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Abstract

In the 80’s, Crandall and Lions introduced the concept of viscosity solution, in order to get existence and/or uniqueness results
for Hamilton—Jacobi equations. In this work, we first investigate the Dirichlet and Cauchy—Dirichlet problems for such equations,
where the Hamiltonian is associated to a problem of calculus of variations, and prove that, if the data are analytic, then the
viscosity solution is moreover subanalytic. We then extend this result to Hamilton—Jacobi equations stemming from optimal control
problems, in particular from sub-Riemannian geometry, which are generalized eikonal equations.

As a consequence, the set of singularities of the viscosity solutions of such Hamilton—Jacobi equations is a subanalytic stratified
manifold of codimension greater than or equal to one.
© 2006 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction
1.1. Viscosity solutions

In the 80’s, Crandall and Lions [20] introduced the concept of viscosity solution in order to ensure uniqueness of
solutions of Hamilton—Jacobi equations. Existence of viscosity solutions was also established under similar assump-
tions. A general definition of a viscosity solution of a first-order Hamilton—Jacobi equation is the following.

Let £2 be an open set in R”, H be a continuous function on £2 x R x R", called Hamiltonian, and g be a continuous
function on 9§2. Consider the first-order Hamilton—Jacobi equation on £2

H(x,v(x), Vo(x)) =0. (1)

We first recall the notion of sub- and super-differential.

Definition 1.1. Let v be a scalar function on £2. The super-differential at a point x € £2 is defined as

fim sup v(y) —v(x) —(p,y —x) < 0}_
y—x lly — x||

DYv(x) = {p eR”
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Similarly, the sub-differential at x is

i inf v(y) —v(x) = (p,y —x) > 0}.
y—x ly — x|l

D v(x)= {p eR”

We can now define the concept of viscosity solution introduced in [20].

Definition 1.2. Let v be a continuous function on §2. The function v is a viscosity super-solution of (1) if
Vxe2Vpe D v(x) H(x, v(x), p) 2> 0.

Similarly, v is a viscosity sub-solution of (1) if
VxeR2VpeDTv(x) H(x,v(x),p)<O0.

Finally, v is a viscosity solution of (1) if it is both a sub-solution and a super-solution.

This concept is adapted to get existence and uniqueness results, in particular for Dirichlet problems of the type
H(x, v(x), Vv(x)) =0 in$2,
Vg2 =&,

so as for many other problems (Cauchy problems, second-order equations, .. .), see for instance [20,27,9,10,21]. Lit-
erature on this subject is immense.

Viscosity solutions, when they exist, may be just continuous. Hence, the study of the regularity of such solutions is
of great interest. Usually, regularity results are sought for in special classes of nonsmooth functions, such as Lipschitz
or semiconcave functions (see for instance [14,15,31], and more generally, see the books [9,10,16,27] and references
therein). In the case of analytic Hamilton—Jacobi equations, one could however expect these solutions to be more
regular. Of course, because of possible shocks, one cannot expect to get global analytic solutions. For example, in the
case of the eikonal equation

[Vow|*=1 ine,
vjae =0,

on a bounded analytic open set £2 C R”, one can easily see that the unique viscosity solution is
v(ix) =d(x,08).

Of course, this function u is not analytic on £2, due to intersection of characteristic curves (concerning the method of
characteristics we refer the reader to the previously cited references). Anyway, the function v is, in a sense, “analytic
by parts”. The right concept in order to describe such objects happens to be the concept of subanalyticity. In the next
paragraph we recall a definition and several basic properties.

1.2. Subanalytic functions
We first recall a definition of subanalytic sets (see [23,24]).
Definition 1.3. Let M be a real analytic finite dimensional manifold. A subset A of M is said to be semi-analytic if

and only if, for every x € M, there exists a neighborhood U of x in M and 2 pg analytic functions g;;, h;; (1 <i < p
and 1 < j < ¢), such that

P
AnU=|J{yeUlg;)=0andhij(y») >0, j=1,....q}.
i=1
Let SEM(M) denote the set of semi-analytic subsets of M.

The image of a semi-analytic subset by a proper analytic mapping is not in general semi-analytic, and thus this
class has to be enlarged.
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Definition 1.4. A subset A of M is said to be subanalytic if and only if, for every x € M, there exist a neighborhood
U of x in M and 2p couples ((Df, Af) (I1<i< pandé§=1,2), where A? € SEM(M;S), and where the mappings
Cblfs M f — M are proper analytic, for real analytic manifolds Ml.‘s, such that

p
anu =@/ (a)\ @7 (4})).
i=1
Let SUB(M) denote the set of subanalytic subsets of M.

The subanalytic class is closed by union, intersection, complementary, inverse image by an analytic mapping,
image by a proper analytic mapping. In brief, the subanalytic class is o-minimal (see [36]). Moreover subanalytic sets
are stratifiable in the following sense.

Definition 1.5. Let M be a differentiable manifold. A stratum in M is a locally closed sub-manifold of M. A locally
finite partition S of M is a stratification of M if any S € S is a stratum such that

VT €S TNFrS#0=TCFrSand dim7T <dimS§.

Finally, a mapping f : M — N between two analytic manifolds is said to be subanalytic if its graph is a subanalytic
subset of M x N.

Let M be an analytic manifold, and f be a subanalytic function on M. The analytic singular support of f, denoted
S(f), is defined as the complement of the set of points x in M such that the restriction of f to some neighborhood of
x is analytic. The following property is of great interest (see [32]).

Proposition 1.1. Let f be a subanalytic function on an analytic manifold M. Then, its analytic singular support
S(f) is subanalytic (and thus, in particular, is stratifiable). If f is moreover locally bounded on M, then S(f) is of
codimension greater than or equal to one.

A basic property of subanalytic functions, which makes them very useful in calculus of variations, and more
generally in optimal control theory, is the following (see [32]).

Proposition 1.2. Let M and N be real analytic finite dimensional manifolds, A be a subset of N, and ® : N — M and
f: N — R be subanalytic mappings. Define, for every x € M,

v =inf{f()[yee ()N A}
If @, ; is proper then  is subanalytic.

This crucial tool in order to establish subanalyticity, based on an infimum property of the solution, suggests to
investigate Hamilton—Jacobi equations stemming from optimization problems.

1.3. Consequences on the singularities of viscosity solutions of Hamilton—Jacobi equations

The paper will be organized as follows.

First, in the framework of the classical calculus of variations, where the Hamiltonian function is associated to an
analytic Lagrangian function, we state existence, and in some cases, uniqueness of a subanalytic viscosity solution.
These results specialize those of Lions [27] in the analytic case.

We then extend these statements to cases where the Hamiltonian function is stemming from sub-Riemannian geom-
etry, and more generally from an optimal control problem, and show how the subanalyticity status of solutions is
related to the existence of singular minimizing trajectories of the underlying control problem.

The results of this paper give conditions under which the viscosity solution of some Hamilton—Jacobi equations
is subanalytic. Then, using Proposition 1.1, these results imply that the cuz-locus, which coincides with the analytic
singular set of the viscosity solution, is a subanalytic stratified manifold of codimension greater than or equal to one.
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Note that this singular set is also the set where characteristic curves intersect. The structural properties of this
set have been much studied, and a usual way of investigating is to use nonsmooth analysis, and in particular semi-
concave functions (see [5,6,8,14,16,17,30,31]). Here, we prove that, for some classes of Hamilton—Jacobi equations,
under suitable assumptions, the viscosity solution is subanalytic and hence enjoys nice properties. In particular its
singularities lie on a subanalytic stratified manifold of codimension greater than or equal to one.

This property is very useful in numerical analysis and has already been used (see [7]). The interest is to get a
general framework in which the set where characteristic curves intersect is, in a sense, “small”. Usual methods to
derive such a fact rely on a careful analysis of the characteristic curves, that may be very involved. In the work [7],
the stratification property of the singular set of the viscosity solution is essential in order to integrate energy functions
on the set of characteristic curves.

The results of this paper, together with Proposition 1.1, provide systematic sufficient conditions under which this
singular set shares these nice properties resulting from subanalyticity.

Some of the results of this article were announced in [35].

2. Hamilton-Jacobi equations and calculus of variations
In this section we specialize results of [27] in an analytic framework.
2.1. A brief insight into calculus of variations

We first recall the classical framework of calculus of variations. Let H(x, p) be a C 2 function on R x R", called
Hamiltonian, satisfying the following assumptions:

e H is uniformly superlinear, i.e.

