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Abstract

We study the large time asymptotic speeds (turbulent flame speeds s7) of the simplified Hamilton—Jacobi (HJ) models arising
in turbulent combustion. One HJ model is G-equation describing the front motion law in the form of local normal velocity equal
to a constant (laminar speed) plus the normal projection of fluid velocity. In level set formulation, G-equations are HJ equations
with convex (L! type) but non-coercive Hamiltonians. The other is the quadratically nonlinear (L2 type) inviscid HJ model of
Majda—Souganidis derived from the Kolmogorov—Petrovsky—Piskunov reactive fronts. Motivated by a question posed by Embid,
Majda and Souganidis (1995) [10], we compare the turbulent flame speeds s7’s from these inviscid HJ models in two-dimensional
cellular flows or a periodic array of steady vortices via sharp asymptotic estimates in the regime of large amplitude. The estimates
are obtained by analyzing the action minimizing trajectories in the Lagrangian representation of solutions (Lax formula and its
extension) in combination with delicate gradient bound of viscosity solutions to the associated cell problem of homogenization.
Though the inviscid turbulent flame speeds share the same leading order asymptotics, their difference due to nonlinearities is
identified as a subtle double logarithm in the large flow amplitude from the sharp growth laws. The turbulent flame speeds differ
much more significantly in the corresponding viscous HJ models.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Turbulent combustion is a complex nonlinear and multiscale dynamic phenomenon [25,29,24,23,13,14,21,26]. The
first principle approach requires a system of reaction—diffusion—advection equations coupled with the Navier—Stokes
equations. Progress in theoretical understanding and efficient modeling of the turbulent flame propagation however
often relies on simplified models such as the advective Hamilton—Jacobi equations (HJ) and passive scalar reaction—
diffusion—advection equations (RDA), as documented in books [25,21,27] and research papers [1,2,7,8,10,14,16,20,
22-24.26,29].
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Fig. 1. Left: G-equation model. Right: Majda—Souganidis model.

e G-equation model: A popular phenomenological approach in turbulent combustion is the level set formulation [20]
of flame front motion laws with the front width ignored [21]. The motion law is in the hands of a modeler based on
theory and experiments. The simplest motion law is that the normal velocity of the front (V,,) is equal to a constant s;
(the laminar speed) plus the projection of fluid velocity V (x,t) along the normal 7. See Fig. | (left picture). The
laminar speed is the flame speed due to chemistry (reaction—diffusion) when fluid is at rest. As the fluid becomes
active, the flame front will be wrinkled by the fluid velocity. However it is observed under suitable conditions that the
front location eventually moves to leading order at a well-defined steady speed st in each specified direction, which
is the so-called “turbulent burning velocity”. The study of the existence and properties of the turbulent flame speed st
is a fundamental problem in turbulent combustion theory and experiments [25,22,21]. Let the flame front be the zero
level set of a function G (x, t), then the normal direction is DG /| D G|, the normal velocity is —G;/| DG|. The motion
law becomes the so-called G-equation in turbulent combustion [25,21]:

G+ V(x,t)- DG +s5|DG|=0. (1.1)

Chemical kinetics and diffusion rates are all included in the laminar speed s; which is provided by a modeler. Formally
under the G-equation model, for a specified unit direction p,

G(x,t)

51 ==, im0

Here G (x,t) is the solution of Eq. (1.1) with initial data G(x,0) = p - x. The existence of sy has been rigorously
established in [28] and [4] independently for incompressible periodic flows (the assumptions in [4] are more general),
and [15] for two-dimensional incompressible random flows. Very recently, Cardaliaguet and Souganidis [5] proved
the homogenization of the G-equation for stationary ergodic flows in any dimension. For simplicity, we assume that
V = V(x) is spatially periodic and has no time dependence. Then st = s7(p) is equal to the effective Hamiltonian of
the following cell problem

silp+ DG+ V(x)-(p+ DG) =sr(p). (1.2)

Here s (p) is the unique number such that the above equation admits periodic approximate solutions. Change V to AV
for some positive constant A (turbulence intensity). A very important problem in turbulent combustion is to study the
dependence of the turbulent flame speed on A (i.e., st = s7(A)). Interestingly, for the cellular flow (a prototypical
flow in dynamo and convection-enhanced diffusion problems [6,9]):

V(x)=V(x1,x2) =(—Hy,, Hy), H =sinx;sinxy, (1.3)
itis known [1,17,19] that s7 = O(A/log A) in the limit of large A, which also shows the weak bending phenomenon.

e RDA model: The passive scalar reaction—diffusion—advection (RDA) model is:
1
us +Vx) -Du=xAu+ —f(u), xeR", (1.4)
Tr

where u represents the reactant temperature or concentration, D is the spatial gradient operator, V (x) is a prescribed
fluid velocity, f is a nonlinear reaction function; « is the molecular diffusion constant, 7, > 0 is reaction time scale.
In this paper, we will choose the Kolmogorov—Petrovsky—Piskunov-Fisher (KPP-Fisher) type reaction function f.
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A typical example is f(u) = Cu(1 — u) for some C > 0. Under this model, the turbulent flame speed c7.(p) along
a given direction p is defined to be the large time spreading rate of solution from compactly supported non-negative
initial data [16]. In case of periodic flow, it also agrees with the minimal traveling wave speed [3,27]. It is known even
for more general time dependent (stationary and ergodic) flows [26,3,16,27] that ¢}.(p) obeys a variational principle in
terms of the large time growth rate of a viscous quadratically nonlinear Hamilton—Jacobi equation (QHJ). In spatially
periodic flows,

