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Abstract

We study the limit p — oo of global minimizers for a p-Ginzburg-Landau-type energy

1 2 2
Ep(u) = / |VulP + 5(1 — [ul?)”.
R2
The minimization is carried over maps on R? that vanish at the origin and are of degree one at infinity. We prove locally uniform
convergence of the minimizers on R? and obtain an explicit formula for the limit on B(0, V/2). Some generalizations to dimension

N > 3 are presented as well.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

Forany d € Z, N > 2 and p > N consider the class of maps
&y ={ue Wy RV, RY): E,(u) < oo, degu) =d},

where
1 2
Ep(u) = f |VulP + E(l — [ul?)".
RN

By deg(u) we mean the degree of u “at infinity”, which is properly defined since by Morrey’s inequality (cf. [4,
Theorem 9.12]), for any map u € W,.” (RN, RV) with [y |Vu|? < 0o we have

ue C%C(Rz, Rz), wherea =1—N/p
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(except, perhaps, for a set of measure zero in R?) and

|u(x) —u(y)| < CpNIIVullpp@mylx = yI*,  Vx,y eRV. (1)
In fact, according to the proof given in [4], one can select
72-N/p
Cpn= T—N/p' 2
It then easily follows (see [ 1] for the case N = 2; the proof for any integer value of N > 2 is identical) that
‘Xlli_r)noo|u(x)| =1. (3)

Consequently, « has a well-defined degree, deg(u), equal to the degree of the SV ~!-valued map |’;—| on any large circle
{lzl=R}, R>1.

In what follows, we assume that N = 2 and, whenever appropriate, interpret R?-valued maps as complex-valued
functions of the variable z = x + iy. We will return to the case N > 3 at the end of the Introduction and present some
partial results for this case (Section 4).

For any d € Z, let

Iy(d)=inf{E,(u): ue&4}. )

It has been established in [1] that I,(1) is attained for each p > 2 and N = 2. Denote by u, a global minimizer
of E, in £ [1, It is clear that E, is invariant with respect to translations and rotations. However, it is still unknown
whether uniqueness of the minimizer u,, modulo the above symmetries, is guaranteed. Such a uniqueness result
would imply that, up to a translation and a rotation, u, must take the form f (r)e'? (with r = |x|). Note that radial
symmetry of a nontrivial local minimizer in the case p = 2 was established by Mironescu in [7] (with a contribution
from Sandier [8]). One way of inquiring whether the global minimizer u, is radially symmetric or not for p > 2, is
by looking at the limiting behavior of {u},>2 as p — oo, which is the focus of the present contribution. We have
already studied in [2] the behavior of minimizers in the class of radially symmetric functions when p is large and,
in addition, showed their local stability for 2 < p < 4. The results presented in this work seem to support the radial
symmetry conjecture (as in the case p =2 [7]); indeed, in the limit p — oo, we obtain the same asymptotic behavior
for u as in the case of radially symmetric minimizers [2].
In view of the translational and rotational invariance properties of £, we may assume for each p > 2 that

up(0)=0 and u,(1) €[0, 00). )

Our first main result is the following

Theorem 1. For each p > 2, let uj, denote a minimizer of E, in 5[1, satisfying (5). Then, for a sequence p, — oo, we

Wl’p(Rz, Rz), where u satisfies

have u p, = uog in Cioc(R?) and weakly in (), W,

Uso(2) =25 on B(O.v2)={lzl < V2},

(6)
luss()|=1 onR2\ B(0,+2).

Furthermore, the convergence |up,| — |uoo| is uniform on R2.

Theorem 1 fails to identify the values in S' that the map uo, assumes on R? \ B(0, +/2). A natural conjecture
appears to be that ux,(2) = é—‘ on R? \ B(O0, ﬁ), i.e., that us, = F where

5 on B(0,/2),
< onR2\ B(0,2).

[

F(z) = (7

For simplicity, whenever appropriate, we will use the abbreviated notation u, for u,,. Our second main result
establishes explicit estimates for the rate of convergence of u, t0 u, inside the disc B(0, V2).
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Theorem 2. Under the assumptions of Theorem 1, for every B < 1 and a < /2, there exists C 8,a > 0 such that for all
p>2,

Cg.a
lup — uoollLoo(B.0)) < Pk ®)

Finally we consider the minimization of £, in dimensions higher than 2. Although it is presently unknown whether
I,(1) is attained for every p > N > 3, by using the same technique as in the proof of Theorem 1 we can show that the
minimizer of E, exists for sufficiently large values of p:

Theorem 3. For every N > 3 there exists py such that for every p > py the minimum value I1,(1) of E,, is attained
in 511, by some u, € Wllo’cp(RN, RM).

