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Abstract

We study the problem of the existence and nonexistence of positive solutions to the superlinear second-order divergenc
type elliptic equation with measurable coefficiertS - a - Vu = u” (x), p > 1, in an unbounded cone-like domathc RY
(N > 3). We prove that the critical exponept(a, G) = inf{p > 1: (x) hasa positive supersolution at infinity in G} for a
nontrivial cone-like domain is always if, %) and depends both on the geometry of the dongaamd the coefficients of
the equation.
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Résumé
Nous étudions le probleme d’existence ou non existence de solutions positives d’équations elliptiques de type divergence
du second-ordre superlinéaires & coefficients mesurabiesa - Vu = u” (), p > 1, sur un domaine coniqué c RV
(N > 3). Nous prouvons quedxposant critiquep™(a, G) = inf{p > 1: (x) a une supersolution positive a I'infini dans G} pour
un domaine conique non-trivial est toujours d(ans%), dépend & la fois de la géometrie du domatihet des coefficients
a de I'équation.
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1. Introduction

We study the existence and nonexistence of positive solutions and supersolutions to the superlinear second-ord
divergence type elliptic equation

—V-.a-Vu=u? ingG. (1.2)

Here p > 1, G ¢ RY (N > 3) is an unbounded domain (i.e., connected open set) -aNd- a - V :=

— ZQ]]’=1 aixi(a[j (x)%j) is a second order divergence type elliptic expression. We assume throughout the pa-
per that the matrix = (a;; (x)){f’j:l is symmetric measurable and uniformly elliptic, i.e. there exists an ellipticity
constanty = v(a) > 0 such that

N
v HEP S Y aij(ngig; <vlg)?, forallg e RY and almostalk € G. (1.2)
i,j=1
The qualitative theory of semilinear equations of tyfiel) in unbounded domains of different geometries

has been extensively studied becaabgarious applications in mathetizal physics and the rich mathematical
structure. One of the features of Eq. (1.1) in unbounded domains is the nonexistence of positive solutions for certair
values of the exponent. Such nonexistence phenomena have been known at least since the celebrated paper by
Gidas and Spruck [14], where it was proved that the equation

—Au=u? (1.3)

has no positive classical solutionsid (N > 3)for 1< p < %—f% Though this results is sharp (fpr> x—f% there

are classical positive solutions), the critical exponght= x—f% is highly unstable with respect to any changes in

the statement of the problem. In particular, for gng (%, %—Jjg] one can produce a smooth potentia{x)

squeezed between two positive constants such that equafian= W (x)u” has a positive solution iRV ([34],

see also [11] for more delicate results). If one looks for supersolutions to (1R8Y iar studies (1.3) in exterior
domains then the value and the properties of the critical exponent change. The following result is well-known (see,
e.g.[4,6]).1f N >3and1< p < % then there are no positive supersolutionsto (1.3) outside a ball in RV . The

value of the critical exponent p* = % is sharp in the sense that (1.1) has (infinitely many) positive solutions
outside a ball for any p > p*. This statement has been extended in difféirections by many authors (see, e.g.
[3,5,7,8,10,12,17-20,25,32,35,37,38]). In particular, in [17] it was shown that the critical exgonent™ is
stable with respect to the change of the Laplacian by a second-order uniformly elliptic divergence type operator
with measurable coefficients, perturbed by a potentialafsufficiently wide class of potentials (see also [18] for
equations of type (1.3) in exterior domains in presence of first order terms).

In this paper we develop a new method of studying nonexistence of positive solutions to (1.1) in cone-like
domains (as a model example of unbounded domaiiirwith nontrivial geometry). The method is based upon
the maximum principle and asymptotic properties at infinity of the corresponding solutions to the homogeneous
linear equation. This approach was first proposed in [17]. In the framework of our method we are able to establish
the nonexistence results for (1.1) with measurable coefficients in the cone-like domains without any smoothness o
the boundary in the setting of the most galelefinition of weak supersolutions.

We say that: is asolution (supersolution) to Eq. (1.1) ifu € H|](SC(G) and

/Vma'V(pdx:(})/up(pdx forallogweHCl(G),
G G
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where H1(G) stands for the set of compactly supported elements ﬂip};g(G). By the weak Harnack inequality
for supersolutions (see, e.g. [15, Theorem 8.18]) any nontrivial nonnegative supersolution to (1.1) is paGitive in
We say that Eq. (1.1) hassalution (supersolution) at infinity if there exists a closed baﬁp centered at the origin
with radiusp > 0 such that (1.1) has a solution (supersolutionyig E‘p.

We define theritical exponent to Eq. (1.1) by

p*=p*(a,G)=inf{p > 1: (1.1) has a positive supersolution at infinityGt}.
In this paper we study the critical exponeritla, G) in a class of cone-like domains
C_Q:{(r,a))eRN: weE S, r>0},

where (r, ) are the polar coordinates RV and 2 < SV~ is a subdomain (a connected open subset) of the
unit spheres¥~1 in RY. The following proposition collects some properties of the critical exponent and positive
supersolutions to (1.1) on cone-like domains.

Proposition 1.1. Let £2’  £2 are subdomains of S¥=1, Then

() 1< p*a,Co) < p*(a,Co) < 7
(i) If p> p*(a,Cgp) then (1.1) has a positive supersolution at infinity in Ce;
(i) If p > p*(a,Cg) then (1.1)has a positive solution at infinity in Cg, .

