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Abstract

This paper is concerned with the analysis of a mathematical model arising in plasma physics, more specifically in fusion research.
It directly follows, Han-Kwan (2010) [18], where the three-dimensional analysis of a Vlasov—Poisson equation with finite Larmor
radius scaling was led, corresponding to the case of ions with massless electrons whose density follows a linearized Maxwell—
Boltzmann law. We now consider the case of electrons in a background of fixed ions, which was only sketched in Han-Kwan
(2010) [18]. Unfortunately, there is evidence that the formal limit is false in general. Nevertheless, we formally derive from the
Vlasov—Poisson equation a fluid system for particular monokinetic data. We prove the local in time existence of analytic solutions
and rigorously study the limit (when the inverse of the intensity of the magnetic field and the Debye length vanish) to a new
anisotropic fluid system. This is achieved thanks to Cauchy—Kovalevskaya type techniques, as introduced by Caflisch (1990) [7]
and Grenier (1996) [14]. We finally show that this approach fails in Sobolev regularity, due to multi-fluid instabilities.

© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Presentation of the problem

The main goal of this paper is to derive some fluid model in order to understand the behaviour of a quasineutral gas
of electrons in a neutralizing background of fixed ions and submitted to a strong external magnetic field. For simplicity,
we consider that the magnetic field has fixed direction and intensity. The density of the electrons is governed by the
classical Vlasov—Poisson equation. We first introduce some notations:

Notations.
Let (e1, e2, ¢))) be a fixed orthonormal basis of R3.
e The subscript L stands for the orthogonal projection on the plane (ey, e2), while the subscript || stands for the
projection on e.
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e For any vector X = (X1, X2, X)), we define X1 as the vector (X2, —X1,0) = X A e.
e We define the differential operators Ay, = 8)%" and A, = 8,%1 + 8)%2.

Then the magnetic field we consider can be taken as:
B=B e,

where B > 0 is a constant. In order to describe the furbulent behaviour of the plasma (we refer to Appendix A for
physical explanations), we study the following scaled Vlasov—Poisson system (for t > 0, x € T? := R3/Z3, v € R?
and € is a small positive constant):

vAe|

vl
O fe + ?~foe + U||~vxfe + (Ee +

Ee=(=Vy, Ve, —€Vy, Ve)

—? Ay Ve — Ay, Ve =/fgdv —/fedvdx

)~vvfe =0

€

(1.1)

Jei=0= fe0 20, /fe,odvdx =1.

The non-negative quantity fe (¢, x,v) is interpreted as the distribution function of the electrons: this means that
fe(t, x,v)dx dv is the probability of finding particles at time # with position x and velocity v; Ve (¢, x) and E¢ (¢, x) are
respectively the electric potential and force. Finally, @ corresponds to the Lorentz force and is due to the magnetic
field B.

This corresponds to the so-called finite Larmor radius scaling for the Vlasov—Poisson equation, which was intro-
duced by Frénod and Sonnendriicker in the mathematical literature [ 10]. The 2D version of the system (obtained when
one restricts to the perpendicular dynamics) and the limit ¢ — 0 were studied in [10] and more recently in [3,11,9,20].
We also refer to the recent work [21] of Hauray and Nouri, dealing with the well-posedness theory with a diffusive
version of a related 2D system.

A version of the full 3D system describing ions with massless electrons was studied by the author in [18]. In this
former work, we considered that the density of electrons follows a linearized Maxwell-Boltzmann law. This means
that we studied the following Poisson equation for the electric potential:

Ve —ezAx”VE—Axlveszedv—/fgdvdx. (1.2)

In this case it was shown after some filtering that the number density fe weakly converges as € — 0 to some solution
f to another kinetic system exhibiting the so-called £ x B drift in the orthogonal plane, but with trivial dynamics in
the parallel direction. This last feature seemed somehow disappointing.

We observed in [ 18] that in the case where the Poisson equation reads (which precisely corresponds to the case of

(L.1):
—€? Ay Ve — Ay, Ve =/f€dv —~ / fedvdx, (1.3)

we could expect to make a pressure appear in the limit process € — 0, due to some incompressibility constraint.
Indeed, passing formally to the limit € — O (and assuming that f. converges to f and V. converges to V in some
sense), we obtain:

—AyV =/fdv —ffdvdx,
and integrating this equation with respect to x , we finally get the incompressibility constraint:

/fdvdeszdvdx.

Unfortunately, we were not able to rigorously derive a kinetic limit or even a fluid limit from (1.1). This is not
only due to technical mathematical difficulties. This is related to the existence of instabilities for the Vlasov—Poisson
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equation, such as the double-humped instabilities (see Guo and Strauss [16]) and their counterpart in the multi-fluid
Euler equations, such as the two-stream instabilities (see Cordier, Grenier and Guo [8]). Such instabilities actually
take over in the limit € — 0 and the formal limit is false in general, unless f, o does not depend on parallel variables,
which corresponds to the 2D problem studied by Frénod and Sonnendriicker [10].

Actually, we can observe that if on the contrary the initial data f, o depends only on parallel variables, we obtain
the one-dimensional quasineutral system (the first equation is simply the one-dimensional Vlasov equation, note that
there is no more magnetic field):

0 fe + Ullax“fe - 3xH VeavH fe=0,

—Eafu VEZ/fEdv—/fedvdX||, (1.4)
fer=0=fe0 =0, _/fe,odvdxu =1.

The formal limit is easily obtained, by taking € = 0:
O f +v)dy f =05 Vy f =0,

/fdv=/fdvdxn, (1.5)

fi=o=f0 =0, ffodvdx|‘=1.

In [15], an explicit example of Grenier shows that the formal limit is false in general, because of the double-humped
instability:

Theorem 1.1. (See Grenier [15].) We define an initial data fy by:

fox,v)=1 for —1<v<—=1/2and1/2<v<1
=0 elsewhere.
For any N and s in N, and for any € < 1, there exist for i =1,2,3,4, vf(x) € H*(T) with ||v](x) + 1[|ps < eV,
[vS(x) +1/2)|gs < eV, [v§(x) — 1/2]|gs < eV, lvg(x) — Lllas < eV, such that the solution f.(t, x, v) associated to
the initial data defined by:
feotev) =1 for v (x) < v < v§(x) and v§(x) < v < V(%)
=0 elsewhere,

does not converge to fy in the following sense:

liminfsup/|fe(t,x,v) — fow)|v*dvdx >0 (1.6)

e—0 t<T

forany T > 0 and also for T = €%, witha < 1/2.
In order to overcome the effects of these instabilities for the usual quasineutral limit, there are two possibilities:

e One consists in restricting to particular initial profiles chosen in order to be stable (this would imply in particular
some monotony conditions on the data, such as the Penrose condition [26]).

e The other one consists in considering data with analytic regularity, in which case the instabilities (which turn out
to be essentially of “Sobolev” nature) do not have any effect.

Here the situation is worst: by opposition to the usual quasineutral limit (see [6,15]), restricting to stable profiles is
not sufficient. This is due to the anisotropy of the problem and the dynamics in the perpendicular variables.

In this paper, we illustrate this phenomenon by studying the following fluid system, formally derived from the
kinetic system (1.1) by considering some physically relevant monokinetic data (we refer to Appendix A for the detailed
formal derivation).
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0r pe + VL-(Eﬁpe) + 0 (vy,epe) =0,
8,v||,e + VJ_.(EGJ‘UH,G) + v”’ean (v||’€) = —63”(1')E (t,x) — 8” Ve(t, x||),
Ef=-V'¢,

(L.7)
_ezaﬁfbe — Al e = pe — / Pedxy,

—eafve :/,o6 dx; —1,

where:

o pe(t,x1,xp) R x T? — R; can be interpreted as a charge density,
e vy c(t,x1,x)) :RT x T> — R can be interpreted as a “parallel” current density,
o ¢c(t,x)) and V.(t, x) are electric potentials.

Although we have considered monokinetic data, (1.7) is intrinsically a “multi-fluid” system, because of the depen-
dence on x| . Hence, we still have to face the two-stream instabilities [8]: because of these, the limit is false in Sobolev
regularity and we thus decide to study the associated Cauchy problem for analytic data.

We then prove the limit to a new fluid system which is strictly speaking compressible but also somehow “in-
compressible in average”. This rather unusual feature is due to the anisotropy of the model. The fluid system is the
following (obtained formally by taking € = 0):

dip+VL.(E*p)+0y(vyp) =0,
3oy + VL. (Evy) + vydy (vy) = =9 p(t, x)),

EL:VLAI_l(p—/pde_), (1.8)

fpde=1.

We observe that this system can be interpreted as an infinite system of Euler-type equations, coupled together
through the “parameter” x| by the constraint:

/)Od)CJ_Zl.

