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Abstract

This work investigates properties of a smectic C* liquid crystal film containing defects that cause distinctive spiral patterns in the
film’s texture. The phenomena are described by a Ginzburg—Landau type model and the investigation provides a detailed analysis
of minimal energy configurations for the film’s director field. The study demonstrates the existence of a limiting location for the
defects (vortices) so as to minimize a renormalized energy. It is shown that if the degree of the boundary data is positive then
the vortices each have degree 41 and that they are located away from the boundary. It is proved that the limit of the energies for
a sequence of minimizers minus the sum of the energies around their vortices, as the G-L parameter ¢ tends to zero, is equal to the
renormalized energy for the limiting state.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans ce travail on étudie les propriétés d’un film de cristaux liquides smectiques C* contenant des défauts qui produisent des
motifs en spirale dans la texture du film. Les phénomenes sont décrits par un modele de type Ginzburg—Landau dans un domaine
borné du plan, et cet article fournit une analyse détaillée des configurations d’énergie minimale du champ de directions du film. On
montre I’existence d’une configuration limite pour les défauts (tourbillons) qui minimise une énergie renormalisée. On démontre
que si le degré du champ sur le bord du domaine est positif, alors les tourbillons sont dans I’intérieur du domaine et sont chacun
de degré +1. On prouve que quand le parametre ¢ de Ginzburg-Landau tend vers zéro, pour une suite de minimiseurs, la limite de
I’énergie moins la somme des énergies autour des tourbillons est égale a 1’énergie renormalisée de 1’état limite.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We study the occurrence of point defects in a thin ferroelectric smectic C* (SmC*) liquid crystal by using a di-
rector field description based on the Ginzburg—Landau theory. The unknown function u is a vector field in R?. When
convenient, for ease of notation, we view it as a C-valued function such that u = u!(x1, x2) + iu?(x1, x2) for (x1, x2)
in a bounded domain £ in R%. We assume £2 has a smooth (C?) boundary in the plane and that £2 represents the
reference configuration of a very thin liquid crystal material.
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We analyze minimizers for a Ginzburg—Landau type energy,

Jg(u)=%/(ks(divu)z—i-kb(curlu)z—l—21?(1 —|u|2)2> dx:/jg(u,Vu)dx, (1.1)
2 2

where k; and kj; represent the two-dimensional splay and bend moduli for the film respectively, with kg, k, > O.
Here J.(-) is defined for u € H}(£2; R?), consisting of fields u € H'(£2; R?) with Dirichlet boundary conditions,
ulpo =g € C3(352;SY) such that deg(g, 0§2) =d > 0. The variable ¢ > 0 represents the radius of the defect cores.
Previous work has considered the case where k; = kj,, reducing to the classical Ginzburg-Landau functional [1-5].
Our work focuses on the cases where ks # k. The elastic energy term of (1.1) is used to model thin film liquid crystals
with chirality, such as an Sm C* material. The resulting pattern consists of a family of point defects in the film forming
vortices in the molecular texture that spiral in a fashion determined by the relative values for ks and kj; see [6].

1.1. Main results
By denoting k = min{k, kp}, we can express (1.1) as

Jg(u)=7g(u)+l_c/detVudx=jg(u)+lgnd (1.2)
2
foru e H&} (£2; R?) where

3 Jo ks Vi + (kp — ks) (curlu)? + 55 (1 — [u*)?) dx  if k =k,

7s(u)=/fg(u,vmdx= 1 , o vy (1.3)
J 3 Jo Ul Vul® + (ke — k) (divi)? + 55 (1= u))dx - if k =k

Then u € H, (§2; R?) is a minimizer of J¢ (u) if and only if u is a minimizer for J. (u). Hence, it suffices to consider
the minimizers of Eq. (1.3) and analyze this functional. In this way, by the strict convexity of the integral in (1.3), we
have the existence of a minimizer u, for each ¢; see [7].

We need a detailed description of £2. Let D C R? be a bounded, simply connected domain with a C* boundary I5.
Forf=1,...,klet A, C D be pair-wise disjoint, simply connected sets with C3 boundaries I';. Consider the domain
2 =D\ Ulef: | A¢ where we take the natural orientation for 92 = U'Z:o dI7y, such that I is oriented counter-
clockwise and Iy are oriented clockwise for 1 < £ < k. Foreach g € C 3 (382: S set dy := winding number of g|,
with respect to the curve’s orientation, and denote the degree d(g,d52) :=d = ZIE:O dg. We fix k points, y; € Ay,

and set w(x) = [T5_, ( = )~ = ¢! for x € 2. Thus ¢ is a multi-valued, harmonic expression such that V¢ (x)
is point-wise well defined. We use w(x) to fix specific representations of functions having boundary values with
winding numbers dy with respect to Iy for 1 < € < k. The minimizers of the energy functional over H; have a

number of structural properties that lead to the first main result of the paper.

Theorem A. Let {u.} be a sequence of minimizers for J.(u) over H; such that ¢ — 0. Then there is a subse-

quence {ug,}, a function h € H'(£2) and d points {ay, ...,aq} € §2 such that

lug,| = 1 uniformly on compact subsets of 2 \ {ai, ..., aq},

and more generally ug, (x) — u(x) = ei(h(x)H(XHZ:f:l Oan (X)) (1.4)
in Cl"(‘)c(ﬁ \{ai1,...,a4}) and in Cf;c(.Q \{ai,...,aq}) for every 0 < a < 1 and integer m > 0, in which 6,, = 6,,(x)

denotes the polar angle of x with respect to the center ay.

The d-tuple a = (a1, ..., ay) € £2¢ represents the point defects within the domain £2. The energy functional, just
as in [1], has a renormalized form,

kW (b) + H(b, ks, kp) forbe 29 (1.5)

here
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W (b) = % /(ZGb(g x 3:8) — (8,Gp)Gy) do + md

082
d k
— Y win(lby —bul)+ DY wdeIn(lb, — yel) (1.6)
m#n n=1 (=1

and
_ infy 3 [ (ks|VO|? + (kp — ky)(curlv)?) dx  if k = ky,
H(b, ks, kp) =inf (b, ¢, ks, kp) = (1.7)
4 infy % fg (kp|V@|? + (ks — kp)(divv)>)dx  ifk=k,
where Gp(x) = Y-7_ In(|lx — by]) — Sh_ deIn(lx — ye), v(x) = 1%, ;:—gzlefwwm», and (b, ¢, ks, kp) is
minimized over the class of functions ¢ € H!(£2) such that v = g on 3£2. The expression (1.5) is a variant of the
renormalized energy from [1]. Moreover the two agree for the case where k; = k;, and £2 is simply connected. By the
definition of (1.5), we have that in order for the renormalized energy to be finite, b, # by, for n % m and b, ¢ 952 for
every n. For each such set of configurations b, there exists a function Ay, in a particular class of functions, such that
H(b, kg, kp) = 77 (b, hy, ks, ki), which leads to the second main theorem of this work.