Remark 1.2. Assertion (i) follows directly fron the definition of the critical exponept'(a, G) and the fact that
p*a,RN) = % see [17]. Property (ii) simply means that the critical expongitt:, G) divides the semiaxes

(1, +00) into the nonexistence zon@&, p*) and the existence zong™*, +00). Existence (or nonexistence) of a
positive solution at the critical valug* itself is a separate issue. Property (iii) says that the existence of a positive
supersolution at infinity implies the existence of a positive solution at infinity. More precisely, we prove that if (1.1)
has a supersolutian> 0 in Cf, then for anyr > p it has a solutiorw > 0 in Cf, such thatw < u.

The value of the critical exponent for the equationu = u” in Cg with 2 € SV~1 satisfying mild regularity
assumptions was first established by Bandle and Levine [4] (see also [3]). They reduce the problem to an ODE
by averaging ovef2. The nonexistence of positive solutions without any smoothness assumptishsas been
proved by Berestycki, Capuzzo-Dolcetta and Nirenberg [5] by means of a proper choice of a test function.

Let A1 = 11(£2) > 0 be the principal eigenvalue of therighlet Laplace—Beltrami operaterA,, in 2. Let
a_ = a_(£2) < 0 be the negative root of the equation

al@+ N —2)=211(02).

The result in [4,5] reads as follows.

Theorem 1.3. Let £2 € SV~ beadomain. Then p*(id, Co) =1 — ai_ and (1.1) has no positive supersolutions at
infinity in Cg; inthecritical case p = p*(id, Cp).

Applicability of both ODE and test function techniques seems to be limited to the case of radially symmetric
matricesa = a(|x|), whereas the method of the present paper is suitable for studying Eq. (1.1) with a general
uniformly elliptic measurable matrix. It is extendable as far as the maximum principle is valid and appropriate
asymptotic estimates are available (see the proof of Theorem 1.6 below). Advantages of this approach are it:
transparency and flexibility. As a first demonstration of the method we give a new proof of Theorem 1.3, which
has its own virtue being considerably less technical then in [4,5]. As a consequence of Theorem 1.3 we derive the
following result, which says that in contrast to the case of exterior domains the value of the critical exponent on a
fixed cone-like domain essentially depends on the coefficients of the raaifithe equation.
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Theorem 1.4. Let 2 SV~ beadomain suchthat A1(£2) > 0. Thenfor any p € (1, %) thereexistsa uniformly
elliptic matrix a,, such that p*(a,,Cq) = p.

Remark 1.5. The matrixa, can be constructed in such a way that (1.1) eiti@sror has no positive supersolutions
at infinity in Cg in the critical case = p*(a,,Cs), see Remark 4.5 for details.

The main result of the paper asserts that Eq. (1.1) with arbitrary uniformly elliptic measurable matria
“nontrivial” cone-like domain always admits a “nontrivial” critical exponent.

Theorem 1.6. Let 2 € SV~1 bea domain and a be a uniformly elliptic matrix. Then p*(a, C) > 1. If theinterior
of SN=1\ £2 is nonempty then p*(a, Co) < 5.

Remark 1.7. It is not difficult to see that in the cagé = 2 Eq. (1.1) has no positive solutions outside a ball for
any p > 1. However, wher€, is a “nontrivial” cone-like domain iiR?, that isS* \ 2 ¢, then all the results of
the paper remain true with minor modifications of some proofs.

The rest of the paper is organized as follows. In Section 2 we discuss the maximum and comparison principles
in a form appropriate for our purposes and study some properties of linear equations in cone-like domains. Propo
sition 1.1 is proved in Section 3. Section 4 contains the proof of Theorems 1.3 and 1.4. The proof of Theorem 1.6
as well as some further remarks are given in Section 5.

2. Background, framework and auxiliary facts

Let G € RY be a domain ifRY. Throughout the paper we assume that: 3. We write G’ € G if G’ is a
bounded subdomain @ such thatl G’ C G. By | - ||, we denote the standard norm in the Lebesgue spéce
By ¢, c1, ... we denote various positive constants whose exact value is irrelevant.

Let SN -1 = {x e RV: |x| = 1} and2 < SV~ be a subdomain of¥ 1. Here and thereafter, forQ p < R <
+o00, we denote

C_((f’R) ::{(r,a))eRN: wef, re(p, R}, co :=C_((§’+°°).

Accordingly,Ce = C% andCgyv-1 = RN \ {0}.

Maximum and comparison principles. Consider the linear equation
—V-a-Vu—Vu=f IingG, (2.1)

wheref € H}.(G) and 0< V € L .(G) is aform-bounded potential, that is

/Vuzdxg(l—e)/Vu-a-Vudx forall 0< u € HX(G) (2.2)
G G

with somee € (0, 1). A solution (supersolution) to (2.1) is a functiare Héc(G) such that

/w-a.wdx—/vwdxz(>)<f,<p> forall 0< ¢ € HX(G),
G G

where(-, -} denotes the duality betweé!‘,gcl(G) andHcl(G). If u > 0is a supersolution to
—V-a-Vu—-Vu=0 ingG, (2.3)
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thenu is a supersolutionte-V-a-Vu = 0in G. Therefore: satisfies on any subdomai € G theweak Harnack
inequality

infu > Cw /udx,
G’ megG’)
G/

whereCy = Cw (G, G’) > 0. In particular, every nontrivial supersolutian> 0 to (2.3) is strictly positive, that is
u>0inG.
We define the spacB(l)(G) as the completion o 2°(G) with respect to the norrnu||D%(G) := ||Vull2. The

spaceDcl,(G) is a Hilbert and Dirichlet space, with the dui-1(G), see, e.g. [13]. This implies, amongst other

things, thatD3(G) is invariant under the standard truncations, e.g.D3(G) implies thatv™ = v v 0 € D§(G),
2N

v~ = —(v A 0) € D}(G). By the Sobolev inequalitp}(G) € L¥-2(G). The Hardy inequality

N-—2 2 2

/ |Vul?dx > % %dx forallu € HX(RY), (2.4)

RN RN *
implies thatDé(G) C L%(G, |x|~2dx). Since the matrixa is uniformly elliptic and the potential/ is form
bounded, the quadratic form

O(u) :=/Vu -a-Vudx — / Vuldx

G G

defines an equivalent norgiQ () on D(l)(G). The following lemma is a standacdnsequence of the Lax—Milgram
Theorem.
Lemma 2.1 Let f € D~1(G). Then the problem

~V.a-Vv—Vv=f, ve D§G),
has a unique solution.

