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Abstract
We consider the Zakharov system in two space dimension with periodic boundary condition:

10iu = —Au+ nu, @
dn=An+ Alul®, (@t,x)e[0,T)x T2

We prove the existence of finite time blow-up solutions of (Z). Further, we show there exists no minimal mass blow-up solution.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous considérons le systeme de Zakharov dans 1’espace & deux dimensions avec la condition périodique au bord :

(¢2)

i0iu =—Au+ nu,
un=An+Alul?, (@t ,x)el0,T)x T2

Nous prouvons I’existence de solutions de (Z) explosant au temps fini. En outre, nous prouvons qu’il n’y a aucune solution explosive
de masse minimale.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we consider the Zakharov system on T? = (R/277Z)?:
ioju =—Au+nu,
1 2
S 0un = A+ Alul?, 2)

0
M(O)ZMO, n(O):n07 nl(o):n17
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where ¢g > 0, u: [0, T) x T2 - C,n: [0, T) x T2 — R and ug, no, n; are initial data. Further, in our results, we fix
co=1.

Zakharov system was introduced in [36] to describe the collapse of Langmuir wave (or electron plasma waves) in a
non-magnetized plasma. In the context of the dynamics of Langmuir wave, u represents the slowly varying envelope
of the electric field and n denotes the deviation of the ion density from its mean value. From the physical point of
view, the evolution of (Z) leads to the formation of a cavity of ion density and an amplification of the amplitude of
the electric field. Further, the collapse of cavity gives an explanation for the mechanism of the dissipation of long-
wavelength plasma waves. Therefore, the wave collapse, which is the finite time blowup of the solution of (Z), plays
a central role in the strong turbulence of Langmuir waves. See, for example [31,33].

Note that the subsonic limit of Zakharov system (co — 00) formally gives us the nonlinear Schrodinger equation
with critical exponent:

{ia,u =—Au— |ul*u,
u(0) = uyg.
We say critical because it is the smallest power that admits blowup in finite time for initial data in the energy class
(up € H").

The local-in-time well-posedness for these equations have been extensively studied. For a moment we use X to
denote R? or T2, For (NLS), it is known for initial data in H*(X), with s > 0 for the case R? [8] and with s > O for

the case T2 [4]. See [34] for a result on R x T. Moreover, for the strong solution u € C ([0, T']; H*(X)) obtained, we
have the conservation of mass

(NLS)

”u(t)”L2=”u0”L2’ VIE[O, T]a

and, if s > 1, the conservation of energy

1 1 1 1
SIvu® [ = S [u@ ] = S1VuolZ = S luolifs, Vi €l0.7).

The Zakharov system (Z) has similar conservation laws. First, the mass of u(¢) is also conserved. In addition,
assume n; € H~'(X; R), where

A'(X:R) :={pe H'X;R) | I e L*(X;R?) s.t. ¢ = V]

(see also Remark 1 below). Then, 0;n(¢) € H~! for all # and the wave part of (Z) may be written in the form

1 2
on+ Vv =0; —23tv+Vn=—V(|u| ),
c
0
for some v(¢) € L2(X; R?). In this case, we have the conservation of energy £(t) = £(0), where £ is defined by

1
€ =Eu,n,v) = Vulljz + > (InlZ + vl 72) +fn|u|2dx. (1)
X

The local well-posedness of (Z) on R? in the energy space H' x L? x H~! was first obtained by Bourgain and
Colliander [5], which was improved to H U L2 x H7! and wider spaces by Ginibre, Tsutsumi, and Velo [11]. The
lowest regularity in which the local well-posedness is known so far is L? x H~'/? x H™3/2 [3]. The case T? is more
involved, but the local well-posedness in the energy space (actually in H' x L? x H~! and some wider spaces) was
recently proved, see [17].

Remark 1. The definition of the H~! norm of ¢ = —VlZ is a bit tricky. It would not be well-defined if we used

simply the L? norm of & For example, consider 1@ =(xB, _%XB) for X = R?, where B :=[1,2]>U[-2, —1]? and

xB is the characteristic function of B, and 1/? = (cos(x] + x2), —cos(x] + x2)) for X = T2. Then, ||‘>Z||L2 > 0 but
=—-Vy =0.

’ Befoﬁeﬁ the(jdeﬁnition we recall the Helmholtz decomposition L*(X;R)? = Lg ®* G into the solenoidal space

L(z, = {y¥: V¢ =0} and the gradient space G = {Vn: n € H'(X;R)}. Let PG : L2(X; R)2 — G be the orthogonal

projection onto G. We now define (@] 51 := ||]P’01Z||Lz for ¢ = —VI}, which is a well-defined norm on H~!.
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The time global existence and blow-up problem of (NLS) on R? and T2 have also been studied by many authors [ 14,
19-29.35]. It is well known that if ug € H'(R?) and ||uo|| ;2(g2) < I Q|12 (r2). then the solution of (NLS) on R exists
globally in time. (In fact, it was recently shown by Dodson [10] that the assumption ug € H' can be replaced with
ug € L?.) Here, Q is the unique positive radial solution of

—AQ+0—-0°=0, xeR%. (2)

This also holds for the case T2. That is, if ug € H'(T?) and luoll 2(r2y < 1QllL2R2), then the solution of (NLS)
on T? exists globally in time. On the other hand, if M > || Q||i2 ®2) it is known that there exists ug € H'(X) such

that ||uo||i2 x = M and the solution of (NLS) on X blows up in finite time (for the case T2 see [2.,6]). In this

sense, || Q| 12r2) is the sharp threshold for the global existence and blowup of (NLS) both on R? and on T2. For
the blow-up problem of (Z) on R2, Glangetas and Merle [12] constructed a blow-up solution with [uo|l;2(g2) arbi-
trarily near || Q|| ;2. Further, in [13] they showed that if |luoll ;2(r2) < 1@l 2(g2), then the solution of (Z) on R? with
(u(0), n(0), n,(0)) = (ug, no, n1) € H! (Rz) X LZ(RZ) x H™1 (Rz) exists globally in time. However, it seems there is
no counterpart of the results of Glangetas and Merle for T? as far as the authors know.

In this paper, we construct a blow-up solution of (Z) by using the fixed point argument. Further, as in the R? case,
we show that if [luoll 22y < | @l L2(2), then the solution of (Z) exists globally in time. For (NLS), Burq, Gérard,
and Tzvetkov [6] constructed a blow-up solution on T2 by adapting an idea of Ogawa and Tsutsumi [27], who treated
a similar problem on T. In [6] they cut off the explicit blow-up solution on R? and solved the perturbed equation.
Thus we use the blow-up solution of (Z) on R?> which was constructed by Glangetas and Merle. However, in contrast
to (NLS), (Z) has a derivative in the nonlinearity. Therefore, we cannot directly apply the argument of [6] because of
the so-called “loss of derivative.” To overcome this difficulty, we introduce a modified energy and derive an a priori
estimate for the approximate solutions. Our main result is as follows.

22@&2)’ there exist T = T(M) > 0 and a solution (u,n) of (Z) in the class

(u,n,ny) € C([0, T); H'(T?) x L2(T?) x H~'(T?)) with the following properties.

Theorem 1. For arbitrary M > || Q||

@) (1750, < M.

(i) C1(T =)~ < Hu@ |l grepzy + 10O 2 er2) + e (Ol =12y < CoAT — 1)~ for some Cy, Cy > 0.
(i) lim;_ 7 IVu®ll 22\ 80,1 = 0, lim,_, 7 In@ 212\ B(0,ry) = O for any r > O sufficiently small, where
B(a,r):={xeT?||x —a| <r}).

Our approach is easily generalized to the case of exactly p blow-up points. A similar generalization was mentioned
by Godet [15] for (NLS).

Corollary 1. Let {x1, ..., x,} be distinct points in T2. For arbitrary M > p|| Q||22(R2), there exist T =T (M) > 0 and

a solution (u, n) of (Z) in the class (u,n,n;) € C([0, T); H'(T?) x L>(T?) x ﬁ_l(Tz)) with the following properties.

@) (1750, < M.
(i) Col(T =0~ <Nl g1 r2) + IO 2002y + I Ol -1 72y < Co(T = 1)~ for some Cy, C2 > 0.

(iii) tler; (T — )| Vu@®)| > T 0, IILH} (T —0)|n®)] 2 Bayry 0,
and
thf} [Vu@] L2m\UY_, Bj.r) 0, lhf} In@®] L2m\UY_, Bj.r) 0

for any r > O sufficiently small and any 1 < j < p.

The global existence of the solution for the case [luoll 2(r2) < [|Qll 22y is a corollary of the following mass
concentration result.
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Theorem 2. Suppose (u, n) is the solution of (Z) which blows up att =T € (0, 00). Then, there exist t, — T and
v € T? such that

L. 2 2
limin f 0P dx > 101
[x=ynl<R

forany R > 0.

Corollary 2. If (ug, ng,n1) € HY(T?) x L2(T?) x H~1(T?) satisfies ||”0||L2(1I‘2) <l Q”LZ(RZ)’ then the corresponding
solution of (Z) exists globally in time.

Corollary 2 can be derived by using the same argument as Glangetas and Merle with a sharp Gagliardo—Nirenberg
inequality on T? by Ceccon and Montenegro [9]. However, for the proof of Theorem 2, it is not sufficient by itself to
replace the sharp Gagliardo—Nirenberg inequality on R? with that on T2. This is because the terms || Vu ||i2 and ||u ||i2

appearing in the Gagliardo—Nirenberg inequality on T? have different scalings. Therefore, we use a concentration
compactness argument and split « in many pieces so that we can use the Gagliardo—Nirenberg inequality on R2.

