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Abstract

Following Bernicot (2012) [7], we introduce a notion of paraproducts associated to a semigroup. We do not use Fourier transform
arguments and the background manifold is doubling, endowed with a sub-Laplacian structure. Our main result is a paralinearization
theorem in a non-Euclidean framework, with an application to the propagation of regularity for some nonlinear PDEs.
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The theory of paradifferential calculus was introduced by Bony in [8] and developed by many others, particularly
Meyer in [28]. This tool is quite powerful in nonlinear analysis. The key idea relies on Meyer’s formula for a nonlinar-
ity F(f) as M(x, D) f + R where F is smooth in its argument(s), f belongs to a Holder or Sobolev space, M (x, D) is
a pseudo-differential operator (depending on f) of type (1, 1) and R is more regular than f and F'(f). This operation
is called “paralinearization”.

Such an approach has given many important results (or improvements of existing results): Moser estimates, elliptic
regularity estimates, Kato—Ponce inequalities, ... and is the basis of microlocal analysis.

The notion of paradifferential operators is built on appropriate functional calculus and symbolic representation,
available on the Euclidean space. The Fourier transform is crucial for this point of view to study and define symbolic
classes. That is why this approach cannot be extended to Riemannian manifolds. More recently, Ivanovici and Plan-
chon have already extended this theory in the context of a self-adjoint semigroup (on a manifold) in [24, Appendix A],
where paraproducts are built by a C*° functional calculus.
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However, for the last years, numerous works deal with nonlinear PDEs on manifolds, involving differential op-
erators which may be non-self-adjoint. So it seems important to try to extend this tool of “paralinearization” in a
non-Euclidean situation and without requiring self-adjointness of the semigroup.

First, on specific situations, namely on a Carnot group, it is possible to define a suitable Fourier transform, involving
irreducible representations. In this context, we can also define the notion of symbols and so of pseudo-differential
calculus (see the survey [4] of Bahouri, Fermanian-Kammerer and Gallagher for Heisenberg groups and [20] of
Gallagher and Sire for more general Carnot groups).

The aim of the present work is to define another suitable notion of paralinearization on a manifold, without requiring
use of Fourier transform. Since (nonlinear) PDEs on a manifold usually requires vector fields, we work on a manifold
having a sub-Riemannian structure. To define a suitable paralinearization, we use paraproducts defined via the heat
semigroup (introduced by Bernicot in [7], independently by Frey in [17,18] and already used by Badr, Bernicot and
Russ in [3] to get Leibniz-type estimates and algebra properties for Sobolev spaces) and look for a paralinearization
result. The semigroup is not assumed to be self-adjoint, so we aim to only use sectorial holomorphic functional
calculus (more precisely we only use the heat semigroup and its time-derivatives). However, a new phenomenon
appears due to the lack of flexibility of the method; the classical paralinearization result holds only for low regularity,
which appeared already in [24, Appendix A].

Since we are motivated by applications to nonlinear PDEs involving vector fields, we present our result in the
context of a sub-Laplacian operator: a finite sum of square of vector fields. Indeed, such operators naturally appear
and a systematic study of their properties has begun in recent years and still attract much attention. So we consider L =
— Zi Xl.2 associated to X = (X7, ..., X,) a finite collection of vector fields on a doubling Riemannian manifold M.
One of the most famous results concerning such operators is due to Hormander in [22,23], where a condition is
assumed to ensure the hypoellipticity of L. More precisely, if X satisfies the Hormander condition (i.e. the collection
at each point x € M ((X;);, ([X;, X;Di j, -..), span the whole tangent space T M) then L is locally hypoelliptic,
which means that if « is a solution of L(u) € C* then u € C°°. Note that such a result can be seen as a first result
of what we expect. Indeed paradifferential calculus aims to obtain regularity for u, a solution of a nonlinear PDE
involving L.

To consider a nonlinear PDE, we have first to describe a way to linearize it. This is our first result. First we define
and study Bessel-type Sobolev spaces (see Section 3) and then the notion of paraproduct I7 (Section 4) associated
to L. Then we prove the following result:

Theorem 0.1. Assume that the manifold satisfies a Poincaré inequality, that the operator L generates a holomorphic
semigroup with pointwise estimates on its kernel and that the Riesz transforms are LP-bounded (Assumtion 1.11).
Consider p € (1,00), s € (d/p,1) and f € WSFEP for some € > 0 (as small as we want). Then for every smooth
function F € C*(R) with F(0) =0,

F(f)=Hpp(f) +w 9]

with w € Wx—4/p.p,

The precise assumptions will be given later. We point out that we do not directly assume that the collection X
satisfies the Hormander condition; however this information is in some sense encoded in the pointwise estimates for
the heat kernel (see [25,31]).

