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Abstract

A set is called “calibrable” if its characteristic function is an eigenvector of the subgradient of the total variation. The main
purpose of this paper is to characterize the “¢-calibrability” of bounded convex sets in RN with respect to a norm ¢ (called
anisotropy in the sequel) by the anisotropic mean ¢-curvature of its boundary. It extends to the anisotropic and crystalline cases the
known analogous results in the Euclidean case. As a by-product of our analysis we prove that any convex body C satisfying a ¢-ball
condition contains a convex ¢-calibrable set K such that, for any V € [| K|, |C|], the subset of C of volume V which minimizes the
¢-perimeter is unique and convex. We also describe the anisotropic total variation flow with initial data the characteristic function
of a bounded convex set.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

On dit qu’un ensemble est «calibrable » si sa fonction est vecteur propre du sous-gradient de la variation totale. Le but de cet
article est une caractérisation de la « ¢-calibrabilité » des ensembles convexes bornés de RY, relativement 2 une norme ¢ (appelée
anisotropie), en fonction de la ¢-courbure moyenne anisotrope de leur frontiere. Il s’agit donc d’une extension aux cas anisotropes
et cristallins de résultats connus dans le cas euclidien. On démontre en particulier 1’existence dans tout corps convexe régulier C
d’un convexe K C C ¢-calibrable, tel que pour tout V € [| K|, |C|], I’ensemble de volume V de ¢-périmetre minimal contenu dans
C est unique et convexe. Nous étudions aussi le flot de la variation totale anisotrope a partir de la caractéristique d’un ensemble
convexe borné.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this paper is to give a characterization of convex calibrable sets (with respect to an anisotropic
perimeter) in R" extending the corresponding result for N = 2 [17] and the corresponding results for the usual
euclidean perimeter [27,14,2]. In the evolution of a set under anisotropic mean curvature flow, calibrable facets are
those which do not bend or break during the evolution process, and they are characterized, in the convex case, in terms
of the anisotropic curvature of the boundary [17].

The anisotropic perimeter Py in RY is defined as

P4(E) :=/¢°(VE)dHN*1, E CRV,
0E

where v is the outward unit normal to the boundary 3 E of E and ¢° (the surface tension) is a norm on RY. We say
that the anisotropy ¢° is crystalline if {¢° < 1} is a polyhedron.

Let F be a convex subset of R2. For any measurable set X C RV, | X| denotes the Lebesgue measure of the set X.
It has been proved in [17] that the following three assertions are equivalent.

(a) F is ¢-calibrable, i.e., there is a vector field & € L% (F,R?), with ¢(£(x)) < 1 a.e. in F (where ¢ is the dual
norm of ¢°), such that

—dive =% := P‘f’;’r) inF,
£-vf=—¢°(vF) indF, (1.1)

where vF (x) denotes the outer unit normal to 3 F at the point x € dF.
(b) F is a solution of the problem

: ¢
Py(X) — A% X]. 1.2
in, o (X) — Ap|X| (1.2)
(c) We have
ess sup/c?(x) < A";, (1.3)
xXeIF

where K? (x) denotes the anisotropic curvature of d F at the point x.

The characterization of the calibrability of a convex set in R?, with respect to the euclidean perimeter, was proved
by Giusti in [27], where he also proved that in a convex calibrable set the capillary problem in absence of gravity, with
any prescribed contact angle at its boundary, has always a solution. In the euclidean case, this equivalence has been
partly rederived in [14] where calibrable sets were used to construct explicit solutions of the denoising problem in
image processing. A simple proof of the equivalence (b) < (c) was given in [30] (where it was studied in connection
which Cheeger sets, see Section 6). The extension of the above result for the euclidean perimeter and N > 3 was
proved in [2]. In that case, the left-hand side of (1.3) has to be substituted by the sum of the principal curvatures at the
point x € 9 F. Our purpose in this paper is to extend the above set of equivalences to the anisotropic case, for a convex
set in RY which satisfies a ball condition (see Definition 2.7).

The proof of the equivalence (a) < (b) is the same as in the euclidean case and it is independent of the dimension N
(see [14,2]). We notice that the supremum of the curvature /cg in (1.3) has to be substituted with the number (N —

1)||H‘g lloo, Where ||H(é oo is defined in Section 2.5 and denotes the L°°-norm of the anisotropic mean curvature of
dC. To prove (b) < (c) we follow the strategy used in [2] for the euclidean case, thus, we embed the variational
problem (1.2) in a family of problems

min Ps(X) — A|X|, A>0, (1.4)
XCC
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and we study the dependence of its solution on A. In particular, we prove that C is a solution of (1.4) if and only if
A max{k¢ ,(N—-1) ||H¢C’ loo}- The solutions of (1.4) are related to the solution of the variational problem

min /¢°(Du) L E /(u — xo)2dx, u>o0. (1.5)
ueBVRN)NL2RN) 2
RN RN
Indeed, it turns out that the level sets of the solution of (1.5) embed the solutions of (1.4) for A € [0, i]. Since the
solution u of (1.5) satisfies the equation

v—pu div(dg°(Dv)) =1 inC,
3¢°(Dv) - vE = —¢°(v€) indC (1.6)

(the meaning of d¢°(Dv) will be explained below) and the solutions of (1.6) can be approximated by the solutions u,
of

v—uldiv<&)=l in C,
V€2 + ¢°(Dv)?

7OV e _4°(u€) inac (1.7)

/€2 + ¢°(Dv)2 ’

as € — 0 (where T°(x) = %3(¢°)2(x), x € RY). We use the result of Korevaar [31] to conclude that u is concave
in C, hence also continuous there. This implies the uniqueness and convexity of solutions of (1.4). Thus, by studying
the dependence on A of solutions of (1.4), we can prove that if C satisfies the curvature estimate (1.3) but is not a
minimum of (1.2), then it can be approximated from inside by solutions C; of (1.4), with A — p and p > A?é. As we

shall prove in Proposition 7.1, this implies that (N — 1) ||H‘g loo > )\‘g, a contradiction.
As an interesting by-product of our analysis we obtain that solutions of (1.4) are convex sets. Since (1.4) can be
considered as the functional obtained by applying the Lagrange multiplier method to the area minimizing problem

nglg(ll:v Py (X) (1.8)
where 0 < V < |C|, we obtain that, for some range of volumes, the solutions of this isoperimetric problem with fixed
volume V are convex sets. The range of values of V for which the above result holds is [|K|, |C|] where K is a
convex ¢-calibrable set contained in C obtained as solution of (1.4) for a certain value of A (see Section 6). This
extends the analogous result in [2]. In the euclidean case, a similar result has been also proved by E. Stredulinsky and
W.P. Ziemer [39] in the case of a convex set C containing a ball B such that dB N dC is a meridian of 9B, and we
mention the result of C. Rosales [36] when C is a rotationally symmetric convex body.

Finally, let us mention that our results enable us to describe the evolution of any convex set in RV, satisfying a ball
condition, by the anisotropic total variation flow. The same result for the euclidean case was proved in [3] (for N = 2)
and in [2]: as in those papers, it can be extended to unions of convex set which are far apart from each other. Other
examples of evolution are given in [35].

Let us describe the plan of the paper. In Section 2 we collect some preliminary definitions and results about
anisotropies, regularity conditions in the anisotropic case, functions of bounded variation and Green’s formula. In
Section 3 we recall the subdifferential of the anisotropic total variation in R and we define ¢-calibrable sets. In
Section 4 we relate the solution of the variational problem (1.4) with the solution of (1.5) and we study the basic
properties of its minimizers. In Section 5 we prove the concavity of solutions of (1.5) for a certain range of values
of w. This will imply the convexity of the solutions of (1.4) for an interval of values of A. In Section 6 we prove
the convexity of solutions of (1.8) when V € [| K|, |C|] where K is a certain convex ¢-calibrable set contained in C.
Section 7 is devoted to the characterization of the ¢-calibrability of a convex set in terms of the anisotropic mean
curvature of its boundary. Finally, in Section 8 we characterize the ¢-calibrability of the convex sets which satisfy a
ball condition, and we describe the evolution of such sets by the minimizing anisotropic total variation flow.
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2. Preliminaries
2.1. Notation

Given an open set A C RV and a function f:A — R, we write f € CL1(A) (resp. f € Cllo’cl (A)) if f eCl(A)
and V f € Lip(A; RY) (resp. Vf € Lip;y. (4; RM)). Let B C RY be a set; we say that B (or dB) is of class C"!
(resp. Lipschitz) if d B can be written, locally around each point, as the graph (with respect to a suitable orthogonal
coordinate system) of a function f of class C!! (resp. Lipschitz).

Given two nonempty sets A, B, we denote the Hausdorff distance between A and B by dn(A,B) =
max{sup, 4 dist(a, B), sup,p dist(b, A)}. We denote by x4 the characteristic function of A, and by A (resp. int(A))
the closure (resp. the interior part) of A.

We let SV=1:= (£ e RV: |£] =1} and for p > 0 we let B, := {x € RV: |x| < p}. We denote by H"V~! the
(N — 1)-dimensional Hausdorff measure in RY, and by | - | the Lebesgue measure. Given a function f defined on the
boundary dC of a set C, we set || f|lL>(c) to be the HN~!essential supremum of | f| on dC.

We shall use the notation f(¢) € O(¢) if |@| is bounded as t — 0.
2.2. Anisotropies and distance functions

In the sequel of the paper, the function ¢ will always denote an anisotropy, i.e., a function ¢ : RY — [0, 0c0) such
that

p(1E) =t|p(€) VEeRN, VreR, 2.1
and
mlE| < pE) VEeRY, 2.2)

for some m > 0. In particular ¢(£) = ¢ (—£) for any & € RY. Observe that there exists M € [m, +00) such that
¢ (&) < M|g| for all £ € RN, We let Wy = {¢ < 1}. The polar function ¢° of ¢ (also called surface tension) is
defined as ¢°(&) :=sup{n - &: ¢(n) < 1} for any & € RV If ¢ is an anisotropy, then ¢° is also an anisotropy and there
holds (¢°)° = ¢.