This paper is organized as follows. In Section 2, we formulate the perturbed equation which we have to solve
to construct a finite time blow-up solution. In Section 3, we construct an approximate solution by regularizing the
perturbed equation. In Section 4, we introduce a modified energy and derive an a priori estimate for the approximate
solution. This estimate will allow us to construct a solution to the perturbed equation. Also, the idea for multi-point
blowup is given in Section 4. In Section 5, we prove Theorem 2 and Corollary 2. In Appendix A of this paper, for
readers’ convenience, we give a brief sketch of the proof of the modified concentration compactness lemma which we
will use for the proof of Theorem 2.

We define some notations which we use in the following. We denote the Fourier series of u(z, x) in the spatial
variable as

u(t, x) = Z MYt m).
meZ?

We define the Sobolev spaces H¥(T?) for k € R as
H¥(T?) == {u € D'(T?) | llull e < oo},
Nl o= > (m)* i),

meZ?

where (x) := (14 |x|*)1/2. We write A < B to denote the estimate A < C B with a constant C > 0, which may depend
on some parameters in a harmless way, and write A ~ B if A < B < A. We use the notations like <, , when we need
to emphasize the dependence of constants on some parameters.

2. Formulation

First of all, we recall the result by Burq, Gérard, and TzvetkoY [6], which constructed blow-up solutions to (NLS)
on TZ2. (NLS) on R? has a family of explicit blow-up solutions {R;};~o which blow up at r = T, where

- 1 1xf?
R.(t,x) = ;el(ﬂw—z) 4<Tfr>)Q X ’
AMT —1) AMT —1)

and Q is given in (2). Let ¢ € CS";(RZ) be such that 0 < ¢ < 1, supp ¥ C {|x| <2} and ¢ (x) =1 for |x| < 1, then
the function 1//1% (t), which is restricted on a ball B(0,2) C [—m, 712, can be regarded as a function on T2. Consider
the function

u(t,x) =¥ x)Ry(t, x) + v(t, x)

with v : [0, T'] x T2 — C. Then, u is a blow-up solution to (NLS) on T2 if v solves the equation
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{ W0+ A =023(v) =Y (RID + IR [*v) + (1 = Y)Y IR R, = 2VY VR, — Ay Ry, )

v(t) >0 ast— T,

where quadratic and cubic terms with respect to v have been written as Q2 3(v).
Applying the fixed point argument to the associated integral equation, one can solve (3), for example, in H?(T?).
First, notice that the external force in (3) decays exponentially as t — T, namely

[(1 = v | RO Ru(t) — 299 VR (1) — AY Ro ()] ;o S e 70D

for some § > 0. Thus, we can expect that the solution v also decays exponentially as t — 7. ~
This decay of exponential order is essential for the treatment of the linear terms w2(R§17 + |R;.|?v) in the fixed

. . e . .
point argument. To see this, we assume ||v(t)||;2 ~ e *T-9 for some u > 0 and consider the estimate for the L? norm
of the Duhamel integral term, then

T

/ei(t_s)A[(lpIé;\)zv](s)ds

t

T
< [ Rl o) ] 2 ds
Lr %

T

/ 1 _)\(TM_ S d
2T —5)2°¢ s

t

= Lot~ L)
- A A L
From the above estimate, the linear terms seem to be harmless (at least in L?) whenever p is sufficiently large. In
fact, under the assumption that A is sufficiently large, Burq, Gérard, and Tzvetkov obtained an exponentially decaying
solution by performing the fixed point argument in the space C ([0, T'); H?) with an appropriate weight in # which
grows exponentially as ¢+ — T'. Note that any polynomial decay in T — ¢ of solution will not be sufficient for us to
close the fixed point argument.

Let us return to the Zakharov system (Z) and take the same approach as (NLS). Let (Py, N,) : R?2 > R%bea
radially symmetric solution of

—AP,+ P, =N, P,
A2(r28,, Ny + 6rd, N; + 6N;) — AN, = A| P |?,

where r = |x|. Then it is easy to check that (1, n) defined as

“4)

. 2
W)= — G p (X
AMT —1) MT —1)

. 1 2N X
0 = (m - r)) A(A(T - r))

is a solution of (Z) in R? which blows up as t — T. It was shown by Glangetas and Merle [12] that for A > 0
sufficiently small Eq. (4) actually has a solution with the following properties.

Proposition 1. (See [12].) There exists a family of radially symmetric solutions {(P;, Ny)}o<i«1 to (4) such that
(Py, N)) = (0, — 0% in H' (R?) x L>(R?) as » — 0. Further, (P,, N;) € H* x H* for all k € N U {0} and

|P)Ek)(x)| Sk e*5|X|, |N/{k)(x)| Sk <x)*(3+k)

for some § > 0.

These blow-up solutions are similar to the solutions R, of (NLS), but different from them in the following two
points:

— Alarge A is not allowed.
— The solutions for the wave part decay only polynomially in 7.
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From time reversal symmetry, it suffices to consider solutions which blow up backward in time at # = 0. For small
A >0, let

~ 1 ,i(L,ﬁ) X
Uy(t,x):=—e 22 %P —|,
(1, x) 7 \

W 1 N x
0= ()

be the blow-up solution of (7) in R2 constructed in [12]. With the cut function yr defined above, set

Up(t, %) ==Y () U (1, x),
W, (t,x) = I/I(X)W)L(l‘,x), (t,x) e R x [—m, n]2 ~R x T2

We construct a blow-up solution of the form (U + u, W) + w), where (1, w) does not blow up in the energy space
as t — 0. Assuming that (U, + u, W, + w) solves (Z), we obtain

(3 + Mu=uw + (Wyu + Upw) + ((f — DY U Wy, —2Vy VU, — Ay Uy,

. (5)
B — A)w = Alul* + A(Usu + Usit) + Fy,

where

F = A(IULP) = ¢ A(10) + 2V VWi + Ay Wy,
= ¥ — DYA(IGP) + 2V (@) V(0P + AU +2VY VW + Ay W

Here, the first difficulty arises due to the fact that the external force term F; (¢) only decays polynomially. We can
thus expect only polynomial decay for w, then the same for U, w in the Schrodinger part, then the same for u, which
would not be enough to remove the singularity in the term Wu.

The idea to overcome this difficulty is to decompose w into polynomially decaying part and exponentially decay-
ing part. Note that the slowly-decaying external force F;(¢) is restricted outside a ball B(0, 1). The finite speed of
propagation then suggests that the slowly-decaying part of w(¢) also vanishes around the origin for a short time. Since
U, has an exponential decay outside a neighborhood of the origin, we can still expect the exponential decay for the
product U, w.

To make this argument rigorous, let Z; (¢, x) be the solution of the following inhomogeneous linear wave equation
fora e R:

{ O = A)Zya = F), ©
Z3.a(0,x) =0, 8 Z.a(0,x) =ay(x)(1 — ¢ (x)).
Note that Z;_, is explicitly written as
t
sin(¢|V]) sin((t — s)|V|)
Zya(t,x) = —=—[ay (1 —I/I)](X)—/—Fx(s,x)ds
VI VI
0
= llla(ta x) + Z}L(Ia x)'
A direct calculation using Proposition | shows that Z, , € C 1([0, 00); H*(T?)) for any k > 0 and
sup (M Zra O e gry + 190 Z0a O] o)) Sk7000 1 ©)
<t<T

for T > 0. Moreover, both the external force term and the initial data in (6) vanish in a ball B(0, 1), which together
with the finite speed of propagation yields that Z;, ,(¢,x) =0 on aball B(0, 1/2) for 0 < < 1/2. Actually any initial
data that vanish around the origin may be sufficient for the fixed point argument, but we have selected the above ones
for another reason to be mentioned below.

We shall construct a blow-up solution of the form (U, + u, W, + Z , + 2), where (u, z) converges to 0 as t — 0,
solving
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(9 + D =uz+ Wi+ Zpu + Urz + (Ui Zoa + (0 = DY U Wi =2VY VU, — Ay Uy), ®
B — Mz =Alul* + A(Uyu + Uid).
We notice that the external force in the Schrodinger part decays exponentially as t — 0.
It is easy to see that a solution (u, z) to the above problem satisfies
[atodx=cie.0 =0
T2
for all 7. Thus, |V|~!z; can be defined by Zm;é(o’o) e \m| =12, (t, m). Set
r=z4ilV|~'z.
Then, if (u, z) solves (8), (u, r) satisfies
(i3 + Au=uRer + (W + Zy o)u+ U Rer + (UrZ o + (f — DY ULWy, —2Vy VU, — Ay T;), ©
(i0; — IVI)r = |VI(jul* + Upu + Usii).

Since z is real valued, we can recover the splution of (8) from that of (9) by z := Rer. In this case z; = |V|(Imr)
holds, and (z, z;) € C((0, T]; L*(T%; R) x H~'(T?; R)) if and only if r € C((0, T]; L>(T?; C)).
We will construct a local solution to this problem (9) that decays exponentially in H'(T?) x L>(T?) as t — 0.

Theorem 3. For any a € R and sufficiently small A > O, there exists T =T (A, a) > 0 such that Eq. (9) has a solution
(u,r) € C(0, T1, HY(T?) x L*(T?)) which decays exponentially as t — 0.

Here, a solution of (9) means a distributional solution of the associated integral equation of (9).
Now, we admit Theorem 3 for a moment and show Theorem 1.

