Available online at www.sciencedirect.com

SciVerse ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

" S
ELSEVIER Ann. L H. Poincaré — AN 30 (2013) 10691096

www.elsevier.com/locate/anihpc

Pointwise bounds and blow-up for nonlinear polyharmonic
inequalities

Steven D. Taliaferro *

Mathematics Department, Texas A&M University, College Station, TX 77843-3368, United States
Received 1 June 2012; accepted 4 December 2012
Available online 21 January 2013

Abstract
We obtain results for the following question where m > 1 and n > 2 are integers.
Question. For which continuous functions f: [0, co) — [0, 00) does there exist a continuous function ¢: (0, 1) — (0, o) such
that every C2" nonnegative solution u(x) of
0<—A"u< f(u) inBy(0)\ {0} CR"
satisfies
u(x) = 0((p(|x|)) asx —>0

and what is the optimal such ¢ when one exists?
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Résumé
Nous obtenons des résultats pour la question suivante, avec m > 1 et n > 2 entiers.
Question. Pour quelles fonctions continues f:[0, c0) — [0, co) existe-t-il une fonction continue ¢ : (0, 1) — (0, co) telle que
chaque solution cm non-negative u(x) de
0<—A"u< f(u) dans B5(0)\ {0} c R"
satisfasse a
u(x)= O((p(|x|)) lorsque x — 0,

et quelle est la meilleure de ces fonctions ¢ quand elle existe ?
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1. Introduction
In this paper we consider the following question where m > 1 and n > 2 are integers.

Question 1. For which continuous functions f :[0, co) — [0, 00) does there exist a continuous function ¢ : (0, 1) —
(0, 00) such that every cm nonnegative solution u(x) of

0< —A"u< f(u) in By(0)\ {0} CR" (1.1)
satisfies
ux) = O((p(lxl)) asx —> 0 (1.2)

and what is the optimal such ¢ when one exists?

We call a function ¢ with the above properties a pointwise a priori bound (as x — 0) for C*" nonnegative solutions
u(x) of (1.1).
As we shall see, when ¢ in Question 1 is optimal, the estimate (1.2) can sometimes be sharpened to

ux) = 0(<p(|x|)) asx — 0.

Remark 1.1. Let
rm=2  ifp >3

1.
logg, ifn=2. (1.3)

F(r)={

Since u(x) = I'(]x]) is a positive solution of —A™u =0 in B,(0) \ {0}, and hence a positive solution of (1.1), any
pointwise a priori bound ¢ for C*" nonnegative solutions u(x) of (1.1) must be at least as large as I", and whenever
¢ = I is such a bound it is necessarily an optimal bound.

Some of our results for Question 1 can be generalized to allow the function f in (1.1) to depend nontrivially on x
and the partial derivatives of u up to order 2m — 1. (See the second paragraph after Proposition 2.1.)
We also consider the following analog of Question 1 when the singularity is at oo instead of at the origin.

Question 2. For which continuous functions f : [0, co) — [0, 0o) does there exist a continuous function ¢ : (1, 0c0) —
(0, 00) such that every C 2m nonnegative solution v(y) of

0<—A"v < f(v) inR"\ By)2(0) (1.4)
satisfies

v(») =0(p(lyl)) aslyl— o0

and what is the optimal such ¢ when one exists?

The m-Kelvin transform of a function u(x), x € £2 C R" \ {0}, is defined by

v(y) = x|""*"u(x)  wherex = y/|yl*, (1.5)
By direct computation, v(y) satisfies

AMu(y) = [x|" T2 A u(x). (1.6)

See [17, p. 221] or [18, p. 660]. Using this fact and some of our results for Question 1, we will obtain results for
Question 2.
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Nonnegative solutions in a punctured neighborhood of the origin in R"—or near x = oo via the m-Kelvin
transform—of problems of the form

—A"u= f(x,u) or 0<—A"u< f(x,u) (1.7)
when f is a nonnegative function have been studied in [3,4,10—12,17,18] and elsewhere. These problems arise natu-

rally in conformal geometry and in the study of the Sobolev embedding of H>" into anﬁ.

Pointwise estimates at x = oo of solutions u of problems (1.7) can be crucial for proving existence results for entire
solutions of (1.7) which in turn can be used to obtain, via scaling methods, existence and estimates of solutions of
boundary value problems associated with (1.7), see e.g. [13,14]. An excellent reference for polyharmonic boundary
value problems is [7].

Also, weak solutions of A™u = u, where p is a measure on a subset of R", have been studied in [2,5,6], and
removable isolated singularities of A™u = 0 have been studied in [11].

Our proofs require Riesz potential estimates as stated, for example, in [9, Lemma 7.12] and a representation formula
for C?™ nonnegative solutions of

—A"u >0 in By(0)\ {0} C R, (1.8)

which we state in Lemma 4.1.
2. Results for Question 1

In this section we state and discuss our results for Question 1. If m > 1 and n > 2 are integers then m and n satisfy
one of the following five conditions:

(1) either m is even or 2m > n;
(i) m=1andn > 3;
(iii)) m=1and n =2;
(iv) m >3 is odd and 2m < n;
(v) m >3 isodd and 2m = n.

The following three theorems, which we proved in [8,16,15], completely answer Question 1 when m and n satisfy
either (i), (ii), or (iii). Consequently, in this paper, we will only prove results dealing with the case that m and n satisfy
either (iv) or (v).

Theorem 2.1. Suppose m > 1 and n > 2 are integers satisfying (i) and f : [0, 0o) — [0, 00) is a continuous function.
Let u(x) be a C*" nonnegative solution of (1.1) or, more generally, of (1.8). Then

u(x)= O(F(|x|)) as x — 0, 2.1)
where I' is given by (1.3).

Theorem 2.2. Let u(x) be a C? nonnegative solution of (1.1) where the integers m and n satisfy (ii) (resp. (iii)), and
f:10,00) — [0, 00) is a continuous function satisfying

f@) =0 "2)  (resp. log(1+ f(1)) = O(t)) ast— oco. (2.2)
Then u satisfies (2.1).

By Remark 1.1 the bound (2.1) for u in Theorems 2.1 and 2.2 is optimal.
By the following theorem, the condition (2.2) on f in Theorem 2.2 for the existence of a pointwise bound for u is
essentially optimal.

Theorem 2.3. Suppose m and n are integers satisfying (ii) (resp. (iii)), and f :[0, 00) — [0, 00) is a continuous
function satisfying

f@

log(1 + f (1))
1% 71/ =2 - = 00)- 2.3)

=00 |resp. lim
t—00 t
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Then for each continuous function ¢ : (0, 1) — (0, 00) there exists a Cc? positive solution u(x) of (1.1) such that

u(x) # 0((p(|x|)) asx — 0.

If m and n satisfy (i), (ii), or (iii), then according to Theorems 2.1, 2.2, and 2.3, either the optimal pointwise bound
for u is given by (2.1) or there does not exist a pointwise bound for u (provided we don’t allow the rather uninteresting
and pathological possibility when m and n satisfy (ii) (resp. (iii)), that f satisfies neither (2.2) nor (2.3)).

The situation is very different and more interesting when m and n satisfy (iv) or (v). In this case, according to the
following results, there are an infinite number of different optimal pointwise bounds for # depending on f.

The following three theorems deal with Question 1 when m and »n satisfy (iv).

Theorem 2.4. Let u(x) be a C* nonnegative solution of (1.1) where the integers m and n satisfy (iv) and
f:10,00) — [0, 00) is a continuous function satisfying

f@) = O(t)‘) ast — oo

where

0<A<

2m+n—2 2m+n—2 n
n—2 '

Then as x — 0,

u(x) = 0(|x|~=2) 2.4)

4dm@m — 1) )

n—in—2m) @:5)

(resp. u(x) = 0(|x|_”) where a =
Since a in (2.5) is also given by
An—2)—2m+n—-2)

a=n—2+ i —2m) (n —2m) (2.6)

we see that a increases from n — 2 to infinity as A increases from 2’"n+”2 2 to 5

By Remark 1.1, the bound (2.4) is optimal and by the following theorem so 1s the bound (2.5).

