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Abstract

In arbitrary dimension, in the discrete setting of finite-differences we prove a Carleman estimate for a semi-discrete parabolic
operator, in which the large parameter is connected to the mesh size. This estimate is applied for the derivation of a (relaxed)
observability estimate, that yield some controlability results for semi-linear semi-discrete parabolic equations. Sub-linear and
super-linear cases are considered.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction and notation

Letd > 1, Ly,..., Ly be positive real numbers, and 2 = ]—[lgigd(o, L;). We set x = (x,...,xq4) € 2. With
o € 2 we consider the following parabolic problem in (0, T) x £2, with T > 0,

0ty — Vy - (I'Vey)=14,v in (0, T) x £2, yoe =0, and y—o=yo, (1.1)

where the diagonal diffusion tensor I"(x) = Diag(y; (x), ..., yq4(x)) with y; (x) > O satisfies

reg(I) def ess sup (y,- (x)+ + |nyi (x)|> < 400. (1.2)
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The distributed null controllability problem consists in finding v € L>((0, T) x §2) such that y(T) = 0. This problem
was solved in the 90’s by G. Lebeau and L. Robbiano [18] and A. Fursikov and O.Yu. Imanuvilov [12]. By a duality
argument the null controllability result for (1.1) is equivalent to having the following observability inequality

2 2 2
|C](0)|L2(9) < CObS”q”Lz((O,T)xa))’ (13)

for any g solution to (d; + Vx - (I'Vxy))g =0 and g3 =0.
Let us consider the elliptic operator on £2 given by

A==V (Vo)== Y 3y (idy)

1<i<d

with homogeneous Dirichlet boundary conditions on d£2. We shall introduce a finite-difference approximation of the
operator A. For a mesh 91 that we shall describe below, associated with a discretization step 4, the discrete operator
will be denoted by A™. It will act on a finite dimensional space R™, of dimension |91, and will be selfadjoint for
the standard inner product in R™. Our main result is the derivation of a Carleman estimate for the operators 9; & A™,
i.e., a weighted energy estimate with a localized observation term, which is uniform with respect to the discretization
parameter /. The weight function is of exponential type.

There is a vast literature on Carleman estimates going back from the original work of T. Carleman [7] and the sem-
inal work of L. Hormander [13] (see also [14, Chapter 8] and [15, Chapter 28]). These estimates were first introduced
for the purpose of proving and quantifying unique continuation (see [22] for manifold references). In more recent
years, the field of applications of Carleman estimates has gone beyond the original domain they had been introduced
for. They are also used in the study of inverse problems and control theory for PDEs. For an introduction to Carle-
man estimates and their applications to controllability of parabolic equations, as we shall use them here, we refer for
instance to [9] and [17]. For applications of these estimates to inverse problems we refer to [20].

From the semi-discrete Carleman estimates we obtain, we deduce an observation inequality for the operator
9; — A™ + a, where a is a bounded potential function:

2 — 2
|C]h (O)iLZ(Q) g Cgbs(”qh“%}«(),'r)xw) +e Cl/hiqh(T)|L2(Q))a (14)

for gp, (semi-discrete) solution to (3, — A™ + a)gy = 0. Special care is placed in the estimation of the observability
constant Cops, in particular in its dependency upon ||a||«-. It should be emphasized at this point that C,ps depends on
the geometrical setting, i.e., on £2, w, the operator diffusion matrix I”, and on the potential function a. Yet Copys is
not dependent on the discretization parameter /. The observability inequality (1.4) is weak as compared to that one
can obtain in the continuous case; compare with (1.3). Here, there is an additional term in the right hand-side of the
inequality. In fact, because of the presence of this term we shall speak of a relaxed observability inequality. Earlier
work [2,3] showed that this term cannot be removed and is connected to an obstruction to the null controllability of
the semi-discrete problem in space dimension greater than two, as pointed out by a counter-example due to O. Kavian
(see e.g. the review article [21]). Still, by duality, the relaxed observability estimate we derive is equivalent to a
controllability result. Because of the aforementioned counter-example we do not exactly achieve null controllability
at the discrete level, yet we reach a small target, which size goes to zero exponentially as the mesh size h — 0. We
speak of A-null controllability. This notion should not be confused with approximate controllability: the size of the
neighborhood of zero reached by the solution of the parabolic equation at the final time t = T is not fixed; it is a
function of the discretization step. The study of relaxed observability estimates for dicretized parabolic equations was
initiated by [19]. We refer to [6] for a review.

The dependency of the observability constant with respect to the norm ||a||s, allows one to tackle controllability
questions for parabolic equations with semi-linear terms, in particular for some cases of super-linear terms. In the
continuous case, this was achieved in [1,11]. To our knowledge, in the discrete case this question was only discussed
in [10]. Here, we shall consider such questions in the case of semi-discretized equations and we shall be interested in
proving h-null controllability results as well as associated relaxed observability inequalities. Some of the results we
give are uniform with respect to the discretization parameter: .-null controllability is achieved with a (semi-discrete)
control function whose L?-norm is bounded uniformly in /.
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Fig. 1. Notation for the boundaries in the 2D case.

1.1. Discrete settings and notation

Precise statements of the results we obtain require the introduction of the settings we shall work with.
For1<i<d,ieN, weset £2; = 1_[ (0, Lj). For T > 0 we introduce
I<j<d
J#

0=0,T)x2, 0:=0,T)x 2, 1<i<d.

N

We also set boundaries as (see Fig. 1)

2= ]_[ [0, L;] % {0} x ]_[ [0, L1, a2 = ]‘[ [0, L;]x {L;} x ]_[ [0, L1,

1<j<i i<j<d 1<j<i i<j<d
(2 =02V 2, 2= %%
1<i<d

We shall use uniform meshes, i.e., meshes with constant discretization steps in each direction. The introduction
of more general meshes is possible. We refer to [3] for some families of regular non-uniform meshes that one can
consider.

The notation we introduce will allow us to use a formalism as close as possible to the continuous case, in particular
for norms and integrations. Then most of the computations we carry out can be read in a very intuitive manner, which
will ease the reading of the article. Most of the discrete formalism will then be hidden in the subsequent sections. The
notation below is however necessary for a complete and precise reading of the proofs.

We shall use the notation [a, b] = [a, b] N N.

1.1.1. Primal mesh
Fori € [l,d] and N; e N*, weset h; = L;/(N; + 1) and x; j = jh;, j € [0, N; + 1], which gives

O=xi0o<xi1<-<xnN <XiN+1=L;.
We introduce the following set of indices,
N:={k=(ki.....ka): ki €[1,N;], i €[1.d]}.
Fork = (ki,...,kq) e Mt weset xg = (X145 ..., Xd k) € §2. We refer to this discretization as to the primal mesh
M= {xp; keMN), with| M= [] N
i€[l,d]

We set h = max;c[1,4] hi and we impose the following condition on the meshes that we consider: there exists C > 0
such that

C'h<h;<Ch, ie[ld]. (1.5)
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Fig. 2. Primal and dual meshes in the 2D case.

1.1.2. Boundary of the primal mesh
To introduce boundary conditions in the ith direction and related trace operators (see Section 1.1.6) we set 9; 01 =

37 MU 3TN with
oy M= {k=(ki.....ka): kj € [L.N;]. j€[1.d]. j#i. ki =0},
N={k=(k,....ka); k; € [L,N;], je[l.d], j#i, ki=N; +1},
and

m= [J am M = {xx; k € 9N}, IFM =[xk ke TN,
i€[l,d]

1.1.3. Dual meshes

We will need to operate discrete derivatives on functions defined on the primal mesh (see Section 1.1.5). It is easily
seen that these derivatives are naturally associated to another set of staggered meshes, called dual meshes. In fact there
will be two kinds of such meshes: the ones associated to a first-order discrete derivation and the ones associated to a
second-order discrete derivation. Let us define precisely these new meshes (see Fig. 2).

Fori € [1,d] and N; e N*, we set x; j = jh; for j € [0, N;] + %, which gives

O=xi,o<xi’% <X <X L < SXN <X L < XN =1L;.

Fori € [1, d], we introduce a second type of sets of indices
oy :={k=(k1,...,kd); k;e[1.N;]. je[ld]. j;éi,andk,-e[[O,N,-]]+%}.
For j € [1,d], j #1i, we also set Bj‘.TIi = Bf‘ﬁi U Bj“.)_Ti with
07N = {k:(kl,...,kd); ki€ [LNy], i’ €[Ld], i #i, i’ #j, ki € [[0,N,~]]+%, andkj=0},
aj*sftiz{k=(k1,...,kd); ki€ [LNy], i’ €[1.d], i #i, i’ # j, ki e[[O,Ni]]—i-%, andkj:Nj—i-l},

and Bﬁi =Uje [[; d] 0; ‘ﬁi. We moreover introduce 3,-‘)_’li = Bi_‘fii U 81."r ‘)_’li with
VE

=i . ., 1
0; m’z{kz(kl,...,kd); ij[[l,Nj]], je[l.d], j#i, ki:i}’

— 1
EARTY :{k:(kl,...,kd); kie[1,N;], jell.d], j#i, k,-:N,»+§}.
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Remark that 9; ‘)_Ti C ‘Yti whereas 9 ‘J_?i 4 ‘J_”ti for j #1i.
For i, j € [1,d], i # j, we introduce a third type of sets of indices

N :={k=(k1,...,kd); ki€ [I,Ny], i’ e[1.d], i #i, i’ #jand k; € [0, N]]—|— k€0, Nj]+= }
Forle[1.d],1#i,1% j, wealsoset 40’ =3 0~ U0 with
o = {k:(kl,...,kd); ki€ [1,Ni], i’ € [1,d], i’ #i, i’ # j, i #1,
1
ki € [0, N]]+ Ckje[0.N]+ 5. andk1=0},
aﬁsﬁ”:{k:@l,...,kd); ko € [LNy], i’ € [Ld], i #i, i’ #j, i #1,
ke[[ON]]—i— ke[[ON]]+ ,andk1=N1+1},
and o0 = Uteft.ag a,sﬁ"j. Moreover we set 8,-‘?1” = Bif‘)_?ij U 8;“71” with

Ii 1 j

o 1 1
a7 = {k:(kl,...,kd); ki €[1,Ni], i €1, d], i’ #i, i’ #j, ki=~, kj € [[0,N,-]]+—},

[\

afm”:{k=(k1,...,kd); kir€[1,Ni], i €[1.d], i’ #i, i’ # j, ki =N; + , k;€0,N;]+ = }

Fork = (ky,...,ky) € ‘Tti or 89—1[ (resp. ‘Tlij or a‘J_Tij) we also set xg = (X1, - .., Xa,k;)> Which gives the following
dual meshes
97{ = {xk; ke‘ﬁi}, 897{ = {xk; kea‘)_’li}, 8;:97{ = {xk; keaf‘)_’li},
(resp. m = {xk; ke ‘Ytij}, oM’ = {xk; ke B‘Ttij}, BliDTTij i={xx; k€ Bli‘)_?ij}).

1.1.4. Discrete functions
We denote by R™ (resp. Rm or R™/ ) the sets of discrete functions defined on 9T (resp. sm or ' ) respectlvely

If u € R™ (resp. R™ or R™’ ), we denote by uy its value corresponding to x for k € 91 (resp. k € N orkeN )
For u € R™ we define

=Y Ly e L(R), withbe= [] ¥ g1 e 1) R €O, (1.6)
ket ie[l,d]
Since no confusion is possible, by abuse of notation we shall often write u in place of u™. For u € R™ we define
// ui= // um(x)dx =Y |bilug. where|bel= [] hi.
ket ie[l,d]
For some u € R™, we shall need to associate boundary values
= {ug; kedny,

i.e., the values of u at the point x; € d9. The set of such extended discrete functions is denoted by R™Y?™* Homoge-
neous Dirichlet boundary conditions then consist in the choice uy = 0 for k € 991, in short u?™ =0 or even upe =0
by abuse of notation (see also Section 1.1.6 below).

Similarly, for u € R™ (resp. R™") we shall associate the following boundary values
w0 {ur: ke N } (resp. u oo/ ={ur: ke 8’5{”})

The set of such extended discrete functions is denoted by R Lo (resp. RIV/ oMYy
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Foru e Rﬁi (resp. Rﬁlj) we define

o _ ) 00 s 7 —i
u™ = Z 1wk € L(2)  with by = ]_[ EREE AR Y 2o
ket le[1.,d]

il _ } = i i
(resp.u = ZHIE;(,ukGL ) withby = [T by _1.2,,10 ken )
ket le[1,d]

As above, for u € Rﬁi (resp. Rﬁij ), we define

f/u:: //uﬁi(x)dxz Z |l_7;€|uk, where |l_);€| = l_[ hy,
2 2 n

ke‘ﬂ- lEIIl,d]]

(resp. //u:: //uﬁij(x)dxz Z |52]uk, where |l;;(j‘ = l_[ h1>.
[?) [9) ke’

M le[1.,d]

Remark 1.1. Above, the definitions of by, 152, and l_azfj look similar. They are however different as each time the

multi-index k = (ky, ..., k) is chosen in a different set: 91, ‘Yli and ‘J_?ij respectively.

