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Abstract

In this paper we establish some exact controllability results for systems of two parabolic equations of the Stokes kind. In a first
part, we prove the existence of insensitizing controls for the L2 norm of the solutions and the curl of solutions of linear Stokes
equations. Then, in the limit case where one can expect null controllability to hold for a system of two Stokes equations (namely,
when the coupling terms concern first and second order derivatives, respectively), we prove this result for some general couplings.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let 2 C RV (N =2 or 3) be a bounded simply-connected open set whose boundary 352 is regular enough. Let
T > 0 and let w C £2 be a (small) nonempty open subset which will usually be referred as control domain. We will
use the notation Q = 2 x (0,7) and ¥ =952 x (0, T).

On the other hand, we will design by C (resp. K) a generic positive constant which depends on §2, w and T
(resp. £2 and w). Anyway, it will be made precise each time a constant appear.

Let us recall the definition of some usual spaces in the context of Stokes equations:

V={yeHj)": V.y=0in 2}
and
H={yeLl*@":V-y=0in2, y-n=00n3}.

The main objective of this paper is to establish some new controllability results for a system of two strongly coupled
Stokes equations.

e The two first main results of this paper concerns insensitizing controls. More precisely, we are interested in
insensitizing two different functionals associated to a state system, which is a linear Stokes equation with Dirichlet
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boundary conditions. Let us introduce an open set O C §2 such that O N w # ¢, which is called the observatory (or
observation open set).
In order to precisely state our problem, we introduce the state system:

yvy—Ay+ay+B-Vy+Vp=vl,+f, V-y=0 inQ,
y=0 on X, 9]
Y=o =y"+173° in 2.

Here, v is the control, y0 € Lz(.Q)N and a € R and B € RY are constants. Furthermore, we suppose that )30 is
unknown with || 5| 12(2)v = 1 and that 7 is a small unknown real number. Then, the interpretation of system (1) is
that y is the velocity of the particles of an incompressible fluid, v is a localized source (where we have access to the
fluid) to be chosen, f is another source and the initial state of the fluid is partially unknown.

In general, our task is to insensitize a functional J; (which is called sentinel) by means of the control v. That is
to say, we have to find a control v such that the influence of the unknown data t3° is not perceptible for J; (see (4)
below).

In the literature, the usual functional is given by the L? norm of the state (see [15,1,3] or [16], for instance). Here,
we are not only interested in insensitizing the L? norm of the state (solution of (1)) but also the L2 norm of its
curl(V x y). Thus, let us introduce the functionals

e (y) = / f ly|? dx dr )

Ox(0,T)

and

JZ,T(y)Z // IVXyIdedt, (3)
Ox(0,T)

where y is the solution of (1).

This kind of problems was first considered by J.-L. Lions in [15], where a lot of another interesting questions
concerning insensitizing controls are posed.

Our objective is to find a control v; such that the presence of the unknown data is imperceptible for J; , that is to
say, such that

dJi
at

for i =1, 2, where y; is the solution of (1) associated to v;. If this holds, we will say that the control v; insensitizes
the functional J; ; (i =1, 2).

Usually, insensitizing problems are formulated in an equivalent way as a controllability problem of a cascade
system (see, for instance, [14] for a rigorous deduction of this fact). Indeed, if we consider the adjoint state of (1) (or
apply Lagrange principle), one can see that condition (4) is equivalent to z|;—0 = 0 in £2, where z together with w
fulfills

()| =0 forall 3° e L*(£2)"Y such that ||9°||L2(Q)N=1, 4)
=0

w,—Aw—i—aw—i—B-Vw—i—VpO:vlw—i—f, V.-w=0 1inQ,
—zt—Az4+az—B-Vz+Vg=wlp, V.z=0 in Q, (5)
w=0, z=0 on X,

wli=0=y" zli=r =0 in 2

fori =1 and

w,—Aw+aw+B-Vw+Vp0=v1w+f, V-w=0 in Q,
—z1—Az+az—B-Vz+Vqg=Vx ((Vxw)lp), V-z=0 inQ, ©)
w=0, z=0 on X,

w|t=0:y07 Zli=7 =0 in 2

for i = 2. Here, we have denoted w = y|;—¢ and p° = p|,—o.
As we said above, all known results around this subject concern parabolic systems of the heat kind. In [1], the
authors prove the existence of e-insensitizing controls (i.e., such that |9, J1 - (¥)|r=0| < ¢) for solutions of a semilinear



S. Guerrero / Ann. 1. H. Poincaré — AN 24 (2007) 1029—-1054 1031

heat system with C! and globally Lipschitz nonlinearities. In [3], the author proved the existence of insensitizing
controls for the same system. For an extension of this results to more general nonlinearities, see [2] and the references
therein. Recently, it has been proved in [10] the existence of insensitizing controls for the functional

Je(y) = /f |Vy|?dx dr

Ox(0,T)

where y is the solution of a heat equation with potentials. Also in this reference, some controllability results for
systems of two parabolic equations were considered when a double coupling occurs (the solution of each equation
appears in the right-hand side of the other) by means of some combinations of derivatives; first order space derivatives
in one equation and second order space derivatives in the other one. See [10] for the details.

All along this paper we will suppose that w N O # . This is a condition that has always been imposed in the
literature as long as insensitizing controls are concerned. Recently, for the (simpler) situation where we look for a
e-insensitizing control and the functional J; ., it has been demonstrated that condition w N O # @ is not necessary for
solutions of linear heat equations (see [4]).

The controllability result for system (5) is given in the following theorem:

Theorem 1. Let m > 3 be a real number and y° = 0. Then, there exists a constant C > 0 depending on 2,w,0, T, a
and B such that for any f € L*(Q)N satisfying ||ec/t"'f||L2(Q)N < 400, there exists a control vy such that the
corresponding solution (w, p°, z, q) of (5) satisfies z|;—o =0 in £2.

Corollary 2. There exists insensitizing controls vy of the functional Jy 1 given by (2).
Next, we state the controllability result for system (6):

Theorem 3. Under the same assumptions of Theorem 1, there exists a control vo such that the corresponding solution
(w, po, z,q) of (6) satisfies z|;—0 =0 in £2.

Corollary 4. There exists insensitizing controls vy of the functional Jp ; given by (3).

Remark 1. The same results stated in Theorems 1 and 3 hold when a and B are functions which depends only on the
time variable ¢ and are in L°°(0, T'). The proof of this fact is direct from that of Theorems 1 and 3.

The proofs of Theorems 1 and 3 will be given in Section 3 but separately, even if the method to solve both prob-
lems is similar in some sense. The reason is very simple; there is no reason to think that, once Theorem 1 has been
established, Theorem 3 also holds. Actually, the proof of Theorem 3 is much more intrinsic. We will try to make this
precise in the sequel.

Let us briefly explain the difficulties a controllability result for systems (5) and (6) possesses. For this, we introduce
the associated adjoint systems:

—¢r—Ap+ap—B-Vo+Vr=vylo, V-¢=0 inQ,

Yi— Ay +ay+B-Vy+Vh=0, V.-y= in Q, o
=0, ¥=0 on ¥,

Qli=r =0, Yl=o=1"° in 2

and

—(p,—A(p—i—ugp—B-Vq)—l—Vﬂ:VX((wa)l(g), V.og=0 inQ,

Y —AY4+ay+B-Vy+Vh=0, V.-¢y=0 in Q, ®)
=0, ¥=0 on X,

@li=r =0, lp|t:0=’>ﬁo in £2,

respectively.
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It is by now classical to prove that the null controllability results we want to prove for systems (5) and (6) are
equivalent to the following observability inequality:

/fe—co/f’”|¢|2dxdt<c f/ lo|*dx dt, )
0

wx(0,T)

for the solutions of (7) and (8), where m is some positive number and C and Cy are two positive constants depending
on 2,w,0, T, aand B but independent of wo (see, for instance, [11] or [9]).

