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Abstract

For a nonnegative, uniformly convex H € C 2(Rz) with H(0) =0, ifu € C(£2), 2 C R2,isa viscosity solution of the Aronsson
equation (1.7), then u € C 1(£2). This generalizes the C 1-regularity theorem on infinity harmonic functions in R? by Savin
[O. Savin, C 1—regularity for infinity harmonic functions in dimensions two, Arch. Ration. Mech. Anal. 176 (3) (2005) 351-361] to
the Aronsson equation.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

SiH e C? (Rz) est une fonction uniformément convexe telle que H(0) =0, etsiu € C(£2), 52 C RZ2, est une solution de viscosité
de I’équation d’ Aronsson (1.7), alors u € c! (£2). Ceci généralise a I’équation d’ Aronsson le théoréeme de Cl—régularité de Savin
[O. Savin, C 1 -regularity for infinity harmonic functions in dimensions two, Arch. Ration. Mech. Anal. 176 (3) (2005) 351-361]

pour les fonctions co-harmoniques dans R2.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Calculus of variations in L* was initiated by Aronsson [1-4] in 1960s. Thanks to both the development of theory
of viscosity solutions of elliptic equations by Crandall and Lions (cf. [17]) and several applications to applied fields
(cf. Barron [8], Barron and Jensen [9], Aronsson, Crandall and Juutinen [7], and Crandall [13]), there have been great
interests in the last few years to study the minimization problem of the supremal functional:

F(u, £2) :esssupH(x, u(x), Vu(x)), QcR ue WI’OO(Q,RI). (1.1)
xesf2

Barron, Jensen and Wang [10] have established both necessary and sufficient conditions for the sequentially lower
semicontinuity property of the supremal functional F in W1, which are suitable L*°-versions of Morrey’s qua-

* Corresponding author.
E-mail address: cywang@ms.uky.edu (C. Wang).

0294-1449/$ — see front matter © 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
doi:10.1016/j.anihpc.2007.03.003



660 C, Wang, Y. Yu/Ann. I. H. Poincaré — AN 25 (2008) 659678

siconvexity (cf. [20]) for integral functionals. In the scalar case (I = 1), Barron, Jensen and Wang [11] (see also
Crandall [12]) have established, under appropriate conditions, the existence of absolute minimizers and proved that
any absolute minimizer is a viscosity solution of the Aronsson equation

—VX(H(x, u(x), Vu(x))) . Hp(x, u(x), Vu(x)) =0, xef2. (1.2)

Among other results in [22], the second author has showed that the convexity of H (-, p) are sufficient for viscosity
solutions of the Aronsson equation (1.2) to be absolute minimizers of F.

Partially motivated by [22] and Crandall, Evans and Gariepy [16], Gariepy, Wang and Yu [18] have established the
equivalence between absolute minimizers of F and viscosity solutions of Aronsson equation (1.2) for quasiconvex
Hamiltonians H = H(p) € C*(R") by introducing the comparison principle of generalized cones (see Theorem 2.1
in Section 2 below).

In this paper, we are mainly interested in the regularity (e.g. differentiability or C') of viscosity solutions of the
Aronsson equation.

Before stating the main results, we would like to review some of previous results for H(p) = |p|?, p € R". It is
well known (cf. [5,6,19]) that Eq. (1.2) is the infinity-Laplace equation, of which a viscosity solution is called an
infinity harmonic function,

n
—Acott:=— Y wjuju;j =0, ing2, (1.3)
ij=1
and the absolute minimality is called absolute minimal Lipschitz extension (or AMLE) property:
for any open subset U € 2 and v e W (U) N C(U) with v =u on dU, we have

IVullLowy < IVVll Lo ). (1.4)

Aronsson [5] proved that any C2-infinity harmonic function satisfies the AMLE property. Jensen [19] has proved
the equivalence between an infinity harmonic function and the AML property, and the unique solvability of the Dirich-
let problem of Eq. (1.3).

Crandall, Evans and Gariepy [16] have recently showed that u € C°(£2) is an infinity harmonic function iff u
enjoys comparison with cones in £2:

for any open subset U € §2, a,b € R, and xg € 2,

u(x) < (Z)a+blx —xol ond(U\{xo}) = u(x) < (>)a+blx —xo| inU. (1.5)

In a very recent important paper [21], Savin has utilized [16] and Crandall and Evans [15] to prove that any
CO-infinity harmonic function in 2 C R? is in C1(£2).

In this paper, we extend the main theorems of [21] to the Aronsson equation for a class of Hamiltonian functions
H € C%(R?).

First we extend [15] and obtain the following theorem on blow-up limits of viscosity solutions of the Aronsson
equation on R” for n > 2, which may have its own interests.

Theorem A. Assume that H € C*(R") is nonnegative and uniformly convex, i.e. there is ayy > 0 such that

pT - Hypp(p)-p>aulpP. VpeR', (1.6)
and H(0) = 0. Suppose that u € C°(£2), 2 C R”, is a viscosity solution of the Aronsson equation:
—H,(Vu(x)) ® Hy(Vu(x)) : Viu(x) =0, in 2, (1.7)

then for any x € 2, there exists a ey, € R", with H(ey,) = ST(H,u,x) (see Section 2 for the definition of
ST(H, u,x)), such that

5 lu(y) —u(x) —ex - (y —x)|
1m max =
r—0 B, (x) r

0. (1.8)

Based on Theorem A and the main theorem of [18], we are able to make necessary modifications of the idea of
[21] to prove
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Theorem B. Under the same assumptions of Theorem A. Ifu € C°(£2), 2 C R?, is a viscosity solution of the Aronsson
equation (1.7), then u € cl().

A compactness argument from the proof of Theorem B yields
Theorem C. Under the same assumptions of Theorem A. There exists a monotonically nondecreasing function
0:10, 1] = R4, with lim,_,o p(r) =0, such that if u is a viscosity solution of the Aronsson equation (1.7) in By C R?

with ||H(Vu)||Loo(Bl) < C, then

(1.9)

N =

oscp, [Vu| < p(r), Vr<

A direct consequence of Theorem C is the following Liouville property.

Theorem D. Under the same assumptions of Theorem A. If u € CO(R?) is a viscosity solution of the Aronsson equation
(1.7) in R? and

lu)| < C(1+Ix]),

then u is linear.

Due to the local Lipschitz continuity for viscosity solutions of (1.7), the uniform convexity condition (1.6) can be
slightly relaxed. In fact, we have the following remark.

Remark E. Theorems B, C, and D remain to be true, provided that H € C 2(R2) satisfies:
(i) H(0)=0and H(p) >0 for any p € R%.
(ii) H is coercive, i.e. lim|p|— 400 H(p) = +00.
(iii) (Hp,p;)(p) is positive definite for any p € R?.
The paper is written as follows. In Section 2, we review the main theorems of [18]. In Section 3, we outline
some basic properties of the Aronsson equation (1.7) and prove of Theorem A. In Section 4, we establish three key
propositions which are needed to prove Theorem B. In Section 5, we prove both Theorems B, C, D, and Remark E.