VA>03C(A) eR|VY(x,p) eR" xR" H(x, p) = A|pl —C(A), )
e H is strictly convex in p, i.e. for all (x, p) € R” x R” the second derivative

?H

W(X . P) 3)

is positive definite.

For all (x,u) € R" x R”", set

L(x,u) = sup ((p,u) — H(x, p)). “)
peR"

It is well known that under the previous assumptions on H, this function, called the Lagrangian, is well defined on
R" x R", and moreover satisfies also assumptions (2), (3), see for instance [22]. Moreover the so-called Legendre
transformation

oL
T(x,u)= <x, — (x, u)) ®)
ou
is a global C! diffeomorphism on R” x R”.
Definition 2.1. Let AC denote the set of absolutely continuous curves in R".

e Let x(-) € AC be defined on [0, T']. The action of x(-) on [0, T'] is defined by
T
A7 (x()) = / L(x(1), (1)) dt. (6)
0
e For all x, y € R" define the value function at (x, y) by

S(x,y) =inf{Ar(x()) 1T >0, x(-) € AC, x(0) =y, x(T) =x}. (7
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Assumption (3) actually implies that, for all x, y € R", there exists an absolutely continuous curve joining y to
x and minimizing the action. This result is known as Tonelli Theorem (see [22]). In particular the infimum (7) is a
minimum.

On the other part, minimizing curves are solutions of Euler—Lagrange equations

daL . L .
Eg(x(t),x(t)) = 5(x(t), X(1),

which are equivalent, using the Legendre mapping, to the Hamilton equations

oH oH
x(t) = ——(x(@), p@®)), pt)=——(x@), p(0)), 3
(k0. p(0) (@, )

where p(t), called adjoint vector, is defined by
(x(@). p(O) =T (x (1), (1))
Moreover, since the final time is not fixed, the identity
H(x(1), p(t)) =0 ©)
holds along the trajectory.
A curve x(-) € AC for which there exists p(-) € AC such that Egs. (8) and (9) hold is called an extremal.
Remark 2.1. If in the definition (11) of S(x, y) the final time T is fixed, then (9) does not hold.
2.2. The Dirichlet problem
The following theorem is an analytic version of [27, Theorem 5.3, p. 132].
Theorem 2.1. Let §2 denote a bounded subanalytic open subset of R", ¢ be a real number, and let H(x, p) be an
analytic Hamiltonian function on R" x R" satisfying assumptions (2), (3), and such that moreover
Jau<c|VxeR" H(x,0) <a. (10)

Let AC denote the set of absolutely continuous curves in R". For all x, y € 2, set

T

S(x,y) :inf{ /(L(x(t),)'c(t)) +c)dt |T >0, x(-) € AC, x(0) =y, x(T) :x}, (11)

0

where L is the Lagrangian associated to the Hamiltonian H. Then, for every yo € 2, the function x — S(x, yo) (resp.,
for every xo € §2, the function y — S(xq, y)) is a viscosity solution of

H(x,Vv(x)) —c=0 in2\{y}, v(o) =0, (12)

(resp., H(x, —=Vv(x)) —c=0in £\ {xo}, v(xo) = 0), which is subanalytic on 2.
Let g denote a subanalytic function on X = 052, satisfying the so-called compatibility condition

Vx,ye X g(x)—g(y) < Sk, y). (13)
Finally, define, for every x € 2,
Sx) = yiélg(g(y) + S(x, ). (14)

Then, S is the unique viscosity solution of the Dirichlet problem
H(x,Vv(x))—c:O in$2,
vr =g, (15)

and moreover is continuous and subanalytic on §2.
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Remark 2.2. If the Hamiltonian H is defined on £2 x R"” and moreover assumptions (2), (3) and (10) hold only for
every x € £2, then the conclusion on S(x) still holds. However, the definition of S(x, y) has to be modified: the path
joining y to x should be included in 2, as done in [27] (see in particular [27, Remark 5.4, p. 118]. Moreover, in this
case, we cannot prove the subanalyticity of the mappings x — S(x, yo) (resp., y — S(xo, y)).

Remark 2.3. As noticed in [27, Remark 5.8, p. 128], this result also holds on an unbounded open set £2, except for
uniqueness.

Example 2.1. Let £2 be a subanalytic bounded open set in R”, X' = 942, let m(-) : R” — R”" be an analytic mapping,
and f(-) be an analytic function on R"”. Assume that there exists a positive real number ¢ such that

Im) > < fx)? —¢

for every x € R". Then, there exists an unique viscosity solution S of the Dirichlet problem

[Vvx) —=m)| — | f(x)|=0 in£2,
vz =0, (16)

which is continuous and subanalytic on £2.
This is indeed an easy consequence of Theorem 2.1, with the Lagrangian function

1 1
L(x,u) = Enun2 + (m(x), u)+ 5f<x>2,

for all x, u € R".

Proof of Theorem 2.1. For all x € R" and u € R", the assumption (10) implies the inequality L(x, u) + ¢ > 0, and
thus S(x, y) is well defined, for all x, y € £2.

Let yo € 2 be fixed. It is proved in [27] that the function x — S(x, yp) is a viscosity solution of (12). We next
prove that it is moreover subanalytic. To this aim, we express S(x, yo) using extremal curves. Absolutely continuous
curves on [0, T'] such that x (0) = yg, that are minimizing the action, are extremals, namely are solutions of (8). Hence,
they are parametrized by T and p(0), where p(-) is an adjoint vector associated to x (-). This suggests to introduce the

mapping
@R x 2 xR" — R”",
(T, y,¥) — x(T)

where (x(-), p(-)) is the solution of Egs. (8) such that x(0) = y and p(0) = . The system (8) is analytic and hence
@ is an analytic mapping. We also set, with the same notations, for all T € R*,ye 2,y eR",

T T
o(T,y,¥) = /(L(x(t),ic(t)) +c)dt = /(L(T—l(x(z), p(®)) +c)dr.
0 0
The Legendre mapping 7 is analytic, and thus o is also analytic. With these notations, we have
S(x, yo) = inf{o (T, yo, ¥) | 3T >0, 3y € R", &(T, yo, ¥) = x}.

In order to apply Proposition 1.2, we have to prove that the couples (7', ¥) in the last formula can be chosen in a
compact subset of R” x R" as x € £2. By definition of the minimal action (11), the condition (9) leads to

H (yo, ) =c.

Using the assumption (2), we infer that ¥ belongs to a compact set of R” as x € £2. Moreover, the assumption (10)
yields

G(T’ Yo, 1//) > (C - a)Tv
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and since @ < ¢, we also get that T is bounded. Finally, there exists a compact subset K C RT x R" such that
S(x, yo) =inf{o (T, yo, ¥) | 3 (T, ¥) € K, @(T, yo,¥) =x}.

Proposition 1.2 now asserts that the function x — S(x, yp) is subanalytic on Q.

Finally, let S, the value function, be defined as in (14). It is continuous on 2 because S(x, y) is continuous.
From [27], § is a viscosity solution of (15). Uniqueness comes from assumption (10) and [10, Theorem 2.7, p. 37].
Subanalyticity of S on £2 is a consequence of Proposition 1.2. O

2.3. The Cauchy problem
The following theorem is an analytic version of [27, Theorem 11.1, p. 217].

Theorem 2.2. Let T > 0 be fixed, let §2 denote a bounded subanalytic open subset of R", and H (x, p) be an analytic
Hamiltonian function on R" x R”" satisfying assumptions (2), (3). Forall s,t € [0, T] suchthats <t,andall x,y € Q,
set

t

S(t,x,s,y):inf!/L(x(t),)é(t))dt

s

x()eAC, x(s)=y, x(t) =x¢. 17)

Then, for all so € [0, T[ and yy € 2, the function S(-, -, so, Yo) is a viscosity solution of

0 0
D H (e, 2 ) =0 inlso. T1x 2\ (o).
at 0x

lim v(¢, yo) =0, (18)
t—50

which is subanalytic on |sg, T] X Q. Let g be a subanalytic function on ({0} x 2)U ([0, T] x 382) satisfying the
compatibility condition

Y(s,y) € ({0} X §) U ([0, T[ x 8.{2) V(t,x)els, T1x 982 g(t,x) —g(s,y) < S, x,s,y). (19)
Forallt €10, T] and x € 2, set
S(t, x) =inf{S(t,x,s, y)+g(s,y)|(s,y) e ({O} X §) U ([O,t[ X B.Q)} (20)

Then, S is continuous on 10, T x 2, is the unique viscosity solution of the Cauchy—Dirichlet problem

dv ov .
— +H({x,— |)=0 in]0,T[ x $2,

at dx

v=g onl0,T]x 382,

lin%)v(t, x)=g(0,x), (21)
t—

and moreover S is subanalytic on 10, T'] x 2.