The main idea one usually follows in order to prove (9) is a combination of observability inequalities for ¢ and v
(as solutions of Stokes equations) and try to eliminate the local term (concentrated in w x (0, T')) concerning 1,
resulting from the application of an observability inequality for vr. Thus, one has to establish a local estimate of the
kind

// WiPdedr < C f/ wldedr, @ Co
ox(0,T) wx(0,T)

for both the solutions of (7) and (8). When one tries to prove this inequality (using, of course, the equation satisfied
by ¢), one finds that the pressure term 7 is always involved. Indeed, for instance in the simpler situation of system (7),
we find

// |¢|2dxdz=/ V(—¢, — Ap+ap — B-Vo+ Vr)dxdr,
@x(0,T) ®x(0,T)

provided that @ C O. Hence, one of the terms we have to estimate is

/ YV dxdt,

&x(0,T)

which can never be estimated just in terms of a local integral (in an open set which does not ‘touch’ the boundary)
of ||,
This means that we have to avoid having a term like

// | |? dx dt

@x(0,T)

in the right-hand side of an observability inequality for . This is exactly what we do. In fact, for the solutions of
system (7) (resp. (8)), we obtain an observability inequality of the following kind:

/fe—co/""|¢|2dxdr<c f/ IV x ¢|*dxdr
0

Box(0,T)
(resp.

//e_cl/’m|¢|2dxdt<C // IV x Ay |?dx dr),
0

Box(0,T)

with By C @ N O. More comments about the obtention of these inequalities will be given in Section 3.

Once these estimates have been obtained, one can use the equations satisfied by V x ¢ (resp. V x Ag) in By x (0, T)
(which do not contain any pressure term!) and so expect that the previous integrals are bounded just in terms of the
local L? norm of ¢.

Remark 2. Is this result true when the coefficients @ and B depend on the space variable? We observe here that, in
this situation, not even the following unique continuation property is known:

=0 noxO0,T)=v¢Y,¢=0 in2x(O,T7).
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e The second objective of this paper concerns the coupling of two Stokes systems. We will prove that we can drive
both velocity vector fields to zero at any time 7 > 0 when controlling just one of the two solutions. We will distinguish
two situations, according to the coupling terms.

On the one hand, we consider the following controllability system:

yi = Ay + Pi(x,t; D)y +Vp=vly, + P2(x,1; D)z in Q,

7zt — Az+epz— (Ep-V)z+Vg=moV x y in Q,
V.-y=0, V.-z=0 in Q, (10)
y=0, z=0 on X,
YI=0=" zli=o=2" in £2,

where yo, % eH, eg,mo € R, Eg € RY and Pj(x,t; D) are general partial differential operators of order j =1,2
with Lipschitz coefficients:

N
(Pj(x.t: Dyw), =Y (Al Cx. ywi — 3 (B (x. ywi) — 8 (B} (x. Hwy))
k=
N (11)
+G—-D Z (Ot (M (x, DYw; ) + i (M (x, Hwy) )
k,l=1
i=1,...,N, A MeL>®0,T; W»>(@2)"*N), B/ e L*(0, T; W>>(2)V).

Observe that the last term (differential operator of order 2) just concerns the definition of P> (x, t; D).
On the other hand, we design by Q1 (t, x; D) again a general partial differential operator of first order with coeffi-
cients in L*°(0, T'; W3'°°(.Q)N) and we consider this other system:

yr—Ay+ Pi(t,x; D)y+Vp=vl,+ 01, x; D)z inQ,

—

2t —Az+eiz—(E1-V)z+Vg=mAy in Q,
V.y=0, V.z=0 in Q, (12)
y=0, z=0 on X,
Vico=y" zli=o=2" in £2,

where y°,z° € H and e;,m; e Rand E; e RV,
As explained above, in both situations our objective is to find a control v such that

V=t =0, zl;=r =0 in £2. (13)

As long as Stokes systems are concerned, the exact null controllability was established in [11] as a previous result
for proving the local exact controllability of the Navier—Stokes system. An improvement of this result was later
presented in [6]. On the other hand, we do not know any result concerning coupled Stokes systems.

The reason why we consider a coupling with first and second order derivative terms is explained with detail in
[10] in the context of the null controllability of systems of two heat equations. In fact, these are the greatest orders of
derivatives one can set in the coupling terms in order to control both variables with just one (N scalar) control force.
This fact was checked for the case of heat equations and so we will prove here that the same occurs for the Stokes
system.

Our precise results are the following:

Theorem 5. Let y°, 20 € H and assume that the coefficients of the differential operators Py and P> satisfy
A M e L0, T; W)Y, B/ e L0, T; W (2)V).
Then, there exists a control v € L*(Q)N such that the solution (y, p, z, q) of system (10) satisfies (13).
Theorem 6. Let 0, z° € H and assume that the coefficients of Py and P satisfy the hypotheses in Theorem 5 and the

coefficients of Q1 belong to L*°(0, T, W3’°°(.Q)N). Then, there exists a control v € LZ(Q)N such that the solution
(v, p, 2, q) of system (12) satisfies (13).

Remark 3. The same results stated in Theorems 5 and 6 hold when ¢;, E; and m; (i =1, 2) are functions of the time
variable belonging to the space L*°(0, T').



1034 S. Guerrero / Ann. 1. H. Poincaré — AN 24 (2007) 10291054

Remark 4. The same results stated in Theorems 5 and 6 hold when the coupling term V X y is substituted by any first
order operator whose L? norm constitutes a norm in H'(£2)" for the functions y € V (case of Theorem 5) and when
Ay is substituted by any second order operator whose L? norm constitutes a norm of y in H>(§2)" for the functions
y e H*(£2)Y NV (case of Theorem 6).

The proofs of Theorems 5 and 6 will again rely on suitable observability estimates for the adjoint systems associated
to (10) and (12). All the details of the proofs will be provided in Section 4.

This paper is organized as follows. In Section 2, we present some technical results, most of them known, which will
be constantly used in the proofs of Theorems 1, 3, 5 and 6. In Section 3, we provide the proof of Theorems 1 and 3.
Next, in Section 4, we prove Theorems 5 and 6 and we end with the proof of a technical result (stated in Section 2) in
Appendix A.

2. Some previous results

For the proof of the observability inequalities needed to establish the controllability results stated in the previous
Theorems, we will follow a classical approach, consisting of obtaining a suitable weighted-like estimate (so-called
Carleman estimate) for the associated adjoint systems. For a systematic use of this kind of estimates see, for instance,
[11] or [9].

In order to establish these Carleman inequalities, we need to define some weight functions:

exp{ X2 17000} — exp{A(kl11” o + n°(x))}

a1 = (T — )" '
0 0
@ () = maxa(x, ) =elag (x. 1), S(x,t)=%, (14)
£ ()=min&(x,r),  &@(@)=mina(x,r), (@) =max&(x,1),
xen xX€eR xXeS
where m > 3 and k > m are fixed. Here, 770 € C%(£2) satisfies
V'] >K >0 in2\@y, n°>0 inf2 and n°=0 onds2, (15)

with @ # wy C w N O an open set. The proof of the existence of such a function n° is given in [9]. Weights of the
kind (14) were first considered in [9]. In its present form, these weights have already been used in [7] in order to
obtain Carleman estimates for the three-dimensional micropolar fluid model and later in [10] for the controllability of
strongly coupled parabolic equations.

Accordingly, we define Iy(s, X; -) as follows:

Io(s, 1, g) :=s,\2// e_zs“§|Vg|2dxdt+s3k4//e_2““€3|g|2dxdt.
0 0

From this expression, we also introduce

(s hig)i=s™! /fe—z‘”s‘l(|gt|2+ agP?) dx dt + Io(s. A, g). (16)
0

Now, we state all technical results. The first one concerns the Laplace operator:

Lemma 1. Ler y (x) = exp{kno(x)} for x € 2 and let u € HO1 (82). Then, there exists a positive constant K (§2, wg)
such that

13)\4/ezryy3|u|2dx+7:)L2/ezryy|Vu|2dx < K/e2fV|Au|2dx, 17)
2 2 [oh)
forany A, > K.
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The proof of this lemma can be readily deduced from the corresponding result for parabolic equations included
in [9].