2. Review of the main theorems by [18]

In this section, we review the main theorems of [18] which are needed for the paper. We assume that the Hamil-
tonian function H (x, u, p) = H(p) € C2(R") depends only on the p-variable. First, we recall a few definitions.

Definition 2.1. A function u € WIL’COO(.Q) is an absolute minimizer of the supremal functional F, if for any open subset
U €2 andany ve W) N C(U) with v=u on dU, then

Fu,U) = H(Vu))| poo () < F, U) = [ H(VV)) oo - (2.1)
Definition 2.2. For any k£ > 0, the generalized cone centered at the origin with slope k, C ,f’ (x), is defined by
C,f(x): max p-x, x€eR", (2.2)

{peR": H(p)=k}

where - is the inner product in R".

Definition 2.3. A upper semicontinuous function u € USC(£2) enjoys comparison with generalized cones from above
(abbreviated u € CGCA(£2)) if we have, forany V € £2, xo € £2,and k > 0,

u(x) <u(xg) + C,f(x —x9) VxedV =u(x)<u(xg) + C,f(x —xp), VxelV. (2.3)
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A lower semicontinuous function v € LSC(£2) enjoys comparison with generalized cones from below (abbreviated
v € CGCB(£2)) if —v enjoys comparison with generalized cones from above, with H replaced by H (ﬁ (p)=H(-p)
for all p € R"). A continuous function w € C(£2) enjoys comparison with generalized cones (or abbreviated
w € CGC(£2)) if w e CGCA(£2) NCGCB(£2).

Definition 2.4. A function u € USC(£2) is a viscosity subsolution of the Aronsson equation (1.7), if for any (xg, ¢) €
2 x C3()

u(xp) — ¢ (xo) = u(x) —p(x), Vxef
then
—H,(V$) ® Hy(Ve) : V2lizy, < 0. 2.4)

A function u € LSC(S2) is a viscosity supersolution of the Aronsson equation (1.7), if —u is a viscosity subsolution
of (1.7) with H replaced by H, where I:I(p) = H(—p) for p € R". A function u € C(£2) is a viscosity solution of the
Aronsson equation (1.7), if u is both a viscosity subsolution and supersolution of (1.7).

Now we state the main theorem proved by [18] on the equivalence among absolute minimizers, viscosity solutions
of the Aronsson equation (1.7), and comparison with generalized cones.

Theorem 2.1. (See [18].) Assume that H satisfies:
Hl. H € C3(R"), H) =0, and H(p) >0 for any p € R".
H2. H is quasi-convex, i.e.
H(tp+ (1 —1)q) <max{H(p),H(¢)}, VYp.qeR", 0<r<1. (2.5)
H3. H is coercive:

lim H(p) = +oo. (2.6)
|pl—>+00

Then the following three statements are equivalent:

(a) ue WIL’COO (£2) is an absolute minimizer of F (v, ) = |[H(Vv)| ().
(b) u e CGC(£2).
(c) u e C(82) is a viscosity solution of the Aronsson equation (1.7).

In particular, Theorem 2.1 implies that any viscosity solution of (1.7) enjoys comparison with C kH (+). This plays a
crucial role in the paper.
In [18] Proposition 3.1, the following properties of CGC($2) have been established.

Proposition 2.2. (See [18].) Under the same assumptions as in Theorem 2.1. If u € CGC(£2), then u € WIL’COO(Q),
and, for any xo € 2 and 0 <r < d(xg, 052), we have (i)

S;T(H, u, x0) = inf{k >0 u(x) <uxo) + Cff (x — x0), ¥x € 3B (x0)} 2.7
exists and is monotonically nondecreasing with respect to r > 0. In particular,

ST(H,u, xo) = lim S (H, u, xo) (2.8)
rot

exists for any xo € §2 and is upper semicontinuous; (ii) S, (H,u, xo) = S;“(I-AI, —u, xo) exists and is monoton-
ically nondecreasing with respect to r > 0, where I:I(p) = H(—p) for p € R". In particular, S™(H,u, xp) =
lim, g+ S,” (H, u, xo) exists for any xo € §2 and is upper semicontinuous; and (iii) for any xo € §2, we have
ST(H,u,x0) =S (H,u, xp). Moreover, if Vu(xo) exists for xo € §2, then we have

H(Vu(xo))=S+(H,u,x0)=S_(H,u,x0). (2.9)
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Proposition 2.3. (See [18].) Assume u € CGC(S2). For any xo € §2, 0 <r < d(xo, 082), if x, € 3B, (xo) satisfies

uer) —u(xo) =Ceh O = x0) (2.10)
then for any 0 < R < d(x,, 0§2) we have
SE(H, u,x,) > S} (H, u, xo). 2.11)

For this paper, we also need the comparison property of viscosity solutions for (1.7) with linear functions.

Proposition 2.4. Under the same assumptions as in Theorem 2.1, let Y (x) =a -x + b (a € R", b € R) be a linear
Sunction such that if a # 0 then Hp(a) # 0. For any open subset U € £2, if u € C(R2) is a viscosity solution of the
Aronsson equation (1.7) and u < on U, thenu < ¥ in U.

Proof. If a =0, then Y =b sothat Y (x) =b+ Cé’ (x) is a generalized cone with slope k = 0. Hence Proposition 2.4
follows from Theorem 2.1.
If a # 0, then we have |Hj(a)| =& > 0 for some & > 0. Suppose that the conclusion were false, then there exist an

open subset V €2 and £ € V such that u = Y on aV, and
mélX(u —¥)=@u—y¥)(&) >0.

Let R > 0 be such that V C Bpg, and € > 0 be sufficiently small. Then we have
ulx) <yx)+ e(R2 — |x|2) ondV,

but
u(®) > (&) + e(R* — [2]%).

For simplicity, we may assume

lu— (¥ +e(R?* - 1x1?)}) = mélx(u — (¥ +€(R* = 1x1?))).

Since ¥ + €(R? — |x]?) € CZ(\7) and u is a viscosity solution of (1.7), we have
0> — Z Hp,(a —2€3)H), (a — 2€3)(—2€8;j) = 2¢|Hp(a — 2€%) |2. (2.12)
iJ
This is impossible, since
. 1 s
|Hp(a —2€2)| > 5|H,,(a)| =3> 0

if € > 0 is sufficiently small. This completes the proof of Proposition 2.4. 0O
3. Some preliminary results of (1.7) and proof of Theorem A

This section is devoted to the proof of Theorem A. To do it, we need several lemmas. The first lemma asserts that
the assumption of Theorem A implies that of Theorem 2.1.

