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Abstract
We consider the Cauchy problem for the critical Burgers equation. The existence and the uniqueness of global solutions for
small initial data are studied in the Besov space Bgo 1(]R") and it is shown that the global solutions are bounded in time. We also

study the large time behavior of the solutions with the initial data ug € L ®"HN Bgo 1 (R™) to show that the solution behaves like
the Poisson kernel. '
© 2014 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider the n-dimensional Burgers equation

n
8,u+Zu8xju+A°‘u=O forr >0, x eR", (1.1)
j=1 '

u(0, x) = up(x) for x e R",

where A = (—A) 2. The Burgers equation with @ = 0 and o = 2 has received an extensive amount of attention since
the studies by Burgers in the 1940s. If o = 0, the equation is the basic example of a PDE evolution leading to shocks.
If @ = 2, it provides an accessible model for studying the interaction between nonlinear and dissipative phenomena.
The value o = 1 is a threshold for the occurrence of singularity in finite time or the global regularity (see [3,14,15,20]).
The aim of this paper is to study the existence and the uniqueness of global solutions to (1.1) with « = 1, which is
bounded in time, and to show the solutions behaving like the Poisson kernel in the large time. There is also another
purpose, namely, establishing a method to deal with such problems for a wider class of equations including the
quasi-geostrophic equation which derivative orders are balanced on the linear part and the nonlinear part.

For the Cauchy problem (1.1), Kiselev, Nazarov and Shterenberg [20] considered in the periodic setting S' to

show the finite time blow up for the supercritical case 0 < « < 1 and the global well-posedness in H : (S') for the
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critical case @ = 1 and in H*(S!) (s > 3/2 — «) for the subcritical case 1 < & < 2. Dong, Du and Li [14] considered

both of spaces S! and R to show the finite time blow up for the supercritical case and the global well-posedness in

H? (SH, H 5 (R) for the critical case and in LY/@=D (S, L1/@=D(R) (1 < & < 2) for the subcritical case. Finite time

blow up for the supercritical case is also shown by Alibaud, Droniou and Vovelle [3]. Miao and Wu [23] showed the
1

global well-posedness in the critical case o = 1 for the initial data in the Besov spaces B If’] (R) with 1 < p < o0.
The notion of entropy solution has been introduced by Alibaud [1] to show the global well-posedness in L°°(R").
On the study of weak solutions, Alibaud and Andreianov [2] showed that the uniqueness of a weak solution fails for
0 < a < 1. Chan and Czubak [13] establish global regularizing effects for the n-dimensional Burgers equation with
sufficiently integrable initial data uq in the critical case @ = 1. We also refer to the results on the global regularizing
effects by Droniou, Gallouet and Vovelle [15] in the subcritical case o > 1 and Silvestre [27] for the Hamilton—Jacobi
equations. Our goal on global solutions is considering the critical case « = 1 to show the existence of global solutions,
which are bounded in time, for small initial data ug € B&’I(R”) in all space dimensions. We note the following
embeddings

B} (R") <> BY, | (R") <> L™®(R") for 1 < p < oo,
and that the boundedness in time of solutions are needed to deal with the large time behavior. We also mention the

scaling invariance to (1.1) in the critical case o« = 1. For the solution u to (1.1) with = 1, let u, be defined by
uy (t,x) :=u(rt, Ax) for A > 0. Then u; maintains Eq. (1.1) and we have the following norm invariance:

sup||u,\(t) }Lw = sup||u(t)HLOc for any A > 0.
t>0 t>0

Then L°°(R") satisfies the above invariant property, and the spaces H? (R), L°(R") and B 15,1 R (1 < p <o0)also
satisfy such norm invariance.

On the large time behavior, Biler, Karch and Woyczynski [6] considered the equation with the semigroup generated
by (—A)% — A (0 < o < 2) to study the asymptotic expansion of solutions. Biler, Karch and Woyczynski [7-9] also
studied with a Lévy semigroup, which includes the semigroups generated by (=A)T —eA (1 <a <2, > 0), to show
the large time behavior like the self-similar solutions. For Eq. (1.1), Karch, Miao and Xu [19] considered the subcritical
case 1 < o < 2 in one space dimension to show that the large time asymptotic is described by the rarefaction waves.
Alibaud, Imbert and Karch [4] considered the critical case « = 1 and the supercritical case 0 < o < 1 to consider the
initial data satisfying

X o0
uo(x) = + f m(dy),  uo() = c,up() — (c + / m(dy)) e L'(R),
—0oQ —0o0
where ¢ € R and m is a finite signed measure on R with ffooo m > 0. They [4] showed that for « = 1 the solutions
converge to the self-similar solution, and for o < 1 the nonlinearity is negligible in the asymptotic expansion of
solutions. Our goal on the large time behavior is considering the case o« = 1 to show that the solutions for initial
data ug € L'(R") N Bgo,l (R™) behave like the Poisson kernel as t — co. We also show a higher order asymptotic
expansion, imposing the additional decay in the distance on the initial data.
Throughout this paper, P is defined by

rh
NN Dby
where I'(-) is the Gamma function, and let P; be the Poisson kernel:

Pi(x):= t_”P(t_lx) fort >0, x e R".

Px):= F_l[e_lél](x)z for x € R”,

To study Eq. (1.1) with @ = 1, we consider the following integral equation
t

1 n
u(t) = P xug — 3 / P_; % <Zaxju(r)2) dr fort>0. (1.2)
0 j=l

The following are our results on the global solutions and the large time behavior.
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Theorem 1.1. Let n > 1. There exist positive constants 6 and C such that for any ug € B l(]R”) with |lugll 50 1 <6,

a unique global solution u to (1.2) exists in the space C([0, 00); Bgo (RN L0, oo; B;o | (R™)). Furthermore, it
holds that for t >0

t

||u(t)HBgOJ <C||uo||32011 exp{C/HVu(t)“Loc dr}. (1.3)

0

Theorem 1.2. Let n > 1. There exists § > 0 such that for any initial data ug € L'(R") N Bgo‘l(R”) with
lluoll go 1 < 8, a unique global solution u to (1.2) exists in the space C ([0, 00); LY ®R™) N C([0, 00); B&’I(R”)) N
L0, oo; Béo,l(R”)). Furthermore, the solution u satisfies the following.

(1) For 1< p < oo, it holds that

tim "V u() = MP,|,, =0, (1.4)
1—00
where M := [, uo(y)dy.

(i) Let ug satisfy | - |ug(-) € L' (R") and 1 < p < 0o. Then it holds that for t > 0

cr P Nogle+1) ifn=1,

ut)—MP,, < 1 (1.5)
cr M=)t ifn>2,
tl_i)rgoth u(t) —MP, + VP - /yuo(y)der Z(ax,Pt)//u(f y)’dydr
Rn j=1 0 Rr
1 n
+3 / (84, i) 5 (M Pry) dr——Z(ax,P» f / (MPr1(0)2dydz| =0, (1.6)
=10 0 R Lr

Remark 1.3. On the boundedness (1.5) in the case of one space dimension, the order is optimal and we cannot remove
log(e + t). Indeed, it is possible to show that

u(t) — MP,|,, > cM?~3 log(e + 1) (1.7)
L

for large ¢. The above estimate will be proved in Section 7.

The methods of the proof of Theorem 1.1 are applying contraction argument and making use of a priori estimate. To
see a key idea, we explain importance on introducing the space L' (0, oo; B1 1 (R")), and how to prove the uniqueness

of the solution briefly. The space L' (0, oo; B ! 1(]R”)) plays an essential role in the proof of the above theorems. If
we try to show the estimate in L*°(R"), we hope to show the following estimate

o0
f||VPz*f||Lood;<C||f||Loo.

