢ - 0
in this paper, which implies . — 0) for an initial-boundary value problem to the Navier—Stokes equations of com-
pressible flows with density-dependent viscosity coefficient and cylindrical symmetry. We restrict ourselves to the
flows between two circular coaxial cylinders and assume that the corresponding solutions depend only on the radial
variable x in £2 :={x | 0 < a < x < b} and the time variable ¢ € [0, T]. Precisely, under the cylindrical symmetric
transformation:

> X1 X2 X2 X1 2 2
u=\u——-—v—,u—+v—,w), X =,/x{ +x5, u=u(x,t), v=uv(x,1), w=w(x,t),
X X X X
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we consider the following three-dimensional compressible Navier—Stokes equations

8 p+ V- (pu) =0,
& (pit) + V- (pii @ it) + Vp =div(u(Vii + Vi) + V(1 divii).

Here p is the density, p = Ap? is the pressure, where y > 1 is the gas constant and A is a positive constant, which will
be normalized to be 1; u is the component of the velocity vector i along the radial variable x (x € £2), v is the angular
component of #, w is the axial component of i; A and u are the bulk and shear viscosity coefficients, respectively.
A > 0 is a positive constant and u = ep? with 0 <6 < y and ¢ being a positive constant.

The reduced system is now of the form (see [8] for the case of constant viscosity coefficient):

ou
pr + (pu)x + =0,
u
<Mz +uuy — —) (2M+k)(ux ;) —2puyuy =0,
* ; (1.1)
p(vz+uvx ) ( —) — MxVx + px— =0,
N X
p(wr +uwy) — 1 ( ) mywy = 0.
In the domain Q7 := £2 x (0, T'), we consider the initial-boundary value problem given by (1.1) and
(P, u, v, w)|i=0 = (po, uo, vo, wo)(x), x € §2:=(a,b), (1.2)
u|x=a,b =0, (v, W)lx=a = (v1, w1) (@), (v, w)|x=p = (v2, w2) (). (1.3)

The viscosity coefficient is often assumed to be a positive constant. However, it is well known that the viscosity
coefficient of the flow is not constant. It is motivated by the physical consideration that in the derivation of the Navier—
Stokes equations from the Boltzmann equation through the Chapman—Enskog expansion to the second order, cf. [1,
6], the viscosity coefficient is a function of the temperature. Especially, for isentropic flow, this dependence of the
viscosity is translated into the dependence on the density. For more physical background, please refer to [22,23,29]
and references therein.

The asymptotic behavior of viscous flows, as the viscosity vanishes, is one of the important topics in the theory of
compressible flows, and the problem of small viscosity finds many applications, for example, in the boundary layer
theory [14].

Shelukhin studied the zero shear viscosity limit for flows with heat conductivity between two parallel plates in
[19,20] and the passage to the limit for a free-boundary problem of describing a joint motion of two compressible
fluids with different viscosities, as the shear viscosity of the fluids vanishes in [21].

Frid and Shelukhin in [4] investigated the cylinder isentropic problem (1.1)—(1.3) with constant shear viscosity
coefficient i (i.e. @ = 0). They proved that the problem possessed a unique global strong solution when pg € H'(£2),
infg pg > 0, ug, vo, wo € H(} (£2), and also investigated the boundary layer effect and proved the existence of a bound-

ary layer thickness (BL-thickness; see Definition 1.1 below) which is close to the value O(M% ). For the non-isentropic
flows with constant shear viscosity coefficient i and constant heat conductivity, Frid and Shelukhin in [5] justified
the vanishing shear viscosity limit. For the non-isentropic flows with constant shear viscosity coefficient ;= and non-
constant heat conductivity, Jiang and Zhang in [7] studied the boundary layer effect and convergence rates as the shear
viscosity u goes to zero. Their results showed that the BL-thickness and a convergence rate were of the orders O (u*)
with) <o < % and O (/it), respectively.

But there are no relevant results for the problem with density-dependent viscosity coefficient. The main aim of
this paper is to extend Frid and Shelukhin’s result in [4] to the case of density-dependent viscosity coefficient. We
establish the convergence result as ¢ — 0 and also give BL-thickness of the order O (%), where 0 < @ < % for the
constant initial data and 0 < o < % for the general initial data.

The boundary layers problem has been one of the fundamental and important issues in fluid dynamics. The Prandtl
boundary layer (characteristic boundaries) are studied for the linearized case in [26-28] by using asymptotic analysis,
while the boundary layer stability in the case of non-characteristic boundaries and one spatial dimension is discussed
in [11,16]. For incompressible Navier—Stokes equations, there are a number of papers dedicated to the questions of
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the boundary layers, see [3,9,12,13,18,24,25] for example. We also mention that the fluids with u = 0 and A > O were
discussed in [10,15,17].
To formulate the main results of this paper, we need the following notations which will be used.

Notation. From now on, we use the notations [|(f1, f2,..., f)ll> = I fil> + 10% + -+ + | fuI* for func-
tions fi, f2,..., f» belonging to the same functional space equipped with a norm | - ||. W™?(Q) and W(;" P (0)

(Wn-2(O) = H™(O), WS”’Z((’)) = H'(0)) withm € Z and p > 1 denote the usual Sobolev spaces defined over O,

WO P(©) = LP(O). The symbol C¥(O) (resp. CK(O)) with non-negative integer k represents the set of functions
having continuous derivatives up to order k in O (resp. in O). For simplicity, we will use the abbreviations:

- lwmp =1 - lwm.r(2), l-ller =1 - llLr(2)-

LP(1, B) (resp. || - llLr(1,B)) denotes the space of all strongly measurable, pth-power integrable (essentially bounded
if p = 0o) functions from I to B (resp. norms), where / C R and B is a Banach space.

Then, our main results can be stated as follows.

Theorem 1.1. Assume that the initial and boundary data satisfy the conditions:

(po. vo, wo) € W(2), up € Wy N W), 00> 0,
100 ey <00 i wd|eigory <00 (=1,2),

uo(a) =uo(b) =0, (vo, wo)(a) = (v1, w1)(0), (vo, wo) (D) = (v2, w2)(0).

Then there exists a positive constant g, such that for all € < &g, we have:

(i) Forany T > 0, there exists a unique solution (p, u, v, w) of the problem (1.1)—(1.3) satisfying
peLl®0,T;Wh?),  peL®(0,T;L%), p>0,
ueL®(0,T; Wy NW22),  u, e L0, T; L) N L*(0, T; W'?2),

where the norms are all uniform in €. There also exists a positive constant C independent of €, such that
(v, w)(x,1)| < C forall (x,t) €la,b] x [0, T], and

8% ” (UXv wx) ”200(0’]';1‘2) + 8% ” (UXX’ wXX) ”iz(O,T;Lz) < C.

(i) There exist functions (p, u, v, w) such that as € — 0,

_ 1
(p,u) = (p,u) strongly in C*(Qr) for any a € <0, E)’

(x, v, w) —> (ly, v, w) strongly in LP'(Q7) for any p; € [1, 00),
(Pxs Prs s Ug) = (P Pr iy, i) weakly-x in L(0, T; L?),
(SU%, swi) — (0,0) strongly in LP2(Q7) for any p> € [1, 2],

where Q1 = (a,b) x (0, T).

Furthermore, the limit functions (p, u, v, w) solve the problem (1.1)—(1.3) with ¢ = 0 in the following sense:

/x,é(lﬂt+ﬁ1[/x)dxdt+fx,0m/1(x,0)dx=0, (1.4)

Or Q
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/x[ﬁﬁd), + (/3122 57 — Aty — ﬂ)@} dx dt
X

Or
+/<,5172+,5V — Aily —A%)q&dxdt—i—/xpouod)(x,O)dx:O, (1.5)
or 2
/x,éz')(qﬁt + iy — %q‘)) dx dt ~|—/x,00v0¢(x,0) dx =0, (1.6)
or Q
/xﬁli}((b, + ugpy)dxdt —l—/x,oowoqb(x,O) dx =0, (1.7)
or Q

for any text functions ¢, € C1(Qr) with ¢(x,T) =y (x,T) =0 for all x € 2, and $(a, 1) = ¢(b,1) =0 for all
te0,7).

