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Abstract

We consider a family of Gagliardo—Nirenberg—Sobolev interpolation inequalities which interpolate between Sobolev’s inequality
and the logarithmic Sobolev inequality, with optimal constants. The difference of the two terms in the interpolation inequalities
(written with optimal constant) measures a distance to the manifold of the optimal functions. We give an explicit estimate of the
remainder term and establish an improved inequality, with explicit norms and fully detailed constants. Our approach is based on
nonlinear evolution equations and improved entropy—entropy production estimates along the associated flow. Optimizing a relative
entropy functional with respect to a scaling parameter, or handling properly second moment estimates, turns out to be the central
technical issue. This is a new method in the theory of nonlinear evolution equations, which can be interpreted as the best fit of the
solution in the asymptotic regime among all asymptotic profiles.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

Consider the following sub-family of the Gagliardo—Nirenberg—Sobolev inequalities

1fl2p SCoRIV FISHLILG (1)

with 8 =60 (p) := %m, l<p< % ifd >3 and 1 < p < o0 if d = 2. Such an inequality holds for any

smooth function f with sufficient decay at infinity and, by density, for any function f € LP*1(R¢) such that V f is
square integrable. We shall assume that Cgﬁ is the best possible constant in (1). In [16], it has been established that
equality holds in (1) if f = F), with

1
Fp(x)=(1+x|*) 7T VxeR? )
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and that all extremal functions are equal to F,, up to a multiplication by a constant, a translation and a scaling. See
Appendix A for an expression of Cgfj. If d > 3, the limit case p = d/(d — 2) corresponds to Sobolev’s inequality and
one recovers the optimal functions found by T. Aubin and G. Talenti in [3,23]. When p — 1, the inequality becomes
an equality, so that we may differentiate both sides with respect to p and recover the euclidean logarithmic Sobolev
inequality in optimal scale invariant form (see [20,25,16] for details).

It is rather straightforward to observe that inequality (1) can be rewritten, in a non-scale invariant form, as a non-
homogeneous Gagliardo—Nirenberg—Sobolev inequality: for any f € LP*! 0 DI-2(RY),

Y
/|Vf|2dx+/ 1P dx > K,,,d(/ Ifl2pdx> )
R4 R4 R4
with
B d+2-pd-2)
y=ripdy= S, )

The optimal constant K, ; can easily be related with CgI;,I. Indeed, by optimizing the left hand side of (3) written for

fr(x) := A4/CP) £ (rx) for any x € R4, with respect to A > 0, one recovers that (3) and (1) are equivalent. The detailed
relation between K, 4 and C,?E can be found in Section 7.

Define now
2p=1) d—p(d—4)
M. d—pd—4) _2p d r 51
Cy:= (ﬁ) , M, :=/(1+|x|2) =1 dx:nf(z(—gpl)).
a r(%)

Consider next a generic, non-negative optimal function,
1

_d 1 T p-l
f(p) x):=0 4P<CM+—|x—y|2) I vx € R?
o

M,y,o
and let us define the manifold of the optimal functions as
MY = {fyl) 0 (M. y.0) € Ma}.

We shall measure the distance to ,‘Jﬁfip ) with the functional

ROUf1i= inf / [gl—f’(|f|21’—g21’)—%(mf’+1 —g"“)}dx.

(p
geMy, Rd

To simplify our statement, we will introduce a normalization constraint and assume that f € L2p (R2, 1+ |x|2) dx)
is such that

4p
Ja WPIF PP dx d(p— VoMl W)” )

(Jpa |fPPdx) — d+2—pd—2)’ (P—DXp+1D)
Such a condition is not restrictive, as it is always possible to cover the general case by rescaling the inequality, but

significantly simplifies the expressions. As we shall see in the proof, the only goal is to fix o = 1.
Our main result goes as follows.

ox(p) == (4

Theorem 1. Let d > 2, p > 1 and assume that p < d/(d —2) if d > 3. For any f € LPT' N DVY2(RY) such that
condition (5) holds, we have

v RP[fD?
2 p+1 _ 2p v W
/|Vf| dx—i—/lfl dx Kp,d<f|f| dx) >Cp"’(fRd|f|2l’dx)V
R4 R4 R4

where y is given by (4).
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Although we do not know its optimal value, we are able to give an expression of C .4 (see Appendix A), which is

such that

lim C,4,=0 and lim C,q4=0.

ply P p—d/d-2)_ "
The space LPt! N DI2(RY) is the natural space for Gagliardo—Nirenberg inequalities as it can be characterized
as the completion of the space of smooth functions with compact support with respect to the norm || - || such that
£ = ||Vf||% + ||f||;+1. In this paper, we shall also use the notations || £ .4 := (fRd Ix|P| f19 dx)"/4, so that
I fllg =111 llo.g-

Under condition (5), we shall deduce from Theorem 4 that

2 -2 . 2
ROLf1> Cekl 1320 int 17177 - %] ©
gem((ip)

with § =d 4+ 2 — p(d + 6) for some constant Cck whose expression is given in Section 3, Eq. (13). Putting this
estimate together with the result of Theorem 1, with

. 2
Q:p,d = Cd,pCCK s

we obtain the following estimate.

