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Abstract

We correct the proof of [G.M. Coclite, H. Holden, The Schrodinger—-Maxwell system with Dirac mass, Ann. Inst. H. Poincaré
Anal. Non Linéaire 24 (5) (2007) 773-793, Lemma 4.1].
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The proof of [1, Lemma 4.1] is incorrect. We here present a new proof. We employ the notation and assumptions
of [1].

Lemma 4.1. Assume o and 8 are positive constants. There exists a subsequence {vy, }keNn and a map v € H 2(.{2) N
H}(R2) such that

Up, — U weakly in H2(2)N H& (£2). (D)
In particular,
Up, —> U uniformly in £2. 2)

Proof. We split the proof in two steps.
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Step 1. We claim that the following inequality

Jy(vp) = min J,(v) <0 3)
veHL($2)

holds for infinitely many n € N.
Let ¢o be the normalized positive first eigenfunction of —A on §2, namely ¢ is the unique smooth map satisfying
the following conditions

—Agy = wopo, in 2,

@0 >0, in $2,
_ 4)
@0 =0, on 052,
lleollz2(@) = 1.
Since
2
/|V<P0(x)| dx = wo / 95 (x) dx = wp,
Q Q
we find, by evaluating J, in! A sign(v,—1(x0))@o, A > 0, that (writing v,_1 = sign(v,—1(x0)))
A 2 4 2 2
Jn(Avn—190) = > [Vol”dx + A 7 G(x, y)oy (e (x)dx dy
2 2xQ
o
~ oG0S | G600 ardy
N2x82
o
+ Uﬁ_l(xo))»zp / G (x, )G (y. x0)G (x, x0) @0 (y)go(x) dx dy
2x82
42 2 2 2
v, 1 (x0)A 25 G(x, y)G"(y, x0)py(x)dx dy
2x82
o
- |v3_1(XO)|XF f G(x, y)G*(y, %0)G (x, x0)po(x) dx dy
N2x82
w w
- Eszwé(x)dx - |Un—1(x0)|)\E / G (x, x0)po(x) dx
Q Q
w) — w
= 12—02 + %1 = vt (o) [APk2 + v (xo)APis — |v3_ | (x0) | ks — |vn—1(x0) |Aks.
Due to the positivity and the boundedness of ¢g, we have k1, ..., x5 > 0, hence
wy — W
JnOvn—190) < A* + 2%+ vy (o)A 2K — |va—1 (x0) | Aks. (5)
We have the following two cases.
G If
liminf|v,—1 (x0)| =0,
n
then there exists an ng such that, by passing to a subsequence and using, e.g., [1, (2.6)], we find
. . . W0 — W 4
Jy(vp) = min  J,(v) <minJ,(Av,—1¢9) <K min{ A“———— + A7k ) <0, n>np. (6)
veHL(£2) >0 >0 2

1 The point xq is where the point interaction is located, cf. [1].
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(ii) If
0 < liminf|v,— (xo)| < oo,
n
then there exists ng and ¢y € (0, |v,—1(x0)|) for n > ng such that

Jo(vy) = min  Jy(v) <minJ, (Av,—190)
veHL($2) 2>0

< Tig(ng + A4K1 + |vn_1(x0)‘2)L2K3 — cl)uc5> <0, n>ny. (7
>

Clearly, (6) and (7) prove (3). So Step 1 is concluded.
Step 2. We prove (1) and (2). Clearly it suffices to prove that

the sequence {v, },en is bounded in H2($2)N H& (£2). ®)
Due to [1, Lemmas 2.1 and 3.5] we only have to show that

the sequence {v, },en is bounded in H(} (£2), 9
the sequence {vn (xo)}n eN is bounded in R. (10)
If, by contradiction, (9) does not hold, we have that

limsup||v,,||H01(Q) = 00. (11)
n

Therefore, [1, Lemma 3.3] and a diagonal argument guarantee

limsup J,, (v,) = 0. (12)

n

Since, by construction, v, is a minimizer for J,, Eq. (3) says

Jo(vy) = min J,(f) <0, neN, (13)
feHy ()

which contradicts (12). This proves (9).
We conclude by proving (10). Assume by contradiction that {v, (x¢)},en is not bounded, namely (passing to a sub-
sequence)

li}gn‘vn(xo)| = 00. (14)

Multiplying [1, (2.21)] by u,,, which is defined by [1, (2.20)], and integrating over £2 we get

f|Vv,,(x)|2dx+ ""%@fc(x,xo)mn(x)d”a / G(x,y)uﬁ(y)u,%(x)dxdy=wfu,3(x)dx.
2 2 2x2 2
Integration by parts gives
vp—1(x0) /G _ Vp—1(x0) / _ Vp—1(x0)vu (x0)
- (x, x0)Avy,(x)dx = ——— | v, W)AG(x,x9)dx = ————,
B J B J B
thus
VU (X0) U —1(x0)

15
5 15)

/|Vv,,(x)|2dx +a / G(x,y)uﬁ(y)ui(x)dxdy=a)/u,21(x)dx+
Q 2% Q

Introducing the notation

B v GOLx)\ [ v Gl.xo)\’
=4 / G(x’y)(vn—l(XO)_ B )(Un—l(xo)_ B >dXdy’

2x82

wa/( vn () _G(x,x0)>2dx’
A Vp—1(x0) B
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Eq. (15) reads (cf. [1, (2.20)])

/ Vo, > dx + v (x0)an = 02 (x0)bn + w (16)
2
Due to (9) and (14)
2 2 2
ap—> O / Gy 2 (ﬁyz’x‘)) G (gz’x())dxdy, bn—>a)/7G (gz’x‘))dx. (17)
2

2x82

Passing to a subsequence we can assume that the sequence {v, (xg)/ 0271 (x0)} has a limit as n — co. We have the
following three cases.
) If

li v (x0)
I —3—"—" =
n Unfl(XO)
we divide (16) by v}, (xo)

2

by vy (x0)

/ = o 0
2 n—110 n—110

Using (9), (14), and (17) in (19), we have

2 2
o / G(x,y)G (‘;)2’)60) G (I;Céx()) dx dy = oo,

(18)

Vo,

v2_ | (xo0)

19)

2x82
which is a contradiction.
(i) If
lim & 0. (20)
novy (x0)
we divide (16) by v,,—1(x0) v, (x0)

/ Von? o Gnvasi (o) —Buvnoi(ro) 1 o
Un—1(x0) Un (x0) vn (x0) B

Since by (9), (14), and (17),

i @1Un=1 (F0) — Bavnoi (k) v (x0) ( b )
n v (x0) n v, (xo) " Ug_l (x0)

3

which implies, using (21), that co = % which is a contradiction.
(iii) Finally, if

limM — (€ (0,00),
mov,_y(xo

we observe that (see (14))
i Un+1 (x0) . Un4i (x0) v (x0)
m == = lim —3 3
nov, (x0) n v, (xo) V1 (x0)

v (x) =02 lim v2(x0) = o0,

therefore the subsequence {v2, (x0)}nen satisfies (18) and we get a contradiction.
Therefore (10) is proved. O
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