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Abstract

This paper extends the concept of generalized polarization tensors (GPTs), which was previously defined for inclusions with
homogeneous conductivities, to inhomogeneous conductivity inclusions. We begin by giving two slightly different but equivalent
definitions of the GPTs for inhomogeneous inclusions. We then show that, as in the homogeneous case, the GPTs are the ba-
sic building blocks for the far-field expansion of the voltage in the presence of the conductivity inclusion. Relating the GPTs to
the Neumann-to-Dirichlet (NtD) map, it follows that the full knowledge of the GPTs allows unique determination of the conduc-
tivity distribution. Furthermore, we show important properties of the the GPTs, such as symmetry and positivity, and derive bounds
satisfied by their harmonic sums. We also compute the sensitivity of the GPTs with respect to changes in the conductivity distri-
bution and propose an algorithm for reconstructing conductivity distributions from their GPTs. This provides a new strategy for
solving the highly nonlinear and ill-posed inverse conductivity problem. We demonstrate the viability of the proposed algorithm
by preforming a sensitivity analysis and giving some numerical examples.
© 2013 Elsevier Masson SAS. All rights reserved.

MSC: 35R30; 35C20

Keywords: Generalized polarization tensors; Inhomogeneous conductivity; Neumann-to-Dirichlet map; Asymptotic expansion; Inverse
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1. Introduction

There are several geometric and physical quantities associated with shapes such as eigenvalues and capacities [34].
The concept of the generalized polarization tensors (GPTs) is one of them. The notion appears naturally when we
describe the perturbation of the electrical potential due to the presence of inclusions whose material parameter (con-
ductivity) is different from that of the background.
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To mathematically introduce the concept of GPTs, we consider the conductivity problem in R¢, d =2, 3:

V- (x(RI\2) +kx(£2))Vu=0 inR?

1.1
u(x) —h(x) = 0(x|'™%) as |x| = oo. b
Here, £2 is the inclusion embedded in R? with a Lipschitz boundary, x (£2) (resp. x(Rd \ £2)) is the characteristic
function of £2 (resp. R? \ §2), the positive constant k is the conductivity of the inclusion which is supposed to be
different from the background conductivity 1, 4 is a harmonic function in R? representing the background electrical
potential, and the solution u to the problem represents the perturbed electrical potential. The perturbation u — h due
to the presence of the conductivity inclusion £2 admits the following asymptotic expansion as |x| — 0o:

(=Dl
a!p!

u(x) —h(x) = Z

lal, 18121

3% h(0) Mg (k, $2)3P I (x), (1.2)

where I' is the fundamental solution of the Laplacian (see, for example, [7.9]). The building blocks Mg (k, £2) for
the asymptotic expansion (1.2) are called the GPTs. Note that the GPTs Myg(k, §2) can be reconstructed from the
far-field measurements of u by a least-squares method. A stability analysis of the reconstruction is provided in [1]. On
the other hand, it is shown in [2] that in the full-view case, the reconstruction problem of GPTs from boundary data
has the remarkable property that low order GPTs are not affected by the error caused by the instability of higher-orders
in the presence of measurement noise.

The GPTs carry geometric information about the inclusion. For example, the inverse GPT problem holds to be
true, namely, the whole set of GPTs, {Mg(k, £2): ||, |8| > 1}, determines k and §2 uniquely [6]. The leading order
GPT (called the polarization tensor (PT)), {Myg(k, £2): ||, |8] = 1}, provides the equivalent ellipse (ellipsoid) which
represents overall property of the inclusion [11,20]. Moreover, there are important analytical and numerical studies
which show that finer details of the shape can be recovered using higher-order GPTs [14,4]. The GPTs even carry
topology information of the inclusion [4]. It is also worth mentioning that an efficient algorithm for computing the
GPTs is presented in [21].

The notion of GPTs appears in various contexts such as asymptotic models of dilute composites (cf. [30,32,13]),
low-frequency asymptotics of waves [24], potential theory related to certain questions arising in hydrodynam-
ics [34], biomedical imaging of small inclusions (see [10] and the references therein), reconstructing small inclusions
[27,11,20], and shape description [4]. Recently the concept of GPTs finds another promising application to cloaking
and electromagnetic and acoustic invisibility. It is shown that the near-cloaking effect of [29] can be dramatically
improved by using multi-layered structures whose GPTs vanish up to a certain order [12].

As far as we know, the GPTs have been introduced only for inclusions with homogeneous conductivities or layers
with constant conductivities. It is the purpose of this paper to extend the notion of GPTs to inclusions with inho-
mogeneous conductivities and use this new concept for solving the inverse conductivity problem. We first introduce
the GPTs for inhomogeneous inclusions and show that exactly the same kind of far-field asymptotic formula as (1.2)
holds. We also prove important properties of the GPTs such as unique determination of Neumann-to-Dirichlet map,
symmetry, and positivity. We then provide a sensitivity analysis of the GPTs with respect to changes in the conduc-
tivity distribution. We finally propose a minimization algorithm for reconstructing an inhomogeneous conductivity
distribution from its high-order GPTs. We carry out a resolution and stability analysis for this reconstruction problem
in the linearized case and present numerical examples to show its viability.

