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Abstract

We study weak solutions of the 3D Navier—Stokes equations with L? initial data. We prove that V¥u is locally integrable in
space—time for any real « such that 1 < o < 3. Up to now, only the second derivative V24 was known to be locally integrable by
4
1 o/c(ot+1)
only on the L2-norm of the initial data and on the domain of integration. Moreover, they are valid even for « > 3 as long as u is
smooth. The proof uses a standard approximation of Navier—Stokes from Leray and blow-up techniques. The local study is based
on De Giorgi techniques with a new pressure decomposition. To handle the non-locality of fractional Laplacians, Hardy space and
Maximal functions are introduced.
© 2013 Elsevier Masson SAS. All rights reserved.

standard parabolic regularization. We also present sharp estimates of those quantities in weak-L . These estimates depend
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1. Introduction and the main result

In this paper, any derivative signs (V, A, (—A)“/ 2. D,d and etc.) denote derivatives in the only space variable
x € R3 unless the time variable ¢ € R is clearly specified. We study the 3D Navier—Stokes equations

oou+w-VYu+VP—Au=0 and

divu =0, t€(0,00), x €R?, (1)
with L? initial data

up € L*(R?),  divug=0. 2

The problem of global regularity of weak solutions for the 3D Navier—Stokes equations has a long history.
Leray [27] 1930s and Hopf [22] 1950s proved the existence of a global-time weak solution for any given L? initial
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data. Such Leray—Hopf weak solutions are weak solutions u of (1) lying in the functional class L>(0, oo; LZ(R3)) N
L%(0, oo; H'(R?)) and satisfying the following global energy inequality:

2
]| o3y + 21Vl 2 123y < Nuoll7o sy forae. 0<i < oo.

Until now, regularity and uniqueness of such weak solutions are generally open.

Instead, many criteria which ensure regularity of weak solutions have been developed. Among them, the most
famous one is LadyZenskaja—Prodi—Serrin Criteria [24,30,36], which says: if u € L?((0, T); L4(R?)) for some p and
q satisfying % + 3 =1 and p < oo, then it is regular. Recently, the limiting case p = oo was established in the

paper of Escauriaza, Seregin and Sverdk [16]. Similar criteria exist with various conditions on derivatives of velocity,
vorticity, or pressure (see Beale, Kato and Majda [1], Beirdo da Veiga [2] and Berselli and Galdi [4]). Also, many
other conditions exist (e.g. see Cheskidov and Shvydkoy [10], Chan [9] and [5]).

On the other hand, many efforts have been devoted to the estimation of the size of the possible singular set where
singularities may occur. This approach has been initiated by Scheffer [33]. Then, Caffarelli, Kohn and Nirenberg [6]
improved the result and showed that possible singular sets have zero Hausdorff measure of one dimension for certain
class of weak solutions (suitable weak solutions) satisfying the following additional inequality

> . |ul? . s uf?

in the sense of distribution. There are many other proofs of this fact (e.g. see Lin [28], [42] and Wolf [43]). Similar
criteria for interior points with other quantities can be found in many places (e.g. see Struwe [40], Gustafson, Kang
and Tsai [21], Seregin [35] and Chae, Kang and Lee [8]). Also, Robinson and Sadowski [31] and Kukavica [23]
studied box-counting dimensions of singular sets.

In this paper, we consider space—time LZ 0= LP L% -estimates of higher derivatives for weak solutions assuming

only L? initial data. The estimate Vu € L*((0, c0) x R3) is obvious thanks to the energy inequality. A simple interpo-
lation gives u € L'%/3. For the second derivatives of weak solutions, a rough estimate VZu € L>/% can be obtained by
considering (u - V)u as a source term from the standard parabolic regularization theory (see LadyZenskaja, Solonnikov
and Ural’ceva [25]). With different ideas, Constantin [12] showed VuelL e for any small € > 0 in periodic setting,
and later Lions [29] improved it up to V2u € weak-L3 (or L%’Oo) by assuming that Vi is lying in the space of all
bounded measures in R>. They used natural structure of the equation with some interpolation technique. On the other
hand, Foiag, Guillopé and Temam [18] and Duff [15] obtained other kinds of estimates for higher derivatives of weak
solutions while Giga and Sawada [19] and Dong and Du [14] covered mild solutions. For asymptotic behavior, we
refer to Schonbek and Wiegner [34].

Recently in [41], it has been shown that, for any small € > 0, any integer d > 1 and any smooth solution u# on

4

(0, T), there exist uniform bounds on V9 in L l‘fo? _6, which depend only on the L?%-norm of the initial data once ¢,
d and the domain of integration are fixed. It can be considered as a natural extension of the result of Constantin [12]
for higher derivatives. However, the method is very different. In [41], the proof uses the Galilean invariance of the
equation and some regularity criterion of [42], which reproves the famous result of [6] by using a parabolic version
of the De Giorgi method [13]. Note that this method gives full regularity to the critical Surface Quasi-Geostrophic
equation in [7]. The exponent p = di+1 appears in a non-linear way from the following invariance of the Navier—Stokes

scaling u, (¢, x) = Au(A2t, Ax):
d, P _,—1|vd,,||P
[Vl =27 [Vul, @
In this paper, our main result improves the above result of [41] in the sense of the following three directions. First,
4 4

we achieve the limiting case weak-L 7+ (or L@+1°°°) as Lions [29] did for second derivatives. Second, we make similar
bounds for fractional derivatives as well as classical derivatives. Last, we consider not only smooth solutions but also
global-time weak solutions. These three improvements will give us that V3~€y, which is almost third derivatives of

weak solutions, is locally integrable on (0, 00) x R3.
Our precise result is the following:

Theorem 1.1. There exist universal constants Cq,o which depend only on integer d > 1 and real o € [0, 2) with the
following two properties (1) and (11):
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(D Suppose that we have a smooth solution u of (1) on (0,T) x R3 for some 0 < T < oo with some initial data (2).
Then it satisfies

[(—2)%vu] < Caa( 0o, + 1) )
LP-®(t9,T; LP-®(K)) X Ud,a 0 LZ(RS) tO

for any ty € (0, T), any integer d > 1, any a € [0, 2) and any bounded open subset K of R3, where p = ﬁ
and | - | = the Lebesgue measure in R>.

(I) For any initial data (2), we can construct a suitable weak solution u of (1) on (0, 00) x R3 such that (—A) ivdy
is locally integrable in (0, 00) x R3 ford =1,2 and for a € [0, 2) with (d 4+ o) < 3. Moreover, the estimate (5)

holds with T = oo under the same setting of the above part (1) as long as (d + o) < 3.
Let us begin with some simple remarks.

Remark 1.1. For any suitable weak solution u, we can define (—A)®/?>V?y in the sense of distributions D’ for any
integer d > 0 and for any real « € [0, 2):

(=2)*2Vu; ) >pr p= (~=1)¢ f u- (—=A)*PVy dxdi (©6)
(0,00) xR3

for any test function ¢ € D = C2°((0, 00) x R3) where (—A)*/? in the right-hand side is the traditional fractional
Laplacian in R? defined by the Fourier transform. Note that (—A)%/2V4 4 lies in L?°L2. Thus, this definition from (6)
makes sense due to u € L Li. For the case a = 0, we define (—A)" as the identity map. For more general extensions
of this fractional Laplacian operator, we recommend Silvestre [37].

Remark 1.2. Since we impose only (2) to ug, the estimate (5) is a (quantitative) regularization result to higher deriva-

tives. Also, in the proof, we will see that ””0”%201&3) in (5) can be relaxed to ||Vu||iz((0 T)xE3)" Thus it says that any

(higher) derivatives can be controlled by having only L2-estimate on the dissipation of energy.
g y g only p gy

Remark 1.3. The result of the part (I) for « = 0 extends the result of the previous paper [41] since for any 0 < g <
p < oo and any bounded subset £2 C R”, we have

”f”Lq(.Q) < C . ”f”Ll)sOO(_Q)

where C depends only on p, g, dimension n, and Lebesgue measure of £2 (e.g. see Grafakos [20]).

Remark 1.4. The “smoothness” assumption in the part (I) is about differentiability. For example, the result of the
part (I) for d > 1 and o = 0 holds as long as u is d-times differentiable. In addition, constants in (5) are independent
of any possible blow-time 7.

Remark 1.5. p =4/(d + « + 1) is a very interesting relation as mentioned before. Due to this p, the estimate (5) is
a non-linear estimate while many other a priori estimates are linear. Estimates for (d + «) very close to 3, show that
almost third derivatives of weak solutions are locally integrable. It would be very interesting to extend those results to
values of d < 1. The case d = a = 0, for instance, would imply that this weak solution u lies in L*° which is beyond
the best known estimate u € L'9/3 from L2 initial data. This kind of extension, however, seems out of reach as now.

Remark 1.6. The exponent p of the main estimate (5) can be obtained by dimensional analysis using the scaling
invariance of the equation. As in [6], the scaling invariance is fundamental to our study. It allows us to guess the
dependence of p in terms of (d 4+ «). Indeed, let L, be a typical length scale in space. Then the scaling u, (¢, x) =
Au(A%t, Ax) implies that the typical time scale is L; = L%, any space derivative symbol V¢ has dimension L%, and
a solution u# has dimension L;l. Then, taking pth power on both sides of (5), the term ||(—A)%Vdu||i,,_OO on the

+2— p(d+a+1) K|

while both terms |Juo]|? and N

left-hand side has dimension L,3C
L372. Thus p should be 4/(d + a + 1).

on the right-hand side have dimension
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Prior to presenting the main idea, we want to mention that [6] contains two different kinds of local regularity
criteria. The first one is quantitative, and it says that if |[ul[z3.o(1y) and [|Pll132(g(1)) are sufficiently small where
Q(r) is the parabolic cylinder (—r%,0] x B(r) C R x R3, then u is bounded by some universal constant in Q(1/2).
The second one says that u is locally bounded near the origin if limsup, _, o7~ || Vu ||i2 0) is sufficiently small. So
it is qualitative in the sense that the conclusion does not say that u is bounded by a universal constant, but that sup |u|
is not infinite on some local neighbourhood. It also requires local estimates on an infinite number of zooms (via the
lim sup).

To explain the main idea and the scaling of the result, suppose that one could prove the following quantitative
statement which requires only the smallness of ||Vu||;2:

If IVull2(g(1y) < €o holds, for some absolute constant €y > 0, then |Vau| < C4in Q(1/2) for d > 1 where C,
depends only on d.

Then we could easily prove V4u € weak—L?O/ C(dH) by using the contrapositive statement of the above one and the

standard scaling together with Chebyshev’s inequality. Indeed, applying the contrapositive statement on u) (s, y) =
At 4+ A2, x + Ay) (and scaling back the result on u), we would get that for all (¢, x) such that |Vdu(t, x)| = %

with 7 > 212 > 0, we get )\% fQ(t,n(?») [Vu(s, y)|*dsdy > e%)ﬁ“ where Q) (r) = (t — r2,1]1 x By (r). Let A > 0. For
t > 2% and x € R3, denoting F (f, x) = ;—5 fQ(r o) |Vu|?ds dy, by Chebyshev and Fubini, we get

E{(l,x) € (3%, 00) x R [V9u(t, x)| > %}

1
<ot f Fodtdx =C)\* / A—5/|Vu|2(t+s,x+y)dsdydtdx

(A2,00)xR3 (A2,00)xR3 oMm)
<cat 1 ldsd |Vul?(t, x)dt dx < CA*|uol|?
X 25 say u , X X X uo L2(R3)
om) (0,00) xR3

This would give the result. Note that the dependence of p (= 114?) with respect to d is unusual due to the non-linear
estimate obtained through Chebyshev’s inequality.

Unfortunately, the quantitative statement from above cannot be proven. This is due, in particular, to the long range
effect of the pressure. Energy outside of the fixed region Q(1) can have an effect (via the pressure) on the higher
derivatives of u# in Q(1/2). A different quantitative local regularity criterion has been proposed in [42], which showed
that for any p > 1, there exists €, > 0 such that

, /1
if lull ez oy + 1VUllL2 oy T I1PILrLioay S €ps  thenful < Tin Q(g)- %

Recently, this criterion was used in [41] in order to obtain higher derivative estimates. The main proposition in [41]
says that if both |||Vu|?> + |V2P|| Lr(0(1)) and some other quantity about pressure (Maximal function of V2= P) are

small, then u is bounded by 1 at the origin once u has a mean zero property in space. We can observe that || Vu ||i2 o)

and | V2P| L1((1)) have the same best scaling factor % (see (4)) among all well-known quantities which we can obtain
from L? initial data. However, the other quantity about pressure has a slightly worse scaling factor than that of || Vu/| iz .

This is why the the limiting case L 74100 could not be proved in [41].

To cover the limiting case L ) ">, we prove an equivalent estimate of (7) for p = 1. This is achieved by introduc-
ing a new pressure decomposition (see Lemma 3.3). In fact, it can also be applied to solutions of some approximation
scheme of the Navier—Stokes by adding one more assumption about the smallness of || M(|Vul)| ;2 (see Proposi-
tion 2.1). We use the Leray regularization of the Navier—Stokes equation. This makes the drift velocity depend on the
velocity via a convolution. It is then, not anymore local. We can still control it locally, via any zoom, thanks to the
Maximal function. Then, the following will be shown in Section 5 by using the Galilean invariance and a blow-up
technique with the standard scaling:
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Let (u, P) be a smooth solution of the Navier—Stokes equations. We define F := (|Vu|>+|V? P|) whose L}’ -horm
can be controlled by the L?-norm of the initial data uo (see Lemma 5.1). Then for each point (7, x) and for any € such
that 0 < €2 < ¢, there exist an incompressible flow X (-) with the following property:

If L fo(, o F.y+X(5)dyds <8, then IVau(t, x)| < Cq/e“tD ford > 1.

The purpbse of introducing the flow X (-) is to get a mean zero velocity. It enables us to avoid using any estimate
of the velocity u itself whose scaling is weaker than that of its derivative Vu. This kind of universal property comes
from the local parabolic regularization effect of the viscosity term. However, if we do not control the main drift in a
fixed region Q(1), it could impair this process. The flow can be very fast in a fixed region Q(1) so the fluid may pass
through the region before having a chance to be locally regularized via the viscosity. Also, note that F has the right

. . o 7470
scaling factor. As a consequence, thanks to the incompressibility of the flow X (-), we can prove Véu € L l‘i;‘ for
classical derivatives (o« = 0 case) of smooth solutions of the Navier—Stokes equations.

The result for fractional derivatives (0 < o < 2 case) is not obvious at all because there is no proper interpola-

tion theorem for Lf;coo spaces. For example, due to the non-locality of the fractional Laplacian operator, the fact

4
3,00 . . . . . . .
Viuel e With V3uel llofo does not imply the case of fractional derivatives even if we assume that u is smooth.