The following two lemmas provide the maximum and comparison principles for Eq. (2.1), in a form suitable for
our framework. We give the full proofs for completeness, though the arguments are mostly standard.

Lemma 2.2 (Weak Maximum Principle). Leb € H;L(G) be a supersolution to Eq. (2.3)such that v~ € D}(G).
Thenv >0inG.

Proof. Let (p,) C C°(G) be a sequence such tHal (v™ — (p,1)||% — 0. Foreveryr e N, setv, :=0Vv ¢, Av™.
Since 0< v, < v~ € D§(G) and

/‘V(v7 —vn)‘zdxz / |V(v7 —gon)‘zdx—i— / Vv~ [2dx
G {0<gn<v} {en <0}
</|V(v7 —gon)‘zdx—i— / |Vv7|2dx—> 0,
G {n <0}

by the Lebesgue dominated convergence, we concludg| that™ — v,1)||% — 0 (cf. [13, Lemma 2.3.4]). Taking
(v,) as a sequence of test functions we obtain
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0</Vv'a~andx—/Vvvndx
G G
=-/Vv*-a-vu,,dx+/vru,,dx—>—/W*-a-vrdx+/V|v*|2dx<o.
G G G G
Thus we conclude that- =0. O

Lemma 2.3 (Weak Comparison Principle). L&t< u € HL.(G), v € D}(G) and
—V-.-a-Vu—v)—Vwu—-v)>0 inG.
Thenu >vinG.

Remark 2.4. Note that the assertion of Lemma 2.3 follows from Lemma 2.2 if one assumes in addition that
u e HY(G).

Proof. Let (G,).en be an exhaustion o7, i.e. an increasing sequence of bounded smooth domains such that
G, €Gur1€Gandl,.yGn=G. Letv e Dé(G). Let f € D~1(G) be defined by duality as
fi=—V.a-Vv—-Vu.
Letv, € Dé(Gn) be the unique weak solution to the linear problem
—V-a-Vu,—Vuv,=f, v, €DGy).
Then
—V-a-Vu—vy)—V@u—v,) >0 inG,,
with
u—v, € HY(G,), 0< (u—vy)~ <v, € D3(G).

Therefore(u —v,)~ € Dé(G,,). By Lemma 2.2 we conclude that — v,)~ =0, thatisv, <u.Letv, Dé(G) be
defined as),, = v, onG,, v, =0 0onG \ G,. To complete the proof of the lemma it suffices to show fhat> v
in D}(G). Indeed,

Q(ﬁn)Z/Vf)n -a-Vﬁn—/VlﬁMZ:(f, Un) <C”f”D—l(G)”ﬁn”Dé((;),
G G

where(-, ) stands for the duality betwedd}(G) and D~1(G). Hence the sequencg,) is bounded inD3(G).
Thus we can extract a subsequence, which we still denoté,hythat converges weakly to, € Dé(G). Now let
RS Hcl(G). Then for alln € N large enough, we have that Syppc G, and

/Vﬁn'a~V<p—/Vt7n(p=/anoa~V(p—/an(p=(f,(p).

G G G, Gn
By the weak continuity we conclude that

/Vv*oa-V¢—/VU*¢= (fs o).
G G
Thereforev, € D}(G) satisfies

—V.a-Vo—Vv=f, veD§Co).
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Hencev, = v. Furthermore,

Oy —v) = (f, ) = 2(f, v) + (f, v).
Since(f, vu) — (f, v} it follows thatv, — v in D§(G). O

Minimal positive solution in cone like domains. Let 22 € S¥~1 be a domain. Consider the equation
—V-a-Vu—Vu=0 inCgq, (2.5)

where 0 V € Llloc(Cﬁz) is a form-bounded potential. We say that- 0 is aminimal positive solution to (2.5)

in C5, if v is a solution to (2.5) irCf, and for any positive supersolutian> 0 to (2.5) in &, with r € (0, p) there
existsc > 0 such that

u=cvy in Cg.

Note, that such definition of a minimal positive sotntj adopted for the framework of cone-like domains, is
slightly different from the notion of the minimal positive solution at infinity introduced by Agmon [1] (see also
[22—-24,28,29)).

Below we construct a minimal positive solution to (2.50f). Let 0< y € C2°(£2) andf, € C*[p, +o0) be
suchthat,(p) =1,0<0, <land g =0forr > p+ € withsomee > 0. Thusfy :=V-a-V(y¥6,) € D—l(Cg).
Let wy be the unique solution to the problem

~V.a-Vw—Vw=fy, we DCH), (2.6)
which is given by Lemma 2.1. Se}, := wy, + ¥6,. Thenvy, is the solution to the problem

—V.a-Vv—Vv=0, v—v6,c D§Ch). (2.7)
By the weak Harnack inequality, > 0 in C_g. Notice thatvy, actually does not depend on the particular choice of
the functiond,, (this easily follows, e.g., from Lemma 2.2).

Lemma 2.5. vy, isaminimal positive solution to Eq. (2.5)in C5,.