By a convex body we mean a compact convex set whose interior contains the origin. A convex body is said to
be centrally symmetric if it is symmetric with respect to the origin. If ¢ is an anisotropy, then Wy, := {§: ¢ (§) < 1}
(sometimes called Wulff shape) is a centrally symmetric convex body. If K is a convex body, the function hg (§) :=
sup,cx 1 - § is called the support function of K; notice that {(hg)° < 1} = K.

As usual, we shall denote by 3¢ (&) the subdifferential of ¢ at & € RV . If ¢ is differentiable at &, we have 3¢ (£) =
{Vo (&)} If @ is a convex function defined on a Hilbert space, we still denote by 0@ the subdifferential of @.

Given a nonempty set E C RY, we let

dp(x, E):= inf ¢(x —y), xeRV.
yeE

We denote by d f the signed ¢-distance function to d E negative inside E, that is
dj (x) :=dp(x, E) —dg(x, RV \ E), xeR". (2.3)

Observe that |dj (x)| = dy (x, DE).
It can be shown (the proofs are identical to the Euclidean case) that the function d f is Lipschitz, and at each point

x where it is differentiable we have ¢° (Vd(f (x)) =1. We set

vg :=Vd; ondE, (2.4)
at those points where Vd(f exists. When ¢ is the euclidean norm, i.e., ¢ (§) = |£|, we set vE = vll?l and By =W,|. We
have

E
V= (x)
vf *x)=——FF—

Pe(E@)
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Let T° be the multivalued map in RV defined by
T°(x) = %a(¢°)2(x), xeRV.
T° is a maximal monotone operator mapping Wge onto W. If E is Lipschitz, at HN~l.ae. x € JE we have
(v (). p)=1 V¥peT°(vf(x).
Vector fields which are selections in 0¢°(Vd ¢E ) are sometimes called Cahn—Hoffman vector fields, and we denote by

Nory (OE, R¥) the set of such fields.

Definition 2.1. We say that ¢ € CL] (resp. C{°) if ¢? is of class CLL(RYN) (resp. C°(RN \ {0})) and there exists a
constant ¢ > 0 such that V?(¢?) > ¢Id almost everywhere. We say that a centrally symmetric convex body is of class
Ci’l (resp. C3°) if it is the unit ball of an anisotropy of class C}r’l (resp. CT°).

Definition 2.2. We say that ¢ is crystalline if the unit ball Wy of ¢ is a polytope.
Remark 2.3. Observe that

(a) p € CJlr’l (resp. C2°) if and only if ¢° € CJlr’l (resp. C°) [37, p. 111];
(b) ¢ is crystalline if and only if ¢° is crystalline.

2.3. ¢-regularity and the RWy-condition

Following [15-18] we define the class of ¢-regular sets and Lipschitz ¢-regular sets (these latter are a generaliza-
tion of sets of class C! in the euclidean case).

Definition 2.4. Let E C RY be a set. We say that E is ¢-regular if d E is a compact Lipschitz hypersurface and there
exist an open set U D 9F and a vector field n € L*° (U, RY)Y such that divn € L®(U), and n € 8</>°(Vdf) almost

everywhere in U. We say that E is Lipschitz ¢-regular if E is ¢-regular and n € Lip(U; RV).

It is clear that a Lipschitz ¢-regular set is ¢-regular. With a little abuse of notation, sometimes we will denote by
(E,n),by (E,U) orby (E, U, n), a ¢p-regular set.

Observe that, in general, vector fields » are not unique, unless ¢ € C_l; ! When ¢ € Cfr’l the inclusion n € 9¢°(Vd (f )
becomes an equality; in this respect we give the following definition.

Definition 2.5. Let ¢ € C Jlr’l and (E, U) be a Lipschitz ¢-regular set. Let x € U be a point where there exists Vd f ).
We set
ng (x) 1= V¢°(Vdy (x)). (2.5)

Remark 2.6. Observe that (W, n), with n(x) := x/¢(x), is Lipschitz ¢-regular, and div n(x) = (N — 1)/¢ (x) for
almost every x € RV,

The next definition will play an important role in the sequel.

Definition 2.7. Let £ C R" be a set with nonempty interior and R > 0. We say that E satisfies the RWj-condition
if, for any x € 0 E, there exists y € RY such that

RWs+yCE and x€d(RWp+y).

The first assertion of the following result is proved in [18, Lemmas 3.4, 3.5], and the second one is proved in
[13, Proposition 3.9].
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Lemma 2.8. Let ¢ be any anisotropy.

() If E is a Lipschitz ¢-regular set, then E and RN \ E satisfy the RWeg-condition for some R > 0.
(ii) A compact convex set satisfying the RWgy-condition is ¢-regular.

Ifoe CJlr’l, we list some relations between ¢-regularity and the RWWg-condition (see [13, Remark 4]).

Remark 2.9. Assume that ¢ € CLI . The following assertions hold.

(a) E is Lipschitz ¢-regular if and only if E is of class C!!.

(b) Let C be a compact convex set which satisfies the R)Vy-condition for some R > 0. Then C is Lipschitz ¢-regular
(hence C is of class C!'! by (a)).

(c) E is Lipschitz ¢-regular if and only if £ and RY \ E satisfy the R Wg-condition for some R > 0.

2.4. BV functions, ¢-total variation and generalized Green formula

Let £2 be an open subset of RV . A function u € L' (£2) whose gradient Du in the sense of distributions is a (vector
valued) Radon measure with finite total variation | Du|(£2) in 2 is called a function of bounded variation. The class
of such functions will be denoted by BV (§2). We denote by BV, (§2) the space of functions w € Llloc(.Q) such that
we € BV(82) for all ¢ € C2°(£2). Concerning all properties and notation relative to functions of bounded variation we
will follow [6].

A measurable set E C R¥ is said to be of finite perimeter in £2 if |[Dxg|(£2) < oo. The (euclidean) perimeter
of E in £2 is defined as P(E, §2) := |Dx;|(£2), and we have P(E, £2) = P (RN \ E, £2). We shall use the notation
P(E):= P(E,RN).

Let u € BV(£2). We define the anisotropic total variation of u# with respect to ¢ in §2 [4] as

/¢>°(Du) = sup{/udivodx: o€ CC1 (Q; RN),¢(G()C)) <1Vxe Q} (2.6)
2 2

If E C RY has finite perimeter in £2, we set

Py(E, Q)= / 6°(Dxy)
2

and we have [4]
Py(E, 2) = / ¢°(vE)dHN !, (2.7)
QNO*E

where 3*E is the reduced boundary of E and v¥ the (generalized) outer unit normal to E at points of 3*E.
Recall that, since ¢° is homogeneous, ¢°(Du) coincides with the nonnegative Radon measure in RV given by

3

o o o Ds‘u S
¢°(Du) = ¢°(Vu(x)) dx + ¢ <|Dsu|)|D u

where Vu(x) dx is the absolutely continuous part of Du, and D*u its singular part.
Let £2 be an open subset of RV . Following [10], let

X2(2) :={z e L®(2;R"): divz e L*(2)}.
If z € X»(2) and w € L2(£2) N BV(£2) we define the distribution (z, Dw): C°(£2) — R by the formula

((Z,Dw),go)::—/wgodivzdx—/wz-Vgadx Vo € C°(£2).
Q Q
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Then (z, Dw) is a Radon measure in £2,

/(z,Dw):/z~dex vwe L2(2)Nnwhl(),
2 2

and

‘/(Z,Dw)‘ </|(z, Dw)| < IIZIIOOlew| VB C 2 Borel set.
B B B

We recall the following result proved in [10].

Theorem 2.10. Let 2 € RY be a bounded open set with Lipschitz boundary. Let u € BV(£2) N L2(2) and 7 € X»(£2).
Then there exists a function [z - V2] e L®(382) such that ||[z - v9]||Loo(99) < ”Z”LOO(_Q;RN): and

/udivzdx+/(z, Du):/[z-vg]udHN_l.
Q

2 82

When £2 = RY we have the following integration by parts formula [10], for z € X2(R") and w € L>(RY) N
BV(RN):

/ wdivzds + / (z. Dw) =0, 2.8)

RN RN

Remark 2.11. Let 2 C RY be a bounded Lipschitz open set, and let zjn, € L% (£2; RY) with div zign € L120C (£2), and
Zout € L (RN \ £2; RN) with divzou € L2 (Bg \ £2), for all R > 0. Assume that

loc
[zimn - v2](0) = —[zout - vEC] () for H¥ ' —ae x €092,

Then if we define z := ziny on £2 and z := zoy on RV \ 2, we have z € L (RV; RV) and divz € L] _(RV).

2.5. The anisotropic mean curvature

Let (E, U, n) be a ¢-regular set. For any p € [1, +00], we define
rpdiv, p Ny ._ .NY. o E\ 4
H, (U, RY) := [N € L*(U;R"): N € T°(Vdy),divN € LP(U)}.
Fix now &g > 0 be such that U; := {|d(f| <t} C U fort € [0, §p]. Then, following [18] (see also Theorem 2.12 below)
there exists a vector field Z; € L (U;, RN) such that Z; € T°(Vd£) a.e. in Uy, divZ;, € L?(Up) and
IdivZ 12,y < 1AV Zll 2,y YZ € Hy"2 (U RY). (2.9)

We point out that, even if the minimizer z; may be nonunique, its divergence is always uniquely defined. In particular,
it follows that

divzy =divz, a.e.in U, (2.10)
forall0 <s <1t.
Theorem 2.12. Let (E, U, n) be a ¢-regular set. Let 0 < 8 < R be such that Uy 1= {Idfl <80} C U, and let (u", z"),
ul € BVige RV) N L120C (RN), be the solution of

W' —hdive" =df inRY, 2.11)

where 7" € a¢° (Vuh) and (zh, Duh) = ¢(Duh) in D' (RN). Then, there exists 7 € L° RN ,RV), and a subsequence
hj— 0% such that 7" — 7 weakly* in RN, where % is such that 7 € T°(Vd(f) in Uy and

IdivZlzawy < Idivalizewy Vg € [1,00]. (2.12)
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More generally, 7 satisfies the following inequality
Idiv 2| o ) < 1div Z ]l Lows)  VZ € Hy™(Us, RY), (2.13)

forall g € [1,00] and for all 0 < § < &g, where Us := {|df| < 8}. Finally, if E is convex, then divz > 0 in Uy.

