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Abstract

Smoluchowski coagulation equation for a class of homogeneous coagulation rates of degree A € [0, 2). On the one hand for
any initial datum fj; € L} we build a weak solution which conserves the mass when A < 1 and loses mass in finite time (gelation
phenomenon) when A > 1. We then extend this existence result to a measure framework allowing dust source term. In that case
we prove that the income dust instantaneously aggregates and the solution does not contain dust phase. On the other hand, we
investigate the qualitative properties of self-similar solutions to the Smoluchowski’s coagulation equation when A < 1. We prove
regularity results and sharp uniform small and large size behaviour for the self-similar profiles.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Résumé

Nous considérons 1’équation de Smoluchowski pour une classe de taux homogenes de degré A € [0, 2). D’une part, pour toute
donnée initiale fi, € L% nous construisons une solution qui conserve la masse lorsque A < 1 et qui perd de la masse en temps
fini (phénomene de gélification) lorsque A > 1. Nous étendons ensuite ce résultat a un contexte mesure qui permet de prendre
en compte un terme de source « poussiere ». Dans ce cas, nous démontrons que la poussiere entrant dans le systeéme s’agglomere
instantanément et que la solution ne contient pas de phase poussiere. D’autre part, nous étudions les propriétés qualitatives des
solutions auto-similaires lorsque A < 1. Nous démontrons des résultats de régularité et établissons des estimations uniformes sur le
comportement du profil auto-similaire pour les petites et les grandes tailles de particules.
© 2006 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction

The Smoluchowski coagulation equation is a well known model used to describe the dynamics of a system of
particles undergoing aggregation events. The present paper is devoted to the analysis of such a model both in the free
regime and in a forced regime, in which matter is added to the system by means of a source term. More precisely, if we
denote by f (¢, y) > 0 the density of particles with mass y € R4 := [0, co) at time ¢ > 0, the spatially homogeneous
coagulation equation with source term is

9
8—{(t,y)=Q(f)(t,y)+s(t,y) in R, (1.1
fQ0,)=fin inRy4, (1.2)

where the coagulation operator Q models the growth mechanism resulting from the encounter of two mother particles
and the source term s takes into account the addition of matter to the system. The aggregation mechanism may be
schematically written as

D+ -5 0" with Y =y+y,

where a = a(y, y’) is the rate of occurrence of the aggregation of two particles of mass y and y’. The operator Q is
then given by

y

1
0N =0 (-0 (N, N =35 / a(y— ¥ V) F & —¥) O dy,
. 0 (1.3)
0~ (N = / a(yy) f ()£ dy.
0

We refer to the books and review papers of F. Leyvraz [27], P. Laurengot and S. Mischler [23], D.J. Aldous [1],
J.H. Seinfeld [39], S.K. Friedlander [17] and R.L. Drake [11] for a basic physical description and motivations and
an overview of available mathematical results on coagulation models as well as to the references therein for a more
precise physical and mathematical analysis.

In this paper, we assume that the coagulation rate a is a homogeneous function of y and y’ of degree A, i.e.
a(ry,ry’) =r"a(y,y’) for all > 0. More precisely, we assume

a(y,y)=y* P +yP (), —1<a<B<, Ai=a+Bel0,2], (@ B)# (O, 1). (1.4)

Our results are still valid for linear combinations of several such rates and also for coagulation rates of the form:

a(y,y) =" +0"") (" + 0N, vu+oel0,]) (1.5)

(see also [16]). An important particular case is the Smoluchowski’s rate ag introduced in [41] which is defined choos-
ingv=1/3, u=1and 0 =—1/3 in (1.5). In order to obtain our results in that case one has to take o = —1/3,
B = 1/3 in the statement of the theorems below. Nevertheless, for the sake of brevity, we only write the detailed
statements and proofs for the coagulation rates (1.4).

In the Cauchy problem (1.1), (1.2) the initial datum fi;, and the source term s are such that yfi, and ys(z, -) are
nonnegative measurable functions on (0, 0co) or nonnegative Borel measures on [0, co) satisfying (at least)

o o

/ydfin(y) <oo and sup/ys(t,dy) < 00. (1.6)
t>0

0

The most fundamental property of this equation is the formal conservation of mass:
oo oo T oo
VT >0 /yf(T, dy) = / Yfin(dy) +/ ys(t, dy).
0 0 0

0
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This mass conservation property is proved to be true for the solutions of the Cauchy problem (1.1), (1.2) for a coagu-
lation rate satisfying (1.4) with A < 1 while it breaks down in finite time (gelation phenomenon) for a coagulation rate
satisfying (1.4) with A > 1 and s = 0 (see point (3) just below).

Let us emphasise first that we are specially concerned with the case where yfi, and ys(t, -) contain a Dirac mass
(for example yfin = oindy—o and ys(t,-) = o (t)dy—o). This corresponds to the physical situation where part of the
matter which constitutes the system (or in other words, part of the mass of the system) is not in the particle phase
but in the, so-called, dust phase, i.e. the portion of mass contained in the zero size particles is positive. Dust can be
introduced initially in the system (in the initial datum) or can be injected along the evolution of the system (thanks to
the source term). When all the mass in the system is contained in the dust phase we have yf (¢, y) = w(#)d,—¢ whereas
when all the system is constituted of particles yf (¢, y) does not charge the origin (for instance it is an L! function). In
other words, from a mathematical point of view, a system containing some dust is simply described by a density f(y)
such that yf (y) charges the origin, i.e. yf(y) > wdy—¢ for some @ > 0.

It is very classical in growth models (in the largest sense) to consider physical situations where two phases coexist.
Let us give some examples.

(1) The fragmentation equation, which models a linear instantaneous breakage mechanism of particles of positive
size, may generate dust in finite time when the fragmentation rate is strong enough (if the rate of fragmentation
is singular for small sizes). It is the shattering phenomenon described for instance in [30,2] and the references
therein.

(2) The Lifshitz—Slyozov equation [28] provides a model of exchange of matter contained in two different phases
(vapour and liquid or liquid and solid for instance): a bath of “elementary particles” (which corresponds to the
dust phase here) and particles immersed in the bath. The underlying physical mechanisms are the evaporation and
the condensation.

(3) It is commonly accepted (see for instance the pioneer paper by Leyvraz [26] and the review paper [27]) that the
Smoluchowski coagulation equation provides a model of finite time phase transition. More precisely, for a coag-
ulation rate a given by (1.4) with A € (1, 2] it has been shown in [26,18,13] that particles (of finite size) aggregate
so quickly that particles of infinite size (the gel) are created in finite time: that is the gelation phenomenon.

To our knowledge, there are very few works on Smoluchowski coagulation equation involving dust phase. We
have only quoted two papers. On the one hand, the mathematical paper [15] by Fournier and Giet in which the
authors consider the coagulation-fragmentation equation with singular fragmentation rate. For such a model dust
is a priori produced by the strong fragmentation mechanism (see point (1) above) and then has also to be taken
into account in the coagulation mechanism. On the other hand, the physical paper [12] by Duffa and Nguyen-Bui,
where the authors are interested in modelling the formation of soot from smoke produced by combustion. In such a
situation, the fire generates smoke (elementary benzene molecules) which immediately transforms (by instantaneous
aggregation) in soot (particles constituted of more than an hundred of benzene molecules) which in turn follows a
standard coagulation mechanism. The authors then describe the system by the density of soot particles, whose growth
dynamic is determined by the Smoluchowski coagulation equation, and the smoke as a source term s of dust with
therefore ys (¢, dy) = o ()dy—o.

There are a great number of physical situations (combustion, aerosols, ...) where matter is added to a system of
particles by the mean of dust, i.e. “elementary particles” whose typical size is very small with respect to the size of
observable particles. Physical modelling of such a situation is considered in [17,29,7,36] among others. In these works
the Smoluchowski coagulation equation with (singular) source term is extensively used. The way to take into account
the new matter is to consider a source term s such that ys(¢, dy) = o (t)¢ (y) where ¢ correspond to the distributional
density of new matter and the simplest choice is to consider ¢ (y) = §y—y,. Arguing that very small particles are very
unstable the authors take yo > 0. This choice greatly simplifies the mathematical study, although the precise choice of
Yo is not always clearly determined.

In the first part of this work we consider the Cauchy problem for Eq. (1.1). We revisit the Cauchy problem with
non negative measurable initial data fi, satisfying (1.6) and s = 0. We prove a regularising effect of the coagulation
equation near the origin and give some new estimates on the long and short time behaviour of the moments of the
solutions when A € [0, 1).
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We next consider the case of the Cauchy problem for Eq. (1.1) with a source term s and initial datum fj, in a
measure framework and such that (1.6) holds. Measure solution is commonly considered in mathematical studies, see
for instance [37], while measure solution allowing dust in considered in [15]. Our main result is that dust, which may
be present in the initial condition or added to the system thanks to the source term, becomes instantaneously part of
the particle phase.

We finally consider the self similar solutions problem for Eq. (1.1) with s =0 and A € [0, 1). The self similar solu-
tions are particular solutions which are invariant by some scaling transformation which depends on the homogeneity A
of the coagulation rate a. More precisely these solutions are exactly those which are invariant by the preserving mass
scaling

Flt,y) = uT7 f(ut, pT7y). (1.7)
As a consequence a self-similar solution has the form

Ft,y) =t T1G(yt™77), (1.8)
where the so-called self-similar profile G satisfies the self-similar profile equation

DG+ (1 -A1)0(G)=0, 1.9
and where D is the following linear transport operator preserving the mass

Dg=2g+ydyg. (1.10)

An other immediate consequence is that any self similar solution F' is mass preserving:

(o8] (o8]

vVt >0 /yF(t,y)dy:/yG(y)dy =:p. (1.11)
0 0

As it was shown by van Dongen and Ernst in [10], the function By~!~* for some normalisation positive constant B,
is a self-similar solution of the coagulation equation but has no finite mass. When A = 1 the self similar solutions have
a different form. When XA > 1, gelation occurs and such self-similar solutions do not exist.

Notice that all the mass of the self similar solutions is initially in the dust phase. Namely there holds:

F(t,y)y 0 P8y=0- (1.12)

They are therefore particular solutions with initial data containing dust phase. Since no uniqueness result of the
solutions of (1.1) with Dirac mass initial condition is known, we do not know whether any solution with Dirac mass
initial condition is a self-similar solution.