Proof of Theorem 1. Recall that we have replaced the forward blowup at t = T with the backward blowup at = 0.

For given M > || Q”iZ(RZ)’ we choose A > 0 so that || Py, ||22(R2) < M, which is possible from Proposition 1. Next, in

the following way, we choose a € R so that (W) + Z; ,); € H~'. We first notice that

Wi (t,0) =aly (1 —y)](0)

and [¢ (1 — ¥)](0) = cf Y (1 —¥)dx > 0. We also see from the equation that [(W; + Z;);]1°(¢, 0) is conserved.
Then, we choose a € R so that [(W;, + Z;);1°(¢,0) + a[v¥ (1 — ¥)]"(0) = 0. With this choice of A and a, we set our
blow-up solution of (Z) as (u,n) = (U, + v, Wy + Z, o + Rer), where (v, r) is the solution of (9) (with u replaced
by v) obtained in Theorem 3. Note that this solution belongs to the energy space.

It is easily verified by the L? conservation law for (Z) and the monotone convergence theorem that

/|u(t,x)|2dx=t113(1)/|1/f(x)0x(z,x)|2dx=[}Px(x)|2dx <M. (10)
T2 R2 R2

Hence, we have proved (i).
To prove (ii) we claim the following stronger estimates: for 0 < ¢ < 1,

[Vu@ | 2oy ~ 17" (11)
In() ||L2(’]I‘2) ~1 (12)
[ ooy ~ 17" (13)

For (11) and (12) it is sufficient to consider the main parts U, () and W, (¢), respectively. Similarly to (10), we
have

1i11(1)(kt)2f|WA(t,x)|2dx=/|N;L(x)|2dx >0,
— T2 Rz
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y) . ; ;
23 YAy ) =
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which implies (12). Also, we have

|VUA(I,X)|2 _ ’ﬁ(x)

—a) X iy (x)x —,(__m) 2
o2’ v ”(E LTV P )+ o0,
Since
Y (x)
lim (&1) /'(A )2( ( t) dx—/|VP,\(x)|2dx
RZ
and

Yy (x)x x\|? % 1 x x\|? % 5
e )| S\2) ) ) ) e
T2 R2

/ (V) )03 0P dx < IVY 13 [ 0200 72 = 1YY 130 1 P2

T2

we conclude that

1im(m)2/}vm(t,x)\2dx =/‘VPA(x)‘2dx >0,
t—0

T2

R2
which implies (11).

For (13), it suffices to consider (W) + Z; ,)(¢) instead of n;(¢). We see that
_ W, vx o _ x
X I//(x) X
(Wf)(x)[xﬂ Y, (E)} v[ a2 (At)]

Note that the second term is in !, then

¥ (x) x
Wy + Zr) @] g1 = HV[FEN <M>]

offov [obzn(2)]

0 for |x| < 1, we have

2
/‘(Vw)(x)[xtz At <;ft>]

Since Vi (x) =

H@aol,:)

L

3 2
dx < |2 (MY N (2)] ax

TS A2e3/2\ At Mo

R2
3 2
=M“|x|2N?~”L2_>O t — 0).
Recalling the definition of the H~! norm (Remark 1), we also have
X) X X X) X

lim¢||V W(z)—NA — vy —Ny| — =[x Nall L2 g2y
t—0 A= At At A-1 = AL At At J 22

where the first equality follows from the fact that £3) X

N;.(3;) € G for all ¢ > 0, which is verified by observing that
N,.(5;) =: f(|x|) is spherically symmetric and xf (|x]) = V(flx| rf(r)dr + C). This concludes (13)
(iii) follows from a similar argument to the proof of (11) and (12). For instance

¥ (x) x\ |2 Y () (1 — ¥ (2x/r)) |x] <\
[ |Fsee(s)| ars e eon (1)
’]1'2\B(O,r) T2

dx,
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which goes to 0 as t — 0 by the dominated convergence theorem, giving the claim for Vu. We make a similar argument
for n and obtain (iii). O

All we have to do is to solve (9). However, compared to the case of (NLS), there are two major difficulties left:
(i) the loss of one derivative in the equation, and (ii) how to control the linear term W u (~ (M)’zu) without assuming
A to be large.

When we construct solutions in the space H¥ x H*~!, the loss of one derivative appears in the Schrodinger part
and prevents us from applying the usual fixed point argument. We shall employ the method of parabolic regularization
to overcome this issue. This method is also helpful in treating another issue (ii), because the viscosity effect will ease
the singularity of W; and give an extra small factor 7%F to the corresponding term in the estimate. The details will be
discussed in Section 3.

What is the most important is then the a priori estimate for the approximate solutions constructed via the parabolic
regularization. We meet the difficulties (i) and (ii) here again.

If we use the standard energy estimate, we will have only the estimate of %Hu(r)”%{k in terms of |lu(?)| gz« and

l7(#)|l &, which forces us to assume one more regularity for r(¢). To obtain the a priori estimate in H* x H*~!,
we shall introduce a “modified energy.” More precisely, we modify the standard energy (the H* x H*~! norm of
solutions) with harmless terms so that in the estimate of the time derivative of them the term including Vkr(t) will
be canceled (see Section 4 for details). This approach was recently taken by Kwon [18] and by Segata [32] for the
fifth order KdV equation and the fourth order nonlinear Schrodinger equations with a derivative in the nonlinear term,
respectively. Note that this kind of modification on energy has a lot of ideas in common with the concept of “correction
terms” in the context of the /-method introduced in a series of papers by Colliander, Keel, Staffilani, Takaoka, Tao.

Concerning (ii), the fact W, (¢, x) € R will be essential. For instance, when we derive the identity for % [lu(t) ||i2

2

725 there will be the terms

the term corresponding to W, u will not appear. Similarly, in the estimate of % VEu ()|
like
f VW, OV lu@) VEa ) dx (14)
T

for [ =1,2,...,k, but the term corresponding to / = 0 will vanish. On the other hand, note that ||Vl Willpe <
(At)~27L. Then, if ||Vk*lu(t)||Lz has a decay faster than tl||Vku(t)||Lz for each [ =1,2,...,k, we can obtain the
extra small factor again and control (14) by shrinking the time interval. We will actually construct solutions with such
a property, by carefully choosing the weight function in the norm for fixed point argument. The precise definition of
the norm will be given in Section 3.

Remark 2. In [30], Ozawa and Tsutsumi proved the local well-posedness of the initial value problem for the Zakharov
system on R? (d = 1,2, 3) in the space H> x H' x L?. They pointed out that the loss of derivative does not occur
when the Zakharov system is considered as the system of equations for d;,u and n. This technique may be a solution
to our difficulty (i), but it seems difficult to settle another issue (ii) by this idea. That is why we employ the method of
parabolic regularization.

3. Parabolic regularization

We first look for solutions (u,, r;) to a regularized equation
(i3 + A +ieA*)u=uRer + (Wy + Z; o)u+ Uy Rer
+(UnZpa + @ = DY U W = 2Vy VU, — Ay 0y), (15)
(i0; — V| +ieA?)r = |V|(jul* + Upu + Usid),
for &€ > 0 in the space
X, = {(u.r) € C((0. TJ: H(T?)) x C((0. TeJ: H*(T?)): ., < o0},

9 = H 9 t?
)l = sup Hiwri)

el
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Hiu, 1) 2= (57 )| g gey)* + (727 )| o))
2

+(iedi )] )+ (¥t li2a)™

where > 0 is the constant to be given in Lemma 3.

Remark 3. Note that by a simple interpolation, we have

no 8 _4 -2
sup €2 (173 lull g1 4173 ull g2 +1 ||r||H1)<cH(u,r)HXT.
t€(0,T¢] €

We prepare several lemmas.

Lemma 1. Let V. (t)ug be the solution of
(i3 + A +ieA?)u =0, u(0) = ug.

Then, we have

t

/ Vet —s)u(s)ds

0

t
1 1
<eg4 f(t —8)" T lull ge—t-
Hk 0

Proof. From the definition of V,, we have
t t
/ Vet — s)u(s)ds = / Z eimx*i|m‘2(t75)7€|m‘4(t73)ﬁm (s)ds.
0 o0 meZ?
Therefore, we have
t
/ Vet —s)u(s)ds

0

t 1
2
< /( Z <m>2kesm|4(ts)|ﬁm(s)|2> ds
HE 4 “mez?

t 1

g\/‘ sup (n“;l>le—8|l’h|4(t—s)< Z <m>2(k—l)’ﬁm(s)’2)zds

= 7
mez meZ?

t
1 1
Semd (=) 3 ull g,
0
where we have used
- el |4 (t— _1 _1L
sup (m)leEMIU=9) < o=a(p — g)717, O
meZ?

We estimate the L? norms of VXU, and VAW,

Lemma 2. Let k > 0, A sufficiently small and p € [1, oo]. Then we have

|94 03], S G015,

VAW, < ey <2

LP ~

Proof. By direct calculation using the definition of U,, W and Proposition 1, we have the conclusion.

We next estimate the inhomogeneous term of the Schrodinger part of (15).

O
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Lemma 3. For any k > 0, there exist C = C(k) > 0 and u > 0 independent of 0 < A,t < 1 such that
| U (0 Zsa () + (& = DY T (@) Wi t) =299 VU (0) = AY U ()| e < Ce ™5

Proof. Since all the functions are supported away from 0, the above estimate follows easily from the properties of
U,, Wy,and (7). O

Now, we construct a solution of (15).