In particular we define the following L2-inner product on R™ (resp. R™ or Rﬁlj)

(u,v)200) =//uv=//um(x)vm(x)dx,
Q Q
(resp. (u,v) 120 ://uv =// uﬁi(x)vg_ﬁi(x)dx,
Q 2
or (u, v)12(0) ://uv:// uﬁij(x)vﬁij (x)dx). (1.7)
2 Q

The associated norms will be denoted by [u];2(q).
For semi-discrete function u(r) in R™ (resp. R™ or R™"), t € (0, T), we shall write ffo udt = fOT Jfou()dt,
and we define the following L?-norm

T
Ju) 320 = [ [ [ ).
0 2

Endowing the space of semi-discrete functions L2(0, T; R™) (resp. L%(0,T; RW) or L%(0, T; Rﬁu)) with this norm
yields a Hilbert space.

Definition of a space of semi-discrete functions like L*°(0, T, R™) (resp. L*°(0, T’; Rﬁl) or L*(0, T; R )) can
be done similarly with the norm

Hu(t) HLOO(Q) = esssup(sup ‘uk(t)]).
te(0,T) “keNn

We shall also use mixed norms of the form
Jutr) “Lw(o,T;H(Q)) = esssup|u(7) |L2((2)'
1€(0,T)

Similarly we shall use such norms for spaces of semi-discrete functions defined on (or restricted to) (0, T) X w.
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1.1.5. Translation, difference and average operators
Leti, j € [1,d], j #i. We define the following translations for indices:

t o (resp. ‘Tti‘/) — MU IEN (resp. 2 U al-i‘J_?j),
k— riik,
with
ki i1,
+ —
(w7k), = {kli% if1=i.

. . 5 o ASEE
Translations operators mapping R™Y9™ _ R™ apd R Vo7

— R™ are then given by
(tiiu)k = lUctp: ket (resp. ‘)_1ij).

A first-order difference operator D; and an averaging operator A; are then given by
(D = (h) "' (5 u), — (t7u),), ke (resp. N7),
(A = iy = 3 (), + (770),), ke (resp. )

Both map R™Y9™ jnto R™ and R™ Y9 jpio RY
We also define the following translations for indices:

TN (resp. ‘)_Tj) S0 (resp. ‘Ylij),
k> Tk,
with
k; i1
_+ _ >
(77K), = {klj:% if1=i.
Translations operators mapping R™ — R™ and R™ — R™ are then given by
=+ et
(‘(i v)k = Vztg» keN (resp. N )
A first-order difference operator D; and an averaging operator A; are then given by
(Div)g = (hj) ! ((ffv)k — (77 v),). k€N (resp. ’TIJ),
_ . 1, - i
(Aiv)k =7} = 5((Tz'+”)k +(7;v),). keMN (resp. ‘)”t]).
Both map R™ into R and R into R™ .

1.1.6. Traces _ _ )
Leti € [1,d]. Foru € R™MUIM (resp. Rﬁjuaﬁ], Jj #1), its trace on 81*.(2, corresponds to k € BI.J“II (resp. 81.“71]),
i.e., ki = N; + 1 in our discretization and will be denoted by u|;=n;+1 or simply uy,+1. Similarly its trace on 9;” £2,
corresponds to k € 9; 1 (resp. 8;‘71‘/), i.e., ki =0 and will be denoted by ux,—o or simply uq. The latter notation will
be used if no confusion is possible, that is if the context indicates that the trace is taken on 9, £2.
By abuse of notation, we shall also use 9;£2, i € [1,d], to denote the boundaries of 2 in the discrete setting. For
homogeneous Dirichlet boundary condition we shall write

Ve =0 & vpe=0,ic[l,d]

& V=0 =V=N;+1 =0, i € [1,4d].
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We set
Rmuamo = {v S Rmuam; Viki=0 = Vjk;=N;+1 =0, i € [1, d]]}

For v € R™ VoM (resp. R VoMY Jj # 1), its trace on 81."’.{2, corresponds to k € Bl.J“‘YIl (resp. 81.'"‘)_’1”), ie., ki =

N;+ % in our discretization and will be denoted by v or simply v Nt Similarly its trace on 9, §2, corresponds

lki=N;+3%
tok e 81._‘)_?[ (resp. a;fﬁ” ), e, ki = % and will be denoted by Uy, =1 or simply v, . The latter notation will be used if
=2 2

no confusion is possible, if the context indicates that the trace is taken on 9, £2.

For such functions u € R™Y™ (resp. Rﬁjuaf’_"j, J # i) we can then define surface integrals of the type
/ U+ =/u|ki:Ni+1 = Z |0;bg|ug, where |0;bg| = 1_[ h, ke 3i+m (resp. 8{‘_‘)—?]),
sha & keo reftal
l (resp. keai'*")_?j) 7i
and for v € R Uo7 (resp. R/ oM j#i)
—i —i =i =ij
/ Vgt = / Vo4 ] = Z |8l-blk| vk, Wwhere |8,-b;(| = 1_[ hi, ke€d M (resp. 3/ N’).
ot e 2 ket lel[[;,d]]
i i i

(resp. kea,*ﬁi’tij)

Observe that if k € 8i+‘ﬂ (resp. 31,‘*‘$th) and k' € 8;“9_"8 (resp. 8i+9_’lij) with k; = kl/ for [ £ i then |9;by| = |8,-l_72r|. We
thus have

/ Vo :/v\k,-:N,-+% :/(?i_v)\k,:N,-+l = / (fi_v)wﬂz

ate o 2; a2

where T; v € R™Y% 2 (resp. R V9 ﬁ/) with the translation operator T; defined in Section 1.1.5. It is then natural
to define the following integrals

/MNH-IUNH-% :/u|ki:Ni+1U\k,-:Ni+% :/(” T U)|k,~:1v,-+1 = / ”(ti U)\ajsz'

Qi 2 2 e
Such trace integrals will appear when applying discrete integrations by parts in the following sections.
Similar definitions and considerations can be made for integrals over 9; £2.

For u € R™Y (resp. Rﬁjuaﬁj, j # 1) we can then introduce the following L2-norm for the trace on 9; £2:

2 _ 2 _ 2 2
|M|L2(319) - |u|aiQ|L2(319) - /(”\ki:Ni+l) + (u|ki=0) .
2 2;

For v € R Vo (resp. R/ oI j # i) we can then introduce the following L2-norm for the trace on 9; £2:

2 _ 4 2 _ 2 2
a0 = Waieliage) —/(”|ki:Ni+%) +f(”\k,-:%) '
2 2

1.1.7. Sampling of continuous functions
A continuous function f defined on £2 can be sampled on the primal mesh f™ = {f(xg); k € M}, which we
identify to

=Y Iy fio fi=fxn), ke,

ke
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with by as defined in (1.6). We also set
P ={fo; kean), U= {f(xp); ke NUBINY.
The function f can also be sampled on the dual meshes, e.g. ST?i, f w {f(xk); ke ‘Tli} which we identify to

£ = e fo= @, ke

ket

with similar definitions for f om' f MU and sampling on the meshes mY, Y’ uam”.

In the sequel, we shall use the symbol f for both the continuous function and its sampling on the primal or dual
meshes. In fact, from the context, one will be able to deduce the appropriate sampling. For example, with u defined
on the primal mesh, 91, in the following expression, D; (y Dju), it is clear that the function y is sampled on the dual

mesh M as D;u is defined on this mesh and the operator D; acts on functions defined on this mesh.

To evaluate the action of multiple iterations of discrete operators, e.g. D;, D;, A;, A; on a continuous function we
may require the function to be defined in a neighborhood of £2. This will be the case here of the diffusion coefficients in
the elliptic operator and the Carleman weight function we shall introduce. For a function f defined on a neighborhood
of £2 we set

+ < hi )
Ti f(x) ::f xi?ei s ei=(8i1"”’8id)’

Dif =) (5" —17) f, Af=f = (z +17)f.

For a function f continuously defined in a neighborhood of 2, the discrete function D; f is in fact equal to D; f
sampled on the dual mesh, M, and D; f is equal to D; f sampled on the primal mesh, 9t. We shall use similar

meanlngs for averaging symbols, f £, and for more general combmatlons for instance, if i # j, D; f D;D; f
D;D; f will be respectively the functions D ; f sampled on zm , D;D; f sampled on 901, and D;D; f sampled on
.

1.2. Statement of the main results

With the notation we have introduced, the usual consistent finite-difference approximation of the elliptic operator
A with homogeneous Dirichlet boundary conditions is

AMu=— 3" Di(yiDjuw), (1.8)
iel,d]

Rzmuavﬂ M

for u € satisfying uj3 = u®>" = 0. Recall that, in each term, y; is the sampling of the given continuous

diffusion coefficient ; on the dual mesh 97(i, so that for any u € R™MUIM and k € N, we have

(A"w) ey = — Z hfz(yi (xf,.*(k))((f;rfi+“)(k) —udk) — Vi (xf;(k))(”(k) - (?iifiiu)(k)))'
ie1,d]

In 2D, this operator is nothing but the standard 5-point discretization. Note however that other consistent choices of

discretization of y; on the dual meshes are possible, such as the averaging on the dual mesh M of the sampling of y;
on the primal mesh.
The semi-discrete forward and backward parabolic operators are then given by P = 9, + A™.

1.2.1. Carleman estimate

For the Carleman estimate and observation and control results we choose here to treat the case of a distributed
observation in @ € £2. The weight function is of the form r = ¢*¢ with ¢ = ¢!V, with ¥ fulfilling the following
assumption. Construction of such a weight function is classical (see e.g. [12]).
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Assumption 1.2. Let wy € w be an open set. Let £2 be a smooth open and connected neighborhood of §2 in R?. The
function x — ¥ (x) is in %”1’((}, R), p sufficiently large, and satisfies, for some ¢ > 0,
v >0 in$2, VY| >c in2\wp, and ¥ (x)<—c<0, forxeVyao,

where V). o is a sufficiently small neighborhood of 9; 2 in fZ, in which the outward unit normal #; to £2 is extended
from 0; 2.

Remark 1.3.

1. In the continuous case the regularity of the weight function can be chosen as low as 2. Here estimates of discrete
derivations of the weight function require knowledge of higher-order derivatives through Taylor formulae.

2. In [3] the following addtional requirement was made: 8)%,_ ¥ (x) = 0in Vjy, . This additional assumption is in fact
not needed. This property was solely used in the proof of Lemma C.4 within the proof of Lemma 3.3 of [3]. Yet
estimate (C.7) therein simply follows from the earlier estimates in Lemma C.4 without the need of this addtional
property. We shall invoke the result of Lemma 3.3 of [3] here.

Let K > ||Y |l and set
px) =V — <0, px) =V,
rt,x) =0 x) = (r,x)) 7, (1.9)
with
s)=10(), T>0,00)=(1+8T)T+5T —1)",

for 0 <§ < % The parameter § is introduced to avoid singularities at time ¢ = 0 and r = T'. Further comments are
provided in Remark 1.5 below.
We now state our first result, a uniform Carleman estimate for the semi-discrete parabolic operators PT" = 9, +£.A™.

Theorem 1.4. Let reg’ > 0 be given and let a function V satisfy Assumption 1.2. We then define the function ¢
according to (1.9). For the parameter A > 1 sufficiently large, there exist C, to 2> 1, hg > 0, &9 > 0, depending on w,
wo, T, 1eg°, and A, such that for any I, with reg(I") < reg® we have

o g+ Y (106 Dl + 06D [2n ) + 7 o3 u

ie[l,d]

(Q) (@)

< C(Hew(ppﬂgzﬁ“ Hi2(Q) +7° ”9%610% ||i2((O,T)><a)))

+ Ch72(|ere(p”|t=0|22(.(z) + |er0(p”\t=T|iz((z))f (1.10)

for all T > 1o(T +T?%), 0 <h < hg, 0<8<1/2, th(sT® ™' < ey, and u € €'(0, T1, RV satisfying
u)0,7)x92 = 0.

Remark 1.5 (Choice of the parameter §). In the present Carleman estimate the parameter § is introduced to avoid
the singularity of the weight function at times ¢ = 0 and ¢ = T'. Such singularities, corresponding to the case § = 0,
are exploited in the continuous case as originally introduced in [12]. Here the parameter ¢ is taken different from O
and yet connected to the other parameters: Th(8T2)~! < g9. Many choices are possible for 8. For the controllability
results we shall choose § proportional to the discretization parameter /.

Remark 1.6. It should be emphasized that the geometrical domains considered here are rectangular parallelepipeds
and moreover the diffussion matrix is assumed diagonal. This is very much related to the discretization with finite
differences that allows us to use discrete differential calculus results, as exposed in Section 2.
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Remark 1.7. An inspection of the proof of Theorem 1.4 in Section 3 shows that for P™ the term
-2 6 2 0 2
h (‘er (p“\t=0’L2(9) + |er Puj=r }LQ(.Q))
in the r.h.s. of estimate (1.10) can be replaced by

T2(|er9¢9’4lt=0|iz(9)+|319¢9”|f=T|22(9))+ Z | Diuyp=1 22(9)'
ie[l,d]

1.2.2. Relaxed observability estimate
The adjoint system associated with the controlled system with potential

hy+ ATy +ay=1,v, 1€, T),  ysa=0, (1.11)
is given by
—9q+A"g+ag=0, 1€, T), qpe=0. (1.12)

With the Carleman estimate we proved in Theorem 1.4 we have the following relaxed observability estimate for the
solutions to (1.12):

C
[40) 22y < Cos (1132 0,1y ¢ 7 4D 2.
2

i Co(l+ 7+ T lallootlall%) 5 iscretizati i i -
with Cops = € T o0 o/ if the discretization parameter is chosen sufficiently small. A precise statement
and a proof are given in Section 4.1. Note that Cops is not function of the discretization parameter /.