It has some interesting features:

o This system is anisotropic in x1 and xj and it somehow combines two features of the incompressible Euler
equations. The 2D part of the dynamics of the equation for p is nothing but the vorticity formulation of 2D
incompressible Euler. Nevertheless, physically speaking, p should be interpreted here as a density rather than
a vorticity. The dynamics in the parallel direction is similar to the dynamics of incompressible Euler written in
velocity. We finally observe that the pressure p only depends on the parallel variable x| and not on x| .

e This does not strictly speaking describe an incompressible fluid, since (E-+, v||) is not divergence free. Somehow,
the fluid is hence compressible. But the constraint [ pdx | = 1 can be interpreted as a constraint of “incompress-
ibility in average” which allows one to recover the pressure law from the other unknowns. Indeed, we easily get,
by integrating with respect to x| the equation satisfied by p:

BXH /,OUH d.XJ_ =0. (1.9)
So by plugging this constraint in the equation satisfied by pv|, that is:

8 (pvy) + VL. (EXpyvg) + 8y (ovf) = =9 p(t.x))p,

we get the (one-dimensional) elliptic equation allowing to recover —dy, p:

—Bﬁp(t,x”) = Bﬁ / ,ovﬁde_,
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from which we get:

—3||P(t1xw|)=3u/pvﬁdn. (1.10)

e From the point of view of plasma physics, E+.V, corresponds to the so-called electric drift. By analogy with the
so-called drift-kinetic equations [29], we can call this system a drift-fluid equation. To the best of our knowledge,
this is the very first time such a model is exhibited in the literature.

From now on, when there is no risk of confusion, we will sometimes write v and v, instead of v and v c.
1.2. Organization of the paper

The outline of this paper is as follows. In Section 2, we will state the main results of this paper that are: the existence
of analytic solutions to (1.7) locally in time but uniformly in € (Theorem 2.1), the strong convergence to (1.8) with
a complete description of the plasma oscillations (Theorem 2.2) and the existence and uniqueness of local analytic
solutions to (1.8), in Proposition 2.1.

Section 3 is devoted to the proof of Theorem 2.1. First we recall some elementary features of the analytic spaces
we consider (Section 3.1), then we implement an approximation scheme for our Cauchy—Kovalevskaya type existence
theorem. The results are based on a decomposition of the electric field allowing for a good understanding of the
so-called plasma waves (Section 3.2).

In Section 4, we prove Theorem 2.2, by using the uniform in € estimates we have obtained in the previous theorem.
The proof relies on another decomposition of the electric field, in order to exhibit the effects of the plasma waves as €
goes to 0.

Then, in Section 5, we discuss the sharpness of our results:

e In Sections 5.1 and 5.2, we discuss the analyticity assumption and explain why we cannot lower down the regu-
larity to Sobolev. In Section 5.3, we explain why it is not possible to obtain global in time results. We obtain these
results by considering some well-chosen initial data and using results of Brenier on multi-fluid Euler systems [5].

e Because of the two-stream instabilities, studying the limit with the relative entropy method is bound to fail.
Nevertheless we found it interesting to try to apply the method and see at which point things get nasty: this is the
object of Section 5.4, where we study a kinetic toy model which retains the main unstable feature of system (1.7).

The two last sections are respectively a short conclusion and Appendix A where we explain the scaling and the
formal derivation of system (1.7).

2. Statement of the results

In order to prove both the existence of strong solutions to systems (1.7) and (1.8) and also prove the results of
convergence, we follow the construction of Grenier [ 14], with some modifications adapted to our problem.
In [14], Grenier studies the quasineutral limit of the family of coupled Euler—Poisson systems:

dp +div(pHr) =0,
g +v5.V(vh) = ES,
rot E€ =0, 2.1)

edivES = / Pou(dO) —1,
M
with (M, ®, u) a probability space.
Following the proof of the Cauchy—Kovalevskaya theorem given by Caflisch [7], Grenier proved the local existence

of analytic functions (with respect to x) uniformly with respect to € and then, after filtering the fast oscillations due to
the force field, showed the strong convergence to the system:
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0 pe +div(peve) =0,
dve +v5.V(ve) =E,
rot E =0, (2.2)

/peu(d@)=l.

We notice that the class of systems studied by Grenier is close to system (1.7), if we take x =x), ® = x and
(M, v) = (T2, dx ), the main difference being that we have to deal with a dynamics in © = x .
Hence, we introduce the same spaces of analytic functions as in [14], but this time depending also on ® = x| .

Definition. Let § > 1. We define Bjs the space of real functions ¢ on T? such that

Bls =Y [Fo(k)|s* < +oo, 2.3)

keZ3
where F¢ (k) is the k-th Fourier coefficient of ¢ defined by:

Fop (k) = / p(x)e N dx.
T3

The first theorem proves the existence of local analytic solutions of (1.7) with a life span uniform in €.

Theorem 2.1. Let 5o > 1. Let p.(0) and v (0) be two bounded families of Bs, such that f,o€ 0)dx =1 and:

< Ci/e, (2.4)
o

‘/pe(o)dﬁu -1

where C > 0 is some given universal constant. Then there exists n > 0 such that for every 81 €]1, 8ol, for any € > 0,
there exists a unique strong solution (pe, ve) to (1.7) bounded uniformly in C([0, n(8o — 81)[, Bs,) with initial condi-
tions (pe(0), ve (0)). Moreover, ﬁ8|‘ Ve is uniformly bounded in C([0, n(8o — 81)[, Bs,)-

Remark 2.1.

e The condition (2.4) implies that /€3 Ve (0) is bounded uniformly in Bs, (this is the correct scale in view of the
energy conservation).

e Note that forall r > 0, f pe dx = 1. Hence the Poisson equation —e8|f Ve = f pedx) — 1 can always be solved.

e As explained in the introduction, due to the two-streams instabilities, we have to restrict to data with analytic
regularity: the Sobolev version of these results is false in general (see [8] and the discussion of Section 5).

We can then prove the convergence result:

Theorem 2.2. Let (pe, ve) be solutions to the system (1.7) for 0 <t < T satisfying for some s > 7/2 the following
uniform estimates:

(H): sup (lpellag, ,, + vl + IV/€dn Velly, ) < +oo. @.5)

XX X)X
1<T.e I [

Then, up to a subsequence, we get the following convergences

IOE_)pv

1 . .
Ve — —_(E+e”/\/g — E_e_”/\/g) — v,
i

strongly respectively in C([0, T, H;/L»XH) and C([0, T, HS' -l ) forall s’ <s, and

XL

— /€3y Ve — (E.,re”/“/E + E_ef"’/\/z) -0,
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strongly in C([0, T1, H;/

”)for all s' < s — 1, and where (p, v) is solution to the asymptotic system (1.8) on [0, T with
initial conditions:

p(0) = lim pc(0),
e—0
v(0) = liH(1)<ve 0) — / PeVe de_(O))
€—>
and E4 (t,x)), E_(t, x|) are gradient correctors which satisfy the transport equations:

E+ + (/Pvdxl> Oy E+ =0,

with initial data:

o1
E(0) = lim - <—¢Eax Ve(0) +i / pevedx (0)>, (2.6)
E_(0)= lirrb % <—ﬁ8x Ve(0) —i / De Ve de(0)>. 2.7)
Remark 2.2.

e It is clear that solutions built in Theorem 2.1 satisfy (H).
e Ifinstead of (H) we make the stronger assumption, for § > 1,

(H') = sup (Iloell B + llvell Bs + 1v/€dx, Vell ;) < +00 (2.8)
t<T,e

(which is still satisfied by the solutions built in Theorem 2.1), then we get the same strong convergences in
C([0,T], By) forall §’ < §.
Using Lemma 3.1(ii), (iv), the proof under assumption (H’) is the same as under assumption (H).

e The “well-prepared” case corresponds to the case when:

lim — /€3, Ve (0) =0,
€e—
lim / PeVe dx] (0) =0.
e—0
Then there is no corrector.

With the same method used for Theorem 2.1, we can also prove a theorem of existence and uniqueness of analytic
solutions to system (1.8).

Proposition 2.1. Let 8o > 1. For initial data p(0), v(0) € Bs, satisfying

p(0) =0, (2.9)

/p(O)de =1 (2.10)
and

a|,fp(0)v(0)d“=0, (2.11)

there exists n > 0 depending on 8o and on the initial conditions only such that there is a unique strong solution
(p, vy, p) to the system (1.8) with p, v € C([0, n(8g — 81)[, Bs,) for all 1 < &1 < .

Remark 2.3. The uniqueness proved in Proposition 2.1 allows to say that the convergences of Theorem 2.2 hold
without having to consider subsequences, provided that the whole sequences of initial data converge to some functions
in Bj, satisfying the assumptions of Proposition 2.1.
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3. Proof of Theorem 2.1
3.1. Functional analysis on Bs spaces

First we define the time dependent analytic spaces we will work with.
Let § be an arbitrary constant in ]0, 1[ (take for instance 8 = 1/2 to fix ideas) and n > 0 a parameter to be chosen
later.