Corollary 2. Under the same assumptions as in Theorem 1, we have

Y
2p(y—4) . 4
f|Vf|2dx+f|f|p+1dX—Kp,d(f|f|2pdx) >Cpal flp? ™ inf {17177 — g%
R4 R4 R4

8€Ma(p)

The critical case p = d/(d — 2) corresponding to Sobolev’s inequality raises a number of difficulties which are not
under control at this stage. However, results which have been obtained in such a critical case, by different methods,
are the main motivation for the present paper.

In [9, Question (c), p. 75], H. Brezis and E. Lieb asked the question of what kind of distance to Dﬁy ) is controlled
by the difference of the two terms in the critical Sobolev inequality written with an optimal constant. Some partial
answers have been provided over the years, of which we can list the following ones. First G. Bianchi and H. Egnell
gave in [5] a result based on the concentration-compactness method, which determines a non-constructive estimate
for a distance to the set of optimal functions. In [15], A. Cianchi, N. Fusco, F. Maggi and A. Pratelli established
an improved inequality using symmetrization methods. Also see [14] for an overview of various results based on
such methods. Recently another type of improvement, which relates Sobolev’s inequality to the Hardy-Littlewood—
Sobolev inequalities, has been established in [17], based on the flow of a nonlinear diffusion equation, in the regime
of extinction in finite time. Theorem | does not provide an answer in the critical case, but gives an improvement with
fully explicit constants in the subcritical regime. Our method of proof enlightens a new aspect of the problem. Indeed,
Theorem | shows that the difference of the two terms in the critical Sobolev inequality provides a better control under
the additional information that || f||2,2) is finite. Such a condition disappears in the setting of Corollary 2.

In this paper, our goal is to establish an improvement of Gagliardo—Nirenberg inequalities based on the flow of the
fast diffusion equation in the regime of convergence towards Barenblatt self-similar profiles, with an explicit measure
of the distance to the set of optimal functions. Our approach is based on a relative entropy functional. The method
relies on a recent paper [19], which is itself based on a long series of studies on intermediate asymptotics of the fast
diffusion equation, and on the entropy—entropy production method introduced in [4,2] in the linear case and later
extended to nonlinear diffusions: see [21,22,16,12,11]. In this setting, having a finite second moment is crucial. Let
us give some explanations.

Consider the fast diffusion equation with exponent m given in terms of the exponent p of Theorem | by

1 _p+l

= —_ 7
P=om—1 & "y, ™
More specifically, for m € (0, 1), we shall consider the solutions of
0
—u—{—V-[u(nVum*l —2x)]=0 >0, xeR? 8)

ot
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with initial datum u(t =0, -) = ug. Here n is a positive parameter which does not depend on ¢. Let u, be the unique
stationary solution such that M = [ udx = [q uso dx. It is given by

_ L d
Uso(x) = K 4+ —|x| Vx e R
n

for some positive constant K which is uniquely determined by M. The following exponents are associated with the
fast diffusion equation (8) and will be used all over this paper:

d—2 d—1 - d
= —) my:=—— and m|:=——.

d d d+2

To the critical exponent 2p = 2d/(d — 2) for Sobolev’s inequality corresponds the critical exponent m for the fast
diffusion equation. For d > 3, the condition p € (1,d/(d — 2)) in Theorem 1 is equivalent to m € (m, 1) while for
d=2,pe(l,00) means m € (1/2, 1).

It has been established in [21,22] that the relative entropy (or free energy)

me:

1
Flulus] := — [um —uy — mug'o_l(u - uoo)] dx
R4

decays according to

%f[u(-, Dlttoo] = =Z[u(:, o]

if u is a solution of (8), where

m
I[uC Dluoe] i=ng— f u| V! — v P dx
—m
R4
is the entropy production term or relative Fisher information. If m € [m1, 1), according to [16], these two functionals
are related by a Gagliardo—Nirenberg interpolation inequality, namely

Fluluos] < %I[uwoo]. ©)

We shall give a concise proof of this inequality in the next section (see Remark 1) based on the entropy—entropy
production method, which amounts to relate %I [(-, 1) |uso] and ZTu(-, t)|uso]. We shall later replace the diffusion
parameter 1 in (8) by a time-dependent coefficient o (#), which is itself computed using the second moment of u,
fRd |x|?u(x, 1) dx. By doing so, we will be able to capture the best matching Barenblatt solution and get improved
decay rates in the entropy—entropy production inequality. Elementary estimates allow to rephrase these improved rates
into improved functional inequalities for f such that | f|*” = u, for any p € (1,d/(d — 2)), as in Theorem 1.

This paper is organized as follows. In Section 2, we apply the entropy—entropy production method to the fast
diffusion equation as in [11]. The key computation, without justifications for the integrations by parts, is reproduced
here since we need it later in Section 6, in the case of a time-dependent diffusion coefficient. Next, in Section 3, we
establish a new estimate of Csiszdr—Kullback type. By requiring a condition on the second moment, we are able to
produce a new estimate which was not known before, namely to directly control the difference of the solution with a
Barenblatt solution in L! (R?).