Next, we state the result about the boundary layer effect. At first, let us give the definition of BL-thickness, which
mainly comes from [4].

Definition 1.1. A function §(¢) is called a BL-thickness for the problem (1.1)—(1.3) with vanishing shear viscosity u
(in fact, vanishing ¢ implies vanishing shear viscosity w), if 6(¢) | O as ¢ | 0, and

_ 1
(p,u) = (p,u) strongly in C*(Qr) for any « € (O, 5) ase — 0, (1.8)
812%” —v,w—w) ||L°°(O,T;L°°(.Q,s(g))) =0, (1.9)

0, (1.10)

liirligf” w—v,w—w) ”Lw(o,T;LO"(Q)) =

where 25 :={x € 2 |a+§ <x <b—46},and (p, u, v, w) (resp. (p, i, v, w)) is the solution to the problem (1.1)—(1.3)
(resp. to (1.4)—(1.7)).

Clearly, this definition does not determine the BL-thickness uniquely, since any function §.(¢) satisfying the in-
equality 8. (e) = &(¢) for small ¢ is also a BL-thickness.

Theorem 1.2 (BL-thickness for the constant initial data). Under the conditions of Theorem 1.1, we assume in addition
that the initial data satisfy (p, u, v, w)|;=0 = (00, 0, 0, 0) where the initial density po is positive constant. Then the
limit problem (1.4)—(1.7) has only trivial solution (p,u, v, w) = (pg, 0,0, 0), and any function §(¢), satisfying the
conditions 6(¢) — 0 and 8%/5 (¢) => 0 as e — 0, is a BL-thickness such that

- 1
(p,u) = (po,0) strongly in C*(Qr) for any a € (O, 5) as e — 0,

515%” (v, w) ”LOO(O,T;L"C(Qa(s))) =0
and
Hgi(r)lf” (v, w) ”me,T:Lw(Q)) >0,

whenever the boundary conditions v; and w; (i =1, 2) are not identical zero.

Motivated by the ideas of [7], we can give some results about the BL-thickness for the general initial data under
some additional initial assumptions. The main result is as follows:

Theorem 1.3 (BL-thickness for the general initial data). Let the assumptions given in Theorem 1.1 hold. Assume
in addition that (v, wo) € H3(2) and py € H*(82). Then, any function 8(¢), satisfying the conditions §(g) — 0
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and 8%/8 () = 0, as € > 0, is a BL-thickness such that (1.8)—(1.10) hold, whenever the boundary conditions
(v, wy, v2, wyp) are not identical (v(a,t), w(a,t),v(b,t), w(b,t)).

Remark 1.1. When 6 = 0, all the results in Theorems 1.1, 1.2 and 1.3 hold without the restriction & < gg (we can
choose the constant &g as in (2.21)), which can be proved by using the ideas in [4,7]. So, in this paper, we only consider
the case when 0 < 6 < y.

Remark 1.2. The above results also hold for the case when y = 1, where pTV] in (2.2) is replaced by (1 — p+ pInp),
which is positive for p > 0. We don’t refer this case in the present paper, see [4] for details.

The difficulty of this problem is to obtain the upper and lower bounds of the density p, especially for the lower
bound. When ¢ is small enough in some sense, using some new a priori estimates for the solution, we can obtain the
bounds of the density. The key ideas are using the classical continuity method and the following a priori assumption:

b

sup &2 /(,og)i dx <1, foranyT > 0.

t€l0,T]
a

In Lemmas 2.2-2.4, we get some uniform a priori estimates (with respect to ¢) for the solution. Then, using these
estimates and the smallness restriction on &, we can obtain
b
2 1
sup &2 /(,og)x dx < =, forany T > 0.
1€[0.T] 2

Using the classical continuity method, we can close this estimate.

Compared to [4,7], there are some other difficulties in our paper. Firstly, we have to seek a new method to estimate
the bound of p because of the effect of density-dependent shear viscosity © (see Lemma 2.2). Secondly, in order to
obtain the bound of v, we must deal with f ab ;:i—x dx instead of f ab v2N dx as in [7], where N € N. Finally, when we
want to get the BL-thickness results, we have to obtain the estimates:

b—§

10,

a+s

dx < Cs% (see (3.16) for the constant initial data (oo, 0, O, 0)), (1.11)

or
b—§

1055,

a+s

dx <C 5% (see (3.40) for the general initial data), (1.12)

instead of estimating in [7]

b—§
a/ lv|dx < Ce?, (1.13)
a+§8
or
b—§
a/|(u—5)x\dx<c8%. (1.14)
a+§8

In fact, as in [7], when we estimate (1.13) and (1.14) directly, we will encounter the terms like

t b

//I’va
pX

0a

because of the effect of density-dependent shear viscosity ©. However, we have no method to estimate (1.15).

wyEs(x)dxdr,  z=uy, (1.15)
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The paper is organized as follows. We first derive some a priori estimates in Section 2. Then, at the beginning of
Section 3, we illustrate the proof of Theorem 1.1 concisely, since the process of it is similar to that in [2,4,5,19,20].
Next, in Section 3.1, we apply uniform estimates in Section 2 to prove Theorem 1.2 by adapting and modifying the
techniques used in [4,7]. Finally, in Section 3.2, we give some results on the convergence rate (w.r.t. €) and the BL-
thickness for the case of general initial data under certain additional initial conditions and this completes the proof of
Theorem 1.3.

We should mention that the methods introduced by Frid and Shelukhin in [4,5] and Jiang and Zhang in [7] will
play a crucial role in our proof here.

2. A priori estimates

This section is devoted to the derivation of a priori estimates uniform in ¢ for the solution to the problem (1.1)-
(1.3). For simplicity, throughout the rest of this paper we shall denote by C the various positive constants dependent
on the initial data, y, A and T, but independent of ¢.

At first, we give the basic energy estimates.

Lemma 2.1. For any t € (0, T), we have

b b

fx,o(x,t)dx = /xpo(x)dx > 0, 2.1)

a a

and

b
Y
/x{p(u2+v2+w2)+p—l}dx
)=

a
t b u2 v 5
—i—//x{(ZpL—i—)»)(; +u§>+u(vx—;) +,uwi}dxdr<C. (2.2)
0a

Proof. Firstly, it follows that (2.1) holds from (1.1); and boundary conditions (1.3).
Secondly, rewrite (1.1) as

1 Y 1
{Ep(”2+”2+w2)x+ = 1x}, " {Exp”(”2+”2+w2) = 1py”x}x
2 2
2 U v 2
x X
={@u+Vucux} + {uovex}, — {/wz}x + {pwwyex)y. (2.3)

Integrating (2.3) with respect to (x, t) over (a, b) x (0, ¢) and using the boundary conditions u(a,t) =u(b,t) =0,

we have
t b 2 2
2 U v 2
}dx—}—//x{(Zu—}—)»)(uX—i—x—Z)—}—/L(vx—;) —i—uwx}dxdt
0 a

1 1 1

1 ,oy
x{ipo(u%—i-v%—i—w(z))—i— yf1}dx—i—/,uvvxxlizudr—/lwz}l;zudr+/Mwwxx|£=udt.
0 0 0

b
1 y
/x{ip(u2+v2+w2)+ yp—l
a

)

(2.4)
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On the other hand, integrating Eqgs. (1.1)3—(1.1)4 over (a, x) and (x, b), respectively, we have by using the boundary

conditions (1.3) that
J b x
a
t)— dyd
b_avlodt//pv vdx

b
MOV X |x=q = Lm(t) / u(vx - E) dx —
b—a X
2av1(t) // ,ouvdydx— avl(t)
vl(t) // (vx - —> dydx + (uv* )N —ys (2.5)
MOV X |x=p = h— UZ(I)/ (Ux - _) dx + v2(t)_ // pvdydx
2bv2(t) / / wvdydx — 220
b—a