Proof. Choosef2’ € £2 such that Sup@)) € £2’. Lete > 0 be such tha#, =0 forallr > p +¢€. Letu >0be a
positive supersolutionto (2.5) @, with r € (0, p). By the weak Harnack inequality there exigis= m(£2’,¢) > 0
such that

u>m in Cg,’pﬁ).
Chooser > 0 such thaty < m. Thenu — cy6, > 01in Cp, cwy, € D3(CH) and
(=V-a-V - V)((u —cf,) —cwI/,) =(-V-a-V=Vu>0 ian.
By Lemma 2.3 we conclude that— cy/6, > cwy, thatisu > cvy inCh. O
Remark 2.6. Let I',(x, y) be the positive minimal Green function to the equatiovi - a - Vu = 0 in RV, Then for
any domain2 € SV—1 the functionl, (x, 0) is a positive solution to
—V-a-Vu=0 inCg. (2.8)

By Lemma 2.3 and the classical estimate [21] we conclude that any minimal positive salytton(2.8) inC%,
obeys the upper bound

vy <erlu(x,0) < elx >N inch,. (2.9)
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Nonexistence Lemma. The next lemma (compare [17], [30, p. 156]) is the key tool in our proofs of nonexistence
of positive solutions to nonlinear equation (1.1).

Lemma 2.7 (Nonexistence Lemmalet 0 < V € L%C(Cg) satisfy

Ix|?V(x) > 0o asxeC?, and|x| — oo (2.10)
for a subdomain 2’ C £2. Then the equation

~V-a-Vu—Vu=0 inCj (2.11)
has no nontrivial nonnegative supersolutions.

The proof is based upon the following well-known result (see, e.g., [1, Theorem 3.3]).

Lemma 2.8. Let G ¢ R" be a bounded domain and 11 = 11(G) > 0 be the principal Dirichlet eigenvalue of
—V.a-VinG.If u > A1 then the equation

—V-a-Vu=pu inG (2.12)

has no positive supersolutions.

Proof of Lemma 2.7. Letkl(Cg’Zp)) > 0 be the principal Dirichlet eigenvalue 6fV -a - V oncg”z"). Rescaling
the equation-V - a - Vv = Av from C_g)’zm to C_(Ql’z) one sees that

-1
¢ 1.2 (0.20) ¢ 1.2
F)Ml(cg )< )\'l(CQ ) < ?)\l(cg ),

wherec = c(a) > 0 depends on the ellipticity constant of the matriand does not depend @n> 0.
Letu > 0 be a supersolution to (2.11). Then (2.10) implies that for s&me 1 one can finds > 0 such that

Vix)zu> c)»l(C_(Ql;z))R*2 in CA(,ZR,’ZR). Henceu is a supersolution to
—V-.a-Vu=puu in CA(?R,’ZR)

with 1« > 21(C5#R). By Lemma 2.8 we conclude that=0inC

u=0in C_g. a

(R,2R)

o'~ . Therefore by the weak Harnack inequality

3. Proof of Proposition 1.1

Property (i) is obvious. We need to prove (ii) and (iii).

(ii) Let po > p*(a,Cp) be such that Eq. (1.1) with exponems has a positive supersolutian> 0 in C,. Let
p > poanda = ;’0—’_11 > 1. Setv := u'/%. By the weak Harnack inequality> 0 in Cf,. Henceu = € LX.(C5) for
anys > 0. Thereforevv = a~1uY/*=vu € L2 (Cf), thatisv € HL (C5).

loc
Let0< ¢ € C°(CH). Then
/Vv“ oa~V<pdx=a/v°‘71Vv ca-Vodx
Co Co
=a/vu ca-V* ) dx —ala — 1)/% a-Vo@* 2p)dx
Cﬂ

Co
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<o / Vou-a- -V lp)dx.
Cﬂ
Notice, thatv* 1 = ul~Y* € H} (C5) by the same argument as above. Therefsrely € H1(Cf). We shall
prove that the set
Ky ={v*to, 0<p e HXCH))

is dense in the cone of nonnegative functlonﬂﬁc ). Indeed, let 6< ¢ € Hl(C ). Lety, € C3° (C ) be an
approximating sequence such thi&t(y,, — ¥) |2 — 0. Setp, = v1~*y+. Itis clear that 0< ¢, € K, C Hl(C )
and||V(v*tg, —¢))2— 0.

Sincev® = u andu > 0 is a supersolution of (1.1), we obtain that

o / Vo-a-V* tp)dx > / VP dx = / vP (v L) dx
c, ch, c,
for any 0< ¢ € HX(CS). Thusa'/(1=P)y is a supersolution to Eq. (1.1) &f, with exponentp > po.

(iif) The existence of a (bounded) positive solution to Eq. (1.1) witk % in B for anyr > 0 has been
proved in [17]. We shall consider the case .

Let u > 0 be a supersolution to (1.1) with exponen& N/(N — 2) in C5,. Fix ¥ € C2°(£2) andr > p. Let
vy, > 0 be a minimal positive solutioninteV -a - Vv =0 in Cg,, as constructed in (2.6), (2.7). Ther cvy, in
Cy by Lemma 2.3. Without loss of generality we assume thatl. Thusvy > 0 is a subsolution to (1.1) i,
andvy, <u in Cy,. We are going to show that (1.1) has a positive solution Cf, such thaty, <w <u in Cg,.

Let (G,)nen be an exhaustion @, . Consider the boundary value problem

{—V~a~Vw=wp in G,

W=y onoGy. (3.1)

SinceG,, € Cg, is a smooth bounded domain angl e Clo” (C5), the problem (3.1) is well-posed. Clearly, < u
is still a pair of sub and supersolutions for (3.1). Notice that we do not assume ¢hdt(G,,) is bounded. How-
ever, since < NZ < %Jrg one can use aH !-version of sub and supersolution method, see e.g. [9, Theorem 2.2].