However the above estimate never holds since for the function f defined by f(x) = ¢’ kx (k € R") it holds that
[V % F0)] o = |5 M = !

and t~! is not in L'(0, 00). On the other hand, it follows from the embedding B1 | (R") — W12 (R") that for
Littlewood—Paley’s dyadic decomposition {¢y }rcz With supp ¢k cl{geRY |21 |§| <2k
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o o0 e.¢]
Jivespiisdr<c [iro pigy ar<e Y2 [1rcpos sl ar
0 0 0

keZ
o0
_ 40k
<ey 2 [ g sl
keZ 0

=C| fI B
Then ||V P; * f| L is integrable and it is one of the sufficient methods to study the Cauchy problem in the space

L'(0, oo; Béo { (R™)) for the initial data ug € Bgo 1 (R™). On the proof of the uniqueness of the solution, we consider
the following equation of the divergence form

n
B+ Y0y, (vu) + Au =0,

i (1.8)
u(0, x) = uo(x),
for any given function v € L0, oo; Bolo 1 (R")) and to show a priori estimate
t
||u(t)|}BgQl <Cluollz | exp(C/Hv(I)HBéoeldt), (1.9)

0

modifying the result by Miao and Wu [23], where the term vd,;u is considered instead of dy; (vu) of (1.8). We will
consider a modified version of Eq. (1.8) to show a priori estimate. We should note that (1.9) is not enough for (1.3)
but we will show that it is possible to replace ||v|| 31 1 with ||Vv| L~ for v = u with certain adjustment.

The method of the proof of Theorem 1.2 is to show the decay estimates of the solution u as 1 — oo and to estimate
the integral equation (1.2) with the decay estimates. It is easy to deal with the linear part P; * ug by the analogous
methods for the heat kernel. On the nonlinear part, it is difficult to show the decay estimates as ¢ — oo by the analogous
argument for heat equations. Indeed, when we consider d;u — Au = axuz to treat the derivative, we use the estimate

1
[Ve™ £l <20 flier
and ¢~ 2 is integrable locally. One can deal with the solution in Lebesgue spaces L?(R") as a solution satisfying a
integral equation by the integrability in time. On the other hand, it holds for the Poisson kernel that

IV P fllLe < Ct Y fllLe,

and r~! is not integrable. Then, we need to impose the regularity of one order derivative on the solution, and
L0, oo; Béo,l(R”)) is important to obtain the decay estimate. Considering the solution in L0, oo; Béoyl(R")),
we will apply a modified version of Gronwall’s inequality to show decay estimates of the solutions. Once we obtain
the decay estimates, we can show the large time behavior of the solution in the analogous way to that for the heat
equations (see [16—18,24,25]). We also refer on the asymptotic expansion of solutions to the dissipative equation with
the fractional Laplacian (—A)% (1 < a < 2) to the result [29].

This paper is organized as follows. In Section 2, we introduce the definition of Besov spaces, its properties and
some propositions on the Poisson kernel. We show a priori estimate related to (1.3) and (1.9) in Section 3, and
Theorem 1.1 is proved in Section 4. We show the decay estimate of the solution in Section 5, and Theorem 1.2 is
proved in Section 6. The estimate (1.7) is proved in Section 7.

Throughout this paper, we use the following notations. {¢y }rcz denotes Littlewood—Paley’s dyadic decomposition,
ie., let ¢ € S(R") satisfy suppg C {& € R" | 271 < [£] <2}, Y 1oz #(27K€) =1 for any £ € R \ {0}, where ¢ is the
Fourier transform of ¢, and let {¢; }xcz be defined by (ﬁ(‘f;‘) = $(2_k§). Let Si be defined by Sy f := Zk,gk dr * f.
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2. Preliminary

We introduce the definition of Besov spaces and propositions on Besov spaces, the linear estimates and the Poisson
kernel. The asymptotic behavior of the solution to d;u + Au = 0 is also shown. The idea of proof in this section is
known for the heat kernel but we give the proof for the paper being self-contained.

Definition. th {&r}rez be Littlewood Paley’s dyadic decomposition. For s € R and 1 < p, g < 00, the homogeneous
Besov space B‘IY,’ q(]R”) is defined by

B;’,q(Rn) = {u eS'(R") ‘ ||u||g.1s’,q < 00, Z¢k % U =uin S/(R")},

keZ

lullgs = {2 Iu  ullr s HM(Z)'

Remark 2.1. By the argument in Kozono and Yamazaki [22], the Besov spaces of the above definition are complete
ifs<n/pand 1< g <oo0,ors=n/pand g =1. The Besov space Bgo’l(R”), in which we consider the Cauchy
problem, is complete.

Proposition 2.2. (See [12,28].) Lets e Rand 1 < p,q,r,p; < oo (j=1,2,3,4).

(i) By, (R") < BS (R")ifr<gq

1_1
(ii) BrZ( ‘”)(R”)°—>B SR ifr <

(iii) BO (R”)(—)LP(R")L) BY. (R”)
(iv) Lets >0and l/p=1/p; + 1/p2 = 1/p3 + 1/ pa. Then it holds that

1fellss | (IIfIIBs Mgllzez + 11 Fllzes ||g||3;4‘1)- 2.1)

Proposition 2.3. Let s > 0 and let p, p; (j =1,2,3,4) satisfy L < p,pj <o (j=1,2,3,4) and 1/p=1/p1 +
1/p2=1/p3 + 1/ pa. Then it holds that

||f8||3s (||f||Bs glizo + 1z llgllss )- (2.2)
P2l p3.1 Pyl

Proof. (2.2) is obtained by (2.1) and the embedding Bg’l R" — LP(R™). O
Proposition 2.4. Let s,5€ R, 1 < p,qg < 0o and o € (NU {0})".

(1) There exist C, c > 0 such that

_ 0k
I % Pr o flioer < Ce ™ |l % fllLe, (2.3)

foranyk e Z and f € L?(R").
(ii) Ifs > 5, it holds that

1P s <CECN g (24)
(i) If g < p, it holds that
1_1
VP £, <Ct7 @) £, 2.5)

where |o| = a1 + a2 + - - - + oy

Remark 2.5. We note on the estimate (2.4) that this is a smoothing effect on not only the derivative indices s, s but
also the interpolation indices 1, oo and the power of ¢ depends only on s, 5. Such estimate for ¢’ is known in the
result by Kozono, Ogawa and Taniuchi [21].
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Proof of Proposition 2.4. Let ¥; be defined by ¥y = ¢p—1 + ¢r + ¢dx+1. We have from d/);{ = @@( and Hausdorff
Young’s inequality

||¢’k * Py ok f(x)“LP = ”‘Fﬁl[f”ﬂ@@f]“m < C“]'-il[eitm@] ”Ll lldx * flize.
On the estimate of ||]-"1[e”|5‘@]||u, let s > n/2 and we apply the change of variable £ — 2kg x — 2 %x and
Holder’s inequality, and estimate the norm of H®(R") directly to obtain
P ORGP GG (]
<+ 1) F e @] 2
<CllemH T

—c12k
< Ce 17,

Then (2.3) is obtained.
To prove (2.4), we have from (2.3)

—ct2K sk
1P Fllgs < C Y™ 2 ligex fllue
' keZ

— Ct_(s—f) Z e—Cle (tzk)5_§2§k||¢k * f”Lp
keZ

RGP =2k (yokys =8
SCr O fllg D oe (2
keZ

It is sufficient to show that the supremum of the last sum with respect to # > 0 is finite. Let ¢ be in [2k0, 2k0+1] for
some kg € Z, then it holds that 2ktko  s2k < 2k+kot+1 gpg

Ze—czzk (tzk)s—f < Ze“QHkO (2k+k0+1)s—5 _ Ze—czk (2k+1)s—5 <00,
keZ keZ keZ

This completes the proof of (2.4).
For the proof of (2.5) in the case ¢ = p and o = 0, it is sufficient to apply Hausdorff—Young’s inequality and the
fact || P;||;1 = 1. Inthe case ¢ < p or a > 0, it follows from Hausdorff-Young’s inequality with 1 /p =1/r+1/g — 1

1 1
and [V P, || = Ct—"0=9) = ¢+ ™77 that

_acl_1
Al =Ct" @D fll .

Therefore, we complete the proof of (2.5). O

[VePox fllo <[VP

Proposition 2.6. Let s e R and 1 < p < o0.

(1) It holds that
1P g0ty < LA N 2.6)

forall f e B;, L(R™).
(i) It holds that
t
fP,,r * f(r)drt

0

< C”f”Ll(o,oo;B; D (2.7
L,I(O,oo;B;#) '

forall f e L'(0,00; B;)l (R™)).
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Proof. By (2.3), it holds that

ek _
1P ik FllLg 0,000y < Cle™ N Fllir | 110,00y < €27 Ik % FllLr.
Therefore, we have from the above estimate
| P, % f||L}(O,OO;B;+11) = Zz(m)kHP, * Ok * Fll L1 0,0000) S C ZZ”‘”@{ * flle =11F s -
' keZ keZ
This completes the proof of (2.6). In order to prove (2.7), we apply Minkowski’s inequality and (2.6) to obtain

t

/ P x f(r)dr

0

]
</”PI?T*f(‘[)”LII(T,OO,B;ﬁl)dT
) 0 ’

Ll (O,oo;B‘;:rll

ns AT
B;,l

<c[lrm)
0

= Cllf I ousy

This completes the proof of (2.7). O
Proposition 2.7. Let 1 < p < oo.
(1) It holds that

| Pt () = P, < Cr0 !

forallt > 0.
(i) For f € L'(R"), it holds that
(1=

lim ¢" =0.