7' f/(0) + H*(p))
A

where H* is the effective Hamiltonian of the following cell problem

) (1.5)

0=

—kAW +V(x)-(p+DW)+|p+DWP*=H*(p).

e Majda—Souganidis model: Turbulent combustion always involves small scales. Following the model proposed
by Majda and Souganidis [13], we write V = V(e%) for some « € (0, 1]. In [13], the authors actually considered
more general case, i.e., V is in a scale-separation form V = V (x, t, 6%, e%). The flame thickness is in general much
smaller than the turbulence scale. As in [13], we set k = de and 7, = €. See Fig. | (right picture). Suppose that T =
T (x, t) is the solution of (1.4) with compactly supported initial data T (x, 0). The limiting behavior of T = T€ is [13]:
lim¢_,0 7€ = 0 locally uniformly in {(x,¢): Z < 0} and T¢ — 1 locally uniformly in the interior of {(x,?): Z =0},
where Z € C(R" x [0, 400)) is the unique viscosity solution of the variational inequality

max(Z, — H(DxZ) — £'(0), Z) =0, (x,1) x R" x (0, +-00),

with initial data Z(x,0) = 0 in the support of T (x,0), and Z(x,0) = —oo otherwise. The effective Hamiltonian
H=H(p)is dgﬁned as a solution of the following cell problem: for each p € R”, there are a unique number H (p)
and a function F(x) € C%1(T") such that

a(@)dAF +d|p+DF>—=V(x) - (p+ DF)=H(p), (1.6)

a(@)=1ifa=1and a(a) =0 if a € (0, 1). The set I; = d{x € R": Z(x,t) < 0} can be viewed as a front which
moves with normal velocity which is the turbulent flame speed predicted by Majda—Souganidis model:

v = cr(n).

In order to be consistent with the G-equation, we choose # to be the unit normal vector pointing to the propagation

direction, i.e., n = —%. Then
. f1 )+ H(p))
= inf ————= 1.7
cr(p) Jnf : ; (.7
with
H(p)=H(-p).

Note when o = 1 (viscous case), H is the same as H* in (1.5) and cr(p) = c;(p). If « € (0, 1), H is the effective
Hamiltonian of the following inviscid QHJ (F-equation):

dlp+DFP*+V(x)-(p+ DF)=H(p). (1.8)

In this paper, we show the difference between the inviscid s7 and cr in cellular flows (1.3) through their sharp
asymptotics at large A. Therefore we set s; =2.,/df’(0). In the paper [10] by Embid, Majda and Souganidis, the com-
parison of sy and cr for periodic shear flows on non-zero mean showed c¢r > st under certain conditions of the mean
flow. At the end of [10], the authors raised the following question: “It is very interesting to develop further compar-
isons of enhanced flame speeds between the complete nonlinear averaging theory summarized in Section 2 and the
averaged G-equation from Section 3 for more realistic periodic flow fields such as arrays of vortices”. The following
is our main result which provides an answer to this question at least for two-dimensional cellular flow. For clarity of
presentation, we assume s; =d = 1 and f'(0) = i as in [10].
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Theorem 1.1. For the V given by (1.3), scale V (x) to AV (x). Consider the inviscid G-equation front speed st (1.2)
and the inviscid KPP front speed ct (1.7)—(1.8) in cellular flows (1.3). Let p = (p1, p2) be a unit vector. There exist
positive constants 0 < Cy; < Co independent of A and p such that for A > 4,

A A
7(|p1l+p2l) <sr(p.A) < 7(p1l+ Ipzl). (19)
2logA + C; 2log A+ Cy
Also, there exist positive constants C3, C4 and Ag > 4 independent of A and p such that when A > Ay
A A
w(Ip1l+Ip2D) <er(p. A< 7(|p1l + Ip2l) _ (1.10)
2log A —loglog A + C3 2log(A) —2loglog A — C4

Note that (1.9) and (1.10) imply that

log(A)sr(p,A) _ . log(A)er(p, A) _ 7

li li — ,
A 1 P " 2 (Ip1l+ 1p2l)
and
Aloglog A
cr(p,A) —st(p,A)=0| ——>— ), asA— +oo.
logc A

For general n-dimensional incompressible flow, we have the following relatively rough comparison.

Theorem 1.2. Assume that V (x) : T" — R" is periodic and incompressible. Suppose that st(p, A) = 0(@). Then

A)=0 A
cr(p. 4)= (@)'

The proof of Theorem 1.1 is much more delicate and the symmetric structure of the stream function H =
sinx sinxp around hyperbolic critical points will play essential role. We would like to mention that for the 2d cellular

flow, the turbulent flame speed predicted by the RDA model (1.5) obeys the growth law of O (A ﬁl’t) [18].