In view of Theorem 3 it makes sense to investigate the asymptotic behavior of the set of minimizers {u,},-> as p
tends to infinity for every N > 3. This is presented in the following

Theorem 4. For each p > py, let u, denote a minimizer of Ep in 5; satisfying u,(0) = 0. Then, for a sequence
Pn — 00, we have

Up, —> Uoo in Cioc (RN) and weakly in ﬂ Wli,’cp (RN, RN), )]
p>1

where u satisfies

Uoo(X) = f/’—% on B(0,/N),

(10
lUso(X)|=1 on RN\ B(0,+/N),
for some orthogonal N x N matrix U with det(d) = 1. We also have
||Vuoo||Lo<;(RN)=1 (11)

and the convergence |u,| — |uoo| is uniform on RV,

Remark 1.1. We may alternatively state that (subsequences of) minimizers of E, over £ 11, satisfying u(0) = 0 converge
to a minimizer for the following problem:

inf{ /(1 — |u|2)2: ue WHeRN, RN, u(0) =0, |Vulleo < 1}. (12)
RN

The latter result can, most probably, be appropriately formulated in terms of I"-convergence. Theorem 4 shows that
the minimizers of (12) are given by the set of maps in WLo@RN RN) satisfying (10)—(11). The infinite size of this
set is the source of our difficulty in identifying the limit map u, outside the ball B(0, ~/N ). To confirm the natural
conjecture that uqo (x) = % for |x| > ~/N, a more delicate analysis of the energies E ), (up) or of the Euler-Lagrange
equation satisfied by u, is required. In fact, our present arguments can be used to prove the same convergence result
as in Theorem 4 not only for the minimizers {u,}, but also for a sequence of “almost minimizers” {v,}, satisfying
Ep(vp) < Ip(1) +0(1) as p — oo.

2. Proof of Theorem 1

We first recall the upper-bound for the energy that was proved in [2] using the test function U, (ret%y = f D (r)e'?
with

lnp
—j_(l_ p)ry r<1«/1§n91
fp(‘)

V2

1, r/l,'LP‘
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Lemma 2.1. We have

1,(1) < +C—, Vp > 3. (13)
p

Remark 2.1. From (13) we clearly obtain that

/ VP <C, Vp =3, (14)

where C is independent of p. While this estimate is sufficient for our purpose, it should be noted that one can derive
a more precise estimate

C

/IVMpI”——I D < <5

via a Pohozaev-type identity (see [1, Lemma 4.1]).
Our next lemma provides a key estimate that will lead to a lower-bound for /,(1).

Lemma 2.2. Let p € (0, 1) be a regular value of u, (which by Sard’s lemma holds for almost every p) and set

Ap={zeR?% |u,(2)| < p). (15)
Then, for any component V,, of A, with deg(u, dV,) = d, we have for large p

4 6
/(1 —upP)? > |d|{4n<% - %) +0(1)}, (16)

Vo
where o(1) denotes a quantity that tends to zero as p goes to infinity, uniformly for p € (0, 1).
Proof. Since p is a regular value of u,, we can conclude from (3) that 9V, is a finite union of closed and simple C L

curves, and hence deg(u, dV,) is well-defined. Since the image of V, by u, covers the disc B(0, p) (algebraically)
d times, it follows by Holder’s inequality that

1 N = 7
S3 V| SEM(Vp) ? [Vupl™) a7

Vp Vo

7T|d|:02 = ‘/(“p)x X (Uup)y
V

where u denotes the Lebesgue measure in R2, which, in turn, yields

27|d|p?) 72
w(V,) = M (18)

2
(fy, IVup|P)72
From (18) and (14), we get

1

/(1_|“p|2)2= f “({(1_|“P|2)2>t}ﬁvﬂ)dt

VP (]_p2)2
p i 2m|d|r?)?
=/4r(1_r2)M(A,mVp)dr2/4r(1_r2)%dr
0 0 (fy, Vup|P)7
P e
|d|{/4r (1—r?)(2nr )dr—l—o(l)} |d|{47r<7 ?) +0(1)}. m] (19)
0
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Corollary 2.1. There exist pg € (%, 1), po and Ry such that for all p > pg the set A, has a component V,,, C B(0, R)
for which deg(u, 0V,,) =1 and |up| > % onR?\ V.