H*f—ﬂ/f@ﬂy

Rn

LP

(iii) For f € LY(R™) with | - | f(-)L"(R™), it holds that

1
supt"(l_ﬁ)+l P f— Pt/f(y)dy < 00,
>0 LP
R)l
1
lim U=t P,*f—Pt/f(x)dx—i-VPt-fyf(y)dy =0.
—00 Lp
R R

Proof. On the proof of (2.8), since

1

BH@%JHM=/%HWQM9
0
1

_ _ —n—1 -1 —n -1 . —_x
_/<( n)(t +0) P(t+60)"'x)+ @ +60)7"(VP)((t+6)'x) (t+0)2)d9’
0

we have from Minkowski’s inequality and the change of variable

693

2.8)

2.9)

(2.10)

@2.11)
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1
| Pyt — Pillpr < c/{(z +o) P+, e+ P+, do
0

1
< Cf(t+9)‘"“‘%)‘1d9(llPllu +[1-1ve|,,)
0

< thn(lfé)fl.

Therefore (2.8) is obtained.
For the proof of (2.9), we consider f € C{°(R") firstly. If f € C5°(R"), there exists R > 0 such that supp f C
{x e R" | |x| < R}. It holds that

(Pz*f)(X)—Pz(X)/f(y)dy=f{Pz(x—y)—Pt(X)}f(y)dy
Rﬂ

Rn

1
=f/aePf<x—ey>d9 FO)dy
R" 0
1

- f /t_"(VP)(t_l(x—Qy)) : _Tyd(? F(y)dy. (2.12)
V<R 0

Then, we take L” (R") norm and apply Minkowski’s inequality to obtain

<P, [ Pma

[yISR

1
)

Lp

(P % )(x) — Pi(x) / FO)dy
Rn

< Ct 'R fll

—0 ast— oo.

For f € L'(R"), since Cg°(R") is dense in LY(R") and

1
I

(Pt*f)—Pt/f(y)dy <ClflL
Lr
R)l

we also obtain (2.9) by density argument.
On the proof of (2.10), we have from (2.12) and Minkowski’s inequality

1
=5+l

(Pox f)— Pt/f(y)dy <cm DMy P, / 'ti'\ﬂy)\dy
Lp
R~ R

SC|1-1f] 1 <o (2.13)

Therefore (2.10) is obtained.
To prove (2.11), we assume f € CG°(R") before dealing with the case f € L'(R") with | - | f(-) € LY(R"). Let
R > 0 satisfy supp f C {£ € R" | |x| < R}. It follows from (2.12) that

(P # £)(x) — P(x) f FG)dy + VP, - f v ) dy
Rn R

n 1

=—1") / / (s, PY ™" (x = 09) = @y, PY(t™'%)) d0 - L £ () dy
Jj=1 R 0
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n 1

1
== [ [ [aut@, i = wom))ao 2 rnay
/ 0
1

J=1 pn 0
1

9 .

Then, we have from the above identity
s O = 2O [ f01dy+ RO [ 2r01dy

Rll R’l
11

n
ccrtpen S [ [ (|9, p ) o dan el ol
I=hy<r 0 0

<Ct 'R? / | f()]dy

[yISR

=5+

LP

—0 ast— oo.

For the proof in the case f € LY(R™) with | - | f(-) € L'(R"), we use the estimate (2.13) and the density argument.
Then the proof of (2.11) is completed. O

3. A priori estimate

We consider a priori estimate of the following equation:

n
du+ Y 0y, F(vj.u) + (—=A)2u=Gu) forr>0, xR,

j=1 (3.1)
u(0,x) =uo(x) for x e R",
where v = (vy, vy, ..., U,) is the given vector field, and F(-,-) be defined by
F,u):= Y (Si30)(@ry 1) =D > (g, #)(gry %10, (32)
ko€Z koeZ k1 <ko—3

and G is a smooth function. F(v, u) is one factor of the decomposition due to J.-M. Bony [10] on the interaction
of low and high frequency of vu, and G(u) can be regarded as the remainder term. We show a lemma related to the
commutator estimates to show a priori estimate.

Lemma 3.1. Let uy := ¢ x u for simplicity and let s > 0 and 1 < p < 0o. Then it holds that

2% ux div F,w) = (Siosv) - Vi | < CIV0lLe ul s (33)
keZ '

Remark 3.2. For the Euler equations, such estimate is known and we refer to [11,26] on the commutator estimates
for divergence free vector field v.

Proof of Lemma 3.1. To prove (3.3), we show the following
| px * div F(Sg—gv, u) — (Sk—gv) - Vug |,

3 3
<CIVvlize Y lukpulor + Clidivollzes Y fuggpllee, (3.4)
n=-3 n=-3
3
‘m*divF( > ¢k1*v,u> <Clvllge D lukgulier. (3.5)
ki =k—7 Lr T u==3
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For the proof of (3.4), let ¥, be defined by ¥ := Zz=_3 @r4p- Since

Sky—3Sk—sv = Sk_sv forky >k —3,  suppey C {2F7! <l <2k,
supp F[ (Sk,—3Sk—sv) (¢, ¥ u)] C |& € R | 2272 < &) < 2R272),

O #div F (v, ¢, xu) =0 for k, ko with |kp — k| > 4, 3.6)
we have
O+ div F(Sp—_gv, u) — (Sp—gv) - Vuy
= g * div((Sk—gv) (Wk % u)) — (Sk—gv) - Vg
= ¢ * ((div Sk—sv) (Wi * u)) + (e * ((Sk—gv) - VWi % u) — (Sk—gv) - Vug)
=:1+1l. 3.7)
On the estimate of I, it follows from Hausdorff—Young’s inequality, ||¢« ||zt = ll¢oll 1, Holder’s inequality and the
definition of ¥
3
I llr < Cligwlipr | (divSi—gv) (@ xw) |, < Clidivolle Y fukgpuller. (3.8)
n=-3

On the estimate of 11, let Uy := ¥, * u and it follows from the change of variables, uy = ¢ * Uy and integration by

parts that

() = / 2 o (29) (Stsv(x — ¥) — Se_gv(x) - Vi (x — y)dy
RV[

1
= / 2% o (2" y) (/(Vsk—sv)(x —0y)-(=y) d9> - Vi (x — y)dy
0

Rn

1
= —2(+Dk / (Voo (2Fy) - ( / (VSk—gv)(x — 0y) - (=) d9>’ﬁk<x —y)dy
R? 0

1
+ 2k / $0(2") ( [ (Vdiv S;_gv)(x —0y) - Oy d9>ﬁk(x — ) dy
R® 0

1

+2”’</¢0(2"y)(/Z(vsk_gvj)(x —6y) - (—1)d9>i7k(x —y)dy

Rn o J=1

Rn

Rn

1 n
+/¢0(y)</2(vsk8vj)(x —92_ky) . (_1)d0)ﬁk(x —Z_ky) dy.
R" o /=1

1
=— f Vo (y) - ( / (VSk—gv)(x —627%y) - (—y>d0>ﬁk(x —27%y)dy
0

1
+27k / 0(y) (/(v div Sg—sv) (x —627Fy) - (—y) d@)ﬁk (x —27%y)dy
0

Then we taking the L” (R") norm on the above inequality, it follows from (1 + |y|)(|¢po(¥)| + [Vdo(¥)]) € L;, (R™),

the support of F[S;_gv] being restricted to the set {|&| < 2¥~7} and Hélder’s inequality that
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1|l Lr < CIV Sk—gvll o ikl e + 27|V div Sg—gv]| oo 77kl

<
< C|IVollzee Ul e (3.9)
Then we obtain (3.4) by (3.7), (3.8), (3.9) and the definition of ), ¥.