On the other hand, it is conjectured that the self-similar solution of given mass is unique and that, for a large set
of initial data, the corresponding solutions of the coagulation equation behave asymptotically, as + — 400, like the
self-similar solution with same mass:

[y ~ F,y). (1.13)

— 00

Explicit self similar solutions are known for the constant kernel a(y, y') =1 (M. von Smoluchowski [40]), for a
additive kernel a(y, y') = y + ¥y’ and for a multiplicative kernel a(y, y’) = yy’ (cf. [1] and references therein). For
the additive kernel, these solutions were obtained from some hydrodynamic limit of a stochastic model by J. Bertoin
in [3]. They were also rederived by G. Menon and R. Pego, and new families of self similar solutions, with no finite
mass, for the kernel a(y, y') = 1 were obtained by these authors in [31,32]. Moreover for the constant and additive
coagulation rate, the asymptotic behaviour of generic solutions, for a large class of initial data, is actually given by
the corresponding self-similar solution, see [31,32,3,19] for more details.

Recently the problem of existence of self similar solutions for the coagulation equation has been solved in [14,16]
for coagulation rates satisfying (1.4) with 8, A € [0, 1): for any given mass p > 0 there exists at least one self-similar
profile G which is solution to (1.9), (1.10), (1.11). Our purpose is to prove some regularity and size properties of the
self similar profiles.

The behaviour of the self similar solutions of the coagulation equation (assuming their existence) near the origin
have been described using formal asymptotics by van Dongen and Ernst in [8,10] and numerically by Lee in [25].
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e If @ > 0, assuming that the behaviour of the self-similar profile near the origin is “regular” (i.e. the limit
lim,_,0 G(ax)/G(x) exists for all @ > 0, see [27]), van Dongen and Ernst obtained in [8,10] that

Gy)~Ay~ UM a5y 50, (1.14)

for some explicit, positive constant A depending only on a.
e If @ = 0, under the same hypothesis, the same authors obtain for a normalised self similar profile G, that is
M1 (G) = 1, the following asymptotic behaviour

G(y)~y ", ay—0;

T 1.15
r=2—(1—k)/y)‘G(y)dy<1+k. (115
0

e If o < 0 the hypothesis of regular behaviour at the origin does not seem to hold. In that case, the same authors
obtain in [8,10]:

(o)
1
G(y) ~ Ay~ exp(—By_l"‘l) asy—>0, B=—"— / Y2 G(y)dy. (1.16)
(1 =2« ;

The behaviour of the self similar profiles as y — 400 has been treated by van Dongen and Ernst in [9] when 8 =1
and in [10] when 8 € [0, 1). They establish

Gy)~Ay™*e™ asy— o0 (1.17)

where A and § are two positive constants related with the coagulation rate a.

The results obtained in [14] and [16] gave in particular rigorous estimates on some of the moments of the self
similar profiles. These estimates give a less precise information on the behaviour of these profiles than those obtained
by asymptotic expansions. Although they also indicate that the behaviour, near the origin, is more regular in the case
o < 0 than for @ > 0. In the present work, we improve the previous rigorous estimates on the profiles in two ways:
we obtain lower and upper bounds of the profiles as y — 0 and y — 400, and we obtain regularity results for these
profiles. Nevertheless our results are still far from (1.14)—(1.17).

Let conclude this introduction by some fundamental and well known remarks. A self similar profile G is stationary
solution of the equation

d
S =Dg+(1-1Q() inRy xRy, (1.18)

that we call the coagulation equation in self-similar variables. Now, on the other hand, it is straightforward (using the
scaling (1.7)) to check that, if g is a solution to (1.18) then the function f defined by

In(141)

_2
fa,y)=0+0"T g( 11—

,y(1+r>‘ﬁ> (1.19)

is a solution to the coagulation equation (1.1) with same initial datum and s = 0. A immediate and useful consequence
is the following relation between the power moments of f and g:

k=1 In(1+1)
Mk(f(tw))=(1+t)1‘*Mk(g<ﬁ,')>, (1.20)
where for any measurable function 4 : Ry — R and any real k € R we have defined the moment of % of order k by
o
M) = [ 15" .
0

Reciprocally, if f satisfies the coagulation equation (1.1), we obtain a solution g to (1.18) defining

gt,y) =¥ (e — 1, ye'). (1.21)
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We have therefore an equivalence between (1.18) and (1.1) with s = O thanks to the simple change of variables
(1.21) and (1.19). As we will see, in order to establish properties on the solution of the coagulation equation (1.1),
it is often more convenient to work on the coagulation in self-similar variables (1.18) than to work directly on the
coagulation equation (1.1) itself.

The paper is organised as follows. In Section 2 we state the precise definitions of solution we will deal with and we
state our main results on the Cauchy problem and on the profile problem. In Section 3 we establish some (somewhat
new) moment estimates. In Section 4 we prove regularity and uniform by above estimates while in Section 5 the
uniform by below estimates are proved. Finally, in Section 6 we gather a priori estimates on the solution of Eq. (1.1)
and give a sketch of the proof of the existence of solutions to the Cauchy problem.

2. Main results

We first recall some well known elementary but fundamental formal computations in order to give a weak sense
to the coagulation operator (1.3). We mean by weak sense a formulation of Q(f) in which the terms Q*(f) are not
necessarily well defined separately but the coagulation term makes sense due to cancellations. This will motivate the
definitions of weak solutions introduced in Definition 2.3 and Definition 2.10 below.

On the one hand, for any functions f and ¢, the following key identities formally hold

ooy

/Q(f)cbdy— //a(y YV INFO=y) O (y)dy dy — //a(y WD) (y)dy' dy
f / af 16" — ¢ — ¢'1dy' dy @.1)

/ f YOV £f19" — ¢ —¢'1dy dy =:(Q(f), ), (2.2)

where we have first performed the change of variables (y, y') = (z =y — y’,y’) in the first term of Q(f) and the
symmetry of af f’ in the second term, and we have next used the symmetry of ff'[¢” — ¢ — ¢']. Here and below we
use the notations ¢ = ¢(y), ¢’ = 9(y"), ¢”" = @(y”), y" =y + y' forany y, y’ € Ry and any function ¢.

On the other hand, for any functions f and v the following identities formally hold, starting from (2.1) with
¢ =y,

o0 1 [oe)ee]
[ ormiay=3 [ [arrov v = yv=yvravay
0 00

- [ / af 'y — y)dydy’ 2.3
0
y+y' 00 0000
/ / ayff{ / azw(odz}dyd / azwz){ / / y<z<y+y/ayff’dydy’}dz
0

3:(C(N) (¥ (2) dz, (2.4)

O\

with

Z oo

CH () = / fy{ / af’dy’} dy 25)

0 =y
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= () 2 Lp(N) + (P ) w2 La (). (2.6)
Here we have defined for any functions g and / the modified convolution operation by
Z

2> hk, gi= / h(y)g(z —y)dy,

0
and we have set
Ly(f)w):= f v f(v)dv. 2.7

u
In order to give a rigorous meaning to these different formulations of the coagulation operator we need some
notations. We denote by LlloC the space of measurable functions f:(0,00) — R, such that f € L'(R™!, R) for
any R > 1 and by MILC the space of measures with the corresponding property. For any given continuous function
¢ :(0,00) — (0, 00), we define
M) :={f € My My(Ifl) <00},  Lj:=M)NLj,.
where the generalised moment M, is defined by

e ¢]

My()i= [ o) df . 28)
0

All these are Banach spaces. In particular, we may define the usual weak convergence in Lé (resp. M(;) and
then the space C(I; L;,-weak) (resp. C(I; Mqu-weak)) for a given interval of time /. For instance we say that
feCd; M(:)—weak) if f(z) € M; for any # € I and for any x € Cp([0, 00), the space of continuous and bounded
functions, the function ¢ — M (f¢x) is continuous. Similarly, we write f € C(I; Llloc—weak) in order to express
that f(z) € LllOC for any ¢t € I and for any y € L° with compact support in ]0, co[ the function t — M (f x) is
continuous. In order to shorten notations we also (abusively) denote My = M, L} = L', M} = M;k, L= Li+yk

and M,l = M11+yk, for any k e R.

1
y

Lemma 2.1.

(i) Forany f € X, with X, := Molz+1 + Mé fB<l4+aand X := Molz+1 ﬂMé if B> 1+ « the operator Q(f) is
well defined in D’ (0, 00). More precisely, for any compact set K C (0, 00), there exists a constant Ck such that

forany f e X, = Ml1 N M&lin(l at1) C X! and any ¢ € D(0, 0o) with supp¢ C K there holds

(Q(). ¢)| < Cx Ay 1 I Nl er k- 2.9)

(i) Forany f € M,! with k > v there holds L, (f)y*™" € L™. As a consequence, for any f € Ml1 if « > 0 and for
any f € M} "M} with k <1+« if a <0, the operator C(f) is well defined in M\, and yQ(f) = —3,(C(f))
in D'(0, 00).

(iii) Forany f € Lé+min(0,k) N L/13+max(0,k) (resp. f € Malt+min(0,k) N Mé+max(0,k)) with k € R, there holds Q*(f) €
If};(;‘espl.g 0%(f) € M}), and then O(f) = Q(f) = y~13,(C(f)) in D'(0,00) for any f € M} N M;H with

Proof of Lemma 2.1. Step 1. Proof of (i). Take ¢ € CC1 (0, 00) and introduce yp, y; € (0, o0) such that supp¢ C
K :=[2yo,y1]l and Ay :=¢" — ¢ — ¢’. From the definition (2.2) of (Q(f), ¢) it will be enough to prove that A :=
y"‘(y’)ﬁff’|A¢| e MY(2), £2 := (0, 00) x (0, 00), in order to conclude that A(f) is well defined. We decompose
2 =821U 82U 23U 24 with

21 == (10, yol x 10, yo[) U (10, yol x 1y1, o0[) U (Iy1, ool x 10, yol),
§22 = [yo, 00[ x [yo, 00[, 823 =10, yo[ X< 1yo, yi[, 24 =1yo, y1[ x 10, yol,
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and we deal with each subset £2; separately.

On £2y, there holds Ay =0, and then A =0.
— On £25, there holds A < 2||¢|lz=y* f(y)P f'.
On £23, we have

Ap=0(y+Y) =) =y¢'(y+6y)

with 6 € (0, 1), and we deduce A < ||/ ||z (y)P f/y* T £.
On £24, the same argument as on £23 gives A < [|¢/ ||z y* f ()P f7.