2 1
") //u(vx - E>—dydx+(;wz)!x:b, (2.6)
—a Y,y
UWWxX | y—q = {awl(t)/,uwxdx—awl(t)—//,owdydx—awl(t)f/ —puwdydx
—awl(t)f,ouwdx+aw1(t) // — LWy dydx} 2.7)

and

b b b b b
1 d 1
uwwxx|x:b:b—{bwg(t)/uwxdx—i—bwz(t)E//pwdydx+bw2(t)// —puwdydx
—a y
a a x a x

b b b
1
—bwg(t)/,ouwdx—bwg(t) /f —/wadydx}. (2.8)
y
a a x

Substituting (2.5)—(2.8) into (2.4), we have

b
1 Y
/x{ip(u2+vz+w2)+yp—l}dx
a
t b
5 u? v
+//x{(2u+k)<ux+x—2>+M(vx—;> + pwy }dxdr
0a
t b
<C~|—C//xu (r)+v2(r) dxdr+ // < ——>xdxdr
0a
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b t b
+ C// pvidxdrt + C// p (v} (1) + v3,(D))x dx dt
0 0a

b b
1
+Z/,o(u2+v2+w2)xdxdr+C/p(v%(t)+v§(t)+w%(t)+w%(t))xdx
a

b t b
+c/f(|v1(r)|+|v2(r)|)p(u2+v2)xdxdr+%//waxdxdf
0 0a

t b

b
+C//xu(w%(f)-i—w%(r))dxdr—i—C//pwzxdxdr
0 0a

t b

t b
C//p(wlz,(r)+w%t(t))xdxdt+C//(|w1(r)|+|w2(t)|)p(u2+w2)xdxdt
0 0 a

a

1 2 1 ‘ 2 2 2
C+§// (vx——) xdxdt + = //,uw xdxdr+4/,o(u +v +w)xdxdr
0a a
t b t b
+C//,o(u2+v2+w2)xdxdt+C//x,oydxdr.
0a 0a

Here we have used the Cauchy—Schwartz inequality, the Young inequality and 0 <6 < y
By Gronwall’s inequality, we deduce (2.2). This completes the proof of Lemma 2.1. O

+

In order to estimate the upper and lower bounds of p, we suppose the following a priori assumption holds:

sup 82/(,09))2( dx <1. (2.9)
t€[0,T]

Lemma 2.2. Under the assumptions of Theorem 1.1 and the a priori assumption (2.9), if ¢ < €9 < 1, then there exists
a positive constant C, such that

C'<px,n<C, forall (x,t)e Or. (2.10)
Proof. For any fixed point (xg, fp) € O, we want to obtain the bound of p at a fixed point (xg, fy). First, by (2.1) and

the assumptions in Theorem 1.1, there exists x| = x1(f) € (a, b) such that (b — a)x;p(x1, 1)) = fab xp(x,t9)dx =

fab xpo(x) dx, which implies that there exists a positive constant C such that

™' <pxi 1) <C. (2.11)
Let L(x,t) = 2 p? 4+ A1lnp. We shall examine the difference L(x,t) — L(xo,t) by considering its evolution along
particle trajectones. Define X (¢) by

d .

EXJ'ZM(XJ',I), Xq,'(to)le', j=0,1,

andlet AL(t) = L(X(t),t) — L(Xo(2), t). We then obtain from (1.1) that
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DAL =— +x)(5+ >
dt B H X ha

X1

d ) 2
——— 1) —Ap— | B(u?-
10— Ap /x(” v

Xo

where 1(t) = fx pudx, and Ap = p(p(., t))|Xl Now define a(t) =

representations of L and p.
Rewrite (2.12) as the forms of a linear ODE

X

AL AL =—L 1 p
7 () + o) ()__E ()—f;(

Xo

whose solution is

AL(t) = e~ h* @97 (AL(0) + 1(0)) — (1)
t X1

X1 7'
X (
0 X

)dx —/Z,uxﬁdx,
X

v2

0 u
pus + puny — — + py + 20—
x x

X1

Xo
Ap(t)

X

u —vz)dx—/Z;Lxde,
X

Xo

X1
+/e—f!a<f>df{am)l(s)—/fz(u —v?)dx 2 /Mx;dx}ds,

0 Xo

which implies

|AL(®)| < |ALO)| + [1O)] + |10)]

t

0

/(f(uz —v?) 4 2Mx;) dx

+'/e_/~'rt“(r)df{a(s)‘](s)’-i—

Xo

Now we estimate the third term on the right-hand side of (2.14) as follows:

X1 X1
[1(0)| = /pudx
Xo Xo Xo

where we have used Lemma 2.1.

Substituting the above estimate into (2.14), we have

[ (2=t )as

t

|AL@)| <C+C/e—ffa<f>dfa(s)ds+f

0

X

X
</|pu|dxg/puzderc/xpdxgc,

Xo

By Lemma 2.1 and the a priori assumption (2.9), we have

'
/e_fxr“(f)dra(s)ds — 1 — e Joamdr ¢ 1,

and
t X1
)
//(—(u —v)+2,ux >dxd
X
0 'Xp

t X1

<c [ [ (o +pv dxdr—i—C//

0 Xo 0 Xo

t X1

dxdr—i—C//—dxdr C.

0 Xo

. It is easy to see that a(t) >

Ja.

dt.

685

2.12)

0 by the

(2.13)

(2.14)

(2.15)
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Thus (2.15) shows

2e 4 2e 4
|AL(to)| = 7P (X1,to)+)»1n,0(X1,t0)—?,0 (x0, 70) — A1In p(xo, 10)| < C,

which implies the pointwise bound (2.10) follows from this and (2.11) under the assumption e < egg < 1. O

Lemma 2.3. There is a positive constant C independent of €, such that

—C <v(x, 1), wx,t) < C forany (x,t) € QT. (2.16)

Proof. Multiplying (1.1)4 by 2Nxw?"~! with N € N, we have
(xpsz)t + (xpuwZN)x = 2Nx(uwx)xw2N_l + ZN/LwZN_lwx.

Integrating the above equality over (a, b) x (0, 1), we get

b b t b
/x,owZN dx :/xpowéN dx —2N(@2N — 1)//xuw§w2N—2dxdr
a a 0a
t
+2N/(xuwxw2N71)|izz. 2.17)
0

We can use Lemmas 2.1, 2.2, (2.7) and (2.8) to deal with the boundary terms in (2.17), which can be controlled by
CN2C?N through simple calculation. Then we get

b t b b
/xprNdx+2N(2N— 1)//x,uw)2(w2N72dxdt g/xpow(%Ndx—f—CNzCZN < CN2C?V,
0 a

a a

where C is a positive constant, independent of N, ¢. Now, we raise to the power ﬁ for both sides of the above
inequality and let N — oo to deduce that ||w(?)||L~ < C.
Next, we prove ||v(t)|| L < C. Multiplying (1.1)3 by 2Nx 2N 2N =1 with N € N, we have

(xszpva)l
v v

_ 2Nx_2N(u<vx i _)) p2N=1 g2 2N, U
x)), X

Integrating the above equality over (a, b) x (0, t) and integrating by parts, we get

+ (xszpMUZN)X + (4N + D puv*N x=2N-1

b b t b
/x_2N,0v2N dx = /x_ZNpov(z)N dx — (4N + 1)//x—2N—1puv2N dxdt
0 a

a a

t b
4N +1v)\?
— 2NN —1 2N N2 (o, — =) dxd
( )//x e b 4N —2 x rar
0 a

tb

9N

+4N 2//x_2N_2uv2Ndxdr
0 a

t
+2N/{x_2Nv2N_lu<vx - %)}
0

We can use Lemmas 2.1, 2.2, (2.5) and (2.6) to deal with the boundary terms in (2.18), which also can be controlled
by CN2C?V.

dr. (2.18)

X=a
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By (2.18) and Lemma 2.2, we get

b2N b

2
U—dx CN2C2N+CN</ +||u(r)||Loo)/ - dxdt)
a 0 a
b

v2N
(1+ [uc (] 2) / dedr),

a

< CN*C™N + CN(

o .

where we have used the Cauchy—Schwartz inequality and Sobolev’s inequality |[u(?)| 1 < |lux ()2 € L', 7).
Therefore, Gronwall’s inequality yields

b U2N
/ v dx < CN?C?*VN exp{CN},
a

where C is independent of N, . Now, we raise to the power ﬁ for both sides of the above inequality and let N — oo,
then we get |[v(t)||L~ < C.
This proves Lemma 2.3. O

Lemma 2.4. For any t € (0, T'), the following estimate holds
b
/p)%(x, 1 dx <C. (2.19)
a
Proof. From (1.1); and (1.1),, we have