Remark 1.1 (Difference between cellular flow and shear flow). According to inf-max formulas,

st(p,A)= inf max{|p+ Dp|+AV(x)- (p+ D¢)} (1.11)
peCl(Tn) T
and
H(p,A)= inf max{|p+ D¢|*+AV(x)- (p+ D¢)}. (1.12)
peCl(Tr) T

Here T" is the n-dimensional flat Torus. For the specific shear flow V (xi, x2) = (v(x2),0) and p = (1, 0). It is easy
to see that s7(p, A) =1+ Amaxpi vand H(Ap, A) = A2+ Ax maxr1 v. Then

cr(p, A) =14 Amaxv=s7(p, A).
T
Note cr will never exceed s no matter how large A is. This is different from the cellular flow case.

The paper is organized as follows. In Section 2, we provide some straightforward comparison results based on inf-
max formulas. In particular, we show that s7 < cr and limg_, 4o XWT =limg_ 400 CTT. In Section 3, we give the proof
of Theorem 1.1 by estimating the travel time of the controlled characteristics in the Lagrangian representation of the
G-equation, and the Lax formula [12] of the quadratically nonlinear F-equation (1.8). In order to establish the upper
bound of c¢7 (p, A), we prove an almost sharp estimate of supg2 | D F'| based on the (Eulerian) corrector equation (1.8)
with V replaced by AV through very delicate analysis. In Section 4, we prove Theorem 1.2. Concluding remarks are
in Section 5.
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Assumption and Notations.

(1) Throughout this section, A >4 and |p| = 1. Also, C, C , C , C1 and C; represent positive constants independent
of A and p. Moreover, we set d =s; =1 and f(0) = %. For convenience, we also use notations like O (@ (A))
which means C®(A). Here @ (A) is a function of A.

(2) To simplify notations, we omit the dependence on p and write

S_T(p’ A) =04,
H(p, A) = Ba,
cr(p, A) = ya.

(3) T" is n-dimensional flat Torus. f € C*(T") means that f € CK(R") and is periodic. Sometimes we also iden-
tify T with the cube [—1, 1]".

2. Some simple comparisons based on inf-max formulas

The following says that the G-equation model always predicts slower turbulent flame speeds than the Majda—
Souganidis model.

Lemma 2.1.

1
aa(p) <ya(p) < Balp) + T

Proof. The right inequality is obvious by choosing A = 1 in (1.7). Let us prove the left inequality. Since 1> > — 1,
according to the inf-max formulas (1.11)—(1.12),

1
Ba(p) = aa(p) — 7

Combining with the degree 1 homogeneity of a4 (p) with respect to the p variable, the above lemma holds. O
The following theorem says that ¢4 /A, B4/A and y4/A have the same asymptotic limit.

Theorem 2.1. Given p € R". Denote
cp,= inf maxiV(x)-(p+ Do);.
P et { p ?)}
Then

im 24— fim PA_ ym 7A-

Cp.
A—+oc0 A A—+4oo A A—+4oc0 A P

In particular, G-equation and Majda—Souganidis models predict the bending effect simultaneously.

Proof. The proof is simple. Owing to the inf-max formula (1.11),

oA

2 2 Cr
Now fix € > 0 and choose ¢, € C'(T") such that

WV

H%F%X{V(x) “(p+Dgo)} <e+cp.

Then

oA 1
X < erjIT%x|D¢€|+CP +6.
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Fig. 2. An illustration of a controlled trajectory & traveling between two vortices of the cellular flow in the proof of Lemma 3.1.

Hence

. oA
lim — =c,.
A—>+o00 A

The proof for 84 is similar. The proof for y4 follows immediately from Lemma 2.1. O
3. Proof of Theorem 1.1

Throughout this section, we assume that V (x) = V (x1, x2) = (—Hy,, Hy,) for H = sinx; sinx,. Moreover, in the
section, a function f is periodic if f(x 4+ 2wk) = f(x) for any k € Z?. The cellular flow is written in the scaled
form A(x). The solution of Eq. (1.1) with initial data u((x) is given by a control representation formula:

G(x,t)= inf H)t,
(x,1) sgivx{uo(é( N}
where W is the collection of all £ € W12°([0, £]; R") such that &(0) = x and:

£+ AV(E@)=y(1), Vy(r) € L([0,7]), |yI<1,

where the function y is the dynamic control. The formula (3.13) is an extension of the well-known Lax formula
[12,11,27] for strictly convex Lagrangian (L9, ¢ > 1) to the L* type Lagrangian due to L! type Hamiltonian in the
G-equation [16,28,4,15]. We are going to use this formula to bound o« 4. Due to the symmetry of the stream function
and the inf-max formula (1.11),

1
@a(p) =aa(=p) = lim = sup {p-£m} (3.13)

Note that the limit is independent of the choice of x (i.e., the initial position £(0)). Moreover, the symmetry is just
used for convenience and is not essentially necessary. We shall first estimate the travel time of a controlled trajectory &
passing through the two vortices in cellular flow as shown in Fig. 2. The control y(t) makes possible the passage of
the &-trajectory around the saddle points (;r, 0) and (7, ).