Gathering the above estimates, we get

A< CkllplwrocWa YRS Yy () =y i< + 3" 1y, (2.10)

for some constant Cx depending of the support K of ¢.
For f € X, we observe that Y < Vo g, ¥g < Ya,p, Where we have defined ¥, s(y) 1= y”“lygl + y‘sly>1, and
we deduce from (2.10) that

Q). ¢)| < Ckll 1% Igllcr k)

since that || fllx; = | f Ve, pllpg1-
For f € X,, we observe that ¥, < ¥ 1, ¥g <y, and we deduce (2.9) from (2.10) again.

Step 2. Proof of (ii). We start remarking that for g € M}, k > v, we have

oo

VzeRy Lv(g)(z>=f vhykedy <2 KM (g). (2.11)

Z

Therefore, by the hypothesis on f, we have that Ly (f), Lg(f) € LIOC, yet1 £, yP+ f are two measures locally
bounded on (0, +o00) and the operator C(f) is well defined as a function of Lloc (see Lemma 4.4 for details). We
easily conclude thanks to the formal computation leading to (2.4) from (2.2), which can be made rigorous thanks to
the above assumptions.

Step 3. Proof of (iii). This is a straightforward verification. Notice that when f is a measure, the coagulation
operator Q(f) = OV (f) — QO (f) is defined by duality on test functions ¢ € Cj([0, 00)) as follows:

(0T (). 9)= f / ag"df(NAf), (07 (f).e)= / / apdf(y»)dfQ). (2.12)
00 00
and then
00 2
(0F(f). ) < ||¢>||Loo</(y“ +yﬁ)df(y)) . O

0

Remark 2.2. When a, B € (0, 1), Q(y~!7*) is well defined since y~'"* e L}, —|—L1 C Xl

Definition 2.3. We say that a function f : R%_ — R} is a (global) weak solution to the coagulation equation (1.1) with
s=0if

f €10, 00[; Lj,.-weak) N L2

loc

(10, oo[; Xy), (2.13)

and

o]

Vo e C(R?) f/ f(t,y)atgodydt—i-/(Q @), e, ))dt =0. (2.14)
0



M. Escobedo, S. Mischler / Ann. I. H. Poincaré — AN 23 (2006) 331-362 339

We say that a function f: R%r — R is a weak solution to the Cauchy problem (1.1), (1.2) with s = 0 and initial datum
0< fin€ I:i if f is a weak solution to the coagulation equation (1.1), f € C([0, oo[; Llloc-weak) and f(0,) = fin
a.e.

We finally introduce the space Vi, of admissible initial data, defined by
Vin := U(L%ﬂL,ln) ifg=1, a<0
m<1

and
V=Ll ifg<loriff=1, a>0.

Concerning the Cauchy problem we have the following result:

Theorem 2.4. Assume (1.4) and s = 0. For any 0 < fin € Vin there exists at least one weak solution f to the Cauchy
problem (1.1), (1.2). This solution can be built in such a way that

1> My(1), t+—>/A(f(tw))ykdy
0

are decreasing functions for any subadditive function ¢, for any smooth convex and increasing function A with
A(0) =0 and for k =0, 1, and furthermore

f@,)—>0 ae whent— oo.

Moreover, the following additional properties hold:

Case 1. If A € [0, 1], one can build the solution in such a way that it is mass preserving and it satisfies that the
function t — My (t) is increasing for k > 1.

Case 2. If A, B €10, 1), one can build a solution which satisfies f € C(]0, oo[; L}()for anyk € 1,, where I, = (A, 1)
ifa>0,1,=[\ 1) ifea=0and I, = (—00, 1) ifa < 0, and more precisely, assuming fi, € Li ﬂL'}wforsome M>1,
there holds

k—1 k—1

Vkel,U[1,M] Ciptt= < Mi(f(t,) <Coxt™ V22, (2.15)

>

and
Vke I, N[ 1] Me(f(t,) <Capt™" Vi e(0,2], (2.16)

Sfor some positive constants C; i depending of fin. We refer to Corollary 3.10 for a more precise statement.
Case 3. If . > 1, gelation occurs in finite time, i.e. there exists T, € [0, 00) such that

Mi(t)=M(0) Vtel0,Ty), Mi(t) < M1(0) Vte (T, 00).
Remark 2.5.

(i) It has already been proved in [43,38,23,14] that for any fi, € Lé o N Li +8 there exists a unique mild solution (in
the sense of [14, Definition 2.4]) in C ([0, 00); L}, N L} L)

(i) The existence of solutions is the object of many previous references. In the case o > 0 we refer, for instance
to [42]. In the case o < 0, we refer to [37,33]. In any case, we refer to the recent survey [23] and the references
quoted therein.

(iii) Gelation has been proved to occur when A > 1 in [13] for any solution associated to an initial datum fi; € L{,
see also [26,18].

(iv) When 8 < 1 we may extend the above existence result to an initial datum f, € L} + I;llg. In that case, we have
to replace the bound on the mass used in the proof of the existence in Theorem 2.4 by the following uniform
estimate || f'(z, )0l < | fino,gll a1 < 00.
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Remark 2.6. The main new results in Theorem 2.4 is the moment estimates (2.15) and (2.16). These ones are based
on a trick first introduced in [13]. Estimate (2.15) establishes an instantaneous regularisation effect of the coagulation
equation near the origin while (2.16) gives a large time asymptotic behaviour of the generic solutions and shows that
these ones have the same behaviour as the self-similar solutions; that is therefore a first validation of (1.13) in the very
rough sense of moment estimates.

We extend the previous existence result to the Cauchy problem (1.1), (1.2), with source term s and initial data fi,
in a suitable set of measures.

Definition 2.7. We say that a measure f on [0, c0) x [0, 00) isa (globql) weak solution to the Cauchy problem (1.1),
(1.2) of the coagulation equation with source term 0 < s € L*°(0, co; M 11) and initial datum 0 < fin e M 11, if

f € ([0, ool; M{-weak) N L, ([0, oo[; X,), 2.17)
and for any ¢ € C/ (Ri)

/ 90, ) fin(dy) — / / Dot ¢, dy) dr = / (Q(F(1.). (2, ))di + f / ps(t, dy) dr. 2.18)

0 00 0 00

Theorem 2.8. Assume o, B € [—1,1], L €[0, 1) and @ > B — 1. For any 0 < fin € M} and 0 <s € L*(0, 00; M} N
MSI ), with & continuous, £(y) =y on (0, 00) and £(y)/y — o0 when y — 00, there exists at least one weak measure
valued solution to the Cauchy problem (1.1), (1.2) such that f conserves the mass

t (e ¢]
Ml(t)=M1(O)+/S(I)dt vt >0, S() :=/ys(t,dy). (2.19)
0 0

Moreover, all the mass of f(t,-) is contained in the particles phase (not in the dust phase), more precisely, for any
(small) time tg > 0

t= Magn() € LOO([Z‘Q, OO)) (2.20)

Remark 2.9. Since (1+1)/2 € [0, 1), the estimate (2.20) shows that the density function yf (¢, dy) does not charge the
origin for any ¢ > 0, which precisely means that no mass is contained in the dust phase. It is again a manifestation of
the regularisation property of the coagulation equation as mentioned in Remark 2.5. Estimate (2.20) holds in particular
in the case of a pure dust source, that is s such that ys(¢,dy) = o (t)6,—0 with 0 € L>°(0, +00), and it means that all
the dust is instantaneously transformed in particles.

We consider now the self similar solutions.

Definition 2.10. Assume A < 1 and define J, = I, U [1, o). We say that a function G : R, — R is a self-similar
profile of mass p if

GeVoi=()Li. MG =p, (2.21)
kel,

and G is a solution of (1.18) in the following weak sense

Vo e CHR,) / GD*pdy + (1 —2)(Q(G), ¢) =0, (2.22)
0

where

D*p(y) =2¢(y) — dy(yp) = —yzay@). (2.23)
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For o > 0, we will need another representation of the profile equation (1.9) which is given by the following.

Lemma 2.11. Assume € [0,1) and o € [, B1 N [—B, 1 — B). A function G € Y, is a self-similar profile in the
weak sense of Definition 2.10 if, and only if, G satisfies

22G(2) = (1 —MC(G)(2) a.e. on (0, 0). (2.24)

Proof of Lemma 2.11. On the one hand, for a given G € ), and for any ¢ € CL], (0, 00), we define ¢(y) =y (y) €
Ccl. (0, c0) and we compute thanks to Definition 2.10 and Lemma 2.1

(3,(Gy?), ¥) =—(G, y*0,¥) = (G, D*¢) = (.. — D(Q(G), ) = (L — D(yQ(G), ¥)
= (1= 1)(0,C(G), ¥).
In other words, that means
3y (Gy*) = (1 = 2)3,C(G) inD'(0, 00). (2.25)

On the other hand, we infer from Lemma 2.1 and the assumption G € ), that LU(G)yk € L for any k > 8 and
v = «, B, which in turn implies Ly(G), Lg(G) € L', by choosing for instance k =2 and k = (1 4+ §8)/2. Since we
have also y**'G, y#*1G € L!, Lemma 4.4 implies C(G) € L'. We conclude the proof, integrating Eq. (2.24) and
using that y>G,C(G) e L'. O

Our last result is a pointwise estimate from above and below near the origin and at infinity of the self similar
profiles which improves the estimates established in [14,16], but are still a weak version of the expected asymptotic
behaviour (1.14)—(1.17).

Theorem 2.12. Assume B € [0, 1) and x € [-8, B1N[-B, 1 — B).

(1) Assume a < 0. For any p > 0 there exists at least one self-similar profile of mass p such that G € C*°((0, 00))
and

e g1 +e 1,5 KGO e M L +e B s Yy e (0, 00)

for some constants a,b, A, B > 0.
(2) Assume a > 0. For any p > 0 there exists at least one self-similar profile of mass p such that G € C((0, 00)) and

Ve >0, Vy € (g, 00) e bey < G(y) < e Bey for some constants b,, B, > 0,
Gy* e L™®(0,1) Vk>1+2,
and moreover if o > 0 there holds Gy* ¢ L>(0,1) Vk < 1+ A.

We refer to [16,14] and the surveys [23,27] for a general discussion about self-similar solutions and for references.
Coming back to (1.8) and (1.12) the above theorem shows that we are able to build in the case of a pure Dirac mass
initial datum yfi, = pdy—o a (self-similar) solution F to the coagulation equation which has much more regularity
and for which we know very much more accurate asymptotic behaviour than for the one built thanks to Theorem 2.8.
The proof of Theorem 2.12 is based on the one hand on the power moment estimates (2.15), (2.16) and on exponential
moment estimates in the spirit of [4,5,44] and on the other hand on a new bootstrap regularity argument taking
advantage of the formulation (2.24).