Theorem B. Let {us} be a sequence of minimizers for Jg,, for which a = (a1, ..., aq) is a limiting configuration
of distinct defects as e¢ — 0 as described in Theorem A and h € H'(82) is as in Theorem A. Then it holds that
H(a, ks, kp) = 7 (a, h, ks, kp) and

1
lim (J,;( (ug) — lgrrdln(—)) =kW(a) + H(a, ky, kp) + dy
{—00 174

where y is a fixed constant associated with each of the defect core’s energy. Moreover, the renormalized energy attains
its minimum among b € 2% with distinct components atb = a.

The term knd ln(é) represents the energy around the vortices to leading order. The limit as ¢ tends to zero of
the difference between this term and (1.1) gives the remaining energy over the domain 2 minus the vortices, with
their location a, minimizing (1.5). For the case ks = kj the proofs for Theorems A and B follow from the results
in [1] and [3] if £2 is simply connected. Moreover their proofs can be extended if the domain is multiply connected.
Theorem B allows us to characterize the limiting pattern, u.(x), near each a,,. This follows from the fact that h
minimizes (1.7). For the case k; = kj, this implies that 4 is a harmonic function such that v = g on 92. Thus

us(py + am) = Bmy

as p — O foreach y € 3 B;(0) where 8, = ! @) 8 @)+ Yot Oan (@) oy ks # k;, we find a much different structure.

In this case the integral in (1.7) involving either the term curl v or div v must be finite, and as a result pins the values
of h near each a,, so that

+y  ifky <k,

ux(oy +am) = {:i:iy if ky < ks

in L2(3B;(0); C) as o — 0. Thus if ks < kp, the limiting texture u, has a pure splay pattern near each defect and if
ky < ks then u, asymptotically has a pure bend pattern near each ay,.

1.2. Applications

Smectic C materials are made of layers of liquid crystal molecules that pack so that their long axes form a fixed
angle 0 < 6y < /2 with the layer normal. The pattern is described using the layer structure and a director field n(x)
for the liquid crystal. The director is a unit vector field that lies parallel to the local average of the molecular long axes
at x. One can then express n(x) = cos(6pg)v(x) + sin(fp)c(x) where v(x) and c(x) each are unit vector fields that are
respectively parallel and perpendicular to the layer normal at x. These two fields are the fundamental unknowns that
are used to characterize the material’s configuration [8]. For the case of a thin film the layers are planer, given by the
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domain £2 € R? such that v(x) = (0,0, 1) and c(x) = (c! (x), ¢>(x), 0) with x = (x1, x2). The film can be just several
layers thick and the elastic energy for the liquid crystal pattern is given by the Oseen—Frank energy. Each layer in a
smectic C (SmC) liquid crystal can be represented as a two-dimensional liquid [9] and the integral is taken over the
film,

1 2 2
3 /(ks(dlvc) + kp(curlc) )dx. (1.8)
Q

An SmC* liquid crystal additionally forms a spontaneous polarization field that produces elastic and electro-static
contributions to the energy. The polar field generates an elastic stress on the film whose effect is modeled by intro-
ducing boundary values for c(x) = g(x) on 3£2; see [6]. The field induces an electro-static contribution that appears
in our energy by increasing the splay constant k;, above its bare elastic value [10] and this is a motivation for studying
the case ks # kp.

If a smoke or dust particle lands on a free-standing film a defect forms in the film’s texture. The particle induces
a singularity in the spontaneous polarization field that in turn causes an island, several layers thicker than the film, to
form around the defect. The island’s shape eventually stabilizes and the island migrates within the film so as to reduce
the total energy. Various experiments have been conducted and models put forward to investigate this phenomenon.
See [6,10—-13]. In these papers the notion of the c-director is generalized to allow for defects. The experiments reported
in [6,10—-12] indicate that a stable island is disk-like and that the c-director is tangential at the island’s edge, so that
the winding number of ¢ on the edge of the disk is +1. In [6], Lee et al. model the island-defect ensemble by setting
§£2 = Br(0) \ B:(0) with the defect represented by the & void at the origin and investigate numerically the stability
of rotationally invariant equilibria for (1.8). Their simulations for the case ks < kp, and ¢ sufficiently small, indicate
that minimizers for (1.8) over H'(£2; S') subject to tangential boundary conditions on 3 B (0) form a simple spiral,
turning from the tangential pattern at the edge of the disk to radial near the defect at the center.

In this paper we follow an order parameter approach as in [13] for the energy (1.1). The unknown field u(x) is
taken to be a generalization of the ¢ director. In this case # need not have unit length and vanishes at a defect where
the smectic order is allowed to melt. This description, in contrast to the one above, does not presuppose the nature or
location of individual defects. We can apply Theorem A to obtain information on minimizers for the problem of an
island, £2 = Bg(0) with the tangential boundary values g(x) = :t% (where xt= (—=x2,x1)=ix). If ky < kp and ¢ is
taken sufficiently small it follows that a minimizer has one defect with degree +1 in Bg(0), moreover the minimizer’s
pattern is near radial in a neighborhood of the defect. This is consistent with what was observed in the experiments
and simulations from [6].

In [13], Silvestre et al. investigate a different aspect of the problem. They consider a free-standing SmC* film
occupying a simply connected region D containing d disjoint circular islands {B ;(xj); 1 < j <d} and they inves-
tigate the texture in the background film 2 = D \ U?:] B Rr;(x;). In this case 952 has d + 1 components, 9D and

dBg;(xj) for 1 < j < d.On 9D they take g = const. and g = :I:% on dBg;(x;) for 1 < j < d. It follows that
deg(g, 3§2) = —d. The simulations and experiments in [13] exhibit d topological defects in §2, each with degree —1,
as companions to the d chiral islands. Our results do not directly apply to this setting. For the case of the classic
Ginzburg-Landau energy (2.7), structure proved for the case deg(g, 0§2) > 0 directly translates to the same informa-
tion for the case deg(g, d£2) < 0. This is not obvious for the energy (1.1). Nevertheless the present analysis should be
useful for investigating the case of boundary data with negative degree.

Our paper is organized as follows. In Section 2, we prove Theorem A, developing a number of qualitative features
for the minimizers of J.. We express the integral in the form of (1.2)—(1.3). Written in this way one sees that mini-
mizers form a family of low energy states for the Ginzburg—Landau functional (2.7), that is a family {u.} C H é} (£2)
satisfying (2.9) for a fixed constant K. It is proved in [4,5,14] that such a family has a number of structure and com-
pactness properties, in particular it is shown that for a sequence ¢y — 0, there exists a subsequence {u.,, } and a
function u. such that Ugyyy —> U The analysis in [14] due to Fanghua Lin, contains the detailed description of u,
that is needed here and we expand on this work in Proposition 2.3. We then use the fact that the u, are minimizers to
refine the notion of convergence away from the defects of u,. Our work here builds on the investigation of minimizers
for the Ginzburg—Landau energy (2.7) carried out by Brezis, Bethuel and Hélein in [1]. Their work however relies on
a priori estimates for sup |u,|, which they obtain by applying a maximum principle that is not available in the case at
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hand. Here we proceed as in [15], obtaining bounds on the bulk term of the energy, giving us a priori L* estimates
for the sequence of minimizers. A uniform bound on sup |u.| follows from this and elliptic estimates. In Section 3 we
analyze a class of polar functions for a particular set of points b = (b1, ..., by) and show that the spherical average of
these functions around b,, tend to either O or %, mod 7, depending on the relative values of kg and kj. In Section 4, we
construct the renormalized energy in (1.5). We show that for each a, there exists a polar function £, that minimizes
the renormalized energy for a. In Section 5, we prove Theorem B.