Thus there exists a weak solution € H1(G,) of (3.1) such thaty <w, <uin G,.
Consider a sequenda,),-1 in G1. Choose a functiof € C2°(G») such that 0< 0 <1 andd =1 on Gy.
Using62w, € HX(G>) as a test function we obtain

/wf;+192 =/92Vw,, -a-Vw,dy+ Z/Ganwn -a-Vody.
G2 G2 G2
Thus, by standard computations

1
E/ezwn.a.Vw,,dxgz/wive-a-vedﬁfezwé’“dx

Go G2 G2
<2c1||(ve)2||oo/u2dx+/ul’+1dx.
Go Go

We conclude thatw,) is bounded irH1(G1). By the constructiony < w, <u € H(Gy) foralln e N. Therefore
(wy) has a subsequence, denotedwby, ) )x<n, Which convergesto a functian® e H(G1) weakly inH(G1),

strongly in L2(G1) and almost everywhere i61. Hence it is clear that® is a solution to (1.1) inG1 and
vy < w® <u.
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Now we proceed by the standard diagonal argument (sge[26, Theorem 2.10]). At the second step, consider
a sequencéw,, x))ren IN G2 (assuming thaky(1) > 2). In the same way as above we obtain a subsequence
(wn,0)ken that converges to a functiom® e HY(G>), which is a solution to (1.1) irG,. Moreover,vy, <
w®@ <uin Gz andw® = w® in G1. Continuing this process, for each fixed> 2 we construct a subsequence
(Wn,, (6))ken (With n,, (1) > m) that converges weakly to™ e H(G,,) which is a solution to (1.1) iG,, and
such thaty < w™ <uin Gy, w™ =w™Vin G,_1.

By the diagonal proces@u,,, ;))meN iS a subsequence 6fv,,, ))ken for everym € N. Thus for each fixed
k € N the sequenceéw,,, »)) converges weakly ta® in H1(Gy). Let w, be the weak limit of(w,,, () in
HY.(CL). Thenw, is a solution of (1.1) irC}, such thaby < w, <uinC,. O

Remark 3.1. The constructed solutiow, is actually locally Hélder continuous. Indeed, sinee< ;2 < 42
we conclude by the Brezis—Kato estimate (see, e.g. [33, Lemma B.3]pthatL; .(Cf,) for anys < oo. Then

—V.a-Vw,=wl e L},.(Cy) for anys < co. Hence the standard elliptic estimates imply thate Cloo‘é’ (C5H).

4. Proof of Theoremsl1l.3and 1.4

In this section we study positive supersolutions at infinity to the model equation
—Au=u? inCgq, 4.1)

where p > 1 and 2 is a subdomain of"~1. Recall, thatr; denotes the principal eigenvalue of the Dirichlet

Laplace—Beltrami operater A, in £2 anda— stands for the negative root of the equatiqe + N — 2) = A3.
Existence of positive supersolutions to (4.1) with- p*(id, Cp) =1 — 2/a_ can be easily verified. Namely,

by direct computations one can find supersolutions of the fermcr?1=P)¢, where ¢ >0 is the principal

eigenfunction of- A, on £2 (see also [4,3] for a direct proof of the existence of positive solutions). We are going

to prove absence of positive supersolutions to (4.]:73rfor pe(1,1—2/a_). Notice that ifu > 0 is a solution

2
to (4.1) inC_g then, by the scaling properties of the Laplaciam;u(px) is a solution to (4.1) inﬂ}z. So in what
follows we fix p = 1.

Minimal solution estimate. Here we derive the sharp asymptotic at infinity of the minimal solutions to the equa-
tion

V(w)

u =
|x]2

—Au — 0 inCgq (4.2)
with V € L®(£2). Let —A,, be the Dirichlet Laplace—Beltrami operator Irf($2) and 0< V € L®(£2). Let
(M)ren be the sequence of Dirichlet eigenvalues-oh,, — V, such thati < A2 < A3 < ---. By (r)keny We
denote the corresponding orthonormal basis of eigenfunctiob$(if?), with ¢, > 0.

From now on we assume that > —(N — 2)2/4. Then the roots of the quadratic equatigix + N — 2) = A,
are real for each € N. By &, we denote the smallest root of the equation, i.e.,

- N -2 (N—2)2+X
o = — — .
k 2 4 k

Notice that sincé.; > —(N — 2)2/4 it follows from the Hardy inequality (2.4) that the potenti&iw)|x| 2 is form
bounded.
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Lemmad4.l. Let ¢ € C2°(£2). Then

vy () =) Yar*Pi(w), whereyy = / V(@) (@) do, (4.3)
2

k=1
isaminimal positive solution to Eqg. (4.2)in C}Z.
Proof. Setuvy(x) := r%g¢ (w). Then a direct computation gives that

uw=0 inCh.

Recall thatV = v + 1V, wherev = & eRY. Since
/qu?uzdw— / V(@)||? do = A,
2

£2

we obtain

V(w)
el V|2, < f(wmz ~ P |Uk|2> dx
P

CQ

00 5 s
//(5” Pr(w)
10

:/rmk"_N_s(&%—Fik)dr:
1

2 &kV7 7 2 \% ar 512
n r w(ik(w)l _ (60)|”2 okl )erda)dr

r

&,%+)~»k
2— N —2qy

= —0Uk,

wheree > 0 is the constant in (2.2). Now it is straightforward that- &kel € Dcl,(C}z), souvy solves the problem

% i
v— |(T;)v=o, v — gibr € DL(CL).
X

Hence we have

V(o) C i
€l Vy I3 < /(sz ~ |v1/,|2> dx =Y Yi(—&)
Cé k=1

N-2 ) , (N—=2\? , 2
<T||W||2+II¢II2</(IVM#| —V(o)y +<T> Y )dw) .
2

Hencevy, — y61 € D§(CL), sovy solves the problem

V()
|x]2

v=0, v—y61eDJCH).