The paper is organized as follows. In Section 2 we introduce the GPTs for inhomogeneous conductivity inclusions
and prove that they are the building blocks of the far-field expansion of the potential. Section 3 is devoted to the
derivation of integral representations of the GPTs. We also establish a relation between the GPTs and the NtD map.
In Section 4 we prove important properties of symmetry and positivity of the GPTs and obtain bounds satisfied by
their harmonic sums. In Section 5 we perform a sensitivity analysis of the GPTs with respect to the conductivity
distribution. We also show that in the linearized case, high-order GPTs capture high-frequency oscillations of the
conductivity. In Section 6, we present an algorithm for reconstructing inhomogeneous conductivity distributions from
their high-order GPTs. The algorithm is based on minimizing the discrepancy between the computed and measured
GPTs.
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2. Contracted GPTs and asymptotic expansions

Let o be a bounded measurable function in R¢, d = 2, 3, such that ¢ — 1 is compactly supported and

M <o < (2.1)
for positive constants A and A». For a given harmonic function 4 in R, we consider the following conductivity
problem:

V-oVu=0 ian, 22)
u(x) —hx)=0(x|'"") as |x| > oo. '

In this section we derive a full far-field expansion of (u — h)(x) as |x| — oco. In the course of doing so, the notion of
(contracted) generalized polarization tensors (GPT) appears naturally.
Let B be a bounded domain in R? with a C'"-boundary 8 B for some 0 < 1 < 1. We assume that B is such that

supp(oc — 1) C B. (2.3)

Suppose that B contains the origin. Let H*(dB), for s € R, be the usual L>-Sobolev space and let Hj(0B) =
{p € H(0B) | faB ¢ = 0}. For s =0, we use the notation L%(BB).

The Neumann-to-Dirichlet (NtD) map A, : Hy "/*(9B) — H,'* (8 B) is defined to be

Aslgl:=ulyp, (2.4
where u is the solution to
V.-oVu=0 1in B,

0]
o—uzg on 0B, </u=0> (2.5)
av
dB

for g € HO_I/Z(BB). The operator A is the NtD map when o = 1.
Note that (2.2) is equivalent to

V.-oVu=0 in B,

Au=0 inR?\ B,

8_u :aa—u on dB, (2.6)
|, ov|_ ’
Uly =ul- on dB,

u(x) —hx)=0(x|"") as|x| > 0.

Here and throughout this paper, the subscripts + indicate the limits from outside and inside B, respectively.
Let I"(x) be the fundamental solution to the Laplacian:

1
2—ln|x|, d=2,
rey=1-" 2.7)

IH* d=3
—— X y = 3.
47

If u is the solution to (2.2), then by Green’s formula we have for x € R?\ B

8(148— h) (y)dsy—/ 8F(x—y)(u_h)
v 4 A vy

(y)dsy_/wu
+ 0B

w—mm=/ru—w

dB

au
=/F(x—y)5

dB

) dsy
+

d )
E)l)y +()’) Sy
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where the second equality holds since / is harmonic. Let g = o 5 ou -

get from the transmission conditions in (2.6) that

Then we have u|yp = As[g] on dB. Thus we

A (x —y)

7, Aslgl(y) dsy. (2.8)

=) (x) = f Fx— gy dsy — f

dB 0B

For x € RY \ B, we have

A (EE =IO\ ' [r d 9B
1(—y>— (x—~)—®/ (x—y)ds, ondB,
0B

av
and hence
ol (x —
/%A”[g](y)dsyzfp(x — AT A2l dsy. 29
)
B 9B

Thus we get from (2.8) and (2.9) that

( —h)(x) = / F'(x — AT A = Ap)[g]l(y)dsy, xeRY\B. (2.10)
0B

—1/2

Here we have used the fact that A : (0B) — HY 2(8 B) is invertible and self-adjoint:

—1/2
<A1[g], f)Hl/Z’H—l/Z = (g, Al[f]>H1/2’H71/2, Vf.g€H, / (0B),

with (, ) 12 y-1/2 being the duality pair between H’l/z(BB) and H/2(3B).
Suppose that d = 2. For each positive integer n, let u{, and u3 be the solutions to (2.2) when k(x) = r" cosné and
h(x) =r" sinn6, respectively. Let

c s

u
and g =0—"=

C .__
gn =0

on 9B. @2.11)

Since (2.2) is linear, it follows that if the harmonic function /4 admits the expansion

o
h(x)=h(0) + Zr” (a§ cosnf + a; sinnd) (2.12)

n=1
with x = (r cos 8, r sin0), then we have

0]

Z ngn + angn

and hence
oo
w—hyx)=>) / rx—y)(as AT (A1 — A0)[g5] () +ay AT (A1 — A0)[ 23] () dsy. (2.13)
n=l14p
Note that I"(x — y) admits the expansion

o0

—1 [cosnd sinné .
ri=n =3 L[ i cosns, + M0 i, ] + @14)
=1 X

X

where C is a constant, x = r,(cosfy, sinfy) and y =r,(cosfy, sin6y). Expansion (2.14) is valid if |x|] — oo and
y € dB. The contracted generalized polarization tensors are defined as follows (see [12]):
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Mg, = M5sfo)i= [ 17 cosmo, A7 (41 = An)[gE]0)ds,. @15
B

M =M [o]:= / ry cosmeyA;1 (A1 — Ag)[g) ] () dsy, (2.16)
dB

M3E = M3 [o] ::/r;" sinmeyA;l(Al — As)[85] () dsy, 2.17)
B

M, =M, 0] 1=/r;” sinmBy A7 (A1 — Aq)[g5] () ds,y. (2.18)
B

From (2.13) and (2.14), we get the following theorem.

