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Abstract

We give a positive answer to a question raised by Alberti in connection with a recent result by Brezis and Nguyen. We show the
existence of currents associated with graphs of maps in trace spaces that have vanishing mean oscillation. The degree of such maps
may be written in terms of these currents, of which we give some structure properties. We also deal with relevant examples.
© 2013 Elsevier Masson SAS. All rights reserved.
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In this paper we give a positive answer to a question raised by Alberti in connection with a recent result by Brezis
and Nguyen.

In recent years there has been a growing interest concerning the notion of degree for mappings which do not possess
the classical regularity properties.

An example of this are the papers [8,9] in which Brezis and Nirenberg investigate the class VMO of functions with
vanishing mean oscillation, i.e., functions whose mean oscillation on balls (that is, the average of the difference from
the integral average) converges to zero with the radius of the ball:

sup 7[ Iu — (M)Br(x())i — O,
X
’ Br(XO)

see Section 1 for more details.

Very recently, Brezis and Nguyen [7] dealt with continuity properties for the degree in the same framework. In
particular, they show the continuity of the degree of maps from the n-dimensional unit sphere S” to itself, under the
joint convergence in the BMO and W !~/ norms, where BMO is the spaces of functions whose mean oscillation
on balls is just bounded.
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We recall that the degree of a smooth map u : S" — S" is defined by

/ detVu(x)do,
Sn

deg(u) := S

where det Vi = det(Vu, u), viewing (Vu, u) as a square matrix of order n 4+ 1. We thus have

n+1
detVu(x) = utw,(x), w,:= Z(—l)f—ly/ dy,
j=1

where J;)\/ i=dy' A AdyITP Ady/ U A Ady" ! Therefore, by the area formula we get

|Sn| deg(u) :/u#wn :/wll7

s Gu

where G, is the graph of u. Therefore, in the smooth case the degree can be written in terms of the current associated
to the graph of u.

Alberti analyzed the paper [7] in his report on Mathematical Reviews [2], and he raised some interesting questions
which are the starting point of our work. In particular, he discussed the possible existence of a current T, associated
with the graph of a VMO-map u from S” to S” belonging also to the space W!=1/%7(S" R"*1) of traces of Sobolev
functions W17 (B! R+,

Using the classical extension U introduced by Gagliardo [11] and used e.g. by Bethuel and Demengel [6] for
Sobolev classes between manifolds, we give a positive answer to this question by proving, see Theorem 3.1 below
(where, as in the rest of the paper, we deal with the general case of maps between Riemannian manifolds X and ))),
that the current

T, = (—=D)"'@Gy)L (S" x S")

is well-defined. Notice that the degree in the sense of Brezis and Nguyen [7] agrees with the action of our current 7},
on the form w,, as in the smooth case. An important feature is that the average (), (,) has small distance from the
target sphere S”, independently of the centers of the balls, provided that the radius is small; a similar argument was
used also in the approximation theorem by Schoen and Uhlenbeck [16].

Our approach is therefore based on the extension of u : S| — S} to the unit ball B"*! by suitable averages in the
spirit of Gagliardo [11]; the VMO condition allows then to modify the extension in a neighbourhood of S% in order to
preserve the constraint on the image.

The current T, associated to the graph of such a map u is an integral flat chain, but in general it may have infinite
mass, see Example 3.9. The current 7, acts on n-forms defined in S x S’;, and it decomposes as Ty, = Ty, 0y + Tu(1) +
-+ + Ty, where T,(;) acts on forms with j vertical differentials dy. It turns out that u is a function of bounded
variation if and only if the first non-trivial component 7y, (1) has finite mass, see Proposition 3.4. In addition, 7}, is a
Cartesian current in the sense of Giaquinta, Modica and Soucek [12] provided it has finite mass, see Proposition 4.1.
Moreover, something on the higher order components may be said in the case of Sobolev W -4-maps, see Remark 3.8.

We also show that if a sequence of maps in W !~/ 0 VMO converges strongly in BMO and in W!~1/%" then
the corresponding graphs weakly converge (in the sense of currents) to the graph of the limit map, see Theorem 5.2.
This extends the continuity property of the degree by Brezis and Nguyen [7].

We now mention some open questions raised in this context. From the work of Giaquinta, Modica and Soucek [12],
it turns out that in order to deal with currents carried by graphs of non-smooth maps u, a fundamental property is the
approximate differentiability a.e. A function of bounded variation is approximately differentiable a.e., compare [5],
but we do not know if the same holds true for functions in trace spaces W!~1/P-P.

More precisely, in dimension two there is a function f in C!** for each 0 < & < 1 that does not satisfy the so-called
weak Sard property, see [3]. Correspondingly, the function b = V+ f belongs to the fractional Sobolev classes W*?
for each p > 1 and 0 < s < 1. Therefore, such a function b does not belong to the class 1 (functions with first order
Taylor expansion in L'-sense), see [4]. If it were the case, in fact, the corresponding function f had to satisfy the
C2-Lusin property and, definitely, the weak Sard property. Notice that the existence of a first order Taylor expansion
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in L'-sense is a slightly stronger property than the approximate differentiability a.e. However, due to this example it
is reasonable to conjecture the existence of maps in W!~1/7P that are not a.e. approximately differentiable.

Another feature appears when analyzing the relevant example by S. Miiller [14] about the singular part of the
distributional determinant Det Vu, see Section 3. It is based on a map u € CcOs (Bz, Rz), where s is the dimension
of the Cantor “middle thirds” set, such that u € W!~1/22 N VMO. We show that the highest order component 7,2
of the corresponding current acts on forms of the type ¢(x)dy' A dy?* exactly as the distributional determinant of u,
hence

(T, p(x)dy' Ady*) = (DetVu,p)=(V'®@ V', ¢) Vo e CX(B?)

where V is the Cantor—Vitali function. Therefore, the distribution 7},(2) concentrates on the set (C x C) x R2, and this
is in contrast with the “smooth” case of Sobolev maps u € W1’2(B2, Rz), where the action is written by means of the
pointwise determinant det Vu, namely

(T, (x, y)dy' Ady?) = /¢(x, u(x))detVu(x)dx V¢ € C°(B* x R?).
BZ

However, it seems a hard problem to completely determine the structure of the current 7;,. According to the example
by S. Miiller, assume e.g. that u € W' 1(B2, R?) is a bounded function in VMO, with pointwise determinant in L' (B?)
and such that the distributional determinant is a finite measure. Even in this case, we are not able to determine if the
corresponding current 7, has finite mass and, if this is the case, how to write explicitly the action of 7, on the forms
¢ (x,y)dy' Ady?. This open problem seems to be strictly related to the study of minimal regularity properties under
which the distributional determinant Det Vu, is (weakly) continuous, where i, is the average of u on the ball B;.

1. Notation and preliminary results

In this paper we deal with mappings u : X — ) defined between smooth, connected, compact Riemannian mani-
folds X and Y without boundary. Actually, we let X = 9 M and n := dim X, the model case being X = §", the unit
sphere in R”*!. By Nash-Moser theorem, we shall assume that M and ) are isometrically embedded into R/ and RY,
respectively, and denote iy < R/, iy — R¥ such imbeddings. We shall equip M, X, and ) with the metric induced
by the Euclidean norms on the ambient space.