Theorem 2.5. Suppose m and n are integers satisfying (iv) and A and a are constants satisfying

2 -2 4 —1
2mtn—2 " nd g mm—D) 27
n—2 n—2m n—An—2m)

Let ¢ : (0, 1) — (0, 1) be a continuous function satisfying lim,_, g+ ¢(r) = 0. Then there exists a C* positive solution

u(x) of

0< —A"u<u* inR"\ {0} (2.8)
such that
u(x) # 0((p(|x|)|x|7“) asx — 0. (2.9)

With regard to Theorem 2.4, it is natural to ask what happens when A > ——5_. The answer, given by the following
theorem, is that the solutions u can be arbitrarily large as x — 0.

Theorem 2.6. Suppose m and n are integers satisfying (iv) and X > 2 is a constant. Let ¢ : (0, 1) — (0, 00) be a
continuous function satisfying lim, o+ ¢ (r) = 0o. Then there exists a C® positive solution u(x) of (2.8) such that

u(x) # O((p(lxl)) as x — 0.

The following five theorems deal with Question 1 when m and n satisfy (v). This is the most interesting case.
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Theorem 2.7. Let u(x) be a C2™" nonnegative solution of (1.1) where the integers m and n satisfy (v) and f : [0, 00) —
[0, 00) is a continuous function satisfying

f=0(") ast— oo

where

2n—2 2n —2
0<A < > resp. A > > )

n—

Then as x — 0,

u(x) = 0(|jx|~"?) (2.10)

(resp. u(x) =0(|x|_("_2) log |)5c_|>> 2.11)

By Remark 1.1, the bound (2.10) is optimal and by the following theorem so is the bound (2.11).

Theorem 2.8. Suppose m and n are integers satisfying (v) and A is a constant satisfying
2n -2
n—2"

Let ¢ : (0, 1) — (0, 1) be a continuous function satisfying lim,_, o+ ¢ (r) = 0. Then there exists a C* positive solution
u(x) of (2.8) such that

A > (2.12)

u(x) # 0(<p(|x|)|x|<"2> log ;—|> as x — 0. (2.13)

By the following theorem u(x) may satisfy a pointwise a priori bound even when f(¢) grows, as t — oo, faster
than any power of ¢.

Theorem 2.9. Let u(x) be a C2™ nonnegative solution of (1.1) where the integers m and n satisfy (v) and f : [0, 00) —
[0, 00) is a continuous function satisfying

log(l + f(t)) = O(I’\) ast— oo
where

O<r<l1. (2.14)
Then

—(1=2)
u(x)=0(|x| =2, ) as x — 0. (2.15)
By the following theorem, the estimate (2.15) in Theorem 2.9 is optimal.

Theorem 2.10. Suppose m and n are integers satisfying (V) and X is a constant satisfying (2.14). Let ¢ : (0, 1) — (0, 1)
be a continuous function satisfying lim,_ o+ ¢(r) = 0. Then there exists a C* positive solution u(x) of

0<—A"u<e” inR"\ {0} (2.16)
such that
u(@) # O (p(Ix))lxl T7) asx — 0, 2.17)

With regard to Theorem 2.9, it is natural to ask what happens when A > 1. The answer, given by the following
theorem, is that the solutions u can be arbitrarily large as x — 0.



1074 S.D. Taliaferro / Ann. 1. H. Poincaré — AN 30 (2013) 1069—-1096

Theorem 2.11. Suppose m and n are integers satisfying (v) and X > 1 is a constant. Let ¢ :(0,1) — (0,00) be a
continuous function satisfying lim,_, g+ ¢(r) = 0o. Then there exists a C* positive solution of (2.16) such that

u(x) # O((p(lxl)) as x — 0. (2.18)

Theorems 2.3-2.11 are “nonradial”. By this we mean that if one requires the solutions u(x) in Question 1 to be
radial then, according to the following proposition, the complete answer to Question 1 is very different.

Proposition 2.1. Suppose m > 1 and n > 2 are integers and f :[0, 0c0) — [0, 00) is a continuous function. Let u(x)
be a C*" nonnegative radial solution of (1.1) or, more generally, of (1.8). Then u satisfies (2.1).

By Remark 1.1, the bound (2.1) for u in Proposition 2.1 is optimal.
Theorems 2.4 and 2.7 are special cases of much more general results, in which, instead of obtaining pointwise
upper bounds (when they exist) for # where u is a nonnegative solution of

0<—A"u< (u+D* in B2(0)\ {0},

we obtain pointwise upper bounds (when they exist) for |Diu|, i=0,1,2,...,2m — 1, where u is a solution of
2m—1
0<—A"u < Y (a7 (| Dku| + g ()™ in B2(0)\ {0) C R”
k=0
such that

Ix|"2u(x) is bounded below in B>(0) \ {0},

where the functions g (x) tend to infinity as x — 0. See Theorems 5.1 and 5.2 in Section 5 for the precise statements
of these more general results.

Estimates for some derivatives of nonnegative solutions of (1.1) when m and n satisfy (i) were obtained in [8].

If m > 1 and n > 2 are integers satisfying (i) then, according to Theorem 2.1, u satisfies a pointwise upper bound
as x — 0 without imposing an upper bound f(u) on —A™u. On the other hand, if m and n do not satisfy (i) then
according to Theorems 2.2-2.11, u satisfies a pointwise upper bound as x — 0 if and only if an appropriate upper
bound f(u) is placed on —A™u. This is due to the following two reasons.

1. According to formulas (4.1)—(4.3) for the fundamental solution @ of A™ in R”, @ is bounded below in By (0) \ {0}
if and only if m and n satisfy (i).

2. There is a term in a decomposed version of the representation formula (4.5) for nonnegative solutions u of (1.8)
which is bounded above when @ is bounded below. However, when @ is not bounded below, one needs an upper
bound on —A™u to estimate this term. The crux of many of the proofs consists of obtaining this estimate.

The term referred to in 2 can be thought of as the convolution
@D (x —y)A"u(y)dy. (2.19)
lyl<1

However it may happen when m > 2 that —A”u ¢ L'(B;(0)), in which case this convolution is not finite for every
x € R". This difficulty is overcome in Lemma 4.1 by replacing @ (x — y) in (2.19) with the difference of @ (x — y)
and a partial sum of the Taylor series of @ at x.

3. Results for Question 2
In this section we state our results for Question 2.

As noted in [8], by applying the m-Kelvin transform (1.5) to the function u in Theorem 2.1, we immediately obtain
the following result concerning Question 2 when m and n satisfy condition (i) at the beginning of Section 2.
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Theorem 3.1. Suppose m > 1 and n > 2 are integers satisfying (i) and f : [0, 0o) — [0, 00) is a continuous function.
Let v(y) be a C¥™ nonnegative solution of (1.4) or, more generally, of

—A" >0 inR"\ B12(0).

Then
v(y) = O(Ix(lyl)) as |yl — oo, 3.1)
where
2m—2 . >3-
F — r £l lf‘n = £
oo(r) {er—2 log5r, ifn=2.

The estimate (3.1) is optimal because A" I'y(]y]) =0 in R" \ {0}.

Using the m-Kelvin transform and Theorems 5.1, 5.2, and 5.3 in Section 5 we will prove in Section 6 the following
three theorems dealing with Question 2, the first of which deals with the case that m and n satisfy condition (iv) at the
beginning of Section 2.