1.2.3. Controllability results
From the relaxed observability estimate given above we obtain a /-null controllability result for the linear operator
P™. This result can be extended to classes of semi-linear equations:

@ + Ay +G(y) =1pv, 1€(0,T), yae =0, y(0) = yo,

with G(y) = yg(y). The equation is linearized yielding a bounded potential and a control can be built. Then a fixed-
point argument allows one to obtain a control function for the non-linear equation.

First we consider the sub-linear case, i.e., we assume that g is bounded. We then prove a A-null controllability
result with a control that satisfies

||U||L2(Q) < C|)’0|L2(.Q),

were the constant C is uniform with respect to the discretization parameter /; see Section 5.1 for a precise statement
and a proof.
Second we consider classes of super-linear equations. Following [11] we assume that we have

lg| < KIn"(e+yl), yeR, withO<r< %

Here the precise dependency of the observability constant upon the norm of the potential ||a||» allows one to tackle
such nonlinearities.

In arbitrary dimension we obtain a A-null controllability result; see Section 5.2.2 for a precise statement and a
proof. However, the size of the control function is not proven uniform with respect to the discretization parameter /:

||U||L2(Q) < Ch|)’O|L2(.Q)'

In fact a boundedness argument is needed and here we exploit the finite dimensional structure to achieve it. The
constants are however not uniform. A refined treatment of this question require further analysis of the semi-discrete
heat kernel; see Remark 5.6. In one space dimension, this difficulty can be circumvented and the uniformity of the
control function is recovered; see Section 5.2.3
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1.3. Outline

In Section 2 we present discrete calculus results and estimates for the Carleman weight function in preparation
for the proof of Theorem 1.4. Section 3 is devoted to the proof of Theorem 1.4. In Section 4 we prove the relaxed
observability estimate and a i-null controllability results in the linear case. In Section 5 we study 4-null controllability
in the semi-linear case. Some technical proofs are gathered in Appendix A.

2. Some preliminary discrete calculus results

This section aims to provide calculus rules for discrete operators such as D;, D; and also to provide estimates for
the successive applications of such operators on the weight functions.

2.1. Discrete calculus formulae
Proofs are similar to that given in the one dimension case in [2].
Lemma 2.1. Let the functions fi and f> be continuously defined in a neighborhood of 2. For i € [1,d], we have

D (fi f2) =Di(f0) fi + f1Di (f2).

Note that the immediate translation of the proposition to discrete functions fi, f2 € R™ (resp. Rﬁj, j #1i), and
81,82 € R™ (resp. R™ VED))

Di(fif)=Di(f)fs+ fiDi(f2),  Di(g182) = Di(g1)8s + & Di(g2).

Lemma 2.2. Let the functions fi and f> be continuously defined in a neighborhood of 2. For i € [1,d], we have
i Ao hi2
fifa =f1fa+ ZDi(fl)Di(f2)~

Note that the immediate translation of the proposition to discrete functions fi, f2 € R™ (resp. Rﬁj, j #1), and
g1, &2 € R™ (resp. R™ VEDD)
i Figi hzz ——i _ Sisi hiz— D
N2 =hh+ Dilf)Di(f2), 8182 =818, + - Di(g) Di(g2).

Some of the following properties can be extended in such a manner to discrete functions. We shall not always write
it explicitly.
Averaging a function twice gives the following formula.

Lemma 2.3. Let the function | be continuously defined over R. For i € [1, d] we have

~1i h2
2. _ “ip.D.
A“f=f _f+4DlD,f.

The following proposition covers discrete integrations by parts and related formulae.

Proposition 2.4. Let f € R™U90™ qnd g e R™ . Fori e [1,d] we have

[[1Bi== [[@ire+ [y - sy
2 2 2;
Si 5o hi
// 18 =//f g- ?/(fNi+1gNi+% + fog ).
2 2

2



FE. Boyer, J. Le Rousseau / Ann. 1. H. Poincaré — AN 31 (2014) 1035-1078 1047
Lemma 2.5. Let i € [1,d] and v € RV (resp. R™ Y% for j £ i) be such that vig2 =0. Then [[ov=[[,7".

Lemma 2.6. Let f be a smooth function defined in a neighborhood of 2. Fori € [1,d] we have

1 1

vf=rf+ %/a,-f(. tohi/2)do, A‘f=[+ Czh,-z/(l —1o1) 97 f(.+ Leohy) do,
0 -1

1
1
D,-@fzaff+cgh?f(1 — o)) A f(Hliohiydo, £=1,2, 1) = 5 =1,
—1

with h; = h;e;.
Fori, je[l,d], i # j, we have

1

/(1 — |o|)3f(4)(. +ah;;/2; nt.....n")do
5

D,D f—aszrc”lh’m4
A hih;
+ |4

B

1
il /(1 - |0|)3f(4)(x +oh; /207, ..., )do,

-1

+ C///

with h;—; =h;e; £ hjej and ni = ﬁ(ki)

nh*
Note that 'hl_';l‘]_ — O by (1.5), for i, j € [1,d], j #1i.

2.2. Calculus results related to the weight functions

We now present some technical lemmata related to discrete operations performed on the Carleman weight functions
pand r = p~!, as defined in Section 1.2.1. The positive parameters t and & will be large and small respectively and
we are particularly interested in the dependence on 7, & and A in the following basic estimates.

Weassume 7 > 1and A > 1.

Lemma 2.7. Let « and 8 be multi-indices in the x variable. We have
0P (ro%p) = |l Pl (—s) AL Ty ™ P + 1l Bl (59) AT O) + 5 el (o] — 1) 05.(1)
=0, (s1). 2.1)
Leto € [—1,1] and i € [1,d]. We have
3P (r (2, )(990) (2, . + ohy)) = O (51 (1 + (sh) 1)) OGN, (2.2)

Provided th(maxo,710) < R we have P, )3%p)(t,. +oh)) = O;L,ﬁ(s“’”). The same expressions hold with r
and p interchanged and with s changed into —s.

A proof is given in [2, proof of Lemma 3.7] in the time independent case. This proof applies to the time-dependent
case by noting that the condition t/(max[o,7]6) < & implies that s(t)h < K forallt € [0, T].

Lemma 2.8. Let o be a multi-index in the x variable. We have

3 (ra%p) =s1T00, (1).
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Proof. We proceed by induction on |«|. The result holds for || = 0, and we assume it also holds in the case || =n.
In the case |a| =n + 1, with |a| > 1, we write o = o’ + «” with |a”| = 1 and we have

’ ” C(/ " ” ’
ro%p = —sro“ ((80‘ (p)p) = —( Z (8,>(a'3 to (p)sraa ,0).
8/+8//:a/
Next we write
|3, (sra‘s/p)| < |(8ts)r85/,0| + |s8, (ra‘s/,o)| < sTOs!?
by (3.1) and Lemma 2.7 for the estimation of the first term and by the inductive hypothesis for the second term. We
then conclude as |8'| +1 < |/ | +1=|a|=n+1. O

With the Leibniz formula we have the following estimate.

Corollary 2.9. Let o, o/, and B be multi-indices in the x variable. We have
PY: (r2(aotp)3o/p) _ |a +a/||ﬂ|(_s¢)|a+a’|)\|a+a/+ﬂ\(Vw)ot+o/+/3
+ 1Bl + o' [(s) Al I O
sl = (o) (ja) = 1) + || (|| = 1)) O (D)
— O/\(S|a+o/|)_

The proofs of the following properties can be found in Appendix A of [3] (except that of Proposition 2.14 which is
specific to the parabolic case).

Proposition 2.10. Let « be a multi-index in the x variable. Let i, j € [1, d], provided th maxjo,710 < K, we have
rtE%p =rd%p + 51105 q(sh) = 5105 (D),
rAK%p =rd%p +540; q((sh)?) =505 q(1), k=1,2,
rAfDip =rd 0 + 505 q((sh)?) =505 (1), k=0,1,
rD;i Djk/p = raf" 87,0 + 52 Ok,ﬁ((sh)z) = szox,g(l), ki +kj <2.

The same estimates hold with p and r interchanged.

Lemma 2.11. Let & and B be multi-indices in the x variable and k € N. Let i, j € [1, d], provided thmaxj 1160 < &,
we have

N ok
Dk D1 (88 (r9%p)) = 09 0P (rd% p) + W*Os a (™). ki +kj <2,
A;XoP (ra"‘p) = 8’3(;’80‘/0) + hZO)L’ﬁ(S‘al).
Let o € [—1, 1], we have D;*i Djki B (rt, )o%p(t, .+ ohy)) = O;L’ﬁ(s“”), for ki +kj < 2. The same estimates hold

with r and p interchanged.

Lemma 2.12. Let o, o’ and B be multi-indices in the x variable and k € N. Let i, j € [1, d], provided th maxp 116 <
R, we have

AR (2(0% )0 ) = 0 (R(0° )0 ) + 120, g(sH) = 0, o(s¥H+4),
D;i Djk-/' 3P (r2(a“p) 8“,,0) = 8;{" 8? (8ﬂ(r2(80‘p)8“/p)) + hz(’),\,ﬁ(sl”""'la/l)
= Ok,ﬁ(sla‘ﬂa/l), ki +k; <2.
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Leto,0’ € [—1, 1]. We have
AKX (rt, )2 (3%p(t, .+ oh))d¥ p(t, .+ 0'hj)) = O (s,
DD %8P (r(r, )2 (8% p(t, . + oh))d p(t, . + 0'h})) = O (s, & +k; <2.

The same estimates hold with r and p interchanged.

Proposition 2.13. Let « be a multi-index in the x variable and k € N. Let i, j € [1,d], provided sh < &, we have
D% D AKX (rDip') = 3% ajff'a“(raxp) +505,1((sh)?) =505 & (1),
. ok
D;%D;*i (rD;?p) = 8" 3, (ra?p) + 5205 q((sh)?) = s20;_a(D),
rAZp =1+ Ox,ﬁ((sh)z), D, Djkf (rA,-z,o) = Ok’ﬁ((sh)z).

The same estimates hold with r and p interchanged.

Proposition 2.14. Provided th max|o,7160 < &, and o is bounded,we have

¥ (r(,x)(8%p)(,x +ohy)) =Ts" 00, g(1),
3 (rAi*p) = T(sh)*0(1) 05 a(1),
3 (rDi%p) = Ts*0(1) s & (1).

The same estimates hold with r and p interchanged.

Proof. We set v(t, x,oh;) :=r(t, x)p(t,x +oh;) and simply have v(z, x, oh;) = s D@9 +0h) — (Ou(sOh) —
O,.s(1), by a first-order Taylor formula. We have

ov(t,x,oh;) = (8,s)(<p(x) —@(x + ahi))v(t, x,0h;) =10 ()h; O g(1) = TG(I)OA)ﬁ(s(t)h),
by (3.1).
Next, we write r(t, x)(0%p)(t,x +oh;) =v(t,x,0h;)us(t, x + o h;), where we have set py, =19 p. We have
drtta =Ts*100; (D),
by Lemma 2.8. This yields

¥ (rt,x)(0%p)(t,x +oh)) = (9v(t,x,0h)) pa(t,x +ohi) + v(t,x,0hi)0 na(t, x + o hy)
=750, 1(1).
Next we write
1
r(t, X)A2p(t, x) = 1 + Ch? /(1 —lo|)r(t, x)3? p(t, x + oh;) do,
-1
which gives
1
3 (r(t,x)A2p(t,x)) = Ch} /(1 — o )3 (r(t,x)87 p(t, x + ohy)) do,
-1
and the second result follows. Similarly, we write
1
r(t,x)D?p(t, x) =r(t,x)d? p(t, x) + Ch} /(1 - |o|)3r(t, x)3tp(t,x +oh;)do,
-1
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which gives
1
3 (r(t,x)Di*p(t,x)) = 8 (r(t,x)37p(t, x)) + Ch} /(1 —101)* 0 (r(t, )3} p (1, x + o)) do,
-1

and the third estimate follows by using Lemma 2.8 and the first result of the present proposition. O

Proposition 2.15. Let «, f be multi-indices in the x variable, i, j € [1,d] and k;, k., k;, k; eN. Fork; +k;j <2,
provided sh < R we have

Aik;Ajk;- Diki Djkj of (r2(8otp)6i7)i) _ aiki ajfjaﬁ(rZ(aap)aip) + SlaHlO)L’ﬁ((Sh)z)
=510, 2 (1),
Aik;Ajk; D;%i Djkj ah (r2(a“p)A,»2p) = af" 8fj8’3(r(8°‘p)) + s‘“lo;hﬁ((sh)z)
=50, 2 (D),
A,-k;Ajk;' D;i Djk-/ Bﬁ(rz(fiap) Dizp) = 8;“ affaﬂ(ﬂ(a“p)a}p) + s|“|+2(9;h,g((sh)2)
=520, q(D),
and we have
A ARIDHD M 0% (2D D, p) = 810 0% (r2(0:0)320) + 57 Os a ((5)?) = 5305 1 (D),
A ARIDND M 0% (r2Drp' A2) = 3519, 8% (o p) + 505w ((5)?) = 505 1 (D).
3. Proof of the Carleman estimate

Here we prove the result of Theorem 1.4. We shall carry out the proof for the operator P™* = P™ = 3, — A™. The
proof is the same for P7" = 8; +.A™ (change ¢ in to T — ). We start with some preliminary observations and notation.
Recalling the form of weight function given in (1.9) we observe that we have

1 1 1
T2 < miné, —— ~ maxf#=00)=0(T)= ——— < ——.
[0.T] T268 5—0[0,T] T25(1+68) T2
We note that
90 = (2t — T)H7. 3.1)
In the proof of the Carleman estimate we shall use the following discrete gradient Y = (D1, ..., Dg)" and the

following notation

V[‘f:(\/ﬁaxlf,...,\/)/_daxdf)t, Aff: Z J/zaf,f

ie[l1,d]
In the discrete setting we also introduce D; r f = \/viD; f,i € [1,d], and
Yrf=WYDif,....\VaDaf) =Dirf.....Dar f).