3. Moment estimates for the coagulation equation in self-similar variables

In this section we establish some new a priori moment estimates on the solutions g to the coagulation equation in
self-similar variables (1.18). We show the production of moments of order lower than one and the propagation in time
of moments larger than one and exponential powers. As a consequence we will deduce a regularising effect of this
equation near the origin.
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Such estimates hold for the coagulation profiles G and provide regularity results for the self similar solutions
of (1.1). All these estimates will be established formally for a given solution g to the coagulation equation in self-
similar variables (1.18) associated to an initial datum gj, € L} with mass p > 0. More precisely, we will use without
justification that for any ¢

d (0.¢] 1 o000 o
5 | s¢dv= E/faA¢gg/dydy’+/gD*¢dy 3.1

0 00 0

with

Ap(v,y)=¢"—¢p—¢' and D*¢=—)y"d, (%)
Notice that for the sake of simplicity we have removed (thanks to a trivial change of unknown) the term (1 — A) in
front of the first term in the right-hand side term of (3.1). This identity can either be proved rigorously on a (strong)
solution associated to the same equation with truncated coagulation rate and passing to the limit, or the associated
inequality (with < sign) can be proved a posteriori on a given weak solution for any subadditive moment functions ¢.
We postpone this question to Section 6.

Unless it is explicitly specified, we assume in all this section that 0 < 8 < 1 and @ € [, B]N[—B, 1 — B), in such
away that A € [0, 1), and gi, € L% We then consider a given solution g to (3.1) for which we obtain several estimates,
where the constants only depend on gi, € I;%.

As a first consequence of (3.1), taking ¢ (y) = y, we obtain that g conserves the mass

M (t)=M(0)=:p Vi=0. (3.2)
Lemma 3.1. For any k € (A, 1), there exists wi = wi (L) € (0, 00) such that

. Wk
Vi>0 Ni(t) < m1n(
[AVAN

o0

T Ni(0) v wk>, with Ni(1) := / gt y)(y A DFdy. (3.3)
0

Moreover, there exists n: (0, 00) — (0, 00) (Which only depends on gin) such that n(e) — 0 when ¢ — 0 and

&

V>0 /yg(t, y)dy <n(e). 34
0

Here and below we define a A b = min(a, b), a V b = max(a, b), for a, b € R. The lemma is based on a trick
introduced in [13] in order to investigate the gelation phenomenon (when A > 1) which is similar to an idea introduced
in [6] in order to deal with elliptic equations with right-hand side Dirac mass. Then, this trick has been used in [24,34]
in order to prove similar (but weaker) estimates that those established in Lemma 3.1 on the long time asymptotic of
solutions f to the coagulation equation when A < 1 (see [23, Proposition 2] for a precise statement). More recently
in [16] , these estimates has been taken up again in order to obtain bounds on self-similar profile to the coagulation
equation when A < 1 and @ > 0.

Proof of Lemma 3.1. Step 1. Proof of (3.3). First, we define ¢p4(y) = (y A A)" form € (0, 1] and A > 0, and we
compute

Y 4y = (y+y)" on{y,y: y+y <A},

Y4y — AT on{y,y; y<A,y <A y+y > A}
—Ag, (. Y) =1 " on{y,y; y< A,y > A},

" on{y,y; y=A,y <A},

A" on{y,ys y=A,y > A},

and

D*pa(y) =1 —m)y"lyca+A"1y>4,
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from which we get

—Agp, ZAmly,y/>A and D*¢ps < Pa. 3.5
We then deduce from (3.1), (3.5) and the lower estimate a(y, y') > (yy')*/?
o o 2 o0
m ') gpady+—\ [ &y dy | < [ gdady VA>O. (3.6)
A 0

Next, for a given function @ :[0, co) — [0, oo0) such that @(0) = 0 and a given £ € R, we have, using Fubini’s
theorem, Cauchy—Schwarz inequality and (3.6),

0o 2 00 00 2 00 [ee] 2
( f g(y)y*%(y)dy) =( / ' (A) / g@)ywdydA) < Ko f @’(A)A"( f g(y)y“zdy> dA
0 0 0 A

o0

2Kofa> (A)A~ ’"(/g¢Ady— d—/g¢Ady> dA
<2K ]o d—if wd

0 g¥dy ar 8 y

0 0

where we have set

Ko :=/¢’(A)A—f dA and W(y) ;=/¢’(A)Af—m¢A(y)dA. (3.7)
0 0

In other words, we have obtained the following differential inequality

00 o] 2 00
— | gwdy + — 2@ (y)d </ v dy. 3.8
I y+2K (/g(y)y » y) g¥dy (3.8)
0 0 0

Finally, we make the choices
@(y):=min(y***, 1), €:=1/2, m:=1r+26, (3.9)
with § € (0, (1 — A)/2] and we easily compute

1
A B A (y A 1)A+5 yl+28 B
Ko=(2+s8) [ A°'da , U(y)=(=+3$ S 1) )
0 <2+ )/ = o) <2+ )( rs T 0 <t
0

As a consequence, setting k = A + 6 € (A, 1), there holds for some constant C € (0, co)

é(y ADEST () KCHADY and @(y)y*? = (y A DK (3.10)

Gathering (3.8) and (3.10) we obtain, for some constant K| € (0, 00), the differential inequality

[’ 2 00

oo

d

a/ngy—i—K](/gJ/dy) é/gllldy.
0

0 0

Performing a time integration of this last one, we deduce that

00 —t 1
/gllfdy< (ooei—i—l(l(l —e—’)) G.11)

/ Jo~ gn¥dy
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and (3.3) follows from (3.10) and (3.11).
Step 2. We prove (3.4). On the one hand, defining the subadditive function ¢, (y) = ylye +61y>¢, s0 that Ay, <O
and D*¢, < ¢., we deduce from (3.1)

q o0 00
a/g‘ﬁsdyg/gd’sdy,
0 0

and then
o0 o0
sup /3% dy < e/gin¢s dy =:n1(¢) > 0 (3.12)
t€l0,1]
0 0

when ¢ — 0 by Lebesgue dominated convergence theorem. On the other hand, for # > 1 we use (3.3) for a given fixed
k € (A, 1) and we get

& &

/gydyés“k/gykdy@"kwk =:n1(e) > 0 (3.13)
0 0
when ¢ — 0. We obtain (3.4) gathering (3.12) and (3.13). O

Corollary 3.2. For any k > 1 there exists By = B(k, p, ) > 0 such that
Vi >0 My (t) > Bg. (3.14)

Proof of Corollary 3.2. We write

o o £
M (1) >fgy"dy>8k‘1/gydy>8"_l<p—/gydy) > (o —n(e)) 28"‘1%
& & 0

for ¢ small enough, thanks to (3.4). O

When « < 0, the moment estimates of Lemma 3.1 may be strengthened in the following way (see also [14,16] for
very similar results). When o < 0, it will be still strengthened as stated in Lemma 3.6 taking advantage of the moment
estimates established in Lemma 3.4.

Lemma 3.3. Assume o < 0. There exists A = A(p) > 0 such that (3.3) holds with k = \.

Proof of Lemma 3.3. We remark (see the proof of [14, Lemma 4.2]) that
a(y, ) (v + ) =y = ") < =Gy
from which we deduce
d
EM)L < Cr My — Ci 2 M3, (3.15)

for some constants C; ; > 0 and then (3.3) with kK = A follows by time integration. O

Lemma 3.4. For any k > 1, there exists a constant Ay, such that

sup My (1) < max(Ak, Mk(O)). (3.16)
[0,00)

Proof of Lemma 3.4. For a given k > 1, let us define

A, ¥) = (O +yP O (v + y)F =y = Nk = 0. (3.17)
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For y > y’, denoting z =y'/y € (0, 1], we have for any u < 1
A, y) = Y+ 2P) (1 + 2F = 28 = 1) <y (22%) (Cra) < 2Cky Tt
L2C [y Ry 4 (PR y ] = Ak (v, Y.

for a constant Cy > 0. Therefore, since A and Aj are symmetric functions, the inequality A(y, y’) < /]k(y, y)
holds for any y, y’ > 0. We then deduce from (3.1) with ¢ = y¥, the following differential inequality

d
EM" S CkMiqp—yuMoyy — (k—1)My forany < 1.

Making the choice u:= 8 + min(k%l, %, 1 —B) € (0, 1], we obtain
d

EMk < Ci My My, — (k — )M,

withk; :=k+p —p=k—min()51, 52 1- ) e (1,k), ky :=a + p =2+ min(}51, 152, 1— B) € (&, 1]. Finally,
using the Holder inequality My, < Mll_g M,?, with 0 € (0, 1), we deduce

d
aMk<C]M£Mk2—C2Mk. (3.18)
By Lemma 3.1 we have My, € L'+ L. Actually, if ko =1, My, = p. If on the other hand, k> € (A, 1), there is k3
such that A < k3 < k» < 1. Then, My, < M;SMkl;‘s for some § > 0 and using the estimate (3.3) for My, we deduce

My, € L' + L*. A straightforward integration gives

M0 <0+ i1 =) — |

Co(1—0)(1 —eC20=01) 4 [Ty (s)ds

where we have introduced the decomposition My, = hi + hso, h1 € L heo e L®. O

Corollary 3.5. Assume gin € L}n for some m > 1. For any k < 1 there exists B, = B(k, p, M;;,(0)) > 0 such that
Vi >0 Mi(t) > By. (3.19)

Proof of Corollary 3.5. First, thanks to Lemma 3.4, we have

sup My, (1) < C,
t>0

for some constant C € (0, oo). Next, using the decomposition

R 00
p=Mt) <R1*k/y"gdy+R1*’"/gy’"dy <R"™*My@t)+R'"C
0 R

with R large enough in such a way that R'=""C < p/2, we get (3.19) with By = p/2R*"!. O
Lemma 3.6. Assume o < 0 and gi, € L{ N l:,ln for some m > 1.