Theorem 3.2. Let v(y) be a C¥" nonnegative solution of (1.4) where the integers m and n satisfy (iv) and
f:10,00) — [0, 00) is a continuous function satisfying

f=0(") ast— oo

where
O0<Ai< .
n—2m
Then
v(y)=o(lyl*) as|y|—> oo (3.2)
where
2 -2 2(1 +A(m —1
a=M=2m—2+w(n—2m).
n—An—2m) n—An—2m)

The next two theorems deal with Question 2 when m and n satisfy condition (v) at the beginning of Section 2.

Theorem 3.3. Let v(y) be a C*" nonnegative solution of (1.4) where the integers m and n satisfy (v) and f : [0, 00) —
[0, 00) is a continuous function satisfying

f=0(") ast— oo
where ). > 0. Then

v(y) =o(lyI"*log5lyl) as |y| — oo (3.3)
Theorem 3.4. Let v(y) be a C¥™ nonnegative solution of (1.4) where the integers m on n satisfy (v) and f :[0, 00) —
[0, 00) is a continuous function satisfying

log(l + f(t)) = O(t)‘) ast— oo
where 0 < X < 1. Then

vy =o(IyF5) aslyl— co.

Theorems 3.2-3.4 are optimal for Question 2 in the same way that Theorems 2.4, 2.7, and 2.9 are optimal for
Question 1. For example, according to the following theorem, the bound (3.2) in Theorem 3.2 is optimal. We will
omit the precise statements and proofs of the other optimality results for Theorems 3.2-3.4.
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Theorem 3.5. Suppose m and n are integers satisfying (iv) and A and a are constants satisfying
2m(n —2)
and a=——"—"—. (3.4)
n—2m n—i(n—2m)
Let ¢ : (1,00) = (0, 1) be a continuous function satisfying lim,_, oo ¢(r) = 0. Then there exists a C* positive solution
v(y) of
0< —A"v < vt inR"\ {0}
such that

v(y) # O(e(Iyl)Iyl*) asly| — oo.

O0<Ai<

See [16, Corollary 2.5] for the optimal result concerning Question 2 when m and n satisfy (iii). We have no results
for Question 2 when m and n satisfy (ii), but see [1] for some related results.

4. Preliminary results

A fundamental solution of A™ in R”, where m > 1 and n > 2 are integers, is given by

(=D)™|x)?m ", if2<2m <n; 4.1)
D) :=A1 (=) |x, if 3<n < 2m and n is odd; 4.2)
(=D 2 |x[*" " log \)Sc_l’ if 2 <n <2m and n is even; 4.3)

where A = A(m, n) is a positive constant whose value may change from line to line throughout this entire paper. In
the sense of distributions, A" @ = §, where § is the Dirac mass at the origin in R”. For x # 0 and y # x, let

von=on-y- Y 2

— D" (x) (4.4)
lo|<2m—3 :

be the error in approximating @ (x — y) with the partial sum of degree 2m — 3 of the Taylor series of @ at x.
The following lemma, which we proved in [8], gives representation formula (4.5) for nonnegative solutions of
inequality (1.8). See [5,6] for similar results.

Lemma 4.1. Let u(x) be a C*" nonnegative solution of (1.8) where m > 1 and n > 2 are integers. Then
Siy1<1t VP2 (=A™ u(y)) dy < oo and

u=N+h+ Z agD*® in B1(0)\ {0} (4.5)
o <2m—2
where ag, |o| <2m — 2, are constants, h € C*°(B1(0)) is a solution of
A"h=0 in Bi(0),
and

N(x)= / ¥ (x,y)A"u(y)dy forx#0.
lyI<1

Lemma 4.2. Suppose f is locally bounded, nonnegative, and measurable in By (0) \ {0} C R" and

VP2 f(y)dy < 00 (4.6)
[yl<1

where m > 2 and n > 2 are integers, m is odd, and 2m < n. Let

N(x) = / W) fO)dy forx cR™\ {0} @.7)

lyl<1
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where W is given by (4.4). Then N € C*"~1(R" \ {0}). Moreover when |B| < 2m and either 2m = n and |B| # 0 or
2m < n we have

(DPN)(x) = f —(DFP®)x =) f () dy + O(Ix* " P)  forx #£0 (4.8)

lyl<l
ly—x]<lx]/2

and when 2m = n we have

Nx)=A / (log %)f(y)dy—i— 0(|x|2_") Sfor x #0. 4.9)
\y—lgl‘jli\ﬂ

Proof. Differentiating (4.4) with respect to x we get
Diw(x,y)=(DPo)x—y)— =" ~—2(D*"P®)(x) forx#0andy#x
al
lo|<2m—3

and so by Taylor’s theorem applied to D ® we have

I x|
|DEw (x, y)| < ClyPP™2|x|*" 11 for |y|<— (4.10)

where in this proof C = C(m, n, f) is a positive constant whose value may change from line to line.
Let ¢ € (0, 1) be fixed. Then N = N| + N3 in R" \ {0} where

Ni(x) = / W) fO)dy and Ny(x) = / —w () () dy.

Iyl<e e<|y|<l1

It follows from (4.6) and (4.10) that Ny € C*°(R”" \ B¢(0)) and

(DPNy)(x) = / —DPw(x,y)f(y)dy for|x|> 2e.
lyl<e

Also, by the boundedness of f in B1(0) \ B:(0), N3 € C?m=1(R" \ By, (0)) and for || < 2m we have

(DPN>)(x) = / —DPW(x,y)f(y)dy for|x|> 2e.

e<lyl<l

Thus since ¢ € (0, 1) was arbitrary, we have N € Cc¥m=1(R" \ {0}) and for |B| < 2m we have

(DPN)(x) = / —DPw(x,y)f(y)dy forx=#0. 4.11)

Iyl<1
Case 1. Suppose |B| < 2m and either 2m = n and | 8| # 0 or 2m < n. Then for 0 < |x|/2 < |y| we have

(=) el 2y en—
Z TDOH—ﬁ@(x) <C Z |y|‘°‘||x|2m n—le|—|B| <C|y|2m 2|x|2 n—|B|
o] <2m—3 ' o] <2m—3

and for 0 < |x|/2 < |y| and |y — x| > |x|/2 we have
[(DP@)(x = < Cla =y P PPl oy =2 a2 P,
Thus (4.6), (4.10) and (4.11) imply (4.8).

Case 2. Suppose 2m = n. Then for 0 < |x|/2 < |y| we have
(=y)“ - 22—
Y. o brew|< D P B N ol e P

1<l <2m—3 1<]e|<2m—3
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andif 0 < |x|/2 < |y| and |y — x| > |x|/2 then using the fact that | log z| < log4z for z > 1/2 we have

|x — y lx — yl
x| x|

n—2 n—2
A|y| — (m> log4(l+m)
x| [yl |x]

DI 401 +7r)
|x["=2 r>1/2 £ )

|—<D(x—y)+<1)(x)|=A‘log ‘<A10g4

Thus (4.9) follows from (4.6), (4.7), and (4.10). O

Lemma 4.3. Suppose u(x) is a C*™ nonnegative solution of (1.8), where m > 2 and n > 2 are integers, m is odd, and
2m < n. Let {xj}?o=1 C R" and {rj}?o=1 C R be sequences such that

0<4xjp1l <IxjI<1/2 and 0<r;<|x;|/4. 4.12)
Define f: B2(0) — [0, c0) by
i = |xj|2m—2r7f(y) where y =x; +rjnand f = —A"u. (4.13)
Then
/ fimdn—0 asj— oo 4.14)
nl<2

and when |B| < 2m and either 2m = n and |B| # 0 or 2m < n we have for |&| < 1 that

n—2m+|B| n—2m+|p|
rj ~2+1B1|(pB T Af, () dn
lxi|" DPu)(x; +r;j&)|<C +¢&;+ (4.15)
<|xj|> J ‘( ) J J | |xj| J 2 & — n|n—2m+\/3|

ni<

and when 2m = n we have for |&| < 1 that

|x;|"—2 C 1 5
(g ) <~y e+ Allog —— ) fi(mdn (4.16)
logr—-]f log =2 log =+ & —nl

rj i |nl<2

where in (4.15) and (4.16) the constant A depends only on m and n, the constant C is independent of & and j, the
constants € are independent of &, and £; — 0 as j — oo.