Let us recall that (2.11) has a unique solution ul e leOC (RM) [23]. Moreover ul e L1°0°C (RM) [23] and ||uh lLoo(BR) <

||d¢‘)E | Lo (B,) + C for some constant C which does not depend on /. Let us also point out that ul is Lipschitz with a
Lipschitz constant depending only on the Lipschitz constant of d f . Indeed, by the results in [23] u can be obtained

as limit in LlloC (RN) of the solutions u? eLy. (RN) of

u—hdivdg(Vu) >min{d}, j} inRY, (2.14)

and, for any y € RV, u’}(. + y) is the solution of (2.14) with right-hand side min{d,; (- + y), j}. As in [23], Corol-
lary C.2, we prove that

[} =i+ 30) 7 < minfdf’, j} = min{df ¢ + ). i} < = di ¢+ 9] .
This implies that

[ =+ 0) | < =i+ )]
Interchanging the role of «" and u” (- + y) we deduce that

| V] o <[ Vay ] - (2.15)
We may also prove this along the lines of the proof of Theorem 3 in [23] which uses another approximation of (2.11)

and viscosity solution theory.

Proof. For simplicity, let us denote d := df . By the remarks previous to the proof we have that [u”| < c;, on {d < A}

where c;, is a constant depending on A for any A > 0. Multiplying (2.11) by u — d and integrating by parts in {d < A}
we obtain

/ (u" —d)*dx = —h / " (Vu — Vd)dx +h / M VESH (yh — gy aHN Y,
(d<h) (d<) Dd<h)

hence u" — d in leoc (R as h — 0. By the estimate (2.15), we have that the convergence takes place also locally
uniformly in RY. Moreover, modulo a subsequence, we may assume that z" — 7 weakly* in L>°(RY) as h — 0.
Let a < b and QZ,b = {u" > a} N {d < b} be such that QZ,b C Up. Let us assume that / varies along a sequence

converging to 0. Since u" € BVo.(RY) we may assume that a is such that {u < a} is a set of finite perimeter in RY .
Since u” converges to d locally uniformly in RV we may assume A small enough so that {u" < a} C {d < b} and
(u" =a}N{d =b}=0.Let P:R — [0, 00) be a smooth, increasing and nonnegative function. Then

/ (" —d)P(u" —d)dx =h / divz"P(u" — d) dx
Qi Qi
=h / (divz" — divn) P (u" —d)dx +h [ divnP(u" — d) dx.
Qi Qi
The first term can be written as
/ (divz" — divn) P(u" — d)dx
(o
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First, observe that

/ (" —n)-VPu" —d)dx = / P'(u" —d)(" —n) V(" —d)dx
Q. Q.
= / P'(u" —d)(¢°(Vu") —n - Vu" + ¢°(Vd) — 2" - Vd) dx > 0.
Qs

To prove that the second term is negative, we observe that

—/((zh, Dxgn,) = (n.Dxgi ))P(u" —d)
RN
= /((Zh, DX{uh<a}) — (n, DX{uh<a}))P(Mh — d) — /((Zh, DX{dgb}) — (n, DX{dgb}))P(uh — d).
RN RN

Now, by the proof of [23, Lemma 5.1] (see also [13, Lemma 4]), we have that —(z", DX <sy) = & (D Xk <5))s
where the equality means the equality of both measures, for almost every s € R and we may assume that a has been
chosen to satisfy this equality. On the other hand, since ¢ (n) < 1, we have that [(n, Dy, .4))| < ¢°(D Xy ~q))- This
implies that

‘/((Zh7 DX{uh<a}) — (}’l, DX{uh<u}))P(Mh - d) < 0.
RN
By the same arguments we could have also chosen b > a from the beginning so that (n, D x{a<s) = —¢° (D x{a<p})s

and, again, we have |(z", D xa<op)| < ¢°(Dxagpy)- Hence

f((zh, Dxta<n) — (n, Dxta<p))) P(u" —d) > 0.
RN
Combining all these inequalities we obtain that
u'—d)P(u" —d)dx <h divhnP(u" —d)dx. (2.16)
h h h
s s

If g <oo,let g=gq.1f g =00, let g <oco.Let P; be a sequence of increasing nonnegative functions such that
Pi(r) — rt@=D locally uniformly as j — oo. Using P = P; in (2.16) we obtain

1

- / (" — d)) dx < / diva((u" — d)H) " dx.
o i
Applying Young’s inequality we obtain
1 .
E [ (uh - d)+HL<?(Q2_b) < ”dlvn”Lé(QZ,b)'

Hence, we have

(divz") "laqon,) < Idival iy )
Letting & — 0 and ¢ — oo if ¢ = 0o, we obtain

|@va)™| i, , <Idivaliog., Yqell. ool (2.17)
where Q4 p 1= {a <d < b}. Letting a — —&p, b — 8o, we deduce that

|@divD)™ | gy, < Ndivalizawy Vg €1, 00]. (2.18)
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I a similar way we obtain
[ (divz)~ ||Lq(UO) < \divallLew, Vg ell,oo]. (2.19)

Indeed it suffices to change u" into —u”, n into —n and to integrate in {uh < b} N{d > a} to obtain (2.19). Both
inequalities (2.18) and (2.19) prove (2.12).

Now, we observe that u" — d locally uniformly in RY, z" — 7 and divz" — divZ weakly in L2, (Up). From this
it follows that z(x) € dT7°(Vd) a.e. in Uy. To prove it, observe that since ¢ (z") < 1 we deduce that ¢ (3) < 1. Let ¢

be a nonnegative test function with support contained in Up. Then

/¢°(Vd)¢dx gliminf/qsf’(wh)wdx:nminf/zh.thwdx
h—0 h—0

Uy Uy Uy
=liminf—/divzhuhl//dx—/zh-leuhdx
h—0
Uy Uy
:—/diVZdlpdx—/Z-dedx
Uy Uy
=/Z-Vd1//dx</-¢°(Vd)1ﬂdx.
Uy Uy
Hence
/2 -Vdyrdx =/¢°(Vd)1pdx.
Uy Uy

Since this is true for any test function ¥ with compact support in Uy we obtain that Z - Vd = ¢°(Vd) in Uy, hence
7€ T°(Vd) in Uy. _

To prove the inequality (2.13) we observe thatif 0 < § < 8p and Z € flgw‘oo(Ug, RN), then (E, Us, Z) is ¢-regular
and, by repeating the computations that lead to (2.12), we deduce that (2.13) holds.

Finally, if E is convex, the inequality divz > 0 follows from the inequality d < ul, proved in [23, Theorem 3]. O

From (2.10) and (2.13) it follows that, if E satisfies the assumptions of Theorem 2.12, the function t —
ldiv Z; || oo,y = |div Z|| Lo (1) is nondecreasing, hence we may take the limit

v e Tim div 2l 0. (2.20)

Let (E, n) be Lipschitz ¢-regular and let N € Norg (O E, RN) Nlip(dE, RN). By [18, Lemmas 3.4, 3.5, 4.5], we have
that
(i) there exists a neighborhood U of d E and é > 0 such that the map Fn :0E x (—6,68) — RY defined by
IN(x,t) =x +tN(x)
is bilipschitz, moreover
dj (x +iN(x))=t, x€dE,
and Vdg(x +N(x)) = ug(x) for any 1 € (—8,8) and HN"'-ae. x € OE;

(ii) given y € U, there is a unique x € JE such that y = Fn(x,t) where ¢t = dE(x). We shall denote this point x
by 7n(y). This permits to extend the vector field N to a vector field N¢ on U by the formula

N¢(x) =N(7n(x)), xeU.

Using 7N, any vector field 1 can be extended from 9 E to U. Hence, from now on we shall write n instead of n°,
i.e. we shall assume that 7 is defined on a neighborhood of 0 E;
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(iii) the trace of divN¢ (denoted by divN) is defined H™ ~!-almost everywhere on d E and coincides on 3 E with the
tangential divergence of N to be defined below.

Finally, if (E, n) is a Lipschitz ¢-regular set and N € Nory (0 E, RM), we may define the (weak) tangential diver-
gence div; N:Lip(dE) — R as follows

/divr Ny ¢° (vE)arN~! ::fN~n¢diV,n¢°(vE)dHN_l —/[(Id—n@n)v,w] -N¢°(vE)aHN !,
oE E oE

where ¢ € Lip(0E). As proved in [18], this divergence does not depend on the vector field n. Letting
Hy"P(9E.RY) := [N € Nory (9E. RV): div,Ne LP(AE)}, pe[l,+00],

we define Ny, € H, giV’Z(Z)E ,RM) to be a minimizer (possibly nonunique) of the functional

/(divr N?2¢°(vE)aHV !, Ne Hy“?(9E.RY). (2.21)
0E

As proved in [18], the function div; Np;i, does not depend on the choice of the minimizer Ny, of (2.21). Moreover,
by [18, Theorem 6.7] we have that div; Npin € L (9 E) and

Idiv Nigin | oo = min{||dive Njloo: N € Hy“®(9E,R)}. (2.22)

Remark 2.13. Let ¢ € CJlr’l and E be a Lipschitz ¢-regular set. Then

dive Npin = divay, H¥lae.ondE and (N —1)|H% | = lldive Npinll o )- (2.23)

We do not know if the second equality in (2.23) holds for all Lipschitz ¢-regular set E C RY. However, we can
prove it under the additional assumption that the anisotropy ¢ is crystalline and E is a polyhedron.

Let us first observe that a polyhedron E C R" is Lipschitz ¢-regular if and only if for all vertices v of E there
holds

C(v) = N 3g°(vF) £ 9, (2.24)

F facet of E: veF

where v is the outer unit normal to 3 E at the facet F.

Proposition 2.14. Assume that ¢ is crystalline and let E C RN be a Lipschitz ¢-regular polyhedron. Then

(N = D|HE| = lldive Nminll (o).

Proof. Given a vertex v of E, we shall denote by N (v) a generic element of the set C(v), defined by (2.24).