Proof. The proof is similar to the proof of Theorem 2.1, except for the compactness argument needed to apply
Proposition 1.2. We have with similar notations

S(t,x, 50, yo) = inf{o (1, 50, yo, ¥) | @ (¢, 50, yo. ¥) = x},
where o and @ are analytic mappings. Let us prove that S(-, -, 50, yo) is subanalytic on any compact subset / x K of
150, T1 x £2. First of all, notice that extremals are C' functions of ¢, for the Legendre mapping is C'. In particular the
function ¢t — L(x (1), x(¢)) is C! along an extremal curve.
The following argument can for instance be found in [22]. By a continuity argument we can assert that the set

t

{fL(x(t),fc(t)) dr

S0

(t,x(t)) el x K, x(-) extremal, x(s9) = yo
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is bounded. On the other part, for all extremal curve x(-), there exists from the Mean Value Theorem a real number
to € [0, T'] such that
t

[ L0 50) dr = ¢~ oL (a0, ().
S0

By continuity of the extremal flow, we infer easily that the set
{)'c(O) | x(-) extremal, x(so) =yo, x(t) =x, (t,x) el x K}

is bounded in R” (see [22, Chapter 4] for all details). Therefore, the same holds for the corresponding initial adjoint
vectors p(0). The conclusion is then similar to the proof of Theorem 2.1. O

3. Hamilton-Jacobi equations and optimal control
3.1. A brief insight into optimal control theory

Consider a general control system in R”
X (1) = f (xu (1), u (1)), (22)

where f:R" x R™ — R”" is smooth, and the controls u belong to an open subset of Lﬁfc R, R™). For every T > 0,
denote by Ur the set of admissible controls on [0, T'], i.e. the set of controls such that the associated trajectory x,(-) is
well defined on [0, T']. It is an open subset of L>°([0, T'], R™). For every xo € R", define on Uy the end-point mapping
Eyy. 1 :u x,(T), where x,(-) denotes the solution of (22) associated to the control u € U7 and starting from xg at
time r = 0. It is a smooth mapping. A trajectory x,(-) is said to be singular on [0, T'] if u is a singular point of the
end-point mapping Ey 1.

Let M; be a submanifold of R". Consider the optimal control problem of determining, among all trajectories
solutions of system (22) joining xo to M1, a trajectory minimizing the cost function

t
Clt.u)= / FO(xu(5). u(s)) ds + g (x (1)), (23)
0
where f 0.R" x R" — R and g :R" — R are smooth functions, and x, (t) € M. Set moreover

t
Co(t,u):/fo(xu(s),u(s))ds.
0

If a control u, associated to a trajectory x,(-), is optimal on [0, T], then there exists a nontrivial Lagrange multiplier
(¥, ¥%) € R" x R such that

Y- dEq 1) = —w‘)@(ﬁ u).
ou

Moreover, ¥ — wOVg(xu(T)) L Ty, (ryM;. This is a first-order necessary condition for optimality. The well known
Pontryagin Maximum Principle (see [28]) parametrizes this condition, and asserts that the trajectory x, (-) correspond-
ing to this control is the projection of an extremal, that is a solution of the Hamiltonian system

oH

oH oH
xuzg(xuvpuvpgv”)’ puz_a_x(xuspuvp(u)s”)» a_u(xu,PuaP,?,u):O,

where H(x, p, p°, u) = (p, f(x,u)) + p° fO(x, u) is the Hamiltonian of the system, p,(-):[0, T] — R" is an ab-
solutely continuous mapping called adjoint vector, and pg is a real nonpositive number. Moreover there holds at the
final time, up to a multiplying scalar

(pu(T). p2) = (. ¥°).

If pg # 0, the extremal is said to be normal, and in this case it is normalized to pg =—1/2.1f pg =0, the extremal is
said to be abnormal.
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Remark 3.1. Since we did not set any constraint on the control, any singular trajectory is the projection of an abnormal
extremal, and conversely.

Remark 3.2. As a consequence of the Maximum Principle, if a control u is singular on [0, 7'] then it is singular on
[0, ¢], for every ¢t €10, T'].

3.2. Affine Dirichlet problem

3.2.1. The main results

It is known that the existence of singular minimizing trajectories is closely related to the subanalyticity of the value
function associated to an optimal control problem (see [1,3,33,34]). In these conditions, the following result is not
surprising.

Theorem 3.1. Let §2 be a bounded subanalytic open subset of R", ¢ > 0 be fixed, and fo, ..., fm be analytic vector
fields on $2. For all x € 2 and p € R", set

1 m
H(x, p) = —(p, fox)) + ZZ” f@)

Let ¥ = 382 and g be a subanalytic function on X. For every x € 2, consider the optimal control problem of steering
X to X for the affine control system

£u(t) = folxu () + D ui () fi (xu (1)), (24)

i=1
and the cost

t(x,u)

Cu) = / <Zui(s)2+c>ds+g(xu(t(x,u))), (25)

o \i=l
where t (x, u) is the inﬁ_mum of times t such that the solution x,,(-) of the control system (24) associated to the control
u steers the point x € §2 to X in time t. We make the following assumptions.
e The boundary X is accessible from 2, i.e., for every x € §2, there exists a time t and a control on
[0, ¢] such that the solution of the system (24) associated to this control and starting fromx at time 0, (26)
joins X in time t.
e There exists no singular minimizing trajectory of the control system (24) for the cost (25),

steering §2 to X. 27)

Let S denote the value function associated to the optimal control problem (24), (25). Namely, if S denotes the set
of solutioni(u('), x(+)) of (24) defined on various intervals [0, t1], such that x(0) € £2 and x(t1) € X, one has, for
every x € §2,

S(x) :inf{C(u) | (u(-),xu(-)) eS8, x,00) =x}. (28)
Forall x, z € X, define

! m
L(x,2) =inf{ /(Zui(s)z—i-c) ds
0

i=1

xu() €S, x,(0)=x, x,(t) =z, and x,(s) € 2, Vs €[0,¢]}, (29)

and assume that g satisfies the compatibility condition

Vx,ze X g(x)—g@ <L(x,2). (30)
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Then S is well defined on 2, is continuous and subanalytic on §2, and is a viscosity solution of the Dirichlet problem

H(x,VSx))=0 on$2, Sr=g. 31)

Remark 3.3. Denote by F,, the set of (m + 1)-uples of linearly independent vector fields ( fo, ..., fm), endowed
with the C* Whitney topology. If 2 < m < n, there exists an open dense subset of F;,, such that every affine control
system associated to a (m + 1)-uple of this subset admits no singular minimizing trajectory. This is indeed an obvious
extension of a result of [19] (see also [18, Corollary 3.4]).

Remark 3.4. If there exist singular minimizing trajectories, then the conclusion on subanalyticity of S may fail (see
Section 3.2.3).

We can state further results concerning uniqueness and regularity of S on the whole £2.

Proposition 3.2. Under the assumptions of Theorem 3.1, if moreover
VxeX Lie(fl(x), e fm(x)) =R", (32)

then S is continuous on 2. As a consequence, S is the unique viscosity solution of the Dirichlet problem (31).

For every x € R”, set

A@) =Span{ fi(x), ... fu(x)},
A%(x) = A(x) + Span{[ fi, fj1(x), 1 <i < j<m}.

The m-uple (f1, ..., fm) is said to be medium-fat at x if, for every vector field X € A(x) \ {0}, there holds
R" = A%(x) + Span{[ X, [ f;, fi1](x), 1 <i, j <m}.

Proposition 3.3. Under the assumptions of Theorem 3.1, if the m-uple of vector fields (f1,..., fm) is moreover
medium-fat at every point of X, and if the compatibility inequality (30) is strict, then S is subanalytic on 2.

Remark 3.5. If n < m(m — 1) + 1, then the m-uple of vector fields (f1,..., fin) is generically (in C°° Whitney
topology) medium-fat (see [4]).

The proofs of Theorem 3.1, Propositions 3.2 and 3.3 are provided, resp., in Sections 3.2.4, 3.2.5 and 3.2.6.