Proof. Note that by (2) one can select uniformly bounded C), > in (1) for p > 3. This fact, together with (14) implies
equicontinuity of the maps {u,},>3 on RR?. Therefore, there exists A > 0 such that

1 3 NEAS
lup(zo)| <= = |u,,(z)|<Z on B(zp, 1) = /(1—|u,,|) >vi=mA T (20)

2
B(z0,2)

Fix po € (3, 1) such that

4 6
2
4 Po_ P > max il n—v . 21
2 3 33

Let V,, be a component of A,, with deg(up, dV,,) # 0 (we may assume w.l.o.g. that pg is a regular value of u ).
By (13), (16) and (21), it follows that there can be only one such component when p is sufficiently large (and thus
deg(up, dVy,) = 1). Moreover, by (20) and (21), on any other component of A,, (if there is one) we must have
eSS

It remains necessary to show that V,,, is embedded in a sufficiently large disc. Similarly to (20), there exists 1o > 0
such that

+po

lupo) <po = |up@)| < on B(zo, A0)

2\ 2
= / (1= Jup?)? = o _nko(l—(lzm) ) : (22)

B(z0,%0)

Since V), is connected and 0 € V), the set {|z]: z € Vpo} is the interval [0, R) for some positive R. For any integer
k for which 2kAg < R there exists a set of points {z]} —O C Vp, with |zj| = 2jAo. By (22) and (13) we have for
sufficiently large p that

k—1
2
kuogz / (1- |up|2)2<c0:=?”+1.

7=0B(2},00)
It follows that R is bounded from above by Ry := 2)»0(5—2 +1). O

In order to complete the proof of Theorem | we need to establish the convergence of {up, }7° | 10 uoo and to identify
the limit. We begin with the following lemma

Lemma 2.3. For a sequence p, — oo we have

1
nli)ngo Up, = U in ClOC(R ) and weakly in ﬂ Wlmp Rz Rz) (23)
p>1

Furthermore, the limit map uso is a degree-one map in WH° (R2, R?) satisfying also (5) and

[Vitoolloo < 1. (24)

Proof. Fix any g > 3. Since |Jup||L~ < 1 (see [1]), we have by (13) on each disc B(0,m), m > 1, that

lupllwiaomy) < Cm: P >q.

It follows that for all m > 1, there exists a sequence p, 1 00, such that {u,,} converges weakly in wha(B(,m)) toa
limit u .. By Morrey’s theorem, the convergence holds in C(B(0, m)) as well. Since the latter is true for every m > 1
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and every g > 3, we may apply a diagonal subsequence argument to find a subsequence satisfying (23). The fact that
U has degree one too follows from (23) and Corollary 2.1.

Finally, in order to prove (24), it suffices to note that for any disc B C R2, » > 1 and q > 1, we have by (14) and
the weak lower semicontinuity of the L9-norm,

a/p
Mu({[Vuo| > 2} N B) </|Vuoo|q <l;rgior<1>f/|Vup|‘1 gl}jrggfu(g)l—q/ﬂ</|wp|l’> < u(B). (25)
B B

Letting ¢ tend to oo in (25) yields u({|Vux| > A} N B) = 0. The conclusion (24) follows since the disc B and A > 1
are arbitrary. O

A similar argument to the one used in the proof of Lemma 2.2 yields

Proposition 1.

. 1 N2 _ 1. T 1 212
plggoif(l—lupl) —pgn;ol,,(1>—§—5/(1—|F| ),
R2 R2
where F is as defined in (7).

Proof. Asin (18) we have

P
Qmp*)r=2
wAg) > ——L (26)
([, IVupIP) 72
Therefore,
1
/ 1—|up| /,u 1—|up| >t)dt
R2 0
1 1 @ 2)L
TP) P2
:/4,0 (A dp > /4,0(1 - p?)—————dp. (27)
0 0 (pr |Vup|P)p*2

Since f A, |Vup|? < 1,(1) < C, taking the limit inferior of both sides of (27) yields, with the aid of (7)

1
lim inf / (1= lupl?)* > / 4p(1 = p?) (liminf(27?) 2 ) o
R2 0
1 2
=/4,0(1—,02)M(|F|<,0)dp=/(1—|F|2)2=?”, (28)
0 R2

and the proposition follows by combining (28) with (13). O

@ (see Proposition 2 in Section 4).