Theorem 2.1. Let u be the solution to (2.2) with d = 2. If h admits the expansion (2.12), then we have

sinm6

o
(M36,a + MS,al), (2.19)

mn—n mn—n

>, cosmb >
_ cc ¢ cs S
(= h)(x) = —mZ_l e 2 (Mysas + My,a3) = 21 Do 2

which holds uniformly as |x| — oo.

In three dimensions, we can decompose harmonic functions as follows:

h(x) =hO)+ > Y awr" Y, ©, ¢), (2.20)

n=1m=—n

where (r, 6, ¢) is the spherical coordinate of x and Y, is the spherical harmonic function of degree n and of order m.
Let

Olmn

av

on 9B, 2.21)

8mn =0

where u,,, is the solution to (2.2) when h(x) =r"Y," (0, ). It is well-known (see, for example, [36]) that

oo L
L vk o7 @ o)
Fa=n==3 3 570 0.0Y 0. ¢) (2.22)
£=0k=—¢

where (r, 0, ¢) and (r', 8, ¢') are the spherical coordinates of x and y, respectively. Analogously to Theorem 2.1, the
following result holds.

Theorem 2.2. Let u be the solution to (2.2) with d = 3. If h admits the expansion (2.20), then we have

00 J4 [e’s) n
w-nH=-3 33 % MY}(@,@ as |x| — o0, (2.23)

+1
P Pl 200 o DLk
where the GPT My,uie = Munkelo] is defined by
Mania = [ YE@0)r " AT (A1 = A0l ¢') do (2.24)
B

We emphasize that the definitions of contracted GPTs do not depend on the choice of B as long as (2.3) is satisfied.
This can be seen easily from (2.19) and (2.23) (see also Section 4).
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3. Integral representation of GPTs

In this section, we provide another definition of GPTs which is based on integral equation formulations as in [28,9].
Proper linear combinations of GPTs defined in this section coincide with the contracted GPTs defined in the previous
section.

Let Ny (x, y) be the Neumann function of problem (2.5), that is, for each fixed z € B, Ny (x, y) is the solution to

V.0VN(,z)=—-8,() inB,

UVN("Z)'V|E)B:w—13|, /N(x,z)da(x):O. (3.1)
B

Then the function u defined by

u(x) = Nio [g10x) i= / No(x.y)g(»)dsy, x€B (3.2)
OB

is the solution to (2.5), and hence
As[gl(x) =N s[gl(x), xe€dB. (3.3)
Let Sp be the single layer potential on d B, namely,
Splel(x) Z/F(x — V() dsy, xeR (3.4)

3B
Let the boundary integral operator Kp (sometimes called the Poincaré—-Neumann operator) be defined by

ar
Kglolx) = / —— =y dsy.
vy
3B
It is well-known that the single layer potential Sp satisfies the trace formula

0
533 [¢]

1
= (:I:EI +IC}§>[¢] on 9B, (3.5)
+
where K7 is the L?-adjoint of K. We recall that AJ — K% is invertible on L%(&B) if |A] > 1/2 (see, for example,
[26,39,9]).

Identity (2.10) suggests that the solution u to (2.2) may be represented as

h S , RY\ B,

0 (x) = (x) +Splelx), xeR?\ (3.6)
Neos[Ylx)+C, x€B

for some densities ¢ and ¥ on d B, where the constant C is given by
1
C=—-[(h+S ds. 3.7
o5 [ G+ Saton)as (37)

0B

In view of the transmission conditions along B in (2.2), (3.3) and (3.5), the pair of densities (¢, ) should satisfy

1 1
—Splé] + w/SBW]dHAU[m = [ s
0B

9B on dB. (3.8)
oh

1 . _ o
—(51+ICB>[¢]+1/f_ .

We now prove that the integral equation (3.8) is uniquely solvable. For that, let

~ 1
Splol:=Sple] - @/SBW]dS. (3.9)
oB
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Lemma 3.1. The operator A : H™12(3B) x Ho_l/z(aB) — HI/Z(BB) x H1/2(3B) defined by
. _gB Aa
A= |: ( 1+K5) I] (3.10)

is invertible.
As an immediate consequence of Lemma 3.1 we obtain the following theorem.