2. Qualitative properties of minimizers

We begin by developing a number of structural properties for minimizers of (1.1) for each ¢. As stated before, the
minimizers in HS} (§2; R2) of (1.1) are also minimizers in H; (2; R?) of (1.3). In translating the variational problem
into minimizing the energy (1.3) in H; (£2; R?), we have a strictly convex integrand (in the gradient), giving us the
existence of a minimizer to our problem [7]. Then, taking the first variation of (1.3), we get that the minimizer u,
satisfies

/((ksu)lcl)v)lfl + (ksu)lcz + (kp — kS)(M)lcz - Mil))viz + (ksu)zcl + (kp — kS)(u)zﬂ - u)lfz))v)%l
2

)+ (0= ) v ) dx =0 itk =k,

J (ot + = o 0ot + ol + Gh o2
2

1 .
+ (kpu2, + (ks — kp) (uh, +ud)))vd, + S - |ul?)) - v) dx=0 ifk=k (2.1)
for v € H} (£2; R?). From regularity theory [16,17], we have u, € C*(£2) N C**(£2) for each 0 < < 1 and & > 0,
since 952 is C3, g € C3, and the coefficients of the elliptic elastic energy term are constant. Thus we conclude that
luely 4.5 < C(e). Using integration by parts, we have that the Euler-Lagrange equation the minimizer satisfies is

xoxy — Hxix

—ks Aut — (k= ko) (3, — 13 ,) = éul(l — lul?),

1
—ks Au® — (kp — k) (3, — by, 8—2u2(1 — [ul?) (2.2)

if k = kg, and
1
ey At = (ks — ) (1t + 13, ) = ' (1= Jul?),

1
—kpAu? — (ks — kp) (U3, + 11y 1) = 8—2142(1 — |ul?) (2.3)

if k =kp, in £2, with u = g on 92. For each ¢ > 0, there is an upper and a lower bound that can be obtained for the
integral (1.3).

Proposition 2.1.

- 1
Je(ue) <lﬁﬂd1n<—) + Ca(82, 8, d, ks, kp) 2.4
e
for a minimizer u, and
_ 1
Js(u)>/£ﬂdln<—>—Cl(Q,g,d,ks,kb) (2.5)
e

for any function u € Hg1 where C| and C, are positive constants.
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Proof. For the upper estimate, this proof is similar to the proof of Lemma 2.1 in [3]. Consider the case when £2 =
Br(0) = Bg and g(x) = ﬂ‘;—l, B==xlif k=ks; or B ==i if k = k;,. We drop the ¢ for notational purposes. Denote
the values

Ig(e, R) = inf { / Je(u, Vu) dx}. (2.6)
ueHgl
Br(0)
Let (1) = 1 4(t, 1). By using a change of variables, 14(e, R) = I (1, g) = I(%). Then, using the same method as
in the proof of Theorem 3.1 in [1], noting that div(%) = curl(j;) =0, we have Ig(t) <km ln(%) + 14(t) for all

<
" }itjd points, ai,az, ..., aq, ay 7 an for n % m in §£2 and R > 0 such that
Br(a,) C 2 foreachn and Bg(a,) N Br(a,) =19 forevery n#m.
Let 2r =2\ Ufle Br(ay) and consider g(x) : 02p — S! such that
gx), ifxeds,
oi?

gix) = , ifx:aj+Rei668BR(aj) for some j and k = k;,

iel, ifx=a;+ Re" € 3Bg(a;) for some j and k = ky.

Note that deg(g, 0§2g) = 0, hence there exists a smooth function v : 2z — S! such that v|a; = &. Then by the
above claim for0 < ¢ < R,

d
Te(u) < / Je. Vv)dx + > Tg(e. R)

Sn i=1
1
<kndIn| - ) + Ca.
e
Define
1 1 2
Fg(u)zFg(u;Q)zif(lg|Vu|2+ﬁ(l — |ul?) )dx. (2.7)
Now, let u € H; be any function. Note that J (1) > Fy(u). The lower bound (2.5) holds for a minimizer v, € H;

for F¢(-) and is proved in [1] for the case that §2 is star shaped. The general case follows from [3] and [1]. (See [4]
and [5] for alternative proofs.) It follows that the lower bound holds for any u € H é} . O

The following corollary is a direct result of the previous proposition, utilizing a method described in [5].
Corollary 2.1. If u is a minimizer for J (), then there exists C4 = Cy (g, 2, kg, kp, d) such that

f((k,, — ky)(curlu)? + %(1 - |u|2)2> dx <Cy ifk =k,
&
. 2 1 2\2 .
/((ks — k) (divu) +@(1 — |ul?) )dx <Cy ifk=kp. (2.8)
2

Proof. For clarity, we provide a short proof. From Proposition 2.1, we have that for any minimizer u, € H, é} T e(ug) <

Igndln(s’l) + Cy. Let Fp. (1) be as defined in_the proof of Proposition 2.1. Then Fp. (ugz) > Igndln(s’l) — C3. Thus
(2.8) follows from considering the expression J.(ug) — Foe(ug). 0O

Using the estimate from the corollary and the strong ellipticity of the system in (2.2) and (2.3), we obtain several
bounds for minimizers over the entire domain for small . Let x € £2 and set

fZ:{y: ey+xe 82} and u(y) =u.(ey +x) foryefZ.



S. Colbert-Kelly, D. Phillips / Ann. I. H. Poincaré — AN 30 (2013) 1009-1026 1015

Then from (2.8) we have that ||u ”4;5?031(0) < C where C is independent of x € 2 and 0 < & < 1. If we express (2.2)
and (2.3) as ZLu = e 72f(u), where f(u) = u(l — |u|2), then %} is a second order strongly elliptic operator with
constant coefficients. Moreover we have that it = f(it) on £ N B;(0). Based on the L* a priori estimate, the

ellipticity of the operator .%;, and the smoothness of both the boundary data and 952, the proof of the next proposition
follows just as the proof for Lemma 3.1 in [15].

Proposition 2.2. There exists a constant Cs = C5(g, §2, ks, kp, d) so that if ue is a minimizer to Je(w), then

lugl, €|Vus| < Cs in$2, forO<e < 1.
From Proposition 2.1 and the definition of ]Tg (u, Vu), we get that
1
Fe(up) < lgrrdln(—) + K (2.9)
&

for every 0 < & < 1 and minimizer u, to J(-). With this estimate we are able to apply a structure and compactness
theorem to the sequence of minimizers for J, ().