For the proof of (3.5), it follows from (3.6), Hausdorff—Young inequality, Holder’s inequality and the number of k|
withk —3 <ky <k+3and k —7 < k) < ky — 3 being 8

k+3 k-3
‘ k*d1vF< Z D, * v, u) < 24|y % Z Z (Pr, * V) (Gr, * u)
ki =k—7 Lr ko=k—3 ky=k—7 LP

k+3 ko—3

A D W Y (O IC A

ko=k—=3 ky=k—-17
k+3 ko—3

C2* 7 37 Nk, * vl ey * ullLo

ko=k—3 k1=k—7
k+3
<Clollg, > lugler.
ky=k—3
Then (3.5) is obtained.
.lWe show (3.3) by the use of (3.4) and (3.5). It follows from (3.4), (3.5) and the embedding WLoo(R?)
By 0o R™)

3
> 2 [ diwdiv F (v, u) = Siegv) - Ve Ly SCOIVOIze +0lgy, ) D22 D7 lutkuller

keZ keZ nu=-3
3
<CIVollze Y 27 ) 20 ko
u=-3 keZ

S ClVollzeeliulgs -

Therefore we complete the proof of (3.3). O

Proposition 3.3. Let G satisfy

< Cw(t)llullggol, (3.10)

for some nonnegative function w. Then it holds that for the solution u to (3.1)

t

”u(t)HBS < lluoll gs. eXp(C/(”Vv(r)”Loo +w(t))dt>. (3.11)

0
Proof. For simplicity, let uy = ¢ * u and G = ¢ * G. It follows from (3.1)

1
dur + (Sk—sv) - Vg + (—A)2up = —¢y * (div F (v, u)) + (Sg—sv) - Vug + Gi.

Let ¥ be the flow of the regularized vector field Sy_gv and let uy be defined by uy := uy o . It holds that

dyili + (—A) 3Tk = — (o * (div F(v, ) o Wi + ((Sk—sv) - Vitg) 0 Y
+(=A) 2T — ((=A)2ug) o Y + G o Y. (.12)
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Then, it follows in the analogous way to the proof of Theorem 1.2 in the result by Miao and Wu [23] that

1
> 2l .20 < lluollgs +C / 3@+ (div F (0. 0) = (Se-gv) - Vaag || oo + 2% [ Gl ) d.
ke ' o kez
It follows from the above estimate, (3.3) and (3.10) that
1
Y2 lukllze) < luoll s +€ /(uwuLm +w(©)lullg  dr
ke ’ 0 ’
t
<ol g+ C/(uwnmo + w(r))(Zzsk||uk||mo,,;m) dr.
' 0 keZ
By Gronwall’s inequality, we obtain

t

u@)| B S ZZSkIIMkIILw(o,r;LOC) < lluollgs | exp(C/(HVvHLoo + w(r)) dT>.
0

keZ

Then the proof of (3.11) is completed. O
4. Proof of Theorem 1.1

We prove Theorem 1.1 by contraction argument. Let ¥ and X be defined by
1 -
W (u)(0) = Prxug — / Pox Yy 0y utdr,
0 j=1
X :={u e C([0,00); BY, |(R")) | llullx < p}.
Il 3= 0l om0+ 10100055,

where p will be taken later. We see that X is a complete metric space since the Besov space Bgo {(R") is complete by
the argument in [22]. For the estimate of the nonlinear part, we introduce the following proposition.

Proposition 4.1. It holds that

t
n
[ e aatar
0 Jj=1

< C”””L"O(O,oo;l?go,l)”M”Ll(()oo;l}éo_l)’ 4.1)
X

< C(llulix + llvllx)llu — vix. (4.2)
X

t n t n
/P,_,*ZaijZdz—/P,_f*Zaxj&dz
0 j=l 0 j=l

Remark 4.2. The constant C in Proposition 4.1 is independent of p, which is in the definition of X, and depends only
on the dimension #.

Proof of Proposition 4.1. On the proof of (4.1), we have from the boundedness of P in Bgo,l R™), (2.7), (2.2) and
Holder’s inequality

t

n
f Py % Z ax_,.u2 dt

0 j=1

o0
<C/||u2||31 dt
00,1
X 0
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o

C ull ullp dr
[z sy
0

< C”“”LOO(o,oo;Bgoyl)”u”L](OyOOiBéo,l)'

On the proof of (4.2), we also have from the boundedness of Py in Bgo 1 (R™), (2.7), (2.2) and Holder’s inequality

t n t n
Pz_f*zaxju2dt—/Pt_r*Zaxjvzdr
0 j=1 0 j=1 X
o0
C/”(M—f-v)(u—v)”igéo]dt
0

o

< . — . . — .

< c/(nu +ollg lu—vlg +lutvllo lu—vlg )dr
0

Cllullx + llvlix)llu = vlix.

Then, we complete the proof. O

By the use of the above proposition, we prove Theorem [.1. On the proof of uniqueness, the uniqueness with
smallness condition is shown easily by the contraction argument, while we give the proof without the smallness. We
also note that the uniqueness in the space L% ((0, c0) x R") is already known for the entropy solutions by [1] and
L*(0; 00; BY, | (R™) € L*((0, 00) x R").

Proof of Theorem 1.1. We prove that ¥ is contraction map from X to itself. Let Co > 0 be the constant which
satisfies (2.6), (4.1) and (4.2), and let p > 0 satisfy p < (4C0)’1 . We consider the initial data uq € Bgo’l (R™) with

< —.
lluoll 3Co
By (2.6), (4.1) and (4.2), there exists Cp > 0 such that we have for u, v € X

¥ @], < CollMoIIBO +C0||M||X Co- f-i-co,o <p,

1
| @) =¥ @]y < Colllullx + llvllx)llu—vix < Co-2pllu —vlx < Fllu =l

Therefore, we obtain a unique solution u# € X by the contraction mapping principle. )
To show the uniqueness of the solution, let u, v be solutions to (1.2) in the space C([0, c0); Bgoyl(R”)) N

L0, oo; Béo,l(R”)). Then u and v satisfy

1 n
B —v) + 5 Zaxj{(u F ) —v)}+ AW —v) =
j=1
By the use of the notation F defined by (3.2), it holds that

1 n
8t(u—v)+EZBXjF(u+v,u—v)+A(u—v)
j=1

Zax, u+v)u—v)}+ Zax,F(u+v u—v). 4.3)

Jl 11
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In order to apply Proposition 3.3, we show the following

n

> (0, (f8) — 05, F(£. 9))

j=1

<Clflla lglzo - (44)
Bgo’l o0, 0,

Once (4.4) is proved, we obtain u(t) = v(t) for all + > 0 by (4.3), Proposition 3.3, the embedding Béo (R —
WI*OO(R”) and u, v € L1(0, oo; Béo’l (R™)). Then it remains to prove (4.4). By the definition of F, we have

n

D (0 (f) =0 F(£) =D > Y iy (fug) Y. Y. Y O (fua k)

j=1 j=1 ko€Z ki >ko+3 j=1 kheZ |ki—ko| <2
=:1+1I, 4.5)
where fi, := ¢, * f and g, := ¢k, * g. On the estimate of I, since ¢ * (fi, gk,) =0 for [k — k1| >3 and k1 > ko + 3,

it is sufficient to consider the sum with |k — k1| < 2 and it follows from Hausdorff—Young’s inequality and ||¢« |1 =

ligoll 1

Mg =27 > D 2 bux fugi)]

keZ |k—k1|<2 k1 Zka+3

<Y Y D 2Kkl fry e llgey oo

kK€Z |k—ki|<2 kn€Z
. ki
<Cliglgo > 2N el
k1€Z
=C ; 50 . 4.6
115 gl (4.6)

On the estimate of /1, since ¢y * (fx, gk,) = 0 for |ky — k2| <2 and k — 4 > ki, it follows from Hausdorff—Young’s
inequality and ||¢k |l ;1 = [|¢oll 11

Mg < > 280 fiy Il oo N1 8k Il oo

keZ k1 —ky|<2, ki 2k—4
k
<C Y M filie gkl
[k1—ka | <2
<ClSflgy, lsrallgo - )

We obtain (4.4) by (4.5), (4.6), (4.7) and the embedding B éo L (R") — Béo oo (R™). Therefore we complete the proof
of the uniqueness of the solution.
It remains to show a priori estimate (1.3). Since it follows from (1.1) and (4.7) that the solution u satisfies

du+ Y 0y F(u,u) + Au= _% Yooy Yk xw)(ry * ),

j=1 =1 Jki—k|<2

Do Y (b xu)(gr, < u)

j=l lki—k2| <2

<Cllullgy, Nullgo < ClIVallzelullzo
B, ’ '
where F is defined by (3.2), we obtain (1.3) by Proposition 3.3. Then we complete the proof of Theorem 1.1. O