Theorem 3.1. The solution u to (2.2) can be represented in the form (3.6) where the pair (¢, V) € H’I/Z(BB) X
1/2(83) is the solution to

A[¢]=[h_mf33hds] (3.11)

oh
v 5y loB

Proof of Lemma 3.1. We first recall the invertibility of Sp : H~/2(dB) — H'/?(3B) in three dimensions (see, for
instance, [39]). In two dimensions this result is not anymore true. However, using Theorem 2.26 of [9], one can show
that in two dimensions there exists a unique ¢ € L?(3B) such that

/¢0=1 and Splpo]=0 ondB. (3.12)
B

Then we have

o 0
[0} [ (51 +K; )[d)o]] (3.13)

/(%I+K’g)[¢o]d0:/¢0<%I+ICB>[1]da:/¢0da: 1. (3.14)
B B 0B

Therefore, by replacing ¢ with ¢ — ¢ . op ®- it is enough in both the two- and three-dimensional cases to determine
uniquely (¢, ¥) € H, l/2(8B) X Ho_l/z(aB) satisfying

(1)L

for (f,g) € Hy>(dB) x Hy '/*
(¢, ¥) be the solution to

ALY =L carrpon]
¥ 8- C(2I+IC )0l
It then follows from (3.13) and (3.14) that

-

We now show that (3.15) is uniquely solvable for a given (f, g) € H1/2(8 B) x H0_1/2(8 B). We first introduce the
functional spaces

and

(3B). In fact, if (f,g) € Hy/>(3B) x H~"/%(dB), then let C = g Jyp & and let

H (RY) := {hu € L*(RY), V(hu) € L*(R?), Vh € C°(RY)},
W (R?) = {w € Hyp,(R)): — € L2(R?). Vwe L2(R3)} (3.16)

and
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w
W R? ::{weH1 R?):
(&) e V1+r2In@2+r2)
where r = |x|. We also recall that A sets an isomorphism from W4 (RY) to its dual W (Rd )*; see, for example, [36].
Observe that it is equivalent to the existence and uniqueness of the solution in W;(R¢) to the problem (see, for
instance, [8, Theorem 2.17])

e L*(R?), Vwe LZ(R2)}, (3.17)

V-ocVu=0 in B,
Au=0 inR?\ B,
ou ou
6877_87+=g on 0B, (3.18)
ul- —uly=f on 4B,
u@x) =0 (x| as|x| - oco.

The injectivity of A comes directly from the uniqueness of a solution to (2.6). Since u is harmonic in R? \ B and
u(x) = 0(Jx|'=%) as |x| — oo, there exists ¢ € L(z)(BB) such that

u(x) =Splgl(x), xeRY\B. (3.19)
If we set ¢ = og—fﬂ_, then
ul— = Ag[Y]1+C, (3.20)

_ 1
where C = wam_. Note that

1 1
C=M/(ul++f)=m/83[¢]. (3.21)
0B B

We now have from (3.19) and (3.21) that

1
g=v — <§I+IC}}>[¢>]. (3.22)
Furthermore, we have

f=A[Y]+C — Spld] = Ao [¥] — Splo]. (3.23)
Thus (¢, V) satisfies (3.15) and the proof is complete. O

We can now define the GPTs associated with o using the operator .A.

Definition 3.1. Let o be a bounded measurable function in RY, d = 2, 3, such that o — 1 is compactly supported
and (2.1) holds and let B be a smooth domain satisfying (2.3). For a multi-index o € N9 with l| =1, let (¢dg, Yo) €

H~'2(0B) x H&I/Z(BB) be the solution to

1 o
o x* = @5 Jopx*ds
A = on dB. 3.24

[% V- Vx? ( )
For another multi-index 8 € N¢, define the generalized polarization tensors associated with the conductivity distribu-

tion o (x) by

Mg = Myg(0) = / Py (x) ds. (3.25)
JB

Definition 3.1 of the GPTs involves the domain B satisfying (2.3). However, we will show later that GPTs for o
(in fact, their harmonic combinations) are independent of the choice of B satisfying (2.3).
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When |a| = |8| =1, we denote M := (Myg)|q|=|8|=1 and call it the polarization tensor (matrix). Sometimes we
write M = (Mij)?jzl.
For a given harmonic function /4 in RY, 1et (¢, ¥) be the solution to (3.11). Since
8“h’(0)xa’

h(x)=h©0)+ Y

la| =1

we have

o] 0%h(0) [ ¢g
157l

|21

By (3.6) the solution u to (2.2) can be written as

9“h(0)

—Spl¢al(0), xR\ B.

u(x) = hx) + Z

|| >1

Using the Taylor expansion

+o0
_1lBl
rx—y=>y_ ( 3 P r(x)yP
1B1=0
which holds for all x such that |[x| — oo while y is bounded [9], we obtain the following theorem.

Theorem 3.2. For a given harmonic function h in R%, let u be the solution to (2.2). The following asymptotic formula
holds uniformly as |x| — oo:

(=Dl
a!p!

u(x) —h(x) = Z

], 18121

3*h(0)MypdP I (x). (3.27)

There is yet another way to represent the solution to (3.11). To explain it, let A¢ be the NtD map for the exterior
problem:

A°[g)i=ulpp — L/.u
|0B|
9B

where u is the solution to

Au=0 inRY\ B,

ou dB (3.28)
—_— =8 on s .
v 4

u(x)=0(|x|'"™) as x| - cc.
Let (¢, ¥) be the solution to (3.11). By (3.22), we have
V= (11+/c;§)[¢]+% =¢+ (—LHC};)WH%
2 v 5p 2 av

On one hand, we obtain from the second identity in (3.29) that f o5 9 = 0. On the other hand, the first identity in (3.29)
says that