Pr + Uupx

u
Uy +—=—
X 1Y

and

2u+ A 21+ A u
()] o [ ()] o2
p? ; 02 N x X

2u+k

Multiplying the above equation by ( + u) and integrating the resulting equation over (a, b), we can get

b
1d 2+ A 2
S (s dx+y/(2u+)»)py S3p2dx
2dt 0?2

a
b

1 2u+ A 2
=—y/,o7’_1,0xudx+—/—< nr px—i-u) dx
2 X X
a a

b b
2 A 2 A
—/ﬁ(uz—v )( ot px+u)dx—28/(p9)x < pt px—i-u)dx. (2.20)
0? x\ p?
a a

The first three terms on the right-hand side of (2.20) can be estimated by Lemmas 2.1-2.3 and the Cauchy—Schwartz
inequality as follows:

b
yfp”*lpxudx <

a

| =
| =

b b b
y/)upyﬁpfdx—i-C/‘puzdxg y/)»py73p§dx+c,
a a a

and



688 L. Yao et al. / Ann. 1. H. Poincaré — AN 28 (2011) 677-709
1 2u+A
— / — ( Px + u) dx|+
2 X 0?2

a

b b b
2 2 2 2
<C||u(t)|| o | P M+ ——pxtu) dx+C | p ,u+ ——pxtu) dx+C p(u2—v2)2dx
L p? p?
a a a
b

b 5 b
2 2ut 2
SCl1+ [ ugdx 0 5—Px +u dx+C+C | u;dx,
P
a a a

where we have also used Sobolev’s inequality |[u(?) ||z < |lux(®)|;2 € L0, T).
And we can bound the last term on the right-hand side of (2.20) by using the a priori assumption (2.9):

b b
2 A
<C/pu < mt ,ox+u> dx+C£2/(p9)idx
p a
C—l—C/u a’xf (

Hence, inserting the above three estimates into (2.20) and using Lemmas 2.1-2.3, and applying Gronwall’s inequality,
we obtain (2.19).
The proof of Lemma 2.4 is completed. O

b
B(uz—v )(2M+}pr+u>d
X p?

b

2 A
28/ <M+ ,ox—i—u)dx

2
,ox + u) dx.

Now we prove that the a priori assumption (2.9) is closed. From Lemmas 2.2 and 2.4, if we choose

1
c%gi g0 <1, (2.21)
then we have
b b .
ng(pe)idngzng 20—2 zdx 2<C8§<§,
a a

and this closes the a priori assumption (2.9).

Lemma 2.5. For any t € (0, T'), we have

lull Loo0,1;L0(2)) < C,

b t b
/uidx%—//(utz—{—uix)dxdréc. (2.22)
a 0a

Proof. Rewrite (1.1), as

and

Uy U pv?
pus + puty — Cp + Miyy = 2 + 1) ? - x_2 + 7 — Dx + 2y iy,

and

2 -1 _ ol Uy u pv? y—1 ?
(p”t 2u+ )\)uxx) Cu+2) < 2)” puuy + ~ Yo' px + 2pxux

which implies
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Qu+1)? ,
7”)6)6 - 2(

2 d 2 2
pu; + Qu+ Muxur)  + o [@Qu 4+ Muy] = 2puy + 4w,

2 2
_ u u pv —
=p 1{(2M+)»)<7x_;>_;0uux+7_ypy lpx+2qux} .

By using Lemmas 2.1-2.4 and the Cauchy—Schwartz inequality, we have

t b b
//(utz+u§x)dx+/uidx
0a a

t b
<C ~|—C/./{|m|u§ e+ uPut + Qu+ 2 (i +u?) + piutdxde
0a

t b
<C+Cf/{ap6_1|p,|u§+S|(p0)xuxu,|}dxdr
0a
t b t b
+Cf||u||ioc([ufdx)dt—}-C[/uiuidxdt
0 a 0a
t b t b
<C+//e u§+%//ut2dxdf
0a 0a
t b t b
+cg2//(pe)iu§dxdr+cf||ux||iz</uidx> dt
()a () a
b

t b t b t
gc+c//a|pxu|u§dxdr+C//e|u§|dxdr+cf||u||Loo/gu§dxdr
0a 0a 0

a

ou
Pxu + pux + 7

t b t b t b
+%//utzdxdr+C£2//(p0)iu§dxdr+C/||ux||iz</u§dx> dt
0 a 0a 0 a
6
= C+) I (2.23)
i=1

Now we estimate I; (i =1, 2, 3, 5, 6) as follows

tbh th
11gC/fp%uidxdt+C82//u2u§dxdt
0a 0a

t b t b
< [l [ 2avar+ce [ [uavan
0 a 0a

t t b
<C dt + Cé&? 2uldxd
< luxllp2lltxxllz2dT + Ce u-uydxdr
0 0a
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i t b t b t b
<Z//uixdxdt—l—C//uidxdr+C82/||ux||iz</uidx>dr,
0 a

C8/||“x||L°°”ux||L2 \CS/||“x||L2||uxx”L2||”x||L2dx

< Ce/(nuanz i 2 e 2
0

t t t
1 2 2 4 3
< g luxel2, d + Ce ||ux||L2 dt +Ce | lluxl, dv
0

lxell7o dr + Ce | lux zlluxll dr + Ce | uxllp2llusll}. dr.
L L L

13+I6<C/(1+||ux||L2)<fuxdx)dr,
a

0

t
15<C82/||Mx||%m/ dxdr // xxdxdt—i—C//u dxdr.
0 a

Here we have used Sobolev’s inequality.
Substituting the above estimates into (2.23), we have

and

b t b

t b
//(u,2+u§x)dxdr+/u§dx<c+cf(1+||ux||§2)</u§dx>dr,
0 a

a 0 a

which implies (2.22) by Gronwall’s inequality. Lemma 2.1 and (2.22) give the bound of |||z 0,7;10) < C. The
proof is completed. O

Lemma 2.6. There exists a positive constant C independent of ¢, such that

b

81/(1} + w? dx—l—E%// xx—i—w” Ydxdr < C.

a

Proof. From (1.1)3 and Lemma 2.2, we have
1 uv _1f vx v 1 1 v
MUxxp = =up+— —pup (=== )| =P UxVx+ P =
X X X X

Multiplying the above equation by pvyy and integrating the resulting equation over (a, b) x (0, t), we get

b
1 —1,2
5 UV 2dx + u o vy, dxdrt
1 t b
——fuovOde //uuxv dxdr+//uvx(g—w)dxdr
2 X X

a 0 a
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t b

t b
—/fpbxvx dxdt—//upluvx)C(U—x—%)dxdt
X X
0a 0a
t b t b
_ _ v
_//Mp IUxxMxedXdT-i-//MP lvxx,ux;dx‘lf
——f/uuxv dxdt — = //,uv —dxdt + /(,uvxvt)lx bdr
+// Mxvxuvdxdr—//,o_l,u,uxvxvxxdxdr—f/,o_l,u&vfdxdr
X X
0a 0a 0 a
t b t b t b
v v
+//,0_1 K’ 2"dxdr+f/p—1u§ux;dxdz—/[p 1202 dx dr,
0a 0a 0a

where we have used integration by parts and boundary conditions (1.3).
The above equation implies

/v dx +¢ // v dxdt

Cs—i—Cs// |uy|v; dxdr—i—Cs/ [uxl (14 lux| + v |) dx dt
0a 0a

t b t b
+Cef/ Ivax|dxdt+C82//|vxx|(1+|vx|)dxdr

0a 0a

t b t b
+C82//|vxx,0xvx|dxdr+C82//|vaxx|dxdt

0a

t b t b
+C£/|vxvt| |dr+C£2/f |,ox|v§dxdr+C82//|vax|dxdr
0a
+Ce //,ox|vx|dxdr+CS f/,oxvxdxdr

= Ce + Z Ji, (2.24)

where we have used Lemmas 2.1-2.5.
Before we estimate the terms on the right-hand side of (2.24), we give the following useful estimates (see (2.10)
in [7])