Lemma 3.1. Given A > 4, there exist a positive constant T' and a Lipschitz continuous curve & : [0, +00) — R2 such
that

0
e +AV(ED)| <1 aes

(i) 7' < 22 and for k e NU {0}

E(kT') = <%,0> +k<%, %)

Here C > 0 is a constant which is independent of A.
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Proof. Throughout the proof, C represents a positive constant independent of A. Due to symmetry, it suffices to
construct a path £ : [0, '] — R? such that £(0) = (%, 0), £&(T") = («, 7) (see Fig. 2), and
1
< ogA+C .
A
In order to save notations, x1(¢) and x,(¢) in the following different steps represent different curves.

T/

Step 1. Let 51 : [0, 00) — R satisfy n(0) = % and 1(t) = Asinn + 1. Suppose that n(¢;) = 27” Clearly

2
3

/ dx C
h=| —/———<—.
Asinx + 1 A

ps

|

Step 2. For r > t1, let o : [t1, 00) — R satisfying 2 (t1) = (%”, 0) and

. DH
(1) = —AV (n2(0) + DHET’

Denote L =min,__ 2« 1|DHXx)| >0, Ly=min,__x,_1,|DH(x)| >0and L =min{L1, L, 1}. Let 1, be the
[x (3v0)|<2 [x2 3‘<2|

moment when H (n2(22)) = ﬁ. Our claim is that ) — ] < ﬁ. In fact, for t € [t1, t; + ﬁ],

2 1
H—|—,0) <=
n2(1) (3 )’ 5

and H(nz(ﬁ)) > ﬁ. Hence our claim holds. Denote 1, (#) = (x1(¢), x2(¢)). Note that for t € [#1, 73]

x1() = Acosxy(t)sinx(t) — 1 >4 x cos % sin% —1>0.

Hence

2
x1(n) € <?,T[). (3.14)

Also it is clear that x2(t2) € (0, 3).

Step 3. For 1 > 1, let 3 : [f2, +00) — R? satisfy n3(t2) = n2(2) and
73(1) = —AV (n13(1)).
Assume that n3(t) = (x1(¢), x2(¢)). Choose t3 to be the first time such that n3(#3) - e; = % Our claim is

1
3 < logd+C C-
- A
In fact for t € [12, 3],

sinxg(¢) sinxa(t) = A

for A = ﬁ, where L is the same as in Step 2. Since x» changes from % to % and |cosx(t)| > % fort € [1p, t3],

u

T
3
1
B3—1= = d
e Asmu,/l—m
b1

C 1
<f31Asinudu+E/u—3du
Ch Ch
< C +10gA.
A
Hence our claim holds.

e
3
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Step 4. For ¢ > 13, define n4 : [t3, +00) — R? such that n4(t3) = n3(t3) and
(1) = —AV (n4()) ba
n4(t) = N4 |DH|
Choose #4 such that H(n4(t4)) = 0. We claim that 4 — 3 < ﬁ. Again we denote 14(¢) = (x1(¢), x2(¢)). Note that
fort € 13,13 + 751, [x2(t) — Z| < 4 and H(na(t3 + 75)) < H(na(t3)) — 5 = 0. L is the same as in Step 2. Hence
our claim holds. Also, it is clear that x1(#4) = . Moreover, for ¢ € [t3, #4], X1(¢) > 0. Owing to (3.14) and Step 3,
T >x(t) > 2T” for t € [t3, t4]. Therefore

1 1
X (1 A-x ——1>0.
Xo(t) > 2><2 >
Hence x2(14) € (5. 5 + %) c (3, %)

Step 5. For t > t4, let 115 : [t4, +00) — R? be 15 = (0, x2()), n5(t4) = n4(t4) and
X2(t) = Asinxy () + 1.
Choose t5 be the first moment that x,(t5) = Clearly, ts —t4 < % Finally, we define that for ¢ € [0, #5]

nl(t) for 0 < <1,
m(t) forg <t <1,
E=1n3(t) forr <t <13,
n4(t) fortz <t <,
ns(t) forty <t <ts.

Then t5 < log#. O

Estimate of 8 4. Next we will start to estimate 4. Applying similar estimates in the proof of Lemma 3.1 to a closed
streamline (i.e., closed level curves of H), we have:

Lemma 3.2. Suppose that L is a closed streamline. Let £ be the controlled trajectory & = AV (£) + %Té and T
the time that & travels through the whole L. Then

T
T < C;’%A, /|é ~Vavead < —

Here C is a positive constant which is independent of A.

Proof. We want to emphasize again that throughout the proof C represents a positive constant which is independent
of A. We only need to prove that

ClogA
T < .
VA

Without loss of generality, let us assume that £ lies within the cell [0, 7] x [0, 7] and is the level curve {H = a}.

(3.15)

Case 1. a € [0, %]. It suffices to establish (3.15) for £; = £ N [0, %] x [0, Z]1 N {x1 > x2}. The other portions are
similar. For the controlled trajectory & = (x1(¢), x2(¢)) in L1, we have that

1 V2A 1
%1(t) < =V Asinx; (1) cos xo (1) — ——= < ——— sinx| (f) — ——.
AV2 2 AV2
Hence the traveling time within £ is no more than
/ ClogA
dx; = .
o g sinxy + «l/i \/Z
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Case2.a € [%, 1]. Then
Em)| > cvVavi—a.