The enlarged neighborhood £2 of §2 introduced in Assumption 1.2 allows us to apply multiple discrete operators
such as D; and A; on the weight functions. In particular, this assumption yields on 0; £2

(rDip ) g ep <O (rDip)y_y.sy 20, i€[l.d]. (3.2)

We set f := P™u. At first, we shall work with the function v = ru, i.e., u = pv, that satisfies

r<3z(/0v) + Y 5iJ/iDi(/Ov)> =rf. (3.3)

ie[1,d]
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We have
rd;(pv) = 0;v +r(0:p)v = 0:v — T(0:0) .
Following [12], we write
g=Av+ Bv,
where Av=A|v+ Arv + Azv, Bv = Bjv + Byv + B3v with

h. e _ o
g=rf— Y. rDip (Diy)(t] Dyv —7; Div)

ie[l,d]
h? _ — —i —i
-y Zl(DiVi)r(DiDiP)DiU —hi ) O()rDip' Djv
i€[1,d] i€[1,d]
— > (rDiy)Dip’ +hiOWyr(DiDip))T — 25(Ard)v.
iefl,d]

and

—i— — —i
A= Y rpt Di(yiDiv),  Aw= Y yr(DiDip)¥

i€[1,d] ie[1,d]
Azv = —1(9,0)pv,
Biv=2 Y yrDip Div.  By=-25(Ard)v,  Bsv=d.
ie1,d]

An explanation for the introduction of this additional term B,v is provided in [17].
Eq. (3.3) now reads Av + Bv = g and we write

1AVII72 g, + 1BYIIZ: ) + 2(AV, Bv)2(g) = I8l 720 (3.4)

We shall need the following estimation of |[gl,2(p). The proof can be adapted from Lemma 4.2 and its proof in [2]
(the time dependency of the present weight function does not affect the argument and computations of the proof).

Lemma 3.1 (Estimate of the rh.s.). For th(maxo,710) < £ we have
2 2 2 2 2
||g||L2(Q) g C)L,ﬁ(”rf”LZ(Q) + ”Sv”LZ(Q) +h ||SYU||L2(Q)) (35)

Most of the remaining of the proof will be dedicated to computing the inner-product (Av, Bv)2(g). Developing
the inner-product (Av, Bv)Lz(Q), we set [;; = (A;v, ij)Lz(Q).

Lemma 3.2 (Estimate of I1). For th(maxo,710) < £, the term I11 can be estimated from below in the following way
1 2
It = —2%||(s¢)? |VF¢|YFU||L2(Q) + Y —Xu— Wi —Ji,
with

= X [ (O7 +0nnl6h)Dip )y Dy = (77 + Ons( W) D )y (D17
ie[1,d] 0;

i

and

Xn= ), //VUJ(D"U)ZdHF 2. //illvi(Divi)zdt,

ie[[l,d]] Q ie[[l,d]] Q
with vi1; and V11,; of the form shx¢O(1) + sO;_a(sh) and
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Wi = Z //yn,](DDv) dr+ Zf/y]lu(DDv) dr,

zje[[l d] “g ie[Ld]"g
with y11,ij and y11,i; of the form h2(sApO(1) + sOy g(sh)) and

(2) 2 ) 2
Jin = Z // 811, +%(Div)N,-+ (5111) (Div)%)dt

ie[l.d] "o
with 87, = shingO(1) + shi 05 a(sh).

The proof follows that of Lemma 3.3 in [3]. As explained in Remark 1.3 a simplification of one of the arguments
allows us not to assume convexity of ¥ near the boundary.

Lemma 3.3 (Estimate of 112). (See Lemma 3.4 in [3].) For th(max[o,116) < & the term 112 can be estimated from
below in the following way

I > 22|V rY I Tro|Fa g, — X2,

o= 3 [[vaionr dt+//mzv d,

ie[l, d]]

with

where 12 =s O;L,g(l), and vi2,; = sh@pO(1) + sOy a(sh).

Lemma 3.4. There exists €1(A) > 0 such that, for 0 < th(maxo,710) < €1(L), the term 113 can be estimated from
below in the following way

2
I3 > —CA,R/|YU(T)| - X3
Q
with C > 0 and

X13=//(s(sh)+T(sh)29)(9;\‘ﬁ(1)|7v|2dt+//s_l(9)hﬁ(sh)(8,v)2dt.
0 0

For a proof see Appendix A.

Lemma 3.5 (Estimate of I31). (See Lemma 3.5 in [3].) For th(max[o,110) < R, the term Iy can be estimated from
below in the following way

3 2
b =314 (s¢)2 (VF¢)2U||L2(Q) + Y21 — Wa1 — X,

with
Yy = Z /‘O}h_ﬁ((sh)z)(rmi)o(Div)i dr + Z /Ok,ﬁ((m)z)(rmi)mﬂ(Div)?v,ﬁ% dt,
ie[[l dﬂQ iE[l d]]Q
wa= Y [[rsoinpra, le—f/uzw ar+ Y [[raiowran
1Je[[l d] “g ie[L.d] g
where

voLij =h0 g (h)?), o1 = (s49)°O(1) + 5205 q(1) + 5Oy g (sh),
w1 = 5O q((sh)?).
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Lemma 3.6 (Estimate of I2). (See Lemma 3.6 in [3].) For th(max(o,710) < &, the term Iy is of the following form

Iy = -2 (s¢)? Ve o] 2 — X2z,

Xzz—/[uzzv dt + Z //V221(D v)*dt

lEIIl d]] Q

with

where iy = (sA$)>O(1) + 5205 g(1) + s30;_a(sh), and vyr; = sO_a(sh).
Lemma 3.7. For th(max[o,7]0) < 8, the term I3 can be estimated from below in the following way

Iz > /SZ(OA,}%(I)U\QI:T + Or.a(D)vji_g) — X23,
2
with

X23:/[ Tszeok,ﬁ(l)v2dr+/ (sh)2s71 0y (1) (8,v)* dt
+ ) //(sh) 5O, a(1)(D;v)?dt.
lE[[] d]] Q
For a proof see Appendix A.

Lemma 3.8. For th(maxo,710) < K, the term 131 is of the following form

Li=—X3 = // Ts200; a(Hv?dt + Z // T (sh)*00;_x(1)(D;v)* dt.

lEHl d]] Q
For a proof see Appendix A.
With (3.1) we may write
I =—X3= 2// t5(3;0)p(Ard)v? = /f Ts%00; g(1)v>. (3.6)
0 0

Lemma 3.9. For th(maxo,710) < &, the term 133 can be estimated from below in the following way
1
I3 > =Xz =1 /f 0(820)v* dr.
0

For a proof see Appendix A.

Continuation of the proof of Theorem 1.4. Collecting the inequalities we have obtained in the previous lemmata,
from (3.4) we obtain, for 0 < th(maxjg 7160) < &1(}),

3 2 1 2
1AVI72 ) + I1BVIIZ o) + 202 [ 2 IVrY P02 o) + 202 [ 52 IV P I Y rv] ) +2Y

< ck,g<||rf||iz(g) + [0k i)+ [ m|2,:T) £2X2W 42, 37)
2 2

where C >0, Y =Y + Y1,
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X=Xu+Xn+Xi3+X2+ X+ X3+ X31 + X320+ X33

+ ck,ﬁ(nsvniz(g) +h Y ||sDiv||iz(Q)>,
ie[1,d]

W = W11 4+ Way, and J = J1. With the following lemma, we may in fact ignore the term Y. This uses the prop-
erty (3.2) of the weight functions.

Lemma 3.10. (See Lemma 3.7 in [3].) For all A there exists 0 < e2(A) < €1(A) such that for 0 < th(max[o,716) <
&2()), we have Y > 0.

Recalling that |Vr¢| > C > 0 in £2 \ wp we may thus write
4 3 2 2 1 2
”AU”LZ(Q) + ||BU||L2(Q) +A ” (S¢)2 U”LZ(Q) +2 ” (S¢)2 YFU”LZ(Q)

< CK,ﬁ(”"f”i%Q) +)‘4” (S‘f’)%””i%(o,r)xwo) +27 H (s¢)%Yrv”iz((O,T)><wo)

+/s2(vl2,zr+uf,=0) +/ |Yu||2,_T> +2X 4+2W +2J. (3.8)
2

Lemma 3.11. We have
1 2 o
22 s9)2 Vo]0 = CH—-X =W,

for 0 < h < hi()) for some hi(L) sufficiently small and

H=2* )" //sd)Dv )?di +22h? > /fs¢(DDv)2dt+A2h2 > //s¢(DDU) dr,

ie[1.d] " ie[1.d] “g i,je[1.d] "o
i#]
< Z //sOk(l)(D v)2dr + Z //s(’),\(l) Dv dt)
ie[1.d] g ie[l.d] "o

and

< Z //SOA(I)(D Djv)?dr + Z //s(’)x(l)(D D; v)zdt)

zje[[l d] “g i€[1.d]"g

For a proof see Appendix A.
If we choose A1 > 1 sufficiently large, then for A = A; (fixed for the rest of the proof) and 0 < th(maxp,7]6) <
&3(A) = min(e; (A1), e2(A1)) and 0 < h < h1(Xy), from (3.8) and Lemma 3.11, we obtain
3 2 1 2
”AU”LZ(Q) + ||BU||L2(Q) + ||SZUHL2(Q) + ”s2 7U”LZ(Q) + ﬂ

2 3 2 L 2
< CM,R(”rf”LZ(Q) + ||S2v||L2((O,T)><wO) + 52 Y””LZ((O,T)xmo)

+/32(U|2t=T+U%=0)+/|YU||2r=T> +X+WH, (3.9)
2 2
where
= 3 1400 g+ X I 0Dl + X DDl ) G.10
ie[1,d] i,je[l1,d] ie[l,d]

i#]j
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Xz//,ulvzdt+ > //Vl,i(Div)zdt+ ) //]jl*"(D"vi)zdt
Q

iEHl,dﬂ Q iE[[l,d]] Q
+X13 + Xo3 + X31 + X30 + X33,

with 1) = 5205, g (1) + 530, s (sh) and vy ;, U ;, of the form sOj, g(sh), and where

w= > /fm,i,-(D,-Djv)de > //yl,ii(BiDiv)zdt,
i,jEIIl,d]] Q iEHl,dﬂ Q
i#]

where y1 ;; and yy ;; are of the form shz(’),\l,ﬁ(sh), and where
2 2
I= > f/((al,i)Nﬁ%(Div)Nﬁ% + @10y (D)) dt,
iEHl,dﬂ Qi
with 81 ; = sh; O, _g(sh). The last term in J was obtained by “absorbing” the following term in Ji;
Ay / / shi(#) .1 0DV, |y + (@) 0 (D)7 ) dr.
iE[[l,d]] Qi
by the volume term
22 Z //stp(Div)z dt,
iE[[l,d]] Q

for A large.
Observe that

1<T% and [370|<CT?0%.

We can now choose ¢4 and hq sufficiently small, with 0 < g4 < €3(A1), 0 < hg < h1(11), and 71 > 1 sufficiently
large, such that for v > ©1(T + T2 (meaning in particular that s(¢) is taken sufficiently large), 0 < k& < hg, and
Th(max,716) < &4, we obtain

141250 + 1025 0 + (530 a0 + 57 T2,

12(0) 12(0) +H

(@) (Q)

2 3 2 1 2
< C}‘l’ﬁ<||rf”L2(Q) + H52v”L2((o,T)xwo) + Hsz YUHLZ((O,T)MO)

+//s_l(sh)(atv)zdt+h_2(/v|2,:0+/v|2,_T>), (3.11)
0 2 Q

where we have used that (D;v)? < Ch’z((rfrv)2 + (ri_v)z).
Since t > 11 (T + T2) then s(¢) > 71 > O for any ¢, we then observe that

_1 2 _1 2 L 2 1 2
||s zalv”U(Q) < CM,R(HS 2BU”LZ(Q) + HS2”||L2(Q) + ||s2 Yv“LZ(Q))
<C Bl Sy 5y
= A],Tl,.ﬁ(” U||L2(Q) + HS U”Lz(Q) + ||S U” LZ(Q))
With 0 < &g < &4 sufficiently small and 0 < th(maxp,7]6) < &9 we thus obtain

12 32 172
[s™2 00 ]2 ) + 5200 12y + 52 Vo 12y + H

3 1 —
< C}»1,t1,ﬁ<”rf”22(Q) + ||S2U”iz((0,T)Xw0) + ”52711”312((0’7"))“00) +h 2</ v|2[:0 + / U|2[—T))‘
2 2
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Arguing as at the end of the proof of Theorem 4.1 in [2] (using Lemma 4.9 therein) for the spatial discrete derivative
and as in [12] for the time derivative, we obtain

f3||e%ef9wu||§2(g) > ||e%er9wpiu||§2(g) +7! ||97%er9‘p8,u||iz(g) +H
iel,d]

<Ckl’flsﬁ(Here(pPimuHZLZ(Q)+T3”e%em(puniz((O,T)xwl)+T Z Hg%erg(pDi"‘HiZ((o,T)xwl)
ie[1,d]

+ h_2(|ergwu|t=0’12(9) + |6T0¢u|t=T |§12(‘Q))> ’ (312)

with wg € w| E w.
2

1
30700 .
We next remove the volume norms t||62e*"? D;u ||L2((O,T)le)

in the r.h.s. through the following estimate.