Moreover, even though we assume that Viue L% (R3) and V3u e L' (R?) which we can NOT prove here, the standard
interpolation theorem still requires V3u € L1(R3) for some q > 1 (we refer to Bergh and Lofstrom [3]).

To overcome the difficulty, we will use the Maximal function of Vu which captures some behavior of u in long-
range distance. We will add some quantities depending on the Maximal functions of Vu to F (e.g. see the assumption
of Proposition 2.2). This process should be done carefully because we want to add only functions whose scalings
are correct. Unfortunately, the second derivatives of the pressure, which lie in the Hardy space H C L'(R?) from
Coifman, Lions, Meyer and Semmes [ 1], do not have an integrable Maximal function since the Maximal operator is
not bounded on L!. In order to handle non-local effects of the pressure, we will use some property of Hardy space,
which says that some integrable functions play a similar role of the Maximal function (see (10)). This is the origin of
the last term inside of the integral in (23) in Proposition 2.2.

Finally, the result (/1) for weak solutions comes from a specific approximation of Navier—Stokes equations that
Leray [27] used in order to construct a global-time weak solution: d;u, + ((us * ¢(1/n)) - Vtty + VP, — Au, =0
and div u, = 0 where ¢ is a fixed mollifier in R3, and @(1/n) 1s defined by ¢(1/n) (1) = n3¢(n-). The main advantage
of adopting this approximation is that it has strong existence theory of global-time smooth solutions u, for each n,
and it is well-known that there exists a suitable weak solution u# as a weak limit. In fact, for any integer d > 1 and
for any « € [0, 2), we will obtain bounds for u, in the form of (5) with T = oo, which is uniform in 7. For the case
(d +«a) <3, thanks to p =4/(d + o + 1) > 1, we can know that (—A)%Vd u exists as a locally integrable function
from weak-compactness of L? for p > 1.

However, to prove (5) uniformly for the approximation is non-trivial because our proof is based on local study of
De Giorgi-type argument while the approximation is not scaling-invariant with the standard Navier—Stokes scaling
in the sense that u * ¢(1/,) becomes v * ¢1/(ne) (or see Remark 2.6). In other words, after the scaling, the convective
velocity of the approximation scheme depends on the original velocity more non-locally than before. For example,
once we fix n and let € go to zero, then we need information of the velocity v in almost whole space to control the
convective velocity v * ¢1/(e) in Q(1).

It will be solved by separating its proof into two Lemmas 3.4 and 3.5. In the first lemma, the convective velocity
is controlled by the Maximal function of |Vu/|, which is not strong enough if the parameter r := % is small. In the
second lemma with small r, we use the fact that the convective velocity is not too different from the velocity itself for
the first few steps. Then we can combine those two lemmas to get a uniform De Giorgi-type estimate Uy < CKU 15—1 for
some B > 1 (see Section 3.4). The free parameter r € [0, 0o) has to be handled carefully also in the final bootstrapping
arguments to get locally the control of higher derivatives (see Section 4.3).

The paper is organized as follows. In the next section, preliminaries with the main Propositions 2.1 and 2.2 will be
introduced. Then we prove those Propositions 2.1 and 2.2 in Sections 3 and 4, respectively. Finally we will explain how
Proposition 2.2 implies the part (II) of Theorem 1.1 for « =0 and for 0 < @ < 2 in Sections 5.2 and 5.3 respectively
while the part (I) will be covered in Section 5.4. After that, Appendix A contains some missing proofs of technical
lemmas.
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2. Preliminaries, definitions and the main propositions

We begin this section by fixing some notations and reminding some well-known results on analysis. After that, we
will present definitions of two approximations and two main propositions. In this paper, any derivatives, convolutions
and Maximal functions are with respect to the space variable x € R3 unless the time variable is specified.

2.1. Notations for general purpose

We define B(r), the ball in R3 centered at the origin with radius r, Q(r) = (—r2,0] x B(r), the parabolic cylinder
in R x R3 and B(x; r) = B, (r), the ball in R3 centered at x with radius r.

Remark 2.1. In Section 3, we will introduce more notations for balls By and cylinders Qy (see (24)), which decrease
as k increases. When using a De Giorgi-type argument, these notations are natural, and they will be used only in
Sections 3.1, 3.2 and 3.3.

We fix ¢ € C®(R3) satisfying:

/¢(X)dX=1, supp(¢) C B(1), 0<¢o <1,
R3

¢(x)=1 for|x| < and ¢ is radial.

N =

For any real number » > 0, we define the functions ¢, € C°°(R3) by ¢, (x) = r%d)(%). When r = 0, we define ¢, =
¢o = 8¢ as the Dirac-delta function. From Young’s inequality for convolutions, we can observe

1 %0 oy < 1P Neriasny ®

due to supp(¢,) C B(r) for any p € [1, o], for any f € L{;c and for any a, r > 0.
2.2. L?, weak-L? and Sobolev spaces WP

Let K be an open subset K of R". For 0 < p < 0o, we denote L” (K') the usual space with (quasi) norm || f|lLr k) =

(fK |f|de)(l/p).
Also, for 0 < p < 00, the weak-L” (K) space (or LP”-*°(K)) is defined by

LP°(K) = {f measurable in K C R?: sup(a” - |{| f| > a} N K|) < oo}
a>0
with (quasi) norm || f|| p.oo (k) = Supy (et - |{| f| > a}N K |'/P). From Chebyshev’s inequality, we have | fllLpoeky <
Il fllLr k) forany 0 < p < oco. Also, for 0 < g < p < 0o, LP**°(K) C L9(K) once K is bounded (refer to Remark 1.3
in the beginning).
For any integer n > 0 and for any p € [1, oo], we denote W7 (R3) and W™ P (B(r)) as the standard Sobolev spaces
for the whole space R? and for a ball B(r) in R3, respectively.

2.3. The Maximal function M and the Riesz transform R ;

The Maximal function M in R is defined by the following standard way:

1
MDE) =sup )

f|f<x+y)|dy.

B(r)

Also, we can express this Maximal operator as a supremum of convolutions: M(f) = C sup;.o(xs * | f|) where
X = 1{x|<1) is the characteristic function of the unit ball, and x;5(-) = (1/8%)x(-/8). Note that M is bounded from
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LP(RY) to LP(R?) for p € (1, 00] and from L'(R?) to L"*°(R?). In this paper, we denote M and M© as the
Maximal functions in R3 and in R!, respectively.
For 1 < j < 3, the Riesz Transform R ; in R3 is defined by:

Ri(Hx) = i%f(x»

The operator R ; is bounded in L? for 1 < p < oo.
2.4. The Hardy space H
The Hardy space # in R? is defined by
’H(R3) = {f € LI(R3): §u13|795 x fle LI(R3)}
>

where P = C(1 + |x|?)~2 is the Poisson kernel and P; is defined by Ps(-) = 8 >P(-/8). A norm of H is defined by
L'-norm of sups-.qo |Ps * f|. Thus H is a subspace of L'(R?) and I f Iz w3y < I f I3y w3y for any f € H. Moreover,
the Riesz Transform is bounded from # to H.

One of important applications of the Hardy space is the compensated compactness (see Coifman, Lions, Meyer and
Semmes [11]). Especially, it says that if £, B € L?(R?) and curl E = div B = 0 in distribution, then E - B € H(R3)
and we have

IE - Bllyws) < C-IEllL2ms) - 1Bl 2w
for some universal constant C. In order to obtain some regularity of second derivative of pressure, we can combine

compensated compactness with boundedness of the Riesz transform in 7 (R3). For example, if u is a weak solution
of the Navier—Stokes (1), then a corresponding pressure P satisfies

IV Pl 0,00 @) < C - VU120 0o 123y, ©9)

(see Lions [29] or Lemma 7 in [41]).
Note that if we replace the Poisson kernel P with any function G € C*°(R?) with compact support, then we have
a constant C depending only on G such that

| sup1s + 71
§>0

where Gs(-) = G(-/8)/8> (see Fefferman and Stein [17] or see Stein [39], Grafakos [20] for modern texts). Even
though the Maximal function sup;. o(xs * | f|) of any non-trivial Hardy space function f is not integrable, there
exist integrable functions (supy.q|Gs * f|), which can capture locally some non-local feature of the function f in a
similar way Maximal functions do. However, (10) is slightly weaker than the Maximal function, since it controls only
mean values of non-local quantities (not the absolute value). This weakness is the reason that we introduce certain
definitions of ¢ and 4 in the following.

<C| sup 1Py ]
) §>0

- Clf sy (10)

LI(R3 LI(R3

2.5. Notations associated to the fractional derivatives (—A)Y/ 2

The following two definitions of ¢ and 2% will be used only in the proof concerning fractional derivatives. We
define ¢ by ¢(x) = ¢(%) — ¢ (x). Then we have

1
¢ e C®(RY), supp(() CBQ2), ¢(x)=0 forl|x|< 5 and
> x
Z;<27> =1 for |x| > 2* for any integer k. (1
j=k

In addition, we define the function 2% for o > 0 by h%(x) = ¢(x)/|x|>T¥. Also we define (h%)s and (V¢h%);s by
(h*)s(x) =873h%(x/8) and (VI/h*)s(x) =873 (VIh*)(x/8) for § > 0 and for positive integer d, respectively. Then
they satisfy
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(n%); € C®(R?),  supp((h®),) C B(28) — B(8/2) and

1 x 1 o ] )
e ¢ )= e - (n )zj(x) for any integer j. (12)

2.6. The definition of the fractional Laplacian (—A)*/?
For —3 < a <2 and for f € S(R3) (the Schwartz space), (—A) b f is defined by the Fourier transform:

(—A)I f(E) = E1°F(&). (13)

Note that (—A)? = Id. Especially, for « € (0, 2), the fractional Laplacian can also be defined by the singular integral
forany f € S:

S =1,

(=A% F(x)=Cy - P.V. e

R3

(14)

We introduce two approximations to the Navier—Stokes. The first one (Problem I-n) is the approximation, which
Leray [27] used, while the second one (Problem II-r) will be used in our local study after we apply some certain
scaling to (Problem I-n).

2.7. Definition of (Problem I-n): the first approximation to Navier—Stokes

Definition 2.1. Let n > 1 be either an integer or the infinity oo, and let 0 < T' < co. Suppose that u( satisfy (2). We
say that (u, P) € [C*°((0,T) x R3)]? is a solution of (Problem I-n) on (0, T') for the data uy if it satisfies

at“"'((”*(ﬁl)'V)M‘FVP—Au:O,
divu=0, te€(0,T), xeR>, (15)
and

u(t) —> ug*x¢p1 in L%-sense as t — 0. (16)

Remark 2.2. When n = oo, (15) is the Navier—Stokes on (0, T) x R> with the initial value u(.

Remark 2.3. If n is not the infinity but a positive integer, then for any given ug of (2), we have existence and
uniqueness theory of (Problem I-n) on (0, oo) with the energy equality

2
Ju @ 2y + 20V 720, 123y = N0 % 11172 g (17)

for any ¢ < oo. It is well-known that we can extract a sub-sequence which converges to a suitable weak solution u of
(1) and (3) with the initial data uqg of (2) (see Leray [27], or see Lions [29], Lemarié-Rieusset [26] for modern texts).

Remark 2.4. As mentioned in the introduction section, we can observe that, for n < oo, this notion (Problem I-n) is
not invariant under the standard Navier—Stokes scaling u (¢, x) — €u (€%t, ex) due to the convective velocity (u*@1/x).

2.8. Definition of (Problem II-r): the second approximation to Navier—Stokes

Definition 2.2. Let 0 < r < oo be real. We say that (u, P) € [C®°((—4, 0) x R?)]? is a solution of (Problem II-r) if it
satisfies

ou+(w-VYu+VP — Au=0,
divu =0, te(—4,0), x eR3, (18)

where w is the difference of two functions:
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w(t,x)=w'(t,x) —w'), te(—4,0), xcR>, (19)

which are defined by u in the following way:

w'(r,x) = (u*¢,)(t,x) and w”(t)=/¢(y)(u*¢r)(t,y)dy-
R3

Remark 2.5. This notion of (Problem II-r) gives us the mean zero property for the convective velocity w:
ng d(x)w(t,x)dx =0 on (—4,0). Also this w is divergent free from the definition. Moreover, by multiplying u
to (18), we have

ul?

> ( |ul? . 2
8t7+d1v w—- +div(uP) + |Vul* = A 3 =0 (20)

in classical sense because our definition assumes (u, P) € C*.

Remark 2.6. We will introduce some specially designed e-scaling which will be a bridge between (Problem I-n)
and (Problem II-r) (it can be found in (96) in Section 5). This scaling is based on the Galilean invariance in order to
obtain the mean zero property for the velocity u: fR3 ¢ (x)u(t, x)dx =0 on (—4, 0). Moreover, this e-scaling applied

to solutions of (Problem I-n), provides a solution to (Problem II—%) (it can be found in (97)). We need a local result
which is independent of both € and n. In other words, we have to consider the free parameter r := i € [0, 00).

Remark 2.7. When r = 0, Eq. (18) is the Navier—Stokes on (—4, 0) x R? once we assume the mean zero property
for u.

Now we present two main local-study propositions which require the notion of (Problem II-r). These are kinds of
partial regularity theorems for solutions of (Problem II-r). The main difficulty to prove them is that both 7 > 0 and
8 > 0 should be independent of any r in [0, 00). We will prove this independence very carefully, which is the heart of
Sections 3 and 4.

2.9. The first local study proposition for (Problem II-r)

The following result is a quantitative version of partial regularity theorems which extends that of [42] up to p = 1.
The proof will be based on the De Giorgi iteration with a new pressure decomposition (see Lemma 3.3).

Proposition 2.1. There exists § > 0 with the following property:
If u is a solution of (Problem II-r) for some 0 < r < 0o verifying both
”u”LOO(,z’();LZ(B(%))) + ||P||L1(—2,0;L1(B(1))) + ”VMHL2(72,0;L2(B(%))) < 8 and

MUV 2 .0.120821)) <&

then we have

|u(t,x)’ <1 on |:—§,0:| X B(l)
2 2

Remark 2.8. For the case r = 0, we do not need the smallness condition on || M(|Vul)| ;2. Indeed, if » = 0, then,
in Lemma 3.5, we have k, = ko = oo without using the smallness of || M (|Vul)||;2. Then we can use Lemma 3.6
directly in order to get the above conclusion.

Remark 2.9. For the case r > 0, the smallness condition on ||[Vul|;2 is not necessary because we have |[Vu(x)| <
M(|Vul)(x) for a.e. x.
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The above proposition will be proved in Section 3. The two terms ||u|| LeL2 and | P, 7 do not have the correct
scaling through the e-zoom. The next Proposition 2.2 deals only quantities which have the correct scaling. However,
since we cannot control the mean value of u with such quantities, it will assume the mean zero property on u. As
mentioned in the introduction, we cannot expect a local parabolic regularization effect if the drift is too big.