Proof. By Lemma 4.1, f satisfies (4.6) and for |8| < 2m we have

(DPu)(x) = (DPN)(x) + O(Ix[*"" 1) for 0 < |x| < 3/4 (4.17)
where N is given by (4.7).
If
ly — x| < |x|/2, ly —xjl>2r;, and |x—x;|<7;
then

|x —yl>r; and 2|y|>|x|>|x;|—r; > |x;l/2

and thus when |8| < 2m and either 2m = n and | 8| # 0 or 2m < n we have

|(DP®)(x — y)| < A <A Ay
X — y S S S
[x — y|r—=2m+IB] r?fzmﬂﬁ\ r772m+\ﬁ\ |xj[2m=2
and when 2m = n we have
Sy, n—2 .
log x| <log 1 x| <2. 4n=2 [yl x|

lx =yl rj 12 g
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Thus by (4.6) and Lemma 4.2, when | 8| < 2m and either 2m =n and || # 0 or 2m < n we have

2m—2
(DPN)@)] < / AfOdy  yewiawp DTS 0)dy c
\l g | y|n—2m+|/3| r;;—2m+|/3||xj|2m_2 |xj|n—2+|ﬁ|
)’7)(7]' < rj
Af(y)dy gj C
< / =y Al T + Gl for |x —xjl <rj (4.18)
J

[y—xj|<2r;

and when 2m = n we have

x|

log = C
|x| n—2 n—2 j
Nx)<A log f(y)dy +2A4 IyI" = f () dy — + —3
=l e "2
ly—xjl<2r; ly—x|<lx]/2
x| logl il c
<A / <log|x—)f(y)dy~l-£j| T 2—|— 2 for |x — x| <r;j (4.19)

[y—x;jl<2r;

where in (4.18) and (4.19) the constant A depends only on m and n, the constant C is independent of x and j, the
constants ¢ are independent of x, and ¢; — 0 as j — oo.
For |n| < 2 and y given by (4.13) we have |x;| < 2|y|. Thus

/ Findn = / %122 £ () dy
Inl<2 ly—xjl<2r;
< 22m72 2m—2

[y f(y)dy—>0 asj— o0 4.20)

ly=xjl<lxjl/2

because f satisfies (4.6).
If | 8] < 2m and either 2m = n and || # 0 or 2m < n then by (4.18) and (4.13) we have for |§| < 1 that

\n—2m+lB|
(r]|> e [" B (DN (x + rj8) |

lx

L P n—2m+|B| 2m—2 Af(y)r"zdn
<C +ej+r; 1

lx;l P12l g g n=2met 1B

Inl<2 J
n—2m+|B|

_ rj ' Afj(m)dn
(i) o [ Fa w21

Inl<2
If 2m =n and |£| < 1 then by (4.19), (4.13), and (4.20) we have

;"2 C ;1" 51%,1
T N +1j8) < —+s,<+’—,A f log% lx; 127" £ (n) dn
J

log 14! bl [} rilE =l
log 7 log T log T niea
C 1 5
< W"’SJ“"W Allog— fj(n)dn 4.22)
log == log =L & —
Tj Tj Inl<2

Inequalities (4.15) and (4.16) now follow from (4.21), (4.22), and (4.17). O

Lemma 4.4. Suppose m > 2 and n > 2 are integers, m is odd, and 2m < n. Let ¥ : (0, 1) — (0, 1) be a continuous
Sfunction such that lim,_, o+ ¥ (r) = 0. Let {x;}52 =1C R”" be a sequence such that

0 <d4fxjpil <lxjl<1/2 (4.23)
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and

isj <oo whereej=y(|x;]). (4.24)
j=1
Let {rj}?":1 C R be a sequence satisfying
0<rj<l|xjl/5. (4.25)
Then there exist a positive function u € C*°(R" \ {0}) and a positive constant A = A(m, n) such that

€j

20 < —A"u < W in By (x;), (4.26)
J
o0
—A"u(x)=0 inR"\ <{0} U U B, (xj-)), 4.27)
Jj=1
and
Ag;j . .
=D .|2mfz],»_1—2m in By (xj) if2m <n,
wzq (4.28)
i Xj . .
llenf_z log # in By;(x;) if 2m =n.
Proof. Let ¢ :R" — [0, 1] be a C* function whose support is B;(0). Define ¢; :R" — [0, 1] by
@j(y)=¢(m) wherey=ux;+r;n.
Then
[osras= [owrian=r (4.29)
Rn Rn
where I = [, ¢(7)dn > 0. Let
f= jZ_;MJ(p] where M ; = |xj|2m_2r}" (4.30)

Since the functions ¢; have disjoint supports, f € C*°(R" \ {0}) and by (4.25), (4.29), (4.30), and (4.24) we have

/ P dy =) M, / Y20 () dy
Rn j=1

ly—xjl<r;

oo
2m—2 2m—2
P I T

j=1
o
=22m=2 Zsj < o0. 4.31)
j=1
Using the fact that
lx —xj| <rj <|xj|/5 implies B, (x;)C By (x), (4.32)

we have for 2m <n, x =x; +r;§, and |§] < 1 that

1 1
/ |x_ymf()’)dy > / mM/‘P/’()’)dy

ly—x]<lx]/2 ly—xjl<r;
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— 1 M./ ( )rnd
- rr}—Zm = n|n—2m(’0 mr;an
<1/

_ &j @) dn
.|2Zm— —
2m—2.,.n—2m |€ |n—2m
x| ri n

i<l

p(n)dn

J{Sj .
where J = min T
|§ —n|*—=m

= f—
|xj|2m=2pn—2m HIS!
J Inl<1

Similarly, using (4.32) we have for 2m =n, x =x; +r;&, and |§| < 1 that

(10g il )f(y)dy> / (10g il )Mjsoj(y)dy
lx — ¥l lx — ¥l

[y—x|<|x|/2 [y—xjl<r;

>/1 sl M ng
> Og”j|$_7l| ;w(n)rj n

nl<1

i / <log 2 + log Ll logs) (md
= - —— —logZ Jen)dn
|x; "2 & —nl rj 2
lnl<1
Iej i 1 5
o lo G2l log —.
2
Thus defining N by (4.7), where f is given by (4.30), it follows from (4.31) and Lemma 4.2 that there exists a positive
constant C independent of £ and j such that if we define u : R" \ {0} — R by

u(x)=N(x)+ Clx|~ "2

= — - —
] e BN £ 9 L

then u is a C™ positive solution of
—A"u=f inR"\ {0} (4.33)

and for some positive constant A = A(m, n), u satisfies (4.28).
Also, (4.33) and (4.30) imply that u satisfies (4.26) and (4.27). O

Remark 4.1. Suppose the hypotheses of Lemma 4.4 hold and u is as in Lemma 4.4.

Case 1. Suppose 2m < n. Then it follows from (4.26), (4.27), and (4.28) that u is a C* positive solution of
0< —A"u < |x|"w* inR*\ {0}, >0, TR,
provided
AT/ 2,,,|xj|f( AV (Ix;1) )A
|xj|2m72r;_1 - |xj|2m_2r;172m
which holds if and only if
rr.l—)»(n—Zm) @ |xj|()m—l)(2m—2)—t

J “AM w(|xj|))u—l (4.34)

Case 2. Suppose 2m = n. Then it follows from (4.26), (4.27), and (4.28) that u is a C* positive solution of
0<—A"u< f(u) inR"\ {0},
where f:[0, co) — [0, 00) is a nondecreasing continuous function, provided

LAGTI f(Allf(IXjI) log |xj|)‘

— ~ —
;|2 |x; "2 rj

(4.35)
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If f(u) = u*, A > 1, then (4.35) holds if and only if

: 1\ * | —2)(A—1)—
log M > (M> —Ile — Wwherea = (n X ) n.
rj ri ) AY(x) A

If f(u) = e“A, A > 0, then (4.35) holds if and only if
. . A . I\ A
tog FUD | o il ( AT m) .

|xj|2"_2 rj |xj|n—2 rj

Lemma 4.5. Suppose p > 1 and R € (0, 2) are constants and g :R" — R is defined by

g&)= / (log > )f(n)dn
& — 7l

[nl<R

where f € L'(Bg(0)) (resp. f € LP(Bg(0))). Then

lgllzrBro) < CIfNisroy  (resp- Igllesroy < CILfILrBro))-

where C = C(n, p, R) is a positive constant.