Second moment estimates are the key of a recent paper and we shall primarily refer to [19] in which the asymptotic
behavior of the solutions of the fast diffusion equation was studied. In Section 4 we recall the main results that were
proved in [19], and that are also needed in the present paper.

With these preliminaries in hand, an improved entropy—entropy production inequality is established in Section 5,
which is at the core of our paper. It is known since [16] that entropy—entropy production inequalities amount to optimal
Gagliardo—Nirenberg—Sobolev inequalities. Such a rephrasing of our result in a more standard form of functional
inequalities is done in Section 6, which contains the proof of Theorem 1. Further observations have been collected
in Section 7. One of the striking results of our approach is that all constants can be explicitly computed. This is
somewhat technical although not really difficult. To make the reading easier, explicit computations have been collected
in Appendix A.
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2. The entropy—entropy production method

Consider a solution # = u(x, t) of Eq. (8) and define
z(x, 1) :=nVu" " —2x
so that Eq. (8) can be rewritten as
au
—+V. =0.
a7 + V. (uz)
To keep notations compact, we shall use the following conventions. If A = (A; j)f’ i=1 and B = (B; j)ﬁ j=1 are two
matrices, let A: B = Z;i,j:l A;;Bij and |A|*> = A: A.If a and b take values in R?, we adopt the definitions:
d aai
8xl~

d da, ¢
, a®b:(a,~bj)i’j=1, V®a=

d
a~b=Zaibi, V.a= .
pa 9xi /i j=1

i=1

Later we will need a version of the entropy—entropy production method in case of a time-dependent diffusion
coefficient. Before doing so, let us recall the key computation of the standard method. With the above notations, it is
straightforward to check that

d
a—j =n(l—m)V(u" 2V (uz)) and V®z=nVe®Vu" ' —2Id.

With these definitions, the time-derivative of 1;—;"UI[uluoo] = fRd u|z|*>dx can be computed as
d ou 0z
E/u|z|2dx=/§|z|2dx+2fuz~de.

R4 R4 R4
The first term can be evaluated by
ou 2 2
Elzl dx=— | V-(uz)|z|*dx
R4 R4
:2/uz®z:V®zdx
R4
:2n/uz®z:V®Vum_1dx—4/u|z|2dx
R4 R4
=2n(1 —m)/um*2Vu®V:(uz®z)dx —4/u|z|2dx
R4 Rd
=2n(1 —m)/u'"—2(w.z)2dx+2n(1 —m)/u'"—l(w-z)(v.z)dx
R4 R4
+2n(1 —m)/u'"_l(z®Vu) (V®z)dx —4/u|z|2dx.
R4 R4

The second term can be evaluated by
9z m—2
2 uz-de=2n(l—m) (uz~V)(u V~(uz))dx
R4 R4

=—2n(1 —m)/u’"—z(v - (u2))’ dx
R4
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=-2n(1 — m)f [ (V-2)? + 24" (Vu - 2)(V - 2) +u™ > (Vu - 2)*] dx
Rd
Summarizing, we have found that

ou
/5|z|2dx +4/u|z|2dx=—2n(1 —m)fumfz[uz(v~z)2+u(w-z)(v-z)—u(z@Vu):(V@z)]dx
R4 R4 R4
Using the fact that
82z 327!
ax,-axj - ijz. ’

we obtain that

[ur w2 ———f "9 2% ——/ Z Ry
wet Dax " ©ax 3)6,3)6/

R4

and

/ "z @ Vu): (V®Z)dx——/ u"|Vz|? dx+
R4 i,j=1 j

can be combined to give

/ "2u(Vu-2)(V-2) —uVu®z:V®z|d _——/ u™(V-2) dx—l——/ ™Vz|?dx.
R4
This shows that
d 1—m
E/ulzlzdx+4fu|z|2dx:—ZUT/um(IVZIZ—(l —m)(V - 2)%) dx. (10)
R4 R4 R4

By the arithmetic geometric inequality, we know that
|Vz|2 ~(1=m)(V-2’>0
if 1 —m < 1/d, that s, if m > m . Altogether, we have formally established the following result.

Proposition 3. Let d > 1, m € (m1, 1) and assume that u is a non-negative solution of (8) with initial datum ug in
LYRY) such that ug and x > |x uq are both integrable on R?. With the above defined notations, we get that

EI[u(', t)|uoo] < —4I[u(~, t)|uoo] Vvt > 0.