The second estimate holds for energy solutions of heat equations with nonhomogeneous Neumann boundary con-
ditions:

Lemma 2. Let u® € L2(82), f1 € L*(Q), f>» € L>(Q)" and f3 € L*(X). Then, there exists a constant K (2, wg) > 0
such that the weak solution u of

u—Au=fi+V-fr inQ,

ou
—+fan=1; on X, (18)
on
Ul—o = u in 2
satisfies
Io(s,k;u)<K<s3k4 /f e_2m§3|u|2dxdt+//e_2m|f1|2dxdt
wox(0,T) o
+ 5222 // e B2 f2 dx dt + sA // e 2% 12 do dt) (19)
o x

forany A > K and s > K(T?m 4 72m=1y,

Let us recall the definition of a weak solution: we say that u is a weak solution to (18) if it satisfies
ueL*(0,T; H'(2)) N cO([0, T1; L2(£2)),

(“t’v>(H1(9>>',Hl<sz)+/W'VvdX=/f1(x,t)vdx
2

2 (20)

—/fz(x,t)-Vvdx+/fg(x,t)vdo a.e.in (0,7),Yve H' (),
22 082

u(x,0)=u’(x) in 2.

It is well known that, for f; € L>(Q), f>» € L2(Q)V, f3 € L>(X) and u® € L*(£2), (18) possesses exactly one weak
solution u.

Lemma 2 was essentially proved in [5]. In fact, the inequality proved there concerns the same weight functions as
in (19) but with m = 1. Then, one can follow the steps of the proof in [5] (see Theorem 1 in that reference) and adapt
the arguments just taking into account that

8;@ =0 § KTg(m_Fl)/m and 3,;0{ =0t < CTZE(m+2)/m, (21)
with K > 0 independent of s, A and T'.

The third estimate that we recall here concerns the solutions of Stokes systems.

Lemma 3. Ler u® € V and fa € L2(Q)N. Then, there exists a constant C (82, wqy, T) > 0 such that the solution
uel?0,T; HX ()N NV)NL>®0,T; V) of

uy—Au+Vp=fs, V-u=0 inQ,
{ u=20 on X,
Uli—g = u in 2
satisfies
I(S, )\” M) < C(Sl6)h4o // e*SSOA(+6SO(* (é)]6|l/l|2 dx dr +S]5/2)\,20 // e4S&+2SO(*(§)15/2|f4|2dxdt> (22)

wox(0,T) [0}
forany s, » > C.
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In a similar form, this lemma was proved in [6]. In fact, the weight functions considered in [6] were the ones in
(14) but with m = 4. Again, one can follow the steps of the proof in [6] (Theorem 1) and, taking into account (21),
(22) is readily deduced.

The fourth and last estimate we will need is a new Carleman inequality for the Stokes system which concerns the
energy solutions of Stokes systems:

Lemma 4. Let u® € H, fs € L2(Q)N and fg € L2(Q)NXN. Then, there exists a constant C (82, wg, T) > 0 such that
the weak solution u € L*>(0, T; V)N L>(0, T; L>(2)V) of

{u:O on X, 23)
M|t:()=1/l0 in $2
satisfies

st // e 23 u)? dx dr + s20* // e 2 (9271 v dx dr
0 0

g C<S16)\.40 /f e—85&+6sa*(§)16|u|2 d.x dt +Sl5/2)\.20 [/ e—4S5t+2S(1*(§)15/2|f5|2dxdt
Q

wox(0,T)

L 4774330 // e —sdtdsa’ (24774 (12 4 dt) (24)
0

forany s, . > C.

We will prove this lemma in Appendix A, at the end of this paper.
3. Insensitizing controls for the Stokes system

In this section, we will prove the existence of insensitizing controls for the functionals J; ; and J . (given by (2)
and (3), respectively) associated to the Stokes system (1). As we saw in the introduction, we can restrict ourselves to

prove Theorems 1 and 3 respectively.
Accordingly, we concentrate in the corresponding adjoint systems

—¢pr—Ap+ap—B -Vo+Va=vylp, V-¢=0 inQ,

Yy —AY+ay+B-Vy+Vh=0, V-¢y=0 in Q, 25)
=0, ¢¥=0 on X,

Qli=r =0, Yli=o=v° in 2

and

—(p,—A(p—i—a(p—B-V(p—i—Vrr:Vx((wa)lo), V.-og=0 inQ,

vy —AY+ay+B-Vy+Vh=0, V-¢y=0 in Q, (26)
=0, ¥=0 on X,

Qli=r =0, Yl=o=19"° in 2,

where ¥° € L2(£2)V. As explained in the introduction, in the framework of controllability it is classical to see that
the null controllability property for system (5) (resp. (6)) is equivalent to the following observability inequality for the
solutions of (25) (resp. (26)):

//e—cz/f”’|¢|2dxdt<c f/ lo|*dx dt, (27)
Q wx(0,T)

for certain positive constants C,, C and some positive m independent of °.
With this notation, we can prove the following result:
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Proposition 1. There exists a positive constant C which depends on S2, w and T such that

I(s, 0 9) + 5224 f f (se7 33 g2 + e (69271 Vg|?) dx dr < CE(s, A; 9) (28)
[¢)

forany s, > > C, where I(s, A; v)=Ip(s, \; V X ) and

E(s, A; @) =sAl0 // e e p> dx dt

wx(0,T)

for the solutions of system (25) and i(s, M) = Ig(s, A, V X AYr) and

E(S, }\” (p) — s6+1/m)\’4 // e*4.¥&+2&0[* (§)6+1/m|(p|2dxdt
wx(0,T)

for the solutions of (26).

Remark 5. From the Carleman inequality (28), one can readily deduce the observability inequality (27). Indeed, it suf-
fices to combine an energy type estimate for both e ~'/*" ¢ and e ~1/*" 1. As a consequence, the proofs of Theorems 1
and 3 are achieved.

In the next two paragraphs, we will prove Proposition 1, distinguishing if we deal with system (25) or (26). In both
situations, the proof of (28) is divided in two steps. The first and more important one deal with the equation satisfied
by v (which is independent of ¢). In the second one, we combine estimates for both equations.

3.1. Case of system (25)

3.1.1. New Carleman Estimate for
In this paragraph, we deal with the problem

vy — AV +ay+B-Vy+Vh=0, V-y=0 inQ,
Y =0 on X, 29)
1ﬁ|t:O:1ﬂ0 in 2.

Recall that « € R and B € RV are constants. One may also suppose that a, B depend on the time variable (see
Remark 1 for more details).
For this system, we prove the following estimate:

Lemma 5. There exists a positive constant K depending on §2 and wq such that

Io(s, 23 V x ¥) < K324 // e 2E3V x | ? dx dr, (30)
wox(0,T)

orany > > K and s > K(Tz’" +T™).
y

Remark 6. Observe that, in particular, we deduce from this inequality the following well-known unique continuation
property:

Vxy=0 inwyx(0,T)=¢¥=0 in x (0,T). 31)

As far as we know, it is new the fact that (31) can be quantified in terms of an inequality like (30) for the solutions
of (29). On the other hand, we do not know if (31) holds when a and B are not constant with respect to the space
variable.
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Proof of Lemma 5. We first look at the equation satisfied by V x i:
(Vxy)y—ANVxy)+alVxy)+B-V(Vxy)=0 inQ.

Observe that no boundary conditions are prescribed for V x . At this point, we can apply Lemma 2 and deduce the
existence of a constant K = K (§2, wg) > 0 such that

Io(s, 2 V x ¢) < K(s3k4 f/ e 23V x |2 dx dt + sA // e B gx
)

wpx(0,T)

a(V x )

2
) dx dr, (32)
on

forany A > K and s > K (T?" + T?"~1). Recall that e™%" = min__5 e~ >* (see (14)).
The next step will be to eliminate the last term in the right-hand side of (32). In order to do this, we introduce the
function (y*, h*) := (n(®)y, n(t)h), where
n(t) = S(I/Z)f(l/m))\zefsa*(t) (s*)(1/2)*(1/m)(t) (33)
is a function of ¢ € (0, T'). In view of (29), (v*, h*) fulfills the following Stokes system:
V=AY +ay*+ B-VY* + Vit =ny, V-y*=0 inQ,
Y*=0 on X, (34)
Y*i=0=0 in £2.
Thanks to the terms appearing in the left-hand side of (32), we are going to deduce that ¥ * is a very regular function.