Lemma 3.1. Suppose that H € C*(R") is a nonnegative, uniformly convex function, with H(0) = 0. Then H satisfies
the conditions (H1)-(H3) in Theorem 2.1. Moreover, H(p) > 0 and H,(p) # 0 for all 0 # p € R".

Proof. Since a uniformly convex function is quasi-convex, H satisfies H2. Since H is uniformly convex, there exists
a oy > 0 such that
Hpp(p) > apl,, VYpeR" 3.1)

This, combined with the Taylor expansion up to second order, implies

H(p)=>H@) +Hy@) - (p—q)+ “7”|p —q?, ¥p,qeR". (32)
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It follows from 0 = H (0) = min,err H (p) that H),(0) = 0. Therefore, by (3.2), we have
ay
H(p)>—~IpP, V¥peR",

this yields H3.
Suppose that there exists 0 # po € R” such that H(pg) = 0. Then the convexity and nonnegativity of H imply
H(tpg) =0 for all 0 < ¢ < 1. This implies

2
=3
dt =0t

this is impossible.
Suppose that there exists 0 # p; € R" such that H(py) > 0, but H,(p1) = 0. Then (3.2) implies

0=H(0) > H(p1) — Hy(p1) - p1 = H(p1).

This is also impossible. Hence the proof of Lemma 3.1 is complete. O

0 H(tpo) = pd - Hpp(0) - po = an|pol?,

Denote by §”~! ¢ R” the unit sphere of R”, and let H~'(¢) = {p € R": H(p) =c} (¢ > 0) be the level set of H.
Now we have

Lemma 3.2. Under the same assumptions as in Lemma 3.1. Then for any c > 0, the Gauss map v(p) =

|I;1(5;8;\ :H~(c) » §" Visa C! diffeomorphism.

Proof. It follows from Lemma 3.1 and the implicit function theorem that for any ¢ > 0, H~'(¢) C R" is a strictly
convex C2—hypersurface. Hence, by (3.1), v € CY(H1(c),S"1) is one to one, and onto. In particular, v is a cl-
diffeomorphism. O

Lemma 3.3. Under the same assumptions as in Lemma 3.1. For any k > 0, C ]fi (+) is convex and positively homoge-
neous of degree one. Moreover, C,f (x) € CHR™\ {0}).

Proof. It follows from the definition that C ,f] (+) is the supremum of a family of linear functions so that it convex and
satisfies
CHax)y=1Ccl(x), Vvt>0, ¥vx eR".

To see C ,ff e C1(R™\ {0}), it suffices to prove that for k > 0 C f e C1(S"~1). By the Lagrange Multiple Theorem, for
any x € 8" ! there exists a p € H~! (k) such that

Hpy(P) _

|Hp(P)

so that v(p) =x or p=v~1(x) € C'(§"~1). Therefore C/! (x) =v~'(x) - x e C(S"™"). O

CHl(x)=p-x, and (3.3)

Lemma 3.4. Under the same assumptions as in Lemma 3.1. If u € CO(R") is a viscosity solution of the Aronsson
equation (1.7) satisfying ST(H, u,0) = | H(Vu)l|lLooRry < 00, then there exists pg € R", with H(po) = ST(H, u, 0),
such that

u(x)=u)+ po-x, VxeR" (3.4)

Proof. First we claim that

ST(H,u,0)=S"(H,u,0), ¥r>0, (3.5)
SY(H,u,y) <SY(H,u,0), 0#yeR", VR>0. (3.6)

To see (3.6), observe that for any y € R” and x € R”, with |x — y| = R, we have
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1

ulx)=u(y)+ / Vu(tx +(1— t)y) -(x —y)dt
0
1

<u(y)+/ max p-(x—y)

H(p)IH VW)l oo

H
=u) + Cllhvuy 0 ¥~ ¥)-
This implies
Sg(H,u,y) < [HVW) | oo gny = S (H, 1, 0).
It is easy to see that (3.5) follows from (3.6) and the fact S (H,u,0) > S*(H, u, 0).
If ST(H,u,0) =0, then H(Vu(x)) =0 for a.e. x € R*. Hence Vu(x) = 0 for a.e. x € R” so that u is constant and

(3.4) holds with pg = 0.
We may assume that ST(H,u,0) > 0. For R > 1, there exists xg € d Bg such that

M(xR)—M(O)+CS+(Hu0)(xR). 3.7
On the other hand, for any x € R", we have, by (3.6),
uler) ) SCgi gy, (R =X < Cl t.u.0) xR — %) (3.8)
x g —x|

(3.7) and (3.8) imply

u(x) > u(0) + |xR|{cS+(H . O)(;—RJ - cg(ﬂ,u,o)(ﬂﬂ. (3.9)

|xR]

For any x € R", let R > 1 be sufficiently large so that xg — x # 0. By Lemma 3.3, we have that C%

C(R™\ {0}) is convex. Hence we have

XR H XR — X H XR — X X
ch —~)-cC R ) >ve = ). —. 3.10

Combining (3.9) with (3.10), we obtain

SHH,u0) €

M(X) M(O)+VCS+(HMO)(%> c X, Vx eR". (311)
R
We may assume that there exists a ¢ € S"~! such that limg_, o0 = Ter] | = gq. It is clear that limg_, xllfc ‘X = ¢q. Hence
(3.11) yields
u(x) > u(0)+VCS+(HM0)(q)-x, Vx € R". (3.12)

Applying the same argument with u and H replaced by —u and H( p) = H(—p) for p € R", we have that there is a
g € 8" ! such that

u(x) <u(0) +VCi 4y, 0@ x, VxeR". (3.13)
Comparing (3.12) with (3.13), we conclude that
H H A
VCS‘*'(H,u,O)(Q) = VCS+(HQM’0)(Q) = Po
and
u(x)=u)+ po-x, VxeR"

It is easy to see that H(pg) = ST (H, u, 0). Hence the proof of Lemma 3.4 is complete. O

Now we are ready to give the proof of Theorem A.
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Proof of Theorem A. For simplicity, we assume that xo = 0 and «(0) = 0. It follows from Theorem 2.1 and Propo-
sition 2.2 that u € Wlf)’coo(.Q). For any r¢ | 0, let vi (x) = “(:—ix) :B,-1 — R. Then for any R > 0, we have
k

lvkllLoe () < IVullLos, n) R < CR, IVurliLeeBr) < IVullLoes, g < C. (3.14)
Therefore we may assume that there exists vy € Li’ooc (R"), with Vv, € L*(R"), such that for any R > 0
vk — voollco(pyy = O, Vur — Vv  weak™ in L°°(BR). (3.15)