Lemma 3.12. We have

1 2
T Z ||92€t9¢Di” ”LZ(((),T)xwl)
ie[l,d]

3
<C(”eTWinZ(Q)+T3||926r0w“”i2((0,r)xw)+ Z ”erngi”HiZ(g)
ie[l.d]

+h! |ergw’4|t=0|iZ(9) +h! |ergw”|t=T |i2(9))'

For a proof see Appendix A.
For 15 > 11 sufficiently large, for t > (T + T2), we thus obtain

o’ ”9%&&0’4 ”il(g) +r Z ”ﬁetWDi” ”iz(g) +! ”97%6{9%&‘ ||i2(Q) +H

ie[l.d]
< C)Llﬁlsﬁ(HeTG(meM “iZ(Q) +7° ||9%619¢””iz((0,r)xw)
+ 72 (e uimol 2, + [ =1 [12()). (3.13)

With Lemmata 2.2 and 2.3 and we now write

Diu' = Di(pv) = (Dip)d + p' Div'

i i WP, —i i
=Djp v' +p' Djv +Z((DiDiP)DiU + Dip D;Djv)
. . . K2 . .

i N i (/N -~ i
=Djp v+ p' Djv +Z((DiDiP)DiU +2D;p D;D;v)

With Proposition 2.10 we then find

Dt =s5v0; (1) + miox,ﬁ(l) + sh?(D; D;v) 05 g (1).
With (3.12) and (3.13) and the expression (3.10) of H we then obtain

Olote®ultg +r Y (|02 Dl g, + 05 B 2 ) + e o e iu

ie[1.d]

i2
”L2(Q) Q)

< Ckl,ru,ﬁ(Her&me” ||iZ(Q) +7° ”9%er9w”“22((0,nxw) + h72(|et9(ﬂ”|t:0|iz(9) + |ere(p”|t:T |22<Q)))'

Finally, we observe that since max, 776 < EGET) < 775

th(T%8)~! < &¢. This concludes the proof of Theorem 1.4. O

a sufficient condition for T/ (maxo,776) < &9 becomes



FE. Boyer, J. Le Rousseau / Ann. 1. H. Poincaré — AN 31 (2014) 1035-1078 1057

4. h-null controllability: the linear case

We consider the following semi-discrete parabolic problem with potential

yy+ ATy +ay=1,v, 1€0,T),  yae=0. A.1)

To achieve a h-null controllability result for (4.1) we start by proving a relaxed observability estimate.
4.1. A relaxed observability estimate

The adjoint system associated with the controlled system with potential (4.1) is given by
—09q+A"q+aqg=0, te(,T), qpe =0. 4.2)
With the Carleman estimate we proved in Theorem 1.4 we have the following relaxed observability estimate.

Proposition 4.1. There exists positive constants Co, C1 and Cy such that for all T > 0 and all potential function a,
under the condition h < min(hg, h1) with

1 2\
hy = Co<1 +=+ ||a||30>
T
any solution of (1.12) satisfies

C

2

with Copg = eC2(+ T+ T lalloo+llall ).

Remark 4.2. The power 2/3 in Cqps above is essential in the limitation r < 3/2 for the semi-linearities we consider.
See Section 1.2.3; see also the sections below. The question of the optimality of this power is then natural. In [8] it
was proven to be optimal in the case of a system of parabolic equations. For a single parabolic equation this question
remains open.

Proof. The change of variable
g= el\alloo(th)CL 4.4)

allows us to consider the potential a to be non-negative.
With the Carleman estimate we proved in Theorem 1.4 we have

3 2 2 3 2 _ 2 2
”SMWCIHLZ(Q) < C(”ewaq”m(g) + ||S2€S(pq||L2((0,T)><w) +h 2(|ew‘1|t20|L2(9) + ewq|t:T|L2(Q)))’

with s = 760 for T > 19(T + T2),0 < h < hg and Th(8T?) ! < &.
As 1 < COT? it suffices to have

r>CTald (4.5)
to obtain
I53e4 7200, < CI52€°%a 72001y 00y +h 21 =0 220y + [ai=7[120)))- “46)

We thus choose 11 > 19 sufficiently large to have (4.5) for
2
t>0(T+T?+T?all). 4.7)
The positivity of A™ + a yields

O], < |g®)],2. 1€, ). (4.8)
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Recalling that ¢ is negative, and independent of time ¢, we observe that we have
T
//s3ezs‘”q(t)2dt >
0 2

>

/ s3e29q(1)* dt
2

\#m IS \#l,:],

T\? ,
(g

T

3
Ty 2
re(3 ) OO,

-C'% 2
Te Tz |Q(O)|L2(Q)v (49)

A = =N

>

as Tt > roTz.
As O(T) = 0(0) = (T2(1 + 8)8)", we have e’?=0 = ¢59=T < ¢“ 572 ®"P®) 4nd we find

_co
|€W‘]|t:0|iz(g) + |eS¢QIt:T|iZ(Q) S Ce o (|‘I(0)|iz(9) + |‘I(T)|iz(9))

<Cleir 2
\Ce T |Q(T)|L2(_Q),

as sup ¢ < 0, and using (4.8). We now write

3 s 2 W0(5)supgy 012
||S2€ q||L2(((),T)><w)<Ce 2 ”CI“LZ((O,T)XGJ)'

Consequently we obtain

2 fop 2 L=< 2
T|q(0)|L2(Q)<Ce T2 ”‘1”%2((0,T)xw)+h 2er2 T |‘1(T)|L2(Q)'

For 0 < 6 < 81 < 8o, with 81 sufficiently small, we obtain

2 c5 2 —C' % 2

T1gO)] ;20 < Ce T 1a2 00 7ywey + 1€ 72 |a(D] g (4.10)
We recall the conditions of Theorem 1.4:

th

8T?

They need to be fulfilled along with § < §;.
2

We fix © = 10(T + T? + T?|la|| ) with 7o as chosen in Theorem 1.4. We define A through

<gy and h < hg.

& 1 2\7!
hy =5 (1 +—+ ||a||§o> :
70 T
which gives
T/’l] _
5 T? o
We choose h < min(hg, h1), and § = hé1/h1 < 61 we then find % = go.
As 7/(T28) = &9/ h, we obtain from (4.10)

0.

2
2 L jad 2 _Ca 2
|q(0)|L2(.Q) g CeC(1+T+”aHOO)“q”i2((0,7~)xw) + h 26 h |Q(T)|L2(Q)a

which gives

"

2
2 " 1 3 _c 2
|q(0)|L2(Q) < eC (1+T+”a||OO) ||4||i2((0j)xw) + e h |51(T)|L2(_Q)

Recalling that we made the change of variable (4.4) we conclude the proof. O
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4.2. h-null controllability
With the result of Proposition 4.1 we deduce the following /-null controllability result for system (4.1).

Proposition 4.3. There exist positive constants C1, Ca2, C3 and for T >0 amap Lt 4 : R™ — L2(0, T:R™), such
that if h < min(hg, hy), with hy as given in Proposition 4.1, for all initial data yy € R™, there exists a semi-discrete
control function v given by v = Lt 4(yo) such that the solution to (4.1) satisfies

V(D) 200y < Covse™ " yol 2y, and  [1vll12(g) < Cobslyol 2@y

with Cops as given in Proposition 4.1.

Remark 4.4. Note that the final state is of size e~ €/ IyolL2(y- In comparison the result obtained in [2,3] based on

a Lebeau—Robbiano-type spectral inequality yields a final state of size e~¢/ h2| Yolz2(gy- The method in [2,3] does
not yield however a precise observability constant as in Proposition 4.1 which is crucial in the study of semi-linear
equation as we do below. Questions regarding differences in size of the final state when comparing this two method
are of theoretical interest: can one improve the estimate given above? Yet for practical purposes there are very little
differences: in fact one is rather interested in a target of size h”|yo|2 () in connexion with the consistency of the
numerical scheme. We refer to [4,6] where such questions appear.

Proof. We use a dual formulation; we consider the adjoint parabolic equation

(=9 + A™)g +aq =0, q(T) =qr. 4.11)

The relaxed observability inequality of Proposition 4.1 gives

2
40| 1200 < Cons (191172 0.7y xe) T 197 172(2))- (4.12)

2
C(1+++Tlallso+lalld)

/

. _c . .
with Cops = € and ¢ = e~ & . We introduce the functional

T
Tan =3 [1a] 2 d + Slaris g, + 0. a ). (.13)
0

The functional J is smooth, strictly convex, and coercive on a finite dimensional space, thus it admits a unique
minimizer g7 = q;p !. We denote by ¢°! (1) the associated solution of the adjoint problem (4.11). The Euler—Lagrange
equation associated with this minimization problem reads

T
f (a0, 4(D) 2y A1 +ela7” a7) 120y = —(30, 4(0)) 12 ) (4.14)
0

for any g7 € R™, with the associated solution g/(¢) of the adjoint problem (4.11). We set the control to v = L7 ,(y0) =
1,4°P'(t). We consider now the solution y to the controlled problem

hy+ A"y +ay=1,9""@®), 1€0,T), yae=0,  y©0) =yo.
By multiplying this equation by ¢ and integrating by parts, we deduce
T
/(q””’(t), 4(D) 20y A1 = (YD), a7) 2 o) = (0. 4(0)) 2 )
0
for any g7 € R™. With (4.14) we conclude that

¥ (T)=—eq}". (4.15)
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We now take g7 = ¢7*" in (4.14) to obtain

”qopt”iz(((),T)Xa)) + €|‘1;pt|12(9) = —(yo, qopt(o)>L2(9) < |y0|L2(9)|‘10pt(0)|L2(9)'

With the observability inequality (4.12) we have
teon |2 2 ¢ |2 opt|2
|‘10p (O)ILZ(_Q) < Cobs(”qOP HLZ(((),T)xw) + 8"1T |L2(Q))’
leading to

1
52“1;pt|L2(9) < CObS|yO|L2(_Q)v (4.16)

and
”v”Lz((O,T)Xw) = ”q()pt H L2((0,T) x) < CObS|yO|L2(.Q)'
Hence the linear map
L7q:L*(2) = L*((0, T) x o),
Yo— v,

is well defined and continuous.
With (4.15) and (4.16) we obtain

|y(T) |L2(.Q) g CObSe_C/h |y0|L2(Q) s
which concludes the proof. O

5. h-null controllability: the semi-linear case

We start this section by stating a classical regularity result for the linear equation

hy+AVy+ay=feLl?(0,T;R™),  yye=0,  yO0)=y eR™ (5.1)
Proposition 5.1. For any a € L™ the solution to (5.1) satisfies

Il zooo,7,2220) + 192y + Y 1Diyllz2c0y < Ko(lyolr2gey + 1 £ 1120))»
ie1,d]

19: ¥l 200y + ||Diy||Loo(o,T,Lz(g))<K1< > |Diyo|Lz<9>+||f||Lz(Q)>,
iefl,d] ie[l,d]

1
with Ko = eCU+T+TallLo0) ynd K| = eCUFTHT2+T)lallpoo)

We now consider the semi-linear equation

(@ +AT)y+G =f 1€(0,T), yae =0, y(0) = yo. (5.2)

with G Lipschitz continuous. Since R™ is finite dimensional, the Cauchy-Lipschitz theorem applies. For each initial
data yo and rh.s. f L' w.rt. ¢, this yields the existence and uniqueness of maximal solution in €' ([0, 79); R™) with
0 <1 <T.If rg < T the solution ceases to exist at t = fy because of a blow-up: liml_)t(; |y(t)|poo = +00.

We shall consider the following semi-linear semi-discrete control problem

(O +A")y+G =10, 1€O0.T), yae=0,  y(©0)=yo, (5.3)
where w C 2. The function G : R — R is assumed! of the form
gy)=yg(y), yeR, (5.4)

1 Regularity as low as locally Lipschitz can be considered. For results with lower regularity in the continuous case we refer to [11].
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with g Lipschitz continuous. In Section 5.1 we shall assume that g € L°°(R), i.e., the semi-linearity is sub-linear.
In Section 5.2, following [11], we shall consider the more general case of a possibly super-linear semi-linearity (see
(5.9)).

5.1. The sub-linear case

In the present section we assume that g € L°°(R). The sublinearity of the function G prevents any blow-up as can
be observed by the Gronwall inequality. Solutions to (5.2) are thus defined on [0, T'].
We prove the following -null controllability result.

Theorem 5.2. There exist positive constants Co, C1 such that for all T > 0 and h chosen sufficiently small, for all
initial data yy € R™, there exists a semi-discrete control function v with
||U||L2(Q) < C|yO|L2(Q),

such that the solution to the semi-linear parabolic equation (5.3) satisfies

(D] 122y < Ce Mol ),

2
with C = C1I+7+TlIglooHlg1%)

Observe that the constants are uniform with respect to the discretization parameter /. In particular the L>-norm of
the control function v remains bounded as % varies. Then, up to a subsequence, the semi-discrete controls weakly con-
verge towards a function v € L2((0, T) x w). Moreover, since we consider here the sub-linear case, the corresponding
subsequence of solutions y can be shown to be compact in LZ((0, T') x £2) for instance (this follows from a suitable
discrete L%(0, T, H'(£2))-estimate and from a time-translation estimate). Therefore, it is possible to show that, at the
limit, v is a null-control for the parabolic problem under study. However, since such a null-control is certainly not
unique, we are not able to prove convergence of the whole sequence of semi-discrete controls. Additionally, even for
linear problems, it is not known in general whether this convergence is strong or not (see for instance the discussion
in [19,6]).