The proof of such a result requires to justify that all integrations by parts make sense. We refer to [12,13] for a
proof in the porous medium case (m > 1) and to [11] for m; < m < 1. The case m = 1 was covered long ago in [4].
Remark 1. Proposition 3 provides a proof of (9). Indeed, with a Gronwall estimate, we first get that

I[u(, Dluos] < Tluolucole™ Vi >0
if Z[ug|uco] is finite. Since Z{u (-, t)|uco] is non-negative, we know that
lim Z[u(-, 1)|use] =0,
—>0o0

which proves the convergence of u(-, t) to us as t — 00. As a consequence, we also have lim;_, oo Flu(-, 1)|uco] =0
and since

d d
E(I[”(" Dlioo | = 4F[u, Dluco]) = ZI[”(" Do ] +4Z[u(, )i ] <0,
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an integration with respect to ¢ on (0, o) shows that
Tluoluco] —4F[uoluce] 2 0,

which is precisely (9) written for u = ug.
3. A Csiszar-Kullback inequality

Letm € (my, 1) withm| = dL+2 and consider the relative entropy

1
Folul:= — [u™ — BY —mB" ' (u — By)]dx
Rd
for some Barenblatt function
1

1t
Bg(x)::o_%(CM+;|x|2)m*‘ Vx e RY (11)

where o is a positive constant and Cjy is chosen such that || B, || = M > 0. With p and m related by (7), the definition
of Cjs coincides with the one of Section 1. See details in Appendix A.

Theorem 4. Let d > 1, m € (my, 1) and assume that u is a non-negative function in LYR?) such that u™ and
x > |x|u are both integrable on R?. If |lully = M and [pq |x|*udx = [ga |x|* B5 dx, then

Fslu m 1 2
olul (cMnu—Baul+;/|x|2|u—Ba|dx) :
Rd

o 50-m) = 8 [o4 Bl dx

Notice that the condition [py |[x|*u dx = [ga |x|* B5 dx is explicit and determines o uniquely:

1
oc=— / |x|2udx with Ky := / |x|2B1dx.
Ky
R4 R4
For further details, see Lemma 5 and (20) below, and Appendix A for detailed expressions of K and fRd B;" dx.
With this choice of o, since B(’Z"l = o%(l”")CM + 0%('"f’m)|x|2, we remark that fRd B(’,”’1 (u — By)dx =0 so that

the relative entropy reduces to

Folul:= ﬁ [u" — B)']|dx.
R4

Proof of Theorem 4. Let v:=u/B, and du, := B] dx. With these notations, we observe that

/(v —Ddu, = / B"'(u — By)dx

Rd R4
=a%(1_m)CM/(u—Bg)dx—l—cr%(m"_m)/|x|2(u—BU)dx=O.
R4 R4
Thus
/(v— Ddpe = /(v— Ddpe — /(1 —v)dpe =0,
R4 v>1 v<l

which, coupled with

/(v—l)dua-l- /(1—v)duﬂ=/|v—udua,
Rd

v>1 v<l
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implies
/|u—Bg|B:,"_ldx=/|v—1|dug=2f lv—1|dpe.
R4 R4 v<l

On the other hand, a Taylor expansion shows that

1 m _
Folul= —— [[V" =1 =m@ = D]dun, = —/s"’ o= 1P dp,
m—1 2
R4 R4

for some function & taking values in the interval (min{1, v}, max{1, v}), thus giving the lower bound

u]>§/é’"—2|v—1|2dua>§/|v—1|2dua.

v<l v<l

Using the Cauchy—Schwarz inequality, we get

2 - 2
</|v—1|d,u0) =(/|u—1|323g dx> </|v—1|2d,ungg”dx

v<l v<l v<l R4
and finally obtain that
Fopugs ™ Yoet 0= Udno)®  m (fpalu~ By By dx)®
2 Jra B dx 8 fra B dx

which concludes the proof. O

Notice that the inequality of Theorem 4 can be rewritten in terms of | f|?” = u and g*” = B, with p =1/(2m — 1).
See Appendix A for the computation of fRd Bl"dx, o, Cy and Ky in terms of fRd |x |2u dx and M,. In the framework
of Corollary 2, we observe that condition (5) can be rephrased as

1 ||f||22
_—||f|22p 1||f||§,’15_ (12)
Altogether we find in such a case that
RV f]= —fg*[u]/CCK|||f|2I’ b
with
CCK— p—1d+2—pd-2) d’4pM - (13)

p+1 32p

Remark 2. Various other estimates can be derived, based on second order Taylor expansions. For instance, as in [16],
we can write that

Folul= /[lﬁ(v’") — ¥ =y’ " = 1)]dus
Rd

with v:=u/B, and ¥ (s) := ﬁsl/”’, and get

1 ” 1” 1/m(Rd
> _op-2m LY/m RS, dpto)
maX{va”L]/m(]Rd due)’ ||1||L'/’"(Rd dﬂa)} m

USiIlg ||Um ”Ll/m(Rd,d/Lg) = ||1||L]/m(Rd‘dﬂ(y) = ”Bgl”l and
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f|u'" — B"|dx = f;u’" — B Brem=D gm=m gy
R4 R4
< o™

1—
- 1||L1/m(Rd,dﬂU)” Bc’rn “1 "

by the Cauchy—Schwarz inequality, we find
™ — BRI}
Fe D T, Prra——
= By,
With f = U=z , this also gives another estimate of Csiszdr—Kullback type, namely

Kp.d 2

1’

RP[f1>

inf p+1 _ p+l
$(p=) o 3@+2-p@=2)) yeon(p) 171 &

17155, 1 f13,

for some positive constant «p 4, which is valid for any p € (1,00) if d =2 and any p € (1, ﬁ] if d > 3. Also
see [24,12,10,18] for further results on Csiszar—Kullback type inequalities corresponding to entropies associated with
porous media and fast diffusion equations.