Letting E; := {d f < t}, we know from [18] that there exists o > 0 such that E; is a Lipschitz ¢-regular polyhedron
for all |t] < 8g. Let also N;nm :9E; — RY be a minimizer of ||div; N]|| 12(3E,)» Which is equivalently a minimizer of
ldiv; Nl (3£, by [18]. Letting H; := ||div, anin | L= (3 E,) it is enough to prove that the function ¢ € [—8¢, o] = H;
is continuous at = 0 (hence it is also continuous on the whole interval). Indeed, letting z as in Theorem 2.12 and
differentiating the equality ¢ (Z) = 1, we obtain VZ - qu‘bE =0 in a neighborhood of dE. As a consequence, we get
that div; z = divz a.e. in that neighborhood, where the tangential divergence (which, in this case, is an euclidean
divergence) is computed with respect to d E; at a point x € d E;. It follows that the field Z can be obtained by patching
together the minimizing vector fields N/ . . which are defined on J E;.

Letting now F; be the facet of E; corresponding to the facet F' of E, we shall prove the equivalent statement that
the function

t— HIF = ”din Ninin ||L°°(Fr)
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is continuous at t = 0 (notice that H; = maxg H,F ). To simplify the notation we shall identify F; with its orthogonal
projection on the hyperplane spanned by F. Notice that, for # small enough, the facet F; can be obtained by parallelly
translating the edges of F of a distance proportional to ¢ (with a constant depending on the edge) and possibly inserting
new edges, with length of order 7, near the vertices of F'. As a consequence, to a vertex v of F' will correspond
some vertices (at least one) of F; which lie at a distance of order ¢ from v. Notice that, for all the vertices v’ of F;
corresponding to v, we still have N (v) € C(v'). Moreover, there exists a constant C > 0, depending on F, such that
dr(0F;, 0F) < C|t|, for all t small enough. Let us also denote by F,~ the facet obtained by parallelly translating the
edges of F of a distance of 2C|¢/|, in the direction —v¥ . We then have F; C F;, for all t small enough. Notice that,
in this case, to a vertex v of F' corresponds only one vertex v~ of F; respectively, and we have N(v) e C(v™). It
follows that, to any vertex v’ of F; \ F,”, we can uniquely associate a vertex v of F, and we set N (v') := N (v).
In order to prove the result, it is enough to construct a vector field N, on F;, with the property

Idive Ny || oo (£ = || dive Npinll oo () + O(2).

Let ¢ :RY — RY be a one-parameter family of Lipschitz diffeomorphisms such that v (F, ) = F and ||v; —
Id || y1.c € O(¢). We define the field Nl to be equal to Nyin 0 ¥; on F,, and to the linear interpolation of N (v')
on F; \ F;~ (in order to do this we first perform a triangulation of F; \ F,”~, without adding new vertices). The thesis
now follows by observing that

ldiv, NT”LO“(E\Ff) =0(). O
3. The ¢-anisotropic total variation and ¢-calibrable sets

Let ¢ :RY — R be an anisotropy and let ¢° be its polar function. Since ¢° is homogeneous of degree 1, for any
n € d¢°(€) we have ¢°(§) = n - £. We also observe that

x-n<¢°(n) forany x € 3¢°(£), and any £, n € RV, 3.1
Consider the energy functional ¥y : L*(RN) — (—o0, +00] defined by

o : 2 N N
G () = Sy ¢°(Du) ?fueL (RM)NBV(RN), 32
+00 ifue L2(RN)\ BV(RV).

Since the functional ¥y is convex, lower semicontinuous and proper, then 0¥ is a maximal monotone operator with
dense domain, generating a contraction semigroup in L2(RV) (see [21]). The next lemma gives the characterization
of the subdifferential d¥ (the proof is the same as the proof of Proposition 1.10 in [9], see also [23], or [35] for more
general cases).

Lemma 3.1. Let u € LZ(RN) N BV(RYM). The following assertions are equivalent:
(a) ved¥y(u);
(b)
Ve LZ(RN) and 3z e X2(RN), qb(z(x)) < 1la.e, such thatv=—divz in D/(RN) (3.3)

and
/(Z, Du) =/¢°(Du). (3.4
RN RN

From now on we shall sometimes write v = div(d¢°(Du)) instead of v € 0¥y (u).

Under the rest of conditions of (b), condition (x) ¢(z(x)) < 1 is equivalent to say that (%) z(x) € 0¢p°(Vu(x))
a.e. Obviously, by (3.1), (%) implies (x). Assume now that ¢ (z(x)) < 1. Then (3.4) implies that (z, Du) = ¢°(Du)
as measures in R"Y. Hence z(x) - Vu(x) = ¢°(Vu(x)) a.e. Then

¢°(n) — ¢°(Vu(x)) > (z(x),n — Vu(x)) ¥neRY,
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is equivalent to

¢°(n) = (z(x).n) VneRN
and this follows from ¢ (z(x)) < 1. We deduce that z(x) € 0¢°(Vu(x)) a.e.
Given a function g € L*(RYN), we define

llgllp.s ::sup{/g(x)u(x)dx: ueL2(RN)va(RN),/¢°(Du)<1}.
RN RN

Note that ||g||4,« may be infinite. Let us recall the following result [14,34].
Lemma 3.2. Let f € L2(RN) and A > 0. The following assertions hold.

(a) the function u is the solution of

weL2(RN)NBV(RVN)

min D(w) = /¢°(Dw)+ % /(w — f)?dx (3.5)
RN RN

if and only if there exists z € X2 (RM) satisfying (3.4) such that $(z(x)) < l a.e. and divz = A(u — f).
(b) The function u =0 is the solution of (3.5) if and only if || f1l¢,+« < %
(¢) We have 9% (0) ={f € L*RM): || fllp.« < 1}.

Obviously, part (a) follows from Lemma 3.1 since 0¥, (1) +A(u — f) > 0 is the Euler-Lagrange equation for (3.5).
Part (b) can be found in [14,34], and it is easily deduced from (a). Part (c) follows from (a) and (b), or as an immediate
consequence of duality.

Definition 3.3. Let E be a bounded set of finite perimeter in RV . We say that E is ¢-calibrable if there exists a vector
field £ € LR, RVY) with ¢ (£(x)) < 1 a.e. such that (£, Dxg) = $°(Dxg) as measures in R, and

—divE =agxe inD'(RY), (3.6)

for some constant Ag.

Notice that, a set of finite perimeter E is ¢-calibrable if and only if it exists Ag € R such that Ag xg € 0¥y (xE).

Observe that if E is ¢-calibrable, then Ag = % = A%. Indeed, multiplying (3.6) by x and integrating in R we
obtain
AE|E| Z—/diV§Xde: /(&DXE):/W(DXE): Py(E).
RN RN RN

The following result was proved in [17,19] (see also [14]). For the proof we refer to [2, Proposition 2] and we skip
the details. Lemma 3.6 below is used in the proof of Proposition 3.4.

Proposition 3.4. Let E be a bounded set of finite perimeter in RN . Assume E to be convex. The following assertions
are equivalent

(i) E is ¢-calibrable;
(i1) E minimizes the functional

Py(X) — Ag|X] (3.7)

among the sets of finite perimeter X C E.

For the proof of the following result we refer to [14,9,2].
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Proposition 3.5. Let A > 0. The solution of
u—21""div(d¢°(Dw) = xyy, inRY (3.8)
W,
isu=(1-— T¢)+XW¢'

Finally, the following result can be proved as in [5].

Lemma 3.6. For any set of finite perimeter E in RN and any convex set C we have

Py(ENC) < Py(E). (3.9)
4. The level sets of the solution of a variational problem

Proposition 4.1. Let C be a bounded convex domain in RY. Let u € BV(RY) N L2(RY) be the solution of the varia-
tional problem

ueBV(RN)NL2(RN)

A
(0);.: min {/¢°(Du)+ 3 /(u —Xc)2dx}. 4.1)
RN RN

ThenO0<u < 1. Let Eg :={u > s}, s € (0, 1]. Then E; C C, and, for any s € (0, 1], we have
Py(Es) = A(1 = 5)|Es| < Pp(F) —A(1 —5)|F| VYFCC. 4.2)

Proof. Recall that u satisfies the following partial differential equation
u—2""div(3g°(Du)) = xc inRV. (4.3)

Let u~ = min(u, 0). Multiplying (4.3) by ™ and integrating by parts, we deduce that #~ = 0. Similarly, multiplying
(4.3) by (u — 1)* we deduce that u < 1. Let us prove that u = 0 outside C. Let H be a half-plane containing C.
Since xc < xH, and v = xp is the solution of (4.3) with right-hand side equal to v (indeed it suffices to take z(x) =
n € d¢°(vf), v being the euclidean unit normal to H pointing towards H), by the comparison principle proved in
[23] (see also [14]) we have that u < xg. This implies that u = 0 outside C, hence E; C C for all s € (0, 1].

Let F C C be a set of finite perimeter. By the proof of Lemma 5.1 in [23] (see also Lemma 4 in [13]), we have that
(z, Dxg,) = ¢°(D xE,) for almost all s € (0, 1]. Hence, for such an s € (0, 1], we have

—/diVZ(XF_XES)dx: /(Z, Dxr) — /(Z,DXEX)Z /(Z,DXF)—P¢(ES) < Py(F) — Py (Ey)
RN RN RN RN

and we deduce

PoF) = Po(E) > [ Gre =00t = 1) = [ (Gxe =)+ 6 = 0) e = xe,).
RN RN
Since (s —u)(xr — xEg,) = 0 we have

Py(F) — Py(Ey) > )»f(XC —8)(xr — x£,) =M1 = 5)(|F| = | E]).
RN

Since all sets E are contained in C and P, is lower semicontinuous in the L'-topology, we deduce that (4.2) holds
forany s € (0,1]. O

Lemma 4.2. Let C be a bounded convex domain in RN . Let u;_be the solution of (Q)y, > 0.

(1) uy # xc for any . > 0.
(i) uy — xc in L*RN) as A — oo.
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(iii) Assume that C satisfies the RWy-condition, for some R > 0. Then for any A > 0, we have

N +
uy = l_ﬁ XC-

(v) uy #0if and only if & > m'

(v) Assume that C is not ¢-calibrable (i.e., there is no vector field z € L®[RN,RN), ¢(z(x)) < 1 a.e. such that
—divz = )fg}(c). For any ) > m u) cannot be a multiple of xc. Thus, for any such X, there is some
s €10, 1] such that {u; > s} # C. '

Proof. (i) Suppose that there is A > 0 such that u; = xc. Then, by Lemma 3.2 there is a vector field z) €
L®@®RN,RY), ¢(z5(x)) < 1 ae., such that (z,, Dxc) = ¢°(Dxc) and
divz, =0.