Remark 3.6. Assumption (32) actually implies that the affine control system (24) is STCX, i.e. small-time control-
lable near X' (see [9] for a definition). For a proof of this fact, we refer the reader for instance to [12,26]. In [9] where
the controls take their values in a compact subset of R™, this small-time controllability property is used to prove that S
is upper semi-continuous. Their proof is however not adapted in our framework since our controls are not constrained
(see also Remark 3.19).

On the other part, the compatibility condition of [9] is stronger than (30). Coupled with small-time controllability,
it enables to prove that the value function S is continuous. Here the continuity of S is mainly due to the assumption
(27) of the absence of singular minimizers.

Example 3.1. Let £2 be a subanalytic bounded open subset of R? and ¥ = 3£2. For every ¢ > 0, and every « € R,
there exists a unique viscosity solution S of the Dirichlet problem

8v+1 8v+ v 2+1 v v \?2 0 ino 0
—— + - — — N — —x1— ) —c= in £2, vy =0,
* ox; 4\ 0x; 2 0x3 4\ 0xp A 0x3 ¢ >

which is continuous and subanalytic on £2. It is indeed an application of Theorem 3.1, Propositions 3.2 and 3.3, with
the vector fields
a d ad d d

=a—, =— +x—, =— —x1—.
fo dx1 hi dx1 28)63 & 0x2 13)C3
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3.2.2. Particular case: fo =0

If fo =0, then the statement of Theorem 3.1 can be interpreted in the framework of sub-Riemannian geometry.
Theorem 3.4 hereafter is actually more precise than the one of Theorem 3.1. In particular, it is of interest to interpret
the viscosity solution of the corresponding Hamilton—Jacobi equation as a sub-Riemannian distance. Note that, in
sub-Riemannian geometry, many things are known about the regularity of the distance (see [1,3]).

We first recall a general definition of a sub-Riemannian distance, due to [11]. Let M be a smooth n-dimensional
manifold, m an integer such that 1 <m < n, and fi, ..., f; be smooth vector fields on a manifold M. For all x € M
andv e T, M, set

gCr,v) =influf + - +ud lup, ... €R, wy f1(x) + -+t frn(x) = v}

Then, g(x, -) is a positive definite quadratic form on the subspace of Ty M spanned by fi(x), ..., fi(x). Outside this
subspace, we set g(x, v) = +o00o. The form g is called the sub-Riemannian metric associated to the m-uple of vector
fields (f1,..., fm)-

Let AC([O, 1], M) denote the set of absolutely continuous paths in M, defined on [0, 1]. Define the length of
y € AC([0, 1], M) by I(y) = fol /gy (t), y (t)) dt. Finally, the sub-Riemannian distance associated to the m-uple of
vector fields (f1, ..., fm), between two points xg, x1 in M, is defined by

dsr(xo, x1) =inf{l(y) | y € AC([0, 11, M), y(0) = xo, y (1) = x1}.
Consider on the other part the differential system on T M

m

i)=Y i) fi(x(®) ae on[0,1], (33)

i=1

where the function u(-) = (u1(-), ..., unm(-)), called control function, belongs to L>([0, 1], R™). Let xo € R, and let
U denote the (open) subset of L2([0, 1], R™) such that every solution of (33), starting from x¢, and associated to
a control u € U, is well defined on [0, 1]. The mapping E,:u € U — x(1) € R", which to a control u associates
the extremity x (1) of the corresponding solution x (-) of (33) such that x(0) = xo, is called end-point mapping at the
point xg. It is a smooth mapping. The trajectory x (-) is said to be singular if the associated control u is a singular point
of the end-point mapping. It is said minimizing if it realizes the sub-Riemannian distance between its extremities.

Remark 3.7. A sub-Riemannian manifold is often defined as a triple (M, A, g), where M is a n-dimensional manifold,
A is a distribution of rank m (with m < n), and g is a Riemannian metric on A. Here, as in [11], and for the needs of
applications, the point of view is more general and the assumption of constant rank is relaxed.

Notice that, if the vector fields (f1, ..., fin) are everywhere linearly independent, then controlled paths solutions
of (33) coincide with absolutely continuous paths tangent to the distribution A, where

A(x) = Span{ fi(x), ..., fu ()},

for every x € M. On the other part the set of absolutely continuous paths which are tangent to A is not in general a
manifold: its singularities correspond exactly to singular trajectories of the control system (33), which are intrinsic to
the distribution A.

Theorem 3.4. Let 2 denote a bounded subanalytic open subset of R, m > 1, be an integer, and let H (x, p) be an
Hamiltonian function on R" x R”" defined by

m
2
H(x,p)=>) (p. fi®), (34)
i=1
where fi, ..., fm are analytic vector fields on R" satisfying the Hormander condition
Vx e R" Lie(f1 (x), ..., fm(x)) =R", (35)

i.e. the Lie algebra spanned by the vector fields has maximal rank at every point. Let dsg(-,-) denote the sub-
Riemannian distance associated to the m-uple of vector fields (f1, ..., fm)-
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Then, for every yy € R", the function x +— dsg(x, yo) is a viscosity solution of
H(x, Vo)) —1=0 inR"\ {yo}, v(yo) =0. (36)

Moreover, under the additional assumption that the control system (33) has no nontrivial singular minimizer starting
from yo, the function dsg (-, yo) is subanalytic on R" \ {yo}.
Let g denote a subanalytic function on X = 052, satisfying the compatibility condition

Vx,ye X g(x)—g(y) <dsr(x,y), (37)
and for every x € 2 set
S(x) = }ig)f:(g(y) + dsr(x, y)). (38)

Then, S is continuous on 2 and is the unique viscosity solution of the Dirichlet problem
H(x,Vv(x))— 1=0 in$2, vy =g. (39)

If moreover the control system (33) has no nontrivial singular minimizer starting from X, then S is subanalytic on §2.
Remark 3.8. The same comments as in Remarks 2.2 and 2.3 hold.
Remark 3.9. If m > n, we are in the Riemannian situation and there exists no singular trajectory.

Remark 3.10. Denote by F,, the set of m-uples of linearly independent vector fields (fi,..., f), endowed with
the C°° Whitney topology. If m > 3, there exists an open dense subset of F,, such that any sub-Riemannian system
associated to a m-uple of this subset admits no nontrivial singular minimizer, see [18,19] (see also [3] for the existence
of a dense set only). Hence, generically, the mapping S is subanalytic on §2, without assuming the absence of singular
minimizers.

Remark 3.11. According to Proposition 3.3, under the assumptions of Theorem 3.4, if the m-uple of vector fields
(f1,---, fm) is moreover medium-fat at every point of X, then S is subanalytic on the whole £2.

The proof of Theorem 3.4 can actually be derived from of Theorem 3.1. However, since it is easy to achieve
directly, we next provide a short proof of this result.

Proof of Theorem 3.4. First of all, notice that the sub-Riemannian problem is in fact equivalent to the time-optimal
problem for the control system

m m

=) ui@fi(x®), Y ui@?<1
i=1 i=1

(see [11]). Moreover, the sub-Riemannian distance dsg(x, y) is equal to the minimal time 7 (x, y) needed to join x

to y for this system. On the other part, Hormander’s condition (35) implies that, for each couple (x, y) of points

of R", there exists a minimizing curve joining x to y, that is dsg(x, y) < 400 (it is a consequence of Chow’s theorem,

see [11]).

Let yo € R" be fixed. From [9, Proposition 2.3, p. 240] the function x — T (x, yp) is a viscosity solution of
H(x,Vu(x)) — 1=0o0nR"\ {yp}. If moreover the sub-Riemannian system admits no nontrivial singular minimizer
starting from yg then this function is subanalytic outside yg (see [1,3,34]).