Proposition 2. Let 0 < & < 1, and let 1 > 0 sufficiently small so that (Z) on R? may have a blow-up solution

(0;, W;L) defined above. Then, there exists a unique solution (u,r) of (15) in Xr,, where Ty ~; 8%. Further, we
have Hlu,r](t) > 0ast — 0.

Proof. Set

05.0:=UsZna+ W = DY U W, =2V VU, — AY U,
Os,1:= Wy +Zy o)u+U,Rer,

Qs :=uRer,

Qw1 :=|V|(Uru + Usin),

Ow,2 = |V|(|M|2),

and
t
Is (1) ::/Vs(t—s)Qs,j(s)ds, j=0,1,2,
0
t
Iy (1) :=/Ug(t—s)Qw,j(s)ds, j=1,2.
0
Set

2 2
Pe(u,r) = (Z Isj, ZIW,I)~
j=0 =1
It suffices to show that @, is a contraction mapping in Xr,.

Estimate for 15 ¢.

t

t
_®
Vs.oll s < / 1050l ds < / ek ds
0 0

< ate i,

Therefore,

I T
sup et | Igoll s SAT, 2e” BT,
1€(0.T,]
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Estimate for I 1.

t

/ Vet —s)Wyo(s)u(s)ds

0

t

1 1
58_1/(1—S)_Z||WAM||H*1dS
L2 o

A

1t
e / (t =)~ IWaull 1 ds
0

t

_1 _1
< 4/<r—s> Wl o lul 2 ds
0

t
e [u—ptee B aswnl,,
&

0

r—1% t
58—%A—1—( / ds+ f ~-~ds> Janly, -
0 t—t2
where we have used Lemma 1 for the first inequality and Lemma 2 for the fourth inequality. Now, by

2 2

t—t t—t

_1 3 _n _1 _
/(t—s) 13 e mids <t72 f s37e s ds
0 0

9 _
5[2 e 2,

and
t t
_l 5 3 K _1
/(t—s) 1537 s ds St 3= /(t—s) ids
1—12 1—12
S[%fefﬁ,
we have
t
Lo ok 9
Vet —s)Wa(s)u(s)ds| <Se 30" "e 2ut2 ||(“vr)||xr'
&
0 L2
Therefore,

t

/ Vea(t —s)Wi(s)u(s)ds

0

sup e 587%)‘7177}%_”(””’)}‘& .
&€

te(0,T¢]

LZ
Next, we estimate

t

/ Vet —s)Wo(s)u(s)ds

0

1
55_%/(t—s)_%HWA(S)M(S)”HIdS
H3 0

t
_1 _1
< z/(r—s) VW llgrs + I Wall 2l go- ) ds
0
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t
< o2 /(t _ S)—%((As)—zsg—e—% + (As)‘ls%_e_%)ds I G, r)||XT

0
1

S b B ],
Therefore,
t 4
/ Vet = )Wou(s)ds|  <e 227210 [y, -
0 " ’

o
sup e2u
1€(0,T¢]

We estimate the second term of Iy j.

t

/ Vet —$)Zy a(s)u(s)ds

0

t
< / 1Z3.a)|| sl 2 ds
L2 0

< atle™ 7 || (u,r) || X7,
&

Therefore,

t

/ Vealt = $)Z.a(s)u(s) ds

0

ST
L2 ’

—4 4
sup t ‘ez
te(0,T¢]

t

/ Vet — $)Z.a()us)ds

t
< /” Z)\,a(S)” H3 ”u”H% ds
H3 0

0
fj)»t%‘ﬁ || (u,r)”XT .
Therefore,
t
sup e /Vw(t —$)Zna@u@)ds|  SAT w0y, -
1€(0,T;] ) 3 ¢

We estimate the third term of I ;.

t

/ Ve(t —s)Uy(s)Rer(s)ds

t
5/(As)_1s?e_ﬁ ds”(u,r)”x
L2 g

0
Si¥etrwnly,
Therefore,
'
sup et / Vea(t —)Us(s)Rer(s)ds| < TS'% | G, ””XT ;
1€(0,T;] L2 ’

0
t

_1 _1
<e 4/(t—s) 1| U, Rer| 42 ds

t

/ Vet —s)Uy(s)Rer(s)ds
0

t
58‘%f(r—s)—%(||v2Uk||Lm||Rer||Lz + 1Us I L~ IRe 7| 2) ds
0



804 N. Kishimoto, M. Maeda / Ann. I. H. Poincaré — AN 30 (2013) 791-824

2
3

t
gs—%f(r—s)—i((xs)—%?e—ﬁ+(As)—1s e ) ds|w.r) .,
0

A

R ) A [CROT P

Therefore,

t
1

. 6
sup e /Vsu—s)Ux(s)Rer(s)ds SeTITT )y, -
1€(0.7,] ) 3 "

Collecting the above estimates, we have

sup eﬁ(HIS,l“H.? + 17 s 11l 2) 587%)*737% “(”’r)“XT :
1€(0,T¢] ¢

Estimate for I ».

t
1

t
/Vg(t—s)u(s)Rer(s)ds 5871/(t—s)7%||u||Hz||r||szs
0 H? 0

0
L7 n 2
Sedt2e W ||(u,r)||XT
&
Therefore,
!
4 D DEEY S 2

sup te2n Vea(t —s)u(s)Rer(s)ds SeaT, *e DT ||(u,r)||X .
1€(0.T;] - e

0

Estimate for Iy 1.

t
w2 S / NUnull g1 ds
0

t
S / VUl Lo lull g2 + 1Ux Lo llull g1 ds
0

< [es et alwnl,,
€
< A2 5 e F | r)”XT :
&

Therefore,

10 -2 3
sup et 3 Iyl 2 SATTY ||(”’V)HXT :
1e(0,T,] '

Next,
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t
w1l S / |Urull g3 ds
0

t
5/||V3UA||LOO||M||L2+||Ux||Loo||u||Hsds
0

< /e_% ((ks)_4s4 —+ (As)_l)ds ” (u,r) er
< At B || (u,r) HXT .
Therefore,

o <33 %
sup et 3 Iy |l g2 SATTS ||(u,r)||XT.
te(0,T] ¢

Estimate for Iy >.

t
IIIW,2I|H2§/IIMIIH2||u||H3dS
0

t

< /s%e_% ds” (u,r)”?(Tg

0
Sutefi|an|}, -
&

Therefore, we have

w10 T 2
sup et [Iwall g2 She” BT |, r)||y -
te(0,T¢] "

So far, we have shown that

1 1
| ey, S e T l@.nly, +0 +e3TS)e B |(u, r) ”3&8 4 T,

In the same manner, we have

| ®eur.r) = Pe(ua. )|,

1
S 0T | Ger,ri) = (u2, r2) ”Xrg

1
(14T eI (e, + 02, )@ r) = @,

3
Now, we choose T; ~;_ , £2 so small that

1 _
[@cu. ]y, <5lanly, +Coe 5 (Jan], +1).

1
CAGRVEL AN PR (R CRE] P

+ Coe_ﬁ (I (ul,rl)”XTs + | (u2, V2)||XT£)|| (w1, r1) — (uz, r2)||XT£,

805

o . .
for some Co = Co(X, ) > 0. We may also assume (4Cpe #T¢ )2 < % Then, these estimates are sufficient for us to

conclude that @, is a contraction mapping on a closed ball

{w.ryexs, |||y, <ECH™ewH),

(16)
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and also on another ball
{w.rexs, [|anly, <4Cpe T, (17)

from which the existence of a solution follows.

For the uniqueness in X7,, let us assume that (u’,7") € X7, is another solution to (15). Then, the uniqueness of
solution in a ball (16) (with T, replaced by a smaller #y) shows that these two solutions coincide with each other on a
sufficiently small time interval [0, #9]. The coincidence on the whole interval [0, T ] then follows from the uniqueness
of solution for the initial value problem (see Remark 4 below) and a standard continuity argument.

Finally, since the unique solution must coincide with a solution constructed in a small ball (17) (with T, replaced
by a smaller #1), we have

||(u,r)||X = sup Hlu,r]@)—>0 ast) — 0,
T te(0,n]

which implies that H[u, r](t) - 0 ast — 0.
This completes the proof of Proposition 2. 0O

Remark 4. It is much easier to solve the initial value problem
(id+ A +ieA*)u=uRer + (W) + Zy o)u+ Uy Rer
+ (UnZna+ W = DY ULWL —2VY VU, — Ay T,),
(i3, — VI +ieA?)r = |V|(lul* + Upu + Usit), (t,x) €t to+ T1x T2,
(uto, x), r (10, x)) € H*(T?) x H*(T?),

starting from # = f9 > 0. By a standard argument, we obtain a unique solution (u,r) € C([ty,to + T1; H 3(T?) x
H?(T?)) with T > 0 depending on

lutio. )| 3 Ir@0. )] 2o 51>1p |Ux, Wi, Zy.a, external force terms|| 3.

=10

4. Modified energy
In this section we are devoted to giving an a priori estimate on the X7 norm of solutions to (15) which is uniform
ine € (0, 1].

Recall some inequalities that will be frequently used below.