Proof. The proof follows that given by [16] with some particularities due to the discrete case. We set Z =
LZ(O, T; R™). For z € Z we consider the linear control problem

(3 + A"y +yg(@ =1v, Yoo =0,  y(0)=yo. (5.5)

We set a; = g(z). We have |la;|l1=(0) < lIglloc. If we apply Proposition 4.3, with & chosen sufficiently small, i.e.,
h < hgand

1 2\ 7!
h < Co<1 + T + ||g||§o> ,
we denote by v, = L7 4, (y0) € L%0, T; R™) and v, the associated control function and controlled solution. We have

|}’z(T)|Lz(Q) < Ce_CO/h|y0|L2(.(2)s lvzllz2(0) < Clyolr2(2)s (5.6)
2
for Co > 0 and C = C10+7+TIgloH181%) | yniform with respect to z and the discretization parameter h.
With the regularity result of Proposition 5.1 we can define the map

AZ—>Z,
=Yz,
and, as T is fixed and ||a; || (@) < |IgllLe We have

||AZ||L2(Q) =y ||L2(Q) < C(|y0|L2(_Q) + ||Uz||L2(Q)) < C/|)’0|L2(_Q),
where the constants only depend on 7' and ||g|| . (the sublinearity property of G is used here).
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Hence, A maps the closed ball B of Z of radius R = C’|yo|;2(q) into itself.
Lemma 5.3. The map A is continuous on Z.

The proof of Lemma 5.3 is given below.
Recalling the form of the difference operator D we find

1Dyol12(2) < Ch™'yol2(g)-
Additionally from Proposition 5.1 we find that

vzllz2c0) < C(|)’0|L2(Q) + ||Uz||L2(Q)) < C/|y0|L2(.Q),
10:yzllz2¢0) < C(|D}’0|L2(.(2) + ||vz||L2(Q)) < C(h_l + 1)|)’0|L2(9)-

As H'(0,T) injects compactly in L2(0, T) and R™ is finite dimensional we obtain that A(B) is relatively compact
in Z.

All the previous properties allow us to apply the Schauder topological fixed-point theorem: there exists y € Z such
that A(y) = y. Setting v = Lr.a, (yo) we obtain

(3 +A™)y +ygM =1uv,  yse=0,  y(0) =y,

which concludes the proof as we have found a control v that drives the solution of the semi-linear semi-discrete
parabolic system to a final state y(7") with the estimates of (5.6). O

Proof of Lemma 5.3. With the continuity and the boundedness of g we have that the map z — a; = g(z) is continuous
on Z with values in the space Z ={a € Z, ||a|lco < lIglloo}-
Let us consider the following controlled parabolic problems

{ (0 + A y1 +aryr =1uvg,, { (0 + A y2 + azy2 = 14 va,,
Y1jr=0 = Y0, Y2|1=0 = Y0,

with a1, a» € Z. The controls Vg, and vy, are obtained through Proposition 4.3. Setting ¥ = y» — y; we write
(3 + A™)Y + a1Y =14,(Va, — Vo)) + (a1 — a2)y2, Yji=0=0
From Proposition 5.1 we obtain

||Y||Loo(o,T,L2(_Q)) < C(”Uaz — Vg, ||L2(Q) + Iy2llLeecoyllaz — ai ”LZ(Q))'

As we have

y2llL (@) < Ch||)’2||LOO(o,T,L2(_Q)) < C;,(Iyole(_Q) + ”vaz”Lz(Q))
and ”vaz”Lz(Q) < CIonLz(_Q) we obtain
ly2 — ¥ ||L°<>(0,T,L2(_Q)) < Ch(””az — Vg ||L2(Q) + |J’0|L2(_Q)||02 —dai ||L2(Q))~ (5.7)

To prove the result of the lemma it thus suffices to prove that the map a — v, is continuous on Z.
As in the proof of 4.3 we consider the adjoint parabolic equation

(=0 + AM)g +aqg=0,  q(T)=qr, (5.8)
and we denote by Q(a, gr) its solution. The control v, of the parabolic system
(3 + A7)y 4+ ay = 1,4, Yir=0 = Yo,

is then given by v, =1,0(a, g7 4y, with q7 " minimizer of the functional (4.13). We shall thus study the continuity
opt,a

of the map a € Z+> 1,0(a,q; ") €Z.
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For the two potentials a; and a; we can write the associated Euler—Lagrange equations for the two associated
minimizers
T

/(Q(alv q;‘p ) Q(al CIT))Lz(w) dt +8< ot alvéT)[}(Q) +(Q(alv qT)(O)v )’O)Lz(m =07

0

T

/(Q(CQ» QJO"p ) Q(az C]T))Lz(w) dt +8< o 92, éT)LZ(_Q) +(Q(a21 qT)(O)v }’O)Lz(m =07
0

for any g7 € L*(£2). Choosing 7 = op har_ q;p “% and subtracting these two equations yields

[0 a7 ") = a2 47" ) 20,1200 *+ el =" [f2(a)

= —(0(a1, 47" = a7")(©0) = Q(az, 47" = 7" *)(0), y0) 2

+ [ {Q(ar, 7). 0(ar, 47" ) = O(a2, 47" *)) 12, 4t

<Q(az,q;m’a2) Q(a f];pt 1) Q(a ‘I;ptal»LZ(m)dt'

Z
Z

Applying Proposition 5.1 to the adjoint system (5.8) with g7 = c]T " and using that a € Z, we have

lo(a, q;pta)“Lw(Q) <C|Q(a, Q;pta)||L°°(o,T,L2(Q) c’ |q0pta|L2(.Q) C"e 2|y0|L2(9)’
by (4.16). We thus find

” Q(“ q;ptal) Q(“ Q;pt az)”LZ(o T.L2w) T 8|q0ptal - qopt’azﬁz(.o)

opt.ap opt az)(o) Q( opta; opt az)

< Cerlyolrze)(|Q(a1. g7 az. q7 O,20)

+[ofar,47"*) = 0 (a2, 47 “z)HLz(Q)
+] (@ g7 ") = Qa2 47" ") 12g)):
Using now (5.7) for the adjoint system and again (4.16) we obtain
” Q(a Q;ptul) Q(C’% ;pt az)” L20.T.L2w) T 8|q0pml - Q;pwz iz(g)
< Corhyolta g lar —azll 2.

This gives the continuity of the map a > 1,0(a, g7""“) on Z and thus of the map a — v, on Z. This concludes the
proof. O

5.2. The super-linear case

In this section we consider also the semi-linear semi-discrete control problem (5.3). The function G is still assumed
of the form (5.4) but, in agreement with the controllability result of [11] in the continuous case, g is now assumed to
satisfy

3
g <KIn"(e+1yl). yeR, With0<r<§. (5.9)
To ease the notation we set

() =KIn"(e+s) fors>0. (5.10)
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5.2.1. Preliminary observations
If T > 0, for a vanishing r.h.s. f, starting from a sufficiently small initial data ensures the existence of the solution
of (5.2) in the time interval [0, T']. Moreover the size of the solution at time 1 = T remains small.

Proposition 5.4. Let T > 0. There exists My > 0 and Ky > 0 such that the maximal solution to

(B + A7)y +G0) =0,  ype=0,  yO0) =y (5.11)
satisfies
|y(t)|L2(Q) < |y0|L2(_Q)€K0t, O0<t< T,
if we choose h_d/2|y0|Lz(_Q) < M.
This result will be useful for the construction of the control function in the proofs below: if a sufficiently small

state is achieved for a time 0 < t; < T it suffices to set the control function to O for time interval (¢;, T)) and one still
obtains a small solution at the final time 7.

Proof. The maximal solution to (5.11) can cease to exist if there is a blow-up at some time 7o € (0, T']. We first prove
that this does not occur if either » < 1 or if the initial condition is chosen sufficiently small.
Taking the L?-inner product of the equation with y(¢) we have, after a discrete integration by parts,

1 2
§8t|y(t)|L2(_Q) + . Z (ViDi)’(t), Di)’(t)>L2(9) + (g(J’(l‘)), }’(t)>L2(Q) =0,
ie[l,d]
for 0 <t < g, which gives with (5.9)—(5.10),
1

< €(|y(t)|L:>o(_Q))|y(t)|?42(9)
< {(Cohid/2|y(t)|L2(_Q))}y(t)|i12(9)v

2

122 Ve obtain

using that if u € R™, |u|pe < Coh_d/2|u|L2, for some cg > 0. Setting z(¢) = h=y ()]

1
7' <228 (coz?).
We have z(¢) > 0 and if z(z;) = 0 for some ¢#; then z vanishes identically. We may thus assume that z > 0 on [0, ).

We set p(s) = (2sg“(cos%))_1 for s € (0, +00) and u(s) = fls p(0)do. Recall that ¢ is defined in (5.10). We have
4 1(z(1)) < 1, which gives

1(z®) = pu(zO) <1, VO<t <1o. (5.12)
Notice that p is not integrable at 0T and that u(1) = 0. Therefore, there exists a unique My > 0 such that
n(Mg)=—T.

We now consider two cases:

Case r < 1. We have lim;_, ;o u(s) = +00. Assuming that lim,_)t(; z(t) = +o0, with inequality (5.12) we reach a
contradiction. Hence the solution does not blow up in finite time.
Case r > 1. In this case the function p is integrable at infinity. Assuming that lim, iy z(t) = 400, with (5.12) we

find
Jim_ pu(s) = p(2(0) <to.

If z(0) < Mg then 1 (z(0)) < /L(Mg) = —T < —1t9 and therefore we obtain limg_, o £(s) < 0. This prevents a
possible blow-up at time #y and thus the solution exists for ¢t € [0, T].
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In both cases, if z(O)% =h—d/ 2|yo| 12 < My, then the solution exists on [0, 7], and moreover we have u(z(f)) <
T 4 1 (z(0)) < 0 which implies that z(¢) < 1 for any ¢ € [0, T'], uniformly w.r.t. A.
There exists Ko > 0 such that s~! <2Kop(s), for any s € (0, 1]. This yields by integration

in( So7) < 2K0(u(c0) = 1c0) < 2K

Hence we have z(r) < z(0)e2X0" which gives the result. O

5.2.2. Controllability result
We shall prove the following theorem.

Theorem 5.5. Let G satisfy (5.4) and (5.9). There exists Co > 0 such that for T > 0 and M > 0 there exist positive
constants C, hy > 0 and o, such that for 0 < h < hy and all initial data yy € R™, with IonLz(g) < M, there exists a
semi-discrete control function v such that the solution to the semi-linear parabolic equation (5.3) satisfies

|y(T)|L2(Q) < Ce_c(’/hlyole(g), and ||U||L2(Q) < Ch|Y0|L2(_Q)7

where Cj, = Ch=* with C =C(T, M).

Remark 5.6. Note that the constant Cy that yields the exponential decay of the final state when the discretization is
refined is independant of 7 and M, i.e., the size of the initial condition.

Observe that the constant Cj, in the estimation of the control norm is not uniform with respect to 4. Here we cannot
bound the norm of the control if the discretization is refined, i.e., if & decreases to 0. To achieve a proper estimate one
should make use of a control v in L>(0, T'; R™). This approach was central in the proof of the the controllability of
semi-linear parabolic equations in [11]. To that purpose one needs to refine the observability inequality of Proposi-
tion 4.1. This is the subject of future work based on the analysis of the semi-discrete heat kernel. Such an estimation
will also naturally yield a local controllability result. In dimension d > 1 with such an estimation we can replace
h=4/2 by a constant in (5.23).

Yet, only using an L? control, the result of Theorem 5.5 can be improved if we consider the case of one dimension
in space. This is presented in Theorem 5.11 in Section 5.2.3 below. In fact in this case the heat kernel estimation can
be replaced by a (discrete) Sobolev inequality.

Remark 5.7. Note that the largest discretization step & allowed by the previous theorem is function of the norm of the
initial condition of the control problem.

Proof of Theorem 5.5. We use some of the arguments given by [11], yet with some particularities due to the discrete
case.
Let Ry > 0 be such that £(Rp) > 1. For R > R we introduce

s if —R<s<R,
sgn(s)R otherwise.

Sr(s) = {
Adapting [11] we introduce the following control time
Tg = min(T, ¢ (R)"*3).

We set Zg = L®°(0, Tr; R™) and Qg = (0, Tg) x R™. We shall denote by ||.|lLr(gs) the natural norm on
LP(0, Tg; R™), p =2 or p = oo (see the end of Section 1.1.4).
For z € Zg we set a; = g(Sg(z)). Observe that we have

1 1
STt (R, (TE + Tr)llazlloe < 20(R)Y3, (5.13)
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since

|a(t. 1) = |g(Sr(z(t, 0)))| < ¢ (Sr(2(t. K))) < ¢(R) Vr, Vk,

and ¢(R) = ¢(Ro) = 1. We shall choose R in the form R = R(h) = Ch™ > Ry, with « and C to be made precise
below (Lemma 5.9).
For z € Zg we consider the linear control problem on [0, Tg]:

(3 + A™)y + ya, =1,v, ype =0, y(0) = yp. (5.14)
If we apply Proposition 4.3 to the control system (5.14), we set

VRz = L14.0,(y0) 0<t< Tk,

as the associated control function and we denote by yr . the controlled solution.

We have
|)’R,z(TR)}Lz(_Q) < Kzeiéo/h|)’O|L2(_Q), (5.15)
IRzl 220, 7%.2(2)) < K21Yolp2 (2 (5.16)
with
2
K, _ CU+ 7Tl lootlazll ) < CUHTHRP) 5.17)

by (5.13), for C > 0 and C’ > 0, uniform with respect to z and the discretization parameter 5.