5. Decay estimates of solutions

We introduce a modified version of Gronwall’s inequality to show the proposition on the decay estimate of the
solution.
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Lemma 5.1. Let a, f, g € C([0, 00)) be nonnegative functions, and they satisfy

t

f®) <a()+ / g(@) f(r)dr.

t

2
Then, it holds that for t > 0

t t

f@) ga(t)+/a(r)g(r)exp</g(?)d?) dr. (5.1

L T
2

Proof. We may assume a € C 1[0, 00)) since we can deal with the case a € C([0, 00)) by the density argument. Let
to > 0 and let @(¢) be defined by

t

o) :=a(t)+/g(r)f(t)dr for 1 > %0

o
2
Then, it follows from f(z) < @ (¢) that

') =d () +g0)f(1) <d' ) +g)P®).
We multiply exp(— fot g(t)dt) and integrate both sides to obtain

t

t /
{cl)(t)exp(—/g(t)dt)} <a/(t)exp(—/g(r)dr>,

0 0

1 t T

)
7
(D(t)exp(—/g(r)dr> —<1>(t0/2)exp(—/g(r)dr> gfa’(r)exp<—/g(?)d?> dr. (5.2)

0 0 o 0
2

On the right hand side of the above inequality, we have from the integration by parts

o

t T t 2
/a’(r)exp(—/g(?)d?) dr:a(r)exp(—/g(?)d?> —a(t0/2)exp<—fg(?)d?)

o 0 0 0
2

t T

+/a(r)g(r)exp(—/g(?)d?> dt. (5.3)

o 0
2

It follows from (5.2), (5.3) and @ (t9/2) = a(ty/2)

t t t T
(D(t)exp(—/g(r)dr) <a(t)exp<—/g(?)d?) —i—/a(t)g(t)exp(—/g(?)d?) dt,
0

0 0 ‘o
2

t t

®(1) <alt) + / a(r)g(r)exp( / g(?)d’f) dr.

1 T
2
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Then, it holds that for t = £,

) )
fto) < D(to) <a(to)+/a(f)g(r)eXp</g(?)d?> dr.

0] T
2

The proof of (5.1) is completed since #( is an arbitrary positive real number. 0O

Propositiop 5.2. Let ug € L'(R") and let u be a solution to the integral equation (1.2) in L®(0, co; L' (R™)) N
L0, oco; Béo | (R™)). Then, it holds that for p with 1 < p < 0o

—n(1—=1 _n(1—=1
lu@ ], <c™ P Ju@]p <o (5.4)
P,
for all t > 0. Furthermore, if t*u(t) € L}(O, 00; Bgo+ll R™)) for some o > 0, it holds that for 1 < p < 00

1 1
[IVIFu® |, <07 @] g < CeT"P (5.5)
p.1
forallt > 0.
Remark 5.3. The problem in the proof is how to use the decay estimate on the Poisson kernel for the nonlinear term,

since |VP_;|po < C(t — )"V and (r — v)~! is not integrable. The idea is to divide the interval [0, ¢] into [0, ¢ /2]
and [¢/2, t] and apply Lemma 5.1

Proof of Proposition 5.2. For the proof of (5.4), it is sufficient to consider the estimate of the norm in Besov space
Bg  (R™) since the embedding Bg | (R") < LP(IR") holds. It follows from Proposition 2.2 (ii), Proposition 2.4, the

embedding L' (R") — B?’ oo (R"™), Holder’s inequality, (2.2), and the embedding Bgo’l (R™) < L°°(R") that
t
2 t
—n(1-1) —n(1-1) 2 2
||u(t)“Bo1 < Ct ?lluoll go —i—C/(t—r) » |V (u )”B? dr+/|lu ||Bllld7,'
p, 00 ,00 p,
0 L

2

00 t
—n(1-1 —n(1-1
<Cr "D gl o+ €6 1’)/||u||L1||Vu||Lmdr+CfIIMIIB;“HM“BgldT
0 5 y

t
—n(1-1)
<C(||“0||L1+||“||L<><>(o,oo;Ll)||“||L1(o,oo;3;01))f r+C ||M||B;01||u||321df- (5.6)
r

2
By Lemma 5.1, we have

t t
1 1
< —n(l—-) —n(l1--) . . ~
||u(t)|}Bg1 < Ct P+ | Ct 7 llull g exp( C lull dT)dt
L T
2
—n(1-1 —n(1=1

< Ct n( p)—|—Ct n( ’))”u”Ll(O,oo;Béol)exp(”u”Ll(O,OO;B;O]))

<o),
where the above constant C depends on the norms of u¢ and u. Then, we complete the proof of (5.4).

For the proof of (5.5), it is sufficient to consider the estimate in Besov space B;‘ | (R") since [[|[VI%ullLr <
Cllu|l ge g It follows from the analogous argument to (5.6) and the decay estimates (5.4) that
P,
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5 t
Ju) g <Cr™ P gl +C / (=" V) gy dr 4 C / o] s e
P, 00 ,00 Ps
0 L

2

t
—n(l—1y—
<c =) “+c/||u||3a+1 lull jo dt
00,1 p.1
t

2
t

—n(1—=Ly— —
<Ct n(l p) a_i_ctfa/ta”u”l}a_*_]r n(
00,1

t

2

1
=) dr

1 1
<O M)y gt
Then, we complete the proof of (5.5). O

6. Proof of Theorem 1.2

We give a proposition on the existence of global solutions in L' (R”) and Bgo’ 1 (R") to prove Theorem 1.2.

Proposition 6.1. Let o > 0. Then there exists 8 > 0 such that for any initial data ug € L'(R") N Bgo,l (R™) with
lluoll go 1 < 6, there exists a unique global solution to the integral equation (1.2) in the space C ([0, 00); Bgoyl(R”)) N
L'(0, o0; Béo,l(R")) with the following property

”u(t) HLOC(O,oo;Ll) < 0%, ||tau(t)||L,l(0,oo;Bgo+,ll) < 0. (6.1)

Proof. By Theorem 1.1, there exists §; > O such that if |Jupllzo < 81, a unique solution exists in the space
00,1

C ([0, 00); BY, | (R")) N L' (0, 00; B, | (R™)).
For the proof of (6.1), we utilize the following asymptotic expansion of the solution;

u(t)y=Y_ Un(t), (6.2)

m=1
where U, is defined by

Ui(t) :== Py *ug form =1,

mi+my=m, my,mp>1 j=1

! n
Un(t) := _% > / P x (Zaxj(U,,,1 (‘L’)Um2(l'))) dr form >2,
0

and we refer to [5] for the derivation of the above expansion. It follows from Theorem 3 in [5] that there exists §» > 0
such that for any ug with [lugl| 5o 1 < &7 the solution to (1.2) exists globally in time, the right hand side of (6.2)

converges absolutely in the space L*°(0, oco; Bgo,l R™"HN L! (0, oo Béo,] (R™)), and the solution is expanded by (6.2)
with Proposition 4.1 and the estimate || Py * “0||L°°(0,oo;Bgo_l)le(0,00;3;0’1) < CHMOHB&J'
We show by the induction that there exists Co > O such that

sup| Un ()| ;1 < C—")nuuon”-’o‘1 luoll 1 form > 1, (6.3)
1~0 (+m)2 B

Cm
[#Un® 10,00y S Gy M0l form > 1. ©H

Once we obtain (6.3) and (6.4), we see that
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m—1
0o Cllluoll"s

ZSHPHU O 11 < lluoll 1 ZW

ml> m=1

oo Cg'lluoll’zo

Z“f Um(t)”Ll(oooB"‘ )\Z (l-l-m)2 ’

and the two series converge if u( is sufficiently small in Bgo,l(R”). Then (6.1) is obtained for initial data ug with
luoll go < min{81,82, Cy ')

For the proof of (6.3) and (6.4), we use the following estimate (6.5) which is obtained by the proof of the absolute
convergence of the expansion (6.2) for small initial data in B ](R") and the solution in L°°(0, oo; Bgo,l RN

L0, oc; B;o)l (R™)) (see [5]). It holds that there exists C; such that for any m > 1

m

C
R R e S m
U ”LOC(O*OO;Bgo,l) + ”Um”Ll(O,OO;B;O,I) < (1+ m)2 ”MO”BgO1 . (65)
On the estimate (6.3) for m = 1, it is easy to see that

lUi@®] o = 1P s ol < lluoll 1.