(1) For any k < 0 there exists wy = wi(p, M, (0)) € (0, 00) such that
Vi >0 Mi(r) < max(wg, Mi(0)). (3.20)
(2) More precisely, there exists A = A(p, M, (0), a) € (0, 00) and Bin = Bin(gin) such that

o0
« A
Vi >0 /g(t,y)e(lN)y /A dy <m1n<l—M,Bin> (3.21)

with Bin < oo if (and only if) gine’i"ya elLl for some rin > 0.
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Proof of Lemma 3.6. Step 1. Proof of (3.20). First, for k < 0, we have
a(y, Y) (v + 30 = = () <= O = ()P (3.22)

and we deduce from (3.1) written for ¢ = yk

d -
EMk < (=M — My Mp < (1 — k)M — e M, ', (3.23)
with ¢y = c«(p, B, o, M, (0)) := inf; Mg (t)plaTk > 0, where we have used the Holder inequality My < Mll_eMngk,

6 = (1—k)/(1 —k —a) and the fact that Mg is bounded by below thanks to Corollary 3.5. A straightforward integration
gives,
1—k

M (1) < <Mk(0)ﬁ e (1 _eott) Cx >T

1—k

and (3.20) follows with wy 1= (c,/(1 — k))& .
Step 2. Proof of (3.21). Let now fix T > 0. On the one hand, if for a given k, there exists ¢ € [0, t] such that
(=M@ = M, "D @), then

1-k
M) < (2(1 _k)> ——en

Cx

with C, = 2% wg > wg, and from Step 1, we deduce that

1-k
2(1 —k))a

cx(—a)

My (7) < Ck < < (3.24)

N P
On the other hand, if for a given k and for any ¢ € [0, T] we have (1 — k)M (t) < %M i =% (1), then the differential

inequality (3.23) reduces to

d Cye  1—7%
EMk < —7Mk =*" on (0, 1),
which in turns implies (by integration)
1 - 1
T>%t1 ak+ o 2%1‘1 k OH(O,T).
M 1) M, (0)
We thus obtain, in particular,
1-k
2(1 —k)\ =
Moy < (2420 (3.25)
ci(—a)T

Gathering (3.24) and (3.25), we deduce

1-k

Vi>0 Mk<r)<<i<1—k)>
tAl

with z := 2/(—c««) independent of k < 0. We deduce from Stirling formula that for any j € N and any ¢ > 0, there
holds

1—ja

Z =) 7\
My (1) < (m(l —jot)) < <m> J! (3.26)

for some constant Z € (0, 00). As a consequence, we get for any r > 0

v rj 7z ad rZ J

V=Y M, < — ,
[e = < 23 ()
0

j=0"" Jj=0
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and we obtain the first estimate in (3.21) making the choice A :=2Z, r := (¢t A 1)/A. For the second estimate in
(3.21), we just remark that we may replace in (3.26) the term Z/(t A 1) by Ziy € (0, 00) if gine'm € L'. O

In the next lemma we obtain an upper exponential bound of the solutions of the coagulation equation in self similar
variables (1.18).

Lemma 3.7. For any B € (—a, 1 — L) there exists two constants A = A(p) € (0, 00), xo = xo(p) = | such that the set
Cy:= {g; My (g) < AT (k + b) Vk € [min(l, 1+ a), 2], Mi(g) < AT (k + by vk > 2}
is a invariant domain under the flow of Eq. (1.18) for any x > x¢. As a consequence, if gine'®’ € I;{ for some rq €

(0, 00) there exists r1 € (0, 00) such that

o]

sup/ gt,y)yedy < oo.
>0

Proof of Lemma 3.7. Let us consider

8in € Z4 = m L]l(
k>min(1,14a)

By the previous estimates proved above we have g(t) € Z, for any ¢ > 0. On the one hand, choosing ¢ (y) = y” in
(3.1) we get

o000

d 1

gMr T (=DM, = Ef/a((y”)” —y7 = ()7P)gg dydy'. (3.27)
00

In order to estimate the right-hand side of (3.27) we use the following lemma, proved by Bobylev, Gamba and Panferov
in [5, Lemma 2].

Lemma 3.8. Assume that p > 1, and let k, denote the integer part of pTH. Forany y,y > 0 the following inequalities

hold
kp—1 kp
> (’,j) GFONPH+ 3P RO < (6P =3P = )P <D (‘,’j) GO LT TGO
k=1 k=1
where (f()) stands for the generalised binomial coefficient.
We deduce from (3.27) and Lemma 3.8
d
EM,,+(p—l)Mp<S,, (3.28)
with
kl’
Sp = Z (i) (My+aMp—k+p + M+ pMp_ita)-
k=1
Let define zx and Z), by
M, =T(k+ b)z, Zp:= ; nlaaxk (Zk+aZp—k+B> Zk+BZp—k+a)-
=1,...k,

In order to estimate §),, we use the following lemma proved in [5, Lemma 4].

Lemma 3.9. There exists a constant Cy such that

Sy <CoT(p+2b+M)Z, Vp>1.
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Gathering (3.28) and Lemma 3.9 we obtain the following differential inequality on z,,

d F'(p+b+(A+Db))
— —Dzp < )
arr P Do T+ 7
from which we deduce by classical properties of the Gamma function
d
azp—l-(p—l)zp C1p Zp Vp > 1. (3.29)
Thanks to Lemmas 3.3 and 3.4 we know that there exists A € (0, co) such that
supzr(t) <A Vk € [min(l, 1 +a),2]. (3.30)
>0

Let fix pg > 2 such that p — 1 > C1Ap**? for any p > po. Thanks to Lemma 3.4 again we may find xo > 1 such

supz (1) < Axt™! Yk e[2, pol. (3.31)
t>0

We aim to prove that for any x > xo and any k > p

2%(0) < Ax*=1 implies  supzx(¢) < Axk L (3.32)
120

We argue by induction establishing (3.32) successively on any interval [min(l, 1 4+ «), po + j(1 — B)] when
j € N*. Assume then that (3.32) holds on [min(1,1 + «), po + j(1 — B)] for some j € N and let consider
pe(po+jd—p),po+ (j+ DA — B)]. Remarking that p — k > p — k, > 1 because p > 2 we easily ver-
ify that k+o, p—k+ B, k+ B, p—k+oae[min(l, 1 + ), po+ jp] for any k € {1, ..., k,}. Therefore we may
use (3.31) and the recurrence assumption (3.32) for any term z; involved in the expression of Z, and we get
Zp < A2xpti=2 A(AxP™h. Inserting this estimate in (3.29) and using the definition of py we get

d
gt P—Dn<(p- DAxP~ (3.33)
Remarking that z,, = AxP~!is a supersolution for this last equation we deduce that (3.32) holds for p € (po+ j (1 —
B), po + (j + D(1 — B)] and then (3.32) holds for any p > po by an induction argument. Coming back to the M,
functions, we have precisely proved that Cy is an invariant set.

Assume now gijne'?’ € L1 and compute

/gmye"’y dy—Z/ "o yldy < Co,

from where we deduce that for any k € N: M;1(0) < (Corg)(k+ 1)!/ r{;“ Since we may assume without loss of

generality that r € (0, 1], the function y — r(‘H’)

p=>1

is increasing, and we deduce by the Holder inequality that for any

¢! rp+2 ..
My (0) < (Coro)er < (COT’O)W with £, :=[p] + 1

From the definition of z, we deduce

p(p+1) -1

2p(0) < (Coro) == < Ax] (3.34)

for any p > 1 and for some constant x; € (1, 0c0). Choosing x := max(xg, x1) we get from (3.33) and (3.34) that for
any p > 1

zp(1) < AxP; Vr>0.
Therefore,

Mi(t) <T(k+b)Ax*! VkeN*, vV >0.
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Forr| < x~ 1, we then have

e}
I'(k+1+b)
ry k2T TR
V>0 /g(r nye¥dy = Zk,MkH(t) AkZO( f————<oc0. D
0

Putting together the estimates on the solution g to the coagulation equation in self-similar variables obtained in
Lemmas 3.1, 3.3, 3.4, 3.6, Corollaries 3.5, 3.2, and using the change of variables (1.19), or more precisely the moment
identity (1.20), we obtain the following a priori estimates on the solution f to the coagulation equation in the original
variables.

Corollary 3.10. Under the hypothesis A, B € [0, 1), a solution f to Egs. (1.1), (1.2) satisfies

(1) Foranyke I, N[A,1]:
k=1
Mi(f (@, ) <Cut 1=+, Vi =2,

for some positive constant Cy only depending on fin by the mean of its mass p > 0.
(2) Assume fin € L% N L1 with M > 1. For any k € [1, M]

k—1

Mk(f(t, -)) Cit=2, Vt>=2,
for some positive constant Cy. depending on My/(0).
(3) Assume a <0 and fin € L% N L11v1 with M > 1. For any k <0
k—1
Mi(f(t,)) < Cut™=, V22,
for some positive constant Cy only depending on M (0).
(4) Assume fi, € L{ N L}W with M > 1. For any k < 1
k=1
Mi(f(t,)) = Byt 1=+, V122,
for some positive constant By only depending on M ;(0).
5) Foranyk > 1
k=1
Mi(f(t,)) = Byt 1=+, V122,

for some positive constant By.
4. Uniform and regularity estimates for self-similar profiles

In this section we still assume $ € [0, 1) and o € [, B]N[—B, 1 — B) and thus A € [0, 1). Gathering the results
of the preceding section, in particular Lemmas 3.1, 3.3, 3.6, 3.7 and its proof, we see that the set

LC,:={ge Ly, Mi(g)=p, Mi(g) <wi Vk € s} Ca,

where (wy) is the family of constants defined in these lemmas, is an invariant set under the flow generated by the
coagulation equation in self-similar variables (1.18). Moreover, thanks to the proofs of Lemmas 3.6 and 3.7 there
exist some constants ry, 71, Weo € (0, 00) such that for any g € LC, we have

00 1

/g(y)e"ydwr/g(y)yer“ya dy < weo. 4.1)
1 0

We now define

MCT ={g€D'(0,00), 20, Mi(g) = p. My(g) <wi Vk € Lo}.
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This is also an invariant set under the flow generated by Eq. (1.18), which furthermore is compact in the weak sense
of Radon measures. Let emphasise that the coagulation operator Q is well defined on MC;", thanks to Lemma 2.1,
and therefore in the sense of Definition 2.10 (that we may extend straightforwardly to a measure framework).

Thanks to the invariant and compactness properties of MC;" the following existence result of self similar profiles
can be proved, see [14,16].

Theorem 4.1. There exists at least one weak self-similar profile G € MC, in the sense of Definition 2.10 (extended
to a measure framework), for any given mass p > 0.