4. Recent results on the optimal matching by Barenblatt solutions

Consider on R? the fast diffusion equation with harmonic confining potential given by

2—? + V- [u(c 2 mIvyml —2x)] =0, >0, x eRY, (14)

with initial datum u(. Here o is a function of . Let us summarize some results obtained in [19] and the strategy of
their proofs.

Result 1. At any time ¢ > 0, we can choose the best matching Barenblatt as follows. Consider a given function u# and
optimize A > Fy[u].

Lemma 5. For any given u € L_li_(Rd) such that u™ and |x|*u are both integrable, if m € (my, 1), there is a unique
A = A* > 0 which minimizes A — F)[u], and it is explicitly given by

1
A= X / Ix)%u dx
MRd

where Ky = f]Rd |x|?> By dx. For A = \*, the Barenblatt profile B;, satisfies
/|x|zBA dx =/|x|2udx.
R4 R4

As a consequence, we know that

d
ﬁ(}}[u]))\zk* =0.
Of course, if u is a solution of (14), the value of A in Lemma 5 may depend on ¢. Now we choose o () = A(?), i.e.,
1
0(t)=—/|x|2u(x,t)dx vt > 0. (15)
Kum
R4

This makes (14) a non-local equation.
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Result 2. With the above choice, if we consider a solution of (14) and compute the time derivative of the relative
entropy, we find that

d , d m 4 _1, Ou
— =0 ) —F _— m=l _B"™" 1) —dx.
dt U(f)[u( )] o ( )<d0' U[M])|U=o(t) + m—1 (Lt o(t) ) ot X
However, as a consequence of the choice (15) and of Lemma 5, we know that
d
<—]:<r [u]> =0,
do o= (1)
and finally obtain
d
d mo ()2 Mm—me) _ 1112
E}}(,)[u(.,t)]z—ﬁ/ﬂV[um "= B | dx (16)

R4
The computation then goes as in [7,8] (also see [21,22,16] for details). With our choice of o, we gain an additional
orthogonality condition which is useful for improving the rates of convergence (see [ 19, Theorem 1]) in the asymptotic
regime ¢ — 00, compared to the results of [8] (also see below).

Result 3. Now let us state one more result of [19] which is of interest for the present paper.

Lemma 6. With the above notations, if u and o are defined respectively by (14) and (15), then the function t +— o (t)
is positive, decreasing, with 0o :=lim;_, 0 (t) > 0 and
(1—m)?

0T0=:—2d—%}a;—o%w‘m“f}0ﬂu0,ﬂ]<0. (17)

The main difficulty is to establish that o, is positive. This can be done with an appropriate change of variables
which reduces (14) to the case where o does not depend on ¢. In [19], a proof has been given, based on asymptotic re-
sults for the fast diffusion equation that were established in [16,7,6,8]. An alternative proof will be given in Remark 3,
below.

5. The scaled entropy—entropy production inequality

Consider the relative Fisher information

Ty [u] :=o%’<m—mc>L/u|wm—1 — VB dx.
1—m
R4
By applying (9) with us, = By and =1 to x = 0%/?u(/ox) and using the fact that B|(x) = 0%/2B, (\/ox), we
get the inequality
1
Folul < ZI(T [u].

Now, if o is time-dependent as in Section 4, we have the following relations.

Lemma 7. If u is a solution of (14) with o () = ﬁ fRd |x|2u(x, t)dx, then o satisfies (17). Moreover, for any t > 0,
we have

d

T Fow[uC.0]=~Zow[u, 0] (18)
and

d 1 lo’ ()]

E%mhaﬂ<—P+5m—mow—mmﬂzm]%mhmﬂ. (19)
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Proof. Egs. (17) and (18) have already been stated respectively in Lemma 6 and in (16). They are recalled here only
for the convenience of the reader. It remains to prove (19).
For any given o = o (t), Proposition 3 gives

d d ‘oL
Tl [ut.0] = <EIA[M(.’ t)])n =5 (1) I (t)<dXIA[M])|A=G(t)

< 4L,y [uC. )]+ 0’ (l)<d IA[”])

[A=0 (1)
Owing to the definition of Z,, we obtain

d d 1
Dl = S m —me) =T, [u] -

m ,\%W—mc)/zu(vum—l —VB;"—I).i(VB;"—l)dx.
—m

dx
R4

By definition (11), VB! (x) = 2xA~50=mS) which implies
d d
/\%(m*m”a(wa’f*l) =2 m—mo)x.

Substituting this expression into the above computation and integrating by parts, we conclude with the equality

d

d d 1 2d 2m 2 (m=me)

d—)LIA[u]:E(m—mc)XIk[u]—T(m—mﬁ[%[hﬁud}c—d/umdx]
d R4

A simple computation shows that
2 2
de’{'dx=—/x.VB;"dx=—m/|x|231dx=—mKM (20)
1—m 1—m
R4 R4 RA
and, as a consequence, if A =0 = KL fRd |x|2u dx, then

2m "z m=me)
m17/|x|2udx—d/BA dx,

R4 R4
and ﬁnally
ﬁfx[u] i(m me)(Tolul — 4d (1 — m)Fy[u]). (2D
Altogether, we have found that
d d o'(t)
T (Zoy[uC. D]) + 4Ty [u (-, )] < —(m - mC)T (Zo 1y [u] — 4d (1 — m) Fo (1) [u]).