(3.29)

aB

ah
+_

ondB, (3.30)
L 0

d
Y= a—SB[¢]
v

9B
and hence

Iyl = Spl] — —— e| 21
Al = Sp[9] |SB|/SB[¢]+A [av
aB

}. (3.31)
B
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Moreover,

d oh
1/f=¢+—33[¢]’ +— on 9B,
v _dv

dB
and therefore,
1
1[¥] = A1[o] + Sld] + hlop — |3B|(SB[¢] h).
Combining (3.31) and (3.33) with

As[¥]=Splol+ hlop — Splg]+h)

I3B|(
in (3.11) yields

v NEL
(40 - 41 = (41 - 2 5]
(A1 = A Y] = A1l
Thus we readily get
_ NEL
¢ = A7 (A1 = 4:) (A — A°) I(AI—A‘)|:—

dv 33}7
W

Note that by the uniqueness of a solution to problem (3.18), it is easy to see that (As — A¢) : H,
is invertible.
Using (3.34) gives a slightly different but equivalent definition of the GPTs.

_ oh
v = (Ao — 497\ () —Ae)|:a—v

—1/2

Lemma 3.2. For all o, p € N, Mg, defined by (3.25), can be rewritten in the following form:

8 o
ol :|ds.
9B

Map (@) = /x’g/‘fl(/h — Ag) (40 — A9) (A - Ae)[W

B

Formula (3.36) shows how to get the GPTs from the NtD maps.

4. Properties of GPTs

(9B) — H'?

(3.32)

(3.33)

(3.34)

(3.35)

(0B)

(3.36)

In this section, we prove important properties for the GPTs. We emphasize that the harmonic sums of GPTs, not
individual ones, play a key role. Let I and J be finite index sets. Harmonic sums of GPTs are ) ;. pes AabpMagp

where ), dox® and } 4, bgxP are harmonic polynomials.
The following lemma will be useful later.

Lemma 4.1. Let [ and J be finite index sets. Let h1(x) := Zael agx® and hy(x) := Zﬁe] bﬂxﬁ be harmonic poly-

nomials and let u be the solution to (2.2) with h1(x) in the place of h(x). Then,

D0 agbpMag _/(o — 1)Vuy - Vhydx.

ael peJ

Proof. Lety =), ;aqVo and ¢ =), ; Gupo. Then u; is given by

hi(x) + Splpl(x), xeRI\ B,
ui(x) =
Npol¥l(x)+C, x€B.

4.1)
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By (3.24), (3.25), and the integration by parts, we see

ZzaabﬂMaﬁ —/hz(x)qﬁ(x)dsx
ael el
=/h2(385[‘/’]
v
aB +
/hz(llf - %) ds, — / p, 258101
d v |_
B 9B
/hz(lﬂ - %) dss —/Sg[qs]% ds
d av

- asB[cp]‘ )d
v - X

9B dB
oh oh
/hz(llf - 8—1)1) dsy — /‘(Aa[w] - hl)a—vzdsx
9B dB
ohs

/ (hzw A m—) ds
B

ou 8h2
/(hza— — )ds)C

v |_ Bv
B

= /(a — 1)Vhy - Vudx,

which concludes the proof. O

Identity (4.1) shows in particular that the definition of (harmonic combinations of) the GPTs given in the previous
section is independent of the choice of B.

4.1. Symmetry
We now prove symmetry of GPTs.

Lemma 4.2. Let I and J be finite index sets. For any harmonic coefficients {ay | € I} and {bg | B € J}, we have
ZzaabﬂMaﬁ = ZzaabﬂMﬁa. (4.2)
ael el ael el

In particular, the first-order GPT, M, is symmetric.

Proof. The symmetry property (4.2) can be easily deduced from the proof of Lemma 4.1. However, we give here a
slightly different proof. For doing so, let

hi(x):= Zaax“, ho(x):= Zbﬂxﬁ.
ael BeJ
By (3.34), we have
SO aubyMyy = / ha (0B () ds
ael el

aoh
= /thl_l(Al - AO’)(AO' - Ae) (A - Ae)|: 31)1

aB

N

[ 9h2 -1 | 971
_/W(Al —Ag)(As =A%) (A1 — A )|: ™

aB

ol
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Since
(Ag — A) "= (A1 = A°) 7+ (Ag — A°) T (A1 = Ag) (A1 — 49) 7,
we have
dh dh dh _ dh
ZzaabﬁMa,ﬁzfa—z( a[ 1} /—2<A1 A0) (Ao — A) 7 (A1 - g>[ 1}
ael el 9B v 9B

Since the NtD maps, A1, Ay, and A€, are self-adjoint, we get (4.2) which concludes the proof. O
4.2. Positivity and bounds

Let h(x) = Zae ; ex® be a harmonic function in R9 and u be the solution to (2.2). As in the proof of Lemma 4.1,

we have
0 oh
Z aaalgMaﬂ—/<ha—u —u8—>ds
o,Bel - v
oh —h
=/<u0—’ 2 —h)——h——( _ =) )ds
v | _ av n

dB
- /(U|Vu|2 —2V(u—h) - Vh—|Vh|]) + f IV —ml|*
B RY\B
= /(U}V(u — h)}2 +2(0 — DV —h)-Vh+ (o — 1)|Vh[?)
Rd
/a|V(u—h)+(1—a Nwal? +/( |Vh|
Rd
We can also check the following variational principle:
> agagMep = min /a|Vw+(1—a )Vh| +/(G |Vh|2 (4.3)
a,Bel weWy(RY)
5 ]Rd
where Wd(Rd) is defined by (3.16) and (3.17).