To apply Proposition 4.3 we require & < C(1 + Tl—R + Ilazllgé3)_1. As |la;]loo < C(R) and using (5.13) we see that

it suffices to have

-1
th’<1+%+§(R)2/3> . (5.18)

As here R = R(h), checking that (5.18) holds will be a key step. This is done in Lemma 5.9 below.
As ygr., € L®(0, Tg; R™) by Proposition 5.1 (using that R™ is finite dimensional) the following map is well
defined

AR . ZR — ZR,
I YR z-

Lemma 5.8. The map A is continuous on Zg = L>(0, Tg; R™).

The proof of Lemma 5.8 is given below.
We denote by Bg j the ball centered at 0 and of radius R = R(h) in Zg. Proposition 5.1 and (5.16) give

lyr.zllLe(op) < Ch”)’R,z”LOO((),T;LZ(Q)) < C;,(|yO|L2(Q) + ||UR,z||L2(Q)) < C;l/|y0|L2(_Q),
and
10: YR,z 2200, 7%: L0 (2)) < Crllde YRzl 20y < Ch,(IDyol 20y + ||UR,z||L2(Q)) < Cylyol2 )
As HY0, Tg) injects compactly in L°(0, Tg) and R™ is finite dimensional we find that A(Bg j) is relatively compact
in L*(0, Tg; R™).
Lemma 5.9. Let o > d/2. For any M > 0, there exists C = C(M, ) > 0 and flz = fzz(T, M, o), such that for
R=Ch™",
condition (5.18) is fulfilled and the map Agr maps Bg j, into itself if 0 < h < hy and ifIyolp2o) < M.
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The proof of Lemma 5.9 is given below.

All the previous properties allow us to apply the Schauder topological fixed-point theorem if 0 < & < h, and
[¥olz2(e2y < M and R is chosen according to Lemma 5.9: there exists y € Bg , such that Ag(y) = y. Setting vg =
L7y a, (yo) we obtain

(3 + A™)y + yay =1,vr, 0<t< Tk, yiae =0, y(0) = yo.
Since y € Bg , we have ||y|lL~(g) < R. Then we have ay, = g(Sg(y)) = g(y), which yields

(3 + A™)y+G(y) =1,vr, 0<1t<Tk, yiae =0, y(0) = yo.
With the value of R = R(h) given by Lemma 5.9 we go back to the estimations (5.15)—(5.16) and find

|y(TR)|Lz(_Q) < K2€_C0/h|yO|L2(.Q)’ lvrlliz20p) < K2lyolr2(2)s
with (use (5.24) in the proof of Lemma 5.9 and that 2r/3 < 1)
K> geC(1+++;(R)2/3) gezc;(R)Z/—* < eC’ln(e+R)2’/3 < (e—{—R)CN < C"(MYh™, (5.19)

with «g > 0. This yields
V(TR 2y S CDE O yol o), I0RI2(0R) < CMDA™y0l 20, (5.20)

for any 0 < Cp < Co.
We now define v on [0, T'] by

vp if0 <t < Ty,
0 ifTp <t <T,

We naturally have [[v]l;2(g) < Ch™*|yol;2(q)-
If we have

W2 |3(TR)| 12y < Mo. (5.21)
we can apply Proposition 5.4 on the time interval” [Tk, T'], which yields

|y(T) |L2(.Q) < |y(TR)|L2(_Q)eK0(T_TR) <C(M, T)E_CO/h |y0|L2(.Q)'
With (5.20), choosing h; < min(ho, ﬁg) sufficiently small, condition (5.21) can be fulfilled if 0 < & < hy, which

concludes the proof. O

Proof of Lemma 5.8. (Continuity of the map Ag on L>®(0, Tg; R™).) In this proof the values of & and R are kept
fixed.

Observe that z — Sgr(z) is continuous on Zg as Sg is Lipschitz continuous. As g is also Lipschitz continuous we
have that the map z > a; is continuous on Zg as well.

Let us consider the following controlled parabolic problems

{ (8 + A y1 +ary = 1o, { (3 + A™)y2 + a2y2 = 1 Vg,
Y1jt=0 = Y0, Y211=0 = Y0

with max(||ai ||co, |@2]lec) < ¢(R). The controls v,, and v,, are obtained by Proposition 4.3. Setting ¥ = y, — y; we
write

(3 + A™)Y +a1Y =14,(va, — Vo)) + (a1 —a2)y2, Y=o =0

2 Here R = R(h). Yet, Proposition 5.4 applies in fact on the interval [Tg, Tg + T] by translation in time.



1068 E Boyer, J. Le Rousseau / Ann. 1. H. Poincaré — AN 31 (2014) 1035-1078

From Proposition 5.1 we obtain

||Y||L°°(QR) S Ch||Y||L00(() Tr,L2(R2))
< Ch(””az — Vg, ||L2(QR) + ||y2||L2(QR) llaz — ai ||L°°(QR))-

As we have

I1y20l 22005 < C(Iy0l2) + 1Vay ||L2(QR))
and ||Ua2||L2(QR) CR|yO|L2(Q) we obtain

Iy2 = yillzo@g) < Ch.r(Ivay = vay 1200,y + 1Y0l2(2) a2 — atll = op))- (5.22)

To prove the result of the lemma it thus suffices to prove that the map a — v, is continuous from L% (0, Tg; R™) to
LZ(O, Tg; R™). This is contained in the proof of Lemma 5.3. O

Proof of Lemma 5.9. From Proposition 5.1 and (5.13), (5.16)—(5.17) we have

d

YR zllLoo (@) S A2 ||)’R 2lzeo(0,74,02(2))
2/3
<h C1(1+T+ +¢(R) )|yO|L2(9). (5.23)
We hence find

C1(1+T+ +ln3 (e+R))— lﬂ(R)|yO|L2

“Nyvrliep <h™ %e (2)

Let 0 < ¢ < 1 be such that o = m. As r < 3/2, there exists Ry = R{(T) > R such that

1

((RP=K¥3 T (e+R) >1+ = (5.24)

and
1 r

Ci (1 T4+ n% (e + R)) —In(R) < —(1 — &) In(R), (5.25)

if R > R (T), which gives
o =

R™YR zllLe(gp) < R Iyolz2(2)-

We set
d
R=h"" M= =h 75 Mrs, (5.26)

and we have R > R (T) by taking 0 < h < ﬁz with ﬁz sufficiently small and function of 7 and M. With this choice
for R we then obtain

h h
“Hiyr.:llzecop < rize Dol S greM=1.

(S

We now recall the sufficient condition (5.18) that connects R and A:
1 —1
h< c’<1 +o ;(R)2/3)

By (5.24) as {(R)?® > 1 + 4 if R > Ry(T) it suffices to have

c’

h<C2e(RYP)™, ie R<e™ —e.

Observe that this last condition is satisfied by R as defined in (5.26) for 0 < h < hy < fzz with flz taken sufficiently
small and functionof T and M. 0O



FE. Boyer, J. Le Rousseau / Ann. 1. H. Poincaré — AN 31 (2014) 1035-1078 1069

5.2.3. The one-dimensional case

Finally, we study the one-dimensional case for which the result of Theorem 5.5 can be sharpened to yield a control
function uniformly bounded with respect to the discretization parameter 4. This require a more regular intial condition
which can be achieved by simply setting the control function to zero for a arbitrary small time interval according to
the following lemma in the case of an inital condition yy € R™ that lays in a bounded set for the L°°-norm.

Lemma 5.10. Let yy € R™. Consider the homogeneous semi-linear equation

(3 + A7)y +G(»=0, >0, yag=0,  y(©0)=y. (5.27)

There exists t1 > 0, depending on |yolp~ (), such that the solution exists on [0, t1] and we have

|)’(l)|H1(Q) < C(17%|)’0|L2(9) +f%,3(9, |)’0|L°°(Q)))v 0<t<n,

for some continuous function B and some C > 0 independent of the discretization parameter h.
Here, we have introduced the following discrete H I_norm:
|M|H1(Q) = |M|L2(Q) + Z |D,’M|L2(_Q).
ie[l,d]

Observe below that the proof of Lemma 5.10 holds in arbitrary dimension.

Proof. For any /& > O there exists a unique solution to (5.27) by the Cauchy-Lipschitz theorem and we have the
Duhamel formula:

t

y() = S(t)yo + f St —$)G(y(9))ds,

0

where S(t) = =A™ For s > 0, we set G(s) = sup_ ) |G|, which yields a Lipschitz function. By standard properties
of the finite-difference scheme, we have [S(#)u|r~ < |u|r~ which gives

t
YO < Iyolz + f!g(y(w)}m ds
0

t

<lyolz +/G(|y(s>!mo)ds.
0
Take ug > 0 and define

u

)_/d_v 0
d(u) = G’ u>0.

uo
The function ¢ is increasing and so is its inverse ¢~ !. The Bihari inequality [5] then yields

YO, < N (d(Iyolex) +1). te[0,1],

with ¢ chosen sufficiently small and function of |yg|z. This insures the existence of the solution on [0, #1]. Note that
t1 is chosen independently of 4. We write

|y(t)|Loo < H(t’ |y0|L°°) < H(l], |y0|L°°) = H(|Y0|L°°), te [O, tl]s

as H increases with respect to .
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. . _1 . . .
We now consider the regularization effect. We have |S(#)u|g1 < Ct™ 2|u|;2 as can be derived using an eigenfunc-
tion decomposition. From the Duhamel formula we thus obtain

t
|y(0)] ;1 < Ct 2 [yol 2 +/<r—s>—%\g(y<s))\Lz ds.
0

1 .
As we have |u|;> < |§2|2|ulp~ we obtain

G(v®)| > < 12121G(:®) |~ <1212 G(|y)] )
<1212 G(H(Iyol~)) = B(2. IyolL),
for 0 < s < t1, which gives

t

|y(t)|Hl < Ct_%|y0|L2 +,B(Q, |y0|Loc) /(t —S)_% ds
0

<C'(1 F yol g2 + 12 (2, Iyolze))-

The constants are independent of 2. O
We can now state the control result.

Theorem 5.11. Let d =1 and 2 = (0, 1) and I" satisfy (1.2). There exists Cq such that, for T > 0 and M > 0, there
exist positive constants C, h3 > 0 such that for 0 < h < h3 and for all initial data yy € R™ satisfying [Yolgi (o) <M,
there exists a semi-discrete control function v such that the solution to the semi-linear parabolic equation

(O +A™)y+ G0 =1ov,  ype=0,  y(0) =y (5.28)
satisfies

V(D) 200y < Ce 3ol 120y, and vl 20y < Clyoli2(o)-
Here C=C(T, M).

Proof. The proof follows that of Theorem 5.5. We set Zg = L*°(0, Tg; R™). Denoting by By the ball centered at 0
and of radius R in Zg, the following lemma replaces Lemma 5.9.

Lemma 5.12. There exists Ry = Ro(T, M) such that the map Ag maps B into itself if R = Ro and if |yol g1 (o) < M.

Remark 5.13. Lemma 5.12 is the result leading to the improvement of the controllability result as compared to higher
dimensions. Its proof below is the only occurrence of the assumption that d = 1.

Here Ry is not connected to h. We choose R = Ro(T, M). If we take h sufficiently small, 0 < i < 133 with ﬁg =
h3(T, M) =min(ho, C(1 +1/T + ¢(R)*3)~1), then (5.18) is fulfilled.

As Ap is also continuous and Ag(Bpr) is relatively compact this yields the existence of y € Br such that
Ar(y) =y. Setting vg = L7y a,(y0) we obtain

(3 + A™)y +yay =140, €0, Tgl,  yse2=0,  y(0)=yp.

Since y € Bg we have [|y||L=(0) < R. Then we have ay, = g(Tr(y)) = g(y), which yields

(81 +A£m)y + g(y) == la)vR’ re (07 TR]v yl().Q == O, J’(O) == )’O
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With the estimations (5.15)—(5.16) we have

Y (TR) 200y S CT, M) M 3011200y, IvRlp20p) < C(T, M)1Y0l12(02), (5.29)

as R = Ry(T, M) is chosen independently of & here.
We now define v on [0, T'] by

_Juvr if0<t < Tk,
10 ifTR<t<T.

We naturally have [[v]l 2oy < C(T, M)|yolp2(2)-
If we have

W2V (TR)| 2 ) < Mo, (5.30)

we can apply Proposition 5.4 on the time interval [Tg, T], which yields
V(D) 200y < VTR 20y ™0 < (T, MYe™ 30l 12y

With (5.29), choosing k3 < min(ho, I~z3) sufficiently small, condition (5.30) can be fulfilled if 0 < & < h3, which
concludes the proof. O

Proof of Lemma 5.12. From Proposition 5.1 and (5.13) we have

1
< oCUHTRH(TZ +TR)”az”oo)(

IDYR 2\l Lo (0,75, 12(2)) IDyol2@) + IVl 12(0))

1
> 2/3
CUFTRA 7 H(T TR llazlloo +laz 126

N

Iyolgt ey

, 1 2/3
< C/UATHTHE R 0 @

In the one-dimensional case if f € R™ with fj3o =0 we have

|flze <IDflp1) < CalDf 12

We emphasize here that this classical Sobolev embedding is the only place where the assumption d = 1 is used.
We thus obtain

1 2/3
IyR.zllzoe(op) < eCITTTTHRTD y51 01 0. (5.31)
‘We hence find

CA+T+L 41073 (e4R))~In(R) ol 1

R yrcllzocop <e @)

Asr <3/2,if |yol g1 (o) < M there exists Ry > 0, depending on 7" and M such that
IyR.zllL>(0p) < R, if R > Ry.