Remark 2.2. In fact, for any d we have lim,_, o I, (d) =
We can now complete the proof of Theorem 1.

Proof of Theorem 1. For each p € (0,1],let D, ={z € RZ: |uso(z)] < p). Using arguments similar to those used to
establish Proposition 1, we obtain
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1 1

/(1 - |uoo|2)2:/,u((l — Junl?)’ > t)dt:/4p(l — p}) (D) dp. (29)

R2 0 0

Since deg(#oo) = 1 by Lemma 2.3, using (24) yields

‘/(uoo)x X (Uoo)y| < /|(Moo)x X (ioo)y| < /IVMooI2 M(Dp)- (30)
Dy
From (29)—(30) it follows that
1 2
/(1 — |uocl?) /871/) Np?dp = 5 (31)
R2 0

On the other hand, by Lemma 2.3 and Proposition 1, for every R > 0

/(1—|uoo| = lim_ f (1= Jup, ) 2\—,

B(0,R) B(O R)

which together with (31) implies that

2 2
[Py =3 32)
R2
Therefore, for any p € (0, 1), pointwise equalities between the integrands in (30) must hold almost everywhere in D).
It follows that

2 2
{ (oo)x L (Uoo)y,  [(Uoo)x| = |(oo)y| and |(uoo)x|” +[(uoo)y| =1,
sign{(Uoo)x X (Uoo)y} =0 €{—1,1},
a.e. in D{. From (33) we conclude that u., is a conformal map a.e. in D (it cannot be anti-conformal because
deg(uco) = 1) with |Vuo| = 1. Hence, us, must be of the form u,(z) = az+ b with |a| = % Since u satisfies (5),
we finally conclude that (6) holds.
Finally, to prove that |u,| — |uo| uniformly on R? assume, on the contrary, that for some py < 1 there exists a

sequence {z,}7°; with |z,| — oo such that |u, (z,)| < po for all n. But then using (22) we are led immediately to a
contradiction with Proposition 1 since we have already established that

tim [ (1= b PY = fim [ (1= hu, PY =

n—0o0

R? B(0,v/2)

(33)

3. Proof of Theorem 2
Let
0 def1 (0 0 0 def 1 8+,8
—=|\——-i—= —_—=\—+i—).
9z 2\ ox ay 9z 2\ ox ay
We begin with a simple lemma that establishes the existence of an approximate holomorphic map for a given map u

such that the L2-norm of g—’; is “small”. To this end we introduce some additional notation. For a function f € L' (£2)
we denote by f; its average value over £2, i.e.,

1
f9=m!f~

We further set Viu = (uy, —uy).
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Lemma 3.1. Let §2 be a bounded, simply connected domain in R2 withd2 € CL. Letu = u, +iu; € H (2, C) satisfy

f|Vu+iVlu|2§62, (34)
2

for some € > 0. Then, there exists v which is holomorphic in §2 and such that v = ug,

/|V(u —v)|* <4e? (35)
2

and
/|Vu|2:/|Vv|2+/|V(u—v)|2. (36)
2 2 2

Proof. Consider the Hilbert space H = {U € H'(£2, C): Ug = 0} with the norm ||U||%{ = fg VU |? and its closed
subspace IC = {V € H: V is holomorphic in §2}. Let v =V + ugp where V € K is the nearest point projection of
u—ug € H on K. Clearly v satisfies (36). To prove (35), it is sufficient, in view of the definition of v, to construct a
single function ¥ € H'(§2, C), which is holomorphic in §2, and satisfies

/|V(u —9)|* <4e. (37)
2

Set v = v, + iv; where v, € HO1 (£2, C) + u, is harmonic and 9; is the conjugate harmonic function to v, satisfying
(i) = wi)e. Letp € C(52, C). Clearly,

fw';-vlwzo, vYwe H'(2,0), (38)
2

and since v is harmonic, we have

f V¢ -Vi=0. (39)