Let m > 2 and it follows on U,, from the boundedness of P, in L'(R"), the embedding Bf | (R") < L'(R")
and (2.1)

[Un], < 3 /nUmlUmanl dr

mi+moy= m

<Cc ) /(nUmlngéo]nUmzuLl + U 11Uyl 1) de

mi+my=m 0
<C D> MU llpioee ), Ul o ©.00:L1)- (6.6)
mi+my=m '
Let C; be a constant which satisfies (6.6), let C3 be a constant with C3 > 8C», and we assume
ifl i

C
sup | Ui ()] 1 < =2 )2||u0|| luollyr fori=1,2,...,m—1, 6.7)
t>0

(14
Then we have from (6.6), (6.5) and (6.7)

mi my—1 ~my

C, C
[onl <2 D0 Gsluol el o||"”‘ ol
e (L m) %o (L+my)
1
< G203 C ol l||uo||L. > : (6.8)

(1 +mp)2(1 + my)?

mi+my=m

It follows on the above sum that

— 1 1

E <2 E

~ (1 +m)?>(1+m—mp)? o A+m)2(+m—1%2)2
mip=1 l<m1<7

8 1
= 2 Z 2
24m) I<m< (14+myp)

8
<—7.
(1+m)?



T. Iwabuchi / Ann. 1. H. Poincaré — AN 32 (2015) 687-713 705

Then, we have from (6.8), the above estimate and C3 > 8C»

8 ccy luollgy
A+m? >~ (+m )2 1o

-2
|Un®] 1 < C2C'~ leluoll IIMollLl : IIMOIIL1

Then we obtain (6.3).
On the estimate of (6.4) for m = 1, we have from (2.4) and (2.6)

o . .
[“U1O ] 11001 501y < CUIPy w0l 10,0081, ) < Clluoll o -

Let m > 2 and it follows on U,, from (2.4) and the boundedness of P in Bg‘o+11 (R™)

I

o . .
[ U,,,(t)||Bg,:ll <Cc Y / £ =) N Pige % Un Uy l 2 dT+C > | Pt Uy Uy || s d T
mi+moy=m 0 my+may=m?
2

t

7 t
— — o

<Ct Z / | Piss o Uy Uy ll g2 dT + Ct Z | Pt Uy Ul gasa 7 dT.
mi+my=m 0 mi+mpy=m?

2

Multiplying #* and taking L ,1 (0, 00) norm, we have from Minkowski’s inequality (2.6), (2.2) and Holder’s inequality

o0
e Um(t)”z’;gofl‘ ”L}(o,oo) <C Z (/ ”P"T’ *U’”IU'”ZHL}(Zr,oo;Bgo_])dT
0

mi+my=m

+/ | Py UmlUmzllLu(r,zf;Bg;bfa d’)

<C Z </||UmlUm2||Bl dt+/||UmlUm2||Ba+1t dt)

mi+moy=m

<C Y (/numlnBl 1Unma o dr+/||um.||3a+1||um2||go z dr)

m+my=m
<C Z ||Um| ||L1(0,oo;BgoY,) + ”[ Un, “Ll(o,oo;Bgofll))”Umz”LOO(O,oo;BgOJ)-
mi+moy=m

Then it is possible to show the estimate (6.4) in the analogous way to (6.3) by induction since we can regard the
last estimate as (6.6) and it is possible to show estimates corresponding to (6.7) and (6.8). Hence the proof is com-
pleted. O

By Proposition 6.1 with o = 2, there exists § > 0 such that for any ug € L1 (R") N Bgo 1 (R) with [luol go 1 <4,
a unique solution u to the integral equation (1.2) exists in the space L>(0, oo; L' (R")) N C([0, o0); Bgo’l @®R™M) N
L'(0,00; B, |(R™) with r2u(r) € L}(0,00; B3, |(R")). We also see that u € C([0, 00), L'(R™)) by P, % ug €

C([0, o0), L' (R™)), the integrability on 7 € (0, ) of the function || P,_; * Z?:l Ox; (u2)||L1 and applying the domi-
nated convergence theorem with the estimate

? n
/ P % Z ax]. (uz)
0 j=1

Then it follows from Proposition 5.2 that

< Cf!lv(uz) | 1dr < Cllell oo ,00; ) 11l L1(0,00; 51 ) < O©-
L 0 '
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lu],, <+, 6.9)

n(l —n(1—

[VFu@] <0 fu@] g <P (6.10)

for all r > 0, where 1 < p < 00, 0 <« < 2. By the use of (6.9) and (6.10), we show the large time behavior (1.4),
(1.5) and (1.6).

Proof of (1.4) in Theorem 1.2. By the following estimate:

! n
/ Proe Y by, (u?)dt
0 j=1

and (2.9), it is sufficient to consider the nonlinear part. On the nonlinear part, we have on the integral for t € [0, ¢/2]
from (2.5) and (6.9)

L

2 n
/ P % Z ijuz dt
0 j=1

|uty =MP; |, , <IIPi%uo— MP|Lr+

[.o

Lp

3
2
1
< cf(r — oD 2 de
0

Lr

a
—n(1=1y—
<cr D [l e
0
t

2
1
<cr ! /(1 +1)"dr
0

<

cr P Nogle +1) iftn=1,
(6.11)

1
cy"=p)1 ifn>2.

Then, it follows from the above estimate that
t
2

n
/ Pi_. % Z 8xju2 dt
0 j=l

On the integral over 7 € [t/2,t], we have from the boundedness of P,;* in L?(R"), Holder’s inequality, (6.9) and
(6.10)

1
lim "5 =0.
—o0

Lp

t

n
/ P % Z BXjuz dt
j=1

L
2

t
< cf Nl [Vl oo d
Lp t
2

t
<C/r_”(l_%)t_”_ldr
5
<crni-pn, 6.12)
Then, it holds that

lim ("7
—>00

=0.

t

n
/ P % Zaxjuz dt
: =

LP

Therefore, we complete the proof of (1.4). O
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Proof of (1.5) in Theorem 1.2. (1.5) is obtained by (2.10), (6.11) and (6.12). O

Proof of (1.6) in Theorem 1.2. Since the convergence on the linear part is obtained by (2.11), it is sufficient to
consider the nonlinear part. Then, it holds that

t n n t
H—/P,_f*Zaxj(u(t)z)dr—I—Z(aij,)//u(r,y)zdydr
0 j=1 j=1 0 Re
t t

+ / > @ Piog) % (MPry)?dT =Y (0, P) f f (MPei1 () dydr
0 j=1 j:1 0 R»

L?
n

>

j=l1

t
/ / (G, P (x — 3) — (B, PO(0)) (1(t, )% — (M Py ()7) dy dt (6.13)

0 R?

LY

For the estimate of the right hand side of (6.13), we introduce the following proposition.
Proposition 6.2. Let U (z, y) :=u(t, y)> — (M Py 11(y))>.
(1) For p with 1 < p < 09, it holds that

—1-(1-1y-2 .
||VU(r)||L,,< Ct P’ “logle+1t) ifn=1, 6.14)

Cr—n—n(l—%)—Z ifn>2,
forall T > 0.
(ii) It holds that
oo
//[U(r, y)|dydr < oo. (6.15)
0 R”

(iii) For e with 0 < & < 1/2, it holds that

1
=51

et
/ / (G, P (x = y) — (B, POGO)U (T, ) dy de

0 lyl<et

<Ce (6.16)

y
forallt > 0.
Proof. For the proof of (6.14), it follows from Holder’s inequality, (2.5), (6.9), and (6.10)
VU@ < [0+ M| V@) = VM Pt | + [T + VM P ur) = M P

<Ct "D | Vu(r) = VMPey | oo + CT 007 ur) = MP |- 6.17)

On the estimate of ||Vu(t) — VM P, 41| L, we have from the triangle inequality

[Vu(z) = VM Py, o < IVP; g — MV Py||p + |MV Py — MV Pryq |1

A n
V/P,_f *Zaxj (uz) d7T
T j=1

2

z
2

n
V/PT_; *Zaxj (uz) dT
j=1

0

+ +

LOO

(6.18)

LOO

It follows on the first and the second terms in the right hand side of (6.18) from (2.5), (2.8) and (2.10) that
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IVPrxug— MV Pr||po + MV Py — MV Pryg| L=
< Cr*1(||P% %o — M Pz |1 + | M Py — M Pz || 1)
<cr el (6.19)
We have on the third term in the right hand side of (6.18) from (2.5) and (6.9)

z
2

n
v/ Po_zx Yy oy (u?)dT
j=1

0

:
< c/(r _F) 2 dE

ks
2
<Cr " / 7, dT
0
T

2
<ot favyar
0
. { Ct > loge+1) ifn=1, (6.20)
Cr 2 ifn>2.