2.10. The second local study proposition for (Problem II-r)

Proposition 2.2. There exists 1) > 0, and there exists a family of constants Cy o with the following property:
If u is a solution of (Problem II-r) for some 0 < r < 0o verifying both

f(j)(x)u(t,x)dx =0 forte(—4,0) and 2n
R3

0

//(|W|2(t,x)+|v2P|(z,x)+|M(|W|)|2(t,x))dxdz<ﬁ, (22)
—4 B(2)

then |V9u| < Cy0 on Q(3) = (—(3)2,0) x B(3) for every integer d > 0.
Moreover if we assume further

/0_[(iM(M(|VM|))|2+|M(|M(|Vu|)|11)|2/q

—4 B(2)
d+4
+ [ MVl [P sup(|(9 %), * V2P|)> dx dt < ij 23)
m—=d >0

for some integer d > 1 and for some real a € (0,2) where g = 12/(o + 6), then |(—A)%Vdu| < Cyq on Q(%) for
such (d, a).

Remark 2.10. The functions 4% and (V"*~1h%); are defined in (12).

Remark 2.11. For the case r = 0, the smallness condition on || M (|Vul)||;2 in (22) is not necessary, while, for the
case r > 0, we do not need the smallness condition on || Vu||;2 (refer to Remarks 2.8, 2.9).

The proof will be given in Section 4 which will use the conclusion of the previous Proposition 2.1. Moreover we
will use an induction argument together with the integral representation of the fractional Laplacian in order to get
estimates for the fractional case. The Maximal function term of (22) is introduced to estimate non-local part of the
velocity u while the Maximal of Maximal function terms of (23) are to estimate non-local part of the drift velocity w,
which depends on u non-locally. On the other hand, because V?P has only L' integrability, we cannot have L!
Maximal function of V2 P. Instead, we use some integrable function, which is the last term of (23). This term plays
the role which captures non-local information of pressure (see (10)). These will be stated clearly in Sections 4 and 5.

3. Proof of the first local study Proposition 2.1

This section is devoted to the proof of Proposition 2.1 which is a partial regularity theorem for (Problem II-r).
Remember that we are looking for § which should be independent of r € [0, 00).

In the first Section 3.1, we present some lemmas related to the convective velocity w and a new pressure decompo-
sition. Then, we prove two Lemmas 3.4 and 3.5 in Sections 3.2 and 3.3, which give us controls for large » and small r,
respectively. Finally, the proof of Proposition 2.1 is given in the last Section 3.4 where we combine those two lemmas.
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3.1. A control on the convective velocity w and a new pressure decomposition

The following lemma says that the maximum of a convolution of any functions with ¢, can be controlled by just
one point value of the Maximal function with some factor of %

Lemma 3.1. Let f be an integrable function in R®. Then for any integer d > 0, there exists C = C(d) such that

c 4\3

d .

[V %00 Loisy < 77 <1 + ;) " wahiy MI
forany 0 <r < oo.

Proof. Let z, x € B(2). Then, we compute

V4(f % g = | (f * V98,) )] = ] [ rovioe- y>dy\

B(z,r)
INEATES
<[ver] f [f0|dy="—77— / [f]dy
B(z,r) B(z,r)
IVl 44 / ol < S (14 S M
X rd+3 (r _,’_4)3 y yx rd , .
B(x,r+4)

We used B(z,r) C B(x,r +4). Then we take sup in z and inf in x. Recall that ¢ (-) is the fixed function in this
paper. O

The following corollary is just an application of the previous lemma to solutions of (Problem II-r).

Corollary 3.2. Let u be a solution of (Problem II-r) for 0 < r < 0o. Then for any integer d > 0, there exists C = C(d)
such that

4 3

||w”L2(—4,0;L°°(B(2))) <C- (1 + ;) ' “M(lqu ”L2(Q(2))

and, ford > 1,
c 4\3
d

||V w||L2(—4,0;L°°(B(2))) < rd*l . <1 + ;) . ”M(lvul)”Lz(Q(Z))
Proof. Recall f]R3 w(t, y)¢(y)dy =0 and supp(¢) C B(1). Thus, for z € B(2), we compute

lw(z, 2)| ='/w(t,z)¢(y)dy—/w(t,y)¢(y)dy‘

R3 R3

R3

R3

3
<C-<1+i) - inf M(|Vaul)(2, x).

r xeB(2)

For the last inequality, we used Lemma 3.1 to Vu. For d > 1, use Véw = Vd_l[(Vu) x¢r]. O
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To use a De Giorgi-type argument, we introduce the following notations, which will be used only in this section.
For real k£ > 0, we define

1 1
Bj. = the ball in R centered at the origin with radius — (1 >

AP
To=—1(34 2
k= ) ok )

Ok = [Tk, 0] x B and

si = the distance between BS | and B,_ s
=27 ((v2 - D2Vv2). 24)

Also we define so, = 0. Note that 0 < 51 < 4_117 and the sequence {s;};, is strictly decreasing to zero as k goes to co.
For each integer k > 0, we define ¥, € C*°(R?) satisfying:

Ye=1 inB,_>,  Yx=0 inB ,
3 k—3
0< () <1, V)| <C2% and  |[Viy(x)| < 2% forx e R (25)

This v plays a role of a cut-off function for By.

To prove Proposition 2.1, we need the following important lemma related to a new pressure decomposition. Here
we decompose our pressure term into three parts: a non-local part depending on k, a local part depending on &, and a
non-local part, which does not depend on k. The last part will be absorbed into the velocity component later.

Lemma 3.3. There exists a constant Ay > 0 with the following property:
Suppose Ajj € LI(BO), 1<i,j<3and P € LI(BO) with —AP = Zij 0;0jA;j in By. Then, there exist a function
P3 with P3|p, € L such that, for any k > 1, we can decompose P by
3

P=Pii+Pi+P; in B%, (26)
and they satisfy
IVPLkllLe,_ )+ 1 Priliees, ) < A2 Z Aijllzis, ) 27)
3 3 - 5
ij
—APy = Z 0;0;(YrAij) in R® and (23)
ij
IV Psllzesy) < A1<||P||L1(Bé) +y ||A,~j||L1<Bé)>. (29)

ij

Note that Ay is an independent constant.

Proof. The product rule and the hypothesis imply
— AW P)=—y1 AP —2div((VY)P) + PAY,
=y1 ) _8i0;Ai; —2div((Vy1) P) + PAY
ij
=—APiy— APy — AP
where P x, P> and P3 are defined by
—AP = Z 3;0; (Y1 — v Aij),
ij
—APy =)0 (YA,

ij
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—APy ==Y 3;[@yD)(Ap] = D %[ AiN] + D@09 (Aij) — 2div((VY1) P) + PAY.
ij ij ij
Here, P1; and P3 are defined by the representation formula (—A)"I( f)= ﬁ(ﬁ x f) while P> by the Riesz

transforms.
Since 1 =1 on B1 we have AP = A(y1 P) on B1 Thus (26) holds.

By definition of Pz &, (28) holds.
For (27) and (29), it follows from the proof of Lemma 3 of [42] directly. For completeness, we present the proof.
Note that (1 — ¥ ) is supported in (B1 — B, _2) and V; is supported in (B; — B1). Thus for x € B, _ 1, we get
6 3 6 3 3

1 1
|Pri(x)| = ‘E / T30 ;(aiaj((wl - x/fk)A,-,-))u)dy‘

B|—B
( % k_%)

< sup (’ o |) Z/}Az,mldy

yEBC2 y
k-3
9%k

<C- sup (|x_ |3) ZnAl,nLl(B.) Cr-2% Y NAijllics, )

yeBkCg i 6

3

We used integration by parts with the facts |x — y| > 27 and |(y; — )| < 1
In the same way, for x € ka 1, we compute
3

VP ()| < Cp- 212 Z”AIJHLI(Bl)
ij

For x € B, we get
3

1 1
|VP3(x)| = ‘E / (Vy |x_y|>[—23j[(3ilﬂ1)(z4ij)]—Zai[(ajllfl)(Aij)]
(B1-B

“B)) ij ij
3

+ Y (@991 (Aij) — 2div((Vy1) P) + PAl/fl] dY‘

ij

C3<Z 145018y + 1PllLrs, >)

)

These prove (27) and (29), and we keep the constant A = max(Cy, Ca, C3) for the future use. O
Before presenting the De Giorgi arguments for large  and small r, we need more notations. In the following two
main Lemmas 3.4 and 3.5, P3 will be constructed from solutions (u#, P) for (Problem II-r) by using the previous

Lemma 3.3 and it will be clearly shown that V P; has the Lt1 L% bound. Thus we can define, for ¢ € [-2, 0] and for
k>0,

t
1
Ex®)=(1-27%)+ [ |[VPs(5, )] fo(g,, D5 (30)
2 (B2)

Note that E; depends on ¢. We also define

ve = (Jul — Ex),

Er1
dk:\/M| Viu || +—|Vu|2 and

|ue] |ue]
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= sup </|vk|2dx)+//|dk|2dxdt
te[Ty,0] o
k

— 2
- ” Uk ||LOO(Tk’0;L2(Bk)) + ”dk ”LZ(Qk)'
It will be shown that P3 can be absorbed into v, which is the key idea of the proof of Proposition 2.1.

3.2. De Giorgi argument to get a control for large r

The following lemma says that we can obtain a certain uniform non-linear estimate in the form of W, < C* . Wf_ 1
when r is large. Then an elementary lemma can give us the conclusion (we will see Lemma 3.6 later). However, for
small r, the factor (1/r3) blows up as r goes to zero. The case of small r will be treated in Lemma 3.5.

Lemma 3.4. There exist constants 81 > 0 and C1 > 1 such that if u is a solution of (Problem II-r) for some 0 < r < 0o
verifying
||“”L°°(72,0;L2(B(§))) TPl —2.0:L1 ) T+ HM(W“D”LZ(—z,o;L2(3(2))) <O,

then we have

_ 7
Crue . forany k> 1ifr > sy,

N

k _ 7
,ia (COUE |, foranyk > lifr <s;.

Remark 3.1. Since | f (x)| < M (f)(x) almost everywhere, the above assumption implies || Vu ||L2(72,0;L2(B(2))) < 41.

Remark 3.2. The parameter s is the fixed constant defined in (24) such that 0 < s; < 1/4, and (61, C 1) is independent
of any 0 < r < oo. It will be clear that the exponent 7/6 is not optimal and we can make it close to (4/3) arbitrarily.
However, any exponent bigger than 1 is enough for our study.

Proof of Lemma 3.4. We assume §; < 1. First we claim that there exists a constant A, > 1 such that

1wl - < Ay-8; forany0 < r < oo. (31)

lul]| 220, LBy S

In order to prove the above clalm (31), we separate it into (I1)-large r case (r > s1) and (II)-small r case (r < s1):
(I)-large r case. From Corollary 3.2 if r > s1, then we get

AN3
lwllz2—4.0:20B@y) S C- (1 + g) [MAVED] 120

C|M(1Vul) ”L2(Q(2)) Cdy. (32)

Likewise, we obtain

IVwll2—4,0,0B@)) < Cd1- (33)
With Holder’s inequality and B% C Bo=B(1) C B(%) C B(2), we get

|| lw| - ful ||L2(—2,0;L3/2(B%)) < C||”||L°°(72,0;L2(3(§))) Nwllg2—4,0,2B2))

<C-82<C -8y,

so we obtained (31) for r > s;.
(11)-small r case. On the other hand, if » < s1, then we get

lwllz2—4,0;10B2)) < C - <1+ ) ||M(|W|)||L2(Q<z>)

Cr_3||M(|Vu|)”L2(Q(2)) C 51 (34)
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and
IVwllp2(2a,0: 00 (B2))) S C%(Sl. (35)
However, it is not enough to prove (31) because the factor r% blows up as r goes to zero. Instead, we use the fact
that w and u are similar for small r in the following sense:
el 4 —2,0:23 By < C (el oo (2,0, 22(80)) + VU N 22,0, 12(801)) < CB1
and

/
lw'll 20308, ) = e * Prllison3myn S lulls2.003 s < CO
6

because u * ¢, in B ! depends only on u in By (recall that r < s1 and s is the distance between BOC and B 1 and refer
to (8)). For w”, we compute
=[w

|| w ! ||L§>°<<—2,0))

=H/¢(y>(u*¢r)<y>dy
R3

”
” L% (—2,0;L°(B(2)))

L7°((=2,0))

<Cllu el an | o200

<C| lull 215 ”L?"((fz,o))
S Cllull oo —2.0.22(8(3)))
. (36)

because w” is a constant in x, and u * ¢, in B(1) depends only on u in B(1 + s1) which is a subset of B(%). As a
result, we have

” lw| - ful ||L2(72,0;L3/2(Bl)) < Cllull pa—2,0,3801))) * ||w||L4(—2,0;L3(B(%)))
6

<o [+ 1wl s a0m3mcon

<C‘5]2<C2~51 (37)
so that we obtained (31) for r < s7.
Hence, by taking
Ap =max(Cy, (2, 1), (38)

we have (31), and Aj is independent of 0 < r < oo as long as §; < 1. From now on, we assume &1 < 1 sufficiently
small to satisfy 10- Ay - Ay - 81 < 1/2 (recall that A; comes from Lemma 3.3).
Thanks to Lemma 3.3 and (31), by putting A;; = w;u j, we can decompose P by

P=Py+ P+ P in[-2,0] x B%
for each k > 1 with the following properties: for any k > 1,
12k
IV Pril + 1Pkl L2(=2,0:L%(B,_)) < A2 Z Ilwiujlle(_z,o;Ll(B%))
3 ij
<9-Ap- Ay 822l (39)
—APZ,FZaiaJ-(lpkwiuj) in[—2,0] x R® and (40)
ij
VPl L1 (—2.0:1%(B,)) < Al <||P"L1(—2,0;L1(B(1))) + Z llwiu ||L2(—2,0;L1(B(1)))>
3 ij
1
<A1(51+9~A2'31)<10'/\1~A2-51<§~ 41

Note that (41) enables E} to be well-defined and it satisfies 0 < Ej < 1 (see the definition of Ej in (30)).
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In the following Remarks 3.3-3.5, we gather some easy results, which were obtained in [42], without a proof. They
can be found in Lemmas 4, 6 and the remark of Lemma 4 of [42]. Note that any constants C in the following remarks
do not depend on k.

Remark 3.3. For any k£ > 0, the function u can be decomposed by u = u % + u(1 — | ul) Also we have

\Ml

Uk
‘u(l—m>‘§1, ﬁ|Vu|<dk, 1|u|>Ek|V|“||<dk’

|Voe| <dy and ‘v—"

< 3dy. (42)
|ue]

Remark 3.4. For any k£ > 1 and for any ¢ > 1, we have

10k 2 % L
Tye>o0llza(g) < C23 Ukzzl and |1 Ly>ollLoo(ry 00000, 1) < C29 U .