Lemma 4 (Gagliardo—Nirenberg). Let k > ko > 0 and ko <1 < k — 1. Then, we have

” Vl¢|| < ||¢||L2(11‘2 ||Vk¢||L2(T2) + ||¢||L2 (T2)» lf ko=1=0,
L4(T?) ~ " - kO( _ . - kO k0+%) .
”V ¢||L2(T2) ”V ¢||L2('H'2) ’ OtherWlse-

Proof. By an easy interpolation argument, it suffices to show the following simple estimate:

191222y S 100 e IV

for ¢ € H' such that ¢>(O) =
Using the Hausdorff—Young inequality to go to the frequency space and applying the Holder inequality, we have

||¢||L4('11*2) ~ ||¢||e4/3(22) Z ||¢||e4/3(2/<|k|<2/+'
j=0

S Z 2%||<13||e2(22) + Z 274 |||m”ez(z2)’

Jj<Jo izJdo
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where Jo > 0 will be chosen in a moment. If ||¢]|2(2) > [V 2(12), we choose Jo = 0 to obtain the claim. Other-
wise, the last line is estimated by

Jo _N
22 oll 22y +27 2 VOl 212

We choose Jy such that 270 < IVl 212y /NPl L2(12) < 2/0+1 then the claim follows. O

Lemma 5 (Young). Leta,b >0and 1 < p,q < 0o, % + % = 1. Then, we have

1 1
ab < —a? + —b4.
V4 q

Let us fix ¢ > 0 and a solution (u,r) € Xt to (15) arbitrarily. Write H(¢) to denote H[u, r](¢) for simplicity. In
the following, constants may depend on A, a, i, but not on ¢ and ¢. The desired a priori estimate will be given in
Corollary 3 at the end of this section.

We begin with a standard energy estimate.

Proposition 3. There exists Ty > 0 independent of € such that we have
%H(t)z + MW + 200 [u ) [s + 2617 [
< 2efi Im/(u + U)VARer)VAG + Ct 3HD? + C(H@E) +H 1))
foranyt € (0, min{Tp, T}).

Remark 5. (i) The first term in the right hand side is unfavorable, because it contains the third derivative of r and thus
cannot be controlled by H (). In order to cancel this term, we will introduce a modified energy later.

(i) We do not neglect beneficial ¢ terms in the left hand side, which will be exploited later. Also, the term 172H(1)?
will be used to absorb the diverging quadratic term in the right hand side.

Proof. Recall the definition of H(7).

Estimate for ¢ 8¢ % |z (t) ||2Lz. Using the equation, we have

d 8
e fu72) + (? * %)t% ol

=2t Bet Re/(—8A2u —i(—Au+uRer + Wy + Z, o)u+ UyRer + Qs,))it

= et~ 8eH )3 + 2 et Im / (Ur(Re )i + 0s5.0i).

We discard the first term and estimate the integral by

_ n _ w1 100 _ _ K _ K
1783 (|UpllLellrll 2 lull 2 + 11 Os.oll 2 llull2) St 8em (1715 e 2 e B 1) + e wtte™ B (1))

5
SETIHO +H )
for sufficiently small ¢. Consequently, we obtain

d I ©
(8 u) I7.) + )%Zt_geﬂ |32 < C(3HO> +H)). (18)
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Estimate for e |l (t) ||i.13. We have

d
L u | 5) + e [ Va2

— e Re/ VA(—eAzu —i(=Au+ @+ U)Rer + (W, + Z, o)u+ Qs,0))VAu

—2eett |u(t)|| s + 2¢4 Im/(u +U)VARer)VAi

3
+Ceh Y (IVuvAlr| o+ [V U ) | 9Pl 2
=1

3
+Cein Y |V W+ Za ) V3| 2] VP
=1
+Cei | V3 Qs 0] 12 [ Vu] o
Note that the integral of (W) + Z, ,)V AuV Au vanishes. We keep the first line and estimate the others. For the second

line,
ZIIVZW3 'l <IVPul ol + [ V2u] a1Vl s + 1 Vulle [ V2]

S RSP A S A A P L A e
<

(2 415050 4 15713)em m%(r)2~z e HH ()2,

3 3
472

IV < IV Il S Z (1S HH()

=1 =1 =1
4

< S B,

~

For the third line, we have

3 3
SOV W+ Z. )V 1o < SOV W+ Zod) | oo el o
=1 =1

3
4 22 5 2]
< Zt*Z*’t?’e*WH(t) <tT3e i H(r).

Finally,
V0502 [Vul, e d

e A.[
Consequently, we obtain the following bound for small ¢:
d .
S a0 ) + et | Pu) ] + 2565 o | s

< 2eti Im/(u + U)VARer)VAiL+ C(H) + IH0? + H(D)). (19)

Estimate for ¢ ¥ eli |l (¢) ||

d 20
dt(t Tl ”r(t)”Lz) <3 +)f;2>t Fel “”(t)’|L2
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=% Tk Re/(—SAzr —i|VI(r + |ul* + Upu + Usit) )7

= 26175 eFi |r ()| 5y + 26" F e Imf(|u|2 + Uyt + Uyit) | V7.
For the estimate of the integral, we use the following:
lul? + O+ Unit | o < Nl oo Nuell 2 10N oo flu] 2
<3 e HWN? + P FH®).

Discarding the ¢ term, we have

%(r%‘)e% Ir)]2.) + %r—?e% |r)])32 < C(H@? +173H®)?) (20)
for small ¢.

4
Estimate for ¢~ 3 e ||r(t)||i~lz-

p 4
T Sel | r0)]7) + (§ + %)’M Il
=2t e Re/ A(=eA*r —i|V|(r + |ul* + Upu + Upii)) AF

= 26t 3 ehi ||r ()] + 203 eH Imf AV (jul? + Oy + Uy ii) AF.

Noticing that
3
| AVl + Os+ Us) | 2 S Nl + DV U] oo | V3] 2
=0
Se HH@? + 17 e T H ),
we obtain
d .
R o) + 5l e + 20 ek [y < (@ +17 HaP?) an
for small 7.

We conclude the proof by collecting (18)—(21). O

We introduce some additional terms into the energy so that the worst term will be canceled out. Define the modified
energy E(t) = E[u,r](t) by
2 I - © 10
E(1) :=H(1)" + 2e% Re/(u + U AuARer + e |[u(@) || -
T

In the energy estimate, the second term of E(¢) will produce an unfavorable term, which is exactly the same as that
coming from H(t)?, except for the sign. Therefore, we can eliminate the term including V37 (¢) and close the energy
estimate. The last term in E(¢) ensures the positivity of the modified energy, as we will see in the next lemma.

Lemma 6. We have

E@) ~H0? + e [u@)]

for any sufficiently small t > 0.
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Proof. By the Holder inequality,

2eii Re/(u + U)AuARer| < Celr (el ol Auell o | ATl 2 +t_1||Au||Lz||Ar||Lz).
Using the Gagliardo—Nirenberg and the Young inequalities, we have

“ 1/2 1/2 1/4 3/4
CertllullallAull 4l Arl 2 < Cef (Il Y7 IVull S + Nl 2) 19l 5[ V3|35 1 Ar) 2
5/4 3/4
<celiullX | Vu) S ar,

N

1 308
A (lul) + 3o (|92l )+ ot et arid,

N
D= =
Q

E il + H@?
if t > 0 is sufficiently small. Also,
Cr et | Aull 2l Ar ]| 2 < Cr -t ietn [Aullgz -1~ fetn [Arll2 < %”H(l)2
if # > 0 is sufficiently small, which implies the claim. O
Now, we state the key estimate.
Proposition 4. There exists Ty > 0 independent of € such that we have
—E(t) + et |u()| 55 + et ek [r ()] 5 < C(1+ E@)
fort € (0, min{Ty, T}).

Proof. We start the proof with the estimate for e i llu(e)||10 H»

d 123 "
(et Jum] ) + ievumn};ﬁ
= Set lu(t) 3 = (||u<r>||H1)
— Seir Hu(z)Hi[1 ~2Re/(V)(—8A2u —i(=Au+ u+U)Rer + (W + Zp o)u + Qs,0)) (V)i

Celi ”“(I)”ZI |+ U Rer + (Wi + Zy o)u + QS,0”L2||M||H2-

In the last inequality we have discarded the & term. Since we have

|+ U Rer + (Wi + Zp.o)u+ Os.ol ;2 S (lull s + ) Irll 2 + 2 Null 2 + 11050l 2
SO HH@) + 2e T H() + e,
the last line is estimated by C(1 + [|u(t) II}?. Y(H(t)? + H(2)). In particular,

d , n
(e u]) < C(1+ e fu) 1) (@) +H). (22)

Next, we estimate
d n _
7 2¢x Re | (u+ Uy)AuARer
2u n» _
=—meM Re [ (u+U,)AuARer 23)

1 2eii Re/i)tuAﬁARer (24)
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+2¢0 Re/ U, AiiARer

+2e' Re/(u + Uy AdiARer

+ ek Re/(u + U;)AiiAd, Rer.
Estimate for (23) and (25) is easy. Note that a direct calculation implies ||3; Uy (¢) ||z < t—3. We have

Lo, _ _
23) + @25)| Ser (172 lullze + ) | Aull 2 | Arll e SHE? + 17 1)

Estimate for (24). From the equation, (24) becomes

2etr Re/[—eAzu —i(=Au+ (u+U)Rer + (W, + Z, o)u + Qs0)|AilARer.

811

(25)

(26)

27

(28)

Only the first term is a bit tricky, since it contains V*u. Using the Gagliardo—Nirenberg inequality followed by the

Young, we evaluate it as

“ ©
2eein <2een | A%ul| 4l Aull | AF]l 2

/AzuAﬁARer

3 3 1
< Coot [Voul}, | Vul L [V 1 ar s
£ n 2 nyo3 08 o2, |3 §
< 5o [u® s + Ceerr [Voul| L [VZul Lol ArI
<Sefi fu|fs + RO
The next term with Au vanishes. The other parts are treated as usual,

Deii /[(u + Uy Rer + (Wi + Zy o)u + QS,O]AI/_!A Rer

Selt||u+ Up)Rer + (Wi + ZiJu+ Qs ol Aull 2| AF ]2
SHO* +H@)? +H (@)
Collecting them, we have

24| < ge% |u)| s + C(HO* +H@Y?).