1 L
lvx e, )| SC(1+ oD | [vax @] 72),  forall x € [a, b], (2.25)

and

1 1
lwe e, D] SC(1+ [we@) |}, |wex @] }2),  forall x € [a, b]. (2.26)
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Next, we estimate the terms on the right-hand side of (2.24) by virtue of Lemmas 2.1-2.5, (2.25) and (2.26) as
follows: Firstly, we have

t b
Ji gc»;/(uuxn%& + 1)/u§dxdz, (2.27)
0 a
t b
12+J3<Ce//(1+u§+u§+p§)dxdr<Ce+Ce//v§dxdr, (2.28)
0a
] t b t b
J4<C82+§82f/ v)zmdxdt—i—Csz// vidxdr, (2.29)
a

—8 f/ Ldxdt + Cé? //,oxvxdxdr
b
_8 f/ cdxdt + Cé? /||vx(r)||m[a b])f,oxdxdr

L / / V2, dxdz + Ce? / [oe 2oy [0 O 2y 47 + €
0a 0

t b t b
182// vfxdxdr—i—Csz// vzdxdt—i—Cez, (2.30)
0a 0a
and
t b t b t b
Jo < é&[/ vfxdxdr+Cszf/p§dxdr< éssz v dxdt + Ce?. (2.31)
0a 0a 0a

Secondly, the boundary term J7 can be estimated as

t b t b
1
J7<C£%+gsz//v)%xdxdr+C£f/v§dxdr, (2.32)
0 a 0a

where we have used Young’s inequality and (2.25).
Finally, we can estimate Jg—Jq1 as follows:

t b t t b t b
1

Jg<C82//Uidxdt+C€2//vaxdxdr< g¢ //vfxdxdr—i—Csz//vidxdt,

0a 0a 0a 0a

'

19<C82+C82[/U§dxdf,

t b t b ]
J10§C82//p§dxdt+C82[/,Oxvxdxd‘l.'<C£ +8 f/ xxdxdr—i—Ce //v dxdr,

0a 0a 0a

and
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t t b t b
1
Jil <C82/||vx||%mdr< §82// ugxdxerrCeZ// vidxdr.
0 0a 0a

Substituting the above estimates J1—J1; into (2.24), we get for ¢ < ¢q that
b

b t b t
1
efvgdx+£2//vfxdxdr<C/(l+||ux||iz+||uxx||iz)/svfdxdr+C87.
a 0a 0

a

Therefore, we obtain the desired estimate for the angular velocity v by using Lemma 2.5 and Gronwall’s inequality.
By the similar method, we can also obtain the estimate for the axial velocity w.
The proof of Lemma 2.6 is completed. 0O

By virtue of Lemma 2.6, we have the following useful result.

Corollary 2.1. There exists a positive constant C, independent of €, such that

‘b
82//(vi+w§)dxdr<C8%
0a

Proof. By Sobolev’s inequality, (2.25), (2.26) and Lemma 2.6, we have

b

t b
82//(Ui+wi)dxdr %/”(vx,wx)(r)”mo/sZ(v + w )dxdr
0a

a

t

< Csl fH We, W)@ 2| Vars W) (@] 2 dT + Cs
0

D=

< Ceg

This proves Corollary 2.1. O

Lemma 2.7. We have

ltex |l Loo0,1; 000y < C,

sup /(ut +uxx dx+//u dxdt <
t€[0,T]

Proof. From Lemma 2.5 and Sobolev’s inequality, we have

and

lullLoe,7:200) + Nluxll L2¢0,7: 100y < C. (2.33)
By (1.1)1, Lemmas 2.2, 2.4 and 2.5, we get

b b

/,0,2 dx <C f(pzuﬁ + p2u? + p*u?) dx < C. (2.34)

a a

Differentiating (1.1), with respect to ¢ and using (1.1); and (1.1)3, we obtain
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P + putyy — 2+ AMtyxy

u u u
=Q2un+ A)(i - x—) + (ur + uux)((pu)x + %) — puitx + 24y (”x + ;) — Pxt

X

3puv?

+ %{—(wvz)x -

Multiplying the above equality by u; and integrating the resulting equation over (a, b), we deduce

v 2
+2n <vx + ;) U+ 20Uy Uxv — ;vzﬂx} + Quxuy);-
X

b

1d
27 pu?dx+/(2u+)»)ui,dx

a

b
/(ZM—I—A)M,(— — —) dx — /(u?—}—uuxut)xpudx
x2
a

b b b b
1 1 2
+/—pu(iutz+uu,ux)dx—[puxutzdx—i—/(py)tux,dx—3/%14,0%
x x

a a a a
b b )
—2/u<vx+3)(—v—”2’+ ol Uu[x)dx—4/ltxv—;ttdx
X x X x x
a a
b b b
—}—/,ouvz(M 2)abc— /‘/Lx,utﬁdx—Z/mum(ux—}—Z)dx
x x X x
a a a
11
=;2Ri, (2.35)
i=1

Next, we estimate each term on the right-hand side of (2.35) by applying the previous lemmas and (2.34) as follows:

b b b
1
R = /(2,u +)\)u,<— — u_;) dx < C/(lu,um +u12) dx < 5/)@52” dx + C/,ou,zdx,
X
a

a a

Ry =— pu(2u,ux, + uzu[ + unsiyy + uuxuxt)dx

\w

b b b
;/ku dx—i—C/(pu, +u )dx+C/(ui+u§x)dx
a
b

b
1
5/;@! dx + c/pufdx + (1 Jux 2 + e ]2).

b b b

R3+R4§C(l+/,out2dx+||ux(t)||Loofput2dx) <C+C(l—|—||ux(t)||Lm)[put2dx,

a a a

b
/)‘“)2“ dx,
a

Rs <

~| =

b
Au? dx+Cfp3dx<C+
a

\ll'—‘
Q\“@
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b b
Re + Rg < C+;/Au§tdx+C/putzdx,
a a
b b b
2, ] 2 2
R7 < Cs +§/‘)\ux,dx+C/s (vi+v )dx+C/,outdx
a a a

\]lr—

b b
fkumdx—i_cf’ou dx+c(82+52”vx(t)”m°)
a

b b
3

1 3
;/u m+c/pum+c{z (| 2 + ) [:))

b
/M M+C/pﬁw+c@+£hmmﬁﬂ

.2 b b
R8=—493/,09’ px—zu,dng/pu,zdx—i-Cezfpfdx<C82+C pulzdx,
X
a a

a

a\w

and

u
Rio + R11 :2[Mt<—utxux +Mt;x - Mt;) dx

a

b
6—1
<Ce/p e (gt + g | + g |) dx

a
b b b b b
l aul dx +Ce* | prdx+C 2i2dx +C 2dx + Cée? d
7 ix Pt pusu,ax pu;ax pz"‘x x
a a a a a
{ b b
2 2
< 7/)\u?xdx+Cez+c(1+ luc®]|72 + Huxx(t)”Lz)/,outzdx
a a

+Ce*(|ur@) |72 + [usx ]32).

Substituting the estimates of R; (i =1, ..., 11) into (2.35), we get from Lemmas 2.1, 2.2, 2.5, 2.6, and Gronwall’s
inequality that

sup /utdx—i—//u (dxdt <C
t€l0,T]

This together with Eq. (1.1)2 and previous lemmas give the bound of |[uxx |1 7.12)- The proof of Lemma 2.7 is
completed. O

3. Proof of the main results

In this section, we will give the proof of Theorems 1.1-1.3. By virtue of uniform a priori estimates given in
Section 2, the existence and uniqueness of the global strong solution to the problem (1.1)—(1.3) with any fixed 0 <
& < go can be proved in a standard way as that in [19]. Following a process similar to that in [4] (also cf. [2,5,20]),
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one can also justify the zero shear viscosity limit (in this paper, ¢ — 0 implies u© — 0). Moreover, we can easily get
the convergence result (ii) in Theorem 1.1 by Lemmas 2.1-2.7 and Corollary 2.1.

Next, we prove two results about BL-thickness, which corresponds to the constant initial data (see Theorem 1.2)
and the general initial data (see Theorem 1.3) respectively.

3.1. BL-thickness for the constant initial data

As in [4,7], to make the proof of the existence of a BL-thickness simpler and the idea clearer, we restrict ourselves
to the following constant initial data:

Plr=0 = po = const. > 0, (u,v,w)|;=0 =0. 3.1)

First, we have the following proposition.