Following the same lines of proof as in [9] for the homogeneous case, we have the following bounds for GPTs.

Theorem 4.1. Let I be a finite index set. Let {a, | a € I} be the set of coefficients such that h(x) := Zae] agx® isa
harmonic function. Then we have

/(° D\wn < <Y daapMus < /(a—l)|Vh| (4.4)

o,pel

Proof. The bound on the left-hand side is obvious since

min /0|Vw+(1 — o Yyva|
weWy(RY) g
R

By taking w =0, we get

3 dwasMop < /(0 |Vh| /(U |Vh|? f(a—1)|Vh|2,
B

o,Bel

which concludes the proof. O
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The above theorem shows that if ¢ is strictly lager than 1 then the GPTs are positive definite, and they are negative
definite if 0 < o < 1. Note that optimal bounds on the first-order GPT have been derived in [22,31].

4.3. GPTs and contracted GPTs

The contracted GPTs appeared in the asymptotic expansions as in (2.19) and (2.23) while the GPTs appeared
in (3.27). By comparing those asymptotic formulas, we obtain the following lemma which relates both quantities.

Lemma 4.3.

() Ifrcosnt =3, _, agx® and r" sinnf =3, _, aox® in two dimensions, then

=n -«
My = > alagMes, Mg, = Y abayMe,
la|=m. |Bl=n |la=m. |Bl=n
My= > ayagMes.  My,= Y ahayMes.
lee|=m, | B|=n le|=m, |Bl=n

i) Ifr"Y" (0, p) = Z|Ot|=n all"x% in three dimensions, then

Mk = Z a(n;nagl Ma}g.
la|=n, |BI=I

Conversely, any harmonic combination of the GPTs can be recovered from the contracted GPTs.
4.4. Determination of NtD map

It is proved in [6] (see also [9, Theorem 4.9]) that the full set of harmonic combinations of GPTs associated with a
homogeneous inclusion determines the NtD map on the boundary of any domain enclosing the inclusion, and hence
the inclusion. In the case of inhomogeneous conductivity inclusions, the same proof can be easily adapted to obtain
the following result.

Theorem 4.2. Let I and J be finite index sets. Let o;, i = 1,2, be two conductivity distributions with supp(o; — 1) C B
and satisfying (2.1). If

DD aubpMap(01) =D " aubpMap(02) (4.5)
ael peJ ael pel

for any harmonic coefficients ay and bg, then

Ay, = Ay, ondB. (4.6)

Using uniqueness results of the Calderén problems (for example [38,15]) one can deduce from (4.6) that o1 = o»
under some regularity assumptions on the conductivities imposed in those results. In two dimensions, uniqueness
holds for conductivities in L [15].

5. Sensitivity analysis for GPTs

We now consider the sensitivity of the GPTs with respect to changes in the conductivity distribution. Again, we
suppose that o — 1 is compactly supported in a domain B. The perturbation of the conductivity o is given by o + €y,
where € is a small positive parameter, y is compactly supported in B and refers to the direction of the changes. The
aim of this section is to derive an asymptotic formula, as € — 0, for the perturbation

Dar =30 by (Map (o + €v) — Map (@), ©-1)
ael BeJ

where {ay} and {bg} are harmonic coefficients and / and J are finite index sets.
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Let, as above, i1 and %7 be the harmonic functions given by
hi(x) = Zaax“, ha(x) = Zbﬂxﬂ.
o B
By (3.34) and a direct calculation we obtain

Ay = f h AT (A1 = Agiey) (Avtey — A9) ™ = (A1 = A0) (A — A°) ) (A1 = A) [V -]
B
=/h2A1_1((AU — Aotey)(Agtey — A)
B
+ (A1 = A)[(Ao ey — A°) T = (45 — A9) ' ]) (A1 — A) [V - v]

= / AT (A1 = A9) (4 — 4) 7 (A = Agre)(Aotey — A) 7 (A1 = A) [V -]

-1

JB
_ / (Ag — Agrey)le2lgS,
JB
where
85 = (Aotey — A9) 7 (A1 = A)[Vh1-v] and gy = (Ag — A°) ' (A1 — A)[Vhy -], oy

Since A, is self-adjoint, we have

_ l _ € €\ _ l _ _ l _ €1,€
Ay = ) (Ao Aa+ey)[g2 +g1](82 +g1) 5 (Ao — Actey)lg2lg ) (Ao Aa+ey)[gl]g1-
B B JdB

We need the following two lemmas.