For x € X and 0 < h < rg, where ro > 0O is the injectivity radius of X', denote by B(x, h) the geodesic n-ball of
radius & centered at x € X'. For 0 < § < rg small, let

Ms:={ze M|dist(z, ¥) <8}, X =M.

There exists 0 < d < rg such that the nearest point projection /754 from M, onto X" is well-defined, and hence we
may consider the fibration

&1 x x[0,d] > My
such that @ (z) = (ITr4(z), dist(z, X)) for z € M. Moreover, let O denote a neighbourhood of )V in RY such that

the nearest point projection 7 from O onto Y is a smooth fibration.

Trace spaces. Let p be a given exponent, 1 < p < 0o, and denote by p the integer part of p. We recall, see e.g. [1],
that the fractional Sobolev space W!/7(X) := W!=1/P-P(X) is the Banach space of L”-functions u : X — R which
have finite W!~1/7-P_seminorm

o[ [ @) —u)IP
|u|1/[7,X '_/ |x_y|n+p—1 dxdy

endowed with the norm
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wlp(x, RN) is the space of vector-valued maps u = (!, ..., u") such that u/ € Wi/?(x) for every j=1,...,N.
Since X = .M for some smooth manifold M, then W!/P (3 M, RY) can be characterized as the space of functions u
that are traces of functions U in the Sobolev space wlp (M, RN ),

Ux =u astraces.
For 2 = M, where 0 < § <d, or 2 = M, we shall denote

WhP(2,Y)={U e W'"?(2,RV) |U(z) € Y for H"'-ae.z € 2},

WP (x,Y) = {ue WP (X, RY) |u(x) € Y for H"-ae. x € X}.
The extension problem. Followmg Bethuel and Demengel [6], to each map u € Wl/P(x,Y) we associate a function
Uewh P (Mg, RV) given by U =vo®, where

v(x, h) = ][ udH", (x,h)eX x]0,d]. (1.2)

B(x,h)

It turns out that U € W-? (Mg, RN ) and is smooth outside X, with (7| x = u in the sense of the traces, compare [11].
Moreover, setting up (x) := v(x, h), we have:

Proposition 1.1. u;, — u strongly in W'/? as h — 07,

Proof. Assume for simplicity My = X x [0, d] and d = 1. Define

Vi(x,t):= v(x, qb;,(t)), én(t) ;=1 —h)t +h.
We have D, Vj,(x,t) = Dyv(x, ¢p(t)) and D; Vj,(x,t) = D;v(x, ¢p(¢))(1 — h), so that

I}in})/|DVh(x,t)|”dxdt=/|Dv(x,t)|”dxdz.
./\/ld Md
Since Vj,(x,0) = ujp(x), the claim follows. O

In [6] Bethuel and Demengel shO\Eed that even in the critical case p = n + 1 there exists a positive radius § € (0, d)
such that for each z € M we have U (z) € O. In fact, they estimate the average

/ lu(y') — u(y)|"+!

o h) —u)|" T aH" () < € —"

B(x,h) B(x,h) B(x,h)

dH"(y") dH" (y) (1.3)

and hence, by absolute continuity, taking / > 0 small they deduce that the distance of v(x, h) from ) is small, whence
v(x, h) € O. Therefore, the mapping U :=1 o U\Mg belongs to WLt (M, ), is smooth outside X and satisfies
U\x = u in the sense of the traces. As a consequence, they showed that the extension problem is reduced to a related
problem for smooth maps from X into ). If e.g. X = S", each map u € W/ @+D(S" ) is the trace of a Sobolev
map U € WHnH1(B"+1Y) provided that the nth-homotopy group 7, () is trivial.

The class VMO. We now see that a similar argument holds true in the subclass of VMO-functions. The
BMO-seminorm of a function u € L' (X, R") is given by

lullmo := sup{J/(x) |0 <& <ry, x € X}
where we have set
T (x) = ][ lu—iie(x)|dH", ie(x):= ][ udH"
B(x,¢) B(x,¢)

and u belongs to BMO(X,RY) if u € L' (X, RN) and |Ju|gmo < oo.
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The class VMO(X, RY) is given by the completion of the class of smooth maps from X into R with respect to
the BMO-seminorm. Moreover, Saranson [15] showed that a map u belongs to the class VMO(X,RN) if and only
if u € BMO(X,RN) and the limit J¥(x) = 0 as € > 0T uniformly in x € X, see [8] for a proof of this criterion.
Therefore, the estimate (1.3) yields that

wlrP(x,y) c VMO(X,RY) if p—1>n:=dimX.
Such an inclusion is false in general if p < n 4 1. For example, taking
(x1,x2)
|(x1,x2)|

then u € W1/P(S?, S!) for each p < 3 but u ¢ VMO. We thus denote

x=s* y=sl  u(x,xx) = (1.4)

wl/PnvVMO(X, Y) := WP (X, Y) N VMO(X, RY).

Arguing as above, one readily obtains:

Proposition 1.2. Ler 1 < p < 00 and u € W'/P N VMO(X,Y). There exists a positive § and a function U €
WP (Ms, V) that is smooth outside X and satisfies U |x = u in the sense of the traces.

Proof. Define v(x, &) as in (1.2) and observe that

dist(v(x, h), Y) < ][ @, h) —u)|dH" () =: Jjf (x).
B(x,h)

Choose o > 0 so that the tubular neighbourhood of Y radius o > 0 is contained in O. Since J;/(x) — 0 as h — ot
uniformly in x, it suffices to take § > 0 small enough in such a way that J;/(x) <o foreach0 <h <§ and x € &,
anddefine U :=moU,where U :=vo®. 0O

As a consequence, if e.g. X =S", as in [6] one readily obtains:

Corollary 1.3. If 7,(Y) =0, for any p > 1 each map u € WP " VMO(S", Y) is the trace of a smooth Sobolev map
Uewlr(ml ).

For future use we finally point out the following

Corollary 1.4. Let 1 < p < oo and {u;} C WP N VMO(X, Y) such that ||ux — ullgmo — 0 as k — oo for some
ue WYPNVMO(X, V). Then, in Proposition 1.2 we may choose § > 0 uniformly with respect to {u}.

Proof. Observe that for each x and &

JF(x) < llug — ullBmo + Jj (x).

Therefore, we find k and § > 0 such that for k > k we have J:k (x) <o foreach 0 < h < § and x € X. The claim
follows. O

A density result. Using the above arguments and a partition of unity on X, Brezis and Nirenberg [8] proved the
following density result:

Theorem 1.5 (Brezis—Nirenberg). Let u € WP N VMO(X,)). There exists a sequence of smooth maps {uy} C
WP N VMO(X, V) such that uy — u strongly in WP and llur — ullsmo — 0 as k — oo.
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2. Semi-currents carried by graphs

In this section we discuss the notion of (semi-)current G, carried by the graph of a map u in a trace space
wl/p (X,)), according to [13]. If u has vanishing mean oscillation, it turns out that G, satisfies a null-boundary
condition that fails to hold outside the class VMO. We then show that the Jump part of the derivative of a map of
bounded variation is zero, provided that the given map has vanishing mean oscillation.

Semi-currents. Every compactly supported smooth differential k-form w € DX(X x ))), where k < n, splits as a
sum w = Zlfzo ), k := min(k, M), where M := dim ). Here the @)’s are the k-forms that contain exactly j

differentials in the vertical ) variables. For fixed r =1, ..., k we denote by DR (X x V) the subspace of DF(X x ))
of k-forms of the type w = Z;‘:o /). The dual space of “semi-currents” is denoted by Dy, (X x ))). Of course we

have Dy x = Dk, the space of all k-currents. A similar notation holds by replacing X and ) with M (or M) and RV,
respectively.