The proof of Theorem 4.1 can be performed in two steps. In a first step, for any ¢ > 0, we consider a regularised
version (E;) of the coagulation equation in self-similar variables (1.18) for which similar estimates than for (1.18)
can be obtained and which furthermore generate a (weakly) continuous semi-group in L!. Applying the Brouwer (or
Tykonov) fixed point theorem one gets the existence of a stationary solution 0 < G, € LC,. In a second step, we
remove the regularisation term in (E;) in the limit ¢ — O in such a way to recover Eq. (1.18) keeping the uniform
estimate G, € MC,". We conclude using a stability principle in the spirit of the one used in the proof of Theorem 2.4.

The aim of this section is to prove some further properties of the self-similar profiles G given by Theorem 4.1.
In all the remainder of this section, we then fix a self-similar profile G given by Theorem 4.1 (in particular G is just
assumed to be a measure), which therefore satisfies the bound conditions (4.1).

Theorem 4.2. Assume o < 0. Then,
VkeN, 3 >0 suchthat &% TVEG e L™ (4.2)
In particular G € 5(0, 00) the Schwartz space on (0, 00).

Proof of Theorem 4.2. Due the bounds on the moments of G and Lemma 2.1 point (iii), we may write the strong
formulation (or mild formulation, see [14, Definition 2.4 and Remark 2.5]) of the self-similar equation (2.22)

3y(y*G) =yQ(G) inD'(0,00), 43)
from which we deduce for y =, 1 andr >0
(v’ G) = (yry' "G +y0(G))e (4.4)

when this equation makes sense.
We remind that the coagulation operator Q(G) = Q7 (G) — O~ (G) is defined thanks to the duality formula (2.12).
We remark, using (y”)Y < y¥ + ()Y for y = a and y = 1, that we have for any ¢ € Cj([0, 00))

o8]

(0%(G). e o) < ||¢||Lm(/

0

and Q(G)e”” € M! for r > 0 small enough thanks to (4.1). Therefore, all the terms involved in (4.4) are bounded
measures for ¥ > 0 small enough, and (4.4) make sense. We deduce that yze’ Y'Ge BV([0, 00)), so that G is in fact a
measurable function and satisfies (4.2) for k = 0.

Next, gathering (4.1) with estimate (4.2) for k = 0, we easily deduce from the first definition of the coagulation
operator (1.3) that e Q(G) € L™, and then from (4.4) that

¥ 8,G =3, (y%e™ G) — Gay(y*e?") e L™
for r > 0 small enough. Therefore, G satisfies (4.2) for k = 1.
Finally, we differentiate the coagulation kernel and, using that G’ € L™, we get

2
(O + yP)e” dG(y))

W (0G) = /(8 a)(y =y, yNG(y —y)G(y)dy —/(8 a)(y,y)GG dy

y 00

1
+5 / a(y — ¥ ¥),G(y — Y)G() dy — / a(y.y)3,G ()G (Y) dy'.
0 0
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Then, " 9y (Q(G)) € L™ for r > 0 small enough. From elementary differential calculus and Eq. (4.3), we also have
807G =y?0;(37G) =3y 9,(37G) + 672G = y~'9,(Q(G)) =3y 2 Q(G) + 6y °G,

from which we conclude that (4.2) holds for k = 2. We end the proof using an induction argument. O

We give now the estimates that we obtain for the self similar profiles when o > 0. The main difference with the case
a < 0 is that G has no so good moment estimates as in that previous case and thus the self-similar profile equation
(1.9) has to be understand in the weak sense.

Theorem 4.3. Assume o > 0. There exists B > 0 such that

y*GeBY e L foranyk > A+ 1. (4.5)
Moreover,
yzG ec? forany 6 €[0,1 —A). (4.6)

Proof of Theorem 4.3. The idea is to work with the representations (2.25) and (2.24) thanks to Lemma 2.11 and to
use the following result, that we state without proof since it follows from the classical Young inequality.

Lemma 4.4. Let p > 1, g € (1, 00) and define 6 := % + - —1e(—1,1). Consider g € (L' N L9)(0, 00) and fe

LP0,00) if p>1, fe M'(0,00) if p= 1.

1
q

(1) If6 >0, we have f x, g € L"(0, 00) with r =0"le¢ [g, 00).
(2) If 6 =0, we have f x, g € Cp(0, 00).
(3) If0 <0, we have f x, g € C%~9(0, c0).

We assume first that « = 0 and we split the proof in five steps.
Step 1. We follow the proof of Lemma 2.11. From y¥G € M! for any k > A and Lemma 2.1 we infer (z# +
22)La(G)(2) € L, (z* +z2)Lg(G)(z) € L™, and thus

Lo(G) e L, Lg(G) e L forany gy €[1,1/B), g2 €[1,1/a). 4.7

Thanks to Lemma 4.4, we deduce from y*+t' G, y#*1G € M' and (4.7) that C(G) € L for any r € [1, 1/8). Integrat-
ing Eq. (2.25) we thus obtain

Gy?>=(1—-21)C(G) inD'(0,00),

from which we deduce that G is in fact a measurable function and that (2.24) holds.

Step 2. We use now the self-similar profile equation (2.24), (2.6) in order to increase the regularity estimates on
the profile G by a bootstrap argument. Let first assume z>G € L” with r > 1 and recall that z*G € L'. We look for
0 € (0,1) and p € [1, r] such that

(z*T16)" = (26)"° (+6)' . 4.8)
Solving this system of equations
(a+Dp=2r6 +1(1—-6) and p=rf+1-96,

we see that

_(lme N\, e o 1-B
p‘(l—ﬁ’+> <+1—/3>r’ TTprr(-a)

satisfy (4.8). By Holder inequality in (4.8) we get that y**1G e L? for this value of p € [1, r]. Using next Lemma 4.4
as long as

1 -« 1—a\"! -« 1-81
= 1)(1 g —l=——da—14+—"->0,
¢1(r) <1—ﬂer )( +1—ﬂ> rote 2—A+a +2—/\r
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we deduce that (y*t1G) , L s(G) € L% We note ¢, the function defined by the above formula interchanging the
role of o and 8. Using the same argument for the term (y’f"|rl G) »; Ly(G) and using (2.24), (2.6) we thus obtain that

2Ge L’ implies z°G e L"), (4.9)
with ¢ (r) := min(¢; (r), ¢2(r)) as long as ¢ (r)~' > 0. We remark that
1 8 1-8 l—«
—<—n+- withp:=1—-——L2>0, §:= 0,1). 4.10
sy ST withy P=5—~> 75 €0.D (4.10)

Therefore, starting from z2G € L' with o = 1, we deduce iterating (4.9) that z2G € L™+! for any n € N with
rn+1 = ¢ (ry) as long as @ (rn)~ " > 0. Thanks to (4.10), we have

1 . 1=08"
<O - UR
¢ (rn) 1-46
and the right-hand side term becomes negative for any n larger than a given integer N = N (8, n). We then have
722G € L™ in less than N iteration steps.
Step 3. We next assume *G € L® with > + 1 < k < 2. From zXG € L™ and

o0
[@oy < lemreelizal,.,
0

we deduce that z G € L? with p = (k — 1) /(k — 6) for any 6 € (1 + A, 2). Therefore /G LA/ for 6 such that
g =1—o«a orequivalently 6 =ka +A(l —a).

Since 8 < 1 + «, we infer from Lemma 4.4 that
22y G) % Lp(G) <227 (Y0 G) x: Lp(G) <7y

with Cy a constant and
o1k):==ka+ (1 +1)(1 —a).

We define ¢, replacing « by g in the above expression. Making the same job for the term (y#1!1G) x, L, (G) and
using (2.24), (2.6) we thus obtain that

*GeL® implies z?®GeL™, (4.11)

with ¢ (k) := max(¢; (k), ¢2(k)). We easily verify that ¢ (k) € [1 4+ X1, 2] forany k € [1 + A, 2], that (1 + A1) =142,
that k — ¢ (k) — k is strictly decreasing in [1 4+ X, 2], so that ¢ (k) < k for any k € (1 + A, 2]. Starting from kg = 2 and
defining the sequence (k,) by k,+1 = ¢ (k;,), we deduce from the properties of ¢ that k,, — 1 + A when n — oo and
therefore (4.5) holds in bounded domains.

Step 4. Interpolating, as in the beginning of step 3, the facts that zXG € L™ for any k > 1 + A and z*G € L!, we
find z2%+t1'G € LP2 forany p; € [1,1/8) and zA*+'G e LP! forany p; € [1, 1/a). Gathering this information with (4.7)
we get that C(G) € C 0.9 for any 6 € (0, 1 — A) thanks to (2.6) and Lemma 4.4, from which (4.6) follows.

Step 5. In order to prove (4.5) with B > 0, we define G(z) := e8¥G(z) with B small enough in such a way that
G € LC,. Egs. (2.24), (2.6) on G implies that G satisfies

22G() = (y*7'G) % Ls(G) + (y#7'G) x: La(G)  a.e.on (0,00),
with

L,(G)(y) := (1 —r)e? f(y’)”G’dy’~
y

We conclude the proof for the case o = 0 proceeding along the lines of steps 1 and 2. When « > 0 we follow the same
steps as for @ = 0. The only difference comes from the fact that, in step 1, we have G € L ,i for any k € (X, 00) instead

of G el;li forany k € [A,00). O
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Remark 4.5. If we compare (4.6) with Theorem 5.1 we see that (4.6) is near to be the optimal regularity at least for
small values of y when « > 0, because (4.6) implies that y*G € L°°(0, 1) for any k > 1 + A.

5. Uniform lower bound for self-similar profiles

In this section we prove the pointwise lower estimate of the self-similar profiles as stated in Theorem 2.12. It will
be a consequence of Theorems 5.1 and 5.4. We start with a profile G € ), whose existence is given by Theorem 4.1
and which is continuous by Theorems 4.2 and 4.3.

Theorem 5.1.

(1) Forany g > 0, there exists § >0, r <&, R > r, such that G > 51y, g).
(2) Assume a < 0. There exists a, R > 0 such that G(y) > e " on (0, R).
(3) Assume a > 0. Then Gy* ¢ L>°(0, 1) for any k < 1 + A.