Lemma 5.1. If uy and u, are the solutions of V - (61Vu1) =0 and V - (62Vuy) = 0 with the Neumann boundary
conditions o % =g and 02%2 = g on 3B, respectively, then the following identity holds

1
/(Agz — Ao)lglgds = > /(al — o) (|V — un)[* + Vs | + Vs ) dx. (5.3)
0B B

Proof. The following identity is well-known (see, for instance, [9]):

2
/ol V1 —un)Pdx + /(01 o)V Pdx = /(Aaz — Aglglgds.
B B oB

We also have

2
/02|V(u1 —up)|"dx — f(Ul — 02)|Vus|* dx Z/(Am — Agy)lglgds.
B B B

Subtracting those two equalities we obtain (5.3). O

Lemma 5.2. There is a constant C such that

|As, — Ay |l < Cllor — 021l Loo(B). (5.4)

Proof. Let u; and u> be the solutions to V - (o1 Vu;) =0 and V - (062 Vuy) = 0 with boundary conditions o % =g

and 02%2 = g on d B, respectively, and let /2 be the harmonic function with g—ﬁ = g on 0 B. Then we have
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1
/01|Vu1|2:/Vh~Vu1<2—/|Vh|2dx+§/|Vu1|2dx,
€
B B B B

for any € > 0. Choosing € = infp 01 := 0] we get

2 1 2
|Vui|“dx < — | |Vh|“dx.
012

B ~— B

Similarly, we get

2 1 2
[Viuo| dx<—2 |Vh|“dx,
02
B — B

where o3 :=infp 0. It then follows from (5.3) that

3
<§||01—02||L°°(B)</IVullzdx—F/IVlede)
B B

< — —1 +—1 /l h| d || - ZH[OOB

I > 3 Vv X )|o (o)

2 o1 02 ! *
ity )

< Cligly-1ppp o1 = 02llL2m).

‘/(Aaz - Aal)[g]gds
B

Thus, we obtain (5.4). O

With the notation (5.2) in hand, let
-1
g1:=(As — A°)" (A1 — A°)[Vh; -v],
and let u;, for i = 1, 2, be the solution to
V.-(oVu;)=0 in B,
3ui
o— =g on dB.
av

Let u{, v{ and v5 be the solutions to

V- (aVui) =0 in B,
i _ g 9B
= on 0B,
“ ov &1
V. ((o + ey)va) =0 in B,
v} .
— = on 0B,
av 81

and
V-((c +€y)Vv5) =0 inB,
ov5

oc—==g on dB.
av

Then by Lemma 5.1 we have

4
B

1
Ay = —fey(|V(u2 +u§ — v — vf)|2 + |V (u2 +u§)|2 + |V (v§ + vf)\z) dx

4
B B

891

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

1 1
- —/ey(|v(u2—v§)|2+|vu2|2+ Vo5 |?) dx — Z[ey(|v(u§ — )P + | Vs + | Vs ]?) dx.
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Lemma 5.2 yields

|uf —ur ”iZ(B) =0(e) (5.10)
and
”U;_”A/”;(B):O(G), j=12. (5.11)
Thus we get
Ay = %/V(W(ul —i—uz)‘z — |V, > = |Vu2|2) dx + 0(62),
B

to arrive at the following theorem.

Theorem 5.1. Let [ and J be finite index sets. Let uy and uy be the solutions to (5.6). Then we have

D0 aubpMup(o +ey) =Y Y aabpMap(o) +€ / yVui - Vuydx + 0(€2). (5.12)

ael peJ ael pel
6. Reconstruction of an inhomogeneous conductivity distribution

Over the last decades, a considerable amount of work has been dedicated to the inverse conductivity problem. We
refer, for instance, to [18,23] and the references therein.

Here, our approach is completely different. We stably recover some important features of inhomogeneous con-
ductivities using their GPTs. It should be emphasized that the GPTs can be obtained from boundary measurements
by solving a least-squares problem [1]. The purpose of this section is to illustrate numerically the viability of this
finding.

For doing so, we use a least-square approach (see, for instance, [25]). Let o* be the exact (target) conductivity
(in two dimensions) and let y,,, := M;,,(c*) (omitting for the sake of simplicity ¢ and s for the superscripts in
contracted GPTs). The general approach is to minimize over bounded conductivities o the discrepancy functional

1
S@ =5 Y Omnlymn —Mun(@)] (6.1)
m+n<N

for some finite number N and some well-chosen weights w,,,,. The weights w,,,, are used to enhance resolved features
of the conductivity as done in [3,19]. We solve the above minimization problem using the gradient descent (Landwe-
ber) method.

6.1. Fréchet derivative and an optimization procedure

Let, again for the sake of simplicity, M,,,(c) = M’ (o) be the contracted GPTs for a given conductivity o. The
Fréchet derivative in the direction of y, M, (o)[y], is deﬁned to be

Myn(o +€y) — Myn(0)

(@)1= .
From (5.12) we obtain that
M, ()] = / Y Vity - Vit dx, 6.2)
B
where u, and u,, are the solutions of
V.-(oVu)=0 in B,
0 _ 6.3
052 = (A — A°) " (A1 — A)[VA-v] on B, ©3

ov
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with & = r" cosnf and h = r" cosm#@, respectively. Note that if M,,, (c) is one of the other contracted GPTs, then &
should be changed accordingly.
One can easily see that the adjoint M), (o)* of M, (o) is given by

M,,, () [c]=cVuy - Vu,, ceR. (6.4)
The gradient descent procedure to solve the least-square problem (6.1) reads
k1 =0k + Y Onn My, (01)* [Ymn — Minn(00)]- (6.5)
m,n

In the numerical implementation, the GPTs for the exact conductivity distribution can be computed by using the
following formula:

B 0 oh
an(a)z/(hl —ﬂl)a%ds=/h10£ds —/—luzds (6.6)
)
dB 0B
where i1 and u, are the solutions to
V- (o(x)Vi}) =0 in B,
8 oh
el on 3B, (/f“:o), 6.7)
Bv s
dB
and
V.-oVu,=0 inR?,
—d (6.8)
ua(x) —ha(x) = O(Ix|'™), |x| — oo,

respectively. Here, h; = r" cosn6 and hy =r™ cos m6 in two dimensions.
On the other hand, in order to compute M,,,(0)* we need to invert the operator A, — A¢. This can be done
iteratively. In fact, the least-square solution to

(A6 — A°)Ig] = f,

is given by

Skt1 =gk + w(Ag — A°)(f — (Ao — A)[gk]), (6.9)
where w is a positive step-size.