Example 2.1. If U € WP (M, RY), then Gy is a well-defined (n + 1, p)-current in Dpy1,p(M x RY) and, in an
approximate sense, Gy = (Idpq < U)z[[M]], where f 0< g denotes the join map

(f e g)(x) == (f(x), g(x)).
For example, if o =y A n e D"H1(M x RN), where y € D"H1="(M), n € D"(RN), and 0 < h < min{n + 1, N, p},

by the area formula we have

(GU,y/\n)zl[M]]((IdMlxlU)#(yAn))=[[M]](y/\U#n)=/y/\U#n.
M

Setting moreover
IGyll :=sup{Gy (@) | e D"T"P(M x RY), [lw] <1},

where ||w|| is the comass norm of w, by using the parallelogram inequality we infer that

Gl <€ [ (141DUIP)aH*! < o0
M

for some absolute constant C = C(n, p, M) > 0, not depending on U. As a consequence, if e.g. U € W7 (M, D)
and dim Y < p, it turns out that G is an integer multiplicity (say i.m.) rectifiable in R,,4+1 (M, x Y) with finite mass,
M(Gy) = |Gyl < oo, compare [12].

Definition 2.2. To any map u € W!/?(X,)) we associate a Sobolev map Ext(u) € W7 (M, RN) given by a mini-
mizer of the infimum problem

inf{ / |DU|P dH"™! ] UeW"?(M,RY), Uy = u}

M

The (n, p — 1)-current G, in D, p_1(X x R¥) carried by the graph of u is given by

Gui=(=D""10Gy)L (¥ xRY) onD"P~!(x xRV), (2.1)
where U :=Ext(u) and Gy € Dy41,p(M x RY) is defined as in Example 2.1.

More precisely, for each § > 0 we choose a cut-off function n = ns € C*°([0, 8], [0, 1]) such that () = 1 for

0<t<68/4,n(1)=0"For38/4 <t <34, and ||n’|| <4/68. Then, to each smooth n-form w € D"(X x ))) we associate
an n-form @ € D" (X x RV) such that (Idy ><iy)*® = w, and then the smooth n-form @ in M x ) given by

@:= (@ ><ldy)*® A, (@ < 1dy)(z,y) := (D (2), ). (2.2)
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Now, since U is smooth out of X', the above formula (2.1) reads as

(Gy, @) = (Gy, @) := (—1)""NGy,d®d) YoeD"P (X x), (2.3)

where we can choose = 1(§) independently of 0 < § < d.

Remark 2.3. The above definition, introduced in [13], does not depend on the choice of the extension. In fact, in
[12, Sec. 3.2.5] it is shown that two Sobolev maps Uy, U, € WP (M, RY) have the same traces on M, i.e., Unx =
Us x, if and only if

@Gy L (X xRY) = @Gy, L (X xRY) onD"P~1(x x RY).

Moreover, see [12, Sec. 3.2.5], it may happen that a Sobolev map U € Wl’p(/\/l, RN ) has a smooth trace u on
X = dM, but the boundary current (0Gy) L (X x RY) does not agree (up to the sign) with the graph current G,
carried by the trace u, if p < min{n + 1, N}.

Also, notice that by Federer’s support theorem [10], the semi-current G, in Definition 2.2 belongs to the class
Dy p—1(X x ). Finally, the following null-boundary condition holds true:

Proposition 2.4. If p > 2, for every u € W'/P (X, V) we have

(0G,,£)=0 VEeD'" P 2(x x ). (2.4)

Proof. By Proposition 1.1, choose a smooth sequence {u;} C W7 N C®(X,RY) converging to u strongly in W'/7.
Setting Uy := Ext(uy), clearly Uy — U := Ext(u) strongly in W17 (M, R¥) and hence, by the dominated conver-
gence theorem, (Gy,, a) — (Gy, o) for each o € DR (M x RY). Since uy is smooth, each current G, satisfies
the null-boundary condition (2.4). Therefore, by (2.2) and (2.3) we obtain for each & € D2 x ))

0=(Gyy,dE) = (G, dE) = (—1)" UGy, d@), @:=dE.

Since d@ is a smooth (n + 1)-form in M x RV with bounded Lipschitz coefficients, and with at most p “vertical”
differentials, again by dominated convergence we have (Gy,, dw) — (Gy, dw), whence

0=(=1)"""Gy,dd) = (G,,d&) = (0G,, &),

as required. O

Maps in VMO. We now see how the above properties can be improved for maps « in W!/? N VMO(X, )). In fact,
by Remark 2.3, in this case we deduce that

(Gu, 0) = (=1)" Gy, d[(® = Tdy)*o Ans]) Yo e D" P71(X x V), (2.5)

where U € W17 (Ms, ) is given by Proposition 1.2 and d this time denotes the tangential differential in M x ).
Denoting by

2 x Y) =g e DT (X x V) | dyE =0},
where d, is the tangential differential in the vertical y-directions, we thus extend (2.4) as follows:
Proposition 2.5. Let u € W'/? N\ VMO(X, Y) and G, given by Definition 2.2. Then

(0G,,€)=0 VEezZ" P l(x x ). (2.6)

Proof. Let {u;} C W!/7 N VMO(X, )) denote the smooth approximating sequence given by Theorem 1.5. Using the
argument from Proposition 1.2, we may and do assume that

(Guy, 0) = (=" NGy, d[(® 1dy)o Ans]) Yo e D" P 1(X x D),
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where Uy € WhP(Ms, ) is smooth and Uy — U strongly in W7, Let & € Z"~1LP~1(X x ). Since d[(P s«
Idy)# d& A ns] contains at most p — 1 “vertical” differentials, arguing as in the proof of Proposition 2.4 we get

0= Gy, d&) = (=1)""!Gy,,d[(® s« 1dy)* d& A ns]).
Jim (=" Gy, d[(@ = 1dy)* d& Ay ]) = (G, dE),

as required. O

Remark 2.6. The null-boundary condition (2.6) yields that u is a Cartesian map in cart!/P (X, ) in the sense of [13].
Notice that such a condition is violated in general if u ¢ VMO, and only the weaker property (2.4) is satisfied. In fact,
the map u from the example (1.4) belongs to W!/2(S?, S') but one has

0G, =p. —68p,) x [[Sl]] on D1(82 X Sl),

where §p, denotes the unit Dirac mass at the point P4 := (%1, 0, 0).

BV-maps in VMO. The distributional derivative of a BV-map decomposes as Du = (Du)® + (Du)’ + (Du)¢, where
(Du)* = Vudsx, (Du)! =y —u_)@vH" 'L J,,

compare [5]. The Cantor—Vitali function gives an example of BV-map in VMO such that the distributional derivative
is concentrated on the Cantor set, hence Du only contains a non-zero Cantor part, Du = (Du)¢. However, in general
a BV-map in VMO does not have a Jump part.

Proposition 2.7. Let 2 C R" be a bounded domain. If u € BVNVMO($2, RY) then (Du)’ = 0.