In fact, we have that n, ¢ € L%, T; H& (£2)), since n;,V x ¥ € L2(£2) (recall that ¥ is a divergence-free function)
and

eV x Yl ooy < KTsP7mMR2 e @2V sy | 1o g

<KV [ EPY x| gy

for s > C(T™ + T?™). The square of this last quantity is bounded by the left-hand side of (32), by definition of
lo(s, A; +) (see (16)).
Using Lemma 6 below, we deduce that the solution of (34) satisfies ¢* € L%0,T; (H>N Hol)(.Q)) and

T
0 B s =0 [ €25 €@ g, < KIoGs. 3V x ) (35)
0
Taking this into account, by a simple integration by parts we deduce that
T
P [ R g < KI5,V x) (36)
0

From (35) and (36), we obtain in particular that

2

a(V x )

dt < KlIp(s,; V X ).
on

T
s(3/2)—3/(2m))\4/e—Zsa*(S*)(?:/Z)—?:/(Zm)
L2(3Q2)N

Since m > 3, this justifies that the last term in the right-hand side of (32) is absorbed by the left-hand side. As a
conclusion, we obtain the desired inequality (30). O

Lemma 6. Ler a € R and B € RN be constant and let fe L2(0, T; V). Then, the unique solution (u, p) of the Stokes

system
U —Au+au+B-Vu+Vp=f inQ,
V-u=0 in Q,
u=0 on X, (37

Uli—o =0 in 2
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satisfies u € L20,T; H3( )Y N V)N HY 0, T; V) and there exists a constant C > 0 such that

Nl 20,7: 3 2)n) + Nl g0, 7. 51298 < CUF 20,151 (2))- (38)

Let us give a sketch of the proof of this lemma. First, we recall that we already have (u, p) € L0, T; H*(2)V) x
L%(0, T; H'(£2)) and the estimate
Nl 20, 7:H22)%) + Nl gro.7: 227 1P I L2070 (2)) < CNF 20,7 12(2)%) - (39

Let us first suppose that f € C*°([0, T']; V). Then, if we prove the estimate (38) in this situation, the general case
follows from a density argument. In order to simplify the notations, let us denote

Au,p)=—Au+au+ B -Vu+Vp.
Let us multiply the equation in (37) by A(u;, p;) € L*>(Q), integrate in 2 and integrate by parts. This yields

1d
/|Vul|2dx—|—55/|Au|2dx=—/(au,+B~Vu,)~u,dx+/Vu,~Vfdx+/(au,+B-Vu,)-fdx.
2 2
Here, we have used that f and u; are elements of H. From this identity, using Young’s inequality and thanks to (39),

we have that u € HI(O, T;V)and
Nl gro,7: 1 2y < CUf 20,125 (2)M)- (40)

Now, regarding system (37) as a stationary Stokes system with right-hand side in V (see, for instance, [17]), one
deduces u € L2(0, T; H*(£2)V) and (38).

3.1.2. Carleman estimate for ¢ and conclusion
First, assuming i is given, we look at ¢ as the solution of

—¢pr—Ap+ap—B-Vo+Vr=ylp, V-9=0 inQ,
{<p=0 on ¥,
@li=7 =0 in £2.

Here, we apply the Carleman estimate for the Stokes system proved in [6], which was presented in Lemma 3 above:

L(S, A., g0) < C<516)\.40 // e—l2S&+9S0{*(é)16|¢|2 d.x dt

wpx(0,T)

+ 515/2)\.20 f/ e—6s&+3s(x* (5)15/2|w|2 d.x dt) (41)
Ox(0,T)
for s, A > C, where L(s, A; -) is given by

L(s,h;g):i=s" // (g 1> +1Ag1? )dxdt+sA2// ~¥eg Vg2 dxdr

+s3k4// —dagd| o2 dx dr.

Observe that we have applied this result for smaller exponentials, that is to say, for e3¢ instead of e =%,
Then, we easily see that the last integral in the right-hand side of (41) is bounded by Io(s, A; V x ¥), as long as A
is large enough. In fact, if we denote &(t) = min, s a(x,?) and §(r) = max .5 &(x, 1) (see (14)), we have

§15/2,,20 // e—6sd+3sa” (2020112 41 gy < 515/2,20 // e—6si+350” (20201 o 12 dy dy
Ox(0,T) 0

< CsPAt // e eV x Y|P dx dr,
0
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for a suitable choice of A > C.
Combining this with (30) and (41), we obtain

L(s,A; )+ Io(s, A; V X )

<C<s‘6x4° // e 1BENe (§)16012 dx dr 4 5724 /f s3e—2““|vw|2dxdr), 42)
wox(0,T) wox(0,T)

for any s, A > C. Now, since wy C O, from the equation satisfied by ¢, we find
Vxyy=—(Vx@);—ANVx¢@)+aVxe—B-V(Vx¢) inwyx(0,T).

Then, we plug this into the last integral in (42) and we obtain:

s // e eV x y|? dx dr

wox(0,T)
// e 24 EN(V x ) (—(V x 9), — A(V x @) dx dt
wox(0,T)
+ 5224 f/ e B4V x Y)(aV x ¢ — B-V(V x ¢))dx dr.
wox(0,T)

We define a positive function 6 € CZ (w) such that & = 1 in wg. Then, the task turns to estimate

PR // Qe—ZsozE?:(V > w)(_(v x @) — A(V x gp)) dx dt

wx(0,T)
+ 5724 /f 0e e (V x y)(aV x ¢ — B - V(V x ¢)) dx dt.
wx(0,T)

After several integration by parts (getting all derivatives out of ¢) with respect to both space and time, we get:

SS)\.4 f/ 96—2S(X53|v x 1//|2 dx dt =S3)\,4 f/ 0(6—25a53)t(v X '(p')(v X (p)dxdl

wx(0,T) @x(0,T)
— st // A(Be™*E3)(V x ¥)(V x @) dx dr
wx(0,T)

— 2534 ff “2E3) L V(V x Y)(V X @) dx dr

wx(0,T)
3,4 —2sa &3
+57A B -V (0e ") (V x ¥)(V x p)dx dr.
wx(0,T)

Here, we have used the equation satisfied by ¢ (see (29)) and the fact that 6 has compact support in @. As we have
already pointed out, we have the following estimates for the weight functions:

(e—ZsocE?a) < I(Tse—Zsat(%-)4+l/m7 and A( 2505%. )< KSZ)LZ 2sa§.5’
for s > K T%". With this, we obtain

s // e 3V x P dxdr <elo(s, AV x ) + Cs7a8 // e M|V x g dx dr. (43)

wox(0,T) wx(0,T)
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Similar computations lead to

5728 ff e 2TV x g dxdt<£s_1f/ “dag=l|Ap|?dx dr + 510 // —s4g151012 dx dr

wx(0,T) wx(0,T)
which, combined with (42) and (43), gives the desired inequality (28).

3.2. Case of system (26)

As we have already mentioned at the beginning of this section, the strategy we follow in order to prove estimate
(28) in this situation is similar to the previous one, so we will skip repeated arguments.

Precisely, the most important part of the proof concerns a new Carleman inequality for i, solution of the Stokes
system (29). The inequality we have to prove for this system is much more intrinsic that the one stated in Lemma 5
(see (30)). We present it in the following lemma:

Lemma 7. There exists a positive constant K depending on §2 and wq such that
[i(s, A 9) + Io(s, A5 V x Ay) < Ks?ad f/ e 23V x Ay | dx dr, (44)
wox(0,T)

forany > > K and s > K(T*" + T™), where
T

Ti(s, s 1//):s(671)+(3*j)/m)\4/672sa ENODHEDIm 2, s,
0

Analogously to the previous paragraph, the same comment corresponding to Remark 6 holds here.

Proof of Lemma 7. Again, we can find a complete heat equation satisfied by V x Ayr:
(VXAY) —AVxAY)+a(VXxAY)+B-V(VXAY)=0 inQ.