Proof of Theorem 5.1. Step 1. The general case o € R. It has already been proved in [16]. We nevertheless present
the proof because we will modify it in step 3 below in order to improve the lower estimate when « > 0. Since G is
continuous we just need to prove that G # 0 on [0, &] for arbitrary small ¢ > 0. Assume thus by contradiction that
G =0on [0, €] for some ¢ € (0, 1). That implies G € L for any k € R and thus L, (G), Lg(G) € L*™. We infer from
(2.24)—(2.6) that

2GR < A= Lp@G | + P La(O)] ) / G(y)dy on (0,00)
0

from where we deduce
z

R'(z2) <CR(z) on (g, 00), R(2) :=/G(y)dy
0

for some positive constant C. Since R € C 1(0, 00) and R(¢) = 0 we obtain G =0 on (g, 00) by the Gronwall lemma.
But this is in contradiction with the fact that the mass of G is p > 0.

Step 2. The case o < 0. On the one hand, G is a strong nonnegative solution of the evolution coagulation equation
in self-similar variables (1.18), which means that we can split the QT and the Q~ terms of the coagulation operator.
This equation may then be written as follows:

00 y

4G — DG +G / aG'dy' = 3 / ay =y, Y)G( = ¥)G () dy.
0 0
‘We have then
3G — DG + Gty >0, (5.1
where
o0
() =M +yF) > /aG’ dy’, M :=max(My(G), Mg(G)).
0

On the other hand, any solution f to the equation

& f=Df —tof. [f(O)=fin

is given by the following expression (see [14, Lemma 2.2])

f,y) = fin(e'y) exp<2t - / Eo(ye_(s_’))ds) > fin(e'y) exp<— / Zo(ye_s)ds). (5.2)

0 0
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Since G is a time independent function, we then deduce from (5.1) and (5.2) that

t
, L M, M, _
G() = 8lyerepr,r) eXp{—/M[(yeA)a + (ve é)ﬂ]ds} > 81{err<y<erme><p{—m—|y°‘ - E(ye ’)’3}
0

M M
2 8lje-1 r<y<e R CXP{—H}’“ - FRﬁ}

for any ¢ > 0, and we easily conclude.
Step 3. The case « > 0. Assume, by contradiction, that Gyk € L for some k € (1 + B, 1+ ). Then, we compute

e A e T E e P R R T AR O
0 =y 0 z—y

1Gy* 12

Zz
< m {yﬂ+17k(z _ y)()l+17k + y()l+17k(z _ y)ﬂ+17k} dy < CkZZ—(Zk—l—A),
0

or in other words Gy?® e L> with ¢ (k) := 2k — 1 — A. We easily deduce by a finite induction argument that
Gy* € L™ at least for some k € (1 +a, 1 + ). Remarking that this implies Gy? € L', we write now

Z Z

ch(z):/{ f(y/)a—k[G/(y/)k]dy/}yﬁ+1—k[Gyk]dy+/{ f(y/)ﬁG/dy/}ya+l—k[Gyk]dy

0 =y 0 =y
b4
GyK| Lo
=l P L A T

0
< Cr22" %9 for any z € (0, 1),
or in other words, Gy?® e L> with ¢ (k) := k — . We deduce again by an induction argument that Gy* € L for
some k € (1, 1 + «). That implies y*G € L' and we have then
Z

Z
G () < /[M,g(G)y““ + Mo (G)y* ]G dy < [Mﬁ(G) + Mﬂ(G)] /z1+aGdy.
0

Zl—oz Zl—oz Zl—ﬂ

Defining R(z) := 5 y' TG dy, we have R € C'(0,00), R(0) =0 and R'(z) < Cz#~'R(z) on (0, 00) with z/~! €
LllOC ([0, 00)). By the Gronwall lemma, we get R = 0 which is in contradiction with the fact that G £0. O

We start with two technical lemmas.

Lemma 5.2. For any R > r > 0, there exists ¢, gr > 0 such that
CQp,rD 2 cr, R, R4r1- (5.3)
Forany R >4 and y € (0, 1/2), there holds
C(1p1,g) = y>min(R*, 1) R*111 2r(1—y))- (5.4)

Proof of Lemma 5.2. Distinguishing according to the cases o > 0, < 0,7 < 1,7 > 1, R <1 and R > 1, there holds

Z e ¢]

C(‘Sl[r,R])(Z) 252‘}}',R/1r<y<R{ / 1r<y’<R dy/}dy
0 z—y
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with
vy, g :=min(r*T, PP min(R*, RP, r®, rP).
A careful but straightforward computation of the integral term gives

2
z 1
C((Sl[r,R])(Z) = 52Vr,R”:(R —-r)+ <Z(V + R) — 3):|1[r,R+r] + 5(2R — 2)21[R+r,2R]},

from which we deduce (5.3) and (5.4). O
Lemma 5.3.

(1) Assume that G = 81y gy for some 8,r, R > 0, R > r. Then, there exists C g such that

G > 8°Cr.r1{r.Ror)- (5.5)
(2) Assume that G > 81y R) for some § > 0 and R > 4. Then, for any y € (0, 1/2) there holds
G > C8y* RNy hr—y) (5.6)

for some numerical constant C > 0.

Proof of Lemma 5.3. We prove (5.6). Using Lemma 5.2 we have on [1, 2R]
(ZR)ZG(Z) 2 ZZG(Z) = C(G)(Z) 2 82)/2 min(Ro‘, 1)R21[1’2R(1,V)].
The proof of (5.5) is similar. O

Theorem 5.4. For any r > 0 there exists b, > 0 such that

G(y)=e™Y on(r,00).

Proof of Theorem 5.4. By Theorem 5.1, for r € (0, 1) arbitrary small there exists ' > 0, R’ > r such that G >
8'1(, g}- Iterating the lower estimate (5.5) we obtain in a finite number of iterative steps that

G261, withé>0, R>1,r<1. 6.7

We next iterate the lower estimate (5.6) making the choice y; := y! with y € (0, 1/2) to be specified. A straightforward
induction argument gives

n

G = [1(Co2 RN 11, ), (5.8)
i=0

with

Ry = {11[2(1 _ )/i)j|R.
i=0

We then estimate separately each term involved in inequality (5.8) in the three following steps.
Step 1. Using the elementary inequalities In(1 — x) > —2x and In(1 4+ x) < x for x € (0, 1/2), we get

n .
MR > Rn =2n|:l_[(1 _ y]+1):|R > 2}’16*2]/2?:0)/]1? > on e*4VR > znflR,
j=1
for y small enough.
Step 2. We compute the elementary following equivalences

n n
Zzn—i ~ 2n+l Zizn—i ~ 2n+1
e n—o0 ’ e n—o00 ’
1= 1=l
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from which we deduce

n i n n—i n ion—i n
[T(es?r? k)" > (e R == T (227) ™ >
i=0 i=0
with kg := (C82y2R~1%1)* (which can be chosen smaller than 1, taking y small enough).
Step 3. Gathering the estimates established in step 1 and step 2, we get

n 4y/R
G(y) 2 Kg 1[1,2’771R] (y) 2 Koy/ 1[2”72R,2"71R] (y) Vn 2 2, (59)

which in turn implies G (y) > e~P1Y with b = 4|1Inkp|/R. We conclude gathering this estimate with (5.7). O
Proof of Theorem 2.12. It is just enough to gather Theorems 4.1-4.3,5.1 and 5.4. O
6. Estimates for the coagulation equation in the original variables: proofs of Theorems 2.4 and 2.8

The main purpose of this section is to prove Theorem 2.4. Therefore we assume in all the following that the hypoth-
esis of Theorem 2.4 are satisfied, namely 8 € [0, 1], « € [—1, 8] and A € [0, 2]. We start considering a nonnegative
initial datum f;; € IL% with M1 (fin) = p > 0 and we gather some a priori bounds for solutions of the Cauchy problem
(1.1), (1.2). Use will be made, without justification, of the following identity for any solution f to the coagulation
equation (1.1) and any test function ¢:

d o 1 o000 oo
5 [rear=3 [[asorravay+ [ soar an
0 00 0

where Ay is defined just after (3.1).
We first present an estimate implying the equi-integrability of solutions using a trick introduced in [21] and devel-
oped in [33,24].

Lemma 6.1. There exists a real positive function A such that A(0) =0, A(t)/t — oo when t — 00, and a constant
Co such that

o0

[atramper<can wzo 62)
0

Proof of Lemma 6.1. On the one hand, from the De La Vallée Poussin lemma, see for instance [22,21], there exists
smooth, convex and positive real function A such that A(0) =0, A(¢)/t — oo when ¢t — o0, and a constant Cp such
that

A(fin(3))y dy < Co.

On the other hand, we just compute as in the beginning of the proof of (2.4)
d o o0 o000
& [ avar=[onatryay= [ [aran - an)aay.
0 0 00

Using the Young inequality ab < A(a) + A*(b) (where A* stands for the convex conjugate of A) and the identity
cA'(c) = A(c) + A*(A'(¢)) for any a, b, ¢ > 0, we have

FAG") = FA ) SAS) + A (A(f)) = fFA ) =Z(") — Z(f)
with X (a) :=aA'(a) — A(a) > 0. We conclude
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00 0000
d / ” ’
5 [ Ay < [ [ ayf (B - Z())dydy
0 00

< / / [a(r = ¥ ) = Y)Lyey — aly. ¥)¥] £/ E () dydy’ <O,
00

first making the change of variables (y, y') — (y”, y) in the first integral and next noticing that for any y’ > 0 the map
7+ za(z,y') is increasing. O

We now give some estimates on the moments of the solution to the coagulation equation (1.1). Most of them are
straightforward consequences of the corresponding estimates (3.3), (3.4) and (3.16) for the solution to the coagulation

equation in self-similar variables (1.18) using the change of variables (1.19).

Lemma 6.2. Assume (1.4) and let fix fin € Vin. The following properties hold at least formally for any solution f to
the coagulation equation (1.1), (1.2).

(1) The mass is decreasing in time:

Mit)<p Vt=0. (6.3)

(2) There exists a positive real function n such that n(¢) — 0 when ¢ — 0 and
&

/.f(t, yydy<n(e) Ve=0. 6.4)

0
(3) Assume A € [0, 1). For any k € 1, N [A, 1] there exists a constant Cy > 0 such that

C
Mi(t) <mind —*— M)} ve>o0. (6.5)
(tAl

4) Assume =1 and a < 0. There exists Cy > 0 such that

11—«
_a t Ta
Mo (1) < (M;“ 0+ 2 ) Vi >0, (6.6)
14 |of
(5) Assume a < 0. There exist w € (0, 1) and C € (0, o0) such that
Mo <CA+1)7% Vi=0. 6.7)

Proof of Lemma 6.2. Points (1) and (2) are straightforward consequences of (6.1) using the subadditive test function
¢(y) =y and ¢(y) = ylogyge. In order to prove point (3), we gather the estimate on Ny obtained following the
proof of Lemma 3.1 or Lemma 3.3 with the straightforward estimate My (f) < M (0) obtained from (6.1) using the
subadditive test function ¢ (y) = y, k € I,.