Multiplying this equation by xc and integrating in RY, we obtain

0:—/divz,\xcdx=f(z,\,DXc)=/¢°(DXC)=P¢(C)-

RN RN RN
This contradiction proves that u; # xc.
(ii) Since
A
/¢°(Dux) +3 /(u;\ — xc)?dx < /¢°(DXC) = Py(0),
RN RN RN

we deduce that
2 2
(ur — xc)"dx < XP¢>(C),
RN

i.e. uy — xc in L2(RN) as A — oo. Moreover, u;, is bounded in BV (RV).
(iii) Let p € 9C and let W), be the translation of RWy which osculates from inside dC at p. Let us compare u;,
with the solution u,, of

u— 27" div(3¢°(Du)) = xw, -

Since xw, < xc, by the comparison principle [14] we deduce that u, < u;. The solution u , is given explicitly by
¢\ +
‘= (1 . *L)
p= 3 XWp-

o _PoWp) 1PWy) 1.4 _ N

Yo ™ W, T R Wl  RTWe T R’

Hence

N\t
up= l_ﬁ XW,-

Since this is true for any p € dC, and since also any p in the interior of C lies in some translation of RV, we deduce

that
N\t
>(1—— .
175% ( Rk) Xc

(iv) By Lemma 3.2, we know that u,, is characterized by the equation

u;, — A Vdivg, = Xc
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where z; € L°(RN,RM), ¢(z,.(x)) < 1 ae., with (zy, Du;) = ¢°(Duy). Thus u; = 0 if and only if —divz; = Axc,

i.e.if and only if |[Axcllg,« < 1.
(v) Suppose that for some A >

(iv), we have ¢, € (0, 1). Then

W, we have u; = ¢, ¢ for some constant 0 < ¢, < 1. Observe that, by (i) and

—divzy = A1 —c)xc.

Since (zy, Duy) = ¢°(Du,), and ¢, > 0, we have that (z;, Dxc) = ¢°(D xc) = Py(C). Multiplying the equation by
xc and integrating by parts we deduce

Ml —c))=Ac.
Hence
—divzy =Acxc,

and therefore C is ¢-calibrable, a contradiction. The final assertion is a simple consequence of the first one. O

Lemma 4.3. Let C be a bounded convex domain in RN . For any ) > 0, let us consider the problem

(P)y:  min Py(F) —A|F|. 4.4)
FCC
Then

(1) Let Cy, Cy, be minimizers of (P), and (P), respectively. If . < u, then C) C C,.
(i1) Let p > A. Assume that C is a minimizer of (P),. Then C is also the unique minimizer of (P)y.
(iii) Let A, t A. Then CY := U,, Ca, is a minimizer of (P)y. Moreover Py(C),) — Py (ij). Similarly, if ., | A, then
CQ =), Cx, is a minimizer of (P)y, and Py(Cy,) — P¢(CQ). ,
A

(iv) Assume that C satisfies the RWy-condition, for some R > 0. Then C is a minimizer of (P);, for any A > %.

Proof. The proof is similar to the proof of Lemma 4 in [13] and we only give the proof of (iv).
N 3¢

¢

By (ii), it suffices to prove that C is a solution of (P) Let n > % and take 0 < s, < 1 — Rin such

My, /R
Ky
that n(1 —s;,) | T"’. We observe that, by Lemma 4.2(iii), we have {u; > s,} = C and, by Proposition 4.1, C is a

minimizer of

Py(F) —n(1 —s,)| F|. 4.5)
Now, by assertion (iii) in the present lemma, we deduce that C is also a minimizer of
[
)‘Wa
Py(F) — T|F|' O (4.6)

Remark 4.4. In Proposition 4.1 we have proved that for any s € (0, 1], the level set {u; > s} is a minimizer
of (P);(1—s). Moreover, by Lemma 4.3, the sets {uy > s}" := {J,_ofus =5 + €}, s €[0,1), and {u;, > s} :=
Me=olus. = s —€}, s € (0, 1], are also minimizers of (P);,1—s) (obviously {u; > 1}V = @ is also a minimizer of (P)g).
Notice that, except on countably many values of s, they both coincide with {u; > s}.

5. The concavity of solutions of (Q);

Our purpose is to prove the following result.

Theorem 5.1. Let C be a bounded convex domain in RN satisfying the RWy-condition, for some R > 0. If A > 27,

then the solution u; of (Q), is concave in C. In particular {u; > s} is convex for any s € [0, 1].
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Before going into the proof, we observe that, being concave in C, u; is continuous in C. In particular {u; > s} =
{uy, > s} and {u; > s}¥ = {uy > s}, and {uy, > s} = {u;, > s} (modulo a null set) for any s € (0, max{uy}).

The result is a consequence of Korevaar’s concavity result [31]. First we need to recall some approximation results
which reduce the proof of Theorem 5.1 to the case of a smooth anisotropy.

5.1. The approximation of a generic anisotropy ¢ with smooth ones
The following result is proved in [37, Theorem 3.3.1 and p. 111].

Theorem 5.2. Let € > 0 and let n:[0,00) — [0,00) be a function of class C*° with support in [%, €] and with
f]RN n(x))dx = 1. If $° : RN — [0, +00) is an anisotropy, then the function ¢7° defined by

¢° (&) i=f¢°(€+|€|Z)U(IZI)dZ, £cRY, (5.1
RN
is an anisotropy of class C*° (RN \ {0}).
Similarly, given a convex body K, define the map K + T (K) as follows: let fzK(E) = f]RN hg(E+1€l2)n(zD) dz
for any € € RN : then, hy is the support function h1) of T(K). The map T has the following properties: if K1 and
K> are two convex bodies, then

(@) T(K1+Ky)=T(K1)+7T(Kp) and T (@K1) = a7 (Ky) for any o > 0;
(b) if K is contained in Bg, then dy(K1,7T (K1)) < Re;

(©) dn(T (K1), T (K2)) < (1 +e€)dy (K1, K2);

(d) 7(Ky) + Be is of class C.

Theorem 5.2 provides a way to approximate at the same time a generic anisotropy with C$° anisotropies and a
convex set with Cf_o convex sets. Indeed, the following result holds [13].

Lemma 5.3. Let ¢ be an anisotropy, and let C be a convex body in RN . Then there exist a sequence {¢.} of anisotropies
and a sequence {C¢} of compact convex sets satisfying the following properties:

() {¢c} converges to ¢ uniformly on RN as e — 0;
(i1) {C¢} converges to C in the Hausdorff distance as € — 0;
(iii) ¢e, ¢p¢ € C and Ce is of class C3° for any € > 0;
(iv) if C satisfies the rVWg-condition, r > 0, then C. satisfies the rVWy, -condition for any € > 0.

Proof. Let 7 be the map defined in Theorem 5.2. Let ¢ be the anisotropy such that Wy, = T (Wy) + Be; then
¢e € C3° by (d) of Theorem 5.2, hence also ¢¢ € C$° by (a) of Remark 2.3. Then (b) of Theorem 5.2 yields (i). Let
Ce :=T(C) + Bye. Itis clear that (ii) is satisfied. From Theorem 5.2(d) we have that Ce is of class C°. Assume that
C satisfies the rWy-condition, thus there exists C’ C C such that C = C’ + rWjy. By (a) in Theorem 5.2 we have

Ce=T(C)+ Bre =T(C")+rT(Wp) + Bre
=T(C")+r(TWyp) + Be) =T(C') + rW,.,

hence (iv) follows. O

Observe that

¢2E) = sup  x-E= sup sup (y+2)-£=¢°E) +elgl. (5.2)
xe€T Wy)+Be yeT (Wy) z€Be

We also observe that, from (5.1) we get

|¢°(€) — ¢°(&)| < elg] VEeRN. (5.3)
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5.2. The Dirichlet problem

Let £2 be an open bounded subset of RN with boundary of class Cl let h e L'(382), and let Py h: L2(2) >
(—o00, +00] be the functional defined by
Jo @°(Du) + [50 lu—hl¢° (V) dHN= ifu e L*(2) NBV(R2),

W (1) =
o (1) oo if u e L*>(22) \ BV(£2).

(5.4)

The functional ¥y ; is convex and lower semicontinuous in L2(£2), hence 0¥y ; is a maximal monotone operator
in L2(£2). Let us recall the characterization of 0Py p.

Proposition 5.4. The following conditions are equivalent

(i) ved¥y nu);
(i) u,v € L2(2), u € BV(2) and there exists z € X2(§2) with $(z(x)) < 1 a.e., v = —div(z) in D'(2) such that
(z, Du) = ¢°(Du) and [z - v¥°] € sign(h — u)¢° (V¥ (x)) H¥ ! a.e. on 882.

Proof. In the case 4 = 0, which is the case we need below, the result follows as in [9, Proposition 1.10], since ¥y g is

positively homogeneous of degree 1. The general case is contained in [35]. Since we need some intermediate results,

we shall sketch a direct proof of it.

Assume first that ¢ is a smooth anisotropy and fix € > 0. Let

JoVer+¢°(Du)2 + [;q lu—hlg°(v?)dHN=! ifu e L2(2) NBV(£2),
ifu e L?(2) \ BV(£2).

By [9, Theorem 6.7] (see also [33,7,35]) we know that Blllq; ; 1S @ maximal monotone operator which can be charac-

terized as Proposition 5.4. Since, as € — 0, the solutions of

u—+ AalI/(Z’h(u) >f,

W () = (5.5)

where f € L2(£2) converge to the solution of u 4+ A9 Wy n(u) > f, the thesis follows. The case of a general anisotropy
also follows by approximating it with smooth ones. O

The following comparison principle can be easily deduced by an integration by parts.
Proposition 5.5. Let f; € L>(2), h; € L'Y(382), i = 1,2. Assume that f1 < f> and hy < hy. Let u;, i = 1,2, be the
solution of

u+ 0¥y p, (u) 3 fi. (5.6)
Then uy < up.

The same result also holds for 8'1/(; 5 [9, Theorem 6.14], [35].
5.3. Some technical results
We recall two auxiliary results. The following theorem was proved in [31].