Then, we apply Lemma 2 to V x At as solution of the previous heat equation and so there exists K = K (§2, wg) > 0
such that

Io(s,\; V x Ay) < K (%4 // e 2UEIV x AY| dxdt+sx//

wox(0,T)

forany A > K and s > K(T?" + 72"~ 1),
We observe that the lower order term appearing in (s, ; V x Avr) and so in the left-hand side of (45) is

s34 // e 2UE3V x Ay P dxdr > 5304 // e 2 (E%)3|V x Ay|Pdx dr.
0 0

on

>d dr, (45)

Regularity Result: The norm ||V X Ayr|[;2o)v constitutes a norm of ¢ in L2(0,T; H3(2)V) and there exists a
positive constant K = K (£2) such that

1V 200, 7;H32)V) < KNIV X AY |l p2g)n- (46)

This is a fact that, in general, is not true for the set of functions ¥ having null trace, but the fact that v solves a Stokes
problem will help us to establish this property.

First, introducing the stream function ¢ associated to the velocity vector field ¥ (V x ¢ =v and { xn=00n 952,
since 2 is a simply-connected set), we realize that on the one hand

—/ §-(VxAlﬂ)dxdt:—//(vxg“)-At/xdxdt:/ |V |2 dx dr 47)
0 0 0
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and, on the other hand

—/f; (V x Ay)dxdr gs// |§|2dxdt+K(5)// IV x Ay|*dx dr. (48)
o o )
Using the continuous dependence of ¢ with respect to ¢, we deduce from a combination of (47) and (48) that
//|V1/f|2dxdt<Kf/|VxAw|2dxdt. (49)
0] o
Since Ay = —V x (V x i) (recall that V - ¢ = 0), using this last inequality, we also have
/ |Aw|2dxdt<K//|VxA1/f|2dxdt. (50)
0] ]

Taking into account (49) and (50), we realize that, since
VXY =VXAYy—aVxyy—B-VxViy,
V- y; =0 and ;|30 =0, we have ; € L2(0, T; H' (£2)N) and

Wil am <K [[[ 19 % syPaxar. 51)
o

Finally, we see ¥ (¢) as a solution of the following stationary Stokes problem:

{—A¢+aw+3-vw+w=—w,, V. =0 ing2,

Y =0 on ds2. (52)

Since y; (t) € H'(£2)V (almost everywhere 7 € (0, T)), the solution of (52) verifies ¥ (t) € H3 ()N n H& (£2)N and
||1/f(t)||H3(Q)N < K||Wt(f)||Hl(_(z)N ae.t€(0,7).

For the proof of this, see for instance, [13] or [17]. Now, from the fact that we actually have , € L2(0, T:H! (.Q)N )
and estimate (51) holds, we deduce that ¥ € L*>(0, T; H3(£2)V N HO1 (£2)V) and that (46) holds. The proof of the
technical result is achieved.

Of course, if we consider the function ng(¢) = §3/2)2e s (0) (& *)3/2(t) (which only depends on the time variable),
the same analysis made above yields

0¥ 17207 132y < K0V X AV 175508 < KTo(s, 23 V x AY) (53)

and so we can add the term || noyr ”iZ(O,T;H3(Q)N) to the left-hand side of (45).

Next, we consider the couple (Y*, h*) = (n(¢)¥, n(t)h) where n was defined in (33). Consequently, (v*, h*) fulfill
system (34). Observe that the weight function appearing in the right-hand side in the equation of (34) satisfies
Indl < Kno in (0, 7),

for s > K(T™ + T?™), with K = K (£2) > 0 independent of T, s and A. Then, (53) yields n,v € L>(0, T; H>(£2)" n
HO1 (£2)Y) with the same estimate as in (53) and so Y*e L20,T; H> ()M n HO1 (£2)) (one can follows the lines of
the proof of Lemma 6 below) and

T
1220, 15y =+ / 2 (£ Mg (1) s gy At < KIos, 33 V X AY). (54)
0
A simple interpolation argument, yields
T
s27Hmy / 2 @)y ()] gy dt < KTo(s, 25V x AY). (55)
0
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From these two last inequalities, we get

AV x AY)(@) |2

dr < KIp(s, A V X AYr).
on

T
s(3/2)—3/(2m)k4/e—zsa*(é*)c/z)—y(zm)
L2(32)N

Again, since m > 3, we can absorb the second term in the right-hand side of (45) and so we deduce (44).
The extra terms appearing in the left-hand side of (44) can be obtained successively applying classical regularity
results for the Stokes system. Precisely, if

s(37]’/2)‘1‘(37]‘)/(2}’"))\lzefsa* (%_*)(37j/2)+(3*j)/(2m)1/f = 1//‘] = LZ(O, T, HJ(.Q)N),
then

S(2—/’/2)"1‘(2-]’)/(27’1))\‘ze—s‘(){"< (S*)(Z—j/2)+(2—j)/(2m)w = 'lp]+2 c LZ(O, T, Hj+2(.Q)N)
and there exists a constant K = K (§2) > 0 such that

1Wj+2ll20.7: 152 20M) < KIWjll2 0.0 ()%
for s > K (T*" +T™).
In order to conclude inequality (28) in this situation, we deal with the system fulfilled by ¢:

—go,—A(p+a<p—B~V<p+Vrr=VX((wa)lo), V.-o=0 1in Q,
0=0 on X,
@li=r =0 in £2.

Here, we apply the Carleman estimate presented in Lemma 4 (and proved in the appendix):

s3k4//e*3"°‘§3|<p|2dxdt+s2A4//e’3m*(§*)2’]/’”|vcp|2dxdt
0 0

< C(slﬁ)\40 // 6712S&+9S0(*(§)16|(p|2dxdt +S47/4)\,30 -// e*9S&+6SO¢* (§)47/4|V X W|2dxdt), (56)
wpx(0,T) Ox(0,T)

for s, A > C. We have to mention the fact that in Lemma 4 we did not consider terms of order O and 1 in the Stokes
operator, but obviously, the same result holds when lower order terms appear. Again, we remark here that we have
applied the result in Lemma 4 for smaller exponentials e3¢ instead of e ~2°%.

Analogously as we proved in the previous paragraph, one can see that the last term in the right-hand side of (56) is
bounded by Io(s, A; V x Avr), as long as A is large enough. Combining this with (44) and (56), we obtain

s2at ff (56739632 + &3 (6%)2 V™| Vg|?) dx df + Io(s, A; V x AY)
Q
< C(sléﬁo // e—12s&+9sa*(§)16|(p|2dxdt 4534 / £3e725 |y x A1p|2dxdt), (57)
wox(0,T) wox(0,T)
forany s, A > C.
The last step is to eliminate the last term in (57). For this, it suffices to estimate
st f (E)e 2V x Ay |2 dxdr.
wox(0,T)
Using the fact that wg C O and the equation satisfied by ¢, we find that
VXAY=—(VXx@)y—VxAp+aVxe—B-V(Vx¢) inwyx (0,T)

and so the integral term equals:

MOV x AY)(=(V x @) — A(V x @) +aV x ¢ — B-V(V x @) dxdr (58)

wox(0,T)
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with 71 (£) = s3A%e =290 EY3 (1), t € (0, T).
We consider again the function 6 € C Cz (w) such that & =1 in wg. We have

// O ((V x AY)(—(V x @)y — AV x ¢) +aV x ¢ — B-V(V x ¢))dx dt

wx(0,T)
=— // N.:Vx OV x AY)-pdxdt — // nmV x (AQV X Ay +2V0 - V(V x Al/f)) -pdxdr
wx(0,T) wx(0,T)
+ // mV x ((B-VOV x Ay) - pdxdr.
wx(0,T)

Since (e~ 2% (£%)3),] < Kse 25¢E4+1/m thanks to (44), we deduce

M1V x A2 dxde < e(Ta(s, A ¥) + Ts(s, 2 ) + 571/ // el (ByO+1/m 12 g dy.
wox(0,T) wx(0,T)