Since vy is a viscosity solution of (1.7) on B, 1, we see that v is a viscosity solution of (1.7) on R". Moreover, by
the lower semicontinuity (cf. [10]), we have

| H (Vvso) ||L°°(BR) S ]}Crilogf” H(Vur) “LOO(BR) = 1}(“_1)10210” H(Vu) ”LOO(BrkR)

= 1}gi£fu ST(H,u,x) HLOO(B%R) =S*(H,u,0). (3.16)
In particular, we have
ST(H, Voo, 0) < | H(Vuo) | Loogm < ST(H, u,0). (3.17)
On the other hand, for any » > 0 there exists a xf € 0B, such that
() = w0 = Ch o () (3.18)
It is readily seen that
ST(H, v, 0) =S (H,u,0) > ST (H,u,0). (3.19)

After passing to subsequences, we may assume that there exists x, € d B, such that limg_, xf = x,. Then (3.18) and
(3.19) imply

Voo () = 0o (0) = Cl ., 0 (60 (3.20)
This implies
ST(H,v00,0) = ST(H,u,0), Vr>0. (3.21)

Taking r into zero, (3.17) and (3.21) imply
ST(H, vo0,0) = | H(Voo) | oo gny = ST (H, 1, 0). (3.22)
Hence Lemma 3.4 implies that ve, = a - x, for some a € R", and we have
u(rgx) —u(0)
—— —a-x
Tk

lim

rr—0

=0. (3.23)

L(By)

This implies (1.8). Suppose not, then there exists rx | 07, x; € R” with |xx| = r, and § > 0 such that for any
ee H V(ST (H, u,0)), we have

|u(x) — e - xil
Tk

>3, Vk>1. (3.24)

But, on the other hand, there exists a € H~1(S1(H, u, 0)) such that after passing to subsequences, vi(x) =
a - x uniformly on Bj. This contradicts (3.24). Therefore the proof of Theorem A is complete. O

ulleglr)
Tk

4. Propositions

This section is to establish the differentiability for any viscosity solution of the Aronsson equation (1.7) by showing
that there is a unique blow-up limit at any point for n = 2: for any x( € £2, lim, ¢ ey, , exists and its limit is continuous
with respect to xg.

To do this, we follow the clever idea of [21] and the strategy is as follows. Consider the generic case that
xo € 2 such that ST(H,u,x9) > 0 and u is nonlinear near xo. Then there exists rg > 0 and a linear seg-
ment [yo, z0] C By,/6(x0) and a linear function /(x) = ap - x + b such that for some x¢ € (yo,z0), one may
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have either (i) u(x) = I(x),Vx € [yo,zol; u(xo) = I(x0); u(yo) > [(y0), u(zo) > [(z0), or (i) u(x) <I(x),Vx €
[vo, zol; u(x0) = l(x0); u(yo) < L(y0), u(z0) < I(zp). Assume the first case happens, then the first observation is
that there is an affine plane P containing the graph of / such that yg, zo belong to two different connected com-
ponents of {u > P} N B,,(xp) (see Lemma 4.2 below). Since Theorem A implies that there exists ey, , € R? such

lu(x)_u(x())_rem’r'(x_m)l = o(1) for small > 0, we want to prove |ey, , — ag| = o(1) for small » >0

(see Lemmas 4.3 and 4.4 below). The proof of Lemma 4.5 is different from that of [21] Lemma 3, here we use the
discrete gradient flow which has originated from [15] when they studied the regularity of the infinity Laplace equation.
A continuous version of this type of gradient flow by [15] was communicated to us by Crandall [14].

The following proposition is the crucial step to prove Theorem B.

that max,eg, (x)

Proposition 4.1. Under the same assumptions as in Theorem A, let u € C%1(Bg), Bs C R?, be a viscosity solution of
the Aronsson equation (1.7). For any € > 0, there is 8 = 8(e, H, || Vul| Lo (Bg)) > 0 such that if

lu —e6-xllLoeBg) <8, 1< H(eg) <2, 4.1
. 1
and if, for 0 <r < oL
lu — eo.6r - Xl Lo(Bg,) < I, 4.2)
for some ey 6, € R? with H(eo 6r) = ST(H, u,0). Then
leg — €0,6:1* < Ce 4.3)

forsome 1 < C=C(H) < 0.
Proof. We divide the proof into two cases.

Case A. u is nonlinear in B,: There are a line segment [z, z2] C By, a linear function /(x) = ag - x + by, x € [z1, 22]

with ag = %, and a z3 € (21, z2) such that either (1)
uzl onlzy,z2l, u(z1) >1(z1), u(z3)=10z3), u(z2)>I(z2),
or (2)

u<l onlz,z2], u(z1) <l(z1), u(z3)=1z3), u(z2)<l(z2).

For simplicity, assume that (1) holds. Then we have

Lemma 4.2. Under the same notations. Then there exists e € R2, with H (e) = ST(H, u, z3), such that z1 and z»
belong to two distinct connected components of the set {y € R*: u(y) > u(z3) + ¢ - (y —z3)} N Be.

Proof of Lemma 4.2. It follows from Theorem A that for s | O there exists e € R2, with H (e) = ST(H, u, z3), such
that

_Nu(y) —u(z3) —e- (v — 23) 1By, (z3)
lim =0.
Sk 40 Sk

4.4)
We first claim that z1, z2 € {y € R%: u(y) > u(z3) +e¢- (y —z3)}. In fact, by the assumption (1) and (4.4), we have,
for any zj € [z1, 2] N 0By, (23),

Zk — 23 I(zi) — U(z3) — e (zk — 23)
(ap —e) - =

Sk Sk

< u(zp) —u(z3) —e- (zx — 23) o

Sk

as k — oo. Hence, we have (ag — e) - (z — z3) = 0 for any z € [z1, z2]. This implies

u(z;) —u(z3) > U1(z;)) —l(z3) =aop-(zi —z3) =e-(z; —z3), i=12.
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Now, suppose that z1, z» belong to the same connected component of {y € R%: u(y) > u(z3) +e - (y — z3)} N Be.
Then there exists a polygonal line I" C {y € RZ%: u(y) > u(zz)+e-(y —z3)} N Bg joining z1 to z2. Let S = I'U[z1, z2]
be the closed curve and U C Bg be the open set such that S = dU. Without loss of generality, we assume that there
exists a 8 > 0 such that

B (z3) = Bg(z3) N {y eR:0</(y—z3,20—21) <7} CU.

Note that there exists an 8o > 0 such that u(y) — u(z3) —e - (y — z3) = 8¢ for any y € I'. Therefore there are a small
€ > 0 and a unit vector v € R?, with l(v,20 —21) = % and e + €v # 0, such that

u(y) 2 u(z3) +(e+ev)-(y—z3), Vyes.