The last term of the right hand side is non-positive because by (17) we know that ¢’(r) < 0 and
Toylul —4d(1 — m)Fopylul = d(1 — m) (Lo [u] — 4F iy [ul) +d(m — m1) Ly ) [u]
>d(m — ml)Io(t)[u] >0
This implies (19). O

To avoid carrying heavy notations, let us write
f@=Folu.n] and @) = Tow[ut. 0]
and denote f(0), j(0) and o (0) respectively by fo, jo and op. Estimates (17), (18) and (19) can be rewritten as
f'=-j<0,
o' = —k1o 2 £ <0, (22)

/

./ . .U
J +4j Sfcz];
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where the constants k;, i = 1, 2, are given by

1 —m)? 1
=27 and k= 2 — moy(m — my)d.
mKM 2
Using the fact that lim;_, o f(#) =lim;— o f(t) =0, as in the proof of Proposition 3, we find that j(r) —4f() >0

and f(r) < foe™* forany r > 0.

Remark 3. The decay of o can be estimated by
d,6 4 d d
F(I=—m)y _ 4
—— (o2 =—{0—-—m)x1f <=0 —m)xy foe ™,
dt( ) 2( ) 1f\2( )1 fo
41— da- —m)3 .
thus showing that Jo%( ™ > 002( " _ % fo. Since ug and By, have the same mass and second moment, we
know that

Jo

1

T 1l—-m
R4

Hence we end up with the positive lower bound

dii—my _ d d_ d%(1 —m)?
0020(1 n)25(m—mc)002(1 m>+—imK:) /ug’dx.

2mK 41— 1
(Bm —M"ﬂdx:ﬁaz(l m ul dx.
o 70 d(1—m)2 © A—m)J °

Rd

R4

From (22) we get the estimates o () < o¢ for any # > 0 and

o’ d —d1—m)
j=4f =j +4j gxzj; =102 £ Cepieroy 2

fr.
Integrating from O to oo with respect to ¢ and taking into account the fact that lim;_, o, f(¢) = lim;_, o f(¢) =0, we
get
. 1 —4(1-m)
—Jjo+4fo< —5K1K20, g,
By rewriting this estimate in terms of Fu,[uo] = fo, Zs,[t0] = jo and after omitting the index 0, we have achieved
our key estimate, which can be written using
3
(m —me)(m —mp)(1 —m)*

Cina =
’ 2mK py

as follows.

Theorem 8. Let d > 1, m € (my, 1) and assume that u is a non-negative function in L' (R?) such that u™ and x
|x|2u are both integrable on RY. Let o = Kl—M fRd |x|2u(x) dx where M = f]Rd u(x)dx. Then the following inequality
holds

2
AF )+ ot < T ), 23)

ozV

Recall that Ky, = K{ MY, with y = %. See Appendix A for details. Notice that this definition of y is

compatible with the one of Theorem 1 if p =1/(2m — 1).

Remark 4. If we do not drop any term in the proof of Proposition 3 and Lemma 7, an ODE can be obtained for j,
based on (10) and (21) and we can replace (22) by a system of coupled ODEs that reads

f/=—j<0,

d
o' =—k1o 20" £ <0,
/

g . o’ K
J +4J=d(1—m)(1—4f); +K2];—r

where r:= 20:4(m—me) Jrd u"(|Vz)> = (1 =m)(V-2)>)dx >0and z := 0o Sm=me)gym=1 _ 9.
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It is then clear that the estimates o < og and j' + 4 < «kpj %/, which have been used for the proof of Theorem 8,
are not optimal.

6. Proofs of Theorem 1 and Corollary 2

m—1/2

Let us start by rephrasing Theorem 8 in terms of f =u . Assume that

1
M:/udx=/|f|21’dx and U:K—/|x|2udx:/|x|2|f|2”dx
R4 R4 MRd R4

where p = 1/(2m — 1) and using the notation f’ ;,Ip 2) o € i)ﬁflp ) defined in Section 1, consider the functional

2
RP[f]:= —p—fl (A7 = (i) Tdx.
R4

In preparation for the proof of Theorem I, we can state the following result.

Corollary 9. Let d > 2, p > 1 and assume that p < d/(d —2) if d > 3. For any f € LPT' N DV2(RY) such that
condition (5) holds, we have

’ RVLf])?
2 p+1 _ 2p - vy
Jrospase [irreas =l [irerar) >l
Rd Rd R4

where y is given by (4).

This results is slightly more precise than the one given in Theorem 1, as we simply measure the distance to a special

function in smfj’ ), the one with the same mass and second moment, centered at 0. The constant C,, 4 is the same as in
Theorem 1: see Appendix A for its expression.