Proposition 3.1. Let the assumptions given in Theorem 1.2 and (3.1) hold. Then the limit problem (1.4)—(1.7) has only
the trivial solution (p, u, v, w) = (0o, 0,0, 0).

The proof of this proposition is the same as that in [4], so we omit it here for brevity.
Assume (3.1) holds. Then by virtue of Proposition 3.1, to prove Theorem 1.2, it suffices to show that

foremaces, o 1((2)

a+sé

+|wx|) dx < Cet. (32)

for the solution (p, u, v, w) to the problem (1.1)—(1.3) satisfying the condition (3.1), where § = §(e) satisfies the
conditions given in Theorem 1.2. In fact, if (3.2) hold, then we have by W' ([a + 8, b — 8]) = L®([a + 8, b — 8])

b3 b3
v v v
lvllLooats,0—s7) < C| = <C —|ldx+C =) ldx
Xl Lo (la+8,b—5]) x X/ x
a+s a+$
1
182
§C<82 +?>—>O, ase — 0,
and
b—s b—s 1
L ez
lwllLeqars.p—sn < | lwldx+ [ Jwy| <C 52—{—? —0, ase—0.
a+§8 a+§8

On the other hand, it is easy to see
lig)i(r)lf”(v, w)||LOC(O’T’LOC(Q)) >0, provided (v;, w;)(t) #0 (i €{1,2}) fort > 0.

Thus we can conclude that §(¢) is a BL-thickness satisfying the conditions in Theorem 1.2.
Next, we turn to prove (3.2) under the condition (3.1). As in [4,7], let ¢, (v) = +/vZ + vZ. Multiplying (1.1)3 by
x¢,(v) and integrating the resulting equation over (a, b) x (0, t), we get

b b

t b t b
/x,oq)u(v)dx=/x,oovdx—//,ouv<p,’)(v)dxdr—//,ugof,(v)(vx+E)dxdr
X
0a 0a

a a

t b t b
—//x,ugpf,(v)(vx + %) dxdr—//xmp,’f(v)(vx—F%)vxdxdr
0a 0a
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t

+/x,u<vx+ )cpv(v)dﬂ //.x,uxvx(pv(v)dxdr
0
t b

—//,uxvga‘/)(v)dxdr. (3.3)
0a

Now we estimate the terms on the right-hand side of (3.3) as follows:
Firstly, letting v — 0, we get by Lemmas 2.2-2.6 and the fact that |¢], (v)| = \/% <1
v+

t b t b
_Vljg})//puvgo;(v)dxdr<C//|v|dxdt,
0 a 0a
t b t b
_Vlii%//mp;(v)(vx—i-%)dxdt<C8//(|vx|+lvl)dxdr
0 a 0a

t b

1

2

<C8<1+/<fvfdx> dr) <C8‘3T,
0 a

t b
_lin})//xuxw;(v)(vx )dxdt Cs// ,ox(vx )
v s
t b t b
<// dxdt+f/(v§+v2)dxdt)
0 a

<C 79

dxdrt

t

b
11m f/xuxvxgov(v)dxdt Ca//(,ox +v )dxdr <C£2
0 a

and

tb tb
—lin})//uxvgo;(v)dxdt<C€//|,ox|dxdr<C8
v—

0a 0a

-~ >0and 0 <v? @) (v) < v, we can get
(v2+v2)7

Secondly, by virtue of the fact that ¢/ (v) =

t b
Vi %
_//xuwv(v)<vx + ;)vxdxdr

0a

[/[L <pv(v)dxdr—//xu<vx —) T(v)dxdt
//u (pv(v)dxdr /f—dxdr—>0 asv — 0.
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Finally, for the boundary term in (3.3), we can use (2.25), Lemma 2.6 and the Holder inequality with % + 41_1 + % =1,
to get

t

v _
lim x,u(vx + ;)tp@(v) dr|i=h

v—0

t
1 1
< CE(I +[||vx(r)||zz vz (D] 2 df)
0

t
gC8+C£%<s%/||vx(t)“izdr> < %f||vxx(t)||L2dr> < Ce2.
0

Therefore, recalling ¢, (v) — |v| as v — 0, substituting these estimates into (3.3), using Lemma 2.2 and Gronwall’s
inequality, we get

B —

/yu(x,z)\dx <Ced forany e (0,T).

In the same way, we can also prove an analogous estimate for w. Thus, we obtain the first inequality in (3.2).
To show the second inequality in (3.2), denoting z := vy — ¥, and dividing (1.1)3 by p, and then differentiating it
with respect to x, we deduce

uv v Z
z + (u2)x + (—) + (M—2) - <ﬁ1x) - (H—>
x /), px= /), 0 N pX
1 1 v v v 2uv
—(—uxz) +—{“xf)‘+2“"—“——pi——+ux }:0. (3.4)
Y x X p px px? px X
Introduce the function &5(x) as follows (cf. [4,7]):
x—a, fa<x<a+4,
&s(x) :

ifa+d6<x<b—34,
b—x, ifb—-06<x<b.

Then, multiplying (3.4) by &5 (x)¢, (z) and integrating by parts, we obtain

/Sg(x)gou(z)dx_vfég(x)dx+f/ uzzxqov(z)éa(x)dxdqu/f uze, (2)€;5(x) dx dt

0a

/f —Z%(Z)&(X)dxdf—/f—v%(Z)%'a(x)dxdf

/ f 26 @) () du d — f / K g0 dx e

f/ —waﬁ(Z)Ea(X)dxdf—// — ¢, (2)5(x) dx dt

t b

+f/ M—l;zxw'v’(z)éa(X)dxder// M—gwﬁ(z)éé(x)dxdf
0X 0X
0 a

0 a
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t b
_ / / 2 ol Es () dx dT — / / Ml () (x) dx d
0 a

t b
1 v v v 2uv
_//_{u xzﬂx Pyl _“__“L__Jrux }éﬁ(x)%(z)dxdr

* px px? pX X

b 13
=v/§5(x)dx+ZK,-. (3.5)
a i=1

Now we estimate the terms K; (i =1, 2, ..., 13) on the right-hand side of (3.5) as follows: Firstly, by virtue of the
fact that ¢/(z) > 0 and 0 < z2¢!/ < v, we find that

Ki+Ks+Kr+ Kt < ——/f ﬁz%ﬁ(z)sa(x)dxdwc// L gl e dxdr

+C// /Lzztpf,’(z)é‘a(x)dxdt+C// 5 X229 ()€ (x) dx dt

t b
§Cvf/ lE(;(x)dxdr+Cvf/,u&;(x)dxdr
"
0a 0a

+Cv[/epfdxdr—>0, asv — 0. (3.6)
Here we have used Lemmas 2.2, 2.4 and 2.5.
Secondly, by the definition of &5 (x), we can estimate K, as follows:
ta+s ta+d t b
K> = // uzg, (z)dxdr — f/ uzg,(z)dxdr < // &(x)|zldxdT + C/f &(x)|zldxdr
0b—6
C//Eg(x)lzldxdt. (3.7
0a
Here we have used the following inequalities:
X
|u(x, )] < /|uy(y, 1)|dy < C(x —a) < Cés(x), foranyx €[a,a+ 3],
(3.8)

u(x, )] < /\uy(y,z)\dy <C(b—x) < C&(x), foranyxe[b—3, bl

For K3 and K4, by Lemmas 2.5, 2.7 and the first assertion of (3.2) and Wl’l([a, b]) — L*°([a, b]), we have by
letting v — O that

t b t b
nn2)<1<3+1<4>sc[/sa(xmdxdwf||ux||Loo/|v|dxdr
V—>

0a 0 a
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//é,;(x)lzldxdt—i—CsZ/||ux||Locdr
t b
C//E(;(x)|z|dxdt+C8%// (x| + luxr]) dx d

0a
//Sa(x)lzldxdwrc,s% (3.9)

For K, recalling the deﬁmtlon of &5(x), we see that

t b
K¢ = — f / %(gov(z))xsg(x)dx dr
0a

t a+d t b

=—/f ﬁ(<pv<z>)xdxdr+// (60(2), dxdz

0 a P 0b—45

3 M x=a+3§ t b m .

= %(z) - ;(ﬂv(Z) dt + ° ov(2)Es(x)dxdt
X=a O v X

( o (2)

b
M(pu(z) )d _// ng%(z)ga(x)dxdtJr// %%(Z)gg(x)dxdr

From (2.25), Lemmas 2.2-2.4 and 2.6, K 1 Kg and K63 can be bounded as follows:

‘Olt

t

1 1
vli_r)rbKﬁl < Ce(l +/|| v (O] 12 var (@] 1 df)

0

1f 3 t 2 : 1 \ 2 %
<Ce+Ce2 SZ/HUXX(T)HLZdT 82/HvX(T)HL2dr
0 0
1
(>

< Ce?,

t
lim k2 < Cz [ o]

and

hn})K6 CS//|,OX dxdt < Ce?.
v—>

0 a
Therefore, for ¢ < g9, we have

vx——

Tim K < lim (K4 + K2+ K2) < Cer. (3.10)
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Similarly, we can get

t b
‘}i_r>rb(K3+K10)<C8(1+//|vx|dxdr> ng%, (3.11)
0 a
and
t b t b t b )
11m Kip < Ce// lox||zldx dt < //pfdxdr—i—Ce//(vx—%) dxdrt
0a 0 a 0a
< Cel. (3.12)

Furthermore, we have by integrating by parts that

K9 = // (¢01(2)) Es(x) dx dt

uv< ,
s
2
0a O*
t b
_// 'Zig%(z)&s(x)dxdr
0a

t b t b
<//%< " )+M+_&( ))gpv(z)dxdt—// @ dxdr,
0a @

which implies by Lemmas 2.2-2.4

thg C8<1+// Ipxldxdt) (3.13)

Finally, by Lemmas 2.2-2.4, 2.6, and the first assertion in (3.2), we have

2uv
lim Ky = - // {,wapx _x_“_“_M_%Jrux }ga(x)(pl’)(z)dxdr

t b
&) | pe sé(x)%(z) dede / us‘“’?, /(o dxdr
X 0 0X
0 a

< C£7 (3.14)
Substituting (3.6), (3.7) and (3.9)—(3.14) into (3.5) and sending v — 0, we find that

t
fss(x>|z|dx<C/fsa<x)|z|dxdf+c5%, (3.15)
0 a

which implies by Gronwall’s inequality

f1(2) e frnl(9),

Thus, the second assertion in (3.2) holds for the angular velocity v.

N
N

v — 2ldx < Ce3. (3.16)
X

b
xdx =/$a(x)

b
xdx < /é};(x)
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To establish an analogous estimate for w, we argue in a similar manner. Dividing (1.1)4 by p, then differentiating
the resulting equation with respect to x and denoting z; := w,, we have

z1t+(uz1)x—<“2“‘> —(&> —(“"“) —0. (3.17)
p)e \ox/). \Up /J,

Multiplying the above equation by &5 (x)¢,,(z1) and integrating the resulting equation over (a, b) x (0, ), we get

/ £ () (21) dx = v / £5(x) dx + / / uz1z1x 0] (2)Es (v) dx d + / / w210, (208 () dx d

// le%(m)&s(X)dxdf—// Mf)lx%(Zl)Eé(X)dxdf

// zu%(Zl)‘Ea(x)dxdT—// B2 gl (o) dx d

- / / Bl et () e / / KoLy g dx dr
0a 0 a

b 8
=v/€g(x)dx+ZLi, (3.18)
a i=1

where the terms L1, L3, L5, L7 can be bounded in the way similar to that in the derivation of (3.6) as follows:
lim(Ly + L3 + L5+ L7) <O0.
v—0

In addition, using the similar arguments as that in estimating K, (see (3.7)), L, can be estimated by

t b
ur%Lzsc//sa(xNzndxdr,
V—>

0 a

and L4 and Lg can be dealt with by the similar method as that in K¢ and Kg respectively, which are simpler, and
consequently,

lim (Ls 4+ Lg) < Ce?.
v—0

Furthermore, Lg coincides with K>, yields

11m Lg < Cs// lox [lwy|dxdt <

Substituting the estimates of L; (i =1, ..., 8) into (3.18), and sending v — 0, we find that
b t b
1
[awmar<c [ [awiadxar+cet,
a 0 a

which imp]ies by Gronwall’s inequality,

/waldx /Ss(x)lmldx (3.19)

a+$
(3.16) and (3.19) show the second assertion in (3.2) holds.
This completes the proof of Theorem 1.2 under the case that p = pg =const. >0, u =v=w =0.
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3.2. BL-thickness for the general initial data

703

In this subsection, motivated by the ideas of [7], which deals with constant viscosity, we can also give some further
conclusions on convergence rates of the vanishing shear viscosity (in fact, in this paper, ¢ — 0 implies u — 0) and the
BL-thickness for the general initial data under some additional initial assumptions. Let us first recall from (1.4)—(1.7)

that (p, u, v, w) solves the following initial-boundary value problem in the sense of distribution:

o pu
pt+(pu)x+7=0,
_2 -
_f{ - __ v _ _ u
p<ut+uux__)+px_)t<ux+_> =0,
x X/,
. __ uv
P(Ut+uvx+7>=0,

p(w; + uwy) =0,
supplemented with the initial and boundary conditions

(0, u, v, w)|r=0 = (po, uo, vo, wo)(x), x € §2:=(a,b),

’/_t|x:a = ’/_t|x:b =0.

(3.20)
(3.21)
(3.22)

(3.23)

(3.24)
(3.25)

By the similar arguments as those in Section 2 and [7], we have the following uniform estimates for the solution
(p,u, v, w) of the limit problem (3.20)—(3.25), provided that the initial-boundary conditions stated in Theorem 1.1

are satisfied.

Lemma 3.1. Under the assumptions of Theorem 1.1, we have
b

|@, 5,0, i), <C,  CT'<p<C, /ﬁ,%dx <C,

a
b
/ﬁi // 242 )dxdr <C,
b
/lzdx—i—/ xxdx—i—//utdxdth

a

and
b

/(aﬁ +w?)dx < C.
a

Furthermore, assume in addition that (v, wo) € H>(2) and py € H*($2), we have
b t b
/@%xdxgc, //ﬁixxdxdrgc
a 0 a

b
/(|ﬁxx|2+ [yx]?) dx < C,
and

(IDxxx |* + |rxx|*) dx < C.

Q\w
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Similar to that in [7], we deduce from (1.1); and (3.20) that

0.

u(p—ﬁ)+ﬁ(u—ﬁ)_
X X -

(0 =P +u(p —p)x + U —w)px +ux(p—p)+pu—u)y +

Multiplying the above equation by (o — p) and integrating by parts over (a, b) x (0, t), we have

b t b
[1o=star<c [ [lw-n.f arar
a 0a

where we have used Sobolev’s inequality and Gronwall’s inequality.
Similarly, we have by (1.1)2, (1.1)3, (1.1)4, (3.21), (3.22) and (3.23) that

(W —v) +u—0)x+ @ —u)vy + + =—
X X P

u( —v) ﬁ(u—ﬁ)_u(v v) Mo MV

_ _ o w
(w — W)y + u(w — B)y + (4 — D)y = %(w + 7") + %w

and
(= i0); + 10 — D)+ iy (u — ) — W +o7 (o =07), + (07" =57 (P7),
_&<(u_ﬁ)x+u_ﬁ) +)L(p__15)(ﬁx+z> _z_u/(“x‘i‘ﬁ) _%,u'xux=0-
)O X X pp X X X X ,0

By using the method similar to that in [7], we can easily get
b

t b
/(|v—ﬁ|2+|w—w|2)dx<c<g% +f/|(u—ﬁ)x|2dxdr>,
0a

a

and

b b
d _ _
E/'” —u|2dx+/|<u — )| dx
a a
b

b
<c(ez+/|(p—ﬁ,u—ﬁ,u—a)|2dx+/|u—ﬁ|2(p§+ﬁf+ﬁ§x)dx).
a a

Here we have used Lemma 3.1 and the estimates in Section 2.
On the other hand, we get from Lemmas 2.4 and 3.1 that

b
1
C/lu — a2 (02 + p2 +ii2,) dx < Cllu— it} < Clu— )7 + 5l — )3
a

Then, we obtain from (3.26)—(3.28) that
b

b
d -2 - 2
E/lu—m dx+/|(u—u)x| dx
a

a
t

b b
<c(8%+/|u—ﬁ|2dx+//|(u—ﬁ)x|2dxdz>.
a

0a

(3.26)

(3.27)

(3.28)

(3.29)

Summing (3.26), (3.27) and (3.29) up, we get the following result on convergence rates of the vanishing ¢ (in this

paper, vanishing ¢ implies vanishing shear viscosity 1).
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Theorem 3.1. Under the assumptions of Theorem 1.1, we have

b t b
/|(p—,5,u—zz,v—a,w—w)|2dx+//|(u—ﬁ)x|2dxdr<Cs%,
0a

a

where C is a positive constant independent of ¢.