Proposition 2.3. There exist constants § > 0 and C depending on K, k, g, and §2 so that for any sequence of functions
Ug € Hg (82: R?) with € |, 0 satisfying (2.9) there exists a subsequence {ug, ), points {ay, ..., aq) C 82, and a function
h(x) € H' () so that

min{dist(am, 082), lam —ay|, m#n, 1 <m,n < d} >4, Al g < C,
and
N ﬁ X7 i)+ ()
S PR
where the convergence of {ug,} is weak in HZLC(S_Z \{at,...,aq}; C) and strong in L*(£2; C).

Proposition 2.3 is due to Fanghua Lin [18,14,19,20] if £2 is simply connected. In this case the limit takes the form

]_[fln_1 lx_ﬂe"h("). We modify his arguments below to prove it for general £2. We first need a lemma.
=1 |x—an|

Lemma 2.1. There is a constant K', depending only on K, k, g, and 2 so that if u satisfies (2.9) then w*(x)u(x) =
e Wy (x) satisfies

Fe(w*u) < Igndln(é) +K'.

Proof. For a € C we denote a* as the complex conjugate of a. Writing wu = ¢’ u. We have

Fg(wu):Fg(u)—i—/g/]m{u*V;~Vu}dx+%/|V{|2|u|2dx.
2 2

Since deg(wu; 0§2) = d we have the lower bound

1
Fe(wu) > Igndln( ) -C

&

where C depends on wu|yo = wg. Second, since ¢ is smooth and fixed in £2 we have that

1
/|V§|2|”|2dx<M/|u|2dX<M1 <821n<g>+1>.
2 Q
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With these two estimates, together with our hypothesis on F, (1) we get

—/fm{u*VC-Vu}dxéC
2

where C depends only on K, k, g, and £2. Finally we can expand and estimate

Fs(w*u)st(u)—/g/ﬂm{u*Vg‘-Vu}dx+%/|V§|2|u|2dx
2 2

1
glgrdln(—> +K'. O
&

Proof of Proposition 2.3. Letu, € H; (£2: R?) withe | 0 satisfying (2.9). Set z. = w*u,. Then the winding number

for Z5|]"j is 0 for 1 < j < k and we can extend z; onto A; as a function in Hl(Aj; Sl) that is independent of &
for each j. We also have that the winding number for z¢|r, is d. Thus setting z¢|;, = g, we have that the sequence
{ze} C Hgl (D; C) and that

&

1
Fs(Zg,D)<I£7Td1H< )+K//

where K” is independent of . We can apply the proposition for the simply connected domain D; see [14]. We find a
subsequence {z;, }, points {ai,...,aqs} C D,and h € H! (D) so that

X—am ; i
Zgp = (X)) = 1_[ S M ) D,

Thus since u,, = wz,, we have that

d
X T i)
Ug, —> —e in £2.
o U |x — am|
m=1
We know that the {ay, ..., a4} are uniformly bounded away from each other and I7y. It remains to show that they are

bounded away from Ulj‘: 1 A j- If this is not so, then we can find a case with ay € A j for some £ and j. We choose

r > 0 sufficiently small so that B, (a;) N {a,: n # £} = @. By construction Z¢,(x) for x € A are independent of &,
and in H'(A;). Thus z, € H'(A;). On the other hand we have

X —ay
Zx(x) =

|x — agl

Thus z, ¢ H' (A ;j) and this is a contradiction. O

Z(x) such that |Z(x)| =1 forx € B,(ay). Moreover z € Hl(Br(ag)).

For p > 0set 2, = 2\ U%_, B, (am).

Proposition 2.4. Let {u,,} be a sequence of minimizers converging to u.(x) = ]—[i:] %ei("mﬂ(*)) in L*(R2).

Then for each p > 0 the convergence is in H' (£25) and 8[2 fgp(l — |u8£|2)2dx — 0 as £ — oo. Moreover, uy is a

local minimizer for the limiting energy in H' (£2,, sh.

Proof. The proof is similar to the proof of Lemma 3.9 in [15]. For notational purposes we write {u¢} = {u¢,}, where
&¢ is a subsequence of ¢ and ¢ — 0. By Proposition 2.3, uy — u, in Hl(.Qp) for every p > 0 and u, is a local
minimizer for pr Je(u, Vu)dx. As in the proof of Lemma 3.9 of [15], choose x € 2 \ {ay, ..., aq}, assuming first
that % ¢ 952 and let d = d(¥) be such that B,; = B,3(X) C 2\ {a1, ..., aq}. Set w(x) = h(x) + £ (x) + X0_, 6, (x)

X—dm

where ] = ¢'%n () Then with out loss of generality w is single valued in B, ;. Furthermore w € H 1(32&) by
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Proposition 2.3 and w4 (x) = ¢/*®) on Ezd- From Corollary 2.1, Proposition 2.3, and as in the proof of Lemma 3.9
of [15], for a subsequence {u,} that we do not relabel, there exists a radius d such that d < d < 2d and for which

1 1
- f <lg|8,uz|2 +—(1- |ug|2)2> do < Cj. (2.10)
2 2e;

dBy

It follows that {u,} converges to u, uniformly on d B; and weakly in H L(3B,). Note that degu|yp, = 0. Therefore
deguy|yp, = 0 for sufficiently large £. Thus uy(x) can be expressed as u¢(x) = |ug(x)|e"“’ﬁ(x) such that |ue(x)| #0
for every x € d By where wy converges to w uniformly on d B; and weakly in H L(3By,) as well.

Define, for each £, the function @;(r, 0) := ¢¢(r)(we(0) — w(d, 0)), where d > r = |x — X|,

ifr=d,
ifr<rp<d,

1
r) =
¢e(r) { 0
¢¢ is a smooth cut-off function and |Ve,| < d—l_rg’ where ry is a sequence of radii such that ry — d so that
|y — w|?

(re —d)
dBy

do — 0.

By construction and the fact that w; —  in H'(3By), we get that @, — 0 in H'(Bg) and @; — 0 uniformly in By.
Let # minimize de j(u, Vu)dx in the set {u € H'(Bg; S'): u = u, on dBy}. Consider the function ¢'®¢ji. Then we
have e!®tii — ii in H'(By), and uniformly in B,. Now, we construct comparison functions

Dy i

iy = |igle on By

where
liel=1 on By_s,.
litg| = |ugl ondBy,

and for each 6, define |i/|(]x — x|, 0) to be linear for d — &, < [x — x| < d. This gives that iig = uy on 3B,. By
construction, we get that i, — i uniformly in By, ii; — & in HY(B,), and 8[2 de(l —la¢»?%dx — 0 as £ — oo.
These limits imply that

elin})/jgg(ﬁg,Vﬁg)dx=/]T(12,Vﬁ)dx = J ()

By By
where
. ks|Vul? + (ky — ks)(curlu)®  if k =k,
J,Vu) =
kp|Vul> + (ks — kp)(divu)?®  ifk =kp.