Q
By density of Cgo (£2,0C) in HOl (£2,C), (38)—(39) hold for every ¢ € HOl (£2, C). In particular, employing the identity
Vo+iV, =0, (40)

and using (38) we obtain for ¢ = u, — v, that

||V(u,—5,)||§=5R/V(u,—ﬁ,)-V(u—ﬁ):fR Vi —0,) - {Vu—0)+iVi(u—10)}

N R

2
= m/ V= 0) - (Vu+iViu) < |V, — 00|, || Vu+iViu],. 41)
2
Hence, by (34) and (41),
IV, -5, <e. (42)
Set w =u — v. By (34) and (40)
[Vw+iViwls <e. (43)

However, as w, is real we have by (42)

IVw, +iViw, 2 = V2| Vw2 < V2e. (44)
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Since
Vw+iViw=Vw, +iViw, +i(Vw; +iV 3 w;),
we get from (43)—(44) that
1
V2

which together with (42) clearly implies (37) O

; 1 . . 1
IVwillz = —=IIVw; +iViwill2 < E(IIVU) +iViwlz + [Vw, +iViw ) < (1 + —)e,

V2

By Poincaré inequality and (35) we immediately deduce:

Corollary 3.1. Let v be given by Lemma 3.1. Then,
lu —vllg1e) < Ce,

where C depends only on 2.
Lemma 3.2. Let f be holomorphic in 2 C R%. Suppose that for every disc B(xo, s) C §2 we have

(IfP=1) <e,
B(xo,s)

for some € > 0. Then,

If g0y <14+ ———,
L(2) w(B(xo,5))

where

Q={xeR|dx, 2) >s}.

Proof. As f is holomorphic, | f|? is subharmonic. By the mean value principle we obtain for any xq € £2;

2 1 2 1 f 2_
ol < s f P= 14— [ 2=,

B(xo.5) B(xo.s5)

from which the lemma easily follows. O

Lemma 3.3. Let f be holomorphic in Bg = B(0, R) C R%. Suppose that

/(1 —1f1*) <e.

Br

for some € > 0. Suppose further that

1 oomp < 1+e€

Then, there exist o € [—m, ) and C > 0, depending only on R, such that
€
ﬁs

X

[f) =€ <C X € B,
where dy = R — |x|.

Proof. By (48)-(49),

/||f|2—1—6|=/(1—|f|2)—|—nR26<Ce,
Br

Bg

1167

(45)

(46)

(47)

(48)

(49)

(50)
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hence,

/||f|2—1|<Ce (51)
Bg

(we denote by C and c different constants, depending on R only). Since the function || f|?> — 1] is subharmonic, we
deduce from (51) that for every x € Bg,

1
lr@f ~1/< - / 1P -1 <5, (52)

B(x,dy)

It follows in particular that

|f<x>|2>%, x| < R — /2ce. (53)

In B(0, R — v/2c€e) we may write then f =YV where V is the conjugate harmonic function of U that satisfies
V(0) € [—m, ). By (52) we have

c
]U(x)|§d—2€, x| < R — /2ce. (54)

X

From (54) we get an interior estimate for the derivatives of U (see (2.31) in [5]):

|[VU)|<C |x] < R — A/4ce. (53)

€
a3’
Note that by the Cauchy—Riemann equations, (55) holds for V as well, i.e.,

[VV ()| < d—3 Ix| < R — V4ce. (56)
X

For any x € B(0, R — +/4ce) \ {0} we obtain, using (56), the estimate

R R
V(x) = V(0) g/'vv((R—s)i>‘ds<c6/d—§ <& (57)
x| s d?
dx

X

Therefore, setting « = V (0) and using (54) and (57), we obtain for every x € B(0, R — +/4ce) that
|F) =] < |fx) =D+ [V — VO < [V — 1]+ |[V(x) = V(0)] < dz

For x € Bg \ B(0, R — V/4ce), i.e., when d, < +/4ce, we have clearly | f (x) —e'®| < 2+, so choosing C big enough
yields (50) for all x € Bg. O

Let A, be defined in (15). The following lemma lists some of its properties.