Proof. Define p’ by % + % = 1. Then by Holder’s inequality we have

Y
/!g<s>y”ds< / [ / (log > )mn)!””\f(n)\”" dn} dt

1§ —nl
[EI<R [EI<R Inl<R
| 5 p 4 1/p 4 1/p pd
<
/[(/(°g|s—n|> Fl ") (/'f(”)| ") ] :
El<R  [Inl<R nl<R
p/p’ 5 p
(o) [ (] ouig) s
[nl<R Inl<R |&|<R
P
<C(n,p,R>< / |f<n>|dn>.

[nl<R

The parenthetical part follows from Holder’s inequality. O
5. Proofs when the singularity is at the origin

In this section we prove Theorems 2.4-2.11 and Proposition 2.1 which deal with the case that the singularity is at
the origin. Theorem 2.4 will follow easily from the following more general result.

Theorem 5.1. Suppose u(x) is a C*" solution of

2m—1
0<—A"u <K Y x| (| D*ul + ge(0))™  in B2(0)\ {0} CR" (5.1)
k=0
such that
Ix|"2u(x) is bounded below in B>(0) \ {0}, (5.2)
where K > 0, Ay, and oy are constants, m > 2 and n > 2 are integers, m is odd, 2m < n, and fork =0,1,...,2m —1
we have
0y < — (5.3)

n—2m+k
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and gi: B2(0) \ {0} — [1, 00) is a continuous function. Let
ar=m—2+k)+b(n—2m+k)

where
p=maxfo. max SRR L
G) Iffork=0,1,...,2m — 1 we have
gr(x) = 0(|x|_““) asx — 0 (5.5)
then fori =0,1,...,2m — 1 we have
|Diu(x)| = 0(|x|_ai) as x — 0.
() Ifb>0andfork=0,1,...,2m — 1 we have
gr(x) = 0(|x|_“") asx — 0 (5.6)
and
A >0 (5.7)
then fori =0,1,...,2m — 1 we have

}Diu(x)| = 0(|x|_”") asx — 0.

Proof. It suffices to prove Theorem 5.1 when u is nonnegative. To see this choose M > 0 such that
v(x):=u(x)+M|x|"" P >0 for0<|x| <2,
which is possible by (5.2), and then apply Theorem 5.1 to v after noting that —A”v = —A"u and

O(|x|=%) ifb=0,
o(Jx|7%) ifb>0.

Suppose for contradiction that part (i) (resp. part (ii)) is false. Then there exist i € {0,1,2,...,2m — 1} and a
sequence {x 1}70=1 C R” such that

|Dk”(x) - Dkv(x)| = 0(|x|—(n—2+k)) _ {

0 <4lxjpil < |xjl <1/2,

and
|xj|“f’Diu(xj)’—>oo as j — 00 (5.8)
(resp. liminf |x;|% | Du(x;)| > o). (5.9)
J—00
Letr; = |x;|°*!/4. Then x; and r; satisfy (4.12). Let f; be as in Lemma 4.3. Since
rj |)Cj|b
— = — (5.10)
|1 4
it follows from (4.15) with || =i and & = 0 that
|xj |n—2+i+b(n—2m+i) ) —omtib Afj('?) d’l
e DUCHI Rt A / Tk
nl<2
Hence (5.8) (resp. (5.9)) implies
fimdn :
/mjln_maoo as j — oo (5.11)
Inl<2
. fi(mdn
(resp. I}ril)lc)réf / W >0). (5.12)

Inl<2
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On the other hand, (4.13), (5.1), and (4.15) imply for |§| < 1 that

2m—1

£ &) < x| 2<| |) K Y Pxj+r (| D ulej +ri6)| + gul +ri8) ™
X k=0
2m—1 |x |2m+n 2(‘ l)n| J| o

r n—2m+k f()’]) dn
<C _j) g4 / _ SN
]; (Jxj1m= 2+k(|;ﬁ)n 2m+ly i <<|x]| J & — pn—2mTk

nl<2

o\ n—2m+k Ak
+ | 1" 2*"<| |) gk(xj+rj$)> : (5.13)
]

where C is a constant independent of £ and j whose value may change from line to line. But (5.10) and (5.4) imply

|)C |2m+n 2(| )n|x | —a

= |x; |(2m+n—2)—kk(n—2+k)—ak ( rj
1

|xj | Qm+n—2)—A(n—2+4k)—ar+n—Ar(n—2m+k))b

)ﬂ—)»k (n—2m+k)
(Ixj = 2+k(m)n 2k

NN

19

.\ n—2m+k
i "™ 24k T < Jxj 24+k+b(n—2m~+k)
! Ile

= |x; %,
and
.\ n—2m+k
i b(n—2m-+k)
() <l
|1
Hence by (5.5) (resp. (5.6)) and (5.13) we have

2m—1

“(n) d Ak
fie)<C Z(H / f,(ni)an) for |&] < 1 (5.14)
Pt |E — n|r—2mt
- Inl<
2m—1 ) A
resp. fj(§) <C Z<8j+ / %) for |£] < 1. (5.15)
= |§ — pln—amt
Inl<2
Since
d
[ Tl < [ foan ol <r <
2R n|<2 Inl<2
we have by (5.14) (resp. (5.15)) and (4.14) that
2m—1 A
1 i(n)d k
f,-@)sckzo(m+ [ Gs) frei<r< (5.16)

Inl<2R
where C is independent of &, j, and R (resp.
2m—1 A
fitmdn ‘
fi®=<c Z (Rn e T / Eo x| Torll<R<1 5.17)
In|<2R

where ¢ is independent of £ and R and ¢; — 0 as j — o0).
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We can assume the 1 in (5.16) satisfy, instead of (5.3), the stronger condition

n
O<)Lk<n—2m+k (5.18)
because slightly increasing those Ak in (5.16) which are zero will increase the right side of (5.16). By (5.3) and (5.7)
the Ay in (5.17) already satisfy (5.18).
It follows from (5.16) (resp. (5.17)) and Riesz potential estimates (see [9, Lemma 7.12]) that if the functions f; are
bounded (resp. tend to zero) in L (B2 (0)) for some p > 1 and R € (0, 1] then the functions f; are bounded (resp.
tend to zero) in LY (Bg(0)), 0 < g < 00, provided

1 1 2m —k

- —< fork=0,1,...,2m—1,
P qrk n
which holds if and only if
1 1 . <(2m—k))»k Ak — 1)
———< min - .
p q 0<hk<2m—1 n p
However,
o Cm =k A —1 . {n—kk(n—2m+k) kk(2m—k)}
inf - = min )
p=1 n p n n

which, by (5.18), is bounded below by some positive constant independent of k. So starting with (4.14) and iterating
the above L? to L9 comment a finite number of times, we see that there exists Ry € (0, 1) such that the functions
fj are bounded (resp. tend to zero) in L*°(Bg,(0)) which together with (4.14) contradicts (5.11) (resp. (5.12)) and
thereby completes the proof of Theorem 5.1. O

Proof of Theorem 2.4. For some constant K > 0, u satisfies

0< A"u<K(u*+1) inBy(0)\ {0} CR". (5.19)