Definition. Let §o > 1. We define the space B'i) ={ue CO([O, n(8o — 11, Bsy—t/y)}, endowed with the norm

B
llulls, = sup (|u(t)|5+ <50—5— %) |Vu(t)|5>,

1 <8< 5.
0<r<n@y—9)

where the norm |u|s was defined in (2.3):

luls = ) | Fuk)|s",

keZ3

We now gather from [14] a few elementary properties of these spaces, that we recall for the reader’s convenience.
Lemma 3.1. Forall § > 1:

(i) The spaces Bs and Bg are Banach algebra. More precisely, if ¢1, ¢2 € Bs, and Y1, Y € Bg’ then:

[p1921s < |D1lsld2ls,
l1valls < 1¥tllsllvalls.

(ii) If 8’ < & then Bs C By, the embedding being continuous and compact.
(iii) Forall s € R, By C H®, the embedding being continuous and compact.
(iv) Forall1 <§' <34, if ¢ € Bs,

8
§—4¢
) Ifuisin B(?O and if 8’ +t/n < 8y then

IVols < 95

2 A
|ax,',xj-u(t)i3/ < 2”“”8080<80 -4 — ;) .

For further properties of these spaces we refer to the recent work of Mouhot and Villani [25], in which similar
analytic spaces (and more sophisticated versions) are considered. The fact that considering analytic functions is useful
both for the quasineutral limit (as studied here) and for the study of Landau damping (as done in [25]) is not a pure
coincidence. Indeed, it turns out that because of scaling properties, these two questions are related (we refer for
instance to the introduction of [19]).

Proof of Lemma 3.1. For the reader’s convenience, we briefly sketch the proof (more details can be found in [14]).
Point (i) can be readily checked from the Fourier series characterization. We give an elementary proof for (ii) which
is not given in [14]. The embedding is obvious. We consider for N € N the map iy defined by:

in(p) = Z ]:¢(k)ei2nx.k'
[kISN
We then compute:
, FY N s N
y= 2 [Fowls < (g) > |Fedolsh < (;) 1915

|k|>N |k|>N

|(Id —in)¢
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So the embedding Bs C Bs is compact as the limit of finite rank operators. Point (iii) can be proved similarly. Point
(iv) relies on the elementary estimate:

k|8 < v O i,

Y,
For (v), consider § =&’ + w and apply (iv). O

We will also need the following elementary observation:

Remark 3.1. Let ¢ € Bs. Then:

f¢dn < ols.
8
Proof. We simply compute:
/¢>de = Y |Feow[" <> [F@sM =14ls. O
8 k=(0.6)eN2xN keN3

3.2. Description of plasma oscillations

To simplify notations, we set E¢ | = —dy, Ve (7, x)) (Which has nothing to do with E GJ-). In this paragraph, we want
to understand the oscillatory behaviour of E¢ . We will see that the dynamics in x does not interfere too much with
the equations on E ||, so that we get almost the same description of oscillations as in Grenier’s paper [14].

First we differentiate twice with respect to time the Poisson equation satisfied by V:

€70y Ec = 0f / pedx] . (3.1)
Integrating with respect to x| the equation satisfied by p., we obtain:
at/ped“=—fVL.(Egpe)de—axH/pevedu. (3.2)
=0

Then we integrate with respect to x| the equation satisfied by pc v, that is:

9 (peve) + VJ—'(EGJ_IOEUE) + 8x” (Ufpe) = —Pe (EaxH Ge(t,x) + 8)(“ Ve (2, x\l))

and we get:
= [ pevedrs=a, [ paddr— By [ pedrit [ putegoan., (33)
so that, combining (3.2) and (3.3):
i / Pedx| = 3)%” fpevf dx) — Oy, <Ee,| /Pe dn) + 0y, /pe(EM de)dx . (3.4)
Recall that by the Poisson equation:
/pe dx; =140y Ec.
Thus it comes by (3.1) and (3.4):

€0; 0y Ee | + Oy Ec = 35, / pevz dx 1 — €dy [Ec | Ee, ]+ Oy, / Pe (€ ) dx_. (3.5)
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Eq. (3.5) is the wave equation allowing to describe the essential oscillations. At least formally, this equation in-
dicates that there are time oscillations with frequency ﬁ and magnitude ﬁ created by the right-hand side of the
equation which acts like a source. We observe here that the source is expected to be of order O(1): indeed, by as-
sumption on the data at r = 0, we can check that this quantity is bounded in a B;s space.

In particular if we want to prove strong convergence results we will have to introduce non-trivial correctors in order
to get rid of these oscillations. We notice also that (3.5) is very similar to the wave equation obtained in [14] (the only
difference is a new term in the source), so that most of the calculations and estimates on E. | we will need are done
in [14].

We have just observed that E. | roughly behaves like ﬁeii !/v€ Hence if we consider the average in time:

t

GEZ/EG,”(S,)C”)dS, (3.6)
0

we expect that G, is bounded uniformly with respect to € in some functional space. We have the representation lemma
which will be very useful to obtain a priori estimates:

Lemma 3.2. The following identity holds:

1
1 t—s
Fi1Ge(t, ky) = / <E [1 — COS( Je >1|F|gs(s, k||)> ds + .F||Gg, 3.7
0
denoting by F| the Fourier transform with respect to the parallel variable only and k| the Fourier variable and where:
8e = 8,%” /pévgz d)CJ_ - EaxH [EG,HaxH EG,H] + ax” / Pe (eax”(be) de_’ (38)
GO = JeE. (0. x)) sin(%) — €, Ec (0, n)(cos(%) - 1). (3.9)
Proof of Lemma 3.2. We use Duhamel’s formula for the “wave” equation (3.5) to get the following identity:
t
FiE.(t, ky) 1/ Ugin( =3\ Fieo (5. kp) ) ds + Fy E° (3.10)
k) = — —sin[ — s, s , .
I £e Il Je ik| Je | 8e Il £
0
with g, defined in (3.8) and
E, = Ec(0,%) cos(%) + /8 Ec.y(0, %) sin(%). 3.11)

Then we can integrate this formula to recover (3.7). O

We now introduce the translated current (which corresponds to some filtering of the time oscillations created by
the electric field):

We = Ve — Ge, (3.12)
so that the transport equations of system (1.7) now read:

3ipe + Vi (ELpe) + 9 ((we + Gope) =0,

3.13
Orwe +VL-(E6J_(we+Ge))+(we+Ge)aH(we +Ge)=_63|\¢e(tax|\)- ( )
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3.3. Approximation scheme

To construct a solution, we use the usual approximation scheme for Cauchy—Kovalevskaya type of results [7]. The
principle is to define p, w?, G%, VI, ¢! by recursion:

Initialization. First of all, for 0 <t < n(dp — 1), Gg(t) is given by formula (3.9); then for 0 <t < n(8p — 1), we can
define:

(1) = pe(0),
wl(1) = ve(0) — G2(1),
—€20;, 00 — Ax ¢ = pl - / pldxy,
0 0
EF0=_vig?
and —d,, V(1) = 8,G2(0).
Recursion. For 0 <t < n(8g — 1), we define /o”Jr1 Z“ by the transport equations:
0l VL(ES" ) + 0y ((we + G2)pt) =0,
Jw ™ + VL (EF"(w! + GY)) + (wf + GP)ay (w! + G7) = —edyp (¢, x)),

with the initial conditions: p/ n+10) = Pe(0) and wé’“ =v:(0) —
Then we can define ¢>"+1 as the solution to the Poisson equation:

2 2 n+l _ n+1 n+1 n+1
ax” XJ_¢ _/ dXJ_,

(3.14)

EJ_ n+1 VJ_ n+l

Furthermore, we can define GZ"H (t) by a variant of formula (3.7):

t
]—]GZ“(t,Iq):/(ﬂil [1 —cos(tjgs>i|f|gg(s,k||)) ds + F|GY, (3.15)
0

with g =87 [ ol (W] + G)*dx1 — €dy [EL |3y EL |1+ 0y, [ pZ (€3 dL) dx1.
Finally we define:

_Eax” V€n+1 Gn+l (t)

3.4. A priori estimates

Let n > 0. The goal is now to prove some a priori estimates for G !, p*! and w”*! (in terms of G”, p” and w").
We are also able to get similar estimates on E L+l and €y, c/)é’“ thanks to the Poisson equation satisfied by ¢”+1.
Ultimately the goal is to prove that if the parameter 7 is chosen small enough, then all these sequences are Cauchy
sequences in Bgo.