This notion for j(u, Vu) will be used throughout the rest of the work. Then by the lower semicontinuity of the integral
Jo i, Vu)dx,

/f(u*,Vu*)dx glieminf/ Je, (e, Vug) dx <limsup/f£[(u@,Vug)dx
—00

{—o00

By By By
< lim /fel(ﬁg,vﬁ@)dx=ff(ﬁ,Vﬁ)dx
{— 00
By By

S/f(u*,Vu*)dx.
By
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This implies that

elim /fsk(ug,Vw)dx =/j_'(u*,Vu*)dx.
—00
By By

Since ug — uy in Hl(Bd; C), then by [21], uy — u4 in HY(By; C). A further consequence of the convergence of the
integrals and the strong convergence in H L(Bs: ) is

lim &2 [ (1= ug|?)* dx =0.
Jim e (1 )
By

We have also showed that u,, is a minimizer to J in Hul* (Bg; S"). We have proved our assertions for a subsequence
of the original sequence on B; D Bj, for some radius d. It follows that we have established the assertions for the full
sequence on By.

Finally, suppose x € 3§2. Then let Uz be a neighborhood of x such that there exists a smooth diffeomorphism v (x)
defined on B,; such that ¥ (x) =0 and

v Uz — B;jz [, y): x2+y? < 2d)%, y > 0}.

+

Then we can carry out the same argument in 32 7

case. O

with v (x), push back into U, and then argue as in the previous

The next proposition shows that the norms of the minimizers converge uniformly to 1 outside of any positive radius
distance away from the vortices. The proof is similar to the proof of Lemma 3.10 in [15].

d X—am e(ih(x)+{(x))

Proposition 2.5. Let {u,} be a sequence of minimizers with eg — 0, converging to u.(x) =[1,,_; —ao]
- m

in L2(2). Then for each p > 0, |u¢| — 1 uniformly in S_Zp.

Proof. Fix p > 0 and assume that there exists a § > 0, a subsequence {u,} (that we do not relabel), and a sequence
of points {x¢} C §£2, so that |1 — |ug(x¢)|| > 8. From Proposition 2.2 there is a ¢(§) > 0 so that |1 — |ug(x)|| > % for
X € Beg,(x¢) N £2. It follows that

— 2 — 2 =
862/(1—|u£[|2) dx > e;* / (1 —|ue, ) dx =C >0
Qp Bcsl (X[)Q.Qp

where C is independent of £. We have seen from Proposition 2.4 however that the left side tends to 0 as £ — oo and
this leads to a contradiction. O

The next two propositions prove higher regularity on the sequence of minimizers on compact subsets of the domain
away from the vortices. For the sequence of minimizers {u,} that converges in H, IL C(ﬁ \ {ai,...,aq}), we have that
lug| converges uniformly to 1 on every K € £2 \ {a1, ..., aq}. The bulk term of the energy has a non-degenerate
minimum when || = 1. The elastic term of the energy is strongly elliptic, as well as quadratic in the gradient term.
Due to these facts, the proofs of the following propositions follow from the proofs of Lemma 3.11 and Lemma 3.12
from [15] respectively.

Proposition 2.6. Let {u,,} be a sequence of minimizers for (1.1) in Hé} (82) converging in HZ})C(.(_Z \{ai,ao,...,a4})
as g¢ — 0. Then, for K € 7} \{ai1,an,...,aq}, there exist constants £y and C such that if £ > £, then

[ D2 [ < €

Proposition 2.7. Let u., be the sequence of minimizers as in the previous lemma. For each n > 2 and set K &
2\ {a1,ar,...,a4}, there are constants C and £y such that

lueg,lln2.x <C  for €= L.
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A consequence of Propositions 2.6 and 2.7 is that for each compact subset K of £2 \ {ai, ..., a4} and for each
n > 2, we have the entire converging subsequence of minimizers {u,} € H"(K) and bounded. This implies that
uy € H"(K). Now, by Sobolev’s Theorem and Arzela—Ascoli Theorem, we have the following corollary.

Corollary 2.2. Let {ug,} be a sequence of minimizers converging to uy. Then for any 0 < a < 1, and each integer m
Ug, —> Uy N Clo(‘)c(!_.? \{ai, ..., ad}) and Cl'gc(.Q \ {ay, .. .,ad})

as £ — oo.

Proof of Theorem A. Let {u.} be a sequence of minimizers to (1.1) such that ¢ |, 0. Then we know it is also a min-

imizer of (1.3) for each ¢. By applying Proposition 2.3, it follows that there exists a subsequence {u,}, a function £,
and points {ay, ..., aq} such that

d
xX—a, ; ) —
Ug, (x) > 1_[ ra"'e'(h(x)"';(x)) =u.(x) in HIIOC(SZ \ {al,az,...,ad}).
n=1 n

For each p > 0 it follows from Corollary 2.2 that we have u., — u, in C* (§p) forevery 0 <o <1, and ug, — u, in
C™(£2,) for every integer m > 0, where 2, = 2\ UZ:] By(ay). O

Remark 1. To be definite we point out that Theorem A applies to the case k; = k; > 0, and that in this case our
arguments are extensions of those from [1,3,14] that allow us to treat the case of a multiply connected domain.
Moreover, in this case the nature of i (x) is distinct. Indeed from Proposition 2.4 we have that & is harmonic in

2\{ai,...,az} and h € H'(£2). As such h is harmonic in £2. (This observation originates in [1].)
In the next section we show that in contrast with the case kg = kj, the values of & are pinned at {ay, ..., aq} if
ks 7é kb-

3. Class of functions for each configuration of points

Assume that kg # kjp. Define the set
T={b=(b1,....bs) € 2% by # by, forn #m}.
Fix a configuration b € T. We can choose f € C3(3£2) so that
g(x) = d TO+To1 0, O+ W) for x € 92
where 0y, is such that ﬁ = ¢!%: ™) for x # b,. Note that f| , is uniquely determined, mod 27, for each compo-
nent Iy of 82. Let ¢ € H'(£2) and set
v(x) = v(b, ¢) (x) = & @EO+Tim1 0, ().
We define the set
N {p € H'(2): v(b,¢) =gon 32 and [, (curlv)?dx < oo} ifky <k,
A(b) =
{p € H'(2): v(b,¢) =g on 352 and fg(divv)zdx < oo} ifkp < k.
It follows from Lemma 1.1 of [22] that ¢ = f + 2m¢#, on each component [, of 32, for some ¢, € Z, for each
¢ € A(b). We prove in Proposition 4.1 that A(b) is nonempty. Let p > 0 be such that B,(b,) C £2 and such that
{B,(b,)} are pair-wise disjoint. For 2 € A(b) define the function &, (x) = h(x) + Zm;én Op,, (x) +¢(x) forx € B, (by).
Set v = v(b, h). From the definition of A(b), we have
/ (curlv)?dx < C  if ks < kp,
By (by)
/ (dive)?dx < C ifkp < ks,

B, (bn)



1020 S. Colbert-Kelly, D. Phillips / Ann. 1. H. Poincaré — AN 30 (2013) 1009-1026

for each 1 < n < d such that C = C(v) < oo. On B (b ) we have that v = |§_b”|eih" = Cos(h )Ix b I +
sin(h,, )z b £ Since h, € H' (B (by)), curl =7 =hi] b I =d1Vl _0 and d1v b | =curlz‘x Z"l == b b We ob-
tain usmg Young’s Inequality that
2
h
/ S0 gy < itk <y,
|x - bn|
By (by)
2(h
/ Cos () o< C ifky <k 3.1)
lx — bn|2
By (by)

From (3.1), we obtain the following proposition.