Thus u satisfies (5.1) with Ag =X, g =0, go(x) =L, and Ay =1, 0 = —(n — 2+ k), gk(x)=1fork=1,2,...,
2m — 1.
Let b and a; be as in Theorem 5.1. Then

An—2)— 2m+n-—2) >O)

b=0 (resp.b=
n—An—2m)

and so ag =n — 2 (resp. ap = a, where a is given by (2.6)). Hence (2.4) (resp. (2.5)) follows from part (i) (resp.
part (ii)) of Theorem 5.1. O

Proof of Theorem 2.5. Define v : (0, 1) — (0, 1) by

n—=i(n—=2m) b

¥ (r) =max{e(r)?,r T 2} (5.20)

where

AMn—2)—Q2m+n-2) n—A(n —2m)
= and p=———
n—Aim—2m) 4m

are positive by (2.7). Let {xj};?‘;l C R” be a sequence satisfying (4.23) and (4.24). Define r; > 0 by (4.34) with the
greater than sign replaced with an equal sign and with t = 0. Then by (5.20)

b:

Y |xj|l+b
rj = A n—in-2m)

P
w(|xj |) n—x(n—2m)
—2
< An—in-2m |x]'|1+b/2. (5.21)

Thus by taking a subsequence of j, r; will satisfy (4.25).
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Let u be as in Lemma 4.4. Then by Case 1 of Remark 4.1, u is a C® positive solution of (2.8) and by (4.28), (5.21),
(5.20), and (2.6) we have

A(n—2m) (=D n—=2m)
. n—x(n—2m) . n—i(n—2m)
w) > Ay (lx;]) A v (Ix;1)
J |xj|2m—2 |xj|(n—2m)(l+b)
2m
¥ (Jxj T
=C(m,n,\) I -2 2
(X' )1/2
> C(m,n, )\)M
x|

which implies (2.9). O

Proof of Theorem 2.6. Define v/ : (0, 1) — (0, 1) by ¢ (r) =r""!. Let {xj}?o=1 C R” be a sequence satisfying (4.23),

(4.24), and
1 |x;|—D@m=2)
e = AT x| AP D < (5.22)
A Y (lx DA
where A = A(m, n) is as in Lemma 4.4. Let {rj}j=1 C R be a sequence satisfying (4.25) and
Ay (|x;1) 2
> p(lx1)” (5.23)

_ —2i
ey P22
Since r; < 1 and n — A(n — 2m) < 0, we see that the left side of (4.34) is greater than or equal to one. Thus (5.22)
implies (4.34) with T = 0. Let u be as in Lemma 4.4. Then by (4.28) and (5.23)
u(x;)
@(lx;D
and by Case 1 of Remark 4.1, u is a C* positive solution of (2.8). O

> (lxjl) > 00 asj— o0

Theorem 2.7 will follow easily from the following more general result.

Theorem 5.2. Suppose u is a C*" solution of (5.1) satisfying (5.2) where K > 0, A, and oy are constants; m > 2,
and n > 2 are integers, m is odd, 2m =n;

M=20 and 0 <n/k fork=1,2,...,n—1; 5.24)
and gi : B2(0) \ {0} — [1, 00) is a continuous function. Let

AMn—24+k)—Q2n—2
b =max{0, by, by, ...,b,_1} wherebk:ak+ k(n +k) — @n ).

n—kig
(1) Suppose as x — 0 we have
[ o@x|7") ifb=0,
gO(.XI)— 0(|x|—(n—2) IOg é_l) lfb>0 (525)
andfork=1,2,...,n — 1 we have
_ [ 0Gx==2%) ifb=0, 526
Y= o020 a0ty ifb >0, (5:20)
where
bo
a() =min{%, P e } (527)
(log 5



(i1)

Proof. As in the proof of Theorem 5.1, it suffices to prove Theorem 5.2 when u is nonnegative.
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Then as x — 0 we have

_fodxm") ifb=0,
“O=1 00D log 2y ifb >0

andfori=1,2,...,n — 1 we have
- O (x|~ -2+D) ifb=0,
D' = . .
D] { O(x|~"2Da(x)) ifb > 0.

Suppose b > 0,
rM>0 fork=0,1,...,n—1,

and as x — 0 we have

5
go(x) = o(|x|—‘"‘2) log —)

x|
and
g =o(Ix[7"FPa) ™) fork=1,2,....n—1,
where a(x) is defined by (5.27). Then as x — 0 we have

5
u(x) = 0<|x |~(=2) log —)

x|

and

|D'u(x)| = o(lx|"" " ax)™) fori=1,2,....n—1.

For b > 0 and 0 < |x| < 2 we define

1 .
11z ]fb:O,
a (%) {a(x) ifh>0

where a(x) is given by (5.27). Then

log 1
=log4 and Ilim @)

= =b whenbd > 0.
ap(x) x>0 log ;7

log

Thus (5.28), (5.29), (5.33), and (5.34) are equivalent to

1
u(x) = 0<|x|—<"‘2> log —)

ap(x)
|D'u)| = 0(lx|” " ay(x)™),
u(x) =0<|x|_(”_2) logL)

ap(x)
|Diu(x)| = 0(|x|_("_2+i)ab(x)_i)

and similarly for (5.25), (5.26), (5.31), and (5.32).
Suppose for contradiction that part (i) (resp. part (ii)) of Theorem 5.2 is false. Then there exists ig € {0, 1, ...,
n — 1} such that the estimates (5.36), (5.37) (resp. (5.38), (5.39)) for D'u do not hold when i = iy. Thus there is a
sequence {x;}72, C R" satisfying

0<4xjr1l <|xjl<1/2 and ap(x;) <

=

such that

1087

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
(5.37)
(5.38)

(5.39)

(5.40)
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n—2
1iminfLu(x,)—oo (resp. > 0) ifip=0, (5.41)
I 08 Gt
liminf |x; "~ 0a(x;)°| Du(x;)| = 0o (resp. >0) ifige{l,2,...,n—1}. (5.42)
j—o0
Let
rj=|xjlap(x;). (5.43)

Then by (5.40), the sequences x; and r; satisfy (4.12). Let f; be as in Lemma 4.3.
Using (5.43), (5.41), and (5.42), it follows from (4.16) and (4.15) with & =0 and | 8| = iy that

5

liminf/ <log—>fj(n)dn_oo (resp. >0) ifip=0 5.44)
j—o00

Inl<2

and

lim inf / LM g — oo (resp. = 0) ifige (1.2, ...n—1). (5.45)
j—00 [l

Inl<2

On the other hand, (4.13), (5.1), (4.16), and (4.15) imply for || < 1 that

n—1

fi@® < lxj P 2<|’j‘|) CY i1 7 (| D utx; + )| + iy +1i6))™

k=0

1 1 5 Ao
< CV?(),/(]#/_| +ej+ T / (log H)fj(f/)dﬂvLGoj(E))
Og?) log =+

Tj In|<2

g fi(m M
+CZBk](<ﬁ) +s,~+f |%_]_n|kd77+ij(§)>

nl<2

where C is a constant independent of £ and j whose value may change from line to line,

By; =

m—2 , 1 \ho/
b 22y “O_(ab(x,moga,,(xj))0">ngcy

(lxj‘lx,l ))LO |xj|b0
ogT
By = 'xf|2”72('r—/)n|leiak = (a”(xj)ykkk <1
LD R o
| In -2 | |n 2
Goj(€) = go(x) + 1) = gy 1) <
g ap(x;j)

Tj

Gj(§) = (ﬁ) I "2 g (e riE) = ap(e ) " R g (x4 r8) <
J

where we have used (5.35) and (5.27). Therefore for |£] < 1 we have

ro n—1 X d Ak
fj<s)<c[<1+ / (log = )f,(n)dn) +Z<1+ %) } (5.46)
k=1 | 2

[nl<2 nl<

5 o n—l (n)ydn \ M
(resp. fj(§)<C[<ej+ / (log = l)fj(n)dn) +Z(8]~+ %) i|> (5.47)
k=1

Inl<2 - nl<2

where ¢ is independent of &, and ¢; — 0 as j — oo.
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We can assume the A, in (5.46) satisfy, instead of (5.24), the stronger condition
M>0 and O<Air<n/k fork=1,2,....,n—1 (5.48)

because slightly increasing those Ay in (5.46) which are zero will increase the right side of (5.46). By (5.24) and (5.30)
the A in (5.47) already satisfy (5.48).