Note that ¥ (y) = u(z3) + (e +€v) - (y —z3) is linear and Vi = e+ €v # 0 so that Lemma 3.1 implies that H(Vy) > 0
and H, (V) # 0. Therefore, Proposition 2.3 implies

u(y) zu(zz) +(e+ev)-(y—2z3), Vyel.
In particular, we have

@) —uz)—e- O —23)| _

lim max >0,
5k40 ye By, (z3)NBj (23) Sk
this contradicts (4.4). Therefore Lemma 4.2 is proven. 0O
Now we want to prove
leg — e|® < Ce. (4.5)

To prove (4.5), we may assume |eq — e| > 5. Denote f = e — e and form the strip S := {y € R2||f-(y—23)| <
28}. It is easy to see the width of S is at most %. Moreover, (4.1) implies

lu(y) —u(z3) — e - (y —23)| <28, Vy € Bs. (4.6)
One can check

[yeR?| f-(y—23) <—28}NBs C{y e R u(y) <u(z3)+e-(y—23)}

[yeR*| f-(y—23)>28} NBs C {y eR*: u(y) > u(z3) +e- (y —z3)}.

Therefore, by Lemma 4.2, there is a connected component of {y € R%: u(y) > u(z3) +e- (y — z3)} N B, called U,
that intersects B and is contained in the strip S.

We claim that U ¢ Bg. For, otherwise, we have u(y) = u(z3) +e- (y —z3) forall y € U, Proposition 2.3 implies
u=u(z3) +e- (y —z3) in U. This contradicts with the definition of U. Therefore there exists a polygonal line I
inside U starting in B and exiting Bg.

Now we can find a point z4 € Bg, with |z4 — z3] =3 and z4 — z3 L f, such that

(AD) llu(y) —u(z3) —ec - (y — 23) |l LBy (z4)) < 28, 1 < H(es) < 2.
(A2) {y € R* u(y) > u(z3) +e-(y —z3)} N Bg has a connected component U C S that contains a polygonal line I”
connecting the two arcs S N d B2 (z4).

The estimate (4.5) follows from the following two lemmas.

Lemma 4.3. Under the same notations. There is § = §(e, H) > 0 such that

H(e) > H(eg) — 2e€. 4.7

Proof of Lemma 4.3. We may assume that H(e) < H (eg) — €. The convexity of H implies
Hp(eg) - f > H(eg) — H(e) 2 €. (4.8)

Now we have
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Claim 4.3(a). There are 6 =§(H) > 0 and C = C(H) > 0, with C§ < 2, such that for any x € U N B1(z4), we have
CZ(@)-}-CS(y_X)26'(y_x)+48, VyeaBl(x). (49)

Proof of Claim 4.3(a). As H(e) < H(eg) — € <2 and C8 < 2, we have H(p) < 4 for any p € H™'(H (e) + C9).
For any y € B (x), let pg € H~'(H (e) + C$) be such that

CZ(e)Jrca(y —x)=po-(y—x).
By the Lagrange Multiple Theorem, we have

Hy(po) _
|Hp (po)l

By the convexity, we have

C8 = H(po) — H(e) < Hp(po) - (po — e).

Hence we have

Hp(po)
Cg(e)+cg(y —x)—e-(y—x)=(po—e)-(y—x)=(po—e)- 7|Hi(pz)|
C C

> > 8§ >468
T Hy(po)| T maxpp<aHp(p)| ~

provided that C > 4 max;gpy<4} | Hp(p)|. This implies (4.9). O

Claim 4.3(b). There are § =6(H) > 0 and C = C(H) > 0, with C§ < 2, such that for any x € U N B1(z4), we have
SY(H,u,x) < H(e) + C8. (4.10)
Proof of Claim 4.3(b). For any xg € Bi(z4) N U, we have that Bj(xo) C B2(z4) and u(z3) + e - (xo — z3) < u(xg).
Note that
u(y) =u(z3) +e- (y — z3) <ulxo) +e- (v —x0) ulxo) + Cfly (v —x0), ¥y € 9U N By (xp),
and
u(y) Su(zz) +e-(y—z3) +48 <ulxo) +e-(y —xo) +43, Vy€dBi(xo)NU. (4.11)
It follows from (4.9) that we have
u(y) Suxo) + Cfires(y —X0),  ond(U N Bi(xp)).
Hence Theorem 2.1 implies
u(y) Suxo) + Cfiprcs(y —X0),  inU N Bi(xo).

This, combined with Proposition 2.2, implies (4.10). O

Now we have

Hp(eﬁ) . _l
[Hp(ee)" 3

ST(H, u, yo) > H(eg) — 50| Hp(e6)|8. (4.12)

Claim 4.3(c). There exists yo € L = {z4 + ¢

<t < —JT} such that

Proof of Claim 4.3(c). Since L C B>(z4), Al implies

_al(e(u) . _l Hp(eé) L ) Hp(eé) _
”(Z“ ) ”(Z“ 4|Hp(e6>|>> 2% THyeo] (+13)
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On the other hand, let ¢ =sup, ;. ST(H,u, x), then we have

(- e Y (L ey L (Tt ) @14
3 |Hp(ee)l 41H )y (eo)| 12 |Hp(es)|
1 Hp(eﬁ) ]7(5’6)

In fact, for any large positive integer n, let v = 35 Hy (o] and r, = % and xg = z4 — %I Hy (o) X1 = X0 +

_ H
%,...,xn_lzxo—}—Tv,x,, z4——|H”Ef:;| Then we have
uxi) —ui) S Cgh (G = xic), VI <n. (4.15)

The monotonicity of S;"(H, u, x) and upper semicontinuity of S*(H, u, x) imply

lim supS*(H u,x) <c=supST(H,u,x).

n— OO xel
Therefore for any € > 0 there is a sufficiently large ng > 0 such that

max S (H,u,x;) <c+e.
0<i<ng—1 "0

Therefore (4.15) implies

1 H,p(eo) 1 Hp(es) -
<Z4_4_1|H (e6)|) ”(Z“ 31H, (%)I) 2. (ux) —uCxi-)

i=1

no
H
<Y cloi—xio)

i=1
_Len (711,,(%) )
127\ | Hp (eo)|
Since € > 0 is arbitrary, this implies (4.14).
Combining (4.13) with (4.14), we obtain

€6 Hples) — 48| Hy(eo)|8 < CH (H,(e0)). (4.16)
Now we have

Clig(Hp@) =q-Hy(@), Y0#q <R 4.17)
To see (4.17) observe that for g # 0, Lemma 3.1 implies H(g) > 0 and H,(q) #0.1f v € H_I(H(q)) is such that
v-Hp(g) = (q)(H (g)), then the Lagrange Multiple Theorem implies ‘Z” Ezgl = Igﬁ EZ;I In particular, the Gauss
map v(v) = v(q) and Lemma 3.2 implies v = g and (4.17) follows. (4.16), combined with (4.17), implies

ClHeo)(Hp(e6)) — 48| H(e6)|8 < C (Hp(e6)). (4.18)

Now we need

CH(eg)—a81H, (eq)1s (Hp(€6)) < Clieg) (Hp(e6)) — 48| Hp(e6)[3. (4.19)
To see (4.19), note that for any g € H™! (H (e¢) — 48|Hp(e6)|9), the convexity of H implies that

H(es) — 48|H)(e6)|8 = H(q) > H (es) + Hp(es) - (g — e6)
so that

q - Hy(es) < eg - Hy(es) — 48| Hp(e6)|5.