We al§o have on the fourth term in the right hand side of (6.18) from the boundedness of P;* in L°°(IR"), the embed-
ding Bgo | (R — L*®(R™), (2.2), (6.9) and (6.10)

T

n
V/PT_; *Zaxj (uz) d7t
j=1

z
2

T
<c [V a7
L> %

T
< c/ lull gl d?
00,1
T
2

T
< C/?_”_Z(l +T)"dT
%
<cr, (6.21)
Then, it follows from (6.18), (6.19), (6.20) and (6.21)

cr* 11 ifn=1,
| Vu(@) = VM Pesi || o < { v logledn) il (6.22)
Cr—2™" ifn>2.
On the estimate of ||u(t) — M P;1| L, we have from (1.5) and (2.8)
lu(t) = MPryi||, o0 < |u(r) = MP;| o + IMP; — M Py
< {Cr_l_llog(e+r) ifn=1, 6.23)
cr—! ifn>2.

By (6.17), (6.22) and (6.23), we obtain (6.14).
For the proof of (6.15), it follows from Holder’s inequality, ||u(7)|l;1 4 || Pr+1llz1 < C for all 7, (1.5) and (2.8)
that

/|U(r, |dy < |ux) + MPeyy |, Jum) = MPei ||
Rn
<C(Ju() = MP | oo + |MPr — MPr | 1x)
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{C(r—l Hogle+ 1)+t ) ifn=1,
Cx 14 ifn>2.

Then we consider the integral on the variable 7, the integrability for T with T > 1 is guaranteed by the above estimate
and the integrability for T with 0 < t < 1 is guaranteed by the following estimate

[U@ ] 0 < (10 g 00012, + sup | Pr1 12:) < (el goorsry + sup(z + D73?) <oc.
> >

Then the proof of (6.15) is completed.
For the proof of (6.16), we show that

—n(l=Ly_
[ B, Pr—o) (x = 3) = (@ PO p < Cor 070! (6.24)
for all 7, y with T < ef and |y| < et. Once we obtain (6.24), it follows from (6.24) and (6.15)

et

_1
0= / / (B, P (x = y) — (B, POGO)U (T, ) dy de
0 |yl<er Ly
et

1 1

<t"(175)+1/C8f"(175)71 / |U(z, y)|dydr
lyl<er
Cs//|U(t y)|dyd1:
0 R"
Then, it remains to show (6.24). We have from |y| < ef, 1 < ef,0<e < 1/2and 1~ < (r —07)~' < 2t7! for

0 €[0,1] and 7 € [0, &¢]

| (3 Pr—) (x = y) = (B, P ()|

3 ((t —07) "1 @y, P)((t — 07) ' (x — 0y)) dO

Il
St~

1

- f (=1 = Dt = 67) "2 (=) @3y, P)((t — 6) " (x — 6))
0
+

(t —601) """ (Vo P)((t —01) ' (x —0y)) - (¢t — 07) T (x — )

+(t—60) " (Vay, P)((t — 00) " (x —0y)) - (1 — 00) " (—y)} dO

1
< C/{t_"_18|(8ij)((t —07) " (x = 0y))| + 17" 2| (Vo P)((t — 6T) " (x — 0y)) [Ix — Oy
0

+17" e (Vo PY((t — 07) 7 (x — 0y))]} d6. (6.25)

Since

n

| @y, PY((t = 07) ' (x — 6y)) ||Lf_ —(t—01)P 18y, PllLr < Ct7,
[V, PY(( —67) " (x = 03)) |1x — 0y ,p = (¢ — 60)r |V, P - Ixl|,, < Cir T,

| (Vo PY((t = 07) " (x = 09)) || p = (1 = 0T) P |V, PllLr < Ci 7,
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it follows on the L?(R") norm of (6.25) that

1
@y Proo)x = ) = (8, PO@) | 1p < C / (e err et do
0
n(1—1)—1

<Cet 7

Therefore, we obtain (6.24). The proof of Proposition 6.2 is completed. O

To prove (1.6), we consider the estimate of the right hand side of (6.13) by the use of Proposition 6.2. For & with
0 <& < 1/2, we decompose the interval [0, ¢] into [0, e¢] and [et, ¢].

On the integral for 7 € [et, t], it follows from (8xj P )xU=P_ % (ij U), the boundedness of P;_; in L? (R")
and (6.14)

n
1
=)+l Z

t
f / (3, Pre)(x — y) — (B, POO)U (T, y) dydt
=1

et Rn

LY

1
//||VP1||LP|U(T,y)}dydt)
et Rn

t
f/|U(r,y)|dydr>

t
< c"0-pH </|| P xVU()|,,dT +
et

t
<c-pH (/HVU(I)”Lpdt 4l
et

gt Rn
t t
1 1
<"t /1_”_”(1_77)_210g(1 +1)drt +c//}U(r,y)\dydz. (6.26)
et et Rn

On the first term of the right hand side of (6.26), we have
t
1 1 1
M=)l f D 2 001+ 1) dr < Ce " TP T M og(1 +1) - 0 ast — .
et

On the second term, we have from (6.15) and Lebesgue’s dominated convergence theorem

t
1im//|U(t,y)|dyd1:=0.
—00

&t R
Then, we obtain the following

n

t
. n(1—Ly+1
e [ |

Jj=1 &t Rn

((Bx; Pr—o)(x = y) = By, PO (X)) U (2, y)dydz|| =0 (6.27)

LY

for any ¢ with0 <& < 1/2.
On the integral for 7 € [0, et], we first consider the case |y| > f on the integral over R”. It follows from |r — 7|~ <
2t~ for 7 €0, et], (6.15) and Lebesgue’s dominated convergence theorem

n
tn(l—%)—i—l Z

et
/ (3, Pr—o) (x = ¥) = (3, PA))U (7, y) dy d
j=1

0 |yl=et

et
_1
<cri-pH / f (100, i< llzo + 125, Prllo) Uz, )| dy e

0 |yl=et

Ly
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et

1 1 1
<Ct"(17)+l/ f (¢t =" DY U (e, ) dyde
0 |yl=et

o]

<c/ / \U(r, y)|dydr

0 |y|>et
—0 ast— oo. (6.28)

On the integral for 7 € [0, ef] and y with |y| < ¢¢, we apply the estimate (6.16). Then, we have from (6.13), (6.27),
(6.28) and (6.16)

1
limsup "~ *!
1—>00

R)‘l

! n n !
/P,_, £ Y0y (u(m)?)dr =) (0, P,)//u(r, )2 dydrt
0 j=l j=l 0

< Ce

Lp

t n n t
+ f > @y, Pior) % (MPry)2dT = Y (0, P1) / / (MPey1(y) dydr
o J=I j=1

0 R

for any ¢ with 0 < & < 1/2. Since ¢ is an arbitrary real positive number, the proof of (1.6) is completed. O
7. Proof of the estimate (1.7)

By the use of (1.6) and ||V P;|l;2 < 172, it is sufficient to show that

t

t
(3xPr)//M(T»y)2dydT+f(3th—r)*(MPT+1)2dT
0 R 0

> M%7 log(e + 1) (7.1)
L2

t
— (3P f / (MPri1 () dydr
0 R

for large 7. The function in the L2(R) norm in the left hand side of (7.1) is equal to

t t
(3P f / (u(t.9)? — (MPo 1 ()} dydr + / (3 Pre) % (MPy 1) de
0 R 0

t
=: /(I +1I)dr. (7.2)
0

On the estimate of 1, it follows from [|d, Pl ;2 < Ct_% and (6.15) that

t
/Id‘t’
0

On the estimate of /I, we decompose [0, ¢] into [0, # /2] and [#/2, t]. For the interval [#/2, ], it follows from 0, P;_; *
(Pr41)* = P,_¢ % 35 (Py41)? the boundedness of P, in L>(R") and Holder’s inequality that

_3
<Cr 2.
L2

t

/Ildr

L
2

t
<C / | Proe 8 (Pey)?| 2 de
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t
<C/||P1+1||L2|I3xPr+1||L°° dt
L

2

t
<c/(r+1)—%df
5

_3
<Ct 2.