1

Remark 3.5. For any £ > 1, we have ||v;_ 1|| (Q ) < CU,?_I.
k-1
By using the above Remarks 3.3-3.5, we have, for any 1 < p < 13—0,
lvrllLe i) = vk ly=ollLr(oc_y)
<loell o Mool g
(L_3 —-(—— o)
< lve-1ll 10 023G w>u,(71
L3 (Qk-1)
%3
<C23 U7, (43)
Likewise, we get, forany 1 < p <2,
1kl oo (7 0:L (B ) < C2F Uk | (44)
and
1
ldillLr (o, < C2% U,j"l . (45)
Second, we claim that for every k > 1, the function vy verifies
v,% . v,% 5 v,% . )
3;7 +div w; +d; — A? + le(M(Pl,k + Pz’k)) + m —1)u-V(Pix+ P2x) <0 (46)

in (—2,0) x B%.

Remark 3.6. The above inequality (46) does not contain P3. We will see that this fact comes from the definition of
Ej(t) in (30).

Indeed, observe that - + = |“| + P Iul and note that E; does not depend on the space variable but on the time

variable. Thus we compute, for time derlvatlves,
v — lul?
0y B — = V0V — U0t = Vi 0¢|u| — vx0; Ef — uosu

Uk Uk
=u m—l u— v Er=u m—l Btu—vk”VPg(t,-)”Lw(Bz)
3

while, for any space derivatives d,, we get
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> 2
vi — |ul Uk
() (e

Then we follow the same way as Lemma 5 of [42] did: First, we multiply (18) by u (% m — 1), and then we sum the
result and (20). We omit the details. As a result, we have

2 2
Uk . Uk
0> 8,2+d1v< 2)+d,?—A7+vk}]VP3(t,-)HLDC(BZ)—i—dlv(uP)-{-(——l)u-VP

|ul
Vi
_a,7+d1v< 2)+dk A 5 + <vk”VPg(t )HLOO(B )+ » |u VP3>
. Vk
+div(u(Pri + Pri)) + (m - l)u V(P + Pri).
For the last equality, we used the fact P = Py + P,y + P3 in B ! and
div(uP3) + <ﬁ — 1>u VP;= ﬁu V P;. 47)

Thus we proved the claim (46) due to

e[ VP, )| o g, )+| |u VP;>0 on(=2,0) x B;.

For any integer k, we introduce a cut-off function 7 (x) € C*°(R3) satisfying

ne=1 1in By, m =0 in B¢

e 170<77k<1’

V| < €23 and |V2nk|<C26k, for any x € R3.

We multiply (46) by n; and integrate on [o, t] X R3forTh_; <o <Tp <r<0to get:

t
2
/Uk(x)wdx+//nk(x)d,g(s,x)dxds

R3 o R3

2
</m(ﬂwd +ff(Vnk)<x)w(s x)Md ds+//(A77 )(x )ﬂdxds

R3 o R3 o R3

—f/nk(x)<d1v u(Prx+ Pag)) + <|11)4_k| - 1)14'V(P1,k+P2,k)>(S,x)dde.

We integrate on o € [T;_1, Tx] and divide by —(Tx—1 — Ty) = 2-k+D) ¢ get:

2
sup (/n (x )|vk(t )| dx +//nk(x)dk(s x)dxds)
te[Ty,1]

T; R3

<ok // |vk(ax)|2

Ti—1 R3

2 2
/‘/Vﬁk(x)w(s x)|vk(s x)| ‘d + / ‘/ |Uk(s adl —————dx|ds

Te—1 R3 Te—1 R3
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0
+ / ‘/nk(x) (div(u(Pl,k + Pz,k)) + (ﬁ - l)u V(Pix+ P k)) (s,x)dx|d

Ti—1 R3

From n; = 1 on By, we obtain

2
Ui < sup (/n (x )lvk(r %) ) //nk(x)dk(s x)dxds
te[Ty,1] w0

Tk R3

t
t,x)?
<2- sup /nk(x)de+//nk(x)d,%(s,x)dxds .
relTi1] A 2

T R3

Thus we have
U <)+ D+ I+ (IV)

where

(1) = C2% / vk (s, )| dx ds,

Ok—1
un = / |Vnk(x)| . |w(s,x)| . |vk(s,x)|2dxds,
Ok—1
0
(i =2 / ‘/nk(x) (div(uPLk) + (v—k — l)u . VPl,k) (s,x)dx|ds and
Tp-1 R3 .
av)= / ‘/nk(x) <d1V(uP2 k) + <— — l)u VP k)(s,x) dx|ds
o |u|

For (1), by using (43), we get, for any 0 < r < oo,

S
10ky73
<Cc2™u .

_ 6k 2
(I) - C2 “vk||L2(Qk71) X

For (II) with r > s1, by using (32) and (44), we compute

3k 2
(D) < C2Mwll p2(_4.0. LBy * |I1VK] HLz(kal,O;Ll(kal))

<235, |lv 6 vkl 72 .16
X 1l k”LOO(Tk_l,O;L?(Bk_l)) I k||L (Ti—1,0;L8(Bx_1))

5
4k 178

<C2751U¢, '(||Uk—1||L00(Tk 1,0: L2(Bi_ ])) + ||VUk—1||L2(Tk |,0;L2(Bk_])))
4k 4k 4k

<o Ub UL <C2% 5L <C2% .Ul .

For r < 51, we follow the above steps using (34) instead of (32), then we get

1 4
an < Cr—324k U2

For (III) (non-local pressure term), thanks to the smoothness of all functions, we observe that

Uk
div(u P i) + (ﬁ — l)u VP = ﬂu VP

(48)

(49)

(50)

(S

(52)
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Thus, by using (39) and (43), we compute, for any 0 < r < o0,

i < H—u VP

< Cllvel - VPl 1
LY(Qk-1)

Il L2er s 0.0 By - IV PLkl L2y 001508, 1))

(Qk-1)

<
< Lol llogl 1%
X o >01L2(Ty—1,0; L2(Bg—1)) WYk NI L0 (T} 1 ,0; L2(Bg—1))
43k 5 1
<25 Ur U <2 Uk - (53)

For (IV) (local pressure term), as we did for (III), observe

dlv(ngk)—i-(" 1>u.vpz,k=|’;—"|u.vpz,k.
By the definition of P, j, we have

—APy =Y 00 (Wnwiuy) = 0 (@ y)win + Y (djwi)u )

ij ij
=Zai(<ajwk)w,~uj< u |> 0; wk)w,ujl |+wk<a w)u,( |k|>+wk(ajw,~)u,-|';—k|)
ij

and

—A(VPz,k)=ZaiV(<a,~wk>wiuj<1 = |)+<a,x/fk>w,u,| |

ij

+ Wk(ajwi)uj(l - ﬁ) + Vi (0 wiu; P |>

Thus we can decompose V P, i by the Riesz transform into
VP ik =Grxk+Gor+G3r+ Gak
where
_ Uk
Gii=Y (4iV)(~A) 1<<ajwk)w,-uj(1 - ﬁ>>
ij u
_ Uk
Gox =Y (%iV)(—A) ‘((ajwk)w,-ujm),
ij
_ Uk
Gap=) B V)(—A) l(wk(ajw,»)u.,'(l - ﬂ)) and
ij u
Gax=Y (BiV)(=A)" l(wk(a w1 |)
ij

From L”-boundedness of the Riesz transform with the fact supp(yx) C Bx—(5/6) C Br—1, we have

1G 2.kl 21y 012wy < C2¥ MW 20y 0szoo ey - 10k oo (1 02281
1Gakll2gy0:2@y S € VW20 0008 Ikl 0:L2(B-1))-

Similarly, we have, for any 1 < p < o0,

k
1G 1kl L2r 0L @3y < Cp - 27 Wl 2y 0:10(B,_,)) and
1G3 kllL2(r 0,0 @®3) < Cp - IVWIL203, 0;0%0B,_1))-

Therefore, by using (33) and (35), we get
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c.2%k.ul ifr>s1,
G2kl +1Gakl | 2er, 0023 < e
C-23k-ri3-Uk271, if r < s,
and, forany 1 < p < oo,
Cp~23k, ifr > sy,
NGkl + |G3,k|||L2(Tk_l,O;Lp(R3)) < c,. 2%, % it <.

Thus, by using the above estimates and (43), for r > s; and p > 5, we compute

(V)< C- Hr—’]u.vpz,k
u

< C |kl - IV Poil | 11
LY (Qk-1)

<C|lvel - (1G 1kl +1G3kD) [ 11 g,y F CllIkl - 1G24kl +1Gak) | 110,

(Qk-1)

< v -G G p
\” k”Lz(Tk_hO;L%(Bk_])) ”l 1,k|+| 3’k|||L2(Tk_|,0;L1(Bk_|))

okl 2y 022081 [1G2.kl +1Gal ”LZ(Tk_l,O;LZ(Bk_l))
16k 422
<C-Cp-23 U

By the same way, for » < s1 and p > 5, we obtain

= 3
IV)SC-Cp- 525U,

Thus, by taking p = 10, we obtain

166 1 .
c-23U; |, ifr > sy,

1 16k % .
C-3x23U2,, ifr<sy.
73 k—1

(av) < (54)

Finally, combining (50), (51), (52), (53) and (54) gives us

Ck-Uk%_l, ifr > s,
() + D + D) + (V) <

;
1 k 176 :
r—3-C ~Up s ifr <sy.

3.3. De Giorgi argument to get a control for small r

The next result handles the case of small r including the case r = 0.
Recall the definition of s; in (24) first. It is the distance between Bkcfl and B, _s, and sy is strictly decreasing to

zero as k — oo. For any 0 < r < s1 we define k, as the integer such that s;, 41 < r < s, . Note that k. > 1, and it is
increasing to 0o as r goes to zero. For the case r = 0, we simply define k, = ko = oo.

Lemma 3.5. There exist constants 8 > 0 and Cy > 1 such that if u is a solution of (Problem II-r) for some 0 <r < 51
verifying

||u||LOO(72,0;L2(B(%))) + ||P||L1(—2,O;L1(B(1))) + ”V””L2(72,0;L2(3(%))) <o

then we have

_ 7
Ur < (Cz)kU,f_1 for any integer k such that 1 <k < k,.

Remark 3.7. Note that 8, and C; are independent of any r € [0, 51), and the exponent 7/6 is not optimal.
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Remark 3.8. This lemma says that even though r is very small, we can prove the above uniform estimate for the first
few steps k < k. Moreover, the number k, of these steps is increasing to the infinity with a certain rate as r goes to
zero. In Section 3.4, we will see that this rate is enough to obtain a uniform estimate for any small r once we combine
the two Lemmas 3.4 and 3.5.

Proof of Lemma 3.5. In this proof, we can borrow any estimates in the proof of the previous Lemma 3.4 except
those which depend on r and blow up as r goes to zero (recall that every estimate depending on r in the previous
Lemma 3.4 was obtained when and only when we used the smallness condition of LZ-norm of M(|Vu[), which we
do not assume in Lemma 3.5).

Let 0 <r < s1. We take any integer k such that 1 < k < k,. As we chose §; in the previous Lemma 3.4, we assume
82 > O first so small that

& <1, 10A1 A28 < =

We begin this proof by decomposing w’ by

w/:M*fﬁr:(M(l—%))*qb,—}—( » |>*¢r_w/,1+w/,2

Thus the convective velocity w has a new decomposition' w=w —w' =W+ w? —w =w"—-w)+w?
We will verify that (w”! — w”) is bounded, and w"? can be controlled locally. First, for w’!,

v
|w’*1<r,x>|=’((u(l——"»wr)(r,x) < u( )(r ) <1 (55)
|M| | | LOO(R3)
for any —4 <t and any x € R3. From (36), we still have
|| w ||L°°( 2,0;L®(B(2)) X <Ci<C. (56)
Combining above two results,
1
[[w" ]+ |w” H|L°°(72,0;L°°(B(2))) <C. &7
For w2, we observe that any L”-norm of w'? = (u ”—"l) *¢p in By _ s is less than or equal to that of v in Bx_1 because
r < sk, < sk and sy is the distance between B _,and B, _ s (see (8)) Thus we have, for any 1 < p < o0,

2
”w/ ||LP(Tk 1,0;LP (B, _ 5)) ”( |u|>*¢r

LP(Tj—1,0;LP(B,_5))
6

= [t @l Loz, 010, _on S llroen. (58)
So, by using (43), we have
5
2 5 10
[ PPy S SC23U L, forany I<p<—. (59)

Remark 3.9. The above computations show that, for 0 < r < 51 and for 1 < k < &, the convective velocity w can be
decomposed into one bounded part (w”*! — w”) and the other part w2, which has a certain contribution to the power
of Up_1.

Recall that the transport term estimate (31) is valid for 0 < r < 51 without having the smallness condition of
IMVu|)|l 2 (see (37)). Moreover, the argument in (37) says that (31) holds even for the case r = 0. As a result, for
any r € [0, s1), we have the same pressure estimates (39), (40) and (41). Thus we can follow the proof of the previous
Lemma 3.4 up to (48) without any single modification. It remains to control (1)—(IV).