With respect to the well-known paralinearization results (existing in the Euclidean setting), the first point is that
we have only a gain of regularity at order s — d/p — € and the main difference is that this result is only proved for
s < 1. This condition is in some sense inherent to our method and has already appeared in [3,24]: Fourier transform
allows to use an “exact” spectral decomposition although the paraproduct algorithm brings some error-terms which
are difficult to estimate. This assumption may seem very strong; we will explain in Theorem 5.4 how it is possible to
get larger regularity s > 1 modifying the definition of the paraproduct (then involving the higher-order derivatives of
the nonlinearity F).

As in the Euclidean situation, we are able to obtain some applications concerning propagation of the regularity for
solutions of nonlinear PDEs. See Section 6 for a detailed statement: for u € W1 a solution of a nonlinear PDE,
F(u,X1u, ..., X, u) € C*®, then u is more regular where the linearized equation can be inverted.
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1. Preliminaries: Riemannian structure with a sub-Laplacian operator

In this section, we aim to describe the framework and the required assumptions we will use. Let us precise the main
hypothesis about the manifold M and the operator L.

1.1. Structure of doubling Riemannian manifold

In all this paper, M denotes a complete Riemannian manifold. We write p for the Riemannian measure on M,
V for the Riemannian gradient, | - | for the length on the tangent space (forgetting the subscript x for simplicity) and
Il - llr for the norm on L? := LP(M, ), 1 < p < 4+00. We denote by B(x, r) the open ball of center x € M and
radius r > 0.

1.1.1. The doubling property

Definition 1.1 (Doubling property). Let M be a Riemannian manifold. One says that M satisfies the doubling prop-
erty (D) if there exists a constant C > 0, such that for all x € M, r > 0 we have

1(B(x,2r) < Cp(B(x, ). (D)
Lemma 1.2. Let M be a Riemannian manifold satisfying (D) and let d :==log, C. Then forall x,y € M and 6 > 1
1(B(x,0R)) < CO%(B(x, R)). )
There also exist c and N > 0, so that for all x,y € M and r > 0
d(x,y) N
M(B(y, r)) < c(l + p M(B(x, r)). 3)

For example, if M is the Euclidean space M = R? then N =0 and ¢ = 1.
Observe that if M satisfies (D) then

diam(M) <oo & (M) <oo (see[l]).

Therefore if M is a non-compact Riemannian manifold satisfying (D) then u(M) = co.

Theorem 1.3 (Maximal theorem). (See [11].) Let M be a Riemannian manifold satisfying (D). Denote by M the
uncentered Hardy-Littlewood maximal function over open balls of M defined by

Mf(x):= sup |flo
Q ball
xeQ

where fg:= fg fdu = ﬁfE fdu. Then for every p € (1,00], M is LP bounded and moreover of weak

type (1, 1).
Consequently for s € (0, 00), the operator M defined by

M) = [M(£1) @]
is of weak type (s, s) and LP bounded for all p € (s, o0].

The doubling property allows us to control the growth of volume of balls. However, it can be interesting to have a
lower bound too. So we will make the following assumption:

Assumption 1.4. We assume that there exists a constant ¢ > 0 such that for all x € M

;L(B(x, 1)) > c. 4)
Due to the homogeneous type of the manifold M, this is equivalent to a control from below of the volume of balls
M(B(x,r))Zrd (MVy)

forall 0 <r < 1.
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1.1.2. Poincaré inequality

Definition 1.5 (Poincaré inequality on M ). We say that a complete Riemannian manifold M admits a Poincaré

inequality (P,) for some g € [1, 00) if there exists a constant C > 0 such that, for every function f € W[L’f (M) and
every ball Q of M of radius r > 0, we have

1/q 1/q
(][|f—fg|qdu> <Cr<][lvf|qdu) . (P,)
[} 0

Remark 1.6. By density of C5°(M) in W19 (M), we can replace WIL’Cq(M) by C°(M).

loc

Assumption 1.7. We assume that the considered manifold satisfies a Poincaré inequality (Pj).

Remark 1.8. Indeed we could just assume a Poincaré inequality (P, ) for some o < 2 and all of our results will remain
true for Lebesgue exponents bigger than o.

1.2. Framework of sub-Laplacian operator

We will only consider operators L which are sub-Laplacians, which means: there exists X = { Xy }x=1
family of real-valued vector fields (so X} is defined on M and X (x) € TM,) such that

L=-)"X}. 5)
k=1

We identify the Xj’s with the first-order differential operators acting on Lipschitz functions defined on M by the
formula

Xif(x) =Xk (x) -V f(x),
andweset Xf =(X1f,Xa2f,.... X, f) and

« a finite

,,,,,

K 1/2
|Xf<x>|=<Z|ka(x>|2> . xeM.

k=1

Let us point out that the operator X is self-adjoint on L>(M,du) if and only if the vector field X satisfies
div(Xy) =0.