3.4.1. Estimate on G"*' and JeE" !

&ll

The first aim in this paragraph is to estimate || GZ“ lls,, using (3.15). We have:

L] t— n
| 1(%[1 e 72) st )

\f.. (et )| as-+1d,
§

|Gt <

+16el;

8
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with:

2
Efnge Fi (3x|/Pe(w?+G'§) dﬂ) — eF\(EL 0y EL ) + F) <f p?(€3x|¢?)dxi>-

Thanks to Remark 3.1 and Lemma 3.1(i), we first estimate:
/ By, (02 (w? + G?))dxy | <
s
S 75 n n n 2
<<50_8_;> Hpe(we'i_Ge) HSO

so-5-2) " on], ur + 62 6.16)
0 n Pellsg e ellgy :

|8XH (pg (w:‘ + GZ)z)Ls

N

Similarly, we prove:

1 2
e Haque ||’5 2}3)6" (\/EE;"”) ’3

<(o0-5-2) " Iver 317

-8
N
(80 —o- Z) [ ot ”50 €ty 02 Héo'

/ Ay (,02 (Eaxu ¢Z>) dxi| <
s

Thus, we finally obtain:

t
(7
N
G2ty <2 [ (Bo=5=2) " (loctio bt + G215, + IVEEL I, + Lot o) s +16Y
0

In what follows, C(8p, B) is a constant depending only on §y and g that may change from one line to another. As
before, one can show (this time we use Lemma 3.1(v)) that:

; (=p-1)
s ¥
o0 G2 <0 [[(30=5=2) (ol Jut+ G2 + IVEEL I, + Lot leb 2 ) s
0

0
+ {3 Gel -
Hence using the elementary estimates

t

/ ds <n 2 Sl_ﬁ
Go—8—25F " T1-p70 "

(s s 7
/(50_5__)/%1\?(0‘ 7) ’

we get:

G2y <nCGo. B[y + 16212y, + IVEER I + ety lede? 1) + 1620, 318)

Finally, we compare two solutions (w/*!, p+!, G"+1) and (w*+2, p!*2, G"*2) (observe that these have the same
initial data),
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G2 — Gt \/‘}_n (lk” [1_C°S<t\;;)][ﬂgi’+l(&k||)—f|g?(&kn)]>

We decompose the products appearing in g"'H g2 in the following way:

P (w1 — o (wl')? = (o2 = p2) (w1 (w ! — wl) (wi T+ wl) ol

and we proceed likewise for the other terms. Then we obtain the following estimate with the same method as before:

(3.19)

8

|Gett = G2y, <nC o B((Jwet' = we s, + |G = Ge|y)
x (lwet s, + lwels, + 1G5, + 1GELs) ot 5, + 102 15,)
o2t = o (w5, + Dt 5, + 162 5, + Gt ls,)
+ 10t = o5, (ledn @™ 5, + et @2 15,)
+ ||63Xu‘7anrl €dy ¢¢ ||so(||pe+l Hso + || ot ”50)
4 |VEE]! = VR |y (IVEER 1y, + IVEE2, 1) 320

Likewise we get the same kind of estimates for ||/€ E:””rl lls, since from (3.10) we have the formula:

t
1[0 (- .
ﬂ(ﬁEZj])(t,kD:/(m[sm( ﬁs)]fnge (s,k|)) ds + Fy(VeE ), (3.21)
0

3.4.2. Estimate on EX"" and €y ¢!

We now use the scaled Poisson equation satisfied by ¢;"H to get some similar a priori estimates. For the reader’s
convenience, we first recall this equation:

2 2 n+1 n+1 n+1 n+1
R ortt = ngrt = ot - [t an.

Xl

The principle here is to look at the symbols of the operators involved in the Poisson equation. Accordingly, we
compute in Fourier variables:

2kﬁf¢n+l 4 |kJ_|2.F¢n+l <p;’l+l _/ n+1 d)CJ_) (3.22)

Thus it comes:

Floit! = [pitdxy)

F n+l _
v €2kt + Ik LI”

Since [(p2*! — [ pt*ldx ) dx, =0, we have for all kj € Z:

f<pg+1 /pg“ de>(0, ki) =0.

Thus we get, for all k1 , k| € Z:

by e = [ ottt dx )
< kil

| Fol

In particular we easily get, using the relation EL"+! = —vLgrtl:

F n+1 n+1 d
fEiv”“\J (e |kf’|) xL)| ‘f(p?“ /p2+1dn>’.
1
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Hence:
[ EE" 5, <2002, (3.23)

Likewise, using the elementary inequality ab < %(a2 +b%) and k(| > 1:

kyl[F(oe = [ pedx)| _ 1
n+1y| €l I < n+1 _/ n+1
"F(EBXH ¢ )‘ S Ezkﬁ—ﬁ— |kl|2 X ) F Pe Pe dxi

’

and consequently:
||Eaxww get! ”50 < HPZH Hao' (3.24)
Finally, if we compare two solutions at step n + 1 and n + 2:

| B2 = By, + [ €0 022 — edn @ty <2] 02" = 02T, (3:25)

3.4.3. Estimate on p!'*' and w*!

We now use the conservation laws satisfied by pg“ and w;”'l to get the appropriate estimates. We first recall that
the density pg‘“ satisfies the equation:
0 p¢ ™!+ VL(ES" p) + 0y ((wf + G2)pl) = 0.

Writing p? ! = f(; 3 p T ds + pe(0), we get:

'
o < [l s + o)
0
With the same kind of computations as before and using estimate (3.23) we get:

Vo (ELm )| < (60—6—2 Pl ol <2(s0—5—2) " et
L-AFe pe)’a\ 0 0 ” € HBOH'OEHSO\ 0 1 Hpenao’

—B
(w2 + G2l < (== 5) " Jur+al Lot

As a consequence we obtain:

13
-8
41y < oy + €60 [ (s0-3=2) Tl (ol + Tty + G2, ) as.
0

Similarly we estimate |9y, pg‘“ |s by differentiating with respect to x; the equation satisfied by p?“. Finally we
get:

[0 5, <nCGo. B 2 |15, (122 5, + 1w 5, + 1GENs5,) + V0@ 5, (3.26)
If we compare solutions at steps 7 + 1 and n + 2, we get likewise:
|22 = 5, <nCGo. BY((1e ™ 5, + 10215, (Jwe ™ = we ], + G = Gl
+ (1o gy + 1oE sy + wet s, + w5, + 1G5, + 162,
x (o2t = p25,))- (3.27)
In the same fashion, we recall that w/ ! satisfies the following transport equation:

dwi T + VL (EF" (w! + GY)) + (w] + G2)oy (] + G7) = —€dyop] (¢, x)).
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and we can once again estimate the 8y norm of w!*!

ot 1y, <100 ({1621 102, + (il + 1621, + et ), 62)
and if we compare two solutions at steps n + 1 and n + 2:
Jwe®® —we s, <nCGo. (o2 ™ g, + o2 5, (lwe ™ —we s, + 627 - Gelly,)
+ (lwe s, + wells, + 16 5, + 1625,
x (Jwe™ = wi ]y, + |G = Gely, + o2 = oll,,)
x |ledyget! —eayert,,)- (3.29)

3.5. Finding a fixed point

We are now in position to use our estimates to prove the existence and uniqueness of a fixed point.
First let C defined by:

Ci= :g{llpe(o) 5,

1}.

Let C, = C; + 1. It is possible to choose 1 small enough with respect to C; to propagate the following estimates

by recursion (we refer to [14] for more details; more explicitly n = W is for instance convenient). At step n
0,2)%3

(n > 1), the property reads:

®

HG” 5, < Ca
|VeES, |5, < C2
(ii)
C
on
_ C
fuz - w1, <2,
(&)

}’l

G
||\/EE;’” VEE? I “50<27~

”,05 — pe 1”50 S

)

|Ge =G, <

’

One first checks that (i) is satisfied for n = 0. In particular for the last condition, we use (2.4). As in [14], checking
that (ii) is satisfied for n = 1 in fact needs a special treatment which is very similar to the general case, so we will not
detail it.

To propagate these estimates for n > 1, we use the crucial estimates (3.20), (3.27), (3.29). Let us briefly explain
the passage from step (n 4 1) to step (n 4+ 2) by examining the case of property (ii) for G? (the other cases are treated
similarly). Using (3.20) and the properties (1) and (ii) at step n + 1 we have:

|GEt — G2, <nC(So, B) 5730,

2n+1

and with our choice of 5, we notice that nC (89, 8) 5%
(n+2).

T +, 3>0C2 5 +2, which proves the property (ii) for G, at step
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This proves that the sequences p”, wZ, G%, JEE E ﬁ’”, eax” ¢! are Cauchy sequences (with respect to ) in B;O,
and consequently converge strongly in Bg’o, the estimates being uniform in €. It is clear that the limit satisfies system

(1.7). The requirement §; < 8o and the explicit life span in Theorem 2.1 come directly from the definition of the Bgo
spaces.