Taking maximum of ¢ € H~'(H(es) — 48|H ) (e6)|5), we obtain (4.19).
From (4.18) and (4.19), we have ¢ > H (eg) — 48| H,(e6)|8 and hence (4.12) is proven. O



C, Wang, Y. Yu/Ann. 1. H. Poincaré — AN 25 (2008) 659-678 671

Now we proceed with the discrete gradient flow as follows. Let ¢t = d(I", 0U N B3(z4)) < % be the step size and
yo be given by Claim 4.3(c), let y; € Ba(z4) (1 <i < m =m(3)) be such that '

Vi = yimtl = uG) =uGi-) + Clh i = yieD, L<i<m, (420)
and

d(ym. 3B2(z4)) < 1. 4.21)
Then it follows from Proposition 2.3 that

ST(H,u,yi) = ST (H, u, yo) > H(ec) 0<i<m. (4.22)

To see (4.21), observe that

m
() = ui-D) =D Ch gy, ) G = Yie1)
i=1

Ms

u(ym) —u(yo) =

Il
—_

> C& by i = Yie1)

-

I
-

>

-

I
-

Cg(eé),s()mp(eﬁ)\,;(ﬁ —yi—1) =2 Cmt, (4.23)

where we have used the fact that there exists C > 0 depending only on H such that
Cg(eﬁ)—som,,(eﬁ)w(x) >Clx|, Vx|=1. (4.24)

Since |u(yn) — u(yo)l < IVullLoo o) lym — yol, (4.23) implies (4.21) holds for some m =m () > 1
Now we have

Claim 4.3(d). There exist § = 6(€) > 0 and 1 <i < m such that y; € B1(z4) N U.

Proof of Claim 4.3(d). First observe that (4.23) also yields

m
u(ym) —u(yo) = Z H (eg)— 50|Hp(6o)\5(yl Yi—1)

m
H
Z CH(eg)—501Hp (es)18 ( > 0i— yi_1)>

i=1
H
= CH(eﬁ)—50|Hp(e6)|6(ym — o), (4.25)

where we have used the triangle inequality C ,f x+y<C ,f x)+C ,ﬁq ).
On the other hand, Al implies

u(Ym) —u(yo) < eg - (ym — yo) +46. (4.26)
Therefore we have
Cg(ef,)fsom,,(eﬁ)m(ym —Y0) < €6 - (Yym — yo) +46. 4.27)

Note that (4.21) implies |y, — z4] > 2 — 27 >3 % and hence |y, — yo| = 1. Denote ¢,, = |}’" ;0‘ , then (4.27) implies

CZ(@G)—50|HP(66)|6(em) <eg-em +49. (4.28)
Now we claim that there exists 1(5) > 0, with lims_, o n(§) = 0, such that
cos Z(em, H,,(eg)) >1—n(). (4.29)
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In fact, we may assume that there exists ¢ € R?, with |¢| = 1, such that lims_.e,, = é. Taking 8 into zero, (4.28)
implies
Chen @ =e6 - 2.
Hence (4.17) implies ¢ = H p(eg) and (4.29) follows.
Since H),(eg) - e¢ = H(eg) — H(0) > 1, we have |H)(eq)| > ﬁ Moreover, since

H(eg) <2, H(e) < max H(p),
pI<IVull oo )

we conclude that there is C = C(H) > 0 such that |e¢| + |e| + |Hp(e6)| < C, and hence

€ €

> < (4.30)
|Hp(ea)Il fI ~ C

cos Z(Hp(eﬁ), f) >
(4.29) and (4.30) imply that if § = §(e, H) > 0 is sufficiently small, then y,, € {x € R? | f-(y—z4) = 28}. From the
choice of the step size ¢, we can conclude that there exists 1 <i < m such that y; € U N B2(z4).

Now we claim that |y; — z4| < 1. For otherwise, we have |y; — yg| > % and the above argument again yields
cos(Z(y; — yo, Hp(eg))) = 1 — n(8). But this is also impossible if § = §(e) > 0 is chosen to be sufficiently small.
Hence the claim 4.3(d) is proven.

Combining (4.10), (4.12), (4.22), and Claim 4.3(d), we obtain

H(eg) — 50| Hp(e6)|8 < ST(H, u,y;)) <H(e) + C8§
or

H(e) > H(eg) — (C + 50| Hp(eg)|)5.
This implies (4.7), provided that § = §(e, H) > 0 is chosen to be sufficiently small. Therefore the proof of Lemma 4.4
is complete. O

Leto = Z(Hy(e), f) € [0, 7] be the angle between H),(¢) and f. Now we have

Lemma 4.4. Under the same notations. For any € > 0, there is a § = 8(e, H) > 0 such that

T
o — —

5| <2 (4.31)

Proof. Without loss of generality, we may assume « € [0, 7]. We may assume 5 — a > €.
Let xs =z4 — %8 be the intersection of L = {z4 +tH,(e): t € R} and {y € R%: (y —z4) - f = —28}. Observe
that
28 268

= < — <1
[ flcos L(Hp(e), f) ~ esin(e)

|xs — z4]

provided that § = 6(¢) > 0 is chosen to be sufficiently small. This implies B;(xs) C B2(z4). By Al, we have
u(y) —u(zz) —e-(y—z3) su(y) —u(z) —er-(y—z3) + f - (y —23) <48, VyeUNBi(xs),  (432)
and
u(y)=u(z3)+e-(y —z3), VyedUn Bj(xs). (4.33)
We need

Claim 4.4(a).
ux) <u(zz)te-(xs—z3)+ Cg(e) (x —x5), Vxed(UnNBi(xs). (4.34)
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Proof of Claim 4.4(a). First observe that (4.33) implies

u(x)=u(zz) +e-(xs—z3)+e-(x —xs) <u(zz) +e-(xs—z3)+ max p-(x—x5)

H(p)=H(e)
=u(z3) +e- (x5 —23) + Cfj ) (x —x5), Vx €U N By(x5). (4.35)
On U N dB1(xs), we have
u(x)<u(zz)+e-(xs —z3)+e- (x —xs)+44. O (4.36)
Now we need
Claim 4.4(b). For any € > 0, there exists § = 5(¢) > 0 such that
csi=_min (CH, (x—x5) —e- (x—x5))>43. (4.37)