Proof. Following [5, Sec. 3.6], let x € J, and denote a, b € R and v € S"~! so that
lim ][ lu(y) —a|dy =0, lim ][ lu(y) — b|dy =0,
e—0 e—0
B (x,v) B (x,v)

where Bf(x, V) :={y € Be(x) | £(y — x) - v > 0}. Setting u(x) := #, for each £ > 0 small we have

][ lu(y) — )| dy + ][ u(y) — 70| dy < 207 (o) + e () — 7o)
B (x,v) By (x,v)

and hence, by the characterization of the class VMO, using that

2(ue () — () = ][ (u(y) —a)dy + ][ (u(y) — b) dy.
B;(x,v) Bg (x,v)

we get
lim ][ lu(y) —Gi(x)|dy=0,  lim ][ |lu(y) —5i(x)|dy =0,
e—0 e—0
B (x,v) B: (x,v)

that clearly gives a =i (x) = b. This yields (Du)’ =0, as required. O
3. Currents carried by graphs in W!/? n VMO

Assume that the target manifold ) has dimension not greater than p, the integer part of p. In this section we show
that for maps u € WP N VMO(X, ), the action of the semi-current G, from Definition 2.2 can be extended to a
current 7, in D, (X x ), actually an integral flat chain. We shall then discuss some structure properties, and provide
some relevant examples.
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We first recall that a current T € D,,(Mg x )) is an integral flat chain in F,,(Ms x )) if there exist two i.m.
rectifiable currents 7 € R, +1(Ms x V) and S € R, (Mg x Y) such that T = dR + S, and the flat norm of any such
T is

F(T) :=inf{M(R) + M(5) | T € Ryt-1(Ms x V), S € Ry(Ms x ), T =0R+ S}.

One correspondingly obtains a metric space. Furthermore, the flat convergence F (T — 7) — O in the class
Fn(Ms x Y) implies the weak convergence T — T as currents in D, (M;s x ).

Theorem 3.1. Assume that dimY < p, the integer part of p. Let u € W'/P "\ VMO(X, )) and let U € WP (M, V)
be given by Proposition 1.2. Then the boundary current

T, = (=1)"""0Gy) L (X x V) (3.1
is well-defined as an integral flat chain in F, (X x Y). Moreover, we can decompose
T,=G,+ S,

so that the following properties hold:

1. for each smooth form w € D" (X x )) we have
(Tu, @) = (Gu, @) + (Su, 0) = (=1)"" Gy, d[(® <1dy) o A ns]);

(T, d€) =0 for each € € D" "1 (X x ));

. Gy is the semi-current in Dy p1(82 x Y) satisfying the formula (2.5);
. Gy satisfies the null-boundary condition (2.6);

. Sy is “completely vertical”, i.e., (Sy,w) =0 if o € D"P~1(X x )).

Proof. Since U € W!HP(M;,Y) and p > dim)), the current Gy carried by the graph of U is i.m. rectifiable in
Ru+1(Ms x V), with finite mass M(Gy) < 0o, see Example 2.1. Moreover, the function U being smooth inside M,
by a slicing argument it turns out that for a.e. 0 < § < §; < § the current

Rgzl =Gy L ((Ms; \ Ms,) x )

satisfies the following properties:

(a) the boundary 3R§21 has finite mass;

(b) by the boundary rectifiability theorem, see e.g. [12, Sec. 2.2.7], the current 3R§; isi.m. rectifiable in R, (M x V);

(c) 8R§2‘ =(—-D"(G, 5~ Gy 5 ), where G, 5 is the i.m. rectifiable current carried by the graph of the smooth Sobolev
WhP-map us; :=v 0 D|g-1xx (s, Where v(x, ) is given by (1.2).

Choosing now a decreasing sequence {8;} of positive numbers with §; — 07 that are good in the above sense, since
for each k

Sk+1 i+1

o
F(Guy, = Gy, ) SM(RS ), D M(RY ) <M(Gy L (Ms x ),
i =k
whereas by absolute continuity

M(Gy L (Mg, x V) <c / (L+|DUP)dH"T -0
M,

as k — oo, we deduce that {G,; } C F,(Mj x }) is a Cauchy sequence. Hence, the Gy, 's weakly converge in
D, (Ms x Y) to some integral flat chain 7,, € F,(M; x )). Moreover, the above computation yields that
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o0
Si
(—1)"'T, = ZaR&_+l + Gy,
i=1
and hence, choosing 81 > 36/4 and n = n(4) in (2.2), we deduce that
(Ty, 0) = (=" NGy, d[(@ =1dy)*o Ans]) Vo e DX x D).

In particular, the current T,, does not depend on the choice of the sequence {§;}. Also, by Remark 2.3, since Uy = u,
we infer that

T,=G, onD"" (X x)),

where G, € Dy, p—1(X x ) is given by the formula (2.5), hence by Definition 2.2. The claim follows from Proposi-
tion2.5. 0O

Remark 3.2. If dim Y > p, with a similar proof one obtains that the formula (3.1) and the property 1 hold true on
forms in D™P (X x )), hence the boundary current T, is well-defined as a semi-current in Dy, p(X x ). This time,
the null-boundary condition 2 is satisfied on forms & € Z"~1P~1, whereas the properties 3—5 continue to hold.

Some structure properties. We now write explicitly the “lower” components of 7}, in terms of the W !-”-extension
map U from Proposition 1.2.

Assume for simplicity X = §2, a bounded domain in R”, and Ms = §2 x [0,8]. For0 <& < d,setn.(¢t) :=1—t/e
forO0<r<eandn.(t)=0forz >¢.

Under the hypotheses of Theorem 3.1, we decompose

p
To=2_ Tty
=0
where 7,y is the component of 7, acting on forms in D" (§2 x J) with exactly j vertical differentials:
(Tu(jy, @) = (Tu, ), weD"(£2 x V).
Remark 3.3. Theorem 3.1 yields that Tu(jy = Gu(jys for j=0,...,p—1,and Tu(py = Su-

For each w € D" (2 x ))) we have
(—D)""UTy o) = (Gu, n.(w Adt + e (1) Adw). (3.2)

Setting U:(Ul,..., UN),forj =1, ..., N we shall denote

U/
(x,t), i=1,...,n.
Xi

. U’ .
Dl‘U/(xat) = 7()(71‘)7 DiU/(xat) = 9

Case 1: the component Ty, (). If ® = ¢ (x) ¥ (y) dx, where ¢ € C2°(£2) and y € C° (RM), the above formula gives

<Tu,¢<x>w<y)dx)=/¢<x) ][ Y (UG, 0) dt dx

Q [0,¢]

N 3 31//
—Z/¢(x)/na(l)g(U(x,t))D,Uj(x,t)dtdx.
J
0

j=lg

Since U € Wh1(£2 x (0, ), passing to the limit as ¢ — 0 we get

(T 6 COY (y) dx) = f 6 (¥ (u()) dx.
2
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By a density argument, this yields that

<Tu,¢(x,y)dx>=/¢(x,u(x)) dx V¢ eCX(X x D).
Q
In particular, M(7;, ) < o©.