Proof of Corollary 9. By expanding the square in Z,[«] and collecting the terms with the ones of F[u], we find that

1 1—
S Tolul = Folul = e f Vi3 [P dx

@2m —1)2
]Rd
— 1
—|—dm ml/umdx—l-— mKMG%(l_m)—/B(',"dx .
1—m 1—m
Rd ]Rd

The last term of the right hand side can be rewritten as

; mKMU%(l_m)_/Bde " d(m —me) U%(l_m)CHM”
1—m a 1—m(d+2)m—d

R4

with y = % (as in the previous section) and C| = Mi_y (see Appendix A for details). Consequently inequal-

ity (23) can be equivalently rewritten as

1— _
m(l —m) m)a%(m_mC)/Wum_ﬂzdx—i-dn; g /“mdx
—m

(2m — 1)?2
Rd RY
3 2 2
> m d(m —m¢) U%(l—m)C]My+d (m—me)(m —my)(1 —m) (-FGEM]) . (24)
1—-m@@+2)m—d 8mK MY z-—m
This inequality is invariant under scaling and homogeneous. As already noticed in (12), condition (5) means o = oy,
that is %U sm=me) _ g S—=t. Using the explicit expressions that can be found in Appendix A and reexpressing
all quantities in terms of p = th completes the proof of Corollary 9. See Appendix A for an expressionof C, 4. O
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Proof of Theorem 1. It is itself a simple consequence of Corollary 9.

Let us consider the relative entropy with respect to a general Barenblatt function, not even necessarily normalized
with respect to its mass. For a given function u € L! (Rd ) with u” e L! (Rd) and |x |2u el! (Rd) we can consider on
(0, 00) x R? x (0, 00) the function & defined by

1
h(C,y, 0)—j [um_BE’n,y,a_ Bg?yla( —Bc’y’g)]dx
R4

where B¢y » is a general Barenblatt function

(S

.
Bcyo(x):=0"2(C+ |x—y| 2)mn=T  v¥x eRY.

An elementary computation shows that

oh moz(l )
—/(u Bc,y.0)dx,

ac
2mo 3 m=mo)
Vyh = ———— / (x —y)(u — Bc,y,o)dx,
1—m
R4
oh d
%Zmia 4 (m— m¢)|: /(M_BCya)dx /|x—y| (u—cha)dxi|

Optimizing with respect to C fixes C = Cyp, with M = f]Rd udx. Once C = Cyy is assumed, optimizing with respect
to o amounts to choose it such that fle |x|2Bc,y,g dx = fle |x — y|2u dx as it has been shown in Lemma 5.

This completes the proof of Theorem 1, since RP[ fl= R f1 by definition of R(P) (see Section 1). Notice that
optimizing on y amounts to fix the center of mass of the Barenblatt function to be the same as the one of u. This is
however required neither in the proof of Corollary 9 nor in the one of Theorem 1. O

Proof of Corollary 2. It is a straightforward consequence of Theorem 1 and of the Csiszar—Kullback inequality (6)
when f € DV2(R?) is such that || f ll2,2p is finite. However, || f]l2,2, does not enter in the inequality. Since smooth
functions with compact support (for which || f|2,2 is obviously finite) are dense Dl’z(Rd), the inequality therefore
holds without restriction, by density. O

7. Concluding remarks

Let us conclude this paper with a few remarks. First of all, notice that Theorem 4 gives a stronger information than
Theorem 1, as not only the L!(R?, dx) norm is controlled, but also a stronger norm involving the second moment,
properly scaled.

No condition is imposed on the location of the center of mass, which simply has to satisfy ( fRd xudx)? <
fRd udx fRd |x|?udx = o MK according to the Cauchy—Schwarz inequality. Hence in the definition of R[f] and
RP)[f] (in Theorem 1) as well as in Corollary 2, the result holds without optimizing on y € R?. In [8,19], improved
asymptotic rates were obtained by fixing the center of mass in order to kill the linear mode associated to the trans-
lation invariance of the Barenblatt functions. Here this is not required since, as t — 00, the squared relative entropy
is simply of higher order. Our improvement is better when the relative entropy is large, and is clearly not optimal for
large values of 7.

Our approach differs from the one of G. Bianchi and H. Egnell in [5] and the one of A. Cianchi, N. Fusco, F. Maggi
and A. Pratelli [15]. It gives fully explicit constants in the subcritical regime. The norms involved in the corrective
term are not of the same nature.
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Let us list a series of remarks which help for the understanding of our results.
(1) Scaling properties of the Barenblatt profiles. Consider the scaling A — u) with u, (x) := Adu(ix) for any
x € R?. Then we have

1 2
=— dx = —— dx=—
o). KM/|x|ukx /leux
R4

and may observe that
By, (x) = 1Y B, (Ax).

As a consequence, we find that F,[u;] = Adm=0 [u].