For (1), the estimate (50) holds because (50) is independent of r.
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For (II), by using (57) and (59) with the fact supp(n;) C Bk_% C Bk_%, we have

(an = ||Vl - lw - |vk|2||L1(Qk—1)
<C2H( ([ D) - 1ol gy + N2 - 10kl s, s0)
6

<CP Nl aqg ) +C27 W g oL B s) y el ||L7(Q
3

5
10k 10ky73
<o2ul %yl <%yl . (60)

For (III) (non-local pressure term), we have (53) since (53) is independent of r.
For (IV) (local pressure term), by definition of P, x and decomposition of w,

_AP2,k=23i8j<1/fkwiuj(l P |>+1/fk win j|k|)

ij
=Zaiaj<wk(w;’1 w!)u (1—ﬂ>+mw u,(l l';—’])
ij

Uk
+yne(w) — w])u; i |+1pk ; um>

Thus we can decompose P, i by
Py =Pog1+Poro+ Por3+ Pria

where

Pria =) (09~ ve(w “j(l - %))

ij (
Prra= Y 3d;)(—A)"! (uf ( - %))
ij

Pris=Y @) (=A)" (yu(w) —w)) uj”—"> and

T |ul

_ Uk
Pria=Y (30;)(=A) l(wkw;’zu j ﬁ)
ij u
By using |u(1 — Iu\ L)) < 1 and the fact that v is supported in Bk_%, we have

I P2ic, il o .0.Lr@3y S Cp forl<p<oo, and (61)

1Pk 2llrr, y0Lr@sy < Cpllwsl - [w’ ZH’LP(Tk 1,0; LP (R3))

<CC2% U,fl for 1 <p < (62)

thanks to (57) and (59). Observe that fori =1, 2,

divuG;) + (ﬁ — 1>u VG, :div(vk|Z—|G > G dw('ﬁ‘) 63)

For P> i1, by using (42), (43), (45), (63) and (61) with p = 10, we have
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'/ﬂk(ﬂ(dlv(usz 1)+ <|—| — l>u VP, 1)(s,x)dx ds
Ti—1 R3

<C3k||vk'|P2,k,1|||L1 +3|di - P2l

(Qr-1) (Qk-1)
<Ol 2o NP2k 1ll10cg, ;) + 3lldkll o P2k, 1l 10¢o, 1y
<c2’¥ Uk 2% Uk | < C2TU,§_1. (64)

Likewise, for P; i 2, by using (62) instead of (61), we have

0
/ '/nﬂx)(div(ng’k,z)—}— <|v7k| — 1>M~VP2,k,2>(s,x)dx ds

Ti-1 R3

4
4kyr3
C2 U3 | +C2 Uk3 C2 Uk31 (65)

From the definitions of P> 3 and P,k 4 with div(w) =0, we have

Uk
—AV(Py 3+ Pria) = 238 V(wkw u]| |>

ij
k
= Vi, ((a Viw; u,| |+¢kw, ,(u,| |))
ij
Then we use the fact w = (w”! — w”) + w’? so that we can decompose
V(Pyi3+ Poia)=Hi g+ Hyp + H3 ko + Hy
where
_ Uk
Hyj= (Vi) (—A)"! (<aiwk)(w;»1 —w!)u jm),
ij
Hyp =Y (Vi) (—=A)~ 1((3 Yw) uj| |>
ij
Uk
Hsjo= Y (Vo)) (—A)~ l(w o (u,| |>) and
ij u
Uk
Hyp =) (Vij)(=A)~ l(mw’za <u ))
; i

By using |u| < 1 + vk, we have

/ ' / nk(X)<d1V(u(P2 3+ Para)) + (ﬂ - 1>u V(Pri3+ P 4)>
Ti—1 R3
<c* / (L4 vp) - |[(Pok3 + Pria) (s, x)| + |V(Por3 + Pora)| dxds
Ok—1
< C3k(||P2,k,3||L1(Qk,l) + |Jvk - | P2k 3] ”Ll(Qk—l) + 1Prrallzicop ) + vk - 1Prxal ||L1(Qk_1)
+ 1 H1 kLo + H2k Loy + 1 H3 kL1 0,y + 1 Hak L1 (0, ))- (66)

From (43) and (57) with the Riesz transform, we obtain
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3
P; <C|P <C23U72 ,, 67
P23l 1, ) SCII 21<3||L9 T (Rg)) Clluell Ko 1 (67)
1Hkliig, < €20, and (68)
lve - 1P2 sl 1 g,y < Nkll2g iy P23 200, )
5
<ctup otui <catul . (69)
Using (43), (59), (42) and (45), we have
IP2kallLtco, ) S <c2¥ Uk 1 (70)
IH2 il L0 ) S C2 Uk 10 (71)
21k 3
lve - 1P2kalll 11 g, SC273 UL, (72)
IH3kll 210, ) < CZ?UkE_p and (73)
7
I Haicll 1 g,y < C2%UE . (74)
Combining (64), (65) and (66) together with (67)—(74), we obtain
2k 1
V)< C23 U . (75)

Finally we combine (60) and (75) together with (50) and (53) in the previous Lemma 3.4 in order to finish the proof
of Lemma3.5. O

3.4. Combining the two De Giorgi arguments

First we present the following lemma. Then the proof of Proposition 2.1 will follow. The following lemma says
that certain non-linear estimates give the zero limit if the initial term is sufficiently small. This fact is one of the key
arguments of the De Giorgi method.

Lemma 3.6. Let C > 1 and B > 1. Then there exists a constant C§ such that for every sequence verifying both
0< Wy <Cj and

o<W, < ck. Wlf—l forany k> 1
we have limg_, 5o Wi = 0.
Proof. It is quite standard, or see Lemma 1 in [42]. O

Finally we are ready to prove Proposition 2.1.

Proof of Proposition 2.1. Suppose that u is a solution of (Problem II-r) for some 0 < r < oo verifying

||u||L°°(—2,0;L2(B(§))) + ” P”Ll(—Z,O;Ll(B(l))) + ”VM ”Lz(—Z,O;LZ(B(%))) < 8 and

MUV 24002821y <8

where 6 will be chosen within the proof.
From Lemmas 3.4 and 3.5, by assuming § < min(d1, §2), we have

_ 7
(CHFUE,, forany k > 1ifr > 51,
Uk

N

_ 7
%'(Cl)kUkﬁ_ly forany k > 1if0 <r < sq, (76)

- 7
(CHFUE |, fork=1,2,....k if0<r <si.
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Note that k, = oo if r = 0. Thus we can combine the case » = 0 with the case r > s; into one estimate:

_ 7
Uy < (C3)kUkﬂ1 for any k > 1 if either r > sy orr =0,

where we define C3 = max(C_‘l, C‘z).
We consider now the case 0 < r < s1. Recall that s; = D-273* where D = ((v/2—1)2v/2) > L and 53, 11 <7 < sx,
forany r € (0, s1). It givesusr > D - 273+ Thusifk >k, and if O < r < s1, then the second line in (76) becomes

29(kr+1)
D3

1 .1 1
Uk < r—3'(C1) Ug ) < (CD"UE_,

k

] Ve s
< 29(k+]) . (Cl)kU]f,] < (218 . Cl) Uk67]' (77)

So we have for any r € (0, 51),

- 7

RE Cl)kUkﬁfl, for any k > k,,
Ue<y 7
(Y 7/ fork=1,2,... k.

Define C = max(2]8 .Cy, Ca, C3) = max(2'8 . C;, C»). Then we can combine all three cases r =0, 0 < r < s1, and
s1 < r < o0 into one uniform estimate:

- 7
U, < (C)kUk‘i] for any k > 1 and for any 0 < r < co.
Finally, by using the recursive Lemma 3.6, we obtain Cy such that Uy — 0 as k — 0 whenever Uy < C. This

condition Uy < CS‘ is achievable once we assume § so small that § < 4/ % because
2
Up < (”u”LOO(fZ,O;LZ(B(%))) + ||P||L1(—2,();L1(B(l))) + ”VMHLZ(fZ,O;LZ(B(%)))) .

Thus we fix § = min( %g, 81, 82) which does not depend on any r € [0, 0c0). Observe that for any k > 1,

sup / (Ju. )| = 1)2 dx < U
-3<1<0 Y|
B(3)

from E; <1 and (—%, 0) x B(%) C Q. Due to the fact Uy — 0, the conclusion of Proposition 2.1 follows. O

4. Proof of the second local study Proposition 2.2

First we present technical lemmas, whose proofs will be given in Appendix A. In Section 4.2, it will be explained
how to apply the previous local study Proposition 2.1 in order to get an L°°-bound of the velocity u. Then, Sections 4.3
and 4.4 will give us L*°-bounds for classical derivatives V¥ and for fractional derivatives (—A)*/?V%u, respectively.

4.1. Some lemmas

The following lemma present estimates about higher derivatives of pressure which we can find a similar lemma
in [41]. However they are different in the sense that here we require (n — 1)st order norm of vy to control nth derivatives
of pressure (see (78)) while, in [41], nth order is required. This fact follows the divergence structure and it will be
useful for the bootstrap argument in Section 4.3 for large r (we will see (84)). In the following lemmas, (v> ® v1)
represents the matrix whose (i, j) component is the product of j-th component vy ; of v2 and i-th one vy ; of v; and

(div(vz ® v1))i =3 ; 9 (v2,jvi,i).

Lemma 4.1. Suppose that we have vy, va € (C®(B(1)))? with divv; = divvs =0 and P € C®(B(1)) which satisfy

—AP =divdiv(v; ® v;)
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on B(1) CR3. Then, foranyn >2,0<b <a < 1and 1 < p < 0o, we have the two following estimates:

” VnP”Lp(B(b)) < C(a,b,n,p)(||U2||Wn7111’2(3(a)) -lvg ||Wn7111’1 (B(a)) + ||P||L1(B(a))) (78)

1 _ 1 41
where 5= 7 +p2,and

[ V"P”LOO(B(I,)) < Clapy (I02llwroo @y - V1w @) + 1P L1 (Be)y))- (79)
Note that such constants are independent of any vi, vy and P. Also, oo is allowed for p1 and p», e.g. if p1 = oo, then
p2=p.
Proof. See Appendix A. O

The following is a local result by using a parabolic regularization. It will be used in Section 4.3 to prove (82)
and (84).

Lemma 4.2. Suppose that we have smooth solution (vi, v2, P) on Q(1) = (—1,0) x B(1) of
0;(v)) +div(vp ® v1) + VP — Av; =0,
div(v)) =0 and div(vp) =0.

Then, foranyn>1,0<b<a<1,1 < p; <ocoand 1 < p; < 00, we have

IV il o oy osre s < Cabmprps (102 @ Vill Lot (g2 0:wn-102 (Bay
+ 101l oy a2,0,wn-1r2 By 1PN L1 —a2.0:L (Ba@y))- (80)
Note that such constants are independent of any vy, v and P.

Proof of Lemma 4.2 is omitted because it is based on the standard parabolic regularization result (e.g. Solon-
nikov [38]) and precise argument is essentially contained in [41] except that here we consider

(v +div(vz ® v1) + VP — Av; =0
while [41] covered
) +diviu®u)+ VP — Au=0.

The following lemma will be used in Section 4.3, especially when we prove (84) for large r.

Lemma 4.3. Suppose that we have smooth solution (vi, v2, P) on Q(1) = (—1,0) x B(1) of

0 (v1) + (v2-V)(v1) + VP — Av; =0,
div(v)) =0 and div(vp) =0.

Then, foranyn >0and 0 <b < a < 1, we have

[V" 01 o —.0:00 B0y < Clabm [(1020 1202, 0:wn0 8@y 1) - 011l L2200 By

+ ”anrlP”Ll(faz,O;L](B(u)))]

and, forany p > 1,
pt3

[v*oi] 1
L (=(b)%.0;LP T2 (B(b)))

< Cabmp [ (102012202, 0:wmo @y + 1) - 111 L2 @2, 0,wn20 (Bay)

P=3

n+l .
+||V P”L‘(—(a)z,O;LzP(B(a)))] ”vl||L°°(—(a)2,0;W”vP(B(a)))'

Note that such constants are independent of any vy, v and P.
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Proof. See Appendix A. O

The following non-local Sobolev-type lemma will be useful when we handle fractional derivatives by Maximal
functions. We will see in Section 4.4 that the power (1 + ) of M on the right-hand side of the following estimate is
important to obtain the estimate (90).

Lemma 4.4. Let My > 0 and 1 < p < 00. Then there exist C = C(My, p) with the following property:
For any M > My and for any f € C'(R?) such that ng ¢ (x) f(x)dx =0, we have

a 1
1 Nreaony < CMT7 - (IMAV ) g, + 19 F i sy)-
Proof. See Appendix A. O
With the above lemmas, we are ready to prove Proposition 2.2.

Proof of Proposition 2.2. We divide this proof into three stages.

Stage 1 in Section 4.2: First, we will obtain an L;’OL%—local bound for u by using the mean zero property of u
and w. Then, an L*°-local bound of u follows thanks to the first local study Proposition 2.1.

Stage 2 in Section 4.3: We will get an L*-local bound for V¢u for d > 1 by using an induction argument with a
bootstrapping. This is not obvious especially when r is large because w depends on a non-local part of # while our
knowledge about the L°°-bound of « from the stage 1 is only local.

Stage 3 in Section 4.4: We will achieve an L°°-local bound for (—A)*2Vv4y for d > 1 with 0 < « < 2 from the
integral representation of the fractional Laplacian. The non-locality of this fractional operator will lead us to adopting
more complicated conditions (see (23)).

4.2. Stage I: to obtain L*°-local bound for u

First we suppose that u satisfies all conditions of Proposition 2.2 without (23) (the condition (23) will be assumed
only at the stage 3). Our goal is to find a sufficiently small > 0, which should be independent of r € [0, c0).
Assume 71 < 1 and define ryp = i for this subsection. From (21), we get

Nl L2—a.0.6B2y) < CNVUll2(—a.0..2(82))) < C - 7-
From Corollary 3.2, if r > rg, then

lwllz2—4,0.LB2)) < C -1
On the other hand, if 0 < r < rg, then

[l a0 2083 < Cltlzaoiomey < C
because ¢, is supported in B(r) C B(F), and w = u x ¢, (see (8)). For w”,
Jw| L2(—4,0; L (B(2))) < | e HL'(B(])) HL2(< 4,0 <| el sy ”L2(( 4,0))
< Cllullz2—4,0,06B2)y)) < C11-
Thus ||w||L2( 4,0.L5(B(1y) S <Cpifr <ipfromw=w'+w”
In sum, forany0<r < 00,
”w”LZ(—4,0;L6(B(%))) < Cﬁ (81)
Since Eq. (18) depends only on VP, without loss of generality, we may assume f]R3 ¢(x)P(t,x) =0 for ¢t €
(—4, 0). Then with the mean zero property (21) of u, we have

1
<Cn?
L1(—4,0)

H /d:(x)VP(-, x)dx
R3

after integrating in x.
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From Sobolev’s inequality, we have

VP Cﬁf and
Li(- 40L2(B( )
”P”Ll( 4OL%(B( N CU7
Then we follow step 1 and step 2 of the proof of Proposition 10 in [41], we can obtain
C"?
I ”L°°( 30L2(B( m "

and then

||u||LDO( 2,0; LZ(B( )) CTI“
for 0 < r < 00. Details are omitted.

Finally, by taking O0<n< 1 such that C ﬁ}T < 8, we have all assumptions of Proposition 2.1. As a result, we have
|u(t, x)| < 1on[—3,0] x B(3).

4.3. Stage 2: to obtain L™ local bound for Vu

In this subsection, we cover only classical derivatives, i.e. the case « = 0. For any integer d > 1, our goal is to find
Ca.o such that [((—=A)2Vu(r, x) = [V9u(t, x)| < Ca0 on (—($)2,0) x (B(L)).