Lemma 3.4. There exist pg > 2 and C > 0 such that for all p > po and p > % we have

n(Ay) = 2mp (1 — %), (58a)

1
/p p?)|w(Ap) —27p?|dp < c— (58b)
0
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Proof. The estimate (58a) follows directly from (26) and (14). Since by (58a)
C
W(Ap) = |(A,) = 2mp*| 4 27p” — >
we obtain using (27) that

1 1
T C
B> [20(1= Ao > [20(1= ) A —2m0|dp+ 5 = .
0 0
Combining the above with (13) yields (58b). O

Lemma 3.5. LetInp/p < 8, < 1/4. There exists 1 — 28, < p <1 — 6, such that for all p > po

|
/|Vu,,+iVJ_u,,|2<C8;2%. (59)

Ap
Proof. By (58b) there exists 1 — 28, < p <1 —§, such that

_,Inp
|[1L(A,) — 27p?| <C8p27. (60)

Applying (60) yields

1 , 1
Zf|wp+zvlup|2=/[§|wp|2—(up)x x(u,,)}}

Ap Ay
1 2 »_1 p 2p 1-2/p 2

= [ SVupP =70 < S( [ 1Vupl7 ) a7 =

A, A,

1 C Inp\!=%/? C1
<=(1+=2)(27p2+ 5222 _rpl<——P g 61)
2 P Pp 82 p

N

Proof of Theorem 2. Set n = and then

10
bj=a+jn, j=1,...,9.

Let p be given by Lemma 3.5 for §, = n/~/2, so that p € (bg/~/2,bo/~/2). We can also assume without loss of
generality that p is a regular value for |u,|. By Theorem 1 we have for sufficiently large p,

B(0,bg) C A, C B(0, by). (62)
By (62) and Lemma 3.5 we have

/ Vi, +iV |2</|v iV, te—C P _ Inp
U, +ivViu,|” < u iViu, " { ————=C,—.
? ? ? P a=-v2rp “p
B(0,bg) A,

Applying Corollary 3.1 yields the existence of a holomorphic function v, in B(0, bg) such that (v,)p,ps) =
(p) B(0,pg) and such that (36) holds with u = u,, v =v, and

2 In p
”Mp - vp”Hl(B(O,bg)) < Ca? (63)

We denote w,(z) = ﬁv; (z) (where v;, = aavz,, is the derivative of the holomorphic map v,) and note that |w, (z)| =

[Vvp(2)]. As a is kept fixed, we suppress in the sequel the dependence of the constants on a.
For any ball B C B(0, bg) we apply the same estimates as in (17),
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2/p
_ 1=2 C
f|wp|2—1<< / |Vu,,|1’> W(B)' P — w(B) < (1 +C/p)(n(B) P — u(B) < >
B B(0,bg)
Combining the above with (36) yields
C
/(|wp|2—1):/(|Vv,,|2—1)</|vu,,|2—1<—, VB C B(0, bg).
B B B P
By Lemma 3.2 it then follows that
Cy
lwpllZos0.5m) < 1+ > (64)

Next, we apply Lemma 3.5 again, this time with 6, = 35/ V2, to find a corresponding § € (bs/~/2, b7/~/2). For
p large we have B(0,by) C A5 C B(0, b7). Arguing as in (17) we obtain, using (60),
2 ~2 In p
Vi =122 [ (up)e x (p)y — w(Ap) > 21 5% — pu(Aj) > —C—-.

By (36), once again, we have that

[ =)= —c=2. (65)
Ap

Next, we apply the same argument as the one used in the beginning of the proof of Lemma 3.3 to obtain, using (64)

and (65),
C C 1
flor-1- 8-
P p
A/j Aﬁ
Hence, also
lnp
lwpl* = 1| < /||wp|2—1! (66)
B(0,bs)

We can now use (64) and (66) and apply Lemma 3.3 to obtain the existence of o), € [—, ) such that
|w () — 7| gcln?p, z€ B(0,a). (67)
Consequently, there exists a constant y,, such that
|\/§vp(z)—ei°‘1’z—yp|<Cm7p, z € B(0,a). (68)
Set

U=up—vp.

For every g > 2 we have for p > g, by (63), (68), and the fact that |u,| <1,

Inp
2
”U”Lq(B(() a)) ” U||L°°(B(O a)) ” U||L2(B(0,a)) g C(T)

Furthermore, by Holder’s inequality, (67), (63) and (13) we have that

Il
(SIS

p=g = Inp\»r
VU080, < HVU”LZ(B(Oa))HVU”L’)(B(O’“)) s¢ p
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Consequently, for each fixed g > 2 we have

lnp 45:12)
||U||W1,q(3(o,a)) <C 7 .