Introduce S as in (38), and notice that for all x, y € 2,

S(x) = S(y) = Zigg(dsze(x, 2)+2@) - Zigg(dSR(y’ 2) +2(2))
< sup(dsg(x, 2) — dsr(x, y))

zeXx
<dsgr(x,y),



E. Trélat / Ann. 1. H. Poincaré — AN 23 (2006) 363-387 375

Fig. 1. Analogy with the Euclidean distance. Fig. 2. The Martinet case.

and thus S is continuous on £2. The fact that S is a viscosity solution of (39) is again a consequence of [9]. Under the
compatibility condition (37) uniqueness comes from [10, Theorem 2.7, p. 37]. Finally, if there is no nontrivial singular
minimizer, Proposition 1.2 implies the subanalyticity of S on £2. O

3.2.3. A counterexample to subanalyticity
The counterexample that we are going to construct is based on the so-called Martinet case in sub-Riemannian
geometry. We briefly recall the context, see [2,13,34]. Consider in R3 the two vector fields

( )=—— 22—8 Sa( ) P
f1(x1, x2,x3) = +x , X1,X2,X3) = .
J1(x1, X2, X3 o, 5 2(X1, X2, X3 N

There are only two singular trajectories starting at time ¢ = O from the origin, namely 7 — (¢, 0, 0) and t — (—¢, 0, 0),
which are moreover minimizing. The associated sub-Riemannian distance to the origin, namely the mapping dsz (0, ),
can be proved to be not subanalytic along the axis (0x;), and moreover the shape of the sub-Riemannian spheres
Ssgr(0, r) near a point of this axis is well known (see Fig. 2).

Here, according to Theorem 3.4, we need rather consider a distance to a set. Let us explain the idea by analogy
with the Euclidean distance to a set in the plane: it is quite clear in this case how to construct a corner-shaped bounded
open set §2 such that there exist a point y € 92 (at the corner), a point x € §2 and a neighborhood of x in which the
distance to 952 is equal to the distance to the point y (see Fig. 1).

Analogously, in the Martinet case, we claim that there exists an subanalytic open bounded set £2 C R" containing
the origin in its interior, such that the function

S(x)= inf d ,
(x) yg{}m SR(x,y)
can be written, in some neighborhood of the origin, as
S(x) =dsr(x, A),

where the point A is defined as A = (r, 0, 0), r # 0 (see Fig. 2).
From Theorem 3.4, S is the unique viscosity solution of the Dirichlet problem

LUREYUR Y (.U WU 0
X — | = mn s v = V.
0x1 28x3 0x2 182

The corresponding Hamiltonian
2
H(x, p) = (p1 + p3x3)” + p3

is analytic on R"” x R”. Anyway, S is not subanalytic in a neighborhood of the origin, on the axis (Oxy).

Remark 3.12. It is not difficult to construct explicitly the set 2, since the asymptotics of the sub-Riemannian spheres
with small radius is known precisely (see [13]).
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In this example, all data are analytic and anyway the unique viscosity solution is not subanalytic, due to the
existence of singular minimizing trajectories. This phenomenon is not exceptional and is, in a sense, generic, as
explained in the next remark. In fact, the Martinet case can be imbedded into generic distributions (see [3]).

Remark 3.13. The function S may happen not to be subanalytic on X'. Indeed, a result from [3] asserts that for
generic m-uples of vector fields (f1, ..., fm) iInR",if m >3 andn < (m — 1)(’%2 + ST”‘ + 1), then the sub-Riemannian
distance at 0, namely the function x — dsg(0, x), is not subanalytic at 0, whereas sub-Riemannian spheres Ssg(0, r)
with small radius r > 0 are subanalytic. For such data, let Bsg(0, r) denote the sub-Riemannian ball centered at 0 and
with radius r, and set £2 = Bsg(0, r) \ {0}. In these conditions, the boundary X' = {0} U Ssg(0, r) of £2 is subanalytic.
For every x € §2, define

Sx)= inf(dSR(O, x), dSR(x, Ssr(0, r))),

and, for every x € X, set g(x) = 0. Then, S is the unique viscosity solution of (39) for the Hamiltonian function
corresponding to (f1, ..., fm), and S is not subanalytic at 0.

3.2.4. Proof of Theorem 3.1 _
First of all, the assumption (26) implies that S is well defined on £2. Let us prove that the infimum in the definition
(28) of S is actually a minimum. This is a consequence of the following lemma on the existence of optimal controls.

Lemma 3.5. For every x € $2, there exists a control u minimizing the cost (25), such that the associated trajectory
X, () satisfies x,(0) = x, x,(t(x,u)) € X.

Proof of Lemma 3.5. If x € X, the conclusion is immediate. If x € §2, consider a sequence of controls (u#,),eN,
where u, € L%([0, t,], R™), such that C(u,) converges towards the infimum S(x). Here we denote , = (x, uy,).
Assumption (26) implies that the sequence of real numbers (C (u,,)),eN 1s bounded. Since g is bounded on the compact
set X and ¢ > 0, one easily gets on the one part that the sequence of real numbers (#,),cn is bounded, and on the other
part that the sequence (u,),eN 1s bounded in LZ([O, T1,R™), where T is a real greater than each f,, and where u, (-)
is extended by O on ]#,, T']. Hence, up to a subsequence, we can assert that #, tends to a real number ¢ > 0 and u,
tends to a control u € L>([0, ], R™) in the weak L>-topology. Since the control system (24) is affine, it is not difficult
to prove that the sequence (x,, (-)),en converges uniformly towards x,(-) on [0, #] (see [33] for details), where x, ()
is the trajectory associated to the control . In particular x,(s) € £2 for all s € [0, ¢], and since Xu, (tn) € X we infer
that x, (1) € X.
On the other part, using the weak convergence of u, towards u, one has

t

/ (Z ui(s)> + c) ds + g (xu (1)) < liminf C(u,) = S(x),

0 i=1

and since S(x) is an infimum, this inequality is actually an equality. Thus the control u steers the system from x to
X in time ¢, with a cost S(x). By definition of #(x, u), it is clear that 7(x, u) < t, anyway equality does not hold
necessarily. At this stage we need the compatibility assumption (30), which yields the inequality

g(xu(rx,w)) — g(xu () < L(xu(t(x, ), x4 (0)).

Moreover, from the definition of L,

! m
L(x, (1, w), x4 (1)) < / (Z:ui(S)2 +c> ds,

t(x,u) i=1

and hence

t(x,u) m
/ (Zu (s) —|—c> ds—i—g(xu t(x, u) /(Zui(s)2+c> ds+g(xu(t))=S(x),
0 0

i=1 i=1
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and as previously this inequality is actually an equality, i.e.

t(x,u) m
Sx) = / <X:u,~(s)2 + c) ds —i—g(xu (t(x, u)))
0

i=1

which proves that the control # is minimizing. O
Lemma 3.6. The function S is continuous on §2.

Proof of Lemma 3.6. Let (x,),cn be a sequence of points of §2 converging towards x € £2. Let us prove that S(x,)
tends to S(x). We first show that the sequence (S(x,))nen is bounded. From Lemma 3.5, there exists an optimal
control u steering the system from x to X' in time #(x, u), and from assumption (27) this control cannot be singular.
Hence the end-point mapping Ey ;(x,.) is a submersion at the point u, and consequently the equation

Ey,t(x,u) ) =x4 (t (x, M))

may be solved in v in a L?-neighborhood of u, and for every y € §2 close to x. In particular, if n is large enough, then
there exists a control u,, close to u in L2-topology such that

Ex,,,t(x,u)(un) =Xy (t(x, Lt))

From the previous equality, u,, is a control steering x,, to X in time 7 (x, ), and since u,, is close to u in L>-topology
it is not difficult to infer that the sequence (S(x,)),en is bounded.

Let a be a cluster point of this sequence. To end the proof, we show that S(x) = a, i.e. a is the unique cluster point
of (S(x,))nen. First, we can assert that up to a subsequence S(x;) tends to a. From Lemma 3.5, for every integer n,
there exists a minimizing control u,, such that S(x,) = C(u,). A reasoning similar to the proof of Lemma 3.5, using
the compatibility condition (30), yields the inequality

Sx)<a.
Conversely, similarly as to prove that the sequence (S(x,)),eN is bounded, and using again (30), one states
a =liminf S(x,) < Cu) = S(x),

which ends the proof. 0O
Lemma 3.7. The function S is subanalytic on §2.

Proof of Lemma 3.7. Let us prove that S is subanalytic on any subanalytic compact subset K of £2. From Lemma 3.5,
for every x € K, there exists a minimizing control u such that S(x) = C (), which cannot be singular by assumption.
From the Pontryagin maximum principle, the associated trajectory x,(-) is the projection of a normal extremal, i.e.
there exists an adjoint vector p,(-) on [0, #(x, u)], each p,(¢) being identified to a row vector, and a constant pf} =
—1/2 such that there holds

2 (0) = folxu®) + ) ui () fi(xu (D)),

i=1
pu(n——pu(r) xu(m Zu(t)pum (xu(t)),

almost everywhere on [0, # (x, u)], with u; (¢) = p,(¢) f; (x,(¢)). Hence, normal extremals are solutions of the differ-
ential system

oH
x(r)- (x(r) p@)), ﬁ(r)=—a—;(x(t>,p<t)),
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where
1 m
Hi(x, p) =(p, fo(0)) + EZp f).