Proposition 3.1. Let b € T and h € A(b). Then we have

1

m / hdaea,z—zebm(bn)_;(bn) as p— 0,

9By (bn) mn
foreach 1 < n <d where

{Cnﬂ for some ¢, € Z if kg < kp,
o

(26”# for some ¢, € Z if ks < kp.

Proof. Let h,(x) =h(x) +}_,, 2, O, (X) + {(x) and

_ 1
hy = — h,do.
P =138, b / 7

9B, (bn)

Define the functions w”(x) = sin(h,(x)), @"(p) = sin(h,(p)) if ks < kp, and @"(x) = cos(h,(x)), @"(p) =
cos(h,(p)) if ky < k. Set wZ (y) =" (py+by) for 0 < p < po where pg is such that By, (b,) € 2\ Um# Bopy (bin).
With h, € H' (B, (bs)) and (3.1) we get

n|2
gi_r)%”w ||1231 hm / (|v 4l |>dx:0. 3.2)

Bp (bn)

Note that 4, (p) € C((0, pol). If the proposition is false there exists a constant 8y > 0 and a sequence of radii {o}
such that py — 0 and

|h (pk)—m| 5o >0 ifks <kp,
Q2t+ D

}_ln (oK) — )

=>80>0 ifkp <k, (3.3)

for every t € Z. Since fBz [Vy(hy (py + bn))|2dy — 0 as p — 0, we have

. = 2
lim { sup / |h,, (spy + by) — hn(p)| day} =0. 3.4
p—0 1/2<s<163

1

Then from the Lipschitz continuity of the sine and cosine functions and (3.4) we have

lim{ sup /|wfpk(y)—c?)"(pk)’2day}:O. (3.5)

P—=011/2<5<2

From (3.3) we get
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|(@" (o)) = C3 >0 (3.6)
for each k. Then, from (3.5) and (3.6) we get for every s € [1/2, 1] and every k sufficiently large that

/ |a)Zk|2d0 > Cy4>0.

9By
This implies
o 2 o 2
/ @ s @y,
Pk Pk
B,ak(bn) Bpk(bn)\Bpk/Z(bn)
: C
. n 12 4
—/ / ‘wpk dods > T

which is a contradiction. O
Using the notation from Proposition 3.1 we have the following corollary.

Corollary 3.1. Let h, (x) = h(x) + Zm# Op,, (x) + ¢ (x) for h € A(b). Then for 1 <n <d

h, — 2
lim / <|Vh,,|2+%) dx =0
p—0 14

Bp(bn)\B,o/Z(bn)

and
hy(py +by) = a, in L2(Sl) as p — 0.
From the definition of «,, then, for each ¢ € A(b), if k; < kj, and v(x) = v(b, ¢)(x) we have v(py + b,) — *+y as

p— 0in L2(3B;(0),ShH, giving rise to a pure splay pattern near each defect. If k;, < k; it follows that v(py + b)) —
+iy in L2(dB;(0),S!), giving rise to a pure bend pattern near each defect.

4. Construction and properties of the renormalized energy

Denote the integrals J,(u; A) = [, je(u, Vu)dx and Jo(u; A) = [, je(u, Vu)dx, with A C £2, noting that
Je(u; $2) = Jo(u). Given any configuration b € T, take a function ¢ € A(b) and define the function v as in the
previous section. Then, for a given p > 0, denoting £2, = 2\ UZ: 1 B o(bn), we have

Je(v; 2,) =T (v; 2,) = / j(, Vu)dx
‘Qﬂ
where
0=l @ HTI_10) i 2,.
Then, we have

d
k k
§/|Vv|2dx=§/<|v¢|2+zv¢- (vg+2vebn) +
2,

2, n=1

d
Vit ) Vo,

2
) dx.
n=1
Recall that 6, (x) is the harmonic conjugate of In(|x — b,|), £ (x) is the harmonic conjugate of — ZIE=1 deIn(Jx — ye|)
in £2,,and {y1,..., %} C (£2)°. Define a function Gy, (x) = Zﬁ:l In(jx — by|) — Zlgzl d¢In(]x — y¢|). Hence, using
integration by parts, we obtain
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k k k
E/IVU|2dx=5/|V¢|2dx+§/((ava)Gh—Z(E)TGb)d))do
2, 2, a0
d k

_ Z ke In(|by — bwl) + Z Z/gndg In(|by — yel) + Igrdln(%)

m#n n=1¢(=1
+o0,(1).

We also have on the boundary, v(x) = ¢! @™+ 0, W+LW)) = ¢(x). Using integration by parts again, we have

k k k
E/|Vv|2dx=§/|V¢|2dx+§/(2Gb(gxafg)—(ava)Gb)da
2, 2,

982
d k 1
= > kwin(|by —bpl) + > > kwdeIn(|b, — yel) + Igndln(—)
m#n n=1¢=1 P
+0,(1).
This implies that
J(v; 2,) = J(v; 2,) +krd
1
:lgndln(—) + kW (b) + .7 (b, p, ks, kp) +0,(1) (4.1)
P

where W(b) and 52 (b, h, ks, kp) are defined as in (1.6) and (1.7) respectively. Notice that J# (b, ¢, ks, kp) >
FC (b, ¢, k, k) and that kW (b) 4+ H (b, k, k) is simply k times the renormalized energy for the Ginzburg—Landau
energy studied in [1] for the case when 2 is simply connected. It is proved there that the latter tends to infinity as
either b — 329 or |b, — b,,| — 0. These properties can be seen to hold here by examining the first and third terms on
the right side of (1.6) respectively. Thus they hold for our renormalized energy as well. To minimize the energy then,
the vortices must be distinct and stay within the domain £2. Now for each configuration, we will show that there is a
function that will minimize the renormalized energy.

Proposition 4.1. Assume that ks # ky. Let b € T be a configuration in $2¢. Then, there exists a function hy(x) € Ap
such that

peA(b)

=kW(b) + H(b, hy, k., kp).

Proof. We first point out that A(b) # . Indeed let ¢ € H'!(£2) such that v(b, ) = g on 32. Let {Ep(bn); n=
1,...,d} be a nonintersecting collection of closed disks that are contained in £2. One can always modify ¢ so that
d(x) =0y — Zm# Op,, (x) —¢(x) forx € Ep (by), for each n, for some «,, as defined in Proposition 3.1. The resulting
function ¢ € A(b).