For the uniqueness part, one can simply notice that the estimates we have shown allow us to prove that the appli-
cation § defined by:

Jo (=VL(ELpe) — 3)(we + G pe)) ds )

§lpe. o) = ( JHEVL(ES e + Go) — (e + Gy (we + Ge) — €dype (¢, x)) ds

is a contraction on the closed subset B of Bs, x Bs,, defined by:

B={p,we Bs: lplls, <C. llwls < C},

with C large enough, provided that n is chosen small enough. The uniqueness of the analytic solution then follows.
3.6. Proof of Proposition 2.1

We can lead the same analysis as for the proof of Theorem 2.1, but even simpler since here we do not have to deal
anymore with the fast oscillations in time. The only slightly different point is to estimate the norm of fot —ypds =

fo 31 pv*dx. ds, which is straightforward:

t

/8”pds

0

2
<nCllplislivll,-
)

Then as before, we can use a contraction argument to prove the proposition.
4. Proof of Theorem 2.2
Step 1: Another average in time for E¢ |

We have observed previously that the wave equation (3.5) describing the time oscillations of E. | was the same as
the one appearing in Grenier’s work, except for a slight change in the source. Therefore the following decomposition
taken from [ 14, Proposition 3.1.1] identically holds, since the proof only relies on the fact that the source g, (defined
in (3.8)) is bounded in L° H;_l, which is still the case here, under the assumptions of Theorem (2.2).

Lemma 4.1. Under assumption (H), there exist Eél), E?) and W such that Ec | = Eél) + Ee(z) and a positive
constant C independent of € such as:

@ IVEE sty < C.

Gi) a,w. = ED, |w. I ooag 1y < € and We—0in L2,
(iii) We(0) = —€d;Ec)j(0) = [ pe (0)ve (0) dx .
@) 1 EE o g1, < €
v) fEél)dx” =fE6(2) dx;=0.

Roughly speaking, this lemma allows to decompose E¢ | into an oscillating part with magnitude ﬁ that we will
have to filter out and a bounded part that will give rise to the pressure term.
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Step 2: Uniform bound on EEL and Bx” e

Under hypothesis (H), using the Poisson equation satisfied by ¢., one can check that E GL and 0y, ¢, are bounded
in LS°(H $=1) uniformly with respect to € (we do not need any gain of elliptic regularity). Indeed, since:

/(Pe - f Pe de) dx; =0,

we can use the trivial bound on the symbol

1
————— <1, fork 0
kL2 + €21k 2 orkL 7

to get

Ibelm: < Hp—/pdn

L

HS
L)

Hence the result holds.
Step 3: Passage to the limit

Let we = ve — We. According to assumption (H) and Lemma 4.1, w, is uniformly bounded in L°([0, T'], H*® ’]).
On the other hand, we have:

dwe + VL (Efwe) + wedy we = —€dy e + EX — wedyy We — Wedy we — Wedy, We. 4.1)

(Notice that V| (EXW,) = WV, .(EX) =0.)

Thus, using the uniform bounds of assumption (H) and the fact the H; —2isan algebra, we can easily see that d;w,
is bounded in L{°([0, T], H 5=2) Thanks to the Aubin-Lions lemma (see for instance [27]), we converges strongly
(up to a subsequence) to some function w in C([0, T, HS/_I) forall s’ <s.

According to Step 2, €9y ¢ — 0 in the distributional sense.

Since w, strongly converges in C([0, T'], H* 1), italso converges strongly in L2([0, T, L?) and by Lemma 4.1(ii),
W, weakly converges to 0 in L2([0, T'], L?). Thus, the following convergence also holds in the sense of distributions:

—weaxH We — We ax” we — 0,

and —Wedy, We + Eéz) weakly converges (up to a subsequence) to some function F since this term is uniformly
bounded in L*°([0, T'], H;H_Z).
Furthermore, we observe that:

1
/(—WeaxH We + E®) dx) = f <—§ax W2 + Eé”) dx =0,

using Lemma 4.1(v). This implies that [ F dx =0, and thus there exists p such that F = —d,, p.
Since EGJ- is uniformly bounded in L°([0, T], H s=1y, it also weakly converges, up to a subsequence, to some
function E*.
We now use the strong limit of w, in C([0, T'], H* ~!) in order to pass to the limit in the sense of distributions in
the convection terms. As a consequence, we obtain, passing to the limit in the sense of distributions:
dw + Vi (ETw) + wdyw=—d p. (4.2)

We recall now that the equation satisfied by p is:

3 pe + VI (ELpe) + 3 (wepe) = —3) (We pe).
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Proceeding similarly, we infer that p. converges strongly, up to a subsequence, to p in C([0, T'], H "y forall s” < s,
that satisfies the equation:

3o+ Vi(Ep)+d)(wp)=0.

One can likewise take limits in the Poisson equations. We finally obtain (1.8).
Step 4: Equations for the correctors

The final step relies on the following lemma proved in Grenier’s paper [ 14, Proposition 3.3.4] (the main point is to
notice that the application ¢ > e*/ Ve @ is an isometry on L°°(H*) for any s).

Lemma 4.2. There exist two correctors E_(t, x)) and E_(t, x)) in C([0, T], H*™Y) such that, for all s’ < s:

1 . s
° ”\/gEé)_ett/ﬁE+_e ”/\/EE*”C([O,T],HS/_])_>O’

o IWe— ("VEE, — e IVEE )| o — 0.

0,71,H5'~1)
In particular we can deduce that:
e Ve JeED ~ E,

(and similarly e//Ve JeE) —~ E_).

Then, the idea is to use Lemmas 4.1 and 4.2 and the wave equation (3.5) in order to obtain the equations satisfied
by E+. Let us show how one can obtain the equation for E_ (the method being similar for E). Let us denote
F. = \Jee!"/V<E . One can then observe that:

€2 Ec |+ Ec) = e N (JedP Fe — 2id Fe).

Furthermore, by Lemmas 4.1 and 4.2, F, weakly converges (in the distributional sense) to E_. Using (3.5), we obtain
an equation satisfied by F:

€2y, Fe — 20,0y Fe = €''/V<p? /pe(wé + W dxL

Xl
+e'IVey, / peledy d)dx s — e'Veed, [Ec iy Ec . 4.3)

We first show that /€ 8,23)(” Fe, weakly converges to 0 in the distributional sense. For this purpose let ¥ (¢, x) a
smooth test function compactly supported in RT™* x R. We have by integration by parts:

/\/EBEBXHFelI/dtdx” :—/\/EG,FGB,BXHJ/dtdx”

= / VeF:d}d, W dtdx,

and we can conclude that the contribution of this term vanishes as € vanishes since F, is uniformly bounded in
C(0,T],H: ™Y by Lemma 4.1. Likewise, we show that —2i d; Fe converges in the distributional sense to —2i 9, E_.

)
By Step 3, we recall that p. converges strongly (up to a subsequence) in C([0, T'], H s") (with s” < s). Let us show
that €9y, ¢ also converges strongly (up to a subsequence) in C([0, ], H* ). To that purpose, we rely once again on
the Poisson equation satisfied by ¢, that we recall below:

_528;%” P — AL = pe — / Pedxy.

By the same symbolic analysis as before, one can easily check, using assumption (H), that €y, ¢e is uniformly
bounded in L{°(H). Deriving the Poisson equation with respect to time, we obtain:

—€20 b — A LBy pe = Brpe — / 0 pedix.

Using this time the uniform estimates on 9, p., we deduce that €9, Bx” ¢e is uniformly bounded in L{°(H} _2).
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Therefore, using the Aubin—Lions lemma, we have proved our claim.
We deduce that 8x” f Pe (€ ax” ¢e)dx) converge strongly (up to a subsequence) in C([0, T'], H)‘EH_I), SO we can see
that:

&0y, [ petetnypdx =0

in the sense of distributions.
In order to take the limit in the other terms, we have to be a little more precise. By Lemmas 4.1 and 4.2, we can
write:

«/EEE,” = eit/‘/gEJr + e INEE_ + e,

1, . .
We = —_(e”/\/EE+ — €_IZ/J€E_) + Se,
l

where r. and s, converge strongly to 0 in C([0, T], H‘Y/_l). Consequently we deduce that e”/ﬁeax” [Ee,\lax” Ec |l

. . Xl
converges to 0 in the sense of distributions. Indeed, we have:

) 1. . .
e'/Veed, [Ec |y Ec|]1 = 5e”/ Ve 07 (r2+ e/ VEE? 4 e MUNEE?
+2ELE_ + 28”/‘EE_,_r6 + Ze_i[/‘/gE_re).

Thus, as re converges strongly to 0 in C([0, T'], Hj‘/‘_l), there is no resonance effect and this converges to 0 in the
sense of distributions. Now we write:

8)%” /pe(we + We)deL = 3}%“ fpewz dx; + a“%\l </ Pe dxl> VVG2 + 283” /peweWe dx|.