The ¢ term will be absorbed into the similar one appearing in the energy estimate for 7{(r)> (Proposition 3).

Estimate for (26). This is equal to
Deii Re/(u + Up)A[—eA%i]ARer
ek Re/(u +Up)Al—iAil]ARer

+2¢H Re/(u + U A[i(@+ Tp)Rer + (Ws + Z.0)it + Os.0)|ARer
=: (26a) + (26b) + (26c).

(29)

(26a) contains the highest derivative. For this, we first reduce derivatives on u by an integration by parts, and then

make an argument similar to the case (24),
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2eels < 2eedi + 2eeir /(u+U,\)VA2ﬁVARer

/V(u + U,)VA%iARer

/(u+U,\)A3ﬁARer
< 2eek | VAU 5 (| V@ + U | o IAF I 2+l + Ul IV APl 2)
< Ze— Ju@ |35 + Ceekt (| V@ + U |3 IAF 12, + llu + Unl3 < IV AF[12).

Again, the first term will be absorbed. However, the remaining parts are still beyond the control of H(t). For these

. . _4 n . . .
terms, we have to exploit another gain of 2¢1™3 et I (2) ”24 in the energy estimate for H(1)2. That’s exactly why in
the previous section we have also added the same amount of viscosity to the wave equation as to the Schrodinger part,
in spite of no loss of derivative in the wave part. We estimate them as follows:

Ceeht |V + U | IAFI2, < Ceeli (lull e +172)2 | VHr | o7l 2

3 %Hr(z)”m+Cer3exr(||u||Hz++t 2)4||r||iz

N
-Mm-hlm

wl#

31 |r () oy + C(H@® +HD?),

Ceelillu+ U |2 IVAF|2, < Cee xﬁ(nunHH + 1)V o | VP

IN
ﬁl =

-lkloo-lklm

“Selt )G+ CorS e (lull i +171) | V2| 2
4
<3 1) + C(HOS + 7 3HD?).
Consequently, we have
|262)| < —em |u) |35 + Er%e% |r )]s + CH@ +173H@)?).
By an integration by parts, (26b) is equal to

e Im/V(u + U;)VAiARer — 2e% Im/(u + U;)VAiVARer.

The first term is easily estimated, while the second one is unfavorable because of V3r and no ¢. In fact, it is this term
that cancels with the similar term occurring in the energy estimate for 7£(¢)>. We have

(26b) < 2% |V + U | oo Il 3117l 2 — 2655 Im/(u +U;)VAiVARer
3 _4 2 I _
< C(H@)’ +173H@)?) —2e% Im [ (u+ Up)VAi - VARer.
For the third one, we see that

+2e%

|(260)| < 2e /MA[UARer+(WA+ZA,a)ﬁ]ARer

it /(u + Up)AliRer + Qs olARer

+23%

/ U, A[UsRer + (Wy, + Z;.q)ii|ARer

3
Sevllu+ Ul (lull g2 171l g2 + 195,00l g2) ATl 2

+ei lull oo (IO g2 Irll g2 + IWa + Zoall gz el g2) A7 [ 2
2

+ et Ul Arlle D (V' U] oo [ V277 | 2+ [ V! W+ Zi) | oo | V2] 12)
[=0

SHOY 4+ H@)? + 17" HEO? +Hr).
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Finally, we have

(26) < %e% Ju) |35 + %t—%e% |r ()]s — 2% Im/(u +U,)VAi-VARer

+C(HOS + 731 +HO)). (30)

Estimate for (27) is similar to that for (26). We see that

(27) = 2eii Re/(u + Up)AiilA[—eA?Rer + |V]r/]

= Deeir Re/ Al(u+ U)\)AIZ]AZ Rer — 2eii Re/ V[ + U)Au]V|Vir
=: (27a) + (27b).

It is easy to bound (27b) by C (H(t)> + t~1/3#(1)?). On the other hand,
|27a)| < 2¢e% | Al + Up) Ad]| | A% Rer
<Srielr, + Coriel A w + U Ad] |-
For the estimate of the last term, we see that

4 p
Cetlen

2 4 1
A+ U |l dulys < Cetsen (

1 1 _
w2, |92 2, 4+ 7 3) | Vu| a2

< gl + ol

a2V 2+ ) a2,
< —eM @] 35 + C(H®® +HD)?),

2Cst3eH |V +Up)| 3w ||VAu||L2 <2Csr3 el (llull gos + 172 Vu| L Vuel 2

< %f ()| s + Cer et (ull yoe +172) Va2,

< _2 eit u() |55 + C(H®O +HD?),
Cot3ehi u+ Uy 2w | A%u35 < Cot3ehi (lull o + 1) V3u o [ V2u]
< Seff u) 5 + CerSe i (ull s +17)* | Vu 7
< Seff [u s + CUO° +175H?).

Hence, we have

|27)| < —t Sk Hr(t)||H4+ Skt u()| 55 + C(HO® +173HM?).
Finally, we collect (28)—(31) to obtain

d
- <2e% Re/(u + UUAL'LARW)

€2y

Seeht|ut)|Zs + et~k |r(6) | Gya — 265 Im/(u +U)VAG-VARer

+C(HOS + 1731 +HO)),

(32)
and combine Proposition 3 with (22), (32) to obtain

—E(t)+—H(t)2~|—8eM |u6) |35 + 613 €57 [r () |3y < Co3H@ + C(1+HO> + 5 |ur) | 1)) .

At the end, we take ¢ > 0 sufficiently small and use Lemma 6 to conclude the proof. O



814 N. Kishimoto, M. Maeda / Ann. I. H. Poincaré — AN 30 (2013) 791-824

Corollary 3. There exist To > 0 and Co > 0 independent of € such that any solution (u,r) € Xt to (15) on a time
interval (0, T]with 0 < T < Ty satisfies ||(u, r)| x, < Co.

Proof. Since (u,r) € X, we see from Proposition 2 that H(z) — 0 and thus 0 < E(¢) < H()2 + H()'0 - 0 as
t — 0. By Proposition 4, we have

d 1 2 d
—| - = —E()<2C
dt\ (1+ E(1))? (1+ E@))3 dt
for 0 <t < T, where C > 0 is the constant appearing in Proposition 4. Integrating it on (0, ¢), we have
1
- ——— <
(1+E@®)?

Thus, we have

2Ct.

1
Et) S ————5 —1
@ (1-2Cni/2

for0 <7< @2C) L. In particular, we have H(1)? SE()<lforO<t<3/8C). O

We are now in a position to prove Theorem 3. We will use the Ascoli—Arzela theorem (see, for instance, [16]) to
obtain a solution of (9) from approximate solutions.

Theorem 4 (Ascoli-Arzela). Let X be a compact Hausdorff space and Y a metric space. Then a subset F of C(X;Y)
is compact in the topology of uniform convergence if and only if it is equicontinuous, pointwise relatively compact
and closed.

Proof of Theorem 3. For any 0 < ¢ < 1, the solution (u%, r®) of (15) on (0, T¢] constructed in Proposition 2 is,
by the solvability of the initial value problem (Remark 4) and the a priori estimate (Corollary 3), uniquely ex-
tended to the solution on (0, Tp] belonging to X7, and satisfying ||(u®, r®)|| X7, < Co. Then, for any (sufficiently

small) 8¢ > 0, the family of functions {(u®, r*)}o<¢<1 is uniformly bounded in C ([0, Tol; H 3 x H?). Therefore, the
Rellich—Kondrachov compactness theorem (see [1], for instance) implies that it is pointwise relatively compact in
C([80, Tol; H' x L?).

Let 8o <t <5 < Tpand 0 < ¢ < 1. Using the equation, we see that

| = Ol o < [ o @]
t

N

< [ @l + el @l s + [ Or @

t
+ [ W+ Zo ) @ @) | g1 + U F @) 1 + [ 5.0 | 1) d.

We apply the a priori estimate for (u®, r®) in X7, to bound the above integral by Cs,(s — ¢), except for the term
£ f; lu®(z)| 75 dT. To evaluate this one, we integrate the estimate in Proposition 4 to obtain

s N
efe% uf(z)HstrS/(l+E[u5,ra]<f>)3df+P?X|E[u£,r8](f>|51’
=I,5
t

t

where we have used E(¢) < 1 which was shown in the proof of Corollary 3. Therefore, by the Cauchy—Schwarz
inequality, we have

1

S S ES
2
8f||u5(r)||H5drgeé(s—t)%<£/||u£(r)||25dr> g(s—t)%,
t t
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thus obtain

Juf () = uf @) | 1 S (s = )2

In the same manner, we also have

[r(s) =¥ )| 1 S s = 1),

concluding that {(u®, r®)}o<¢<1 is equicontinuous in C([8o, To]; H' x L2).
Applying Theorem 4, we find a sequence &, — 0 such that (u®", r®») converges strongly in C([8o, Tol; H' x L?).
Since §p > 0 is arbitrary, writing the limit as (u,r) € C((0, Tp]; H I L2), we have the a priori estimate for (u, r):

sup (=3¢t [u)] o +17 S e |r)] 2) S1.
0<t<Ty
namely, (i, r)(¢) decays exponentially in H' x L? as r — 0.
It then suffices to show that the limit (u,r) constructed above satisfies the integral equation associated to (9)
on (80, Tp) x T? for any 8y > 0 in the sense of distribution. Let V,(r) := ¢//A~
Vo llgs—ps < 1fora >0ands € R, we see that

2 . .
atA” pe ag in Lemma 1. Since

1 t

/ Vi (1 — ) [unr] () e’ — / Volt — ') [uRer1(') dr’

3o o

Ty
< / I 10) = e i) |- e

L>®((0,To);H™Y)

sup /|| Ve, (t = 1') = Vo(t = t')) [uRer](t') | -1 dt'.