The proof of Proposition 1 is finished.
4. Null controllability of coupled Stokes systems
Analogously as we did in the previous section, in order to prove the controllability results stated in Theorems 5

and 6, we will state the associated adjoint problems and we will prove suitable observability estimates.
In fact, by a formal integration by parts, we obtain both adjoint systems associated to (10) and (12)

—¢r — Ap+ P (x,t; D)o+ Vr =moV x in Q,
— Y — AY + o + (Eo - V) + Vh = Pf(x,1; D)p in Q,
V.p=0, V-¢y=0 in Q, (59)
=0, ¥=0 on X,
Pli=r =¢°,  Yl=r =9¢° in 2
and
—¢r — Ap+ P (t,x; D)o+ Vr =m Ay in Q,
Y =AY +ery + (E1- V)Y +Vh = Q7(t,x; D)p in Q,
V.-p=0, V-¢y=0 in Q, (60)
=0, ¥=0 on X,
Qli=r =¢°,  Yl=r =¢° in 2,

respectively, with (po, wo € H. Here, P;‘(x, t; D) (resp. QT(t, x; D)) is the formal adjoint operator of P;(x,t; D)
(j=1,2) (resp. Q1(¢t, x; D)) defined in (11):

N N
(Pf(x, t: D)w), = Z(Afk(x, Dwg + B (x, 1) (w; + diwp)) + (j — 1) Z My (x, 1) (Ogrwi + Ok wy)-
k=1 k=1

For these two systems, we shall prove the existence of a positive constant C = C(£2, w, T') such that

leli=oll72(gyv + ¥ li=oll7> v < C // || dx dt (61)
wx(0,T)

for all 9°, ° € H. Then, it is readily seen that if (61) is satisfied, both systems (10) and (12) are null controllable and
so Theorems 5 and 6 hold.

Remark 7. Let us observe that the same proofs of Theorems 1 and 3 cannot be developed here. In fact, in those
situations when no term concerning ¢ appeared in the equation satisfied by ¥, we deduced Carleman inequalities
for the Stokes equation of ¢ with right-hand sides having weight functions ‘smaller’ than the ones appearing in the
left-hand side of the inequality of ¥r. Obviously, this would not drive to the desired result in the present situation.
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4.1. Carleman inequality for system (59)

Proposition 2. Let ¢*0 € H. Then, there exists a positive constant K = K (2, ) such that

I(s,};9)+ // e 2 (2 AY P + AVAY[?) dx dr
0

< KS15+12/m)\.16 // 6—10S01+8S(1*%-15+12/m |(p|2 d)C dt, (62)
wx(0,T)

forany > K and any s > K (T™ + T?>™), where I (s, }; @) is defined in (66).
From the fact that (59) is well posed in the space L2(0, T;V)NL*®0,T; H), we deduce in a classical way that
the Carleman inequality (62) suffices to prove (61) and so also to prove Theorem 5.
Proof of Proposition 2. We start by considering the heat equation satisfied by Ag:
—(A@); — A(AQ) =V x (V x (P (x,1; D)p)) + moV x Ay, (£, x) € (0,T) x £2.

For the solution of this equation we apply the Carleman inequality presented in Lemma 2 and we obtain the existence
of a constant K (§2, w) > 0 such that
_ 2 _ * 8A§0 2
Io(s, A; Agp) < K(szk2 //e 2S°’§2}V x (Pf(x,t; D)(p)| dxdr +sA //e Zsat g = do dt
0 b5

+s,\// e B E* (n x V) (P (x, 1; D)g)|* do di + 5724 // e BE3 | Ag|? dx dt

wox(0,T)

P
+// e 2V x A1p|2dxdt>, (63)
0

forany A > K and s > K(T?"~1 4 1%m),
Next, since @]y = 0, we can apply Lemma 1 to ¢(¢) and we deduce that there exists K (§2, w) > 0 such that

I6A8/ezfyy6|(p(t)|2dx + r4A6/eszy4|V<p(t)|2dx
Q 2
< K(fﬁkgfez’yyﬁ\w(t)\zdx +f3k4/62’VV3IA<p(t)\2dX)
wo 2
for any A, T > K. Then, if we multiply this inequality by

exp{ X203 170 o0}
expy —2s ,
t"(T —t)ym
we choose
_  oxplkln’lloo)
t"(T —t)m

and we integrate in (0, 7'), we obtain

s%gffe*?msﬂmzdxdt+s4,\6f/e*2mg4|w|2dxdr
0 0

< K<s6k8 // e2X°‘g6|¢|2dxdr+s3x4//e2S“53|A<p|2dxdt> (64)
0

wox(0,T)
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forany A > K and any s > K T2 Then, if we combine this with (63), we can absorb the first term in the right-hand
side of (63) (see (11)) and we obtain

I(s,;9) <K (n// —2se” (‘M—w‘ +|(nxVx)(Pf‘(x,t;D)go)f)dadt

// e 2V x Ay Pdrdr +532* // e 23 (P19 + | A )dxdf> (65)

wox(0,T)

for A > K and s > C(T?"~! 4+ T?™), where

I(s, x; ) = 5528 //e_zso‘56|<p|2dxdt+s4k6 //e—2ms4|w|2dxdr+10(s,x; Ag). (66)

We come back now to the equation of 1. Applying again the operator —V x (V x -), we have:
—(AY) — A(AY) +eoAy + (Eo - VIAY ==V x (V x (P3(x,1; D)g)) in 2 x (0, 7).
Applying thus Lemma 2 to Ay, we obtain

A // e B (s2A%EH AY P + [VAY|) dx dr
0

(ff

+s,\// —2s |VX(P2(x,t,D)<p)| dxdr + 5223 /f e BUE2 Ay dxdt)

wox(0,T)

2
do dr +// e 2 |(n x V) (P} (x, 1; D)g)|* do di

n

foranyA > K,s > K (T2m=1 p 72m)y, Taking into account (11) and combining this with (65), we get

I(s,1;9) +/f e 2 (s2AYEX AY P + A VAY[?) dx dr

ngjm*
+s)»/2/e

+ 5223 // e B E2 (54038 o) + sAE| Mgl + |AY[?) dx dt), (67)
wox(0,T)

forany A > K, s > K(T?"~1 4+ 1%™),
In order to estimate the boundary terms, we first regard the equation satisfied by the functions

@7, 9. q) =212 )M, 7w v, ). (68)
That of ¢ has a right-hand side given by
fl — _)Ll/Z(e—m*(E*)—l/m)t(p _}_mo)\‘l/ze—sﬂl*(é*)—l/mv X w c LZ(O, T, HZ(Q)N)

n

2
do dr +sk// e_zs“*$*|(n x Vx)(Pf(x,t; D)(p)|2do dr
X

n

A |? -
* a—(’" dodt—i—// e 5 |(n x VX)(P;(x,t;D)¢)|2dadr
b))

with

”fl ”i2(0,T;H2(52)N) < K(]()(S, )‘" A‘P) +)\/e_zsa*|v X Awlzdx dt),
Qo
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2

1200.7: HAY(2)V)" Then, the right-hand side of the equation of ¥ satisfies

so the same estimate holds for ||@||

fz — _)\‘1/2(6—505* (E*)—l/m)tlp +)\'1/2e—5a* Pz*(t,x, D)(p c LZ(O, T, H2(Q)N)

and

1o rorpacayy < K (s%3 / / e~ (" 2| Ay 2 dx dr

0
+Afe—2”*|v x Ay | dx dr + Io(s, A; A@). (69)
0
Consequently, 1} e L%(0, T; H*($2)N) and ”&”22(0 T HA@)Y) is estimated in the same way as in (69). Then, the same
estimate also holds for
T
—2sat _ 2
512 / e EDN T Y@ | oy A (70)
0
and for
T 2
§1/2;3/2 / e—2sa*(§*)(l/2)—(3/2m) IAY dr.
on L2(3.Q)N

In order to estimate the other boundary term, we define

(@, ) =s"2re™ &) I/D=0Im (g, ) (1)

and we see that its right-hand side is
f3 — _S1/2)\‘(e—sa*(E*)(I/Z)—(l/m))t(p +mosl/z)\e_m*(S*)(I/Z)—(l/m)v X 1// e LZ(O, T, HZ(Q)N)