Using an argument very similar to the one used at the end of the proof of Theorem 5.1 to show that (5.14) (resp.
(5.15)) leads to a contradiction of (5.11) (resp. (5.12)), one can show that (5.46) (resp. (5.47)) leads to a contradiction
of (5.44) (resp. (5.45))—the only significant difference being that where we used Riesz potential estimates in the proof
of Theorem 5.1, we must now use Riesz potential estimates and Lemma 4.5. O

Proof of Theorem 2.7. For some constant K > 0, u satisfies (5.19). Thus u satisfies (5.1) with Ax, ok, and gg(x) as
in the proof of Theorem 2.4. Let b be as in Theorem 5.2. Then

An—2)— (2n —2) >0)

b=0 (resp. b=
n

Hence (2.10) (resp. (2.11)) follows from part (i) (resp. part (ii)) of Theorem 5.2. O

Proof of Theorem 2.8. It follows from (2.12) that
mn=2)(A—1)—n
a:=

> 0.
A
Define ¥ : (0, 1) — (0, 1) and p: (0, 1) — (0, 0o0) by
¥ (r) = max{/o(r), P } (5.49)
and
n r¢
pr) = — (5.50)
MyoT
where A = A(m, n) is as in Lemma 4.4. By (5.49)
n
< a2, 5.51
p(r) Vi (5.51)
Thus there exists a sequence {x j}?il C R” satisfying (4.23), (4.24), and
e lspi= p(lxj]) >0 asj— oo (5.52)
such that if we define the sequence {r; };?‘;1 by
1 1
— = —log— (5.53)
rj Pj Pj
then r; satisfies (4.25). By (5.53), (5.52), and (5.50) we have
1
1 M_ -1 g(—log—
Ty n Pj j
A 1
> —log — (5.54)
n Pj
k(I
- np] rj
1 |a A
Ll <M> _ (5.55)
Ay(xh T \Ti
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Let u be as in Lemma 4.4. Then by (5.55) and Case 2 of Remark 4.1, u is a C* positive solution of (2.8) and by
Lemma 4.4 we have

A . .
u(x;) > IP(IXJZI) log |x;1
' x|~ rj
and by (5.54) and (5.51),

Xj 1 A LA
log Ml 5 A pog L2 2 10g<—|xj|_“/2)
rj n Pj n n

Thus by (5.49) we have
u(x;) ra

>A—
j—)OO /(p(|x/ Vx|~ (n— 2)10g 2n

from which we obtain (2.13). O

By scaling # in Theorem 2.9, the following theorem implies Theorem 2.9.

Theorem 5.3. Let u(x) be a C*" nonnegative solution of
0< —A"u < e 8" in By(0)\ {0} C R" (5.56)

where n > 2 and m > 2 are integers, m is odd, 2m =n, 0 < X < 1, and g: B>(0) \ {0} — [0, 00) is a continuous
function such that

—(n=2
glx) = 0(|x| =2, ) as x — 0. (5.57)
Then
—(n—2)
u(x)=0(|x| =2 ) as x — 0. (5.58)

Proof. Suppose for contradiction that (5.58) does not hold. Then there exists a sequence {x j} ~; C R" such that
0<4|xjril<lxjl<1/2
and
larggréf|xj|%u(xj) > 0. (5.59)
Define r; > 0 by

1 —(n=2)x
log — = |x;| =% . (5.60)
Tj

Then

|X | 1 1 —(n—=2)\ (n—=2)\ 1
log —— log——log—_|xj| =2, |xj| = log —
rj rj x| x|

—(n—=2)A
=|x;| =% (1+o0(1)) asj— oo. (5.61)
So, by taking a subsequence of j if necessary, we can assume rj <|xjl/4.

Let f; be as in Lemma 4.3. Multiplying (4.16) by |x]| =t log = L ’l

5 )f,/(ﬂ) d
& —nl) |x;|"~2

and using (5.61) we get for |£| < 1 that

n— (n—=2)
Pﬁltiu(xj-l-rjf)<8j-i-|)€j|ﬁ / A(log (5.62)

Inl<2
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where the constant A depends only on m and n, the constants &; are independent of &, and £; — 0 as j — oo.
Substituting £ = 0 in (5.62) and using (5.59) and (4.14) we get

liminf|x;| = / <log )f’(")2 dn > 0. (5.63)
Jj—00 nl /) 1x;|"

Inl<l
By (4.13), (5.56), (5.62), and (5.57) we have

fi (&) < M E M

< ST 1 5.64
F=rAL i for ] < (5.64)
where
5 fim
i (E) = / A<lo > d
i z SlE—ul) Ixj1n2

and the positive constants M ; satisfy
Mj|xj|%—>0 and M;— o0 asj— oo. (5.65)
Let 2; ={& € B1(0): u;(§) > M;}. Then for § € £2; it follows from (5.64) that

2
fj (E) < e4u./(%~)k

a0 X
("2

5 f;(n) ) i|
< b 5.66
<exp[</ ( |§—n|>f32f] L (60

Inl<2
where
b,-=41/*A|x,-|—<"—2>max{ffj,|x,-|%}.
By
By (4.14),
bilx;I""*—0 and b;—> oo asj— oc. (5.67)

Hence by (5.66), Jensen’s inequality, and the fact that exp(#*) is concave up for ¢ large we have for & € 2 ; that

f£i®)? </ (m(l 5 )A)mn)d
Q22 = ) SR e =) ) g

Inl<

and consequently

fi€)? ( (bx.(l 5 ) )d )f,(n)
/(|x,|" 22 ‘K/ /e"p g =) )% )T, 7,

<2 1&l<1

5 )\.
< max ex b’x»(lo ) )d
nl<2 f p( I8 = :

[&1<1

- o))

|€l<1
=L+ (5.68)
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where
A A
L= exp(b’\ <log E) >d§ and = / exp(b’\ <log E) )dé.
El<1 5 U
log 2> (bh2) T-%
log‘§—|<(bﬁx)ﬁ og iy > (b5 1)
Clearly
11 A L A o L)L
<exp((b; b —*)7) =exp((bir)T-+) < exp b

and using Jensen’s inequality and the fact that e bjlogn?

can show that

1
is concave down as a function of ¢ for log? > (bjfk) T-X one

L
-

I <exp(Ch; ™)
where C depends only on n. Therefore by (5.68) and (5.60),

. 2 —(n— A
/(l){]f_)z) dg < exp(=2nlx;| 5" ) exp(Ch]7)
J

J

A —(n—-2)A
=exp(Ch;™" —2n|x;| 715 ) >0 as j— o0

by (5.67). Thus by Holder’s inequality
lim (log —) fitm) dn=0.