Theorem 5.6. Assume that ¢ € C3° and Wy is strictly convex. Let §2 be a strictly convex bounded domain in RN of
class CP'. Let b:R x RN — R be such that
ab 2
b o P
ou u?
Assume that u € C(2) N C?(£2) satisfies
. T°(Du)
div| ————=) = b(u, Du)
V 1+ ¢°(Du)?

>0
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and the graph of u is a C' surface above 2 having zero contact angle with 32 x R, i.e.
T°(Du) 2 _

S+ Du?

Then u is a concave function.

—¢°(v?). (5.7)

The sense of the boundary condition (5.7) will be made precise during the proof of Theorem 5.1. Let us recall the
following result which was proved in [2] using the results by Atkinson and Peletier in [11].

Lemma 5.7. Assume that » > %, R > 0. Then there is a radius R < R and a radial solution up(x) =Ug(x]) of

1 4 Du - 5
u—2""div| ———)=1 inB=B(©,R),
V€2 + |Dul?
u=0 ondB, (5.8)
such that

O>Ul’§(r)>—oo, U<Upr)y<y for0<r <R,
Ug(r) — —o0, Us(r)—>U asr*R,

for some values y >0, U > 0. Hence ug > U > 0 on B, and has zero contact angle with 3B x R. In particular, we
have

Dug
1/62—i-|D141§,|2

Let us recall that the solution u 5 (x) = U (|x|) of (5.8) can be characterized as a minimizer of

Eo(u) :=f,/e2+|Du|2+AfF(u)dx+f|u|dHN_l (5.9)
B B

9B

vB— 1= sign(—ug) on dB.

and U (r) can be characterized as a minimizer of

R

R
Eor (V) ;=/\/62+v/2s’v*1ds+x/F(v)stlds+1§N*1|v(1é)|. (5.10)
0

0

Lemma 5.8. Assume that ¢ € C?ro. Let ug be the solution of (5.8) given by Lemma 5.7. Let uy(x) = Ug(p(x)),
xeW:= IéW(p. Then uy, is a solution of

1 4 T°(Du) -
u— 2" Niv| ————=) =1 inW=RW,,
V€2 + ¢°(Du)?
u=0 ondWw. (5.11)

Before going into the proof let us make the following observation. If ¢ is an smooth anisotropy, then V¢ (x) =

v;/v"’ x) = ¢°lz\(;)8c)) on Wy where v(x) the euclidean unit normal to Wy, since ¢ (x) = dy(x, W) — 1. We also

have |[V¢ (x)| =

L
¢e(v(x))*

Proof. Let us write F(u) = %(u — 1)2. Recall that uyy is a solution of (5.11) if and only if is a minimizer of

E) :=f,/e2+¢°(Du)2+A/F(u)dx+ / |u|¢°(v3W(x))dHN—1. (5.12)
W W oW
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Let w € W1 (W). Then

N—-1
/62+¢°(Vw)2—//\/62+¢°v ) T,

Vo)l
0 {¢p=s}
A
2 ° V 2 sN-14
/ / e+ g (Vuio) SZ0] ’
0 {¢=1}

R
B dHN=1(y) > 2 N-1
= / WO/\/E +¢ (Vw(sy)) s ds.

Let wy(s) = w(sy), ¢(y) = 1. Since w;(s) =yVw(sy) < ¢°(Vw(sy)) for any y € {¢ = 1}, we obtain

dHN~ l(y) 2 N-
/ Sz / Vool ) Ve + s as.

In a similar way we have

dHN " (y) -
/F(u)dx: / WO F(wy(s))SN ldS

w (=1}
and, using that [V (x)| = vy (x)| = 1/¢°(v(x)), we have

- B - dHN—l(y) 5
of W dHleRNI/— B,
/'“'¢ (") voo [ ®l

oW {p=1}
Since U B is a minimizer of &,,, by the above inequalities, we have

R
HN l(y) 2 N 1 HN 1()’) N 1
etw) > / Sao ) Ve s s+ f Voo ] Flor®)sds

EN—lf Ly 3
R ] TRgo e ®!
dHN 1 (y) / dHN =1 (y)
= —5er ) = 45@}' Ujp).
/ Vo ) Voo SR

Now, we have Vuy, (x) = Ug(¢(x))Vd(x), hence ¢°(Vuy (x)) = Uz (¢ (x))9° (Vo (x)) = |Ugz(¢(x))|. With the
same computations as above we obtain

o aH e,
5(“W)‘/ Voo Ve

and we deduce that
E(w) = E(uy)

for any w € wil (W). This implies that Uy is a minimizer of £, hence, a solution of (5.11). 0O
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Theorem 5.9. Assume that ¢ € CS°. Let C be a bounded convex domain in RN satisfying the RWeg-condition, for
some R > 0. Let A > ZTN. Let us consider the following problem

€2+¢°(Du)? (5.13)
u=0 on aC.
Then, there is a unique solution u® of (5.13) such that 0 < u€ < 1. Moreover u® > a > 0 in a neighborhood of dC for
some a > 0. Hence, u satisfies

[ﬂ uci| = sign(—u)¢°(v) = —¢°(v°) ondC. .14)

Proof. Existence and uniqueness of a solution u€ of (5.13) satisfying the Dirichlet boundary condition in the general-
ized sense follows by the results in [8,33]. Multiplying (5.13) by test functions as in the proof of Proposition 4.1 and
integrating by parts we deduce that 0 < u€ < 1.

Let us prove that u¢ > « > 0 for some « > 0. For that we shall use Lemmas 5.7 and 5.8. Recall that at each point
p € dC, there is a ball W), of radius R < R such that W), € C and p € 3W),. Since the solution 1€ of (5.13) in C satis-
fies u® > 0 in W, by applying the comparison principle for the problem (5.11) in W, instead of W (see Section 5.2)
we deduce that u€ > uw, = U. Since this is true for all balls W, we deduce that u€ > U on a neighborhood of 3C.
Finally, by Proposition 5.4 in Section 5.2 we get (5.14). O

{ u—2"div(—LLY )1 juC,

5.4. The proof of Theorem 5.1

Let ¢ be any anisotropy, and assume that C satisfies the RWWs-condition. Let ¢s € C2°, Cs be the regularization
of ¢ and C given by Lemma 5.3. We know that Cs satisfies the RW)y,-condition, hence is Lipschitz ¢s-regular by
Remark 2.9(b). By Theorem 5.9, for any A > % there is a solution u€ of

u—r—1 div(w) =1 inC
JEteson?’ > (5.15)
u=~0 on 0Cs.
Let vé(x) = ue(f). We know that v€(x) is a solution of
T, (Dv) A
div(‘*—) +=-(1—-v)=0 ineCs, (5.16)
J1+e5Dv?/ €
satisfying
T° (Dv°)
["’5— : vecé] = sign(—v)p3 (v°C) = —gp3 (V<) on B(€C). (5.17)
1+ é5(Dve)?

Moreover, by the results of Korevaar and Simon [32, Theorems 2, 3 and Section 3] (see also [38]), since C; is a

bounded convex domain of class C*, we have that v¢ € C2(eCs) N C(¢Cj). Indeed, by the results in [32] (Theorems

2, 3 and Section 3), there is a solution w€ € C2(eCs) N C(eCs) of (5.16) satisfying the boundary condition in a

T (Dwe)

A/ 1+¢5 (Dwe)?
holds. Since the solution of (5.16)—(5.17) is unique [8,33], we have that w* = v¢. Hence v€ € C%(eCys) N C(eCy).

From Korevaar’s Theorem 5.6 [31], we then deduce that v¢ is concave, hence also u€ is concave. Since, as € — 0,

u€ converges to the solution ws of

classical sense, that is, € C(eCjs) (even more, is a Lipschitz function on the graph of w¢) and (5.17)

u—2""div(dgs(Du)) =1 inCs,
u=0 ondCs (5.18)

we deduce that wyg is also concave. Moreover, from Theorem 5.9 and Lemma 5.7 we also know that ws > 8 > 0 (which
comes also by a comparison with balls). Thus the vector field &;s satisfies ¢s(&s(x)) < 1 a.e., (&5, Dws) = ¢5(Dws),
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ws — A1 divés =1 on Cg, and [&; - pCs] = —¢§(vc5). Hence, if we define ws = 0 outside Cs (see Remark 2.11), we
have that wg is a solution of
u— 2" div(d¢5 (Du)) = xc; inRY. (5.19)
Finally, letting § — 0%, we have that ws converges in L>(RY) to a solution w, of
u—r""div(3¢°(Du)) = xc inRY, (5.20)

which is concave in C. Hence w; = u). We conclude that u, is concave in C. The theorem is proved.
6. A partial result on the convexity of the minima of the anisotropic perimeter with fixed volume
As in [2], using Lemma 4.3 and Theorem 5.1 we prove the following result.

Proposition 6.1. Assume that C is a bounded convex domain in RN satisfying the RW)g-condition, R > 0. For a > 0,
let uy be the solution of (Q)y. Let a, B > ZTN.

1) If A > a(l — ||uglleo), then problem (P); has a unique solution. Moreover, the solution is a convex set.
(ii) We have a(1 — |luglloo) = B(1 — lluglloc). Let A* denote this common value.
(iif) We have {ug = ualloc} =f{up = lluglloc}, and
« _ Poua 2 llualloc})
{ua 2 lluglloo}l

(6.1)
As a consequence, we obtain that the set {uy > ||luy||lco} is ¢p-calibrable.
.L.et.us denote the ¢-calibrable set {uy > |luq|lco} constructed in Proposition 6.1 by K. Then A‘;} =A% and K
minimizes
min Py(F) — W IF). 6.2)

Now, extending the usual concept in the euclidean case, let us call the Cheeger ¢-constant of C the quantity
Py (F)

|F|
In a similar was as in the euclidean case, we call a Cheeger ¢-set of C any set G which minimizes (6.3). Notice that
for any Cheeger ¢-set G of C, )fg = hy(C). Observe that G is a Cheeger ¢-set of C if and only if G minimizes

he(C) = lrpnclrcl (6.3)

- ¢
Py(F) — A2|F). 6.4
min o (F) — AGIF| (6.4)

In particular, if G is a Cheeger ¢-set of C which is convex, then G is ¢-calibrable. Thus, C is a Cheeger ¢-set of C if
and only if C is ¢-calibrable. On the other hand, we have that K is a Cheeger ¢-set of C. Moreover, if G is any other

Cheeger ¢-set of C, then it minimizes (6.4), and using that )\(Ii = A‘é = hy(C) we have that G C C), for any A > )J,i.