This is an analytic differential system in (x, p) parametrized by the initial condition p(0) = pg. In particular, normal
extremals (x(-), p(-)) such that x(0) = xo depend analytically on the initial condition pg. Notice moreover that the

mapping
®:R"— L*([0,T],R™),
PO > Upy, (40)
needed further, where u p, denotes the corresponding normal control, is analytic.

On the other part, one has, at the final time 7 (x, u), the Lagrange multipliers identity

C
P (106, 1)) AE 4 e () = ia—;(“x’”)’ u), (41)

where

! m
Co(t,u)=/<2ui(s)2+c> ds.
0

i=1

It is clear that, for every control u € L%([0, T], R™), the differential of Cy with respect to u writes
Vv e L*([0, T1,R™) @(T u)~v=2/§:u‘(t)v~(t)dt
) k] au k) ' 1 1 .

Hence, identifying L? with its dual space, Eq. (41) leads to the equality in L>([0, # (x, u)], R™)
pu(t(xv u)) dEx,t(x,u)(u) =Uu. (42)

We next prove the following fact.
Fact 1. The set {p, (t(x,u)) | x € K and S(x) = C(u)} is compact in R".

If not, there exists a sequence (x,),eN Of points of K converging towards x € K, such that
Hpun (tn) ” — +00,

where u, is an optimal (necessarily nonsingular) control steering x,, to X in time ¢, = (x,,, u,). Since S is continuous
on K, the sequence (S(x;)),en is bounded, and thus, up to a subsequence, we can assume that ¢, tends to a real ¢ and
u, tends to u € L([0, t], R™) in weak L>-topology. From (42), there holds

Pu, (tn) AdEx, 1, () = up, (43)
for every integer n. Up to a subsequence we can assume that
Pu, (tn)
Il Pu, (1)l
where ¢ € R" \ {0}. Taking the limit in (43), we infer
Vv dE, ;(u) =0. (44)

Indeed, for an affine control system, the end-point mapping and its differential can be easily proved to be continuous
with respect to the weak L>-topology (see [33] for a proof and for a similar reasoning). On the other part, since x,
tends to x, we get

Ecxi(w)eX. (45)

— Y,
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As a consequence of (44) and (45), u is a singular control on [0, ¢] steering x to X in time ¢. It is still singular on
[0, ¢ (x, u)]; let us prove that it is optimal on this interval. Indeed, each control u,, is optimal, i.e. C (u,) = S(x,). Since
1, tends to ¢ and u,, tends to u in weak L>-topology, we get

Co(t, 1) + g (xu(1)) < liminf S(x,) = S(x),
for S is continuous. Moreover, using the compatibility condition (30) leads to
C(u) = Co(r(x,u), u) + g(xu(r(x, w))) < Colt, u) + (x4 (1)) < S(x),

thus this inequality is actually an equality, i.e. u is optimal. This contradiction with assumption (27) ends the proof of
Fact 1.

Fact 2. The set Py = {p,(0) | x € K and S(x) = C(u)} is compact in R”.

The proof of this fact is a consequence of the continuity of the extremal flow (for more details see [33, Lemma 4.9]).

Let us end the proof of Lemma 3.7. Let A be a subanalytic compact subset of R” containing the set Py. Using the
mapping ¢ defined as (40), for every x € K we can express the final time ¢ (x, u) = inf{t | E, ; (1) € X'} restricted to
minimizing controls as a function of pg

T(x, po) =1(x, @ (po)) = inf{r | (Ex, 0 @)(po) € T},

where pg € A. From Proposition 1.2, this mapping is subanalytic on K x A. Let us further express in this way the
value function

S(x) =inf{C W) | Exs(x.uy(u) € Z}.
To this aim, set
C(x, po) = C(@(po)).
The function C is clearly subanalytic on K x A. We have
(o) =inf{C(x, po) | po € AN (Ex.x(x.pp) © @) (D)},
and Proposition 1.2 implies that § is subanalyticon K. O

To end the proof of Theorem 3.1, it remains to prove that S is a viscosity solution of the Dirichlet problem (31).
Since S is continuous from Lemma 3.6, this is a consequence of [9, Proposition 3.12, p. 255].

3.2.5. Proof of Proposition 3.2 _
Let us prove that S is upper and lower semi-continuous on £2.

Lemma 3.8. The function S is upper semi-continuous on £2.

Proof. Let z € X' be fixed. We have to prove that
limsup S(x) < S(z) =g(2).

XENR ,x—>7

For every x € £2, by definition,

t(x,u) m
S(x):inf{ f (Zui(s)2+c)ds+g(xu(t(x,u)))
0

i=1

xu(O)zx}.

On the other part, the cgmpatibility condition (30) implies that, for every control u, and every ¢ > ¢(x, u) such that
X, (t) € ¥ and x,(s) € £2, s € [0, t], there holds

t(x,u t

) m
/ (Zui(s)z—}—c) ds+g(xu(t(x,u)))</<Zui(s)2+c> ds—l—g(xu(t)).

o =l o \i=l
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Hence,

t

S) = inf{ f ( > uis)?+ c> ds + g (xu (1))

o \i=l

>0, x,000=x, x,(t) € X, and x,(s) € 2, Vs € [0, 1] }.

For all x eﬁ,ye X, and t > 0, define

t

S(t,x,y):inf{/Zu,-(s)zds

o =1

x,(0) =x, x,(1) =y}

(with the agreement that S(¢, x, y) = 400 if there does not exist any trajectory x, (-) joining x to y), so that
Sx) = inf{S(t,x, y)+ct+g(y)|t>0, ye 2}.
In particular we have for all > 0
Sx) <S8, x,2) +ct +g(2). (46)

On the other part, we claim that there exist a neighborhood of z in 2 and positive real numbers o1, o, such that if
t > 0 is small enough then

dsr(x,2)?
S(t.x.2) < %) +aydsg(x, 2) + o, 47)
where dsg(-,-) denotes the sub-Riemannian distance associated to the m-uple of vector fields (fi,..., fi). This

inequality is proved apart in the next lemma. From (46) and (47), we infer easily

limsup S(x) < g(2). O

XENR,x—>27

Lemma 3.9. F(z every 7 € X, there exist a neighborhood V of 7 and positive real numbers €, a1, oy, such that, for
everyx € VN $2, and every t € 10, g[, there holds

_ dsgr(x, 2)?

S(t,x,2) + R(t, x),

with

|R(t,0)| < ardsg(x, 2) + aat.

Proof. Let z € X' be fixed. First of all, it was already noticed in Remark 3.6 that assumption (32) implies that the
control affine system (24) is small-time locally controllable near X', and thus, if x is close enough to z and # > 0
is small enough, then S(z, x, z) < +00. On the other part, under assumption (32) the sub-Riemannian distance x +—
dsr(x, z) associated to the m-uple of vector fields (f1, ..., fi) is well defined in a neighborhood of z.

For every solution x, (-) of the affine system (24) defined on [0, ¢], steering a point x € V to z € X, set

Vs €[0,1] X(s)=x,(st) and u;(s)=tu;(ts), i=1,...,m.

Then,

m
() =tfo(¥(®) + D ii(s) fi(¥(s)) ae.on[0,1], (48)
i=1
and x(0) = x, x(1) = z. If the parameter ¢t > 0 is small, the control system (48) can be considered as a perturbation of
the sub-Riemannian system associated to (f1, ..., fi)-
By hypothesis, minimizing trajectories solutions of (48), steering a point x € V N §2 to z € X, cannot be singular,

and thus are associated to normal controls. Hence, from the Pontryagin Maximum Principle, we have, for all i €
{1,...,m}and s € [0, 1],

i (s) = (p(s), fi(X(s)),
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where p(-): [0, 1] — R” is an absolutely continuous function satisfying

7(s) = —p(s) <t%(i(s)) + ; ﬁ,-@)%(f@))) a.e.on [0, 1]. (49)

When ¢ = 0, the system (48), (49) still makes sense, and parametrizes normal extremals steering x to z for the sub-
Riemannian structure associated to the m-uple (f1, ..., fi). As this system depends analytically on the parameter ¢
and on the initial condition x, up to reducing V we can write, for every i € {1, ..., m},
it (s) = @iy (s) + 1ri(s),
where r; (-) is uniformly bounded as s € [0, 1], ¢ € [0, ¢] and x € V. Hence,
! m 1 m 1 m 1 m 1 m
t / > ui(r)?dr = / > iip(s)*ds = / > id(s)*ds + 2t / > i (s)ri(s)ds + 12 / > ri(s)*ds,
o =l p =l o =l p i=I n =l
from which it is not difficult to infer that
1S(t,x,7) =dsg(x,2)> + 1R (1, x),

where R(t, x) satisfies the inequality announced in the statement of the lemma. O
Lemma 3.10. The function S is lower semi-continuous on $2.