(ii) Homogeneity properties of the Barenblatt profiles. Similarly notice that for any m € (m1, 1), we have Cy; =
2(1—m)

_2(0-m)
CiM dm=me) and Ky = K M= @ Letu  := Au and denote by By, the corresponding best matching Barenblatt
function. Using the fact that ||u; ||{ = AM if |lu||; = M and observing that

|_ 20=m) ) )
K,y = KyA  dm-meo) and |x|“updx =1 | |x|“udx,
R4 R4

we find

= /|x| u;»dx—)»d(m mda
Kom

2(1=m)
Since Cypr = A dm=me) Cyy, we find that

1

20-m) . _d 2(1=m)_ |x|2 =T
BJA (x) — ()\‘d(m ’”F)O') 2| AT dm=mc) CM + T = )"BO' (x)
Adm—me) o

As a consequence, we find that F, [u)] = A" Fo[u].

(iii) The m =1 limit. As m — 1, which also corresponds to p — 1, we observe that the constant C;, 4 in Theorem 1
has a finite limit. Hence we get no improvement by dividing the improved Gagliardo—Nirenberg inequality by (p — 1)
and passing to the limit p — 1, since R%”)[f]= O(p — 1). By doing so, we simply recover the logarithmic Sobolev
inequality as in [16].

This is consistent with the fact that, as m — 1_, we have C,, 4 ~ (1 — m)?, o = O(K,_wl) = O(1 — m) and, since

Bo(x) ~ Bo() = M — M %e ¢ M __p
X) ~ Xx) = Xpl — 5 X1 )
7 0 27 [ga |x|>udx P 2 [palxPudx

we also get that F,[u] ~ fRd u log(BLO) dx. Hence, in Theorem 8, the additional term in (23) is of the order of 1 — m
and disappears when passing to the limitm — 1_.
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Appendix A. Computation of the constants

Let us recall first some useful formulae. The surface of the d — 1 dimensional unit sphere S?~! is given by |S?~!| =
274/2 /I (d/2). Using the integral representation of Euler’s Beta function (see [1, 6.2.1 p. 258]), we have

nea, _dl@=9
/(1+|x|) dx—n24r(a)

R4
With this formula in hand, various quantities associated with Barenblatt functions can be computed. Applied to the
1
function B(x) := (1 + |x|?)#-T, x € R?, we find that
r d(m—m)
i [ Bt D)
o r (=)
Notice that when M = M., B = B; with the notation (11) of Section 3. As a consequence, for By(x) = (Cy +

1
|x|%)7-T, a simple change of variables shows that

M= / Bidx = / (Car + 27T dx = M*c;ldz(“—'"g),
R4 R4
which determines the value of Cj;, namely
2(1—m)
M, \ dm=mc)
= (%)
2(1=m) 2(1-m)

d(m—mc)

(
A useful equivalent formula is Cyy = C1{ M~ dn-me) where C; = M,
By recalling (20) and observing that

/B;"dxsz;””Bldx=f(CM+|x|2)Bldx=McM+KM

RY RY Rd
- 2 . _ Y wi _ (d+2)m—d
where Ky := [pa |x|*Bidx, using MCyy = C{M? with y = Toromo > e find that
d(l — 2
w20 ooy and /B;" dx=——"_CiM". (25)
d+2)m—d d+2)ym—d

R4
Consider the sub-family of Gagliardo—Nirenberg—Sobolev inequalities (1). It has been established in [16, Theo-
rem 1] that optimal functions are all given by (2), up to multiplications by a constant, translations and scalings. This
allows to compute C[?E. All computations done, we find

€L —
CGN _ (P*l)erl n d+27p(d72) 2p F(%) ([7 Dn
P\ e 2=h Gra)® r(2t-4)

with 1/n=p(d+2— p(d —2)).
d
It is easy to relate Cgﬁ and K, 4. As in [16], apply (3) to f3, such that f3(x) = A2 f(Ax) for any x € R?. With
a:= [pa |VfI2dx, b= [pa | fIPT dx, a = % +2—dand B:= dpz—;l, inequality (3) amounts to

14
ar? +br"F > KWz(/ | f12P dx> .
Rd

Optimizing the left hand side with respect to A > 0 shows that

GN\2pY a+p
Kp.d (Cp,d) =T o B
aoeth + ﬂaﬂS
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Let us consider (24). With p = 51, that is, m = 5L, and Flu] = (% RW[f] with u = f7, it s straightfor-
ward to check that

2m —1\? d(m —m¢) Mi_y 4 d—pd—-4) 1y APl
Kp’d=

= x  Ox
1—m

d+2)ym —d 40— (p—1)2d+2—p(d—2)

since u = B, always provides the equality case. Hence, using identity (12), inequality (24) amounts to

Y
/|Vf|2dx+/|f|P“dx—K,,,d(f|f|2de)
R4 R4 R4

Qm =12 _dnmyd3(m —me)(m —mp)(1 —m)? ((2=RP[f])?

= * i
m(l —m) 8mK MVU*Q(FW!)
Using K| = %M;ﬂ/ and expressing everything in terms of p, we finally get
-1
@2m —1)2 ) M!
Cri=—"-—"5(d+2)m—d)d — —
Pd= g0 2 ((d+2)ym — d)d*(m —mc)(m —my) o
-1
_d-pd-4)d-pd=-2)d+2-pd=-2) MY
16p*(p — 1) ox(p)’
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