By Sobolev embedding the bound in (69) holds also for ||U || (B(0,q)) and, in particular, we get that for every 0 <
ﬂ < 1’

U Lo (B0,a)) < Cpp P2 (70)
Combining (70) and (68) we obtain that

(69)

|\/§up(z) — el — yp| < C,gp_ﬁ/z, z€ B(0,a).
As u,(0) =0, it immediately follows that |y, | < Cg p~P/2, and hence

|V2u,(z) — erz| < Cpp™P%,  ze€ B(0,a). (71)
Substituting z = 1 into (71) we obtain using (5) that |ap| < C,g[fﬂ/2 and (8) follows. O

4. The problem in dimension N >3

This section is mainly devoted to the proofs of Theorem 3 and Theorem 4. We begin with the computation of
lim,_, o I (d). Denote by wy the volume of the unit ball in RN It turns out that the constant

4
v = _ TN N2 (72)
(N+2)(N+4)
generalizes the constant % in (13) for dimensions higher than N = 2.
Proposition 2. We have
lim I,(d)=|d|ty. (73)
p—>00

Proof. (i) First we establish an upper bound. When d = 1, following a construction similar to the one used in the
proof of Lemma 2.1, we define a map U, by

= |x|<rp7

U(@—{” (74)

|)C" |x|>rp7

JE

Inp -
1- P

1 1 1W 2 |
Ep(Up)<§ / (1—|Up|) -i-CE —/(1 ’ > Noyr¥'ar +c 2L
P

withr, ;= A direct computation shows that for p > N + 1 we have

2 N
B(0,rp) 0
4 1
:LNNQ_,_CM. (75)
(N+2)(N+4) P
Next we turn to the case d > 1. Fix d distinct points g1, ..., gg in RY with

. S,
§:= Zmln{lqi —qjl:i#j}>4VN.
Fix K satisfying

K > max | +48,
1<j<d|61]|
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and set 2 = B(0, K) \ U?zl B(q,,5). Fix a smooth map V : 2 — SV~! satisfying

Vix)= _‘1/| ondB(g;,8), j=1,....d.

Ix —q;
Let M =||VV| 1~ and fix R > M+/N — 1. We finally define
Up(x —Rqj), xe€B(Rqj,rp), j=1,...,d,

X—Rgq; ) ) .
W00 = Rq;l’ x € B(Rqj, R§)\ B(Rqj,rp), j=1,....d,
b V(x/R), x € RQ,
V(K ), x € RV \ B(0, RK).
By our construction [|[VW) ||, » ®NUL, Blgjrp) S < y < 1, and hence, it follows from (75) that
Ep(W,) <dty +o(1), (76)

which is the desired upper bound.
(ii) We next obtain a lower bound. Assume that d > 1 and let u denote a map in € g . We attempt to prove that

Ey(u) >2dty +0o(l) as p— o0, 77

where o(1) is a quantity that goes to zero when p goes to infinity (i.e., it is independent of u). We establish (77) for
u € C®RYN,RN). The proof for any u € Eg then follows by density. Furthermore, in view of (76), we may suppose
that

Ep(u) <dty + 1. (78)

We continue to argue as in the proof of Lemma 2.2. Given a regular value p € (0, 1) of u, let V,, denote a component
or a finite union of components of A, = {x € RY: |lu(x)| < p} with deg(u, 0V,) = D. We claim that

!/O—vﬁ) |Dﬂ%wNN”( o pMM)+oaﬂ (79)
N+2 N+4 ’

Vo

as p — oo, where the decay of the o(1) term is uniform on p € (0, 1). To obtain the generalization of (17) to any N,
we use Hadamard’s inequality and the inequality of arithmetic and geometric means (see [3] for both inequalities) as

follows:
N
NN/2/| NN/ZM(V) K </|Vu|p> : (80)

\Z

|D|wn p™ ‘/det(Vu)

From (80) we get a lower bound for M(Vp) which yields (79) by the same argument as in (19) (thanks to (78) we have
a bound for fvp [Vul|?). Finally we apply (79) with V, = A, (so that D =d) and let p 1 17 to obtain (77). O

We next prove Theorem 3, or the existence of a minimizer in (4) for sufficiently large values of p (we emphasize
that for N = 2 this existence has been established in [1] for any p > 2, hence we expect it to hold for any p > N when
N 2 3).