Proof. We have to prove that, for every x € X', and every sequence (x,),eN of points of £2 converging towards x,
there holds

S(x) <liminf S(x,).

Let us notice again that assumption (32) implies that the affine control system (24) is locally controllable near X, hence
clearly the sequence (S(x,)),en is bounded. A reasoning similar to proof of Lemma 3.6 permits to conclude. 0O

Lemmas 3.8 and 3.10 prove the continuity of S on the whole £2. Uniqueness is then a consequence of [10, Theo-
rem 2.7, p. 37] or [9, Proposition 3.13, p. 256].

3.2.6. Proof of Proposition 3.3

For every x € £2, there exists a minimizing control u (not necessarily unique) steering x to X' in time #(x, u). By
the choice axiom, we construct a function 7(-) on £2 which to x € £2 associates 7(x) = (x, u) for a choice of such a
control u. The following lemma is a consequence of the strict compatibility inequality which is now assumed.

Lemma 3.11. Under the strict compatibility assumption, the time T (x) tends to 0 as x € §2 tends to X.

Proof. If not, there exist x € X' and a sequence (x,),cN of points of §£2 converging to x such that t(x,) does not tend
to 0. Since S is continuous on §2 from Proposition 3.2, the sequence (7 (x,))xeN is clearly bounded, and hence, up to
a subsequence, it converges to a real ¢ > 0. For every integer n, let u,, be a minimizing control steering x, to X' in
time #(x,, u,) = tv(x,), and let x,, () denote the associated trajectory. As in the proof of Lemma 3.7, we can assume
that u,, tends to a control u in weak L2-topology, and this yields the inequality

i=1

! m
/(Zui(s)z + c) ds + g(xu (t)) L liminf S(x,) = S(x) = g(x). (50)
0

Moreover, x,, (-) tends uniformly to x,(-), and hence x,(-) is a trajectory contained in 2 steering x € X to x, () € X.
According to the strict compatibility assumption, there must hold

L /om
g(x)_g(xu(t)) </(ZM[(S)2+C) ds,
0

i=1

and this contradicts inequality (50). O
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For every x € §2, there exists a minimizing control u steering x to X' in time t(x), and the associated trajectory
x, (+) satisfies

m
Xu(0) = folxu(®) + Zu,-(t)fi(xu (1)) ae.on[0,7(x)].
i=1
As in the proof of Lemma 3.9, let us reparametrize this control system on [0, 1], by setting, for every s € [0, 1],
xX(s) =xy (sr(x)) and 1i;(s) = r(x)ui(sr(x)), i=1,...,m,

so that every extremal is solution of the system

() =10 fo(¥() + )i () fi (£(9)),

i=1
- - afo . L Afi
P(s)=—p(s) (r(x)a—ff(xm) + ;ums)%(x(s))),
with

ii(s) = p(s) fi(X(s)), i=1,....m.

One has to prove that the set of vectors p(0) such that the associated trajectory steers x to X', is compact as x varies
in £2. Of course a problem arises when the point x € §2 tends to ¥, and in this case 7(x) — 0. At the limit one
recovers a sub-Riemannian structure associated to the m-uple (fi, ..., fi), which is medium-fat by assumption. In
this case, we know from [3, Proof of Theorem 6] (see also [1, Theorem 5]) that the set of initial adjoint vectors is
compact. Since our system is a perturbation of this sub-Riemannian structure as 7(x) tends to 0, we infer the desired
compactness property.

The end of the proof is then strictly similar to the proof of Lemma 3.7.

3.3. The Cauchy problem

3.3.1. Statement of the results
We first investigate Cauchy problems in the whole R”.

Theorem 3.12. Let fy, ..., fm be analytic vector fields on R", and let H(x, p) be the Hamiltonian function defined
on R" x R" by

H(x. p)=(p. fo)+ > (p. fito).

i=1
Let T > 0 be fixed, and let g be a subanalytic function on R". For all x e R" and t € [0, T, consider the problem of
determining a solution of the affine control system

x,(8) = fo(xu(s)) + Zui(s)f,-(xu(s)) a.e. on [0, 1], (51)
i=1
such that
x, (1) =x, (52)

minimizing the cost

t

m
C(t,u) = / > ui(s)* ds + g(x,(0)). (53)
0 i=1
We assume that, for every x € R”", there exists a control u = (uy, ..., uy) € L2([0, T1, R™) such that the associated

trajectory x,(-) is well defined on [0, T'], and satisfies x,,(T) = x.
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Let S(t, x) denote the value function associated to the optimal control problem (51)—(53). Namely, if S; denotes
the set of couples (x,(+), u(-)) solutions of (51), one has, forall t € [0, T] and x € R",

S(t,x) =inf{C(t,u) | (xu (), u() €Sy, % (1) = x}. (54)

If g is proper, and if, for all x € R" and t € 10, T, there exists no singular minimizing trajectory of the optimal
control problem (51)—(53), then S is continuous and subanalytic on 10, T] x R", and is solution of the Cauchy problem

as aS
—+H< > 0 aein]0, T]xR",
at 0x

$(0,-)=g(). (55)
Remark 3.14. Since S is subanalytic on ]0, 7] x R”, it is almost everywhere differentiable, and thus (55) makes sense.

Remark 3.15. There is a priori no guarantee that the function S be a viscosity solution on the one part, and that S be
the unique solution on the other part.

Remark 3.16. The assumption of well defined trajectories is satisfied if for instance the vector field fj is complete.
Remark 3.17. Remark 3.3 on genericity holds again here.

Proposition 3.13. Under the assumptions of Theorem 3.12, if there holds moreover

Lie(f1(x), ..., fu(x)) =

for every x e R, then S is continuous and subanalytic on [0, T] x R™.
We next investigate Cauchy—Dirichlet problems on a subset £2 of R".

Theorem 3.14. Let $2 be a bounded analytic open subset of R". Consider the Hamiltonian function on §2 x R" defined
by

H(x, p)=(p, fotx))+ Zp ),

where fo, ..., fm are analytlc vector fields on R". Let ¥ = 952, T > 0 be fixed and g be a subanalytic function on
[0, T] x X. Consider the affine control system

X,(8) = fo(xu(9)) + Z”i(s)fi(xu () (56)
i=1
and the cost
? m
C(t,u)=/Zui(s)2ds+g(t,xu(t)). (57)
0 i=1

Assume that, for every t € 10, T],

(1) The boundary X is accessible from 2 in time t, i.e., for every time t € 10, T, and every x € 2, there exists a
control u on [0, t] such that the associated solution x,(-) of (56) satisfies x,,(0) = x and x,(t) € X.

(2) There exists no singular minimizing trajectory for the optimal control problem (56), (57), steering §2 to X in
time t.

For every t €10, T] and every x € 2, let S(t, x) be the value function associated to the optimal control problem of
determining a trajectory solution of the control system (56) on [0, t], minimizing the cost (57), and such that x,,(0) = x
and x,(t) € X. Namely, if S denotes the set of couples (u(-), x,(-)) solutions of the control system (56), one has

S(t,x) =inf{C(t,u) | (xu(), u(-)) €S, x,(0) =x, x,(1) € Z}.
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Foralls,t €[0,T] such thats <t,andall x € X, y € 2, set

! m
S(t,x,s,y):inf{/Zui(r)zdt
i=1

N

(xu (), u() €8, xu(s) =y, xu() :x}_

Assume that g satisfies the compatibility condition

V(s,y) € ({0} x 2)U ([0, T[ x R2) V(t,x) €15, T1 x 02 g(t,x) — g(5,y) < S(t, x5, y). (58)
Then, S is continuous and subanalytic on 10, T] x £2, and is a viscosity solution of the Cauchy—Dirichlet problem

aS aS .