Moreover, this function satisfies
T
A _ * _ 2
||f3||%,2(0,T;H2(.Q)N) < K(I()(S, )‘" A(ﬂ) + S)"z / € Zsa (E*)l 2/m ||1/f(t) H H3(Q)N dt)
0

2

L2(0,T; H*(2)N) and also for

Once more, this estimate holds for || ¢||

2

T
302,502 / o250 (£%)3/2-3/2m) (H a;ﬂ
n

+ | x V) (P} (x, 1; D)) ”i%am) dr.
L2(382)

Again, since m > 3, we can absorb the three boundary integrals in the right-hand side of (67) concerning ¢ and the
one concerning v and we obtain:

I(s,2;9)+ f/ e 2 (23X AY P + AIVAY[?) dx dr
0

< K<S2A3 // e 2 E2(sU05E ) + saE| Mgl + |AY[?) dx dt), (72)
wx(0,T)
forany A > K, s > K(T?"~1 4 1%™),

Let us finally estimate the (local) terms concerning Ag and Ay. Let 0 € Cg (w) with 8 =1 in wg. As long as the
first one is concerned, we have
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// 0% 273 (Ap)(Ag) dx dr

wx(0,T)

=— /f 0% %3V - VA@dx dr — // V(0% E%) - Vo(Ap) dx dt

wx(0,T) wx(0,T)
<a(s—2r2 // e XUEIVAp|Pdxdr + // e_z‘m‘§3|A<p|2dxdt>
wx(0,T) wx(0,T)
+ Ks2)? // 0% 2E3 | Vo|* dx dt
wx(0,T)

and

// 0% 23|V |* dx dt

wx(0,T)
1
=— // 926_25“§5A<p(pdxdt+§ // A(926_25“55)|<p|2dxdt
wx(0.T) wx(0.T)
<es2a7? // e 2E3 | Ap|? dx dr + 5222 // e 27 |p|? dx dt.

wx(0,T) wx(0,T)

Thus, we deduce from (72) that

I(s, 2 9)+ // e B (s APE AY P + AIVAY?) dx dr
0

<K<s2k3 // e—2m52(s5,\555|<p|2+|Aw|2)dxdt>, (73)

wx(0,T)

forany A > K, s > K(T?"~! 4+ 1%™),
In order to estimate the second one, we observe that

moAYy =(V x @) + AV x @) =V x (Pl*(t,x; D)q)) in 2 x (0, 7).

Then,
// 0% B E2(AY)((V x @) + AV x ¢) = V x (P} (t,x; D)g)) dx dt
wx(0,T)
<8(S1]/m)\’l // 672sa*(s*)171/m(|vth|2+|vx Alﬂ|2)dxdt+ // ezsa§2|Aw|2d.xdt>
wx(0,T) wx(0,T)
+ KS3+3/m)\‘3 /f 926—4Sd+25a*és+3/m(|v(p|2 + |D2(p|2) dx dz.
wx(0,T)

We first realize that the first three terms are already bounded like in (73) (see (70)), since
VX ==V xAY+eV x ¥+ (Eg- V)V xy)—Vx (P, x; D)) in2x(0,T).

Finally, the two terms concerning ¢ are estimated exactly in the same way as we did above for the local integrals
of (72). This yields
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§+3/my 6 f/ 926—4sa+25a*§.5+3/m(|v(p|2+ |D2<p|2)dxdt
wx(0,T)

1049

*
< KS15+12/1nA16 e—lOsa+8sa 515+12/m|¢|2 dx dt

wx(0,T)

+s(sA2 /f e BY% VA dx dr + 5724 // e—2wg3|A<p|2dxdt>.

wx(0,T) wx(0,T)

If we combine this with (73), we get the estimate (62). O

4.2. Carleman inequality for system (60)

Proposition 3. Let ¢*° € H. Then, there exists a positive constant K = K (§2, ) such that

I(s,2;9) +// e 2 (22362 V x AW|2+A|A21//|2)dxdt
0

< Ks!5+12/m) 18 // e 10sa 85 g 15:412/m) 12 4 gy

(74)
wx(0,T)

forany . > K and any s > K(T?"~' + T?™), where I (s, 1; ¢) was defined in (66).

Proof of Proposition 3. Since most of the arguments are the same as in the proof of Proposition 2, we will just
provide a sketch of the proof. In this situation, the equation satisfied by Ag is

—(A@) — A(Ap) =V x (V x (P (x,1; D)¢)) + mi A%y (t,x) in(0,T) x 2.

We apply again Lemma 2 and we get

Io(s, %5 Ag) < K(ﬁz /f e 22|V x (Pf(x, 1; D)g)|* dx dr

o // e |22
+f/e—2W\A2¢yzdxdz+s3x4 // e 23| Ag dxdt) (75)
0

wpx(0,T)

+ I(n X Vx)(Pl*(x,t; D)ga)|2> do dr

for any A > K and s > K(T?"~! 4+ T?™). Since estimate (64) also holds now (¢|yo = 0), the first term in the right-
hand side is absorbed and we analogously obtain

i} o (|3Ag)?
I(s,2;9) < K(sk//ezsa 5*(‘3—(/)‘ + |(n x Vx)(Pf(x,1; D)(p)|2> do dt
n

f/ a2 Parars st [[ el 1R e 76)

wox(0,T)

for A > K and s > C(T?"~! + T?™), where I (s, A; ¢) was defined in (66).

We are now interested in the equation satisfied by V x Ar:

—(Vx AY); — AV x AY) +e1V x AY + (Eo - V)(V x Ay) =

x (A(Q7(x. 1 D)g))
in £2 x (0, T). Applying Lemma 2 to V x Ay, we deduce
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,\/f e 2 (s2A2EV x AY)E + [V(V x A¢)|2) dx dr
0

<K<//‘e_zsa*(‘8Vwa
on
by

+sx//e*2s“g}A(QT(x,t; D)go)|2dxdt+szk3 // e UE2|V x A¢|2dxdr>,
0

wox(0,T)

2
+ |n X (A(QT(X, t; D)(p))|2> do dr

forany A > K, s > K(Tz’"’1 + Tz’"). Since the coefficients of Q7 (¢, x; D) arein L*°(0, T'; W2’°°(.Q)N), we combine
the previous inequality with (76) and we get

I(s,X; ) +// e 2 (s2A3EHV x Ay P+ 4| V(V x A¢)|2) dx dr

o
* 2 *
gK(//e_zm dadt—}—sk//e‘hx £*
z z

+ /f 6_23“*(5AE*|(11 X Vx)(Pl*(x, t; D)(p)\2 + |n X (A(QT(x, t; D)(p))|2) do dt
z

AV x A 2
;—w dOdl

n

JdAp
d

+ 5223 f/ e25“52(s4x554|¢|2+sA§|A<p|2+|Vxsz)dxdt), (77)

wox(0,T)

forany A > K, s > K(TZ’”_1 + TZ’").
Next, we realize that sA3/2e =% £*p € L2(0, T; H(£2)V) and
—sa* 2 -
| s2%2e7> 0l 0. <KL 25 0),
for s > CT?". Taking this into account, exactly the same analysis developed between (46) and (53) can be done here
and we deduce that

HS)‘3/26_W*5*‘/’”i%o,r;m(rz)zv) SK(I(s.2:0) + 2727 €V x Ay 1 (78)

QN )
At this point, we can carry out the same estimates for the functions (¢, 1&) defined in (68) and (¢, ) defined in (71)

with the only difference that we have a one degree improvement (in the space variable) in the Sobolev space where

is bounded. That’s the reason why we need the coefficients of the operator Q7 to be in L>°(0, T'; W32 (£2)N). This

yields

2

a(V x AY)

dr
on

T
§1/2,3/2 / 672sa* (%.*)(1/2)7(3/2m)
L2(32)N

3(Ag) |

on

dr dt

T
+53/2);/2fe—zsa*(g*)(3/2)—(3/2m)
L232)N

+ 57203/ f/ e 2" (%)B/D=C/2M | (n % V) (P} (x, 1; D)g)|” do dt
X

T
+s3/2k5/2/6*25“*(5*)“/2)*(3/2”) |n % (A(QF . 1: D)) |3 2p0v A
0
SK(T6 2 9) + [s272e77 °9 x A% | o 0).
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Observe that the powers of s, A and £* in the boundary integral of (n x Vx)(P;(x,t; D)g) are clearly not optimal,
but this will suffice for our purposes, so we do not worry about its optimality.
This justifies that the four boundary integrals in (77) are absorbed. This provides