We define strictly decreasing sequences of balls and parabolic cylinders from (—(%)2, 0) x B (%) to (—(%)2, 0) x
(B(3)) by

o —(—(1+1.z—n)2 o)xB = (~(%,0) x B
n — 3 6 ’ n — n ’

where /,, = % + % - 27", These notations will be used only in this subsection.
First, in order to cover the small r case, we claim the following:
There exist two positive sequences {7, }°O o and {Cy, Amau}n o such that for any integer n > 0 and for any r € [0, r,),

|| Vnu ||L°C(Q]1n) g Cn,small- (82)

Indeed, from the previous Section 4.2 (the stage 1), the estimate (82) holds for n = 0 by taking 7o = 1 and
Co,smann = 1. We define r,, = distance between Bjj, and (B11n—1)€ for n > 1. Then {Fn}flozo is decreasing to zero
as n goes to 0o. Moreover, we can control w by u aslong as 0 <r < 7,: forany n > 1,

1wl Lo —y2.0:L72 By < (el Lot (1, y2.0:L72 (B +C) - and

<V (83)

||V w|| LP1 (= (Iy)2,0;LP2 (By) “”Lm (=Um=1)2,0;LP2(Byy—1))

for any integer m such that m < 11 - n, for any k > 1 and for any p; € [1, oo] and p; € [1, o] (see (8)).
We will use an induction with a bootstrapping. First we fix d > 1 and suppose that (82) is true up to n = (d — 1).
It implies for any » € [0, 74—1)

||u”LOO(,[?’();Wd—I,oo(gS)) <C
where s = 11(d — 1). We want to show that (82) is also true for the case n =d.
From (83), ||w||Loo( 2,,.0;Wd-1o0 (B, ) < C and, from Lemma 4.2 with v, = w and v; = u,
”u”Llf’(—lfﬂ,O;W‘l (B4 S C Then, we use (83) and Lemma 4.2 in turn:

— we L'(=12,5,0; W32(By13)) — u € L3 (—12,,0; WITI19(B,1y))

8Wd+1,16 2Wd+3’4,

—welL —...>uecl
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Then, from Sobolev’s inequality,
—ue L*WIT2® — we L2 (=12,4,0; W22 (B ).
This estimate gives us
A(V?u), div(V¥(w @u)) and V(V!P) € L' (=12, 5, 0; L®(By+10))
where we used (79) for the pressure term. Thus
3 (V9u) e L'(—12,10. 0; L™ (By110)).
Finally, we obtain that, for any r € [0, 7y)
| VduHLOO(—ISZH,,0;L°°(Bs+|1)) s¢

where C depends only on d. By this induction argument, we showed the above claim (82).
Now we introduce the second claim:
There exists a sequence {Cy jarge} e Such that for any integer n > 0 and for any r > 7,

||v uHLOC(QZI_n) X Cn,large (84)

where 7, comes from the previous claim (82).

Before proving the above second claim (84), we need the following two observations (I), (II) from Lemmas 4.2
and 4.1:

(I). From Corollary 3.2 for any n > 0, if r > r,,, then

lwllz2(—4,0;wn(B@2)) < Ca-

We use (80) in Lemma 4.2 with v{ = u and vy = w. Then it becomes

V" u| . < Commpo (lull 20, +1) (85)
LPU(=(m)2,0;LP2(By)) 2 LTPT (— (U )2.0: W22 (B 1)
forn>1,m>1,1<p;<2and 1 < py < oo (for the case p; = = 00).
(IT). Moreover, (78) in Lemma 4.1 becomes
||VnP||L1( (n )ZOL[’(B,,,)) C(mnp)(”u”LZ( (lm 1)20‘,‘”1 1]7(3 1))"‘1) (86)

forn>2and 1 < p < 0.

Now we are ready to prove the second claim (84) by an induction with a bootstrapping. From the previous Sec-
tion 4.2 (the stage 1), (84) holds for n = 0 with Cy jarge = 1. Fix d > 1 and suppose that we have (84) upton = (d —1).
It implies for any r > rg_1

”””LOO( 12,0,Wd=1.00(B()) S <Cy- 1,large
where s =21(d — 1). We want to show (84) forn =d.

By using (85) withn =d, p; =2 and p, = 11, we have

el osweni by S €
and, from (86) withn =d 4+ 1,m =0and p =11, we get

<C.

| Vd+lP||L1(—lf+2,O;L”(l§,q+2)) =

Combining the above two results with Lemma 4.3 for v = 4 and vy = w, we can increase the integrability in space
of u by 0.5 up to 6:

Il ooz s 0wt By S €

flu ”Lw(_lg+4’0; W15 (B, 4)) <C,

el oo -2, 0:wab(By 413 < €
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By using (85) and (86) again, we have

”u||L2(_13+14,0;Wd+1,6(E»S+14)) <C and
d+2
[V52P e

= <
o150 L0 (Byy15) ¢

Combining the above two results with Lemma 4.3 again, we have

el ooz, 0: w1 (B igp S C

el oo 2, 0wt 3B,y S €

Finally, from Sobolev’s inequality,

| Vd”||Lw<—z§+21,o;L°°(Bx+m) s¢

where C depends only on d as long as r > r4. From this induction, we proved the second claim (84).
Define for any n > 0, Cy,,0 = max(Cy gmait» Cn,iarge) Where Cy s and Cy, jarge come from (82) and (84) respec-
tively. Then we have:

I vnu”LOC(Q(%)) <Cuo (87)

for any n > 0 and for any 0 < r < oo due to Q(%) C Qp. Tt ends this stage 2.
4.4. Stage 3: to obtain L™ local bound for (—A)*/*Viy

From now on, we assume further that (u#, P) satisfies (23) as well as all the other conditions of Proposition 2.2. In
the following proof, we will not divide the proof into a small r part and a large r part.

Fix an integer d > 1 and a real @ with 0 < o < 2. i.e. any constant which will appear may depend on d and «.
However, it will be clear that all constants are independent of any r € [0, co0) and of any solution (u, P).

First, we claim:

There exists a constant C = C(d, «) such that

Viau(t, x — y)

|y|3+a (88)

|(=2)EVu(t,x)| < C(d, o) + '
ly1=(1/6)
for x| < (1/6) and for —(1/3)> <t <0.
To prove (88), we first recall the Taylor expansion of any C? function fatx: fO)—fxX)=(VHX) -y —x)+
R(x, y), and we have an error estimate |R| < C|x — y|?- || V2 f | Loo(B(x:1x—y|))- Note that if we integrate the first order

term (V f)(x) - (y — x) in y on any sphere with the center x, the integral vanishes thanks to the symmetry. As a result,
if we take (¢, x) such that |x| < (1/6) and —(1/3)2 <t €0, then we have

Vau(t, x) — Vu(t, y) ‘
y

(=) 2 Vu(r, x)| = ‘P.V./

x — yHe
R3
1
< sup Vd+2u(t, 2)1) - ———dy
h zeB((1/3))(} ) |x — y|3te=2
[x—y|<(1/6)
1 Vau(t, y)
d ,
4+ sup Veul(t, z)|) - f 7dy+‘ f —dy
zeB((1/3))(| ) lx — y|3+ |x — y|3te
[x—y|=(1/6) [x—y|=(1/6)
Vdu(t,x —-y)
<Cd,a)+ Wdy

ly1=(1/6)
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where we used the result (87) of the previous Section 4.3 (the stage 2) together with the Taylor expansion of Vau(t, )
at x in order to reduce certain amount of singularity at the origin x = y. We proved the first claim (88).

Second, we claim:

There exists C = C(d, o) such that

4 B J
/ % ' . a>+Z( ) (1)) % V) 2. 0)| e
ly1=(1/6)

for |x| < (1/6) and for —(1/3)2 < t < 0 where £ is the integer such that 2k < (1/6) < 2k+1 (j.e. from now on, we fix
k = —3). Recall that h* is defined in (12).
To prove the above second claim (89): (recall (11) and (12))

Vau(t, x —y) _ > v\ Veu(t, x —y)
|| TRl Zg(f) e dy’

ly1=(1/6) ly1=(1/6) 1=K

o0
Iyl=(1/6) / =i
k+1 ‘

\Z 2]04'

[yI=(1/6)

(h®),; MVult, x —y) dy‘

53

(2] ) ’ / (ha)z./(y)vd"‘(tvx —y)dy’

j=k+2 YIZ(1/6)
=)+ D).
For (1), we have
k+1
(”\Z@m (‘/ Ky OIVu x‘”‘”‘* / |(h“)zf<y>|-IV"ua,x—y)Idy)
[yI<(1/6)
k+1
d d
< Z (2j)a< ;x V), x)|+C- ZEIS;{)/})W u(t,z)|)
k+1 ;
_Z<za> 2 * V)t 0|+ Cd. o).
For (II), by using supp(hS;) C (BQ2I~1Y)C C (B(1/6))C forany j > k +2,
Un= 3 ‘ / (h*) 5 IV9ult, x = y)dy
) (2/)«
j=k+2 7
= % (5) 10+ Vel
j=k+2

We showed the second claim (89).
Third, we claim:
There exists C = C(d, o) such that

” (ha)M * Vdu”L°°(—(1/6)2,0;L1(B(1/6))) <C.e)-M'™ (90)

for any M > 2k (recall k = —3).
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To prove the above third claim (90), we take the convolution with VA[(hY) p] to Eq. (18). Then we have
(VL) gy ), + (VL) ] 5 (- Vo)) + (V[(R) ] %V P) = (V[ (1%) ] 5 Au) =0
so that we get
(V1) gy ] V), + (VL) ] (w - Vo)) + (VA [(B) ] 5 V2 P) = AV (1) ] + Vi) = 0.
Define a cut-off @ (t, x) by
0<@(x) <1, supp(®)C(—4,0) x B(2),
D(t,x)=1 for(t,x)e (—(1/6)2, 0) X B((1/6)).

(VI (™) 1%V ) (t,x)
[(VI=T[(h) p 1% V) (2,5) |

We multiply @ (¢, x) then integrate in x:

d _
E/(D(l,xﬂ(vd (r*),,] % Vu) @, x)| dx
IR3
</(|a,¢>(t,x)}+ Ao @, ))[(V9[(h*),,] * Vu) @, x)| dx
R3
+/}q>(¢,x)||(vd—1[(h“)M] *VZP)|dx+/|¢>(r,x)}|vd[(h“)M] * (- Vu)|dx.
R3 R3
Then the integration on [—4, ¢] for any t € [—(1/6), 0] gives us
” (ha)M * Vlu ” L®(—(1/6)2,0; L1 (B(1/6))) — ” Vd_l[(ha)M] * Vu ” L®(—(1/6)2,0; L1 (B(1/6)))
< C(” Vd_l[(ha)M] * V”||Ll(—4,o;L1(B(2)>)
+ | V(%) ] V2P||L1(—4,0;L1(B<2)))

+ H Vd[(ha)M] * ((w ‘ V)“) ” L1(—4,0;L! (3(2))))
= (I) + (I1) + (D).

For (1), we use simple observations V" [(f)s]=8"" - (V" f)s and |(f)s * Vu|(x) < Cf - M(|Vu|)(x) for any
fe CSO(R3). Thus we get

(V) gy ] 5 Ve )| = MO0 (VR 5 Vi) 2, )
<C- M M(IVul) (2, x)
for any 0 < M < oo. It implies, for any 0 < M < oo,
(= ” (Vd_l[(ha)M] * V”) ||L1(—4,0;L1(B(2)))
<C-M D M(1Vul)
<C-M D M(1Vul)

“ L1(—4,0;L1(B(2)))
||L2(—4,0;L2(B(2))) <C-M

For (II), we use our global information about the pressure in (23) thanks to the property of the Hardy space (10):

un = ||Vd_1 [(ha)M] * V2P ||L1(—4,0;L‘(B(2)))

=MD (V) x V2P L o sy

< M@ H vid—1pe v2p H
gggﬂ( )s * VPN o nimon

<Cc-M'" 91)

for any 0 < M < oo.
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For (III), we use the following useful facts (1-5):
1. From supp((h*) ) C B(2M), we compute

[ Vd[(ha)M] * ((w - Vu)(, ')”LI(B(z))

< [ [l 9@ (@10) ex =l dyds

B(2) R3
< [ M vmen]| 110, )6 -]
BQM+2) B(2)
< C“Vd[(ha)M] ||L°°(]R3) : || ((w - Vyu) @, ')HLI(B(2M+2))
1
<C- W I(w - Vyu), ')”LI(B(2M+2))

1
M3+d

where ¢ =12/(a +6) and 1/g +1/q’ = 1. Note that 12/8 <g <2 dueto 0 < a < 2.
2. Forany M > 2k we have

<C- Jw,

3] L9 (BeM+2)) |Vu@, )| L9(BQM+2))

1
||w(t )||Lq(B(2M+2)) CM1+ (||M(|Vw|q)(t, ')”L/lq(Ba)) + va(t’ ')”LI(B(z)))

3
<cm'Ta. (IM(M(vul) "), ')HlL/lq(B(l)) + |M(1Vul) . ‘)”Ll(B(z)))v

where, for the first inequality, we used Lemma 4.4 and, for the second one, we used the fact |[Vw(z, x)| = [(Vu *
o) (t, x)| < C - M(Vu|)(t, x). Note that C is independent of r € [0, co) thanks to the definitions of the convolution
and the Maximal function. So, for any M > Zk, from (23), we get
1/q
HL,Z(74,O) + H ”M(W”D

lwllz2(—4,0,9(BM+2))) < CM1+ ([ | Mm(M(Vul)|) L(B(1))

3 1
<cum' (HM(‘M(W“D‘LI) UL/2%<_4,0;L1<B(2))) + ”M(W”D H L2(74,0;L1(B(2))))

+(B(2) H L,2(74,0))

gCMH_

Before stating the third fact, we need the following two observations:
From the standard Sobolev—Poincaré inequality on balls (e.g. see Saloff-Coste [32]), we have, for any 0 < M < oo
and for any f whose derivatives are in L;’OC (R3),

I f = Fllsarc-o sany < C - IV FllLaaon) 92)

where f = /, g J dx/|B| is the mean value on B. Note that C is independent of M.
On the other hand, once we fix My > 0, then there exists C = C (Mo) with the following property:
For any p with 1 < p < oo, for any M > My and for any f € L (R?), we have

loc

1
1 ey < CMT - [ MAFI7) g0 ©3)
Indeed, to prove (93), it is enough to show that

3
gl gy < CM’ - M(g) ||L1(B(2))'
For any z € B(2), we get

(M +2)°
[ lewlar=Gran - [ leerolas

B(M) B(M+2)
< (M +2° M(g)(2) < Cyy MP M(8) (2).

Then we take integral on z € B(2).
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Now we state the third fact.