Jj—00 Inl J x| =2

J

Hence defining g; : B1(0) — [0, c0) by

| fi&) for&e B\ 2,
R

it follows from (5.63) and (5.65) that

1 5 .
e / <0gﬁ>gj(n)dn—>oo as j — oo. (5.69)
nl<1

By (4.14), we have

/ gimdn—0 asj— oo (5.70)
Inl<1
and by (5.64) we have

g; & <M in B (0). (5.71)

For fixed j, think of g;(n) as the density of a distribution of mass in B; satisfying (5.69), (5.70), and (5.71). By
moving small pieces of this mass nearer to the origin in such a way that the new density (which we again denote by
g (n)) does not violate (5.71), we will not change the total mass fBl gj(n)dn but fBl (log5/InDg;(n) dn will increase.
Thus for some p; € (0, 1) the functions

A
M for ) < pj,

8= 0 forp; <|nl <1

satisfy (5.69), (5.70), and (5.71), which, as elementary and explicit calculations show, is impossible because M; — oo
as j — oo. This contradiction proves Theorem 5.3. O
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Proof of Theorem 2.10. Define ¥ : (0, 1) — (0, 1) by

v(r) =max{p(r) =, r'T ).

n=2

1093

Since ¥ (r) > r 2 there exists a sequence {x j} ?; C R" satisfying (4.23) and (4.24) such that if we define the

sequence {rj}°° 1 € (0, 00) by

1/ [ (Awuxjn) ]*
log ~L = ,
0g r |x/|” 2

where A = A(m, n) is as in Lemma 4.4, then r; will satisfy (4.25) and

<logM

log ——
|Xj |2n—2 r

Thus

tog U5 ntog B 2 1og
- <

|Xj\”_2 |)C'|”_2

(log 1)1

B _(AW(‘XJD))L

lxj =2

(5.72)

(5.73)

Let u be as in Lemma 4.4. Then by (5.73) and Case 2 of Remark 4.1, u is a C* positive solution of (2.16) and by

Lemma 4.4 and (5.72) we have

L
u(x;) > Ay (lx; 1) [%(Aw(lle)) } -

12 12

B <Aw<|x,-|>>ﬁ i
- 2n n=2

x| =+

A = _n=2
Z\3, @(Ixj1) ;171

which implies (2.17). O

Proof of Theorem 2.11. Define ¢ :(0,1) — (0,1) by v(r) =r o . Choose a sequence {x ]}
(4.23), (4.24), and
Ay (Ix;D)

|n2 >n+1

|xj
where A = A(m, n) is as in Lemma 4.4. Choose a sequence {r]}"o | C R satisfying (4.25),

I 1 1 x|
0g—H7 5 < Og—
|xj|2” 2 rj

and

x| 2
(n+ l)logr—J_ > o(lxj1)”.
j

Then, since ¥ (|x;|) < 1, it follows from (5.75) and (5.74) that

' I\ A
log l/f,(||;zj—|)2+nlog|r—| (+1)1g| | <( +1)log |r/|> \(Al/f(|xj|)logm>‘

|x]

J Ty J x| =2 Tj

| C R" satisfying

(5.74)

(5.75)

(5.76)

(5.77)
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Let u be as in Lemma 4.4. Then by (5.77) and Case 2 of Remark 4.1, u is a C® positive solution of (2.16) and by
Lemma 4.4, (5.74) and (5.76) we have

u(xj) = p(x))?
which implies (2.18). O

We now prove Proposition 2.1. It follows immediately from the following more general proposition, which is easier
to prove than Proposition 2.1.

Proposition 5.1. Suppose u is a C*™ radial solution of

A"u <A in B1(0)\ {0} CR", (5.78)
where m > 1 and n > 2 are integers, I is given by (1.3), and A is a positive constant. Then
u<Cr inB;(0)\{0} (5.79)

for some positive constant C.

Proof. We use induction. Suppose m = 1. Let g = Au. Then for 0 < r < 1 we have

1 1 1
u(r):u(l)—u’(l)/pl—”dp+/s1—”/g(p)p"—ldpds. (5.80)

Since g < AI" we have

1 1
/g(p)p"‘1 dp < A/I’(p)p”‘l dp < oc.
s 0
Hence (5.79) follows from (5.80).
Suppose inductively that the proposition is true for m — 1 where m > 2 and u is a C*™ radial solution of (5.78).

Then by the m =1 case, A"y < AT in B1(0) \ {0} for some positive constant A. Thus (5.79) follows from the
inductive assumption. O

6. Proofs when the singularity is at infinity

In this section we prove Theorems 3.2-3.5, which deal with the case that the singularity is at infinity.
Since the proofs of Theorems 3.2 and 3.3 are similar, we prove them together.
Proof of Theorem 3.2 (resp. 3.3). For some constant K > 0, v(y) satisfies
0<—A"v <K@+ D* inR"\ B)(0).
Let u(x) be defined by (1.5). Then, by (1.6), u(x) is a nonnegative solution of
0< —A"u < K[x|™(u+go(x))"  in B2(0)\ {0},
where 0o =2m +n — (n — 2m) X and
go(x) = x|~ =o(|x|7"?) asx — 0.

Thus u satisfies (5.1) and (5.2) withAg=Aand Ay =1, a0p = —(n —2+k), gk(x) =1 fork=1,2,...,2m — 1. Using
these values of A, and oy in b, as defined in Theorem 5.1 (resp. 5.2), we get
A2m —2)+2
b=——— >
n—i(n—2m)
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It therefore follows from part (ii) of Theorem 5.1 (resp. 5.2), that as x — 0 we have

v =) (resput) =o( e 10g )

x|

where ap = (n — 2m)b + n — 2. This estimate for u(x) is equivalent, via (1.5), to (3.2) (resp. (3.3)). O
By scaling and translating v in Theorem 3.4, we see that the following theorem implies Theorem 3.4.

Theorem 6.1. Let v(y) be a C*™ nonnegative solution of
0< —A™y<e” T inR"\ B 5(0) 6.1)
where m > 2 and n > 2 are integers, m is odd, 2m =n, 0 < A < 1, and g:R" \ By,2(0) — [1, 00) is a continuous
function satisfying
n—2
g =o(IyI"=*) as|y| — oo. (6.2)
Then

v(y) =o(ly[T5)  as [y| - oc. 6.3)

Proof. Let u(x) be defined by (1.5). Then by (6.1) and (1.6) we have

2z
0< —|x|?"AMu(x) < exp(u(x))‘ +g<|%) )
x

and thus by (6.2),

n—=2)

0< —A"u(x) < exp(u(x))‘ +0<<%>> ) in B2(0) \ {0}.

Hence Theorem 5.3 implies

u(x) = 0(|x|_%) asx — 0
and so (6.3) holds. O
Proof of Theorem 3.5. By using the m-Kelvin transform (1.5), we see that to prove Theorem 3.5 it suffices to prove
that there exists a C* positive solution u(x) of

0< —A"u < |x|"u* inR"\ {0}, (6.4)
where

T=An—2m)—n—2m

such that
u(x) # O (p(lx|™")|x|7@=2m)  asx — 0. (6.5)
Define ¥ : (0, 1) — (0, 1) by
() =max{p(r—!)”, ") (6.6)
where
Am—1)+1 n—A(n—2m)
=—— and pi=———.
n—A(m—2m) 2n

By (3.4), b and p are positive. Also

A2m—2)—2m+2—1
142b= and a=2m—2+ (n —2m)2b. 6.7)
n—Ai(n—2m)
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Let {xj}‘/?il C R" be a sequence satisfying (4.23) and (4.24). Define r; > 0 by

n(n—2m) 2|r| |xj|)\(2m—2)—2m+2—r
T — Ar x
A V(lx;l)
where A = A(m, n) is as in Lemma 4.4. Then r; satisfies (4.34) and by (6.6) and (6.7),

|)Cj|1+2b

ri=C(m,n,2) -
w(|xj |) n—a(n—2m)
< C(m,n,2)|x;|"FP. (6.8)

Thus by taking a subsequence of j, r; will satisfy (4.25). Let u be as in Lemma 4.4. Then by Case 1 of Remark 4.1,
u is a C* positive solution of (6.4) and by (4.28), (6.6), (6.7), and (6.8) we have

_An=2m)
C(ma n, )\')W(LXJ |) I//(|xj |)n*)»(n72m)
|xj|2m=2 x| (2D (2=2m)

u(xj) =
_ C(m,n,k)w(lxﬂ)m
= Jxj [0 2m D n-2m

o(|x; |12
|xj|a+n—2m

> C(m,n,\)
which implies (6.5). O
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