Proof of Theorem 3. For any fixed p > N + 1 consider a minimizing sequence {v,} C £;. We may assume that these
maps are smooth, satisfy v, (0) = 0 and thanks to (77) that

1
Ep(n) <I,()+~<C, Va. (81)
n

Combined together, (81) and Morrey’s inequality (1) imply equicontinuity of the sequence {v,}. Hence we can repeat
with slight modifications (e.g., using (79) instead of (16)) the arguments of Corollary 2.1 to arrive at an analogous
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conclusion: there exist pg € (43_1’ 1) aswellas py > N + 1 and Ry such that for all p > py the set A%) ={lv,(x)| < p}
has a component Vég’ ) c B(0, Rp) for which

1
deg(vy, V") =1 and |up| > onR*\ VD). (82)

Next, for p > py, let {v,, }72 | be a subsequence of the minimizing sequence {v,} that converges weakly in Wllo’cp and
strongly in Cj,. to a limit v. Since |v(x)| > % for |x| > Ro by (82) we conclude that v € £1. By lower semicontinuity

Ep(v) < liln_1>iorépr(vn) =1,(1)

and hence, v is the desired minimizer. 0O
We conclude this section with the proof of Theorem 4.

Proof of Theorem 4. The arguments we use here are similar in nature to those employed in the proofs of Lemma 2.3
and Theorem 1. We first extract a bounded subsequence {u,} in W4 (B(0, m)) for some g > N + 1 and any fixed
integer m. Passing to a subsequence, we may assume that the subsequence converges weakly in W4 (B(0, m)) and
strongly in C(B(0, m)) to a limit u,. Repeating the process for each m and different values of ¢ and passing then to a
diagonal subsequence yields a subsequence satisfying (9). The estimates (77) and (1)—(2) imply equicontinuity of the
maps {up, } on RY . This implies, in conjunction with (73), as in the proof of Corollary 2.1 and Theorem 3, that there

exist pg, Ro and a component Vp(g ) of A%) = {|up, (x)| < po}, such that the analog of (82) holds for u,, namely

1
deg(up,. Vi) =1 and |up,|> 5 on R\ Vi,
It follows that the degree of the limit u#, equals to one as claimed. In addition the inequality

Vitooll oo vy < 1 (83)

follows by an argument identical to the one used in the proof of (24).
Next, we attempt to obtain the explicit formulae in (10). As in the proof of Theorem 1 we denote by D,, the domain

Dp:{xeRN: |uoo(x)|<,0} Vo € (0, 1].
As in (29), we have
1 1
/(1 - |uoo| //L 1— |uoo| >t :f4,0 1— );J,(Dp)d,o (84)
RN 0 0

Since deg(uo) = 1, using (83), Hadamard’s inequality, and the AM-GM inequality as in (80) yields

N
au 1 1
ons" < [ aeu| < [loevul < [TT|5] < gim [ 19l < iancon. (85)
Dy D, Dy J=1 Dy
and hence,
w(Dy) =N 2wy p", (86)

On the other hand, the same argument as in the proof of Theorem 1 gives

/(1—|uoo| hm / 1—|u,,n

RN
Combining (84) with (86)—(87) implies that

1
_ / 4p(1— p2)NN 2wy p dp. (87)
0

1w(Dy) =N"2wypN, p<1.
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Thus equalities must hold between all integrals in (85), and hence also, almost everywhere, between the integrands.
Consequently, the rows of the Jacobian matrix Vu, are orthogonal to each other a.e. in D1, and each row has norm
equal to +/N and the sign of det(Vuoo) must be constant (and hence positive because the degree of u+ is equal to 1).
In particular we deduce that u, is conformal in the sense that it is a weak solution of the Cauchy—Riemann system in
D as defined in [6, Chapter 5]. Namely, us € WIL}N (D1, RN) (in our case it belongs even to W) det(Vus) has
constant sign in D and

(Vitoo) T Vitoo = (det(Vios)) N1 ae.in D. (88)

The generalization of Liouville’s theorem for this case (see [6, Chapter 5]) implies that u~, must be a “Mobius map”,
i.e., of the form
ald(x —a
too(x) = b4 HE =D (89)
lx —al€
forsome b e RV, ¢ e R, a e RN \ D1, U an orthogonal matrix and € is either 0 or 2. However, since in our case we
already know that

|Vuso(x)|=1 ae.in Dy, (90)

it follows that € = 0 in (89). Using the fact that 1+, (0) = 0 and det(Vu,) > 0 in conjunction with (90), leads to (10).
From (90) we conclude that the inequality in (83) is, in fact, an equality and (11) readily follows. Finally, the uniform
convergence of |u,| follows asin the case N =2. O
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