Proof of (4). Consider k < 0. Using the elementary inequality

a(y, Y) (v +y)F =y = ) <=0 + () T yP)

we deduce (thanks to the Holder inequality M < M? Mll_(9 withf =k —-1)/(k—1+4+a))

k+o
d - 1%
EMkS—MaJrleg < —cM, Mg.
Assuming now k =« < 0 and § = 1, we obtain

d 1- %
—My < —cMy “,
dr

from where we deduce (6.6).

o
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Proof of (5). When g € [0, 1) we interpolate (using Holder inequality) the estimates (6.3) and (6 5) for k = X, and
we obtain (6.7) with w = —a /(1 — 1) € (0, 1). When § = 1 and therefore by hypothesis fi, € L for some m < 1,

we interpolate (6.6) and (6.5) written for M, with k¥’ € (max(m, A), 1) and we obtain (6.7) with w = “al lz"_’k,k,
O, 1. o

We establish now an estimate for superlinear generalised moment.

Lemma 6.3. Assume (1.4) with A € [0, 1] and fin € Vin. Then, there exists a function ¢ such that ¢ (y)/y — oo when
y — o0 and for all T > 0 there exists a positive constant C = C(T, M1(0), M,,(0)) satisfying

sup My(1) < C(T). (6.8)
0T

In the proof of Lemma 6.3 we will need the following technical result.

Lemma 6.4. Assume A < 1. For any ¢ such that ¢(y) = y¥(y), ¢ € CL([0, o0)) positive, increasing, ¥ (0) = 1,
concave and such that yy¥'(y) < A(y A 1), ¢(2y) < Ag(y) for some constant A € (0, 00), there exists a constant
B € (0, 00) such that

ady < B(K()o(Y)+o(MK), (6.9)
with K (y) = y* "1, + .

Proof of Lemma 6.4. Using the decomposition
Ap=yW" =) +y' " =y
we see that (6.9) reduces to prove
B
T(y,y) =" OV [ +5) v 0] < S (KMeO) + (K (N), (6.10)

for the two couples (u,v) = (¢, 8) and (u, v) = (B, «), or in other words for any couple (u, v) such that p,v €
(—1,1] and p + v = A. We estimate T according to different cases.

e When y’ < 1 or when v < 0, there holds
T <Y Oy O <Ay A DG <AV [ON Ty + Y]+ AT < +y]Y

according to the case v < 0 (and then p > 0) and to the case y’ < 1 and v > 0.
e When 1 <y’ < yandv >0, there holds

T <Ay (y A DO <Ay (v A DY < Ayy.

e When 1<y, y<y and v, u >0, there holds
A
T <y*MON"'vy) <yl )Y 2y) + y 1,21 v (2y) < §y¢(y/)-
e When 1<y, v>0and u <0, there holds

A
T <y () 'y y) < “+1¢(2y/)<5[ya+11y<1+)’]¢(y/)~ O

Proof of Lemma 6.3. From the refined version of De la Vallée Poussin lemma (see for instance [20,35]) there exists
¢ satisfying the assumptions of Lemma 6.4 and such that M (fin) < oo. Using Lemma 6.4 and (3.1) there holds

—M¢ BM¢Mk B(Mk+M1)M¢ (6.11)
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withk=a+1e(,1)ifa <Oandk=1if o >0. Since My € L! by (6.7) or (6.3) we conclude,

loc
t

My (1) < My (0) exp(/(Mk(s) + M, (s)) ds), vVt >0,
0
from where (6.8) follows. O

Lemma 6.5. Assume A > 1. There exists a positive constant C such that

oo , 00

(]

2
Y2 (Inyyt f dy) dr < Cp.
0 1

Proof of Lemma 6.5. We apply [13, Theorem 2.2] with @ (A) := (A/2(InA)*) A 1. O

Proof of the existence part in Theorem 2.4. It is now classical that in order to prove the existence of solutions to
the coagulation equation it is enough to show a “stability result” under “physical estimates” (see for instance [21]).
To this end we consider a sequence of functions (f,) which are weak mass preserving solutions (in the sense of
Definition 2.3) to the Cauchy problem (1.1), (1.2) with initial datum ( fin ) such that fi, , — fin weakly in L} and
which satisfies, uniformly in 7, the a priori bounds established in Lemmas 6.1-6.3 and Lemma 6.5, namely:

M (fu())<p V1=0; 6.12)
/fn(t, yydy <n(e) Vt=0; (6.13)
0
/A(fn(t, y)ydy<C Vi =0; (6.14)
0

and for some superlinear function ¢ and for some p € (1, min(w~!, 2)) (with w € (0, 1) defined in Lemma 6.2.5 when
o < 0 and for instance w = 1/2 when « > 0)

T 00 p
/(/fn(th)(yl+a1}'<l +¢(y)1y>1)dy> dt<Cr VT >0. (6.15)
0 0

We aim to prove (and that will establish the announced stability result) that there exist a weak solution f to
the Smoluchowski equation (1.1) in the sense of Definition 2.3 and a subsequence (f,/) such that f; — f in

C ([0, c0); Llloc-weak). We split now the proof in several steps.

Step 1. Convergence of (f,). First, from (6.12) and (6.14), there exists f € L*(0, oco; l:i) such that (up to the
extraction of a sub-sequence)

fo— f weaklyin L| ([0, T] x Ry) VT >0.
From Eq. (6.1) and the estimates (2.9), (6.12) and (6.15) we have that, for any ¢ € CLI. (R.), the quantity

d o
T / fa(t, )¢ dy =(Q(fa), ¢)
0

. . p
is bounded in Ly,

fa— f inC([0, 00); L} (Ry)-weak). (6.16)

([0, o0)) and thus

Step 2. Initial condition. By step 1 we have in particular f, (0, -) — f(0,-) in D’. Since by hypothesis fin.n — fin,
we deduce that £ (0, -) = fin-
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Step 3. Passing to the limit in Eq. (2.17). We deduce that for any sequence (¢,) such that ¢, = ¢, (¢, v,y ) > ¢ =
¢(t,y,y) ae. and ||¢,| L~ < C, there holds:

o0 o0
/fn¢nX/dy—>/f¢)(/dy a.e. on]Ri_
0 0

with x (y) =y + y™in(L.1+®) Writing then

T T cooo
/(Q(fn),qs)dt:[// Andydy’ dr
0 000

we may pass to the limit » — 0o in each subset £2; introduced in the proof of Lemma 2.1. We therefore obtain that f
is a weak solution in the sense of Definition 2.3. O

Proof of the qualitative properties of the solution when A € [0, 1]. From Lemma 6.3, M(¢) is bounded on every
compact sets of [0, +00). We may then pass to the limit in the conservation of mass and then f is also mass conserving.
The estimates on the moments of the solution f follow from Corollary 3.10 and Lemma 6.2. O

Proof of the gelation property in Theorem 2.4. Assuming A € (I,2] we show that any weak solution f €
L*([0, c0); L}) does not conserve the mass. Indeed, on the one hand, from [13, Corollary 2.3] the following a
posteriori estimate holds

o0, 00 2
/ ( / f(uy)ydy) dr < Cre' M, (0),
0 £

for some constant C; . Let fix ¢ > 0 such that
&€ &€ l
/f(t, yydy < / finydy < EMI(O)-
0 0
Assume by contradiction that M (t) = M;(0). Using the decomposition

o0 £ o0 1 o0
/ £t y)ydy = / Fyydy + / FE vy < MO + / £t y)ydy
0 0 3 &

we get
1 o0
M0 < / £t y)ydy € L2(0, )
&

and a contradiction. O

Proof of Theorem 2.8. It is very similar to that of Theorem 2.4, where the spaces L! have to be changed to M.

Notice nevertheless the following. By the hypothesis on the source term s, we are not allowed to use any test function
¢ (y) whose behaviour near the origin is ¢ (y) ~ y™ as y — 0 with m < 1. This makes that the regularising effect
of the coagulation equation with the source term s is weaker than it was before, without that term, since we only
obtain local moments near the origin for k € [(1 4+ 1)/2, 1) instead of k € (A, 1). The estimate (3.3) of Lemma 3.1 is
then modified to estimate (6.17) below. This has only one major consequence in the proof of the theorem. Since we
need Miyq € L'(0, T) in order to define the term Q( f) in the formulation of weak solution, it is necessary to have
14+ o> (1+X)/2 or equivalently: o« > 8 — 1. The rest of the arguments being essentially the same we only prove in
detail the following lemma from which we easily deduce (2.20). O
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Lemma 6.6. Assume s € L>°(0, T M 11) and A € [0, 1). There exists two positive constants K| and K», independent
of f and fin, such that, forall t > 0,

K

—1
—KatlISlloo
—L (e -1 . 6.17)
KZHS”oo( ))

N(]+)L)/2(t) < <N(]+)L)/2(O)_1 e—KZIHS”OO +

Proof of Lemma 6.6. We follow the proof of Lemma 3.1. Choosing ¢ = ¢4(y) = (y A A) in (6.1) we obtain in the
same way that in the proof of (3.6)

d 00 A o] 2 00
E/f¢Ady+5</fy)‘/2dy> gfsmdygsa) VA > 0. (6.18)
0 A 0

Next, proceeding along the line of the proof of (3.8) we deduce from (6.18) that for a given function @ : [0, c0) —
[0, 00) such that @(0) =0 and a given £ € R there holds

2
—/fllf dy + 5 (/f(y)y”qu(y)dy) < K{S, (6.19)
where we have defined Kg and ¥ thanks to (3.7) with m = 1 and
o
K} = / D' (A)ATdA.
0

Finally, we make again the choice (3.9) with now m = 1 which therefore implies § = (1 —1)/2, A+5=(1+X1)/2
and K(’) < 00. Thanks to (3.10) we deduce from (6.19) that for some constants K; € (0, c0), independent of f and fiy,
the following differential inequality holds

d
d—N(1+A)/2 + K N(]+)L)/2 K>S.

Integrating this differential inequality we obtain (6.17). O
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