By the uniqueness we conclude thgt defined by (4.3) coincides with the minimal solutiop as constructed
in (2.6), (2.7). O
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Lemma 4.2. Let vy, > 0 be a minimal solution (4.3) to Eq. (4.2)in C_}Z. Then for any 2’ € £2 and p > 1 there
exists c = c¢(£2’, p) > 0 such that

vy (x) = er® inCl,. (4.4)
Proof. By (4.3) one can represeny, asuvy (x) = ¥1r%¢1(w) + w(x), where

wx) =Y Yrr¥ (o).

k=2
Notice thatw(x) satisfies
—Aw — 2 w=0 IinC;.

Thus by the standard elliptic estimate (see, e.g. [15, Theorem 8.17]) faea&ys2 andp > % one has

sup [wl? <cp™V / |w|?dx,
C(pﬁp)
CQ

where the constant> 0 does not depend gn Therefore

% %

8 5 o
sup |w|2<cpr/erl/|w|2da)dr=cp7N/rN*lzwk2r2°‘k dr
3 9
FH 3 o 3 k=2

el T T

%
8

2000—1 7 2 20

<c/r 2 Lrlly — adal = c1p%.
3

4
So we conclude that

vy (x) = Y1r¥igi(w) —cr® in Co.

Sinceay < a1 < 0 thisimplies (4.4). O

Remark 4.3. Related estimates were obtained by Murata [22, pp. 608-612] for the cone with a Lipschitz cross-
section2 ¢ S¥~1. Notice that if 2 is a Lipschitz domain (or, more generally, a domain which satisfies the
boundary Harnack principle), then the boundary Harnack principle allows one to prove that the funetiof ¢1

is a minimal positive solution to (4.2) tﬁé The use of compactly supported functign(and hence, of full series
expansion in (4.3)) in the construction of the minimal positive solutigris required for comparison on cones
with general nonsmooth cross-sectigins

Proof of Theorem 1.3. We distinguish the subcritical and critical cases.
Subcritical case 1 < p <1 —2/a_. Assume thak > 0 is a supersolution to (4.1) i, for somer < (0, 1).
Thenu > 0 is a supersolution to

—Au=0 inCl. (4.5)

By Lemma 2.5 we conclude that> cvy in C}Z, wherevy, > 0 is a minimal positive solution (4.3) to Eq. (4.5)
in CL. Then by Lemma 4.2 for a subdoma@i € £2 one has

vy >clx|? inCL. (4.6)
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Sou > 0 is a supersolution to

—Au—Wu=0 inCh, (4.7)
whereW (x) := uP~1(x) satisfies

W(x) =P Hx ==Y incl,

with ¢_(p — 1) > —2. Now Lemma 2.7 leads to a contradiction.

Critical case p =1— 2/a_. Letu > 0 be a supersolution to (4.1) &, with the critical exponenp™ =1 —
2/a_. Then arguing as in the previous case we concludetlg® supersolution to (4.7) with (x) := u?" ~1(x)
satisfying

W(x) > =

vy Co

on a subdomai2’ € §2. Let o/ (w) be the characteristic function ¢2’. Thenu is a supersolution id}z to the
equation

_ xe()
|x|?

—Av v=0 IinCgq, (4.8)

for any e € [0, c”?"~1]. By the variational characterization of the principal Dirichlet eigenvalue one canfix

0 small enough in such a way that = A1(—A, — €xgo, 2) > —(N — 2)?/4. Letwy, be a minimal positive
solution (4.3) to Eq. (4.8) iﬂ}2 with such fixede. Applying Lemma 4.2 to (4.8) we conclude that for a subdomain
2" € £2 one has

uZciwy = c'2|)c|5‘1 in C}z,,,
where@; > a—. Sou > 0 is a supersolution to

—Au—Wu=0 inCh, (4.9)
whereW (x) := u?"~1(x) satisfies

W(x) = c? Lxa® =D incl,

with a1(p* — 1) > —2. This contradicts to Lemma 2.7 0

Remark 4.4. Strictly speaking, in the above proof the subcritical case g < 1 — 2/«_ is redundant, due to
Proposition 1.1(ii).

Let 2 c S¥~1 be a domain such thag = 11(£2) > 0. Define the operatat, by

L= N0 41, (4.10)

whered(r) is measurable and squeezed between two positive constantsLherm divergence type uniformly
elliptic operator—V - a4 - V (see, e.g., [36]).

Proof of Theorem 1.4. Consider the operatdr; whered (r) = a(ax + N — 2) with o < 2— N. Following the lines
of the proof of Theorem 1.3 we conclude thétla,, Co) =1 — 2/a. Clearly for any giverp € (1, %), one can
choosex such thatp*(ay,Co)=p. O
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Remark 4.5. In the above proof Eqg. (1.1) has no positive supersolutions at infinityginn the critical case
p = p*(aq, Ce). Next we give an example of Eq. (1.1) with a positive supersolution at infinity in the critical case.
Let 2 ¢ V=1 be smooth and. ; be as in (4.10) with

2—N—2«u 4 2
log(r) |ng(r)7

wherea <2 — N. For large enouglR > 1 the operatol ; = —V - a; - V is uniformly elliptic onCX. Let¢1>0
be the principal Dirichlet eigenfunction efA,,, corresponding ta.;. Direct computation shows that the function

dr)=al@a+N—-2)+

rO(

" o
is a solution to the equation
Ljy=0 incC§. (4.11)

Sinces2 is smooth, the Hopf lemma implies thay, is a minimal positive solution to (4.11) ¥ . Following the
lines of the proof of Theorem 1.3, subcritical case, we concludepth@t;, C) = 1 —2/a. On the other hand, one
can readily verify that: = r*¢1 is a positive supersolution to (1.1) in the critical case 1 — 2/«.