By Lemma 4.3, this implies that G C C;, for any A > )f;}. Since K = ﬂbﬁ; C;,, we have that G C K. In other words,
K
K is the largest Cheeger ¢-set of C.

Remark 6.2. In the euclidean case, a convex set C C R? is a Cheeger set of C if and only if max,eyc kc(x) <
Ac = %. This has been proved in [27,14,30] (see also [3]) though it was stated in terms of calibrability in [14,3].
This result was extended to any dimension in [2] by replacing the curvature of the boundary by the sum of principal
curvatures. Moreover, when C C R? is convex, the convexity and uniqueness of the Cheeger set of C was proved
in [30] (see also [29]) and can be deduced from the results in [3,2] which were stated in terms of calibrable sets. In
higher dimension, uniqueness (hence convexity) of the Cheeger set of a convex set C € R" has been recently proved
by [24,1].
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Observe that the empty set is also a solution of (6.2). Collecting the above results and using Lemma 4.3 we obtain
the following theorem.

Theorem 6.3. Let C be a bounded convex domain in RN satisfying the RWy-condition, for some R > 0. Then there
is a set K C C which is the largest Cheeger ¢-set of C. Moreover, K is convex and minimizes

- 0
Ps(F) — 2% |F|, 6.5
min Py (F) — g |F| (6.5)

thus K is ¢-calibrable. For any ) # )»';}, A > 0, there is a unique minimizer C, of (P),, which is convex, and the
function A — C;, is increasing and continuous (hence also the function . — Py(C),) is increasing and continuous).

Moreover, C, = for all A € (0, A‘;}).
Let us state without proof the following observation.

Lemma 6.4. Let C be a bounded convex subset of RN. Let i > 0 and let E be a solution of the variational problem

in Py(F) — u|F|. 6.6
min Py(F) — pu|F| (6.6)

Let V =|E|. Then E is a solution of

i Py(F). 6.7
FgCI‘r,l|IIIVI\=V ' (F) (6.7)

Theorem 6.5. Let C be a bounded convex domain in RN satisfying the RWg-condition for some R > 0. For any
V € [|K|, |C|] there is a unique convex solution of the constrained isoperimetric problem (6.7).

Proof. Any solution of (6.7) corresponding to a value V € [|K|, |C|] coincides with the solution obtained from the
corresponding problem (P); for some A € [X¢ ,00). Indeed, if V € [|K]|, |C]], there is a value of A € [)fp ,00) such
that, if C;, is the minimum of (P);, then |C,| = V. By Lemma 6.4 we know that C,_ is a solution of (6.7). Now, let Q
be another solution of (6.7). We have that Ps(Q) = P4(C,), and |Q| = |C,|. Hence

Py(Q) —A|Q| = P(C)) — MGyl < Py(F) — AlF]|
for any F C C. Thus, Q is a minimum of (P);, hence Q =C,. O

Remark 6.6. Thanks to Lemma 6.4 and Proposition 4.1, the algorithm described in [26,25], permits to compute the
solution of (6.7) for any V € [| K|, |C|].

7. A characterization of a class of convex ¢-calibrable sets by its anisotropic mean curvature

Proposition 7.1. Let C be a bounded convex subset of RN which satisfies the RWy-condition for some R > 0. Let
Wn —> w. Let C, be a minimizer of (P),,. Assume that C,, is a sequence of convex sets converging to C, and C, # C.

Then w < (N = 1)[[HZ [ oo

Proof. Let N e Nory (U, RY) be the vector field 7 given by Theorem 2.12 applied to the set C, where U := {|d¢?| < 8}
for some § > 0. We know that N € TO(Vdg) ae. inU.

Assume by contradiction that (N — 1)||H(g||oo < w. We may assume that § > 0 is small enough so that
|div N|| ooy < w. Then, for n large enough, we may also assume that ||divN|| ) < uy and C, € U. Now, we
integrate divN on C \ C,,. We have

Un|C\ Cy| > / divNdx
C\Cy
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= / N-vCaHN-1 = f N - vEn gHN-1

dC\aCy aC,\0C
2 / ¢O(Vc) dHN—] _ / ¢O(VCn)dHN_1
dC\dCy dC,\0C
:/(po(vc)dHNfl o / (ﬁO(VC")dHNil
aC aC,

= Py(C) — Py(Cp).
Hence
Py(C) — pun|C| < Pp(Cy) — itn|Cyl.

This contradiction proves that u < (N — 1) ||H(g loo- O

Theorem 7.2. Let C C RY be a bounded convex domain of class C*° and ¢ € C. If E is the minimizer of (P);, with
A > )\i, then E is of class cllL

Proof. Observe that, by Remark 2.3(a), ¢° € C{°. By the regularity results in [32], 9 E N C is smooth. Following the
ideas in [39] we prove that  E € C!! in some neighborhood of dC. Since E is convex by Theorem 6.3, then near each
point x € dE N dC, we may represent both d E N dC as graphs of functions u and B, respectively, defined on an open
set U’ ¢ R¥~! containing x” where x = (x’, y”), y” € R. We will assume u and 8 chosen in such a way that u > 8,
u=00ndU and B<0ondU’ . Nowselectve K :={w:U'—>R:v>BinU" andv=00ndU’}. For0 <¢ < 1,
define u, on U’ as u, = u + ¢(v — u). We will assume ¢ chosen small enough so that the graph of u, remains in C.
Select a point z € (0 E) N C at which dE is regular. Then, there is a neighborhood of z where the anisotropic mean
curvature of d E is constant and in which we can represent d E as the graph of a function w defined on some open set
vV’ c R¥~! containing 7’ where z = (z/, z”"). Note that we can take the sets U’ and V’ to be disjoint. Let ¢ € Csev)
denote a function which satisfies

/(deN_lzf(v—u)dHN_l (7.1)
v’ v’
and define w, = w — e¢. The graphs of the functions u, and w, produce a perturbation of the set E, say E.. Because

of (7.1) we have that |E| = | E,|. Taking

Fe) =/¢°(m, C1yarN-] +/¢>°(ng, ClyarN,
U v

the minimizing property of d E implies that F(0) < F(¢) for all small ¢ and therefore, F’(0) > 0. Thus,

/v¢°(w,—1)-V(v—u)dHN—1 —/V¢°(Vw,—1)-V<deN_l >0.
U’ \%4

Since w has constant anisotropic mean curvature K, we obtain

fv¢°(Vw,—1)-V¢=—K/<deN—1=—K/(v—u)dHN‘1
v’ \%4 U’
and therefore
/v¢°(w, —1)-V—u) > —K/(v —u)dHN
U/ U/

Finally, applying a regularity result due to Brézis and Kinderlehrer [22], we conclude that u € C L1(V) on any
domain V with V. CU’. O
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Theorem 7.3. Let C be a bounded convex domain RN which satisfies the RWeg-condition for some R > 0. Let A :=
(N — DIIH |oo. Let C,, be the solution of (P),, > 0. Then Cy, = C if and only if ju > max{r&, A},

Proof. Assume that C is a solution of (P),, and let us prove that > max{k¢, A}. First of all, notice that Py(C) —
w|Cl < Py(W) — nld| =0,ie p > )fg. If K denotes the ¢-calibrable set contained in C defined by Theorem 6.3, then
K =argminy_c P(X) — 2% |X|, and we have P(C) — 2% |C| > P(K) — hg|K| =0, thatis, 20 > 1%

The proof of 1+ > A requires an approximation argument. Let ¢ € C$° and Ce € C{° be the anisotropies and
convex sets satisfying (i)—(iii) in Lemma 5.3, in particular, they converge to ¢ and C respectively. We recall the
construction: ¢ is the anisotropy such that Wy = 7c(Wy) + B., where I¢ is given by Theorem 5.2, and C, :=

T (C) + Bpe. Let )fcs = Pd’lfc(je) s )»%6 = Pd’lfK(ﬁE), where K. is the largest ¢.-calibrable set contained in C¢ obtained

in Theorem 6.3. As in the last paragraph, we also deduce that )‘GCG > )‘7&'
Using (5.2), (5.3) and the Lipschitz local continuity of ¢° we have that [¢2(§) — ¢°(§)| < 2¢ for any & € RV,
|£] = 1. This implies that

| Py (X) — Py(X)| < 2¢ P(X) (7.2)

for any set of finite perimeter X C R¥. Hence, since Py(Ce) — Py(C) we deduce that Py, (Ce) — Py (C). Since we

also have that |C| — |C| [37), then A%, — A%
Let § > 0, from the last argument we know that u + & > A¢ : > )ﬁ(e. Now, we consider the problem

(Plues:  min Py (F) = (u+9)IF|. (7.3)

Let D¢ s be a minimizer of (P), ¢ 5. By Theorem 6.3 we know that the minimum is unique and it is a convex set.
Now, as the sets D¢ s are uniformly bounded in €, by extracting a subsequence if necessary, we may assume that
D¢ s converge to a convex set Ds in the Hausdorff distance. Using (7.2) and the lower semicontinuity of Py, we obtain
that Ds is a minimizer of (P),s. By applying (ii) of Lemma 4.3, we obtain that Ds = C for every é > 0.
By Theorem 7.2, we know that D, s is of class c! and, as Oc € Cio, from Remark 2.9(a) (see also [13, Re-
mark 4(a)]) it follows that D s is Lipschitz ¢.-regular. Hence, by Lemma 2.8 D, s satisfies the T}V, -condition for
some 7 > 0. Let n¢ 5 be the Cahn—Hofmann vector field of D, s. Now, by applying the first variation formula for the

perimeter Py, [20,18], we deduce that (N — I)H%6 s = divies < u+6. Letde s := df;“s. By [13, Theorem 4] we
have that de s € C\) ({|de 5| < (0 +8)~'}) and

w8
1 — |desl(u +6)

By [13, Corollary 1], we know that D, ;5 satisfies the (u + (S)_ll/\/q;€ -condition. By the stability result proved in [13,
Lemma 2], we know that C satisfies the (u + 8)_1W¢-conditi0n. Moreover, we may assume that n. s — n and
divne s — divan weakly* in L ({|dc s| < (u+8)"1}). Asin the proof of Theorem 2.12 this implies that n € T°(Vd$)

loc

0<divaes < in|des| < (u+8)""

a.e.in {|dqf| < (u 4+ 8)~1}. Moreover

w8

0<divn ——
L —|dg[(n+8)

in {|df | <(u+87"} (7.4)

By Theorem 2.12, there exists a vector field 7 € TO(quf) a.e.in {|dg| < (1 +8)~'} which minimizes (2.13) and such
that

[div Z|l Lo,y < ldiva|lLew,), (7.5)

for any r < (u + 8)~L, where U, := {|d¢?| < t}. Using (7.4) and (7.5) we then get
(N = DHE |, <pts.