SN By (x5)

Proof of Claim 4.4(b). Suppose (4.37) were false. Then there exist €p > 0 and §; — 0 such that ¢s; < 46;. Since
€6, €, o, 23, 24, X5 all depend on §;, we write 66 =eg, e =e, fl = eg — e, a; = L(H) @), H, 75 =23, Ty = %4
Si =S, x; = x5. Then, by the above assumption and Lemma 4.3, we have

1 , .
< = — e, — < H(Y) —2¢g < H(eY) < max H(p).
o X ) 0 ) X (66) 0 (6 ) S \p|<\|VMHLOO(B()) (P)

Let y; € S; N 9B (x;) such that
c5, = Cpi i —x) — € - (i —x;) <43
By the Lagrange Multiple Theorem, there exists p; such that
H,(p;)
|Hp(pi)l

After passing to subsequences, we may assume that eé —eg. el > e, fl— f, zé — 0, zf‘ — 1, S; — {x e R%:
x- f=0}, x; = z4, pi = p, yi = y. It is easy to see that |f| > ey, L(Hp(e), f) < % — €0, |24 =3, 24 L f,
ly—zal=1Ly—z4a L f,

H,(p)

|Hp(p)l

This implies p=e and y — z4 = TH. @ H (E)‘ Therefore Hy(e) L f, this gives the desired contradiction. Hence (4.37) is
true. 0O

H(pi)=H(e'), =yi =%, CpnOi—x)=pi- (i —x). (4.38)

=y—z, H(p)=H(), Ch,(—z)=p-(y—z)=e-(y—2z).

It follows from (4.35)—(4.37) that for sufficiently small § > 0, we have

u(y)<u(zz) +e-(xs —z3)+ Cg(e)(y —x5), Yye€d(UNBi(xy)). (4.39)
Therefore, Theorem 2.1 implies
u(y) <u(zz) +e- (x5 —23) + Chly (v —x5), Yy € UN By (xy). (4.40)

By A2, we have that {xs +1H,(e) | t > 0} N (U N Bi(x;5)) # @. But on the other hand, (4.17) and (4.40) imply that
if yo=x5 +1toH,(e) € U N B (x5), then
u(yo) < u(z3) + e (x5 — 23) + Cff o) (o — x5)
Su(z3) + e (xs —23) + 10Cf o) (Hp(e))
=u(z3)+e-(xs —z3) +toe- Hy(e)
=u(z3) +e- (yo — 23).
This is impossible, since yg € U. Therefore (4.31) holds and the proof of Lemma 4.4 is complete. O
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Now we return to the proof of (4.5) as follows. From (3.2) of Lemma 3.1, Lemmas 4.3 and 4.4, we have
1
26> Hieo) = H(e) > Hy(e) - f + Sanlf?
1 2
> —|Hy(e)|| flcos L(Hp(e), f)+ EoeH|f|

1
> —Csin(2¢) + zaHlflz. (4.41)
Hence we have
|f1* <aj' C(e +sin(26))

provided that § = 6 (e, H) > 0 is chosen to be sufficiently small. This yields (4.5).
Next we want to prove

leo.6r — €|* < Ce. (4.42)
To prove (4.42), define v, (x) = @ : Bs — R. Then we have
lvr — €0.6r * Xl Lo(Bg) < 6.

Moreover, we can check that Lemma 4.2 also implies that {y € R%: u(y) > u(z3) + e - (y — z3)} N B, has two
connected components that intersect B,. This implies that for z5 = Z73, {y eR%:v,.(y) > v, (@5) +e-(y—2z5)}N Bg
has two connected components that intersect By. Therefore the same argument as above yields (4.42), if we can verify

1
5 S Hleoer) <4 (4.43)
To see (4.43), first observe that Lemma 4.3 implies that for § > 0 sufficiently small, we have
3
H(e)>H(e6)_CH8>1—CH8>Z. (4.44)

For any x € 9 B>,(z3) C Bg,, we have
u(x) <u(zz) +eo6r - (x —z3) +28r
S u(23) + Cl (g ) (X —23) +26r
S u(23) + Cliop oy rcs* — 23)- (4.45)

Here we have used the following claim, whose proof is similar to that of Claim 4.4(a),

Claim 4.1(a). There exists a C > 0 such that for any a > 0, we have

CHiten @ + x| < Clite oy 4ca().  Va € Bor. (4.46)

It follows from (4.45) that
Sy (H,u,z3) < H(eo6r) + C8.

This implies
H(e)=S"(H,u,z3) < S5.(H,u,z3) < H(eo,6r) + C8. (4.47)
(4.47) and (4.44) imply that for § > 0 sufficiently small, we have
1
H(ep,6r) > H(e) — C3 = 3 (4.48)

On the other hand, (4.1) implies

u(x) < e x+8 < Cfl o) () +8 < Cfl oo 1cs(X). Vx€dBs.
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This and (4.46) imply that for § > O sufficiently small, we have
H(eo.6r) =ST(H,u,0) < H(eg) + C§ =2+ C5 < 4. (4.49)

It is clear that (4.48) and (4.49) imply (4.43). Therefore (4.42) holds. Note that (4.3) follows from (4.5) and (4.42).
This proves Proposition 4.1 in case A.
Next we consider the second case.

Case B. u(x) = e - x near 0 for some e € R2: Denote U as the interior of {x e R? |u(x) =e-x}. If d(0,0U) > %,

then we have e¢ is arbitrarily close to eg,6- and hence (4.3) holds trivially. If d(0, 0U) < %, then we let xg € U be
such that |xo| = d (0, dU). Note that

() = uxo) = 6 (v = x0) | oo ) <28 1 < Hleo) <2,

and

lim lu(y) — u(x0) — exq,6r (¥ — x0) | L2 (Bs, (x0)) _
rl0 r

0.

Hence, by applying Case A in Bs5(xp), we get
lexo.6r — €6|* < Ce.

On the other hand, it is easy to see that for r > 0 sufficiently small, e = ep ¢, = ex,,6-. Hence we have
leo.6r — e6l* < Ce

provided that § = §(e, H) > 0 is chosen to be sufficiently small. This implies (4.3). Therefore the proof of Proposi-
tion 4.1 is complete. O

It follows from Proposition 4.1 that we have

Corollary 4.5. Suppose that u € C%(By), By C R?, is a viscosity solution of the Aronsson equation (1.7). Then for
any € > 0, there exists § = 5(e, H) > 0 such that if

ux) —u(0) —e ~x”Lw(Bl) <8, 1< H(e)<2. (4.50)
Then u is differentiable at 0 and

IVu(0) —e1]” < Ce, 4.51)
for some C =C(H) > 0.