50<I<TQ

The first line in the right hand side tends to 0 as n — oo because of the convergence (u®" — u,r® —r) — (0,0) in
H' x L? and the estimate

I felg—1cr2) S e er2)llgl2er),

which follows from the Sobolev embedding. The second line also converges to 0, since V, (r) : H~' — H~! converges
to Vo(t) as @ — 0 in the strong operator topology uniformly in ¢ € (0, Tp). Consequently, we have

/ / / Vo (1 — ) [ur (1. ) dt’ @ 3 dxe di

(80,To)xT? S0

r
— ff /Vo(t—t/)[uRer](t/,x)dt/(p(t,x)dxdt

(80,To)xT? 8o

as n — oo for any ¢ € Cgo ((80, To) x T?). It is easier to show the convergences for the nonlinearity (W) + Z; ,)u +
U, Rer. Similarly, we see that

Ve (t — 80)u’ (80) = Vo(t —So)u(0) in C([8, Tol; H')
as ¢ — 0. We can show that r satisfies the equation in the same manner. O
We conclude this section by explaining the idea for the multi-point blow-up problem. By a space translation, we

may assume that all of given p points in T are actually in (—7, 77)2. Following the idea of Godet [15] for the case of
(NLS), we set our blow-up solution (u, 1) to (Z) as
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p p
u::ZUj+v, n::ZWj+w,
j=1 j=1

Uj(t,x) ==y (x)Us(t, x — x;), Wj(t, x) =¥ (x)Walt, x —x}),

X—Xj

where 0 <A < 1, ¢;(x) := ¥ (=x7), and R > 0 is taken to be sufficiently small so that the p balls B(x;,2R),
the support of ¥, may be mutually disjoint and Ule B(xj,2R) C (—m, 7)2. Thanks to the support property that
Yiv; =0for 1 <i# j < p, there is no interaction between different blow-up portions, and we may treat the multi-

point blow-up problem just like the one-point blowup. In fact, if (u,n) solves (Z), then (v, w) will be a solution
of

(ia,—i—A)v:vw—i-(Zij—l—Zij)+F1,

J J
@ = =i+ a( L0+ LU+ P
J J
where

Fi = Z(l/;j — Dy Us(t, x — xj))Walt, x — x;j) — Z(ZVIIIJ‘VUA(LX —xj) + AP UL, x —x7)),
I J
Fy:=) (A(ly; 0,0, x _xj)|2) — AU, x _xj)|2))
J
+Z(2V1/ijW;L(t,x—xj)+A¢jWA(I,X—Xj))»
J

in which there is no interacting term like f],\ (t,x — xi)WA (¢, x — xj). Since F, vanishes around blow-up points, the
solution Z = Z, , to the problem

(0 — A)YZ = P>,
{ Z0.0)=0,  3ZO0.x)=ay ;) (1—y;x)
j

also vanishes on a neighborhood of each x; for a small time and satisfies the estimate like (7). Imitating the argument
in Section 2, we consider blow-up solutions of the form (3 jUj+v, > iWi+Z+Rer), with (v, r) satisfying

(id; +A)v=vRer + <2Wj+2)v+ZUjRer+ZUjZ+F1,
j j j

(id, — |VI)r = |V|<|v|2 +) U+ ZUj17>,
j j

(v(®),r(®) = (0,0) in H' x L%

Note that the external force term ) JUiZ+ R decays exponentially as t — 0, which allows us to show by following
the estimates in Section 3 that the regularized version of the above problem has an exponentially-decaying solution.
For the a priori estimate, we introduce the modified energy

p
Elv, r(t) := Hlv, r](t)? + e Re/(v + ZU,-)MARer + et o) | o
T Jj=1
and just follow the proof in this section. Consequently, we can construct a solution (v, r) of the above problem,

which gives a finite time blow-up solution (u, n) of (Z). This solution (u, n) belongs to the energy class if we choose
appropriate a € R.
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Similarly to the proof of Theorem | in Section 2, we can verify that

/|u(t,x)|2dxEp/|P,\(x)|2dx,

T2 R?2

1in(1)(xt)2f|vu(z,x)|2dx :p/|VPA(x)|2dx,
t— o B

lir?](kt)2/|n(t,x)|2dx=p/|NA(x)|2dx,
11— o w0

and

. 2
}E}%tZ ||nt(t) ”131*1(’]1‘2) = PHXNA”iz(Rz)’

817

thus obtaining (i) and (ii) of Corollary 1. Proof for (iii) is also a trivial modification of the one-point blow-up case.

5. L? concentration and nonexistence of minimal mass blow-up solution

In this section, we prove Theorem 2 and Corollary 2. We first observe that if the solution (u, n) of (Z) blows up in

finite time, then || Vu|| ;2 must diverge.
Lemma 7. Suppose (u, n) is a solution of (Z) which blows up at T € (0, 00). Then, ||Vu(t)||;2 - ocast — T.

Proof. First, by the local well-posedness and conservation of |[u||;2, we have
[V ]2+ [n®] 2 + [v@] o > 00, ast T,

where v = —V~1(9,;n — /1 (0)). Since the energy & satisfies
d .
Ef(u(t), n(t), (1)) = / 11(0)(n(1) + |u(t)|2) ST+ Eu@),n@), v(0)),

T

the Gronwall inequality implies
E(u@®),n@®),v()) <r 1, 1€[0,7T).

Now, suppose there exists 7, — T such that ||Vu(#,)| ;2 < 1. Then, we have
12 E(ultn), n(ta), v(tn))

1 1 1
= [Vuel: = 5lut i+ 5 [ e+ lu P + 5 o -

T
1 2
Z -1+ 5Hv(rn)HLz.
Therefore, we see ||v(z,) ||i2 is bounded. Further, by the Holder inequality, we have
1z E(M(tn), n(tn), U(tn))

1
21t g lnn ] 2 (I 2 = 1):

Therefore, we have ||n(t,) ||i2 bounded. However, this contradicts with (33). Therefore, we have the conclusion.

We next introduce a modification of the well known concentration compactness lemma.

(33)

O
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Proposition 5 (Modification of Proposition 1.7.6 of [7]). Let A, — o0 and set T,zl =

||u"||L2(']1'2) e M, ”Vu””LZ(T%) 5 1. Set

2
@ := lim liminf sup |u,,(x)| dx.
R—o00 n—>0o0 yeT2
"lx—y|<R

Then, there exists a subsequence {uy} C {u,} with the following properties.

() If u =0, then fT% lug|* = 0 as k — 0.
(ii) For arbitrary [ > 1, there exist vjy for j =1, ...,1 and wy ;. such that:

(R/27AnZ)%. Let u, € H'(T2),

(a) For j=1,...,1, there exists y; y such that suppv;; C {x € Ti [ |x —yjxl < Ax/4}). Further, considering vj i
as a function on R2, we have Vjk — vj weakly in HY(R?) and Vjk—> vjin L?N L*R?) as k — oo.
(b) suppvj and suppw; i are pairwise disjoint. Further, le:l [vjkl + lwikl < lugl and le:l vkl g1 +

||wk||H1 Si ekl g

I . ..
© vy, k||L2 — u; and ||w1,k||i2 - M — ijl wj, where w1 = p and pj = limg_,  liminfy, SUpy cq2 X

fley\<R |w]_1,k(x)|2dxf0rj = 2. Further, |1 is monotonically nonincreasing and p; — 0 as | — oo.

(@) fp2 lul” = Xy fvjal” = lwrel” dx — 0, r =2,4.
(e) liminfioo fr2 IVurl? = Yy [Vuel? = Vg2 dx > 0.
®) fT/% |wl’k|4 < wy for sufficiently large k.

We are now in a position to prove Theorem 2.

Proof of Theorem 2. Let (1, n) be a solution of (Z) and suppose that it blows up at time 7 € (0, c0). By Lemma 7,

we have [|Vu ()| 22y > oo ast — T. Set

Eo(u,n) —/|Vu| + - /n +/n|u|
Ew) —fwm ——/|u|

Then, we have
1 2 2
Ew) < Ew) +3 (lul* +n)” = E(u, n).
TZ
Take 7, — T and set A, := ||Vu(tn) || 2(72). Then, we have A, — o0. Set
U,(x):= A;lu(tn, A;lx),
N,(x) = )Ln_zn(tn, A;lx).