Note that the value of the critical exponent fof is the same a&, due to the fact that iMoo (d(r) —d(r)) =
0. However the rate of convergence is not sufficiengt@arantee the equivalence of the corresponding minimal
positive solutions (see, e.g. [2,27] for the related estimates of Green'’s functions). This explains the nature of the
different behavior of the nonlinear equations (1.1) at the critical valye of

5. Proof of Theorem 1.6

First we show that for any domaif® € ¥~ one hasp*(a,Cq) > 1. Then we prove the second part of
Theorem 1.6, saying that if the complements@fhas nonempty interior thep*(a,Ce) < % We start with
establishing a lower bound on positive solutions of the equation

—V-a-Vv=0 inCgq. (5.1)

Lemma 5.1. Let 2 € S¥~1 be a domain and £2’ € £2. Then there exists & = a(£2’) < 2 — N such that for any
p > 0any positive solution v to Eq. (5.1)in Cg has a polynomial lower bound

v>clx|® inC?;f. (5.2)
Proof. Seta =3/4,b=7/4. Letr > 2p andm, = infcw,rm v. By the strong Harnack inequalitysatisfies
Q/

inf v>Cg sup v,
c(ra,rb) (ra,rb)
o2l CQ/

with the constan€s € (0, 1) dependent o2’ and not orr, as a simple scaling argument shows. Then

my,< sup v< sup v<Cgt inf v<Cgt oinf vw=Cglmy. (5.3)

b b (ra,2rb) (2ra,2rb)
et gl Cor Co

Letr, =2"p andn € N. Iterating (5.3) we obtaim;,, > Cg*lmzp. Choosing: such thatir, < |x| < 2ar, one can
see that

v=clx|® in C_(Zza,p,

wherea =log, Cs andc = c(p) = (ap) ™ Cs‘lmzp. Taking into account (2.9) we conclude that. 2— N. O
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Remark 5.2. A similar argument was used before by Pinchover [28, Lemma 6.5]. Observe that in the same way
one can get a rough polynomial upper bound on positive solutions of (5.1).

The lower bound (5.2) allows us to prove nonexistence of positive solutions to (1.1) exactly by the same argu-
ment as was used in the proof of Theorem 1.3 in the subcritical case.

Proposition 5.3. Let £2 € S¥~1 bea domain. Then p*(a, Co) > 1 — 2/a wherea < 2 — N isthe exponent in the
lower bound (5.2).

Proof. Assume that > 0 is a supersolution to (1.1) &, with exponentp <1 — 1/a. By Lemma 2.3 and (5.2)
we conclude that for any subdomaii C £2 there exists = ¢(£2) > 0 such that
u>clx|® in Cé/erz.
Thereforeu is a supersolution to
—V-.a-Vu=Vu in C?ﬁ_z,
whereV (x) := u?~1(x) satisfies the inequality
V)= Ix[*PD inct?
with a(p — 1) > —2. Then Lemma 2.7 implies that= 0 in C,. Sincea > 0 does not depend gn we conclude
thatp*(a,Ce)>1—-1/a. O
Our next step is to obtain a polynomial upper bound on the minimal positive solutions to the equation
—V-a-Vv—Vv=0 inCgq,

with a special potential which will be specified later. In order to do this we need the notion of a Green bounded
potential. Letl, (x, y) be the positive minimal Green function to

—V.a-Vv=0 inRV,

We say that a potentialQ V € Lﬁ)c(RN) is Green bounded and writé € GB if

IVile,a := sup [ I(x,y)V(y)dy < oo,

xeRNRN
which is equivalent up to a constant factor to the condition spp [ [x — y|1Z NV (y)|dy < oo, but we will use
below the numerical value dfV | cg.». One can see, e.g. by the Stein interpolation theorem, thatifsB thenV
is form bounded in the sense of (2.2). We will use the following important property of Green bounded potentials,
which was proved in [16], see also [23,24,27,29].

Lemma5.4.Let V € GBand || V| eB.a < 1. Then there exists a solution w > 0 to the equation
—~V.a-Vw—Vw=0 inRY, (5.4)
suchthat0<c¢ <w <c 1inRYV.
Using this result we first prove the required upper bound in the case of the “half-space’_cenéry > 0}
with the cross-sectio. = {|x| = 1, xy > 0}. For a given uniformly elliptic matrixz and a potential/ defined

onC4 we denote by andV the extensions af andV from C, to RY by reflection, so thai(-, —xy) = a(-, xn)
andV (-, —xy) = V(-, xy). Thus the matrix is uniformly elliptic onRY with the same ellipticity constant as
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Lemmabb.LetO< Vel
in C2 to the equation

—V-a-Vv—Vv=0 inCy,
as constructed in (2.6), (2.7) Then there exists y € (0, 1) such that

O<vy < clx|? N7 in C}_. (5.5)

L (C4+) beapotential suchthat ||V [|lcs,a < 1. Let vy, > 0 beaminimal positive solution

Proof. Letv denote the extension of, from C}r to Bi‘ by reflection, that igi(- , xy) = —vy (-, —xn). Thusv(x)
is a solution to the equation

~V.a-Vi—Vio=0 inB.