Since 8)%” f pewzdx 1 strongly converges in C([0, T],H;;‘/l_l), the contribution of the first term, that is
elt/ Ve 8)%” f pewfdx 1, vanishes. For the second term, we first notice that f pedx] is strongly convergent in
C([o0, T],H)‘C‘l/‘). Then, we can check as before that there is no resonance effect and the contribution of

e”/ﬁa)%” (f Pe dxl)We2 vanishes. For the last term, p.w, strongly converges to pv in C([0, T], H;/_l); using once

again the decomposition of W,, we obtain that the limit in the distributional sense of elt/Ve 283” f PeweWedx is

2i(f pv dx1)0y (0x E-).
As aresult, dy, E+ satisfy the transport equations:

at (8)(” E:I:) + ([ PUdXJ_>ax|| (8x“ Ei) =0.

There remains to provide some initial data for these equations. This is achieved thanks to the strong convergences
in Lemma 4.2 that hold in particular for t = 0. More precisely, we have by Lemma 4.2:

1. .. L. .
E4 1=0 = = lim [l We j1=0 + \/EEG(I)], E_ =0 == lim [—l We j1=0 + \/EES)].
2 e—0 2 e—0
By Lemma 4.1(iii), we have:
lim W ;=0 = lim [ PeVedx (0),
e—0 e—0
and by (iv) we have
lim e E( = lim —y/€dy, Ve (0).
e—>0 e—0

This yields the initial conditions (2.6) and (2.7).
The proof of the theorem is now complete.
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5. Discussion on the sharpness of the results
5.1. On the analytic regularity

Let us recall that the multi-fluid system (2.2) is ill-posed in Sobolev spaces (see [4]), because of the two-stream
instabilities (remind that this is due to the coupling between the different phases of the fluid).

For system (1.8), we expect the situation to be similar. Due to the dependence on x| and the constraint [ pdx, =1,
system (1.8) is by nature a coupled multi-fluid system. Nevertheless, one could maybe imagine that the dynamics in
the x| variable could yield some mixing in x| and x; (in the spirit of hypoellipticity results) and thus could perhaps
bring stability. Here we explain why this is not the case.

The idea is to consider for (1.8) shear flows like initial data. This will allow to exactly recover the multi-fluid
equations (2.2). Writing x| = (x1, x2), we take:

Ey = (0,¢(x1,x)),0),

and consequently since by definition:

po=divy Eg + 1,
we infer that po =V A Eé‘ =—¢'(x1, x)) + 1. We also assume that vy(x1, x) does not depend on x5.
Then we observe that:
VJ_.(EOLpO) =0,
VL.(E(J)‘vo) =0.
With such initial data, system (1.8) reduces to:

9o+ 0 (vp) =0,
drv) + vy 9y (vy) = =9y p(t, X)),

fpdxl =1,

and we observe that there is no more dynamics in the x| variable. This is nothing but system (2.2) in dimension 1,
with M = [0, 1[ and u the Lebesgue measure.

Now, let us consider measure type of data in the x; variable for p and v (this corresponds to a “degenerate” version
of the shear flows defined above). In particular if we choose:

(5.1)

1 1
¢ =58, <10 () + 28, c1p02(x)).

we get:

1 1
o= 38, 1P (X)) + 20,1 p02(X)),

2
1 1
Vo = §8x1=%v0,1 (x\l) + 58X1=%v0’2(x”) o

and we obtain the following system for o = 1, 2:
01 P + 9} (Ve por) = 0,
Vo + Vo 9 (V) = =0 p (L, X)), (5.3)
p1+p2=1

This particular system was given as an example by Brenier in [4] to illustrate ill-posedness in Sobolev spaces of the
multi-fluid equations. Indeed let us first denote g = pjv;. Using the constraint p; + p = 1, we easily obtain that

Ya! 1
Pi=—q¢\—+ .
et 1—p1
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We can then observe that the system:

9 o1 + aHC] =0,
2
q 5.4
drq + 9 <E) = —p19p(t, x))

is elliptic in space—time, and consequently it is ill-posed in Sobolev spaces.
Actually this example is not completely satisfying, since it is singular in x;. Nevertheless we can consider the
convolution of this initial data with a standard mollifier, which yields the same qualitative behaviour.

5.2. On the analytic regularity in the perpendicular variable

We observe that if the initial datum (0 (0), v(0)) does not depend on x|, then the fluid system (1.8) reduces to:

dpo+Vi(ETp)=0,
oy + VJ_.(EJ_U”) =0,

EJ‘=VJ‘AJ_1(p—'/pdxl>, (5.5)

/\,Od)CJ_Zl.

Thus, p satisfies 2D incompressible Euler system, written in vorticity formulation. This systems admits a unique
global strong solution provided that p(0) € H® (T2) (with s > 1), by a classical result of Kato [22] and even a unique
global weak solution provided that p(0) € L®(T?), by a classical result of Yudovic [30].

In the other hand, v satisfied a transport equation with the force field E L If we only assume for instance that v
is a positive Radon measure, then using the classical log-Lipschitz estimate on E- (we refer to [24, Chapter 8]), we
get a unique global weak solution v by the method of characteristics.

One could think that it should be possible to build solutions to the final fluid system (1.8) with similar “weak”
regularity in the x| variable (while keeping analyticity in the x| variable). Actually this is not possible in general: this
is related to the fact that £+ depends also on x| in general and this entails that we also need analytic regularity in the
x| variable to get analytic regularity in the x| variable (see estimations such as (3.26)).

5.3. On the local in time existence

In [5], Brenier considers potential velocity fields, that are velocity fields of the form vg = V, @, for the multi-fluid
system:

®=1,....M, M eN*
0 po + div(ppve) =0,
dve +ve.V(ve) = —V,p, (5.6)

M
Z po = 1.
o=1

In this case the equation on the velocities becomes:

1
0Po + 51V2Pol* + p=0. (5.7)
It is proved in [5] that any strong solution satisfying
Oll}fx po(t,x) >0

cannot be global in time unless the initial energy vanishes:

M
Z /p@,zzolu@,z=0|2dx =0. (5.8)
=1
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This striking result relies on a variational interpretation of these Euler equations. Using the same particular initial
data as in Section 5.1, this indicates that for system (1.8) also, there is no global strong solution, unless there is no
dependence on x| or x|.

Indeed, we observe that if the initial datum (p(0), v(0)) does not depend on x , the fluid system (1.8) does not
make sense anymore (as for incompressible Euler in dimension 1). When the initial datum (o (0), v(0)) does not
depend on x|, we have seen that we recover 2D incompressible Euler and there is indeed global existence (of strong
or weak solutions).

5.4. The relative entropy method applied to a toy model: failure of the multi-current limit

5.4.1. The toy model

It seems very appealing to try to use the relative entropy method (which was introduced by Brenier [4] for Vlasov
type of systems) to study the limit € — 0, as it would open the way to the study of the limit for solutions to the initial
system (1.1) with low regularity. The only requirements would be that the initial data of (1.1) is closed in some sense
(which will be made precise later) to a Dirac mass in velocity, and that the two first moments of the initial data are in
a small neighborhood (say in L? topology) of the smooth initial data for the limit system (1.8). Nevertheless it is not
possible to overcome the two-stream instabilities in this framework. We intend here to show why.

The toy model we consider in this paragraph is the following:

O fl+uvV, P+ E.V, £ =0,
Ee = _Vx Ves

—eAxvez//ffdvdu—l, (5.9)

fztzozfgoa /ffeedvddeZI.

with 1 > 0, x € T, v € R and where 6 lies in [0, 1] equipped with a probability measure x which is:

e cither a sum of Dirac masses with total mass 1, such as:

N-T
n= § N59:i/N-

In this case, we model a plasma made of N phases (or N types of charged particles).
e or the Lebesgue measure, in which case we model a continuum of phases.

Actually, we could have considered more general probability measures but we restrict to these cases for simplicity.
This system can be seen as the kinetic counterpart of a simplified version of (1.7), which focuses on the unstable
feature of the system. Of course we could have considered directly the fluid version, that is:

dpl + Vi (plu?) =0,

Btug + uZ.quz =E,

Ec=—-V,V,, (5.10)
—€A Ve =/,ofdu—1

but the proofs are essentially the same and the study of system (5.9) has some interests of its own.
One can observe that the energy associated to (5.9) is the following non-increasing (formally conserved) functional:

1 1
Ee(t):E//ff|v|2dvdxdu+56/|VXV€|2dx. (5.11)

We assume that there exists a constant K > 0 independent of €, such as £ (0) < K. We also assume that foe €

L°L }C’v N Lg° LY, uniformly in €. Then we can consider global weak solutions ( 19, Ve) to (5.9), in the sense of
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Arsenev [1]. That these solutions exist follows from a slight adaptation of the original proof in [1], which dealt with
the usual Vlasov—Poison equation. These solutions satisfy that uniformly in €, £ € L7GL Lyn L7G LY, In addition,
for any € and any t > O:

Ee() < K. (5.12)
Let (pg, u?) be the local strong solution, defined on [0, T'], to the system:
0% + V. (p'u?) =0,
u? +u? vou® =—v,v, (5.13)

/peduzl.

with initial data (pg , ug) (which we actually have to take with analytic regularity in general). Observe here that the
“incompressibility in average” constraint reads:

Vx./peugd,u =0. (5.14)

The case where ug genuinely depends on 6 corresponds to the setting for two-stream instabilities [8]. In this case, as

expected, we will not be able to conclude. On the contrary, when ug does not depend on 6, this precisely corresponds
to the case where two-stream instabilities are avoided, and in that particular case, the relative entropy method will
yield convergence: this is the result of Proposition 5.1.