Proof. By Theorem A, we have that there exists ro = ro(8) > 0 such that for any 0 < r < rg there exists eg , € R?
such that

) = u(0) = eo,r - x| ooy, <1 (4.52)
Therefore we can apply Proposition 4.1 to conclude that there exist § = §(e, H) > 0 and C = C(H) > 0 such that

ley —eo > < Ce, YO <r<ro. (4.53)
This implies

leo.r —e0.s|> <2Ce, YO <r,s<rp.

Since € > 0 is arbitrary, this implies {eg ,},~0 is a Cauchy sequence. Hence lim, g e , exists, u differentiable at O,
Vu(0) =lim, g ep,, and (4.51) holds. The proof of Corollary 4.5 is complete. O
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5. Proof of Theorems B, C, D, and Remark E

In this section, we apply Proposition 4.1 to give proofs of Theorems B, C and D. We will see that the proof for the
second part of Theorem B follows from Proposition 4.1 and Theorem C.

Proof of Theorem B. First Theorem A implies that for any x € £2, there exists ey, € R2, with H (ex,r) =
S*(H,u, x), such that for any small » > 0

max |u(y)—u(x)—ex, (y—x)| <o(r)r, lin%)a(r)zo
YEB( r—

If ex » =0, then by Theorem 2.1, we have

u(y) —u@)| <o()ly — x|, Vye B (x).
This implies that u is differentiable at x and Vu(x) =0.If ey , # 0, then we have, by Lemma 3.1, H(ex ) > 0. Let
v (y) = w and Hy ,(p) = THe ! ( e )I then we can check that H, , satisfies the conditions of Proposition 4.1,

Vy.r € CY1(B)) satisfies the Aronsson equatlon, with H replaced by H, ,. Moreover, we have

max vy, — ey, - y| <o(r), Hy  (ex,r)=1.
YEB

Therefore, by Corollary 4.5, there exists o > 0 such that vy ,, is differentiable at 0. This implies that u is differentiable

atany x € £2.
The continuity of Vu follows from Theorem C. O

Proof of Theorem C. First note that ||H (Vu)|| = p,) < 1 implies that there is C = C(H) > 0 such that

Vull=,) < C. .1

Suppose that the conclusion of Theorem C were false. Then there exist €y > 0, a family {u;} € C°(By) of viscosity
solutions of the Aronsson equation (1.7) and x; — 0 such that

VugllLes,) < C, |Vug (xx) — Vug (0)| = eo. (5.2)

We may assume that there is a Lipschitz continuous u~, on Bj such that uy — uso uniformly in Bj. Hence u is a
viscosity solution of (1.7), and

”H(VMOO) ||LOO(BI) g 1’ ”VMOO”LOO(Bl) < C. (53)

By Theorem A, we have that for any § > 0, there exists ro > 0 and eg € R? such that we have
8

||uoo(x) —Uxo(0) —eg 'x”LOO(B,O) < Ero. 5.4
Therefore there exists a sufficiently large ko > O such that

[t (x) — ug (0) — eq - x||Lw(Br0) <8ry, Vk = k. (5.5)
This implies that for k > ko, we have

luk(x) — ur(y) —eo - (y —x)| <28rg, Vx,y € By,. (5.6)
In particular, for k > kg, we have

||uk(x —i—xk)—uk(xk)—e()'xHLoc(Bro) < 26rp. (5.7)

2z

If eg =0, then (5.5), (5.7), and (2.9) imply
H(Vuk(O)) ST(H, uy,0) < max H(p) H(Vuk(xk)) ST(H, up, xx) < H‘lai( H(p). (5.8)

Therefore we know that there exists 17(5) > 0, with lims_, ¢ 7(§) = 0, such that for & sufficiently large
IVur| (x) + [Vur|(0) < n(d). (5.9)
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This contradicts with (5.2), if we choose é > 0 to be sufficiently small.
If eg # 0O, then (5,5), (5.7), and Corollary 4.5 imply that for any 0 < € < %0, we can find a sufficiently small
80 = do(€, H(ep)) > 0 so that for k sufficiently large, we have

|Vuk(xk)—eo|<6, ‘Vuk(O)—eo‘ée.

In particular, |Vug(xx) — Vu(0)| < 2€ < €g. This again contradicts with (5.2). Hence the proof of Theorem C is
complete. O

Proof of Theorem D. First we claim that the linear growth condition at infinity implies
||H(Vu)||LOO(B )= sup ST(H,u,x)<C. (5.10)
R xeBg

In fact, for any x € Bg and y € R? with |y — x| = R, we have
u(y) —u(x) <2C(1+ R) <4CR< CE (y —x)

for some C; > 0 depends only on H, where we have used the coercivity condition H3. Hence, ST(H,u,x) <
St(H,u,x)<Ci.

For R 1 oo, let wgr(x) = @ : By — R. Then wg satisfies the condition of Theorem C. Hence we have, for any
fixed xo € R?

|Vu(xo) — Vu(0)| = |[Vwg (R x0) — Vwg(0)| < Cp(lx0lR™') — 0, (5.11)

as R — oo. This implies Vu(x) = Vu(0) for all x € R? and u is linear. The proof is now complete. [

Proof of Remark E. We sketch the argument that Theorems B and C are true under the conditions (i), (ii), and (iii).
First note that H satisfies all the conditions of Theorem 2.1, hence we have that u is locally Lipschitz continuous. For
simplicity, we may assume that « is Lipschitz continuous on 2 so that

m = ||Vu| p=(2) < oco.

Let ¢ € C*(R?) be a nonnegative convex function such that

$(p)=0 forlpl<m,  (bpp)=h forlp|=m+1. (5.12)
Letne C2(R%) bea nonnegative function such that
n(p)=1 for|p|<m+1, n(p)=0 for|p|=m+2. (5.13)

For k > 1, define Hy(p) = H(p)n(p) + k¢ (p) for p € R Since
Hi(p)=H(p) for|p|<m,

u is also a viscosity solution of (1.7) with H replaced by Hj. Moreover, it follows from the condition (iii) that we
have

2
S =inf: > Hpp (p)Ei&j: Ipl <m+ 1. [ = 1} >0,

i, j=1

namely H is uniformly convex in {p € R?: |p| < m+1}. We can check that if k is sufficiently large, then Hj € C%(R?)
is uniformly convex. In fact, it is easy to see that

V2Hi(p) = VZH(p) + kV2p(p) = VPH(p) > 8n >0, Vip|<m+1
V2Hi(p) =kV2¢(p) =klr, ¥|p|=>m+2,

and

VH(p) > k= max (C[Hy(@)|[Va@)|+ H@)[ V@) |

k
>§Iz>0, m+1<|pl<m+2,

provided that k£ > 0 is chosen to be sufficiently large. Therefore Theorems B and C hold. O
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