Let w be a solution to (5.4) given by Lemma 5.4. One can check by direct computation (see [17, Lemma 3.4]), that
v1 := v/w is a solution to the equation

V.- (w?a)- Vi =0 in B, (5.6)

where the matrixw?2a is clearly uniformly elliptic. Letl" (x) := I, 2-(x, 0) be the positive minimal Green function
to the equation-V - (w2a) - Vu = 0 in RV . By the classical estimate [21] one has

c1lx7V < IM'(x) <ealx*Y  in BS. (5.7)
Applying Lemma 2.3 ta; andI” on Ci and by the construction af we conclude that
lvi(x)| < cal"(x) onBj. (5.8)

Applying the Kelvin transformatiory = y(x) = x/|x|? andx = x(y) = y/|y|? to (5.6) we see that the function
91(y) = v1(x(y)) /T (x(y)), ¥ € L*®(By), solves the equation

—V-.a-Vuy=0 inBy,

where the matrix:(y) is uniformly elliptic on B;. It follows thatv; € HéC(Bl) (see, e.g., [31]). Then, by the De
Giorgi—-Nash regularity result [15§; € C%” (By) for somey € (0, 1). Notice that

U1(y) =0 in{ye€B1, yv=0}

by the construction. Therefoig (0) = 0, hence
|01(»)| <cly” in By

We conclude that
18] < ca|v1(x)| < calxPV77in B,

as required. O

Lemma5.6. Let 2 ¢ SV~ beadomain such that SV 1\ £2 has nonempty interior. Let

€
We =
0= i PlogZih v 1

Thenthereexistse > 0 and g = B(¢) < 2— N such that any minimal positive solution vy, in C:lz to the equation
—V-.a-Vv—W.v=0 inCg

has the polynomial upper bound
vy < clx|? in C}Z. (5.9)
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Proof. If Cp € Cy then (5.9) follows from (5.5) by Lemma 2.3. We shall consider the €asg C- .

Without loss of generality we can assume t{@t . ., O; —1) ¢ 2. Setx = (x1,...,xy-1) ando =inf{|x|: x €
2,xy <0} Let Dy = {x € SV 71 [§] <o, xy <0} and D, := ST\ D, ThenCq < Cp . Extend the matrix
byid fromCg to Cp, - Letwy be a minimal positive solution iﬁlla to the equation

—V-.a-Vw—-Ww=0 inCﬁU.

To complete the proof we need only to show that satisfies (5.9) irCllA) . Then the same bound on minimal

positive solutions irC}, follows from Lemma 2.3.
Consider the transformation

y=y&)=(x1,...,xny-1, XN +k[%]),

wherek = v/o—2 —1. Theny:Cﬁa — C4 is a bijection, the Jacobian of(x) is nondegenerate and has the de-

terminant equal to 1 everywhere. Moreovet, < |y(x)| < «|x| for all x € C[)U, wherex = +/2 + k2. Therefore
w(y) := wy (x(y)) solves the equation

~V.-a-Vid - Web =0 inC¥,

with the uniformly elliptic matrixa (y) := a(x(y)) andWw, (y) := We(x(y)). One can easily check by direct compu-

tation thatW. € GB. Fix e > 0 such thaf| W ||zg s < 1. Then by Lemma 5.5 we conclude thiaty) satisfies (5.5).
Thereforewy, (x) obeys (5.9) with3 :=2— N — y as required. O

Proposition 5.7. Let £2 ¢ S¥~1 beadomainsuchthat SV —1\ £2 hasnonempty interior. Then p*(a, Co) < 1—-2/8,
where 8 < 2 — N isfromthe upper bound (5.9).

Proof. Fix p > po=1—2/p and se = p — po. Letwy, > 0 be a minimal positive solution iﬁl}2 to
—V.a-Vw—-—W.w=0 inCgq
wheree > 0 is from Lemma 5.6. Then by (5.9) for sorfie= 7(§) > 0 small enough the functiofw,, satisfies

r—1¢g €

_ _ - -1
Twy)P <P exP)P T < <
v (cll”) lx|2H8181 | x|2log?(|x| + 2)

=W.(x) inCk.
Therefore
—V-a-V(Fwy) = We(Twy) = Twy)P LHFwy) = Twy)?  inCh,
that is, 7wy, > 0 is a supersolutionto (1.1) &,. ©
Concluding remarks. The proofs of Propositions 5.3 and 5.7yalnly on the polynomial lower and upper
bounds (5.2) and (5.9). Namely, given< 8 <2 — N in (5.2) and (5.9) we conclude that
2 2
1-—<p*@aCo)<l——.
o p
By the next example we show that the (optimal) constaraad 8 might be actually different.
Let 2 ¢ SV~ be smooth and.; be as in (4.10) with

d(r)=Ar)(A(r)+ N —2) + R(r),

where
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A(r) =y +8[sin(kloglog(r)) + k cog(k loglog(r))].
R(r) = k8[cogk loglog(r)) — ksin(k loglog(r)) ] log~(r),

y <2— N, 8> 0andk > 0 such thaty + §~/k?2+ 1 <2 — N. Thus for large enougR >> 1 the operatol.; =
—V -aq - Vis uniformly elliptic onC¥ . Let¢1 > 0 be the principal Dirichlet eigenfunction efA,,, corresponding
to A1. Direct computation and the Hopf Lemma show that the function
Vg, 1= ry+6 sin(k log Iog(r))q)l

is a minimal positive solution to the equatidiyv = 0 in C_g. Clearly anyax andg (¢ < 8 <2 — N) could be
represented as=y — § andpB = y + § for an appropriate choice of parameterss andk. Therefore one cannot
expect a sharp polynomial asymptotics of minimal solutions to the equatiorna - Vv = 0 in cone-like domains
without additional restrictions on the mateixx).

Itis an interesting open problem to determine the value of the critical exppiiéntCy,) in the case of minimal
solutions oscillating at infinity between two different polynomials.
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