Since W (b) is independent of the particular ¢ € A(b) we only need to minimize 57 (b, -, ky, kp). Let {h,} C A(b)
be a minimizing sequence for ¢ (b, -, kg, kp). By definition of the integral, we can subtract an integer multiple of 27
from each h,,, so that without a loss of generality &, |, = f for each n. Then Poincaré’s inequality can be applied so
that we have ||h,]l2.0 < C(|Vhnll2:2 + 1). Since {h,} is a minimizing sequence for J# (b, -, ks, kp) it follows that
1A, 11,2:2 < Cop for some constant Cg. Thus there exists a function kg € HY(2) satisfying v(b, hg) = g on 952 and
such that h,, — hg in H 1(©2) and hyn, — ho almost everywhere in £2. This gives

l}crgiogf/|thk|2dx2/|Vho|2dx. 4.2)
Q 2
This also gives e/’ — ¢ho® jn H1(2:C). Let Hﬁ:l I;:—Z”‘ei(h"k(x)ﬂ(x)) = wy, (x) and Hﬁzl ;:zq X

! h0I+E) — yy0(x). Then we have w,, — wo in L>(£2,C). Let zx = curlw,, (divw,,) if ks < kp (kp < ks).
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Then, we have ||zx||2;2 < C(b). Hence, there exists a subsequence, relabeled as zx, such that 7z — z¢ in L2(£2). This
implies that zg = curl wo (div wg) and we have

11m1nf/(curl wnk)2 dx > /(curl wo)2 dx ifks <kp,

liminf / (divwy, ) dx > / (divwo)?dx if kp < ky. (4.3)
k— 00

Then combining (4.2) and (4.3), we get
min (W(b) + (b, h, ks, kb)) = liminf(W(b) + (Db, hy,, ks, kb))
heHL! k—o00

= W(b) + (b, ho, ks, kp)

giving us the result of the proof, with Ay :=ho. O

By the previous proposition, we can utilize the notation as in (1.5) so that there is no dependency on the choice of
the function 4. Even though it will not be used in this work, one can show that kW (b) + H (b, ks, kp) is continuous
on T. This is done in [23].

Proposition 4.2. Let h be the polar function appearing in the definition of u, from Theorem A. Then h € A(a).

Proof. Consider the configuration a = (a1, ...,aq) and the function u, = []%_, oaie DT et {ug)

be a sequence of minimizers to Jg,(-) for each g;. Then from Corollary 2.1 we get fg (curlug)?dx < < C or
f o (div ug)?dx < C, where C has no dependency on ¢. From Proposition 2.3, uy — u, in L?(§2; C) and we have that
the distributions {curlu,} ({divu,}) are uniformly bounded in L>(£2). Hence, as in the proof of Proposition 4.1, we
get

/(curlu*)zdx glieminf/(curlug) dx < Co, ifkg <kp,
—00
Q Q

/(divu*)z dx < liminf/(divug)zdx < Co, ifky <ks.
{—00

From the definition of each u; on the boundary, we have u. |y = g, giving us v(b, h) = g on 952. From Proposi-
tion 2.3, h € H'(£2). Therefore, h € A(a) and must satisfy the result of Proposition 3.1. O

5. Energy away from the vortices

We must first analyze the following minimum problem before proving Theorem B. Let 8 € C, such that

. +1 ifks < kp,
T i ik, <k

and recall from the proof of Proposition 2.1 the expression
()] [ e
— | = 1n u,vu X
s R ueHé Je
Br(0)

where

g(x)=B— for|x| =
x|
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Proposition 5.1. The function I g(t) + kmIn(t) is a nondecreasing function of t for T > 0 such that y :=
lim;—0{Ip(t) + km In(1)} > —o0.

Proof. The argument is similar to that in [1]. It is shown within the proof of Proposition 2.1 that the expression
I4(t) + km In(7) is monotone nondecreasing and bounded below. The existence of the finite one-sided limit at 7 =0
follows from these two properties. O

Proof of Theorem B. Assume that k; # k. We argue in a similar manner as in [15] and Chapter 8 of [1]. Those
works however, used the fact that the polar function Ap(x) is smooth (since it is harmonic for the case kg = kj). Here
we appeal to Corollary 3.1 to control hy. Let b= (b1, ..., b,) be a configuration in 24, where b, # by, for m #n,
and £2, = 2\ UZ:] B o(by). For this configuration, set
d x—b,
wp (x) = n_ i (hp (x)+£(x))
,E ¥ = bl

where hy, € A(b) satisfies Proposition 4.1. Then, using (4.1) we find that,

/ j(wy, Vwyp) dx = Igndln(l> + kW) + H(, kg, kp) —kmd +0,(1) 5.1
’ L
as p — 0. We next construct comparison functions using the configuration point b. For 0 < ¢ <« p « 1, define
wp (x) forx € £2,,
fip(x) = § €M =P for x € By(by) \ Bya(by),
Zn(x — by) for x € By/2(by)
where z, minimizes J,, (-; B/2(0)), with
x —by,
lx — bl

Here «, is determined from A&y, by way of Corollary 3.1 such that

iy

Zn(x = bu) 9B, b,) =€

{cnn for some ¢, € Z if kg < kp,
oy =

(2“’# for some ¢, € Z if ky, < k;.

Then by Proposition 5.1, we have

/ ]Te(znv Vzp)dx = ]fn ll‘l(é%) +vy +o0:(1) (5.2)
B, 2(0)

as ¢ — 0 for each p > 0. Define ﬁn (x) =hp(x) + Zm;én Op,, (x) + ¢(x) and g, such that

Qil(x)|3Bp :fln(x)s Qn(x)|88p/2 =0ap

such that g, is linear in radial directions centered at b,,. From Corollary 3.1 there exist p¢ | 0 so that

. h, —a,)?
Jlim / <pg|th|2+M>d0=O. (5.3)
— 00

Pe
3By, (bn)

With this property we have that

- ; x—b, ; _ i, X—Db
[,{@(x) = el‘h(/‘)ﬁ = (el(Qn(X) C(n))(elﬂln |x — b}’ll) for x € sz(bn) \ Bp[/z(bn)
n n
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satisfies

/ Je(itg, Vitg) dx = km In(2) + 0,(1) 5.4
By \Bpy /2
uniformly in ¢. Then from (5.1), (5.2), and (5.4) we have for minimizers u, that
Je(ue) = 78(”8) +knd < 78(ﬁf) +kmd
1
= Igndln<g> + kW) + H(, ks, kp) +dy +0,(1) + 0.(1).
Thus
1
limsup(Jg(us) - lgndln(—)) <kW(b)+ H(, kg, kp) +dy. (5.5)
&

e—0

We next obtain an estimate from below. Let a be a limiting configuration as in Theorem A. Using Propositions 2.4
and 4.2 we can find a sequence of radii {o¢} and a subsequence of minimizers {u, ,} (that we label {u}) so that (5.3)
holds at a, and in addition

1 — Jug?

ug — uy in H' (0B, (ay)) and
ek

— 0 in L*(8B,,(an)) as k — o0
for each £ and n. It follows that we can construct, in a similar fashion as before, functions i1,y € H I(szz (an) \
By, (an); C) so that

ity X —dap

inkeldByy (@) = Uk and  dnkeloB,,, @) = € ol
n

satisfying
/ Je nke, Viipge) dx =k In(2) + 0, (1) + 0¢(1).