3. ||u)(t, ')||L3<1/(3fq>(3(2M+2))
CVw ) oy + 19 oo man
3—
<C M MOVl @ gy + CM [0t 1 pr oy €M

<C- MY | M(M(Vul)|)) @ |+ emi

LY(B(2) lw ) L samia)

<C- M3 ’|M(’M(|V“|)’q)(t’ ')HlL/lq(B(z))

1/1
+omirem - (| M(vel) . ')HL/I(B<1))+ [ Vw9 1)

<MY MM ) @ |

3
+CMa ([ M(IM(IVul)|) (@, ) ||L1(B(1)) + [M(1Vul)@, ) ||L1(B(2)))

where we used (92) for the first inequality while we used (93) and definition of mean value for the second one. For
fourth and fifth ones, |Vw(t, x)| < C|M(|Vul)(t, x)| and Lemma 4.4 were used. So, by taking L?-norm on time
[—4, 0] with (23), we get

3
lwl| 3¢ <CMq
L2(—4,0; 13-4 (B2M+2)))

forany M > 2k,

4. || w(t, || w(t,

H w(, )” LY (BQM+2) X )H L1(B2M+2)) )” 134/3=9) (BQM+2))

where ¢’ =¢q/(q —1) and 0 = (4q — 6)/q.
Note that due to 12/8 < g < 2, we have 0 < 6 < 1. So, for any M > 2¥, we get
||w”Lz( 4,0;L9(B2M +2))) = ”w”L2( 4,0;L9(B(2M+2))) ”w”L2( 4,0;L34/G=9) (B2M+2)))
<C - (MO (M)~ — oyt

5. From (93), for any M > 2k we get

1
” Vul(t, ')||L11(B(2M+2)) <C- M3 ”M(W”W)(Iv )” L/lzB(Z))'

So, for any M > 2k from (23), we obtain

Vil p2—a0:00BEM42) < C - M- | ||M(|V”|q)||lL/;q(B(2)) ||L,2(_4,0)

1
<C MMV [V, o imony < C - MY

Using the above results (1-5) all together, we have, for any M > Zk,

1

D < €~ 537 Wwllpa g 0.0 Bam+2)) IVl 2-4 0; 0 BEM+2))
1
SCo g - MO Pl =

It proves the above third claim (90).
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Finally we combine three claims (88), (89) and (90):

[(=a)7vu | oo —aysr.oser s son

vdu(.l‘5 ‘X T )’) ‘)
<|c 1+‘ / ASUAVAR: Sub D
” ( e @

lyI=(1/6)

C+CZ(za) Iy % V) ool oo, 0107000

00 .
1 J
screX(z) @) <o) () <
j=k

thankstod +o — 1 >0fromd >1and « > 0.
By the exact same way, we can also prove that

L=(=(1/6)%,0; L' (B((1/6))))

[ (=a)Tv"u | e —ajer0snrmasony < €

form=d+1,...,d+ 4. By repeated uses of Sobolev’s inequality, we get

|22V o1 612.0: a1 6y < €@ @)

It finishes the proof of Proposition 2.2. O
5. Proof of the main Theorem 1.1

We begin this section by presenting one lemma about pivot quantities. After that, Section 5.2 will cover the part (II)
for @ = 0 while Section 5.3 does the part (II) for 0 < o < 2. Finally the part (I) for 0 < o < 2 will be proved in
Section 5.4.

5.1. L' Pivot quantities

The following lemma says that L' space—time norm of our pivot quantities can be controlled by L? space norm
of the initial data. These quantities have the best scaling as |Vu|? and | V2P| have among all other a priori quantities
from L2 initial data (also see (4)).

Lemma 5.1. There exist constant C > 0 and Cq  for integer d > 1 and real a € (0, 2) with the following property:
If (u, P) is a solution of (Problem I-n) for some 1 < n < oo, then we have

f/(|Vu(t,x)|2+ V2P, )| + |[M(1Val) ¢, 0)*) dx dt < Clluo )2 s,
0 R3

and

/ / ( M(IVul)) [+ M Vul?) [+ | MM 9ul) | )

d+4

+> iugﬂ(vm_lh“)a * V2P|)> dxdt < Caalluol7ags,
m=d °~

for any integer d > 1 and any real o € (0,2) where g = q(«) is defined by 12/(« + 6).

Remark 5.1. The definitions of 4* and (V’”’1 h%)s can be found in (12).
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Remark 5.2. In the proof, we will see that every quantity in the left-hand sides of the above two estimates can be
controlled by dissipation of energy || Vu||? 12((0.00) xR only. It explains the latter part of Remark 1.2.

Proof of Lemma 5.1. From (17), we have

2 2 2
||Vu||L2(O,OO;L2(R3)) < ||I/t() * ¢% ”L2(R3) < ”uO”L2(R3)'

For the pressure term, we use boundedness of the Riesz transform on Hardy space A and the compensated compact-
ness result in Coifman, Lions, Meyer and Semmes [11]:
2p 2
v <|v P”U(Ooo nwdy) S CIAPI L0, 00 H®3))

= | divdiv((u * ¢1/n) @ u) ||L1<o,oo;H<R3)>

HLI(O oo; LI(R3))

<C V@ brm| 120 00; 120 1V 120,00 128
< ”VuHLZ(O 00; L2(R”€)) C““O”[}(ﬂg?) (94)

For Maximal functions, we have

”M(M(W“D)Hi%o,oo;LZ(R?) HM |V“|)”L2

(0,00; L2(R3))

<C

g : ”Vu ||L2(0,OO;L2(R3))
2

g : ”uOHLZ(R})'

Letd >1and 0 <o <2 andtake g =12/(a¢ +6). Dueto 1 < (2/q) < (4/3), we get

2 2
||M(|v”|q) “L/ﬁq(o 0; LZ/q(R?)) ’ H |V”|q ”L/gq(o,oo;LZ/q(R%)

=C - IVutl 720,00 1285

2
C. ||u0||L2(R3)

and

[ MM 9ul) )7 C - || M(vul) |72

L2/4(0,00; L2/4(R3)) L2/4(0,00; L2/4 (R3))

2
: ”M(|Vu|)||L2(0,oo;L2(R3))

< C1Vulla0 002wy

N

C - lluol7a s,

where C depends only on «.
Thanks to the property of Hardy space (10) with (94), we have

d+4 d+4

S a5, PP

< Clluol7a g,
where the above C depends onlyond and . O

We are ready to prove the main Theorem 1.1.

Remark 5.3. In the following Sections 5.2 and 5.3, we consider solutions of (Problem I-n) for positive integers #.
However it will be clear that every computation in these subsections can also be verified for the case n = co once we
assume that the smooth solution u of the Navier—Stokes exists. The n = oo case (the original Navier—Stokes) will be
covered in Section 5.4.

We focus on the o = 0 case of the part (II) first.
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5.2. Proof of Theorem 1.1, part (Il) for the o = 0 case

Proof of Theorem 1.1, part (II) for the @ = 0 case. Let any initial data ug of (2) be given. From Leray’s construction,
there exists the C*° solution sequence {u,}>>, of (Problem I-n) on (0, o) with corresponding pressures { Py}, ;.
From now on, our goal is to make an estimate for vy » which is uniform in n.

Foreachn, € > 0, ¢ > 0 and x € R3, define a new flow X,.e(-, t, x) by solving

0Xp.e

(S7 tsx) = ul’l * ¢l *¢€(Sv Xn,G(sa tv-x)) fOI‘S € [07 t]a
Xpe(t,t,x) =x.
For convenience, we define F; (¢, x) and g, (¢).
2
Fu(t,x) = (IVup > + |V Py | + [ M(Vu,)|) (¢, x), gn(t)=/Fn(t,X)dx.
R3

We define, for 7, t > 0 and € such that 0 < 4€2 <1,

t
1
9’1’6’[=:x€R3‘E / / Fn(s»Xn,s(S,lsx)+y)dyds<FI}

1—4€2 B(2¢)

where 7 comes from Proposition 2.2. We estimate the size of (.Qn,e,,)cz

|(~Qn,e,t)c| =

t
1
ixeR3‘;/ /Fn(s,Xn,e(s,t,x)+y)dyds>f/}

1—4€2 B(2¢)

t
1 1
<= (|- Fu(s, Xne(s,1,x) 4+ y)dyds | dx
i €

R3 t—4€2 B(2¢)

0
1

=_—(/ f/F,,(t+s,X,,,E(t+s,t,x)+y)dxdsdy>
ne

B(2¢) —4¢2 R3

0
:_i(/ //Fn(t+s,z+y)dzdsdy)
e

B(2€) —4¢2 R3

0
<_i( / ldy)(//F,,(t—i—s,Z)dst)
e

B(2¢) —4e2 R3

0
C 2
<é< f /Fn(r+s,2)d2ds>
n

_4e2 R3

e

0
1 C -
<C+ (@ / gn(t+5) ds) < e“M(”(ggn : 1(0,00))0) =e'2.(0) (95)
_4¢2
where g, = M® (% gn - 1(0.00)) and M is the Maximal function in R!. For the third inequality, we used the fact that

X,.¢(-, 1, x) is incompressible. From the fact that the Maximal operator is bounded from L! to L1:*° together with
Lemma 5.1, we get [|gn ()l 11.00(0,00) < £ 181 (l1110,00) < 5 1401172 3,



936 K. Choi, A.F. Vasseur /Ann. I. H. Poincaré — AN 31 (2014) 899-945
Now we fix n, ¢, e and x withn > 1,0 <t < 00,0 <4e2 <tand x € §2,.¢.r.- We define v, Q on (—4, 00) X R3 by
using the Galilean invariance:
(s, y) = €ty (t + €%, Xne(t + €25, 1,x) +€y) — €(un * @) (t + €25, Xp e (t + €75, 1, %)),
O(s,y)= 2P, (t + €2, X.e (t +ée%s, 1, x) + ey) + eyZ)s[(un * ¢E)(t + €%, Xn.e (t + €%, 1, x))] (96)

Remark 5.4. This specially designed e-scaling will give the mean zero property to both the velocity and the convective
velocity of the resulting equation (97).

Letus denote 0 and ¢ by O = (t+€2s, Xp,e(t +e2s, 1, X)+ey)and & = (t+e2s, X,,,E(t—i—ezs, t, x)), respectively.
Then the chain rule gives us

050(5.y) = €0 (un) (0) + € ((tn %G1 % $e)(O) - V)un (D) — €8s [atn * pe) ()],
(Wky §1)(5. ) = €(utn % $1)(D) = € ttn % ) (),

/(v #y $ 1)(5, )P () dz = €ty % @1 $) () — €(un % §e) (),
R3

(((v *y $1)(5.7) = /(v %y $1)(5. )b (2) dz) ~V>v<s, »)
R3

= * ¢1)(@) - V)un (@) = € ((un * b1 % $)(O) - V)un (D),
—Ayu(s,y) = —€Ayu, (0)  and
Vy0(s. ) =€ VP (D) + €8s [un  ¢e)(O)].
Thus, for (s, y) € (—4, 00) x R3, we get

[3sv+ <<(U*¢L) —/(U*M)qﬁ) -V)U+VQ - Av}(s,y) =0. 7

As aresult, (v(-y,-y), Q(s,+y)) is a solution of (Problem II—%).
From the definition of the Maximal function, we can verify that | M (Vv)|? has the right scaling as |Vv|? has in the
following sense:

C
M(Vv)(s,y) = sup E ez(Vun)(t + €2, Xn.e (t + €25, 1, x) +e(y+ z)) dz
M=>0
B(M)

sup

SUP A / ez(Vun)(t—i—ezs,X,,,e(t+62s,t,x)—}—ey—i—Z)dZ

B(eM)

M (Vu,) (D). (98)

As a result, we have

0
//(lvU(s,y>\2+\v2Q<s,y>\+\M(W)<s,y>!2)dyds

—4 B(2)

0
64/ / [V + | V2P| + | M (Vi) |P](@) dy ds
—4B(2)

0
264//FH(D)dyds

—4 B(2)
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t

:G_lf /Fn(S’Xn,e(Satvx)+y)ddegf/
t—4e2 B(2¢)

where the first equality comes from the definition of (v, Q), and the second one follows the change of variable
(t + €2, €y) — (s, y). Moreover, it satisfies

/¢(z)v(s,z)dz=0, —4 <5 <0. (99)
R3

So (v, Q) satisfies all conditions of (21) and (22) in Proposition 2.2 with r = 1/(ne) € [0, 00).
The conclusion of Proposition 2.2 implies that if x € §2, ., for some n, ¢t and € such that 4€% < t then
|Vdv(0, 0)| < Cy4. As aresult, by using Vdv(O, 0)= edtlvdy, (¢, x) for any integer d > 1, we have

C
{x cR? ‘ ’Vdun(t,x)’ > ed%” < |.an)€),‘ <64'§n(t).

Let K be any open bounded subset in R3. Also we define p =4/(d + 1). Then for any ¢ > 0, we have

BY-1K|, ifB<C-17P,

P K: |(Vun)(t, <
-l e K ()] = p) < { 00 A

It implies
K
(7009 g < € e (0. L ).

We pick any 7o > 0. If we take L (t, T')-norm to the both sides of the above inequality, then we obtain

Ll’oo(lo,oo)>

) K|
<€ lolageay + (100)

1
d p o —
A [ C("g"””'ww’w Kl ” P

where C depends only on d > 1.

We observe that the above estimate is uniform in 7. It is well known that both Vi and V2u are locally integrable
functions if u is a suitable weak solution # which can be obtained by a limiting argument of u, (e.g. see Lions [29]).
Thus, the above estimate (100) holds even for u with d =1, 2.

2,00

ioe_» Which is useless because we know a

Remark 5.5. In fact, for the case d = 1, the above estimate says Vu € L
better estimate Vu € L2,

Remark 5.6. For d > 3, the above estimate (100) does not give us any direct information about higher derivatives
V%u of a weak solution u because full regularity of weak solutions is still open, so V¢u may not be locally integrable

for d > 3. Instead, the only thing we can say is that, for d > 3, higher derivatives V¢u,, of Leray’s approximation u,

have L4/(d+1)’oo

Ioc bounds which are uniforminn >1. 0O

From now on, we will prove the 0 < o < 2 case of the part (II).

5.3. Proof of Theorem 1.1, part (Il) for the 0 < o < 2 case

Proof of Theorem 1.1, part (II) for the 0 < « < 2 case. We fixd > 1 and 0 < o < 2. Then, for any positive integer 7,
anyt > 0and x € R3, we denote F,(t, x) by:
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Fult,x) = (\w,,(t,x)|2 + | V2P, )|+ [ MVu) @, 0 + [MM(1Vua))) )+ (M(M(1Vua])| 7))

d+4
2 _
+ M1V ) [+ > " sup(|(V"'h®), *vzpy)).
m=d >0
We define g,, g,, X, and £2, ., in a similar way as we did in the previous Section 5.2. Note that we have
- Ciu
181l £1.00(0,00) < dT - ””0”12@3) from Lemma 5.1.

Now we pick any x € §2, ¢ ; and any € such that 4€? < t, and define v and Q as in the previous Section 5.2 (see
(96)).