Case 2: the component T, ;). Assume for a moment that p > 2. If = ¢ () ¥ (y) dxi A dy’/, where dxi i=dx' A
s AdxTUAdXTTY Ao Adx”, this time we get

<Tu,¢<x)w(y)c7)%dyf)=(—1)"‘/¢>(x> ][ Y (U(x,0)) DU (x, 1) dt dx

Q [0,e]

+<—1>"—‘f%(x)/ng(zwf(U(x,t>)Dsz<x,t>dzdx
0

2

+(=1) ,;_Q[(P(X)O/mt)ayk (U, 1) T (x,0)dtdx. (3.3)

Since U € W2(£2 x (0, 8)), both a(;g_’%k) and D,U are summable in §2 x (0, §), and hence the last two integrals go

to zero as ¢ — 0. We thus deduce that T, 1y has finite mass provided that we can find a sequence &, \ 0 along which

lim/ ][ |DU (x,1)|dt dx < oo.
h—o0
2 [0.e4]

Arguing as in Theorem 3 from [12, Sec. 4.2.3], for any choice of p > 1 we obtain:

Proposition 3.4. The component T, 1y has finite mass if and only if u has bounded variation, u € BV(£2,Y). In this
case, moreover, we have M(T,, (1)) = |Dul|(§2) and

<Tu,¢(x,y)c7;/\dyj): (—1)"*"[qs(x,u(x))dpiuf(x) (3.4)
2

for every ¢ € C°(22 x RV).

Proof. Assume first that 7, (1) has finite mass, and choose the form & = yi(x) 47; where ¢ € C1(2) and |Dy| €
L®°, so that

de = (=)' Dy’ dx + p(x)dy’ Adxi.

Since the coefficient of (d£)© grows linearly in y and the coefficient of (d£)" is bounded, using that M(T,, o) +
M(Ty 1)) < 00, the action of 7, on d§ can be computed, by approximation, as limit of (7}, day,), the o, being smooth

(n — 1)-forms in £2 x R with compact support and a;, = a;lo). Property (2.6) gives (T, doy) = 0, and passing to the
limit

0= (T, d&) = (T, (1) "' Digy! dix) + (T, p(x)dy? A dix),
whence (by using the case 1)

/ Digu! dx = (=) {T,,, p(x) dy’ A dxi).
2
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: _ 1 N 00 Nn
Setting for every ¢ = (¢, ..., ") € C° (82, RY™)

N n
wp =) Y (~D'¢ldxi ndy. o7 =(e]..... 1),
j=li=l1
by linearity this gives
N
> /div¢fufdx:<Tu,w¢>,
j=1 o
and hence the estimate | Du|($2) < M(Ty 1), by the definition of variation.
Conversely, assume that u belongs to € BV(£2,)). The averaged integral f B.(x) u(y)dy agrees (up to an ab-

solute constant) with the convolution product (u * pg)(x), where p.(z) := ¢ "p(z/¢e) for some symmetric kernel
p € L'(R™), with sptp = B", p >0, and fp(z) dz =1. By [5, Prop. 3.2], then V(u * p;) = Du * p; in 2, :={x €
£2 | dist(x, 082) < ¢}, and fU |V (ux*pg)|dx — |Du|(U) forevery U € §2 such that |Du|(dU) =0, see [5, Prop. 3.7].
By the proof of Theorem 3.1, we deduce that the sequence of graph currents G, weakly converges in D, (M x ))
to T,. Since M(Gug(”) < fQ |V (u * pe)| dx, and by lower semicontinuity M(7, (1)) < liminfe_¢ M(Gum)), the first
claim is proved. Moreover, the weak BV-convergence with the mass, M(G,,,,) = f o IV * pe)|dx — |Du|(U),
yield the structure property (3.4), as required. O

Remark 3.5. Recall that in general the distributional derivative of a BV-map in VMO does not have a Jump part,
Proposition 2.7.

Case 3: the higher order components 7y, ;). Assume in addition that u € W' (£2, RV) for some g > 1. Then the
averaged integral u, (x) := f B, (x) u(y)dy converges to u strongly in W4 as ¢ — 0. To prove this, arguing as in the
proof of Proposition 3.4, recall that u.(x) = (u * pg)(x), and that the distributional derivatives D;u, agree with the
convolutions (D;u * p;), see e.g. [5, Sec. 2.2]. As a consequence, by dominated convergence, for j < [¢], the integer
part of g, we get

(Tu(j) @) = lim(G,,, o) = lim /(Id e 0l = /(Id < u)f /)
e—0 i e—0
2 Q
for each w € D" (£2 x ))). We thus have obtained:

Proposition 3.6. If in addition u € W'9(2, RN) for some q > 1, then for each j =1, ..., [q] the component Tuj
agrees with the restriction of the current carried by the rectifiable graph of u, i.e.,

(Tu(jy» @) =/(Id[><1u)#a)(j) Vo e D" (2 x V).
2

If u is not a Sobolev function, similarly to (3.3) one infers that in order to write the action of 7, on forms with
several vertical differentials dy, by (3.2) the integral of minors of higher order of the Jacobian matrix of DU (x, t)
comes into play. In this direction, we shall see in Appendix A that if U(x,t) = f B, (x) u(y)dy for some function

u € L'(B"), then for each & > 0 the average x f[o U0 dt agrees with the convolution product of u with
pe(z) ==& " p(z/¢), for a suitable non-negative and symmetric convolution kernel p € LY(R™).

Integration by parts. By using the null-boundary condition 2, one may write the action of T},(; 1) on differentials in
terms of the lower component 7, G- More precisely, if £ € pr—l (2 x)Y),and & =& (), we have

d = (d§)V + @)V, @g) =dig. @)V =dyk.
Using that (T,,, d€) = 0, one obtains a formula of integration by parts:

(Tu(jt1) dy€) = —(Tu(jy. de§) VE=ED e D" (2 x V). (3.5)
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For example, if N = n, and w, := y; dy* A --- Ady", for each ¢ € C2°(82) we have
dwg A@)=dwg Ag+ (=)o, Ade,  dw, =dy' A Ady".

Therefore, if p > n, by (3.5) we get

<Tu(n)’ (pdyl AN /\dyn> = (_l)n(Tu(n—l)vwn /\d(p)'

If in addition u € Wln—1 (£2,R™") N L*°, by Proposition 3.6 the above formula reads as

(Tuy. pdy' A+ Ady") = (—1)”/u#wn Ndy,
2

and actually the right-hand side agrees with the action of the distributional determinant of Vu,

(DetVu, @) := Y (D;(u' (adj Vu);). ¢) = (—l)"/u#wn Adg.
i=1 Q

A graph with concentration on a Cantor-type set. We now show the existence of a map u € W!/2 N VMO(£2, $?),
where £2 := (0, 1)2, such that the action of the vertical component S, = T, (2 of the integral flat chain 7, on a
non-trivial class of forms w = ®® in DZ(Q x S?) is concentrated on (C x C) x S?, where C is the Cantor set.

In fact, S. Miiller [14] shows that for n = N = 2 the singular part of the distributional determinant may in general
concentrate on a set of Hausdorff dimension «, for any prescribed 0 < o < 1. More precisely, there exist bounded
Holder continuous Sobolev functions u in W14(§2, R?) for every g < 2 such that detVu = 0 and IVul||Vu?| =0
a.e.in 2, but Det Vu = V' ® V’, where V is the Cantor—Vitali function. Therefore, the distributional determinant has
a “Cantor-type” part and the role played by V' in the Cantor set C is here played by Det Vu in C x C. The “graph”
of u is very similar to the graph of the Cantor—Vitali function V and, actually, has infinitely many holes, namely
M(9G,) = oo, compare [12, Sec. 4.2.5].