Note that total length of £ is C+/1 — a. Therefore, the traveling time is at most %. O

Lemma 3.3. Let a be a positive constant. Suppose that |x — y| < a. Then there exist T > 0 and n € W-*([0, T])
satisfying |7 — VAV ()| < 1ae, n(0)=x, n(T) =y and T < C(l"gA +alogA). Also

T
f|n(t)—fv(n(t))| dt <Ca+ - (3.16)
0

Here C is a positive constant depending only on 'V (i.e., independent of A, a, x and y).

Proof. Throughout the proof, positive constants C, C1 and C, depend only on V (i.e, independent of A, a, x and y).
Suppose H(x) = s and H(y) = s2. Without loss of generality, we may assume that x and y are both in the cell
[0,7] x [0, 7], 0 <51 <sp<1.Thensp; —s; <a.

Case 1. Assume that s, > 51 > sin = T sm 5 Define 71 (¢) : [0, 00) — R2 as n1(0) =y and

DH (n1)
|DH |
Denote ¢#; as the first moment when H (11 (t;)) = s;. I claim that

N =AV(m@®) —

n < Cly—x|.

In fact when H > %, there exists 0 < C; < C» such that

Ci < |DH]| <C
l\m\ 2-
Hence
dy/1—H t
@ _ . g
dt

and

Ix =yl = Co(y/1 = Hx) — /1= H())
=C(y1—s1—y1—s)

> C1Chty.
Then we define 15(7) : [t1, +00) — +R2 as n2(t1) = 01 (1) and

() = VAV (12(1)).

Let 7, be the first moment such that 1, (f2) = x. By Case 2 in the proof of Lemma 3.2, 5 < %.
Case 2. 57 < Accordmg to Lemma 3.2, it suffices to show that two streamlines {H = s1} and {H = s»} can be

connected by a controlled curve within time C (log A

+ alog A). Let us define a controlled trajectory as (0) = y and

(1) = VAV (1(0)) + a(n).

Here a(n) satisfies:

DH(@m)
—Tpm n¢Ww.
v

a(n) = ,
%Tl lfT]GW
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Fig. 3. An illustration of a controlled trajectory n connecting two points in the quarter cell (enclosing a single vortex) of the cellular flow in the
proof of Lemma 3.3. The quarter cell (large square) containing the closed streamlines is [0, 71]2, the smaller squares in the four corners are of size
/4 by 7 /4.

where W is the union of four corners (see Fig. 3), i.e.,
4
w=Jw.
i=1

Here Wi =[0, %] x [0, 3], Wo =0, %] x [3F, 7], Ws =[3F, n] x [3F, w] and Wy =[3F, 7] x [0, F]. A >4 will
guarantee that either x1(¢) ## 0 or x2(¢) # 0 depending regions between different W;. Suppose that there are N times
that the controlled trajectory n travels between corners before it reaches the streamline {H = s1}. Denote #; as the
traveling time for 1 <<i < N. Then

N
CZZ,’ <5 — 1.
i=1

For 2 <i < N — 1, by considering the x| or x, components, we have that
o[ L)
VA
Hence

< CVA(sy — 51).
log A

The traveling time of the control within each corner is at most O( N ). Therefore the total travel time is at most

logA C( o A+logA>
a .
VA o8 VA

(3.16) follows easily from the construction of . Combining Case 1 and 2, the lemma holds. O

Lemma 3.4. Suppose that Fy € WLoo(R?) js a periodic viscosity solution of (1.8) with V (x) replaced by AV (x), i.e.,
|p+ DFA + AV (x) - (p+ DFy) = Ba. (3.17)

Denote wp = esssup |p + DF 4| and a4 as the effective Hamiltonian of the following modified G-equation
walp+DG|+AV(x)-(p+DG)=@g.

Then

Ba <aa.
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Proof. Suppose that ¢ € C!(T") and
¢ (x0) — Fa(xo) = nﬂ@x(qb — Fa).
Then

|p+ D (x0)|” + AV (x0) - (p + D (x0)) > Ba.

Also, it is easy to see that

|p+ D¢ (x0)| < wa

Hence

wa|p + D (x0)| + AV (x0) - (p + D (x0)) = Ba.
So

max{walp + Dl + AV - (p+ D$)} > Ba.
By the inf-max formula (1.11),

ds= inf max{walp+ D@|+ AV -(p+Dp)}=Ba. O
$eCl(T") R"

Lemma 3.5. Suppose that Fy € W (R?) is a periodic viscosity solution of (3.17) and M is the set where Fj is

differentiable. Then

sup |[DF4| < O(VA).
xeM

Proof. To simplify notations, we drop the A dependence and write F = F4. Throughout this proof, C denotes a con-
stant depending only on V. Choose F such that f(_ﬂ P F dx =0. Denote w(x) = #. Then

|Dw| +Vx) Dw= 'Z—A

Choose xg € [—m, ] X [—m, ] such that w is differentiable at x¢. Our goal is to show that

|DF (x0)| < CVA.
Let £(1), t € (—o0, 0), be the backward characteristics with £(0) = xo. Then

w(xo)—w(s(t))—r—Jr /|s; V($)| ds. (3.18)
Since Dw(xp) exists, such & is unique. Also, & satisfies the Euler-Lagrange equation

E=DVE)£—(E~-V)-DV(E) (3.19)
and the equality

Dw(§) = w (3.20)

Note that the initial velocity £(0) is determined. Accordingly, |£], || < C. Let us assume that
M= max |§-V .
te{_ﬁ(()}!é ©®)|
Then owing to (3.19)
min _|£() — V(E(1))|>CM
min [£(0) = V()]
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Due to the inf-max formula (1.12), it is clear that 84 < CA. Choosing t = —1 in (3.18), we deduce that

/|s V)| ds < +w(xo) w(&(=1)).