5.4.2. The relative entropy method
Following the approach of Brenier [4] for the quasineutral limit of the Vlasov—Poisson equation with a single
phase, we consider the relative entropy (built as a modulation of the energy & ):

1 1
7—[6([)=E//fﬂv—ue(t,x)|2dvdxd,u+56/|VXVE—VxV|2dx. (5.15)

We assume that the system is well prepared in the sense that H¢(0) — 0 when € — 0. The goal is to find some
stability inequality in order to show that we also have H, () — 0 for ¢ € [0, T'].
We have, since the energy is non-increasing:

d 1 1
E"He(t)<//8,f€9<§|u9|2—v.u9>dvdxd,u+//f€98,<5|u9|2—v.u9>dvdxd,u
1

—|—56/8,|VXV|2dx—G/VXVG.B,Vdex—e/&,VxVG.VXde. (5.16)

We clearly have € [ 3|V, V|?>dx = O(€). Moreover, we get, by Cauchy—Schwarz inequality:

€ <«/EH\/EVxVe”L;’CL;||3thV||L,°°L§’

/VxVé.athde

which is of order O(,/€) by the conservation of energy.
For the last term of (5.16), we compute with successive integrations by parts:

—efB,VxVe.Vdex=6f8,AXV€de

=—fat</f€9dvdu>de

=/VX.</f€0vdvd,u,>de

=— flvdvdu ).V, V dx. (5.17)
J([f tvaean)
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In this computation we have used the Poisson equation as well as the local conservation of mass (obtained by inte-
grating the Vlasov equation in (5.9) against v):

a,/fjdv+vx.(/vfgdv>:o.
In the other hand we can compute:
o1 62 0 o0 (1) 672 0
A f! E|u| —vau’ )dvdxdp + 129, E|u| —va’ )dvdxdp
:—//(U.fof—|—E€.vaf)(%|u9|2—v.u0> dvdxd/L-f—//ff(ue —v).3tu0dvdxdu
=—//f€0v.((u0—v).que)dvdxdu—fffEe.uedvdxdu+f/f€0(u6—v).a,uedvdxd,u
://ff(ue—v).((uﬂ—v).que)dvdxd,u+//ff(u9—v).(a,ue—i—ue.vxue)dvdxdu

—~ / fOEcu® dvdxdp. (5.18)

All the trouble comes from the last term:
0 0
/ S Ecu’dvdxdpu.
When no assumption is made on u?, it can be of order O(1/,/€). This wild term can be interpreted as the appearance
of the two-stream instabilities. Therefore we have to make an additional assumption in order to avoid this instability.

This is done by assuming that «? initially does not depend on 6 (which yields that u” does not depend on 6 by
uniqueness), in which case we can write:

u =u

and consequently, we have

—/ffEe.udvdxduzf(eAxVE —DEc.udx. (5.19)

We first compute:
1
—/G/AXVEVXVG.udx:—e/VX:(VXVG®VXV€)udx+e/EVX|VXV€|2udx
1
:e/D(u):(VXVE®VxVe)dx—efilvxvglzdivxudx,

with D(u) = § (0, uj + Oy, ui)i. ;.-
In addition, the incompressibility constraint (5.14) becomes V,.u = 0, and thus:

fEe.udxszGVx.udxzo.

Gathering all pieces together, we obtain:

t
He(t) < He(0) + Re (1) + C/ VxullHe(s)ds
0

t t
+/f/ff(u—v)(atu+u.qu)d,udvdxds—///ffv.Vdeudvdxds, (5.20)
0 0
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where C > 0 is a universal constant, R. () — 0 as € goes to 0. Furthermore, we remark that:

/(/ ffdvdu)u.Vdev:/u.VxV—e/Axveu.VxV. (5.21)

The first term is equal to 0 according to the incompressibility constraint, while the second is of order O(,/€), by the
energy inequality. We finally get the stability inequality:

t
He(t) < He(0) + Re (1) + c/ IVt [ He (s) ds
0

'
—i—///ff(u—v)(a,u+u.qu+VxV)dudvdxds, (5.22)
0

where C > 0 is a universal constant, 156 (t) — 0 as € goes to 0 and the last term is O by definition of (u, V).
As result, by Gronwall’s inequality, we infer that H. () — 0, uniformly locally in time. To conclude, by a classical

interpolation argument using the fact that f|v|? is uniformly in L®L )16 .. and that f is uniformly in L® L}, x.0 WE

infer that ,of =/ ff dv and ]69 =/ ffvd v are uniformly bounded in L;’O(Lg,’x). Thus, up to a subsequence, there

exist ,09 and J? (at least in L;’O(Lé ) such that pf weakly converges in the sense of measures to ,06 (resp. Jf to J?).
Passing to the limit in the local conservation of charge, which reads:

3ol + V.09 =0,
we obtain:
3o’ +v,.. 0% =0.

The goal is now to prove that J? = p%u.
By a simple use of Cauchy—Schwarz inequality, we have:

0 612
iy
/fwdxdugffffw—mzdvdxdﬂ. (5.23)
Pt

_ 72
Using a classical convexity argument due to Brenier [6], one can prove that the functional (p, J) — [ % dxdu
is lower semi-continuous with respect to the weak convergence of measures. We finally obtain by passing to the limit
that:

Jezpeu.

By uniqueness of the solution to the limit system, provided that the whole sequence (,of o) weakly converges to ,og ,
we obtain the convergences without having to extract subsequences.
Finally we have proved the result:

Proposition 5.1. Let ( ff, Ve) be a global weak solution in the sense of Arsenev to (5.9). Assume that for some
functions (pg, ug) in (Lé’x x HY), with s > 5/2 (we emphasize on the fact that uy does not depend on 9, in order to
avoid two-stream instabilities) satisfying

0 _
/"0 dp=1, (5.24)
Vyeatg=0,

and such that we initially have:
1 2 1
3 / / Fe1zolv —uo@)| dvdx du + EG/ Vi Ve.i=0 = Vi Viol* dx — 0 (5.25)

and [ £2dv —~ ,og in the weak L' sense.
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Let (u, V) is the (unique) local strong solution (defined on [0, T|) to the incompressible Euler system:

ohu+u.Vyu=-V,V,
{ ! * * (5.26)
Ve =0,
with initial data u(t = 0) = ug. Then forall t € [0, T,
1 1
3 f / Fv —u(t, x)|* dvdxdp + 56/ IV, Ve — V,V|*dx — 0, (5.27)
where (u, V) is the local strong solution to the incompressible Euler system:
hu+u.Veu =—V, V,
¢ x x (5.28)
V,e.u=0.
Moreover, ,of =/ ff dv converges in the weak L' sense to p? the unique solution to:
30" +u.vep? =0, (5.29)

with p® (t =0) = ,og and Jf = f ffvdv converges in the weak L' sense to p?u.
6. Conclusion

In this work, we have provided a first analysis of the mathematical properties of the three-dimensional finite Larmor
radius approximation (FLR), for electrons in a fixed background of ions. We have shown that the limit is illposed in
the sense that we have to restrict to data with both particular profiles and analytic regularity. In particular, we have
pointed out that the analytic assumption is not only a mere technical assumption, but is necessary if one choses to
consider strong solutions. In addition, the results are only local-in-time.

On the other hand, we proved in [18] that the FLR approximation for ions with massless electrons is by opposition
very stable, in the sense that we can deal with initial data with no prescribed profile and weak (that is in a Lebesgue
space) regularity.

This rigorously justifies why physicists rather consider the equations on ions rather than those on electrons, espe-
cially for numerical experiments (we refer for instance to Grandgirard et al. [13]).
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Appendix A. Formal derivation of the drift-fluid problem
Scaling of the Vlasov equation

Let us recall that our purpose is to describe the behaviour of a gas of electrons in a neutralizing background of ions
at thermodynamic equilibrium, submitted to a large magnetic field. For simplicity, we consider a magnetic field with
a fixed direction ¢ (also denoted by e;) and a fixed large magnitude B.