I(s,%;9) +f/ e HY(s2A%EV x AY P + AV x VAY[?) dxdr
0
< K<s2A3 // e 2 E2(sUAE 02 + sAE|Agl* + |V x Ay [?) dx dt), (79)
wox(0,T)
forany A > K, s > K(T?"~1 4 172m),

Then, one can develop exactly the same computations as in the previous paragraph and deduce the desired esti-
mate (74). We do not include this local estimate here since we think it is evident from the one proved above. O

Appendix A. Proof of Lemma 4

We will develop here the duality method introduced in [12] in the context of the heat equation. The same argument
has already been used in the context of the heat equation with nonhomogeneous Robin boundary conditions in [5] and
in the context of the heat equation with right-hand sides belonging to L>(0, T; H=2(£2)) N H~'(0, T; L?(£2)), which
only permits to talk about solutions in L2(Q); this is explained with detail in [8].

First, we view u as a solution by transposition of (23). This means that u is the unique function in L2(Q)N
satisfying

//u-fdxdtz//fs-zdxdt—//]%:Vzdxdt—i—/uozl,:odx VfeL*(Q)V, (80)
0 0 2

0

where we have denoted by z € L20,T; HX )N nV)NHLY0, T; L2(2)Y), together with g, the (strong) solution of
the following problem:

z=0 on X,

{—z,—Az—}—Vq:f, V.-z=0 inQ,
th:T=0 in §2.

Let us first get an estimate of the lower order term in the left-hand side of (24), i.e.

s34 // e 25E3 ) dx dr. (81)
0

In order to do this, let us consider the following constrained extremal problem:

1
Minimize EI*(S, AL Z,0)
subject to v € L>(Q)" and

—z— Az + Vg =s32te 23U 4 vl,,, V-z=0 inQ, (82)
z=0 on X%,
Zli=0=0, zl=r =0 in £2,
where
I*(s. 0 2. 0) = <s15/2A20 // eHG=25" (£)=15/2) 12 gy 4 163,40 // eSs&ésa*(é)m'U'dedt).
o wox(0,T)

Here, s and A are chosen like in Lemma 3.
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By virtue of Lagrange’s principle, there exist p, po and go such that the following optimality system is satisfied:

§15/2)20 £ (e=4s8425a" (£Y15/12 (£ (p, po). qo))

+ S16)\40e—8x&+6sa* (é)lﬁplwo — s3)\4e—2sa€3u in Q,
p=0, L(p,po)=0 on ¥,

e~ B EVS2(L(p, po)j=o, L(P, po)je=1) = (0,0) in 2.

Here, L(ay, ay) = d;a1 — Aay + Vay is the Stokes operator and L*(a;, ap) = —0d;a; — Aaj + Vay is its formal adjoint.
If p (together with some (po, go)) is a solution to (83) (in an appropriate sense), then

1’) — _S16A4oe—83&+63‘0¢* (§)16p1w0 and 2 — S15/2A206_4S&+2SO(* (5)15/26(}7: PO) (84)
solve (82).

Let us show that (83) has a unique weak solution. In order to do this, we shall rewrite this problem as a Lax—
Milgram variational equation. Let us introduce the space

Zo={(z,20) € C*(Q) x C'(0): z=0o0n ¥ and V- z =0 in £2}

and the norm || - ||z, with

||(w, wo) ”22 — ¢15/2520 // ef4s&+25a*(§)15/2}£(w’ w0)|2dxdt + 516,40 // 678S&+63a*(§)]6|w|2 dx dt
0 wox(0,T)

for all (w, wg) € Zp. Due to Lemma 3, || - ||z is indeed a norm in Zy. Let Z be the completion of Z; for the norm
Il - llz- Then Z is a Hilbert space for the scalar product (-, -)z, with

((p1, PLO) (P2, P2.0)) , = 5"/22%0 // e MaHBDT EYIS2(L(py, p1.0))(L(p2, p2.0)) dxdr
Q
1516340 8+ ()16 o
wox(0,T)
With this notation, system (83) is equivalent to find a function p € Z such that
((p, Po), (P, P0)) , = L(P, po)  V(p, po) € Z, (85)

where

0(p, po) =s24 f/ e 2 updxdr Y(p, po) € Z.
0

By virtue of Lemma 3, one can easily check that £ € Z’. Consequently, one can apply Lax—Milgram lemma and
deduce that there exists a unique solution to (83).
Let us now take

f:s3)»4e*2s°‘$3u+ﬁlw
in (80). This gives
s3k4//e_2w§3lulzd)€dtZ//fs~2dxdt—//f63v2d)€df— /f uddx dt (86)
o o 0 wox(0,T)

(recall that ¥ and Z are given by (84)).
Let us multiply the equation in (83) by p and integrate in Q, which gives

|p, P | < l1Ell 2

Consequently,

(p, PO)”Z
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2 — — d—2sa* ;5o\ — ~ — — q— ¥ oAl ~
|| (p’ po) ||Z =5 15/2)\‘ 20 // e4SO{ 2sa (%-) 15/2|Z|2 dxdf +s 16)\‘ 40 // eSSO{ 6sa (E) 16|v|2 dx dr
wox(0,T)

0
< Csat // e 25E3 |y dx dr, (87)
0

forA,s >C=C(2,w,T) > 0, since

12
1l < 53222 ( f / 2 2 dx dt) .
%

Now, we multiply the equation satisfied by Z by s =47/ 4, 300G —dsa™ (£)—47/4

by parts, we obtain:

S_47/4)\._30 // e6S&—4SO{* (é)—47/4|v§|2dxdt

z and we integrate in Q. After integration

Qo
=—%s_47/4)»_30// %(66‘@_4‘9“*(é)_47/4)|2|2dxdt+s_35/4k_26 // o 2atbsidsa () 4T/4g3,5 . dy
0 0
4 5747/4),730 / f eOsG 450 (1) =47/452 gx dr. (88)
oo X (0,T)
256

Using Holder’s inequality in the last two terms and taking into account that e=** = min, _5 e>, we obtain

(—47/45,-30 // 5450’ (=414 72 2 dx df
Q
gc(s—IS/Z)\'—QO'/:/‘ e4SOAl—2sol*(é)—15/2|2|2dx dt+s3)\.4// e—2SO[s3|u|2dx dt
Q 0

+s—16)“—4o // e8‘Y(’)\l—6SO{*(§)—16|i}|2d‘xdt)’
wox(0,T)
where we have taken s > C. This, together with (87), provides

§—15/25,-20 // eha=2s0" B)=15/21212 41 gr 4 —47/45 =30 // eSsa—dse” (2)=41/4 7212 4, dy
o 0
+ 5716740 // e¥oa=6se™ (£)=161512 4 dr < Cs4 // e 23y dx dr. (89)
wox(0,T) 0
A combination of this inequality with (86) yields the estimate of the zero order term (81) in terms of the right-hand
side of (24).
Let us now show that the first order term Vu can also be bounded in the same way. To this end, we multiply the
equation of u by

52)\.43_2“‘0[* (E*)Z—l/mu

and we obtain

1 * 0 *
552)\,4 // e—ZSOl (5*)2_1/m5|u|2dxdt+szk4 ff 6—2501 (S*)z_l/m|Vu|2dxdt
0 0

=524 // e e (g2 M fo ydxdr — 20 // e B (g2 Um fo vy dx dr.
0 0
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Finally, integrating by parts with respect to ¢ in the first integral and using that
(e—2sa*(%.*)2—l/m)t g CSC_ZSC!*(E*):;, s > C,

we conclude that the first order term is also bounded by the right-hand side of (24).
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