Letting § — 0T, we obtain that (N — 1)||H<g||OO < u.
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Assume now that pu > max{k"), A}, but C is not a minimizer of (P),. In particular, by Proposition 3.4 and

Lemma 4.3(ii), C is not ¢-calibrable. We shall construct a sequence of sets Ej # C each one being a solution of
2 20

(P)yu, with iy, — B, B> 1. Let & > max{—g2, Tz - By Lemma 4.2(Gif), we know that u;. > (1 — eyt ye.

Let us define

y +
B, :=inf{y: MA)(I_X> XC}-

22

Obviously, we have 8 < %, and
+
us > (1 - %) xe. 7.6)

Case B; < pu. Take s =1 — % Then, by Proposition 4.1, {u; > s} is a solution of (P)y—s) = (P),. Finally we
observe that {u; > s} = C. Thus C is a solution of (P),,.

A @ )L(iJ
W ) .
Case u < 8, < T¢' For each A > max{%, W}’ take 5 € (1 — % 1-— fi—* + %], €, > 0, being a sequence

converging to 0. Then
Br— e <Al —s53) < B

Let Ej = {u;) = s,}. Since A(1 — ;) < B», and by Lemma 4.2(v), we know that u;, is not constant, by an appropriate
choice of s, we may assume that E; # (J, E, # C. By Lemma 4.2(ii), choosing s, sufficiently near 1 — %, ie. €,

sufficiently small, we have that E;, — C as A — oco. Without loss of generality me may assume that 8, —  where
¢

A
u<p< %. If B =, then A(1 —s53) — . Since E; is a solution of (P)x(1—s,), then C would be a solution
0
of (P),, and this would conclude. Therefore we may assume that ;1 < 8 < %.

¢
To summarize, we proved that Ej is a solution of (P),, with u) :=A(1 —s;) — B with u < 8 < k%, and
E)L 7é C, EA — C.
Moreover, since E) is an upper level set of u; and A can be taken > ZTN (recall that A — 00), by Theorem 5.1, we
know that u, is concave, hence E is convex. By Proposition 7.1, we have that

B<(N—D[HE|  =2<n,

and we obtain a contradiction. We have proved that C minimizes (P),. O

Corollary 7.4. Let C be a bounded convex domain in RN which satisfies the RWg-condition for some R > 0. Then
E = C is a solution of

: ¢
Py(F) —Aq|F 7.7
min o (F) — Ac|F| (7.7
. . ¢ ¢
ifand only if (N — 1)|[Hg lloo < Ag-
Remark 7.5. Corollary 7.4 extends to the anisotropic case the analogous results proved in [27,14,30] when N = 2 and

in [13] when N > 2. In terms of Cheeger sets, it characterizes those convex sets C (satisfying the R}V,-condition for
some R > 0) which are Cheeger ¢-sets in themselves.
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8. The evolution of a convex set by the anisotropic total variation flow
8.1. The minimizing anisotropic total variation flow

We are interested in computing the solution of the minimizing anisotropic total variation flow

3
a—’: —diva¢°(Du) in Q7 =10, T[ x RV, (8.1)
coupled with the initial condition
u(0) = ug € L*(R"), (8.2)

when u( = xc, C being a bounded convex domain in R satisfying a ball condition.

The following notion of strong solution is adapted from the notion of strong solution in the semigroup sense [21]
(see also [35,9,14)).

In the following definition, we denote by Lbj(O, T; BV(RY)) the space of functions w:[0, T] — BV(RY) such
that w € L'((0, T) x RY), the maps ¢ € [0, T] — [y ¥ dDw(t) are measurable for every ¥ € CJ(RY; R") and

foT [Dw(t)|[(RY)dt < oo.

Definition 8.1. A function u € C([0, T]; L?>(R")) is called a strong solution of (8.1) if
we W20, 7; L2 (RV)) n Ll (0, T; BV(RY))
and there exists z € L®r(]0, T[ x RY; RV) with ¢(z(x)) < 1 a.e. such that
uy=divz inD'(10, T[ x R")
and
/(z(l), Du(t)) = f ¢°(Du(t)) t>0ae. (8.3)

RN RN

Theorem 8.2. Let ug € L>(RN). Then there exists a unique strong solution in the semigroup sense u of (8.1) in
[0, T] for every T > 0. Moreover, if u and v are strong solutions of (8.1) corresponding to the initial conditions
ugp, Vo € LZ(RN), then

|u@) —v®)||, < lluo —volla foranyt >0. (8.4)
8.2. The evolution of a convex ¢-calibrable set

Let £2 be a set of finite perimeter in RY . We shall say that the set 2 decreases at constant speed A if
u(t,x) = (1 =" xo(x) (8.5)

is the strong solution of (8.1) with initial condition u#g = . It can be easily checked (see [14]) that §2 decreases at
speed A if and only if the function v := x; satisfies the equation

—divd¢g°(Du) = Av, (8.6)
i.e. if and only if there exists a vector field &€ € L®(R"; RV) such that ¢ (§) < 1,

—divé = 8.7
and

/(%UDU) =f¢°(Dv). (8.8)

RN RV

In other words, the set decreases at constant speed if and only if it is ¢-calibrable. Using Theorem 7.3 we obtain a
characterization of the convex sets which decrease at constant speed.
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Theorem 8.3. Let C be a bounded convex subset of RN which satisfies the RWg-condition for some R > 0. The
following conditions are equivalent:

(1) C decreases at constant speed,
(i1) C is ¢-calibrable;
(i) (N = 1)|[H oo < AL

8.3. The evolution of a bounded convex domain satisfying a ball condition

Let us assume that C is a bounded convex domain in RV satisfying the RW)p-condition for some R > 0. Let K
be the largest ¢-calibrable set contained in C, as in Theorem 6.3. For each A > 0 let C; be the solution of (P);.

By Theorems 6.3 and 7.3 we have that C), = ¢ for any A < Aﬁ, and C) = C for any A > max{)»g, (N — 1)||H¢C’||oo}.
Following [12,28,2], and recalling the monotonicity of C,, we define

—inf{A: x e C onx eC,
Hc(x):z{ol i x e onﬁc@N\c. 8.9)

Observe that Hc <0 on C, and Hc(x) = —A‘,ﬁ forall x € K.
Definition 8.4. Let H € L! (RN ) and let Fg be the functional defined as

Fu(X) = Pyp(X) + / H(x)dx,
X

for all X € RY of finite perimeter. Let E be a set of finite perimeter in RY. We say that H is a ¢-variational mean
curvature of E if

Fu(E) < Fg(X) VX of finite perimeter in RV,
The following result can be proved arguing as in [12,28].
Proposition 8.5. We have

(1) Hc is a ¢-variational mean curvature of C and fC Hc(x)dx = —Py(C).
(ii) Hc xc, is a ¢-variational mean curvature of C, and fcA Hc(x)dx = —Py(C;).

Lemma 8.6. We have || Hc ||l¢,« = 1. In particular, there exists a vector field &c € L®@RN,RN), such that ¢ (£c) < 1
and divéc = He in RN Moreover,

(¢, Dxc,)=9¢°(Dxc,) foranyx>0.

Proof. Since 7y (C) =0, we have — f x Hc(x) dx < Pyp(X) for any set X C RY of finite perimeter. This inequality,
as in the proof of Lemma 3.2, implies that || Hc||¢,+« < 1. Since fC Hc(x)dx = —Py(C), we deduce that || Hce g« = 1.
Hence, by Lemma 3.2 there exists a vector field £c such that ¢ (¢c) < 1 and divéc = Hc in RV,

Now, multiplying div&c = He by xc, and integrating on RV, we obtain

_/@C,Dgcx):/HC(x)dx:_Pzp(CA):_/¢O(DXC~A)-
RN C;, RN
Since ¢ (&c) < 1, we deduce that (§c, Dxc,) =¢°(Dxc,). O

Theorem 8.7. Let C be a bounded convex domain in RV satisfying the RWg-condition for some R > 0, and let
Hc be the variational curvature of C defined by (8.9). Then, u(t,x) = (1 + Hc (x)t)" xc (x) is the solution of (8.1)
corresponding to the initial condition ug = xc.
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Proof. Let t > 0. We have u,(t,x) = sign™ (1 + Hc(x)t)Hc (x), where sign™(1 + Hc(x)t) = 1 if and only if

t < otherwise sign™ (1 + Hc(x)t) = 0. In particular, we observe that for ¢ > ||HLC||Loc(C) = )%d, we have
K

1
T Hekx)
u; =u =0. Thus

ur(t,x) = He(x) xcy,, (X)) xj0,1) (1),

where T := ;\%"' Let &c be the vector field given by Lemma 8.6. We have
K

[ - v] = —4°(v) onaCy,

for all s > 0. Arguing as in [14,17], we now modify the vector field £c in such a way that its modification &(z, x)
satisfies £(¢, x) € X>(RM) and div(é(t,x)) =01in RN \Ciye. Ift > A%, we set £(¢, x) := 0. By Lemma 8.6, we have
K

(&(t), Du(t)) = ¢°(Du(t)) and
divé(t) = He(X)xc,,, =ur Vi€ (0,T).

By the characterization of d¥y given in Lemma 3.1 and recalling Theorem 8.2, we get that u(¢) is the unique strong
solution of (8.1), corresponding to the initial condition ug = xc. O

Remark 8.8. The proof also shows that actually, for a convex initial data, u(¢, x) is the solution of the problem (Q);
defined in (4.1) for A =1/¢.
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