Then, we have ||Un||L2(T%) = lluoll 12(r2) and ”VUn”LQ(T%) =1, where ']I‘2 (R/27 A, Z)?. Further, since & < £ < 1,

we have
Eon(Un, Ny) = 2 Eo (1), n(tn)) = 0,
where &y, (U, N;) = fTQ VU, > + %N,% + N,|Uy,|?. Therefore, we have

limsup &, (Uy) < limsup £, (Up, Ny) =0

n—oo n—o0

where &, (U,) = ng VU = 31U I*.
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We prove the theorem by contradiction. So, we assume there exist Ry, §o and nq such that for n > ng, we have

sup / |u(t,,,x)|2dx<Mo—50.
T2
Y yl<Ry
We now apply Proposition 5 to U,,. First,
= lim liminf sup / U (0] dx

R—o00 n—=>00 | 1o
"lx—yl<R

= lim liminf sup / |u(t,,,x)|2dx
R—o00 n—>00
"x—yI<R/3}
< My — dp.
Therefore, we have u € [0, Mo — 8o]. Let Uy be the subsequences given by Proposition 5. Now, suppose ¢ = 0, then
we have
O=1iminf/ |Uk|* dx
k— 00
T,
= 211minf</ VU > dx — én(Un))
k— 00
T
=2 —limsup&,(U,) > 2.

k— o0

Therefore, this is a contradiction. So, we have u € (0, My — 8o]. We now use Proposition 5. Thus, for every / € N, we
have vy k, ..., v and wy  which satisfy the properties of Proposition 5. Since ||vj,k||i2 — j < Mo — 8o, we have

by the Gagliardo—Nirenberg inequality on R? that
1
/Iij,klz - §|Uj,k|4 Z C/ IVl
R2 R2
for some ¢ > 0. Take /; sufficiently large such that c||Vv; ||2L2 > [lwy k ||24(T2) for sufficiently large k. Then we have
k

0> limsup &, (Uy)

k— 00

Iy
> lim sup ( Z Ejn) + Enlwy, ,k)>

k— o0 j=1

I
. 2 4
>hnmup(c§jHVvLuuz—nwhkmﬁmb)

k— o0 =1
> el Vvoll72 = i il g2, > O
z L? LA LA(T2) )

This is a contradiction. Therefore, we have the conclusion of the theorem. O

Using Theorem 2, we can show Corollary 2 by following the argument by Glangetas and Merle [13]. Before
proving Corollary 2, we introduce a sharp Gagliardo—Nirenberg inequality on T2,

Theorem 5. (See [9].) Let u € H'(T?). Then there exists B > 0 such that

/|u|4< <2M0_1/|Vu|2dx+Bf|u|2dx></|u|2dx>.
T2 T T T2
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Using Theorem 5, we have the following lemma.
Lemma 8. Let € be the energy defined in (1) and let B be given as in Theorem 5. Then, we have the following.
W 1If ||MO||L2(T2) = Mo — &0, &0 > 0, then

2 2 2 2
E(u,n,v) + MoBllully, ~e lullpn + lInllys + vl

(i) If ol 72 go) = Mo, then
2

MyB
/(|u|2+n) dx +1vl72 S €, n,v) + == Sl + Iz + vz,

T2

Proof. (i): First, by Theorem 5, we have

‘/n|u|2dx
T

2
<lnlliz2llull;a

L 1+8 o —eor( VUL | e
2(1+26) 0—c0 Mo J%)

By taking § > O sufficiently small, we have

1 e
’/n|u|2dx <<5—§)||n||§2+( >/|Vu| dx + M
T2

Therefore, we have
&0 MyB £0 1
E@u,n,v) + MoBllullgs > - IVullz, + = —llulz, + - linliz + Il 7.

||u||L2

This implies that £(u, n, v) + MoB|lu ||i2 is equivalent to the square of the norm of H' x L? x L?.
(ii): By Theorem 5, we have

2

1 M:B
IVullgs = 5 lulizs + —— > 0.

Therefore, by the following identity, we have the conclusion.

1
Eu,n,v) = | Vul?, - ||u||L4 /(|u| +n)’ dx+—||v||L2 D
T

Proof of Corollary 2. We first consider the case |luoll2(72) < | Qll12(r2), since the energy & satisfies

d
Ee(u,n,m:fﬁmm(w W) S 1+ EGu,n,v),
T2
where v = —V~1(9,;n — 71 (0)). By Gronwall’s inequality, we have
E(u@®),n@®),v()) <r 1, 1€[0,7T).

Therefore, by Lemma 8, we have the conclusion.
For the case [luollz2(r2) = 1@l 12(r2), following Glangetas and Merle [13], we argue by contradiction. So, we
assume there exists 7" > 0 such that

[« i + [n®] 2 + [v®] o > 000 1 =T



N. Kishimoto, M. Maeda / Ann. I. H. Poincaré — AN 30 (2013) 791-824 821

Now, as in the previous case, we have

E(u@),n@), v@®) Sr1, 1€[0,T).

Therefore, we have

Ju]. + f (n@) + [u@ ) + Jo® [ Sr 1, (0,1
TZ
Next, fort € [0, T),
t
(A= §l+/||nt(s)“H,l ds

0
t

<l +f|’Vv(s)||H_] ds

0
t

§1+/Hv(s)||L2ds§1.
0
Therefore, we have

a0 < @] s+ Jn@ + a1
S+ n@) + u) [ 2 S 1.

Finally, by Theorem 2, we have |u(t,, x — xn)|2 — Myd,—o as t, — T in the distribution sense, where 8,—¢ is a delta
function. On the other hand, |u(t,, x — x,,)|2 is bounded in H~!. So, by taking a subsequence of |u(t,,x — x,,)lz, it
has a weak limit. This implies My§y=0 € H —1. However since 8,—g ¢ H ~1 this is a contradiction. O

In the case |[ugl|;2 <Mpandn; € H! , we have the conservation of energy. This implies that || (u, n, n;) || HisI2x Fi-1
is bounded globally in time. However, in the case |lugl|;2 < Mp and ny € H -\ H™!, there exists a global grow-up

solution.

Proposition 6. For arbitrary M, there exists a time global solution (u,n) of (Z) with ||u||i2 = M such that
@), n@),n; ()|l g1 25 g-1 = 00 ast — oo.

ialz
Proof. One can easily check that (u(¢),n(t)) = (ae™ 2 ,bt) is the solution of (Z) for any a,b € R. Since
[n(2)|l;2 ~ t, we have the conclusion of the proposition. O
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Appendix A. Proof of Proposition 5

Proposition 5 is a small modification of Proposition 1.7.6 of [7]. However, for the readers convenience, we give a
sketch of the proof here.
In this appendix, we assume that u,, A, always satisfy the assumption of Proposition 5. Set

2
on(Up, R) := sup / |u(x)| dx.
yeT?2
[x=yl<R
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Lemma 9. There exists a subsequence of u,, (which we also denote as u,,) such that there exists R, — oo such that
R, <X\, /4 and

u=lim p,(uy, Ry) = lim p,(u,, Ry/2).
n— 00 n—00

Proof. We only show that we can take R,, < A, /4. The rest of the proof is the same as the proof of Lemma 1.7.5
of [7].
First, set

~ 2
Pon(up, R) := sup / |u(x)| dx,
yeT2
[x=yloo<R

where |x|o = max{|x][, |x2|} for x = (x1, x2). Then, from the assumption gf uy,, we have p,, (u, A,,) — M. Therefore,
following the proof of Lemma 1.7.5 of [7], we can show that there exists R, such that

w= lim py(uy, én) = lim p,(un, Rn/g)
n— o0 n—od
So, since {|x]o0 < Rn/S} C{lx] < Ién/4} C{lx]oo < ﬁn/4}, we have p = lim,_, « pp (Uy, I%n/4). Therefore, taking
R, := R, /4, we have the conclusion. 0O

Lemma 10. There exists a constant K which is independent of n such that

4 2
/ [tn]™ < Kpy(up, I)HMHHI('H‘%)‘
T?

Proof. See the proof of Lemma 1.7.7 of [7]. O

Proof of Proposition 5. (i) follows from Lemma 10. We show (ii). Let 6 € C®(T?) suchthat 0 <6 < land O(x) =1
for 0 < |x|0o < 1/2 and 6(x) =0 for |x| = 3/4. Further, define 6, ¢, € COO(T,%) as

|x — yn(Rn/2)|
Ry

Then, following the proof of Proposition 1.7.6 of [7], we see that v, = O,u,, w1, = @uu, satisfy (ii)(b)—(f) for
the case [ = 1. By using the same argument to w; , we have (ii)(b)—(f) for the case [ = 2. So, iteratively, we have
(ii)(b)—(f) for all I > 1.

We only have to prove (ii)(a). Now, since v;; C {x € Tn2 | |x — ya(R/2)| < Ry} C {x € Tn2 | |x — yn(Rn/2)| <
An/4}, so we can consider v; , as a function on RR2. Therefore, by a direct application of Proposition 1.7.6 of [7], it
suffices to show that

9n(X)=9( ) @n(x) =1 =06, (x/2).

~ . .. 2

fj:= lim liminf sup / |vj,k(x)| = ;.
R—>o00 n—00 v

"lx—y|<R

We only show this for the case j = 1. Suppose 11 < u. By taking / > 1 sufficiently large, we have u > u;. If there
exists 2 < j </ such that fi; = u, then just rename v; ; as vy k. Therefore, we have u > fi; for j =1,...,[. Let
e:=(u —maxj—y . {ftj, ur})/2. Then, for sufficiently large R, we have

u — & < liminf sup |un|2
n— 00 yeT2
"lx—y|<R

l
— liminf sup > wjnl® + lwial®

n—0oo
eT? ~_
"x—y|<R J=1

= max {iij, u},
j=1,...,1

.....
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where the second equality follows from (ii)(d) and the third equality follows from the fact that
dist(supp vj,u, suppv;s ,) > 3R

for j # j’ and
dist(suppv; ,,, suppwy ) > 3R

for sufficiently large . This inequality implies 2¢ < ¢. This is a contradiction and we have the conclusion. O
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