In order to stably and accurately reconstruct the conductivity distribution, we use a recursive approach pro-
posed in [14] (see also [3,4,19,16]). We first minimize the discrepancy between the first contracted GPTs for 1 <
m, n < [. Then we use the result as an initial guess for the minimization between the GPTs for 1 <m,n <[+ 1. This
corresponds to choosing appropriately the weights w,,, in (6.1). Moreover, we refine the mesh used to compute the
reconstructed conductivity distribution every time we increase the number of used contracted GPTs in the discrepancy
functional.

6.2. Resolution analysis in the linearized case

Let d =2 and let B be a disk centered at the origin. Consider the linearized case by assuming that the conductivity
o is given by 0 = k+€y, where k # 1 is a positive constant and € is a small parameter. In that case, using Theorem 5.1
together with Lemma 4.3, one can easily see that

My (k + €7) = My (k) + € / Y Vit - Vuy dx + O (€2),
B

m ,im6 n ,in6

with u,, (x) =r"e'™  u, (x) =r"e

(/\y(r’e)rm-i-n—Zei(m-i-n)Q do dr)
B

,and x = (r, 8). Hence, it follows that

1<m,nN
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reconstruction of conductivity

1.8 T T
——exacto
1.7 = estimation of c using 6 GPTs
initial o i

Fig. 1. Reconstructed conductivity distribution.

can be obtained from the contracted GPTs, M,,,,, for 1 < m, n < N. Therefore, the higher is N, the better is the angular
resolution in reconstructing y. On the other hand, it is clear that variations of y that are orthogonal (in the L? sense)
to the set of polynomials (r”1+"’2)1<m,,,< N cannot be reconstructed from the contracted GPTs M,,,,, 1 <m,n < N.
Moreover, the reconstruction of y near the origin (r = 0) is more sensitive to noise than near the boundary of B. This
is in accordance with [5,35].

6.3. Numerical illustration

In this section, for simplicity we only consider the reconstruction from contracted GPTs of a conductivity distribu-
tion which is radially symmetric. Many recent works have been devoted to the reconstruction of radially symmetric
conductivities. See, for instance, [17,33,37].

Here we consider the following conductivity distribution:

o = (0.3r2+0.5r> + 6(r> — 0.5)° +3.0) /3.0, (6.10)

and apply our original approach for recovering o from the contracted GPTs M,,,,, for m, n < N. Since the conductivity
distribution o is radially symmetric we have

M, =M, =0 forallm,n,

M =M, =0 ifm#n,

and M, :== M\, = M,’, . We use M to estimate the constant conductivity which has the same first-order GPT as
follows:

_2|B|+ M,
T 2IB| - M’
Then we use oy as an initial guess and apply the recursive approach described below.
Let &, be the last iteration step, and let €37 and &, be discrepancies of GPTs and the conductivities, i.e.,

e = Y (= Ma(0x)’s v 1= Ma(0). (6.12)
n<N

ag -

6.11)
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Fig. 2. The convergence history of €7, where k is the number of iterations.
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Fig. 3. The convergence history of &5, where k is the number of iterations.

(N represents the number of GPTs used) and

_ f B (ok, — 0)2
= 4/ PR
B
Fig. 1 shows the reconstructed conductivity distribution using contracted GPTs with N = 6. In this reconstruction, the

errors €y and &, are given by

(6.13)

&yt

em =9.83318e — 005, ge = 3.5043¢ — 005,
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after 1598 iterations. It should be noted that the conductivity is better reconstructed near the boundary of the inclusion
than inside the inclusion itself. Fig. 2 shows how fast ), decreases as the iteration proceeds. The sudden jump in the
figure happens when we switch the number of GPTs from N to N + 1. Fig. 3 is for the convergence history of &5.

7. Conclusion

In this paper we have introduced for the first time the notion of GPTs for inhomogeneous conductivity inclusions.
The GPTs carry out overall properties of the conductivity distribution. They can be determined from the NtD map. We
have established positivity and symmetry properties for the GPTs. We have also analyzed their sensitivity with respect
to small changes in the conductivity. We have proposed a recursive algorithm for reconstructing the conductivity
from the GPTs and presented a numerical example to show that radially symmetric conductivities can be accurately
reconstructed from the GPTs. A numerical study of the use of the GPTs for solving the inverse conductivity problem
will be the subject of a forthcoming work. A stability and resolution analysis will be performed. It would also be very
interesting to extend the ideas of this paper to the inverse wave medium problems.
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