M? < — + C(w(xp) — w(&(=D)).
Now we need to estimate w(xg) — w(§(—1)). Let y(r) : R — R2 satisfy
{y‘(r) =V(r®),
y(=1)=§&(-1).
Then

d|§@) —y @)l

- <ClE@) —y )|+ M.

So
ly(0)—&0)| < CM
Denote U = prrF = +/Aw. Then

|IDU? + VAV (x) - DU_%A

Then
UE0) —U(EED)=UEW0) - U(y©0) +U(y©0) —U(y(=D).

Note for any Lipschitz continuous curve s(¢) and #; <t

U(sa) ~ Usn) < 2P /| (1)~ VAV (s0)) | d.

Then owing to Lemmas 3.2 and 3.3,

log A B
U(E0) —U(y(0) < C(ﬁ +M10gA> (XA + p) +CM.

Also by choosing s(1) = y (v/At),

Ba
AVA

U(y)-U(y(=D) <

Therefore

log A Ba 1 Ba
U(xo)—U(S(—l))<C<W+M10g1‘1)(7+ﬁ> A\/K'

Now we claim

pa<o-2
A5 %\ loga )0

- U
In fact, since B4 < CA, by (3.21), (3.22) and w =i

M2 < C<10gA MlogA)

+
A T/

(3.21)

(3.22)
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log A
JA

sup | DF| < O(W/Alog A).
M

Then M < and

Therefore our claim follows from Lemma 3.4 and the known fact that ey = O (@ ). Using (3.21), (3.22) and w = %

again,
M? < C<l + ﬂ)
Hence M < JX and the lemma holds. O

By looking at points where V (x) vanishes and the inf-max formula, it is easy to see that

A
sup |DFA|2\//§=O< )

xeM log A

It remains an open problem whether sup, c rq |DFa| = O( @ ).

Lemma 3.6. There exist positive constants 0 < C1 < C independent of A and p such that for A > 4,
A A
m(pl+1p2h) - Ar(pil+ P2l

SUA X (3.23)
2logA+ Cy 2log A+ Cy
There also exist positive constants Ko > 4, K| and K> independent of A and p such that when A >
A A
Aprl+1pabn o AUpil+Ipar 24

log A +loglog A + Ky AS logA — K
Proof. By the symmetry of cellular flow and the inf-max formulas (1.11)—(1.12),

as(p1, p2) =aa(E£p1, £p2) and  Ba(p1, p2) = Ba(£p1, £p2).

Hence we may assume pp, p» > 0. The symmetry is just used for convenience and is not essentially necessary.
We first prove (3.23). The left inequality in (3.23) follows easily from Lemma 3.1 and the control formula (3.13)
by choosing £(0) = (%, 0). Now let us prove the right inequality by choosing &(0) = (0,0) in (3.13). Suppose
E() = (x1(t), x2(t)) e W. Thenfori =1,2

X (1) < Alsinx;| + 1.

(k_ﬂ (k+Dm
’ 2

Without loss of generality, we assume that x1 (7)) > x2(T) and x1(T) € ]. Then we have that

/ log A +1log %
As1nx+1 dx > A '

This immediately leads to the right inequality.
Next we verify (3.24). The right inequality of (3.24) follows easily from Lemmas 3.4 and 3.5. In fact, using same
notations as in the statement of Lemma 3.4, we write
wa =esssuppe |p + DFyl.
Owing to Lemma 3.5, w4 < C+/A. Choose A large enough such that Y 4. Then due to (3.23) and Lemma 3.4,

_— A(|p1|+|pz|)n<A(|p1|+|pz|)7r
# S 2logA+C, — logA—K

for some positive constant K.
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Now we prove the left inequality. It is well known that

Ba(p)=— tim T

t—>+400 t

where F(x, t) is the solution of equation
{ F,+|DF|>+ AV(x)-DF =0,
F(x,00)=p-x.
Since B4 (p) = Ba(—p), according to the Lax formula [12,11,27]:

t
1 1 .
Ba(p)=Pa(=p) = lim - Sl;p(p £~ f|5(s) + AV(&)lzds), (3.25)
0

where & runs over all Lipschitz continuous curve & : [0, ] — R2 satisfying £(0) = x. The limit does not depend on the
choice of x. Again, the symmetry is used here just for convenience and is not essentially necessary. Hence to prove
the left part, it suffices to construct a Lipschitz continuous curve & : [0, c0) — R2 such that £(0) = %, 0) and there
exists a positive constant 7 satisfying

(i) forallkeN
b4 T
§(kT) = (§,0> +k<§, §>,

7o log A +loglogA + C
- 2A ’