Now, we can discuss the result on BL-thickness for the general initial data. Before we give the proof of Theo-
rem 1.3, we give some useful estimates.

Lemma 3.2. Under the assumptions of Theorem 1.3, we have
b
/ P2 <C. (3.30)

a

D=

&

Proof. From (1.1); and (1.1),, we have

PxlU
Qe+ M) pxr = =2 + X pytty — Qi+ X prxtt — Qu + x)% — p?(uy + uuy)

2.2
v
+2

+2ppuxltx — PPx- (3.31)
Differentiating (3.31) with respect to x, then multiplying the resulting equation by p,,, we have

Pxx { Cu+ 1) pxxr + 2prxt}

= {_4H«xpxux —=3Q@u + A)pxxtx — 220 + X) pxttxx

Pxlt Oxld OxxlU
= 2 pratt = QW) et = 2x—— + QA1) =5 = QuA )=
2.2 2
PxlU PV 200xV
- Qu+ )\)% — 2005 (tt + utty) — p2usy — p2us — pPuttyy — ot Tx
20200,
+ + 20x phxtty + 20 xxttx + 20 Uxtxx — (OPx)x [ Pxx- (3.32)

Integrating (3.32) over (a, b), we have by using integration by parts and the previous lemmas that

b
1d
S /(m + 12, dx
a
b

= /(Mtp)%x — 2fdx Pxx Pxt — 2Mxp)%xu + ,U«xp)%xu — Ay Pxlix Pxx — 2hx

a

PxUPxx

+ 20x txlhy Pxx + 20 Wxxlhx Pxx + 2pﬂxuxxpxx) dx
/ 5
+ f (—5(2;4 + X)) prxtty —22u + )L)pxuxx>pxx dx
a

PxU
x2

+

g\v

u u
((2u+x) —QuA 0 o *)p“dx

X X



706 L. Yao et al. / Ann. 1. H. Poincaré — AN 28 (2011) 677-709

b
2.2 2 2
PV 200xV 200y p
+ f <—20Px(ur + uuy) — ,02sz - :0214)25 - pzuuxx - 2 + xx + al - (ppx)x)pxx dx
a
b
< C/(l + |ty px pxx| + ,Ofx + |txx x Pxcx | + | 0xts Prxx | + [Upx Pxx| + |thxx Pxx]
a
+ [Ux Pxx | + | ox Oxx | + [ xtxx pxx| + p§|pxx| + |;0xpxx|)dx
b
< C/(l + P;%x + |txx Ox Pxx | + | 0x s Pxx | + [Urx Pxx | + |thxx Pxx]
a
+ [vxpxx| + :0;%|:0xx| + |:0x:0xx|)dx- (3.33)

0-2 .2

Here we have used the representation (i = €6(6 —1)p" "~ p; + sepe_lpxx , the uniform estimates for (o, u, v, w, uy)

and the following equality

b b b
1
/(2M+)‘)pxxx:0xxudx:_5/(2M+)")p)%xuxdx_/Mxp)%xudx'
a a a

Noticing that by Sobolev’s inequality, we have

b b b
/(pf + ox ttxx | + | ox e ]) | prx | dx < c( /p%x + 1l ox 17 0 f(p,% +ul, +u?) dx)
a

a a

b

<c<1+/p§xdx>,

a

and

b b b
f(|u,x|+|um|+|vx|)|pxx|dx<C</pﬁxdx+/(u?x+u§x+v§)dx>
a a a

b b b

2 2 2
<C<1+/u,xdx+/,oxxdx+/vxdx).
a a a

Substituting (3.34) and (3.35) into (3.33) and using the Cauchy—Schwartz inequality, we have

b b b b
d
o p)%xdx<C+C/p§xdx+C/u,2xdx+C/vfdx,
a a a

a
which implies
b b b b

d
- e%pfxdx<C+c/e%p§xdx+cfu$xdx+cfe%v§dx.

a a a a

(3.34)

(3.35)

By Gronwall’s inequality, Lemmas 2.6 and 2.7, we deduce (3.30) and the proof of Lemma 3.2 is completed. O

Next, we give the proof of Theorem 1.3.
From (1.1)3 and (3.22), we have
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vxt+(uvx)x+( ) ( ) (“”") +<“—”2> —(“"”x> +<”“x> =0,
X PX Jx PX=J x p x PxX Jx

- __ uv
Uys + (UVx)x + <7) =0.
Denoting z5 := (v — v), — ==, we get
u(v —v) u(v —v) 2
2o + (uz2)x + ( =) |-z«
X X px X o x
z 1 1 v J7y v v
_(g) —(—um) + - {“x2p"+2—"—“—2—“x }
px ), \p . xL o»p px  px px

N Mx  HPx - M - Mx HPx Ik - Mx
= Uxxx — + Uxx 5 ) T U5~V ) 2_2_3 + Uy —
1Y 1Y 1Y pPx pPX pP=X pPX P

+ax(M;x - M;fx) + x%{u(v — )+ D — i) — %{(ux vt i — D)

- . vpo v v ~
— (U —u)xyVy — (U — U)Vyy — (— — Tx — —2>Mx _Mxx,o_x :— R.

Multiplying (3.36) by &5(x)¢),,(z2) and integrating the resulting equation over (a, b) x (0, 7), we have

b b t b t b
/ £5(¥) o (22) dx = v / £5(v) dx + / f Uz 220! (22)E5 (x) dx dT + / f U220, ()€} (x) dx d
a a 0a 0a

t b t b
_ / / L ergl (ks d e~ / f " (0~ D) (228 (x) dx e

/ / K2 o (e)ts(x)dx dr — / / Hax 1 ()EL (o) d d

/ / K22 ol (2)Es(x) dx dT — / / K22 1 o)l (o) dx d

+// M(Zx_z zzx%(zz)éa(x)dxdr—l—// plv— 0l (22)& (x) dx dt
t b i b

_// M;Z222x¢ff(z2)$a(x)dxdt—// M;ZZ 0 (22)&}(x) dx dt
0a 0 a

t b
1 v v v v
_//_{,u x2,0x +2&_'U“_2 _ B }ga(x)go;(zz)dxdr
x| p X pX
0 a

t b
+ / / Res (1), (22) dx d.
0 a

707

(3.36)

(3.37)

We find the last term on the right-hand side of (3.37) can be bounded by using Theorem 3.1, Lemmas 3.1 and 3.2

as follows:
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t b t b
//ﬁsa(x)goc<zz>dxdr <C s%+f/(|u—ﬁ|+|v—ﬁ|+}<u—ﬁ)x|)dxdr
0a 0a

t b 1
2
<cfei+ //(|u—ﬁ|2+|u—a|2+}(u—a)x\z)dxdr
0a

< Cet. (3.38)
The other terms on the right-hand side of (3.37) can be dealt with by employing arguments similar to those used in
the derivation of (3.16), then we have
b t b
f%‘s(X)IZzldx < C[/ £(¥)|z2]dx dT + Ce', (3.39)
a 0a

where we have also used Theorem 3.1 to get that

1

b b 1
/|v—ﬁ|dx<c f|v—5|2dx < Cst.
a a

Thus, we conclude from (3.39) that
b—8
v—v v—0
1) (")
X X X X

a+d

An analogous estimate also holds for (w — w), by using similar arguments, which is simpler (where we let z3 :=
(w — w)y). Therefore, we have proved Theorem 1.3 on the BL-thickness for the general initial data.

b b
xdx gfg(;(x) xdx:/ég(x)|zg|dx < Cet, (3.40)
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