For the interval [0, 7 /2], we have from Plancherel theorem and considering the restriction [§| < 1

L L
2

f”df =M’ |§|/€_(I_T)|§|/e—(f+1)|§—ﬂ\e—(r+l)|nldndf

0 L2 0 J p
t
2

>CM2 |E|/e—%|§|e—c(t+l)|§\(1+_L_)_1dr
0 L2

t

2
>cM? |§|/(1+t)_1dr
0 L2(Jg]1<t™h

— M2t log(1 + 1),

Therefore, (7.1) is obtained by (7.2) and the above three estimates on /, /1. The proof of (1.7) is completed.
Conflict of interest statement

The author has declared no conflicts of interest.
Acknowledgement

The author is partially supported by Japan Society for the Promotion of Science, Grant-in-Aid for Young Scientists
B #25800069.

References

[1] N. Alibaud, Entropy formulation for fractal conservation laws, J. Evol. Equ. 7 (1) (2007) 145-175.
[2] N. Alibaud, B. Andreianov, Non-uniqueness of weak solutions for the fractal Burgers equation, Ann. Inst. Henri Poincaré, Anal. Non Linéaire
27 (4) (2010) 997-1016.
[3] N. Alibaud, J. Droniou, J. Vovelle, Occurrence and non-appearance of shocks in fractal Burgers equations, J. Hyperbolic Differ. Equ. 4 (3)
(2007) 479-499.
[4] N. Alibaud, C. Imbert, G. Karch, Asymptotic properties of entropy solutions to fractal Burgers equation, SIAM J. Math. Anal. 42 (1) (2010)
354-376.
[5] I. Bejenaru, T. Tao, Sharp well-posedness and ill-posedness results for a quadratic non-linear Schrodinger equation, J. Funct. Anal. 233 (1)
(2006) 228-259.
[6] P. Biler, G. Karch, W.A. Woyczynski, Asymptotics for multifractal conservation laws, Stud. Math. 135 (3) (1999) 231-252.
[7] P. Biler, G. Karch, W.A. Woyczynski, Multifractal and Lévy conservation laws, C. R. Acad. Sci. Paris Sér. I Math. 330 (5) (2000) 343-348.
[8] P. Biler, G. Karch, W.A. Woyczynski, Critical nonlinearity exponent and self-similar asymptotics for Lévy conservation laws, Ann. Inst. Henri
Poincaré, Anal. Non Linéaire 18 (5) (2001) 613-637.
[9] P. Biler, G. Karch, W.A. Woyczynski, Asymptotics for conservation laws involving Lévy diffusion generators, Stud. Math. 148 (2) (2001)
171-192.
[10] J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles non linéaires, Ann. Sci. Ec. Norm.
Super. (4) 14 (2) (1981) 209-246.
[11] D. Chae, On the well-posedness of the Euler equations in the Triebel-Lizorkin spaces, Commun. Pure Appl. Math. 55 (5) (2002) 654-678.


http://refhub.elsevier.com/S0294-1449(14)00029-8/bib412D32303037s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib41412D32303130s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib41412D32303130s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4144562D32303037s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4144562D32303037s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib41494B2D32303130s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib41494B2D32303130s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib42542D32303036s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib42542D32303036s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib424B572D31393939s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib424B572D32303030s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib424B572D32303031s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib424B572D32303031s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib424B572D323030312D32s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib424B572D323030312D32s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib422D31393831s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib422D31393831s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib432D32303032s1

T. Iwabuchi / Ann. 1. H. Poincaré — AN 32 (2015) 687-713 713

[12] D. Chae, J. Lee, Local existence and blow-up criterion of the inhomogeneous Euler equations, J. Math. Fluid Mech. 5 (2003) 144-165.

[13] C.H. Chan, M. Czubak, Regularity of solutions for the critical N-dimensional Burgers’ equation, Ann. Inst. Henri Poincaré, Anal. Non
Linéaire 27 (2) (2010) 471-501.

[14] H. Dong, D. Du, D. Li, Finite time singularities and global well-posedness for fractal Burgers equations, Indiana Univ. Math. J. 58 (2) (2009)
807-821.

[15] J. Droniou, T. Gallouet, J. Vovelle, Global solution and smoothing effect for a non-local regularization of a hyperbolic equation, dedicated to
Philippe Bénilan, J. Evol. Equ. 3 (3) (2003) 499-521.

[16] M. Escobedo, E. Zuazua, Large time behavior for convection—diffusion equations in R", J. Funct. Anal. 100 (1) (1991) 119-161.

[17] K. Ishige, T. Kawakami, Refined asymptotic profiles for a semilinear heat equation, Math. Ann. 353 (1) (2012) 161-192.

[18] M. Kato, Sharp asymptotics for a parabolic system of chemotaxis in one space dimension, Differ. Integral Equ. 22 (1-2) (2009) 35-51.

[19] G. Karch, C. Miao, X. Xu, On convergence of solutions of fractal Burgers equation toward rarefaction waves, SIAM J. Math. Anal. 39 (5)
(2008) 1536-1549.

[20] A. Kiselev, F. Nazarov, R. Shterenberg, Blow up and regularity for fractal Burgers equation, Dyn. Partial Differ. Equ. 5 (3) (2008) 211-240.

[21] H. Kozono, T. Ogawa, Y. Taniuchi, Navier—Stokes equations in the Besov space near L>° and BMO, Kyushu J. Math. 57 (2003) 303-324.

[22] H. Kozono, M. Yamazaki, Semilinear heat equations and the Navier—Stokes equation with distributions in new function spaces as initial data,
Commun. Partial Differ. Equ. 19 (5-6) (1994) 959-1014.

[23] C. Miao, G. Wu, Global well-posedness of the critical Burgers equation in critical Besov spaces, J. Differ. Equ. 247 (6) (2009) 1673—-1693.

[24] T. Nagai, R. Syukuinn, M. Umesako, Decay properties and asymptotic profiles of bounded solutions to a parabolic system of chemotaxis
in R", Funkc. Ekvacioj 46 (3) (2003) 383-407.

[25] T. Nagai, T. Yamada, Large time behavior of bounded solutions to a parabolic system of chemotaxis in the whole space, J. Math. Anal. Appl.
336 (1) (2007) 704-726.

[26] H.C. Pak, Y.J. Park, Existence of solution for the Euler equations in a critical Besov space B éc 1 (R™), Commun. Partial Differ. Equ. 29 (7-8)
(2004) 1149-1166.

[27] L. Silvestre, On the differentiability of the solution to the Hamilton—Jacobi equation with critical fractional diffusion, Adv. Math. 226 (2)
(2011) 2020-2039.

[28] H. Triebel, Theory of Function Spaces, Birkhduser-Verlag, Basel, 1983.

[29] M. Yamamoto, Asymptotic expansion of solutions to the dissipative equation with fractional Laplacian, SIAM J. Math. Anal. 44 (6) (2012)
3786-3805.


http://refhub.elsevier.com/S0294-1449(14)00029-8/bib434C2D32303033s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib43432D32303130s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib43432D32303130s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib44444C2D32303039s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib44444C2D32303039s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4447562D32303033s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4447562D32303033s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib455A2D31393931s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib494B2D32303132s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B2D32303039s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B4D582D32303038s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B4D582D32303038s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B4E532D32303038s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B4F542D32303033s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B6F59612D31393934s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4B6F59612D31393934s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4D572D32303039s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4E53552D32303033s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4E53552D32303033s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4E592D32303037s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib4E592D32303037s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib50502D32303034s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib50502D32303034s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib53696C2D32303131s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib53696C2D32303131s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib5472695F31393833s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib592D32303132s1
http://refhub.elsevier.com/S0294-1449(14)00029-8/bib592D32303132s1

	Global solutions for the critical Burgers equation in the Besov spaces and the large time behavior
	1 Introduction
	2 Preliminary
	3 A priori estimate
	4 Proof of Theorem 1.1
	5 Decay estimates of solutions
	6 Proof of Theorem 1.2
	7 Proof of the estimate (1.7)
	Conﬂict of interest statement
	Acknowledgement
	References