Because of the strong magnetic field, the dynamics of particles in the parallel direction ¢| is completely different
to their dynamics in the orthogonal plane. We therefore consider anisotropic characteristic spatial lengths in order to
consider dimensionless quantities:

7 =2t i =
1=, 1 =5
L L
~ 1 - v
==, =—,
T Uth

f(t,xJ_,x”,v):ff(f,)h_,i”,ﬁ), V(t,xJ_,xH):\7\7(5,@_,2”), E(I,JCJ_,XH)ZE_E(IN,)EJ_,)E”).
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This yields:

L UgT L .~ VT . ~ eEt ~ eB _ -
B;f5~|——t vL.Vglf€+—t UH.V);”fg-I- —FE.+—t0Ane |.Vife=0,
L Ly muvgy, m

Er (- tv. v ey
‘—/6_ LJ_ x| "€ LH x| e |

Eo\_/ ~ Eo\_/ ~ = 3 T g~
_L—zAfLVG_FAi”VGZ"f”Eh fedv—11,
1 I

(A.1)

fe,lf:O = fo’g, fLiLHU?h/fN()’e dvdx =1.

In order to keep normalization, it is first natural to set L3 L vfh =1

We set now §2 = %: this is the cyclotron frequency (also referred to as the gyrofrequency). We also consider the
so-called electron Larmor radius (or electron gyroradius) r; defined by:
Uth MUy
rp = —= —.
2 eB
This quantity can be physically understood as the typical radius of the helix around axis e described by the particles,
due to the intense magnetic field.
We also introduce the so-called Debye length:

(A2)

2 €0 ‘_/
)\. D — _—,; )
efvy,
which is interpreted as the typical length above which the plasma can be interpreted as being neutral.
The Vlasov equation now reads:

~ r - ~ T - ~ E ~ - ~
O fe + ~-RTBLV5, fo + Q210 V5, fu + <_—mE€ + QT A e”>.vﬁf€ =0.
Ly Ly Buyy,
The strong magnetic field ordering consists in:
1 E
21t =-, = =€,
€ BU;//l

with € > 0 is a small parameter.

The spatial scaling we perform is the so-called finite Larmor radius scaling (see Frénod and Sonnendrucker [10]
for a reference in the mathematical literature): basically the idea is to consider the typical perpendicular spatial length
L | with the same order as the so-called electron Larmor radius. This allows to describe the turbulent behaviour of the
plasma at fine scales, see [23]. On the contrary, the parallel observation length L) is taken much larger:

LR (A3)
This is typically an anisotropic situation.

This particular scaling allows, at least in a formal sense, to observe more precise effects in the orthogonal plane

than with the isotropic scaling (studied for instance in [12]):
rL rp
— =€, — =e.
L, Ly

In particular we wish to observe the so-called electric drift £+ (also referred to as the E x B drift) whose effect is
of great concern in tokamak physics (see [17] for instance).

The quasineutral ordering we adopt is the following:

)VD_

= e (A.4)
Ly ¢
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After straightforward calculations (we refer to [10] for details), we get the following Vlasov—Poisson system in
dimensionless form, for t > 0, x = (x 1, x)) € T2x T, v= (vi, vy € R? x R:

VL vVAe;
atfe+?-vxf6+v||-vxfe+ Ec+ Vy fe =0,
1
EE = _EVXL Vév _V)CH VE ’ (A.S)
1
—€Ax Ve — Ay, Ve =ff€dv—/f€dvdx,
€
fe,t:O = fe,Oo
which yields, after setting V, = éVE (by a slight abuse of notation, we still denote V, instead of V),
vl vVAe
atfe+?'vxfe+vll~vxfe+(Ee+ c Z>‘vae=07

E.= (_Vxl Ve, _EVXH Ve),

(A.6)
—EZAXH Ve — Ay Ve = / fedv — / fedvdx,
fe.i=0= fe,0-
Remark 6.1. It seems physically relevant to consider scalings such as:
Ap/Lj ~ €%, (A7)

with « > 1. However with such a scaling, the systems seem too degenerate with respect to € and we have not been
able to handle this situation. The scaling we study is nevertheless relevant for some extreme magnetic regimes in
tokamaks.

Hydrodynamic equations

In order to isolate this quasineutral problem, thanks to the linearity of the Poisson equation, we split the electric
field into two parts:

E.=E!+E2,

E}= (=Va, v, —€Vy Ve])’

—62Ax” Vel — Ay, Vel — / fedv — / fedvdx,, (A.8)
2 2

EZ=-0,VZ,

—eAx”V3=/f5dvde—/fedvdx.

In order to make the fast oscillations in time due to the singularly penalized operator ”?l .V, disappear, we perform
the same change of variables as in [11], to get the so-called gyro-coordinates:

Xg:.XJ_—i‘UL, Vg=v]. (A.9)

We easily compute the equation satisfied by the new distribution function ge (¢, xg, vg, v)) = fe (2, x, v),
0rge + v 8xH 8e + E€1,|| (ta Xg — U;_)av” 8e + Ez(t’ xg,l\)avu 8e
1
1 1 1 1
+ EG’J_(t,xg — v, ).(V,,ggE — ngge) + gvg Vi, 8e = 0.
Notice here that in the process, the so-called electric drift E- appears since:

—E! | (t,xg — v;,-).vxtgé = EM(txg — vg) Vi, ge-
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The equation satisfied by the charge density pe = [ ge dv states:

O pe + Oy f vjgedv + V. / E! | (t.xg —vy)gedv=0. (A.10)
One can observe that since E El | is a gradient:

+)=0.

: 1
divy, EE’J_(I, Xg — U,

Thus, integrating the equation satisfied by g. against (v, v)), we deduce that the one satisfied by the current density

Je= [ gevdv(= (150 40) is the following:

v v
8tJ€+8xH/v|| (v‘lg>g€dv+Vj;.fE€l’J_(t,xg—vj,‘)(vﬁ)gedv

E! (t,x, — vi)> /( 0 )
— e, L\ 8 g d + d
/ < 0 8edV Eél.’” (t,xg — vé‘) gedv

0 Jt
+ + —. A.11
<E€2(t,xg,|)pe) € ( )

We now assume that we deal with special monokinetic data of the form:

8e (t’ X, U) = Pe (tv x)al)”:vu.g(t,x)avg:()' (AIZ)

This assumption is nothing but the classical “cold plasma” approximation together with the assumption that the
transverse particle velocities are isotropically distributed (which is physically relevant, see [28]): in other words, the
average motion of particles in the perpendicular plane is only due to the advection by the electric drift E-.

For the sake of readability, we denote by now V, .= Vi and Vx, = V). Note in particular that with these monoki-
netic data, we have in particular JEl = 0. Then we get formally the hydrodynamic model:

3ipe + V1-(ELpe) + 0 (v).cpe) =0,
3 (pevy.e) + VL (EXpevy.e) + 0y (pevf o) = —€d)e (t, X) pe — 0 Ve (2, X)) pe
Ef=-V'¢.,

(A.13)
_Ezaﬁgbe — Al e = pe — / Pedxy,

—eaﬁV6 :/pede — 1.

One can use the first equation to simplify the second one (the systems are equivalent provided that we work with
regular solutions and that p > 0):
e + VL(ELpe) +8)(vy.epe) =0,
3,U||,E + VJ_.(EELU”f) + UH,53||(UH’€) = —Ean(be(l, Xx) — 3H Vel(t, )C||),
E; ==V,

(A.14)
_Ezaﬁ(ﬁe — Al e = pe — / Pedxy,

—eaﬁVe =/,06de — 1.
Remarks A.1.

1. Notice here that we do not deal with the usual charge density and current density, since these ones are taken within
the gyro-coordinates.
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2. We mention that we could have considered the more general case:

gelt,x,v) = f P2 (.38, 0 1.0 V(dO)8,—0 (A.15)
M

where (M, ®, v) is a probability space which allows to model more realistic plasmas than “cold plasmas” and
covers many interesting physical data, like multi-sheet electrons or water-bags data (we refer for instance to [2]
and references therein). We will not do so for the sake of readability but we could deal with it with exactly the
same analytic framework: the analogues of Theorems 2.1 and 2.2 identically hold. We get in the end the system:

31,0@ + VL~(EL,0@) + 3“ (vﬁ')p(")) =0,
8”)\? + VL'(ELWT)) + ”\(|93H (”|(|)) == p, x)),

EL=VLAII</p@dV—/p@dxldv>, (A.16)

/,o(")(t,x)dxldv=1.

As before, the equations are coupled through x| and here also through the new parameter .
3. Actually, the choice:

8e(t, x,v) = pe(t, x)sv:ve(l,x) (A.17)

leads to an ill-posed system. Indeed, we have to solve in this case equations of the form veL =V, 1 (t,x — vﬁ)
where vc | is the unknown. We cannot say if this relation is invertible, even locally.
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