B2/’(/,\B/’l

From this and Proposition 5.1 we see that

pe - -
km hl(g) +y < Jg (ur; Bp,) + J gy (Unkes Bap, \ Bpy) — km In(2) +0,(1) + 0:(1)

= jek(uk§ B,Og) +0p(1) +0g(1).

We use Proposition 2.4 and (4.1) to determine the asymptotic nature for J, (u; £2,,)- These two estimates give
1
Je, (ug) > kndln(g—) +kW(a)+ A (a, h, ks, kp) +dy +0,(1) + 0. (1)
k

1
> Igndln(g—) +kW @)+ H(a, ks, kp) +dy +0,(1) + 0:(1).
k

Choosing subsequences {p¢}, {€¢} such that ¢, < p; — 0 as £ — oo allows us to compare this to (5.5). Since b was
arbitrary, we have that

kW (a) + H(a, ks, kp) <kW (@) + 7 (@, h, ks, kp) < kW (b) + H (b, ks, kp)

for any configuration b € 7. Hence the configuration a from Proposition 2.3 minimizes the renormalized energy, with
ac T.If we set a=bh, we obtain that the function / from Proposition 2.3 minimizes the renormalized energy for the
configuration a. Finally we see that

1
lim <J€[ (ug,) — lgrdln(—)) =kW(@)+ H(a, kg, kp) +dy. O
{—o00 &y
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Remark 2. To be complete, we point out that Theorem B holds in the case k = kg = k;, as well. In this case the
renormalized energy is as in (1.5) and (1.6), such that H (b, k, k) = %fg I<|Vhb|2 dx, where v(b, hy) = g on 92 and
hy is a harmonic function that minimizes this energy subject to this boundary condition. If §2 is multiply connected
the proof proceeds just as in [1], once one knows that a configuration a obtained from a sequence of minimizers {u,}
isin 7. This follows from Proposition 2.3.

Acknowledgements
This research was supported by ED grant 84.200A, NSF Grant REC-0535794 and NSF Grant DMS-1109495.
References

[1] F. Bethuel, H. Brezis, F. Hélein, Ginzburg—Landau Vortices, Progress in Nonlinear Differential Equations and Their Applications, vol. 13,
Birkhiuser, Boston, 1994.
[2] F. Lin, Solutions of Ginzburg—Landau equations and critical points of the renormalized energy, Analyse Non Linéaire 12 (5) (1995) 599-622.
[3] M. Struwe, On the asymptotic behavior of minimizers of the Ginzburg-Landau model in 2 dimensions, Differential and Integral Equations
7 (6) (1994) 1613-1624.
[4] R. Jerrard, Lower bounds for generalized Ginzburg—Landau functionals, SITAM Journal on Mathematical Analysis 30 (4) (1999) 721-746.
[5] E. Sandier, Lower bounds for the energy of unit vector fields and applications, Journal of Functional Analysis 152 (2) (1998) 379-403.
[6] J.-B. Lee, D. Konovalov, R.B. Meyer, Textural transformations in islands on free standing smectic-C* liquid crystal films, Physical Review E
73 (2006) 051705, 7 pp.
[7] B. Dacorogna, Introduction to the Calculus of Variations, second ed., Imperial College Press, 2009.
[8] S.T. Lagerwall, Ferroelectric and Antiferroelectric Liquid Crystals, Wiley-VCH, Weinheim, 1999.
[9] R.B. Meyer, L. Liébert, L. Strzelecki, P. Keller, Ferroelectric liquid crystals, Le Journal de Physique Lettres 36 (3) (1975) L69-L71.
[10] J.-B. Lee, R.A. Pelcovits, R.B. Meyer, Role of electrostatics in the texture of islands in free-standing ferroelectric liquid crystal films, Physical
Review E 75 (2007) 051701, 5 pp.
[11] I. Kraus, R.B. Meyer, Polar smectic films, Physical Review Letters 82 (19) (1999) 3815-3818.
[12] R.B. Meyer, D. Konovalov, I. Kraus, J.-B. Lee, Equilibrium size and textures of islands in free-standing smectic C* films, Molecular Crystals
and Liquid Crystals 364 (1) (2001) 123-131.
[13] N. Silvestre, P. Patricio, M. Telo de Gama, A. Pattanaporkratans, C. Park, J. Maclennan, N. Clark, Modeling dipolar and quadrupolar defect
structures generated by chiral islands in freely suspended liquid crystal films, Physical Review E 80 (4) (2009) 041708, 8 pp.
[14] F. Lin, Vortex dynamics for the nonlinear wave equation, Communications on Pure and Applied Mathematics 52 (1999) 0737-0761.
[15] P. Bauman, J. Park, D. Phillips, Analysis of nematic liquid crystals with disclination lines, Archive for Rational Mechanics and Analysis
205 (3) (2012) 795-826.
[16] M. Giaquinta, Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems, Annals of Mathematics Studies, Princeton
University Press, Princeton, 1983.
[17] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, third ed., Springer-Verlag, Berlin, Heidelberg, 2001.
[18] E. Lin, Static and moving vortices in Ginzburg-Landau theories, Progress in Nonlinear Differential Equations and Their Applications 29
(1997) 71-111.
[19] F. Lin, Some dynamical properties of Ginzburg—Landau vortices, Communications on Pure and Applied Mathematics 49 (1996) 323-359.
[20] F. Lin, T.-C. Lin, Vortices in p-wave superconductivity, STAM Journal on Mathematical Analysis 34 (5) (2003) 1105-1127.
[21] L.C. Evans, Weak convergence methods for nonlinear partial differential equations, in: A.M. Society (Ed.), Conference Board of the Mathe-
matical Sciences, in: Regional Conference Series in Mathematics, vol. 74, 1990.
[22] R. Hardt, D. Kinderlehrer, F.H. Lin, The variety of configurations of static liquid crystals, in: Variational Methods, Paris, 1988, in: Progress in
Nonlinear Differential Equations and Their Applications, vol. 4, Birkhduser Boston, Boston, MA, 1990, pp. 115-131.
[23] S. Colbert-Kelly, Theoretical and computational analysis of a Ginzburg—Landau type energy model for smectic C* liquid crystals, PhD thesis,
Purdue University, 2012.



	Analysis of a Ginzburg-Landau type energy model for smectic C* liquid crystals with defects
	1 Introduction
	1.1 Main results
	1.2 Applications

	2 Qualitative properties of minimizers
	3 Class of functions for each conﬁguration of points
	4 Construction and properties of the renormalized energy
	5 Energy away from the vortices
	Acknowledgements
	References