Hence, for R > R\ the map Ag maps By into itself. O

Remark 5.14 (Local controllability in one space dimension). Estimate (5.31) is used above to prove controllability
thanks to the form of the non-linearity. For an arbitrary non-linearity one can also use (5.31) and impose a sufficiently
small initial condition yg in H 1 -norm, which yields

lyrzllLeor) < R.

The rest of the proof remains unchanged and this yields the following local controllability result.
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Theorem 5.15. Let d = 1 and 2 = (0, 1), I" satisfy (1.2), and the function G of the form (5.4). There exists Cy
such that, for T > 0 there exist positive constants C, h3 > 0 and & > 0, such that for 0 < h < h3 and for all initial
data yo € R™ satisfying |yol HI(2) S & there exists a semi-discrete control function v such that the solution to the
semi-linear parabolic equation

(O + Ay +G() =1uv,  ype=0,  y(©0) =yo. (5.32)

satisfies

V(D) 200y < CeMyol 1200y, and vll2(0) < Clyol 2(o)-

Remark 5.16. Smallness of the initial condition in H '-norm can be obtained by setting the control function to zero for
a short initial time and starting from a small initial condition in L2-norm that also lays in a bounded set of L>-norm
(see Lemma 5.10).
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Appendix A. Proofs of intermediate results in Section 3
A.l. Proof of Lemma 3.4

We have
—i—=
m= Y [[rF Dinpwsavar
iEHl,d]] Q
As v]yp =0, with a discrete integration by parts, we have
—i
lIi3=— Z // Di(rp" 8v)yiDivdt = Q1 + Qa,
iE[[l,d]] Q

with

01=- Z //Di(”ﬁi)atﬁi%‘l)ivdh

ie[[l‘d]] Q

—~.i
Qr=— ) f/rﬁi' (3 D;v)y; Divdt.

iElIl,d]] Q

Proposition 2.13 shows that D; (r,c?l) = Oy a(sh), it then follows that

011< ). f/s—lom(sh)(a,ﬁf)zdw > /v/s(’))hﬁ(sh)(D,-v)zdt

iEIIl,d]] Q ie[[l,d]] Q

<y //s_lok,ﬁ(sh)(/a;\l;)/zldt—i- 3 /./SO,\,g(sh)(Div)zdt

iEII],d]] Q ie[[l,d]] Q

=//s_1(9kyﬁ(sh)(8tv)2dt+ Z //s@x,ﬁ(sh)(Div)zdt (A1)
0

iE[[l,d]] Q

—_~—

i i
as (9,92 < (3;v)? , by convexity and as v|3 = 0.
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We write, using that y; do not depend on time, that

1 =i
Q=-7 > //r,o’ yid: (Div)* dt

iE[[l,d]] Q
1 = 1 = _
=3 ¥ [[aeF mwwra-5 ¥ [r5 wowr| S
i€[l,d] 0 ie[l.d] o

We observe that for 0 < sh < e1(X) with ¢1(}) sufficiently small we have rﬁl > (0 by Proposition 2.13. The s_igns

of the terms at t = T and ¢ = 0 are thus prescribed. Moreover, by Proposition 2.14, we know that 9, (r,gl) =
T(sh)ZOO;hﬁ(l) so that, for sh < K, we obtained the result. O

A.2. Proof of Lemma 3.7

We have

— —i
]23: Z // )/ir(D,-D,-p) vt 8[Udt.

ie[1,d] 0

As v]ye = 0 we write

_—
D3 = Z //yir(DiDip)E),v v'dt= Q1+ Qs,

iE[[],d]] Q
by Lemma 2.2 with
—_
Ql = Z //y,r(D,D,p) alﬁlﬁl dt,
ie[l.d] g
h2 — ;
0 = Z Zl// Di(yir(DiDip))(DiB,v)ﬁ’ dt.
ie[l,d] 0
We have
1 —_ 1 =
01 =-3 Z /fat(ViV(DiDip) )(vl)zdt+§ Z /Vir(DiDiP) (Ul)2|§;g-
ie[1.d] g ie[l.d]lg

By Proposition 2.13 and Lemma 2.7 we have

15
yir(DiDip) =505 a(1)
Lemma A.1. We have
/}—/i
3 (yir(DiDip) ) = Ts*00; a(1).

Proof. Since y; do not depend on time, we have
3 (vir(Di D;p)) = yid;(r(D; Dip))

which is bounded by T's>60;_g (1) thanks to Proposition 2.14. The action of the avering operator ' does not affect
the form of this estimate. O

As (71)2 < (7)\)/2’ and v|3o = 0, we thus have
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o) =f/ Ts29(9)»,ﬁ(1)v2dt+/52(OA,R(1)U‘2I=T+(9;hﬁ(1)v|2t:0). (A2)
Q 2

With an integration by parts in time and Lemma 2.1 we obtain Q7 = Q, + Qp, with

h2
Z // 3, )/,r(D sz)) )(D v)dt

ie[1,d]
=y /D (vir (D; Dip)) Di (v?)]. 25
i€[1,d]
With Lemma 2.1 and as vy = 0 with a discrete integration by parts in space (Proposition 2.4) we have

h2
Z // 3 D; D; (yir(D; D;p)))v*dt

ie[l,d]
- > [/ i (vir (D Di p))) (8,57 (Div) dt.
ie[l.d]
To estimate Qj we perform a discrete integration by parts using that v|3 =0,

Z /D D Vlr(D Dz,O)) ’

i€[1,d]

Lemma A.2. We have
Di(yir(DiD;p)) =s*05.x(1),  hiD;D;(yir(D;iD;p)) = s(sh)O; a(1),
h?8,D; D; (vir(D; Dip)) = Ts*00; g(1).

Proof. We use Lemma 2.1 to obtain

— . —
Dj(yir(DiD;ip)) = (Djyi)r(D;Dip) + %' D;(r(D;D;ip))
and the required estimate follows from the Lipschitz regularity of y; and Proposition 2.13. The second estimate is

deduced from the first one by observing that 4; D; = ri+ — 1; . For the third estimate, since y; do not depend on the
time, we can write

h8,D; D (vir(DiDip)) = ({7 —7; ) (v;" — 7,7 ) (vid: (r(Di Di p))).

The conclusion comes from Proposition 2.14. O

——

With the Cauchy—Schwarz inequality, using that (3,912 < (8,v)? and v|yo = 0 we obtain

0, > / / 75260, 2()(w)2d1 + f (sh)2s ™10 a(1) @) di

+ ) //(sh)zs@ 2(1)(D;v)? dt. (A3)
ie[l.d] “g
and
Qb=/O;L,g(l)(s(sh)v2)|t:T+/0A,ﬁ(l)(s(sh)v2)|[20. (A4)
2 2

In fine, collecting (A.2), (A.3), (A.4), we obtain the result. O
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A.3. Proof of Lemma 3.8

We have
m=-2 Y [[@ownDs D ar
iEHl,d]] Q

As vy =0, we write

i
m=-2 Y [[@ownDisv var

iE[[l,d]] Q

We have

i

i
— —' K2 .
eyirDip' v =gyirDip ¥ + TlDi((PViVDiPl)DiU

We obtain

— h? —
m=-t Y. [[@owenD 0.(?)ar-Tc 3 [[@o)0i(ore D) D

iE[[l,d]] Q iElIl,d]] Q

S 2 .
=t ) //(3t9)Di(¢7irml) vidt — %r > //(3t9)Di(fﬂyirm')(Div)th,

ie[1,d] "o ie[1,d] g

with a discrete integration by parts.
By using the Lipschitz continuity of ¢y; and Proposition 2.13 we obtain

) —_—
Di(pyirDip') =50, (1), Di(pyirDip') =50 s(1).

With (3.1), the result follows. O

A.A4. Proof of Lemma 3.9

We have

1
Iy3=—1 //(a,e)cpva,udt = —Er/ (30)p 3 (v?)dt

0 0
1 1 =T
= Ef//(afe)qnﬂdt - 5r/(3,9)¢v2i;:0.
0 Q
With (3.1) we have

—8,6(0) = 8,6(T) = TOX(T) > 0.

As ¢ < 0 the result follows. O
A.5. Proof of Lemma 3.11

We choose i, j € [1,d] with i # j. We have

/ / sgy;(Div)*dt
0

1075
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j
2C//sd)(Div)zdt:C//sqb(D,-v)z dt
0 0

~j/\/j h2 2
:C/fs¢ (Djv)? dt-i—CZ//S(Dj(P)Dj(Div) dt
0 )

. A 2 . 2
:c//séf(bﬁﬂ)zdt+C%//s¢§’(DjDiu)2dt—c%//s(ﬁjl)jm(a-v)zdt,
0 0 0

by Proposition 2.4 as Djvl(0,7)xa,;2 =0 and by Lemma 2.2. We thus have

2 h = 2 h B 2
/fﬂb)ﬁ(Dﬂ)) dt > CZf/S¢ (DjD,-v) dt—CZf/S(Dij(b)(Div) dt. (A.5)
Q Q Qo

With Lemma 2.6 we note that
¢’ =¢+hn*0,(1),  D;Dj¢p=07¢+h*0:(1) =0,(1),

which justifies the last term in H, and contributes to the first term in X and the first term in W.
Similarly for i € [1, d], we also write

f/ Vi¢(DiU)2df>C/f¢(Div)2dt
0 0

—_—i h,‘
=//¢(Div)2 dt+?//((¢(Div)2)% +(¢(Div)2)Ni+%)dt,
Q Qi

———
=9

by Proposition 2.4, and Lemma 2.2 yields

. 2 pr
9; =f/$(Div)2 dt + %//(Diff’)Di(Div)zdt
(@] o

i h2 i — h? _
= [[3 @3 a+ L [[3 Bivwra -1 [ [ 0Bgy 0w ar
Q0 0 0

h? = 2 D 1
i //((Did))MH(piv)Nﬁ% = (Dig)o(Div)} ) dt.
Qi

We observe that

(Sl

h; h? _ _
5 / / (6Div)?); + (9 (Div)?) y, 1) de + i / f ((Di¢>N,.+1(Div>§vi+% - (Di¢)o(Div)2% )dt
oh Qi

can be made non-negative for & sufficiently small once A is fixed, as D;¢ = O; (1). With Lemma 2.6 we note that

¢ =¢+h0x(1),  DiDi¢p=d?¢p +h*O5(1) = Os(1),

which justifies the first and second term in H, and contributes to the two terms in X and the second term in W.

O
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A.6. Proof of Lemma 3.12

1077

We adapt the procedure followed in the continuous case (see e.g. [12,9,17]). We multiply the equation satisfied
by u, i.e. P”'u = f, by srzxu, where x € €°°(w) is such that x > 0 and x = 1 in a neighborhood of w;. We then

integrate over Q:

//sr Xuo;udt — Z //sr xuD; (yi Dju)dt = //sr xufdt.
0

ie[l.d] "o

We first note that the r.h.s. of (A.6) can be estimated by

‘//sr xufdt| <

For the ﬁrst term in the Lh.s. of (A.6) we write

//sr Xuoudt = //sr XB, dt
__—z//at Or Xu 2dt + - /srzxu |t —0°

CllrflI2cg) + Clisrul}a o 7))

with an integration by parts w.r.t. ¢. Writing 0, OrH =01+ 2s<p)r2 and using (3.1) we find, for s large,

|3, (6r?)| < CTOsr* < C'0s*r?
as T > 11T . We thus find

‘//srzxuatudt <C
0

as sh < g
In the second term in the Lh.s. of (A.6) we perform a discrete integration by parts to yield

Z //sr XuD(y,Du)_ Z //SD rxu y,Du

ie[1,d] g ie[ld] "o

(”s%ru”iz((oy,r)xw) + h_1|ru|t:0|i2((2) + h_l |ru|t=T|iZ(9))a

Z//sy,rx(Du)2+Z//syl rquu.

IGIII dﬂ Q l€|Il d]] Q
For the first term in the r.h.s. of (A.8), for sh sufficiently small, by Proposition 2.10, we have
Z //sy,r x (Di ’4)2 =C Z “szrDuHLz((OT)xwl)
ie[l,d] 0 iel,d]

For the second term in the r.h.s. of (A.8) we write

Z//sy, rquu

ze[[l dﬂ 0
Z //S]/,r D(X)MDM+_ Z //SVI l l( 2)-
ie[1.d] "o ie[l.d]"g

The first term in the r.h.s. of (A.10) can be estimated by

N L NN
V/SW D;(x)u'Dju
0

2 2
< C”rDiu”LZ(Q) + C”sruHLz((O,T)Xw)’

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)
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for i and sh sufficiently small, as supp(x) € w. For the second term in the r.h.s. of (A.10) a discrete integration by
parts yields

Z/fsyzt XD( ———Z//SD%: ))2
lE[[] o) e[1.d] g
With the results of Section 2.2, using that D;y; = O(1) we find

3 2

Z s¥iDi (r?) %' Di (u?) <C||S2'"”“L2(w)’ (A.12)

lGIIl d]] Q
for h and sh sufficiently small.
With (A.6)—(A.12) we finally obtain
1 2
Z ”S”Di””LZ«O,T)wa)
ie[1,d]
3 2 — —

C(llrf”i2(Q) + ”sZru ”Lz((O,T)Xw) + Z ”rDZMHiZ(Q) +h l|ru|t=0|i2(9) +h l|ru|f=T|22(Q)>’

ie[1,d]

which concludes the proof of Lemma 3.12. O
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