In the classical case of Cantor’s middle thirds set, we have u € C%%(£2, R?), where s := dimy (C) =log2/log3.
Since u(£2) C [0, 112, one has u € WP (2, R?) N L™ foreach p < 1/(1 —s). In particular, u € W1l/2AVMONL™.
If T, € D2(£2 x R?) is the integral flat chain defined as in Theorem 3.1, in this case we get

(T, pdy' Ady?*)=(DetVu,p) =(V'® V', ¢) VYpeCX(R). (3.6)

Finally, by composing u on the left with a bi-Lipschitz map from [0, 1]? into S?, we readily obtain our cited
example. Notice that such map u belongs to W17 (2, S?) for ¢ < 2, but u ¢ W2,

Remark 3.7. By Proposition 3.6, we clearly have M(T;, g)) + M(7T} (1)) < 00. On account of the computation from
[12, Sec. 4.2.5], we expect that the current T;, has finite mass, i.e., M(7}(2)) < 00, compare Example 4.6 below.

Remark 3.8. In the “smooth” case of maps u in W2 N VMO($2, S?) that belong to the Sobolev class wl2(2,s%,
Proposition 3.6 yields that T, agrees with the current carried by the rectifiable graph of u:

(Tu,w)=/(ldl><1u)#w Vo € D*(2 x §?),
2

and hence it only contains an “absolute continuous” part. This has to be compared with the “non-smooth” example
previously described, in which property (3.6) shows the existence of a “Cantor-type” component in the action of the
current 7.

A graph with unbounded mass. We show the existence of maps u € wl2n VMO(Bz, Y), where dim ) = 2, that do
not have bounded variation, iz ¢ BV(B%, RY). By Proposition 3.4, this yields that the corresponding current 7j; does
not have finite mass, namely M(75 ;) = oo.
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Example 3.9. Let f(x) = |log|x||*, where x € R". In [8, Ex. 5] it is shown that the function f belongs to VMO for
each 0 < o < 1. Moreover, f € WIL’C” (R™) provided that n > 1/(1 — «). As a consequence, setting 2 = (—1, 1)2 and
x = (x1, x2) € £2, the function v : £2 — R? given by

o
9

10g|x2||a), O<a< %

v(x1, x2) := (|log |x1 |
belongs to the class wl/2zn VMO(£2, Rz). Notice that, denoting v = (vl, vz),
|va|=|)(€"__||1og|x1||“—l, et Dv| = |Dv!| - |Dv?,
l

whence |Dv| ¢ L' (£2) and det Dv ¢ L'(£2). In particular, v ¢ BV(£2, R?).

We now modify the function v to obtain a function u = (u', u?) € W2 N VMO(£2, R?) such that 0 < u(x) < 1
for each i, so that u takes values into the unit square [0, 172. To this purpose, define 7o = 1 and ¢, := e_"l/a, so that
0<t, <t,_1 and |log|t,||* =n for each n € NT, and set, fori =1, 2,

W () = [log|x;||“ —n ift,41 <|xj| <t, and n € N is even,
" n—log|x;||* if 1 <|xi| <t, and n € Nis odd.
Moreover, the function u can be easily extended to a function u from (-2, 2)2 onto [0, l]2
W1/2 0 VMO and such that u = (0, 0) at the boundary of (—2, 2).
Setting now u = (0, 0) outside (—2,2)% and U : (—=2,2)? x (0, 1) — R? by

that belongs to the class

Ux,h):= ][ u(x)dx, x=(x1,x2), he(0,1)
B(x,h)

it turns out that U € Wl’z((—2, 2)2 x 10, 1], R2), with image contained in the unit square [0, 1]2. As in the proof of
Theorem 3.1, we correspondingly obtain that the compactly supported integral flat chain

T, = (=D"@Guy) L (((=2,2)* x {0}) x R?)
satisfies for every w € D2((=2,2)* x R?)

(Tu, @) = (Ty, n Aw) := (—=1)""NGy,dn Ao+ Adw),

where we can choose the cut-off function 7 in correspondence to § = 1.
The above mentioned map i € W'/2NVMO(B?, V) \ BV(B2, R") is readily obtained by composing u« on the left
with a bi-Lipschitz map from [0, 1]? into V.

4. Approximate differentiability and Cartesian currents

In this section we deal with approximate differentiability of maps in our framework. We already mentioned in the
introduction the possible existence of maps in W!/7 that are not a.e. approximately differentiable. We then show that
if the current 7;, from Theorem 3.1 has finite mass, then it is a Cartesian current in the sense of Giaquinta, Modica and
Soucek [12]. We finally deal with some related examples built up in a way similar to the argument from Theorem 3.1,
i.e., by means of weak limits of averages.

For the sake of simplicity, we shall assume that X = 2, a bounded domain in R", and deal with maps u : 2 — ).
The general case of mappings u : X — ) is recovered by means of local coordinates and a partition of unity argument.

Approximate differentiability. If u € W!/7(£2, ) and M((G,) (1)) < 00, Proposition 3.4 yields that u € BV(£2,)).
In particular, u is approximately differentiable a.e. in §2. Therefore, following [12, Sec. 3.1.5], the rectifiable graph
of u is well-defined by

G, = {(x,u(x)) ’x € Ru},

where R, is the set of Lebesgue points of u where u is approximately differentiable, and u(x) € ) is the Lebesgue
value. It turns out that G, is H"-measurable and countably n-rectifiable in £2 x ), hence for H"-a.e. z € G, the
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approximate tangent n-space to G, at z exists and its linear projection onto the first n coordinates has maximum
rank 7. However, in general one has 1" (G,) = 400, even if u is a bounded map in W'/ N VMO, see Example 3.9.
The n-current [[G, ]] integration of n-forms w in D" (£2 x ) over the rectifiable graph G, is well-defined, provided
that we equip a.e. point z = (x, u(x)) with the naturally induced orientation from the one of the domain 2.
Denote by A!(£2,RV) the subclass of a.e. approximately differentiable L'-maps such that each minor of the
Jacobian matrix Vu of the approximate gradient is summable in $2. Also, set

A'2,Y):={ue A (2,R") |u(x) € Y forae. x € 2}.

Since dimY =y, if u € A'(£2,)), by the area formula all the minors of Vu of order greater than p are zero. If e.g.
ue Wl’p(.Q, Y), then clearly u € Al(.Q, Y). Moreover, if u € Al (£2,)), again by the area formula it turns out that
(in the approximate sense)

<|Igu]],a)>:/(ldl><1u)#w Yo e D'(2 x ).
2

In particular, we get

M([[gu]]) =H"(G,) = / Jo(Id < u)(x)dx < 00,
2

where J, (Id < u) € L' (£2) is the n-dimensional tangential Jacobian of (Id o< u).

Cartesian currents. Following the notation from [12, Sec. 4.2.2], we denote by cart(£2 x )) the class of Cartesian
currents in cart(§£2 x RN ) such that sptT C 2 x ). Any Cartesian current is i.m. rectifiable, hence it “lives” on an
n-rectifiable set. More precisely, we recall that if 7' is an i.m. rectifiable n-current in R, (£2 x ))), its action on n-forms
w € D"(£2 x ) is given by

(T, w) = /(s(x),w(x))e(x)dH”(x) 4.1
M

where M C 2 x ) is H"-measurable and countably n-rectifiable, with H" (M) < oo, the multiplicity func-
tion 6 : M — [0, 400] is (H" L M)-summable, and & : M — A,R*VN is }{"-measurable with |§| = 1 for
(H" L M)-a.e. z. Also, for H"-a.e. z € M the unit n-vector £(z) provides an orientation to the approximate tan-
gent space T, M.