— 4+ H(x,— )=0 in]0,T]x S2,

ot ox

S=g on]0O,T]x 0382,

lirr(l) S, x)=g0,x) inS2. (59)

11—

Remark 3.18. Remark 3.3 on genericity holds again here.

Proposition 3.15. Under the assumptions of Theorem 3.14, if there holds moreover
Lie(fi1(x),..., fu(x)) =R" (60)

for every x € 2, then S is continuous on [0, T] x 2. As a consequence, S is the unique viscosity solution of the
Cauchy-Dirichlet problem (59).

Proposition 3.16. Under the assumptions of Theorem 3.14, if the m-uple of vector fields (f1, ..., fm) is moreover
medium-fat on 2, then S is subanalytic on [0, T] x £2.

3.3.2. Proof of Theorem 3.12

The proof is similar to the proof of Theorem 3.1 and is only sketched. We proceed in four steps.

Step 1. The infimum of formula (54) is a minimum, i.e. there exist minimizing trajectories for the optimal control
problem (51)—(53).

Indeed, let ((u;’)lg,'gn, XS)neN be a sequence converging to the infimum, and, for every n, let x,(-) denote the
corresponding trajectory, with x, (0) = x; . Since g is proper, we infer that the sequence (x(j )N is bounded in R" (and
thus, resp., (4} ),en is bounded in L2([0, 1], R), forevery i € {1, ..., m}), and hence up to a subsequence it converges
to a point xg € R" (resp., converges weakly to a control u; € Lz([O, t],R), for every i € {1, ..., m}). Therefore, the
sequence of curves x, (-) converges uniformly to x, (-) on [0, ¢], and in particular x, (0) = xo and x, (¢) = x. Moreover,
one has

! m ! m
2 o 2
/ Zu,»(s) ds + g(xp) < }}Lnil;i/ Zu?(s) ds + g(x() = S, x),
n =l p =l
and this inequality is necessarily an equality. Hence, x,(-) is minimizing.
Step 2. We write S(¢, x) so that Proposition 1.2 shall be applied. In the same way as in the proof of Theorem 3.1,
an application of the Pontryagin Maximum Principle leads to

S(t, x) = inf{y (1, x0, po) | @(t, x0, po) = x}, (61)

where ¢ and i are analytic mappings on ]0, 7] x R" x R".

Step 3. The value function S is continuous on ]0, 7'] x R”".

The proof is similar to Lemma 3.6 and is skipped.

Step 4. S is subanalytic on ]0, T] x R".

Indeed, let K be a compact subanalytic subset of ]0, 7] x R". To prove that S is subanalytic on K, similarly to
Lemma 3.7, it suffices to show that the set

Py ={(x0, po) e R" x R" | 3(t, x) € K ¢(t, x0, po) = x}
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is compact.
On the one part, since the initial point is not fixed, all extremals of the problem can be chosen so as to be normal,
and moreover

1
p(0) =—5Vg(xo).

On the other part, S is continuous and thus bounded on K. Since g is proper, the compactness of Py follows easily.
An application of Proposition 1.2 ends the proof.

Remark 3.19. The assumption of nonexistence of singular minimizing trajectories cannot be skipped in Theorem 3.12.
Indeed it permits to prove that the value function S is continuous (actually that S is upper semi-continuous; it is
indeed always lower semi-continuous), and this fact is essential in Step 4 to assert that S has an upper bound on the
compact K.

3.3.3. Proof of Proposition 3.13
Regarding Remark 3.19, it suffices to show that S is continuous as ¢ tends to 0. Similarly to Lemma 3.9, one can
prove, for ¢t > 0 small enough, that

<dSR (x,y)?
t

S(t,x) = inf + R(t,x) + g(y)), (62)
yeR?

where R is uniformly bounded, and dsg (-, -) is the sub-Riemannian distance associated to the m-uple of vector fields
(f1,---» fm)- It follows easily from (62) that

lim S(z, x) = g(x).
t—0

3.3.4. Proof of Theorem 3.14
The proof is similar (and simpler, for the final time is fixed) to the proof of Theorem 3.1, and is skipped.

3.3.5. Proof of Proposition 3.15

The proof of the continuity of S as ¢ tends to O is the same as in Proposition 3.13. Outside ¢ = 0 the proof is a little
more intricate. What follows is quite analogous to [27, pp. 219-220]. Let (#y, xo) € 10, T] x X'. We next prove that
S(t, x) — S(ty, x0) = g(to, x0) as (¢, x) — (to, xo). First of all, notice that

S(r,x)=inf{S(t,x,5,y) +g(s.y) | (5. y) € ({0} x 2) U ([0, 1[x X)}. (63)

We proceed in two steps.
First step: S is upper semi-continuous at (fg, xp).
Indeed, since xo € X, one has S(z,x) < g(s,x0) + S(, x, s, x0), for every s € [0, fo[. Moreover, similarly to
Lemma 3.9,
dsg(xo, x)*

S(t,x,s,x0) < T + aydsg(xp, x) +az(t — ),

for every x € 2,if t —s > 0 is small enough, where a1, oy > 0. We then infer easily that

limsup S(z, x) < g(to, x0).
(t,x)— (to,x0)

Second step: S is lower semi-continuous at (¢, Xp).
Indeed, let (t”,x”)n_eN be a sequence of ]0, T'] x §2 converging to (fy, xo). From (63), there exists a sequence
(s, y")nen of ({0} x £2) U ([0, T] x X) such that s < t" for every integer n, and

S(t",x") — g(s", y”) — S(t",x",s",y") — 0.

n—-+00

Up to a subsequence, we can suppose that (s, y") tends to (so, yo) € ({0} x £2) U ([0, fo] x X). Three cases occur:
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1. If so < 19, using the assumption of the absence of singular minimizers, it is easy to prove that
S(e" x", 5", y") —_ S(t.x0. 50, Y0)-
n——+400
Hence

lim inf S (", x™) > g(s0, yo) + S (70, X0, 50, Y0),

n—>+oo
and applying the compatibility condition (58), we infer

liminf S(¢", x") > g(to, x0).

n——+00

2. If 5o =ty and xp = yg, we have obviously

liminfS(t", x") > g(to, x0)
n—-+00
since S(t", x", s, y™") = 0 for every integer n.
3. If s9 = 19 and xo # yo, then t" — s" tends to 0, and, similarly to Lemma 3.9, one can prove the existence of
nonnegative real numbers o, o, such that

dsg(x", y")*
S SR LY )

S(t”,x”,s",y") PR —a]dSR(x",y”)—az(t" —s"),

for every integer n. Hence, S(¢", x", s", y"") — 400 for dsr(xo, yo) # O. In particular, S(¢", x") —> +o0.
n——+00 n——+00

On the other part, notice that, due to the assumption (60), one can easily prove that the value function S is bounded
on each [g, T] x §2, where ¢ > 0. This is a contradiction.

3.4. Further comments

It is rather clear how to extend the previous results to more general situations. Indeed, notice the three following
facts.

1. First of all, using notations of Section 3.1, the author provides in [34] some general conditions on the control
system (22) and on the cost (23) ensuring that the associated value function is subanalytic. The main assumption
is the absence of singular minimizing trajectories.

2. On the other part, it is well known that, under some general assumptions, the previous value function is a viscosity
solution of the Hamilton—Jacobi equation

8v+H ov _o (64)
ar TN\ Ty )T

where H;(x, p) = max, H(x, p, u). Notice that all comments here also hold in the Dirichlet case where the value
function does not depend on ¢.

3. Finally, in [25,29], the authors prove that, under general assumptions on the Hamiltonian Hj, there exists an
optimal control problem such that the associated value function is exactly the viscosity solution of (64) (inverse
optimal control problem). Their proof can be quite readily extended to the subanalytic case.

Gathering these facts leads to a general statement ensuring that the unique viscosity solution of an Hamilton—
Jacobi equation is subanalytic, provided that the associated optimal control problem would not admit any singular
minimizing trajectory.

However, the proof of the third fact, mainly based on Kakutani Fixed Point Theorem, is not constructive. Hence,
in general, it may be difficult to check whether or not an underlying optimal control problem admits some singular
minimizing trajectories.

We conclude with the following question: given an analytic function H; (x, p), convex in p (but not strictly convex),
is it possible to set some conditions ensuring that an associated subanalytic optimal control problem does not admit
any singular minimizing trajectory?
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