In order to follow the same way we did in the previous Section 5.2, we need to verify if all quantities in F, (¢, x)
have the right scaling after the transform (96). For Maximal of Maximal functions,

C
M(M(IVv])) (s, y) = sup e f M(IVol)(s,y +2)dz
M=>0

B(M)
C
= sup — / EM(IVunl)(t + €%s, Xp e (t + %5, 1,x) + €(y +2)) dz
M=o M sinn

= M(M(IVuul)) (@)

where 0 = (1 +€2s, Xp,e(t +€2s, 1, x)+€y) and we used the idea of (98) for the second and third equalities. Likewise,
we get M(|Vv|9)(s, y) = €2 - M(|Vu,|1)(3) and MM(VV])[9)(s, y) = €2 - MM (|Vun|)|9) (D).

Also, we have, for any function G € C§°,

$7\s
R3

1
:ug(|g3*V2Q|)(s,y):§ug / Q<Z>-(V2Q)(s,y—z)dz

4
=sup / ¢ g<5> . (V2P,,)(t + ezs, Xnge(t + ezs, t, x) +e(y — z)) dz

s=0l) 87\s
R3
=sup fig < -(VZP )(t+ezs X (t+ezs t x)+6y—z)dz
s=0lJ €837 \es " e Y
R3
= sup /64Q€5(z) . (VZP,,)(t + €25, Xp.e (r+ s, 1, x)+ey—z)dz
€§>0
R3

= sup 64’(g€5 * (Van))(t + ezs, Xn.e (t + ezs, t, x) + ey)|
€§>0

=t sup|Gs * (Van)|(D).
§>0

Thus, by taking G = (Vm_lh“), we have
sup(| (V" Th) s % V2Q|) (s, ) = €* sup| (V" Th®)  * (V2 P,) | (D).
§>0 §>0

As a result, we have

0
//|:|Vv|2+|V2Q|+|M(Vv)|2+|M(M(|Vv|))|2+|M(|M(|Vv|)|q)’q/2
—4 B(2)

d+4
+ MV P+ sup(|(v ) VZQ\)}(s, ) dyds

m=d >0
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0
264//Fn(D)dyds

—4B(2)

t
=l / / Fn(s,X,l,e(s,t,x)—i—y)dyds<f].
t—4e2 B(2¢)
Then (v, Q) satisfies (23) as well as (21) and (22) of Proposition 2.2 with r = 1/(ne) € [0, 00). In sum if x € £2,, ¢,
and if 4¢2 < t, then we get

|(=2)**V?v(0,0)| < Cy g

Because u,, is a smooth solution of (Problem I-n), the fractional derivative (—A)*/2V9y,, is not only a distribution
but also a locally integrable function. Indeed, from a bootstrapping argument, it is easy to show that V¥u,,(r) has a
desirable behavior at infinity which is required in order to use the integral representation (14) pointwise. For example,
(C? N W>) is enough (for a better approach, see Silvestre [37]). Also it can be easily verified that the resulting
function (—A)"‘/ 2[Vdun(t, -)](x) from the integral representation (14) satisfies the definition in Remark 1.1.

As a result, it makes sense to talk about pointwise values of (=AY 2yd u,. Note that, for any integer d > 1 and
anyreal 0 <o <2,

(= A2V (0, 0) = et (— A2V, (1, x).

Thus we can deduce the following set inclusion:

[ Cd,
{xeR3 =88V 0| > w—a‘il} cef... (101)

It implies, for any 0 < # < oo and for any 0 < 4€? < 1,

<R 1<t .

« Ca,
{x cR? ‘ ’(—A)Zvdun(t,x)’ > w_—aa_i_l}

We define p=4/(d +a + 1). As we did for case o = 0, we obtain

ATV, || < lluoll? ]
|| (_ ) Un ||L1"°O(to,w;LPvOQ(K)) X ”uO”LZ(RS) + F

for any integer n, d > 1, for any real o € (0, 2), for any bounded open subset K of R3, and for any 7o € (0, oo) where
C depends only on d and «.

If we restrict further (d + o) < 3, then p = dﬁTﬂ > 1. This implies (—A)*/2viy, e L;Ioc((to, o0) x K) for every
g between 1 and p, and the norm is uniformly bounded in n. Thus, from the weak-compactness of LY for g > 1,
we conclude that if u is a suitable weak solution obtained by a limiting argument of u,, then any higher derivative

(—A)¥/2v4y, which is defined by following Remark 1.1, lie in L }OC as long as (d + «) < 3 with the same estimate

(=) 2vul?, ooy < Caa | 11017 23 +@ .0 (102)
Lr0 (19,00, L1 (K)) S < ey T

5.4. Proof of Theorem 1.1, part (I)

Proof of Theorem 1.1, part (I). Suppose that (u, P) is a smooth solution of the Navier—Stokes equations (1) on
(0, T) with (2). Then it satisfies all conditions of (Problem I-r) for n = co on (0, T'). As we mentioned in Remark 5.3,
we follow every steps in Section 5.2 and 5.3 except each last arguments which require d < 3 or (d 4+ o) < 3. Indeed,
under the scaling (96), the resulting function (v, Q) is a solution for (Problem II-r) for r = 0.

Recall that u# is smooth by assumption. As a result, we do NOT have any restriction like d <3 or (d + o) < 3 at
this time because we do not need any limiting argument any more which requires the weak-compactness of L4 for
q > 1. Thus, we obtain (102) for any integer d > 1, for any real « € [0, 2) and for any #y € (0, 7). It finishes the proof
of the part (I) of the main Theorem 1.1. O
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Appendix A. Proofs of some technical lemmas

Proof of Lemma 4.1. We fix (n,a,b, p) suchthatn >2,0<b <a <1and 1 < p < co. Let o be any multi index
such that |o| =n and D% = 9y, 0, D# where B is a multi index with |8] =n — 2.
Observe that, from div(vy) = 0 and div(v;) = 0, we have

—A(D*P) =divdiv D*(v; ® v1)
= D“(Z@m,»(&m,,))
ij
= Oy, Oy H
where H = Dﬁ(zij(a,-vz,,-)(aivl,j)) and v = (k. 1, U2, Uk,3) for k = 1,2. Then, for any (p{, p2) such that % =
1 1
o + 7y We get
1 HlLr(B) < C||U2||Wn*1~112(3(a)) vy ||Wn*1.111 (B(a))
where C is independent of choice of p; and p; and
I H lyw1.00(Bay) < Cllv2llwnoo(Biay - lvillwnoo(B(ay)-
We fix a function ¥ € C*°(R?) satisfying:

C
v=1 inB(b+$>, v =0 in(B(bJr@)) and 0 <y < 1.

We decompose D* P by using ¥:
—A(yD¥P) = —yAD*P —2div((Vy)(D*P)) + (D" P) Ay
= Y0y, 0, H — 2div((Vy)(D* P)) + (D* P) Ay
=—-A01-AQ> - AQ3

where

_AQI = aal 3a2(¢H)7
—A Q2 = =00, (3 V) (H) ] — O, [ (00, W) (H) ] + (8, 00, ) (H)  and
—AQ3=—-2div((Vy)(D*P)) + (D*P)Ay.
Here Q> and Q3 are defined by the representation formula (—A)_l( = #(‘;—l * f) while Q1 is defined by the
Riesz transforms.
Then, by the Riesz transform, we get
1Q1llLr By < CIYH ppw3) < CIIH L (B(a))
< C||U2||Wn*l»pz(3(a)) v ||W'l*1,p1(3(a))-

Moreover, using Sobolev’s inequality, we have

101 llLBp) < C(I101 4By +1IVQ1 ||L4(B(b)))
S ClH w14y < CIH lwiooay)
<

Clluzllwnee(Bay) - lvillwnoo(B(@a))-
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For x € B(b), we compute

1
JT lx =yl
(Bo+52)=Bb+45%)

1
|02(x0)| = ‘4— f ——— (8, [ (B, W) (D] ()

— 80 [ (00 Y)Y (HD ] (9) + 3ty ey V) (H) () dy’

S2[V¥lipe - sup (
yeB(b+452)C

1
Vym') : ||H||L1(B(a))

1
lx — ¥l

e s

yeB(b+432)¢
SC-1H By

because |x — y| > (a — b)/3. Likewise, for x € B(b), we get

1
k+1
& =3 D NPIL (Bay

) NH 1By

n

|Q3(x>|<C(ZHV“‘I/f||Loo>~<Z sup
k=0

k=0 yeB(b+32)C

co( L) (5 o

k=0 k=0 yeB(b+432)C
S C- Pl L1 B@))-

Finally, we obtain

k l
Vv —y|) 1Pl s@)

||V"P||LP(B(,,)) <1QillLrsey + Cll1Q21 + |Q3|HL00(B(b))
SC-HlLra@) +C - 1HlL @y T C - 1Pl
< Ca,b,p,n(||Uz||Wn—1,pz(B(u)) : ||U1||Wn—1,m (B(a)) + ||P||Ll(3(a)))
and
“VIlP’|Loo(B(b)) ‘ |Q1|+|Q2|+|Q3|”Loo(3(b))

A wreopay + C - 1H I L1(B@y) +C - 1PllL1(B@)

<
<C
< Capn(llv2llweeBay - Ivillwne @) + 1P L1 (By)- O

Proof of Lemma 4.3. We fix (n,a,b) suchthat n >0 and 0 < b < a < 1 and let « be a multi index with || = n.
Then, by taking D* to (18), we have

0=08,(Dv)+ <a>((Dﬂuz)-V)(D“—ﬁvl)+(v2~V)(D%1)+V(D“P)—A(D%l). (103)
p<a >0

We define @(£,x) e C*by0< @ <1,&=10n Qpand ® =0o0n Qac. We observe that, for p > % and for f € C*°,

1 3 1 3 1
(p+ E)|f|l’2f L0 f =0/ fIPT7 and (p + %)sz AfSA(fI7F2)

which can be verified directly due to the fact |V f| > |V| f]|.
Now we multiply (p + %)CD \D%?H% to (103), use the above observation and integrate in x to get: for any p > %,

d 1
E/@(t,x)|D“v1(t,x)|p+2 dx
R3
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<[]+ a0 @ o)D" dx
R3

+ <p+ %) /|VD°‘P(t,x)|}D°‘u1(t,x)|P*%dx
R3

B<a.|81>0

1 1
v 5 ()0t e
R3

—/(P(t,x)(vz(t,x)-V)(|D"‘v1(t,x)|p+%)dx

R3

1
<C|[|V'u(r, ')|p+2HL1(B(a))

IV P gy NT01 P .

+Clluatt, )| Vo)

Wn.22(B(a)) : ||U] (ta )| p+2

Lrz (B(a))

WP (B(a)

—/q>(:,x)div(v2(t,x)® |D°‘v1(t,x)|p+%)dx
R3
p+2

W2 (B(a))

1
+C| v*pPa, ')”LZP(B(a)) [V, ')”lL’P(zB(a))

<Clui@, )|

p+2

+C|lvae, )| AT

W (B(a)) i,

1
p+3

1 )
L7 (B(a))

+C e, ')“LOO(B(a)) Ve 9|

Then the integration on [—az, t] foranyt € [—b2, 0] gives us
[D%ui |7 |

L (=(b)%,0;LP T2 (B(b)))

[7+2

< Cllv |l
L7 2 (@20 WP 2 (B(a)))

+C|vHtp |t @020 Bayy - V"1 ”i;im)z,o;mw(w»)

+1
+C||U2|| 2 2 n,00 ” ”
L2(—(a)*,0; W"-°(B(a))) L2P+1 (—(a)2,0; W™ 1)+2 (B()))

P+3

+ Cllvally2¢_ (2 0: 1.0 N VAT )
re@or=@an V"] L @R 0L (B@)

Thus for the case p = 1/2, we have
o
”D vl”LOC(—(b)Z,O;Ll(B(b)))

< C[(Ilv2ll 2 a2.0.wre sayy + 1) - il 2az0wnt sy + 1" Pl oo 0 s )

while, for the case p > 1, we have
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[ Dy |2 |
L (—(h)2,0;L7 "2 (B(b)))
1
Y
L2(—(@?.0:Wn2r (B(ay)) V!

-1
Pty pt+i
C(”U2||L2(_a2,o;wn,0<>(3(a))) + 1) (llvil ||Lw(_ia)z’o;wn,p(ma»)) ’

n+1
+C”V P||L‘(—(a)2,O:L2P(B(a))) ”Ul”LO"( (@)2,0; WP (B(a)))

< Cabnp[ (1020l 2202, 0:wno0 By + 1) - V1 22— (@y2.0;wn2e (Bay))

n+1
VP b osr2eman] 1Y 1”L°°( @0 Wrr(B@y)

Proof of Lemma 4.4. Let My > 0 and 1 < p < oo. Then, for any M > My and for any f € C'(R?) such that
Jr3 @ (x) f(x)dx =0, we have
p I/p
dx)

<c< / </’f(x)_f(y)’dy>,,dx>1/,,

| fNliLe By = ( / ‘/(f(X) - f)op»dy

B(M) R3

B(M) B(1)
1 p 1/p
gc( / (/f|(Vf)((1—t)x+ty)-(x—y)|dtdy> dx)
'B(M) °'B(l) 0
1 P 1/p
<C(M+1)< / (f/[(Vf)((l—z)x+ty)|dtdy) dx)
B(M) ‘B(1) 0
ML P I/p
<C(M+1)< / (f f|(Vf) (1—t)x+ty)|dtdy) dx)
B(M) “B(1) 0

1

b4 1/p
+C(M+1)( / (/ /|(Vf)((1—t)x+ty)|dtdy) dx)

B(M) “B(1) M

= (1) + (D)

where we used x € B(M) and y € B(1).
For (1), we have

(1)<CM0~M-</

1/p
0

1/p
</|(Vf) (l—t)x+ty)|pdx> dtdy)

B(M)

B((1-t)M+1)

1 1/p
0

B(1) B(1—t)M+2)
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ML((l — M +2)37 r
<Cuy-M- / (/M(|Vf|P)(u)du> dt
0

(1—1)3/p
B(1)
M
M+1 1
1/p 3
<SCumyp-M- ”M(Ivflp)”Ll(B(l)) / (M v + (1-— ;)3/p>dt
0

<CMo,p‘M'”M('Vf'p)”lL/llZB(l)) M7 f st
M+1

<City M- [ MOV FI2) [0 00y (MPP + (M + 1)¥7)

3
< ChuMp,p M “M(Wf'p)”]L/IIZB(l))

where we used the integral version of Minkowski’s inequality and the fact (1 + M) < Cpy, - M from M > M for the
first inequality.

For (1), we observe that if ~2— <7< 1,then 0< 1 —7 < = and

M+l = M+

| =Dx+ty| <A —1)- |x| +1]y] <

<2
M+1

due to x € B(M) and y € B(1). Thus, we have

1/p

< cuy-m( | / [ l@n@ldza i

B(M) ML B(2)

1

<CMO.M-M3/P.f|(vf)(z)|dz- / t%dt

B(2) .
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