In particular, if T € cart(£2 x ))), by the structure properties from [12, Sec. 4.2.2], there exists amap u € Al (£2,))
such that the following decomposition into the so-called “graph” and “vertical” parts holds true:

1. M=G,+ M, with H"(M) =H"(G,) + H"(M");

2. at points z in the “vertical” part MV, the projection of the approximate tangent space 7, M" onto the first n
coordinates has dimension strictly lower than n;

3. the restriction T L G,, agrees with the n-current [[G, ], i.e.,

(Tl_gu,w)=([[gu]],w)=/(ldl><1u)#a) Yo € D'(2 x Y). 4.2)
2

Furthermore, for currents 7' € cart(£2 x ))), in general the vertical part T L MV is non-trivial, i.e., H" (M") > 0.
This is due to the null-boundary condition (0T) L 2 x Y =0, i.e., roughly speaking, to the necessity of “filling the
holes” of the current [[G, ]], see e.g. the examples below.

The case of finite mass. Let u satisfy the hypotheses of Theorem 3.1, and let 7, be the corresponding integral flat
chain. As we have seen in the previous section, in general the current T, does not have finite mass. In terms of
component, T}, is a vector-valued distribution of order one, as for every w € D" (£2 x ))

(T, w)| <c|n'|  (lell + [dell).
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where ¢ > 0 is an absolute constant and [|1’|| < 4/8, with § > 0 chosen in terms of the uniform limit J;' (x) — 0 as
h — 0%, and hence depending on ) and u, as shown in the proof of Proposition 1.2.

It is well known that in general, an integral flat chain 7" with unbounded mass does not “live” in a countably recti-
fiable set. For example, choose T = d[[A]] € Dl(Rz), where A is a von Koch snowflake. In fact, [[A]] € RZ(RZ), and
dA is L2-negligible but purely H'-unrectifiable. However, in our context the following property is readily obtained:

Proposition 4.1. Under the hypotheses of Theorem 3.1, assume that T, has finite mass. Then T, € cart(§2 x ))).

Proof. Since dim) < p, by the boundary rectifiability theorem 7, is i.m. rectifiable in R, (£2 x ))). In this case,
moreover, we obtain a decomposition in mass

Tu = Gu + Sua M(Tu) = M(Gu) +M(Su) < Q.

Since Y is compact, we have |u||oc < 00. Therefore, from the proof of Theorem 3.1 we deduce that 7, is the weak
limit in D,,(§2 x V) of a sequence of graphs G,, of equibounded smooth maps uy : £2 — ). This clearly yields that
T, satisfies all the other properties that give the membership to the class cart(§2 x ))), compare [12, Sec. 4.2.2]. We
omit any further detail. O

Remark 4.2. Under the hypotheses of Theorem 3.1, if T,, has finite mass, by Proposition 4.1 we have T;, € cart(§2 x
Y), and hence u € Al(.Q, Y). In particular, formula (4.2) holds true. However, the map u from Example 3.9, where
n =N =2, is such that Vu ¢ L' and detVu ¢ L', hence the above formula (4.2) does not make sense, even if the
current [G,]] is well-defined.

Examples. We briefly sketch some related examples built up in a way similar to the argument from Theorem 3.1, i.e.,
by means of weak limits of averages.

Example 4.3. Let H : R — R denote the Heaviside map H(x) =1 for x > 0 and H(x) =0 for x < 0, and set
u = Hgi, where B! = (—1, 1), so that u € BV(B"), but clearly u ¢ VMO(B'). Let U : B! x (0, 1) — R given by
U, h):= th(x) H(y)dy, where Bj(x) = (x — h,x 4+ h), and set u (x) := U (x, h). For each 0 < h < 1, we have

2h
1 ifx>h

whence U € WIP(B! x (0,1)) and hence u € W!'/P(B!) for each p < 2. Moreover, G,, weakly converges in
Dy (B' x R) as h — 0 to the Cartesian current T, = [G, ]| + Su € cart(B! x R), where

[Gull = [—1,01 x & + [0, 1] x &1, Su =80 x [[0, 1T,

so that the vertical part T, L MV is non-trivial.

0 if x < —h,
uh(x)={ﬂ if —h <x <h,

Example 4.4. Let n > 2 and u : B" — R"! given by u(x) := %9 5o that u € Wh4(B", R"1) 0 L™ for each

x| °
g < n, and of course u ¢ VMO(B", R"+1). The image of u being the (n — 1)-dimensional unit sphere stli={ye
R” x {0}: |y| = 1}, by the area formula we deduce that u € A'(B", R**!). Since moreover u is the trace of the

map V : B" x (0,1) — R"*! given by V(x,h) := %, we have V. € WP (B" x (0, 1), R"*!) and hence u €

wl/p(B", R*t1) for each p < n + 1. Setting then p = n, on account of Remark 2.3, we deduce that the semi-current
G, €Dy p-1(B" x R™*1) from Definition 2.2 agrees with the restriction to forms in D"~ (B" x R"*1) of the graph
current [[G,]]. By [12, Sec. 3.2.2], we have

IGulIL B" x R" ! = -5, x [s"'],
where S"~! is equipped with the natural orientation.
Setting as before U : B” x (0,1) — R*™! by U(x, h) := th(x) u(y)dy, and uy,(x) := U(x, h), it turns out that

G, weakly converges in D, (B" x R™*1) as h — 0 to the Cartesian current T = [G, ]| + S, € cart(B" x R*t1), where
this time
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Sy =6y X [[D"]],

D" being the naturally oriented unit n-disk given by the convex envelop of "1, so that d[[ D" ]| = [S"']]. In partic-
ular, the vertical part 7 L M is non-trivial.

Example 4.5. Let V : [0, 1] — [0, 1] denote the Cantor—Vitali function, so that u € BV N C%* for a =log2/log3,
hence u € W1/2. Similarly as before, one deduces that Ty = d[[SGy ], where SGy :={(x,y) | x € [0, 1], y < V(x)}
is the subgraph of V. This can be directly checked by means of the characterization of the class of Cartesian currents
in codimension one [12, Sec. 4.2.4], on account of Proposition 3.4. In particular, we have Ty = [Gy ] + Sy, where
Gy agrees with the set of points in the reduced boundary 3~ SGy on which the tangent unit vector is “horizontal”, and
Sy =Ty L MV, where MV is the set of points in 3~ SGy on which the tangent unit vector is “completely vertical”.

Example 4.6. As we have seen in the previous section, the example by S. Miiller [14] shows the existence of a
Holder-continuous map u € wliZn VMO(S2, Sz), where £2 := (0, 1)2, such that the action of the vertical component
Su = Ty (o) of the integral flat chain T, on a non-trivial class of forms @ = ®@ in D2(2 x S?) is concentrated on
(C xC) x S?, where C is the Cantor set, compare (3.6). Moreover, the computation from [12, Sec. 4.2.5] yields the
existence of a Cartesian current 7' € cart(£2 x S?) that “fills the holes” of the graph of u. More precisely, formulas
(4.1) and (4.2) hold true, where G, is the rectifiable graph of u. For this reason, we expect that our current 7, has finite
mass and hence, by Proposition 4.1, that it is a Cartesian current in cart(£2 x Sz).