(iii) Moreover, the traveling cost

(i)

kT

. > kC
f|§ +AV(E®)| dt < Tog A"
0

In fact, by (3.25) and (i)—(iii), we have that

A(p1 + p))m B CA
logA +loglogA+C log?A’

Ba =

Here both C and C are positive constants independent of A and p. Then when A is large enough,
S A(p1+ p)m
A = =.
log A +loglogA+C +C

Now let us start to construct such a £&. Owing to the symmetry, it suffices to construct a Lipschitz continuous curve
£ :[0, 00) —> R? such that £(0) = (£,0), §&(T) = (%, ),

T log A +loglogA +C
B 24
with the traveling cost of:

T
. 2 C
AV dr < ——.
/|s+ ©Fdr< o
0

The shape of £ is similar to that in the proof of Lemma 3.1, shown in Fig. 2. We define £ as follows:
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ni(t) for0<r <y,
n2(t) forsy <t <o,
&= n3(t) forsy<t<s3,
na(t) forsz <t < sy,
n5(t) for sy <t <ss.

To save notations, x1(¢) and x(¢) in the following different steps represent different curves.
Step 6. Definition of 71 = (x1(¢), 0). Let x;(¢) : [0, +00) — R satisfy x1(0) = % and
x1(t) = Asinx((¢).

Let 51 be the moment when x1(s1) = 27” Clearly, s1 < % and the cost is 0.

Step 7. Definition of 7, : [s1, +00) — R2. Let j2(s1) = (%’T, 0) and

. VA DH
N,(t) = —AV(E@1)) + —_—
iy (1) EO) + = 1pa
Now let sp =1 + 8%. Then it is clear that for s € [s1, 52]
- (Z.0)| <1 (3.26)
-\ =, <= .
n2(s 3 )

and for some C € [mm{|x—(%”,0)|<%} |DH|, max; (2 o<1y |IDH]|],

A

Sﬂ«/logA'

Denote 177 = (x1(¢), x2(¢)). Owing to (3.26), for ¢ € [s1, 52]

H(m(s2)) = (3.27)

x1(t) >Acos%sin% —JA>o.

Hence

2w Sm 398
Xl(S2)€<77?>- (3.28)

The cost is

52
- ~ 2
AV Hdtr < —.
/|n2+ GHING) s A
1

Step 8. Definition of 73 = (x1 (1), x2(1)) : [s2, +00) — R2. Let 73(s2) = 72(s2) and
ii3(t) = — AV (73).

Let s3 be the moment when x;(s3) = % Then for t € (s, 53), we have:
sinx;(¢) sinxp(t) = A

for A = 3 ¢ , where C is the same as in (3.27). Therefore

VAVlogA

A2
Xp(t) = —Asinxy(t)cosxy(t) = Asinxp(r), /1 — — -
V sin” xp




1064 J. Xin, Y. Yu/Ann. I. H. Poincaré — AN 30 (2013) 10491068

Due to (3.28), for some C > 0, x2(t) changes from C to % as ¢ increases from s to s3. Since | cosx;(¢)] > %,

[SE

§3 —8§) = - du
Asinu /1 — -2
s~ u

du—i—C—/—du
Ch

log A 4 %loglogA—i-C
1 .

Asinu

N
Q Q
y"\.;w\tl >

N —

N

The cost is 0.

Step 9. Definition of 74 = (x1 (1), x2(1)) : [s3, +00) — R2. Let 74(s3) = n3(s3) and
L JA DH
JIogA |DH|

Denote L = min‘ Tt |DH|. Choose k such that

4(t) = —AV (ilg) —

~| %

k=

where the C is same as that in (3.27). Let A be large enough such that

Lok 1
4  B8AlogA 2
Let 54 be the first moment such that H (774) = 0. Note that
1 b4 1
l—)—-=|<=
8A 3 2
and
1
H{nl — <0.
8A
Hence
1
sS4 — 83 < 8A
and for t € [s3, 54]
b4 1
H—=|< =
x2(1) 3 ‘ 7
Moreover, x1(t) > 0. Therefore owing to (3.28) and Step 3, x(¢) € (2—”, m) for t € (s3, s4). Accordingly, when A is

large,

2
X2(t) > —Acos Tn sin% —kvVA>0.

()enn+lcnn
x2(s — =+ i P
244 3'3 72 372

So
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Moreover, the cost is

S4
* ~ |2 C
/|n4+AV(n4)! dt < Tog A"
ogA

$3
Step 10. Definition of 7j5 = (0, x2(¢)) : [s4, +00) — R2. Let 7j5(s4) = 74(s4) and

X2(t) = Asinxp(¢).
Let s5 be the moment when x;(s5) = % It is clear that 55 — s4 < 0(%) and the cost is 0.
Conclusion. The total time is

_logA +loglogA+C
B 2A

s5

and the total cost is
S5

. 5 C
/|§+AV($)} dt < g A"
0

The lemma is proved. O

Proof of Theorem 1.1. By the symmetry of cellular flow, we may assume pi, p» > 0. (1.9) has been proved in
previous lemma. We only need to establish (1.10). Recall that C denotes a positive constant independent of A and p.
According to (1.7), it is very easy to see that

1
=inf{— + A .
m=infl g5+ 482

2 . .
> Ky. Here K is the same constant in the statement of Lemma 3.6.

& 2A
Denote 4 = =5;=. Choose A large enough o A

and the right inequality of (1.10) follows from Lemma 3.6.
As for the left inequality, suppose that

1 _
= — A.
YA 4A+ /3%

for some A > 0.
Casel. ) > Kio. Since B4(p) > |pl> =1,

>A> A
YA =2 /KO-

Case 2. A < KAO. Denote

1 An(|p1l + Ip2])
hO) = — + —= P .
4r  log £ +loglog £ + K>

Here the constant K> is the same as in the statement of Lemma 3.6. Then

ya = min h(A),
xe(o,,(io]

where the minimum is attained, /(1) = min, _ 0.2 h()) for some Ag € (0, KAO].
* Ko
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Case 2.1. If Ao = KAO then

A
h(_)>CA
Ko

Case 2.2. Now let us assume Ag < KAO. Then

WV

YA

h (ho) = 0.

Accordingly,
1 A(lpil+|paDm (1 1 >
4%  (log £ +loglog £ + K2)? log A —log Ao

Let u = Alog >K0>4 Then

CA2
10g w
This implies that

(3.29)

AZ
logA’

nu<C

Therefore

Adpil+1p2Dm o Adpil +[p2)m

h(x) = > .
logu + K3 2log A —loglogA + C

Combining all cases, we get that when A is sufficiently large

A(pil +Ip2D)7
~ 2log A —loglog A+ C’

O

4. Proof of Theorem 1.2
Throughout this section, V is a general periodic n-dimensional incompressible flow. We first prove several lemmas.

Lemma 4.1. Let Q, = [0, 11" and f € W-®(Q,,). Assume that

||f||W1,oo(Qn) <L

Then there exist two non-negative constants i, € (0, 1] and C,, which depend only on n such that

Proof. We prove by induction. When n = 1, (4.1) holds obviously by choosing ;1 = 1 and C; = 2. Now assume it
holds whenn =m — 1. For € € (0, 1) and x" € Q,,_1, we define

1 €
mm=g/waM&
0

Then g € W*(Q,,_1) and lgllwiep, ;) < 1. Hence by induction and Cauchy’s inequality there exist Cy,—1 and
MUm—1 such that

Cnm
Km—1 Hm—1
I8hecenn < Cuthglich, < (25 1 iy
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Accordingly,
(01 < inf, {a()]+e} < Cullfl g,

2pm—1_

for some C,, > 0 and w,, = T

(4 1) follows by translation. O
The following is a rough analogue of Lemma 3.5 for general n-dimensional incompressible flows.

Lemma 4.2. Suppose that F 4 is a periodic viscosity solution of (1.8) with V (x) replaced by AV (x) and M € R" is
the set where F 4 is differentiable. Then there exists 6 € (0, 1) which depends only on n and maxgn |V | such that

sup [DFa| < O(A'?).
xeM

Proof. To simplify notations, we drop the A dependence and write F' = Fjy. Throughout this proof, C denotes a con-
stant depending only on V and |p|. Choose F such that [, Fdx =0 for T" = [—% —] Denote w(x) = %.

Then

Ba
|Dw|*+ V(x)- Dw = ViR

Jn p Vdx

Clearly, ||w||y1.00(pny < C. Also, [|Dw]||? Ed4 4 % Then by Lemma 4.1 and Poincaré inequality

2Ty =
lwllLeorry < CA™E

for some positive constant € € (0, 1] independent of A. Choose xg € T” such that w is differentiable at xq. Our goal is
to show that

|DF(xp)| < CA'2.
Let &(1), t € (—00, 0), be the backward characteristics with £(0) = xg. Then

w(xo)—w(g(t))—z—Jr /|g V(§)| ds. 4.2)
Also, & satisfies the Euler—Lagrange equation
§=DV(E)-§—(~V)-DV(©) 4.3)
and the equality
E
Dw(&) = % 4.4)

Accordingly, I€], |€] < C. Let us assume that
M = max |E — V(§)|.
re[—1,0]
Then owing to (4.3)
in |E)—V(EWDW)|=CM
min [E0) =V ()]

Due to the inf-max formula (1.12), it is clear that 84 < CA. Choosing r = —1 in (4.2), we deduce that
/}s VE)|Pds < + w(xo) —w(E(=D) < =

Hence M < A% Owing to (4.4), |DF(x0)| < CA'™%. O
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Proof of Theorem 1.2. Since y4 > a4, it suffices to show that y4 < 0(@). Using same notations as in the state-
ment of Lemma 3.4, we write

wa =esssupy: |p + DFg4l.
Owing to Lemma 4.2, wg < CA'"? Due to Lemma 3.4,

CA
a4 < .
vy logA

Ba < da = wpx
The conclusion y4 < O(@) follows immediately from Lemma 2.1. O
5. Concluding remarks

The sharp asymptotic growth laws have been established for the turbulent flame speeds in inviscid Hamilton—Jacobi
models with L' and L? type nonlinearities and cellular flows. In the regime of large flow amplitude, the growth laws
differ by a double logarithm correction while showing weak bending (slightly sublinear growth). Our future work shall
consider the growth laws of turbulent flame speeds in more complex flows such as time-dependent two-dimensional
incompressible flows and three-dimensional steady flows.
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