5. Degree and a continuity property

In this final section we recover the property discovered in [7] that the degree of W!/P-maps u from the p-sphere
onto itself is well-defined and integer-valued.

We then show (Theorem 5.2) that the strong convergence in W!/? N BMO yields the weak convergence in the
sense of the currents of the corresponding integral flat chains given by Theorem 3.1. Our result extends the following
continuity property proved in [7]:

Proposition 5.1 (Brezis—Nguyen). Let uy,u € Cl(SE, qua) be such that |\uy — ullsmo — 0 and ||lux — ully1p — 0 as

k — o0. Then for every F € CO’“(S';), where 0 < o < 1, and y € C1(S?) we have

klim /F(uk(x))lp(x)detVuk(x)ds:/F(u(x))w(x)detVu(x)ds.
sp

Sp
Degree. Assume n = p and X =) = SP. For each f € C!(SP), if v : SP — SP is smooth we let

IS*|- J (v, f):= / f(x)detVu(x)do,
Sp
where det Vv = det(Vv, v), viewing (Vv, v) as a square matrix of order p + 1. We thus have

p+1
detVou(x) = v#a)p(x), wp = Z(—l)jilyj dyJ,
j=1

where dyJ :=dy' A --- Ady/=! Ady/*! A .. A dyP+!. Therefore, according to Example 2.1 we get
8°]- 700, ) = [ (80" A wp) = (G f ).
SP

Ifuewhlp (SP, SP), hence u € VMO, using Corollary 1.4, Theorem 1.5, and Theorem 3.1, it turns out that the
Jacobian of u is well-defined by

[SP|- I, £) 2= Tim (Guy f A @p) = (T £ Awp) = (Suc f Awy),
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where {v;} C C'(SP, SP) is the smooth sequence given in the proof of Theorem 3.1 by vy 1= us, for a good sequence
3k \( 0. Since J(vg, 1) =: deg(vx) is integer for each k, and by the weak convergence [(Gy,, f A wp) — (T, f A
wyp)| — 0, one recovers the property discovered in [7] that the degree deg(u) := J(u, 1) is integer.

More generally, it turns out that under the hypotheses of Theorem 3.1, in any dimension n > p, and for each integer
j=0,...,p, the limit as k — oo of

(Gypr 0 Nw) :=/¢>Avk#w, 0 eD" (X)), weD/ (V)
X

is well-defined and agrees with T;, (¢ A w). Moreover, (T, p Aw) = (G, p Aw) if j <p,and (T}, p Aw) = (Sy, ¢ Aw)
A continuity property. As a consequence of Theorem 3.1, we finally prove:
Theorem 5.2. Assume that dim) < p, the integer part of p. Let uy, u € wl/rn VMO(X, Y) and let T,,, T, denote

the corresponding integral flat chains in F, (X x V) given by (3.1). If |lux — ullsmo — 0 and ||ux — ully1» — 0 as
k — oo, then T,, — T, weakly in D, (X x )), i.e.,

lim (T, w) = (Ty, 0) Yo € D"(X x Y).
k— 00

Proof. Since |luy — u|lpmo — 0, by Corollary 1.4, in Proposition 1.2 we may choose § > 0 uniformly with respect to
{ux}. Therefore, by (3.1), we can choose a cut-off function n = (§) in (2.2) in such a way that for each k we have

(Tuy, 0) = ()" NGy, d[(® =1dy)*o Ans]) Yo e DX x V).
We can thus write for each k and every w € D" (X x ))
(T @) — (T, )| = |Gy, d[(@ s 1dy) P A ns]) — (Gu, d[(@ > 1dy) o A ns])-

Moreover, using that dim Y < p, the (n + 1)-form d[(® < Idy)#a) A ns] contains at most p vertical differentials in the
Y-directions. On the other hand, the strong convergence |luy — u||y1/» — O yields that | Uy — U || y1,, — 0. Therefore,
by the dominated convergence, we get

Jim (G, d[(@ o= 1dy)*w A ns]) — (G, d[(@ = 1dy)*o A ns])| =0,
as required. O

When X =) = SP, since in the smooth case

(Tus FO)Y (x) Awp) = / F(u(x))y (x) det Vu(x) do,
Sp
we readily deduce Proposition 5.1 from the more general Theorem 5.2, by taking @ = F (y)¥(x) A wp.

Remark 5.3. On account of Remark 3.2, if dim ) > p, similarly to Theorem 5.2 this time we deduce that 7,,, — T,
weakly in D, p (X x V), i.e.,

Jim (T 0) = (Ty ) Voc DUP(X x ).
—00

Acknowledgements

We thank G. Crippa who pointed out to us the example concerning the first order Taylor expansion in L!-sense.
This research was supported by PRIN 2008, “Optimal Mass Transportation, Geometric and Functional Inequalities
and Applications”, and by PRIN 2008, “Optimal Mass Transportation, Evolution Problems, and Geometric Measure
Theory”.



E. Acerbi, D. Mucci/Ann. I. H. Poincaré — AN 31 (2014) 1015-1034 1033

Appendix A
We prove the following

Proposition A.1. Let p : R" — R denote the summable symmetric convolution kernel given by
_1 i
(@)1= { sloglzl {0 <zl <1,
0 elsewhere
forn =1, and for n > 1 by

"= if O<lzl <1,

ap = |B"|
elsewhere,

1
. — (|Z
= { (n—Day,
,O(Z) {

so that p € L'(R"), sptp = B", p >0, and [ p(z)dz = 1. Let u € L' (B") and U (x,t) = mex)u(y)dy. Then for
each & > 0 and x € BY_, we have

(u * pe)(x) = ][ Ux,t)dt, pe(z):=¢""p(z/e).
[0,¢]

Therefore, if u € BV(B") we have that

lim /‘][ D;U(x,t)dt
e—0
]

B" [0,¢

dx = lin%) /|Di(u % pg)(x)| dx = | Dju|(B")
e—>
Bﬂ

and if u € WHP(B™), the map x — f[o U0 dt converges to u strongly in WP, as ¢ — 0.

Proof. Forn =1 and |x| < 1 — ¢, we have
1

][ U(x,k)dk:/U(x,et)dt

[0,e] 0
1
1 1
= 2% | 7 U)X (x—et,xren(y) dy dt
0
x+e 1
1 1
= % u(y) ?X(x—st,x-i—a n(y)dtdy
x—¢ 0
X 1 x+e 1
1 1 1
=— u(y) —dtdy + u(y) —dtdy
2¢ t t
x—e (x—y)/e x (y—x)/¢e

= / u(¥)pe(x —y)dy =: (u* pg)(x).

Similarly, for n > 1 we get

1
1 1
][ Ux,A\)dr= nf—nfu(y)xzagmx)(y)dydf
ane | 1t
0

[0,¢]

1
1 1
=— / u(y)/;ms,(x)(y)dtdy

e
B.(x) 0
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1
1 1
= —dtd
e f u(y) / > y

Bg(x) lx—yl/e
1 1 x—y|"
- ~1)d
o / u(y)(n—l)an( p > Y
B (x)

= f u(y)pe(x —y)dy =: (u * pe)(x).

The last assertion follows from standard arguments, compare [5]. O
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