We define also the higher-order differential operators as follows: for I C {1, ..., k}*, we set
X[ = l_[ X,‘.
iel

We assume the following:

Assumption 1.9. For every subset I, the /-th local-Riesz transforms R; := X;(1 + L)y~M/2 and Ry := (1 +
L)"IVZXI are bounded on L? for every p € (1, 00).

Remark 1.10. It is easy to check that this last assumption is implied by the boundedness of each local-Riesz transform
R; and R; in Sobolev spaces wk-P for every p € (1,00) and k € N. Indeed for I = {iy, ..., i,}, we have

IR: flliee < |Riy (Xiy -+ Xiy ) i1 S IRy fllr-

Repeating this reasoning, we obtain that the Sobolev boundedness of the Riesz transforms imply the previous assump-
tion.
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1.3. Framework of heat semigroup

Let us recall the framework of [14,15], applied to our sub-Laplacian operator L.
Let w € [0, r/2). We define the closed sector in the complex plane C by

Sw:={z€C, |arg(z)| <w}U{0}

and denote the interior of S,, by Sg. We set Hyo (Sg) for the set of bounded holomorphic functions » on Sg, equipped
with the norm

IIbIIHOO(sg) = ||b||Loc(sg)-

We assume that L is injective and of type @ on L2, for some w € [0, 7/2), which means that L is closed and its
spectrum o (L) C S, and for each v > w, there exists a constant ¢, such that

I =07, 2 <culal™
forall A ¢ S,.
As a consequence, we know that L is densely defined on L2, i.e. its domain

D(L):={f eL? L(f)eL?

is dense in L2.

In particular, it is well known that — L generates a holomorphic semigroup and we refer the reader to [14] and [27]
for more details concerning holomorphic calculus of such operators.

Let us now detail some other assumptions we make on the semigroup:

Assumption 1.11. There exists § > 1 with:

e For every z € Sy/2—, the linear operator e~?L is given by a kernel p, satisfying

! ( L e, y))‘d‘z’v“S
n(B(x, [z]'/2)) |z|1/2
where d is the homogeneous dimension of the space (see (2)) and N is the other dimension parameter (see (3));
N >0 could be equal to 0.

e The operator L has a bounded Hy,-calculus on L?. That is, there exists ¢, such that for b € Hoo(Sg), we can
define b(L) as an L2-bounded linear operator and

1) 5 > < collblloo- %

|p2(x, | S (6)

e The Riesz transform R := VL~ /2 is bounded on L” for every p € (1,00).

tL initially defined on L2, can be extended to L? for every p € [1, oo].

We note that assuming (6), the semigroup e~
Remark 1.12. The bounded Hao-calculus on L? allows us to deduce some extra properties (see [15] and [27]):
e Due to the Cauchy formula for complex differentiation, pointwise estimate (6) still holds for the kernel of

(tL)* e~ with t > 0.
e For any holomorphic function ¥ € H (SS) such that for some s > 0, | (2)| <

00 12
d
£ (/\w<rL>f!27’>

0

Iz|*
1+]z|%°

the quadratic functional

is L2-bounded.
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Remark 1.13. It follows from the L2-boundedness of the Riesz transform that for every integer k > 0 the quadratic
functional

1,2
Fo (/|,1/2m>k ’L<f)|2dt> ®)

is bounded on L2.
The spectral analysis associated to L relies on a suitable Calderén reproducing formula:

Proposition 1.14. (See [9, Thm. 2.3].) Since L is sectorial on L* (and so densely defined on L?), Assumption 1.11
yields the following spectral decomposition: for every f € LP, p € [1, co] and n an integer

f=

— / aLye ()

where the integral strongly converges in LP.

This proposition guarantees us a rigorous sense of such spectral decomposition, which we later use in this work.
Moreover, let us define the set

S:i={feLl'nL® vn>1, L"(f)e L' nL>}. )

Then for every function f € L' N L™, the pointwise estimate of the heat kernel and its time-derivative imply that for
every ¢t > 0 and every integer p >0, LPe~"L(f) € S. So we have the following corollary:

Corollary 1.15. The set S is dense into L? for every p € (1, 00).
About square functions, we have the following proposition:

Proposition 1.16. Under these assumptions, we know that the quadratic functionals in Remark 1.12 or in (8) are
LP-bounded for every p € (1, 00).

Proof. We mainly follow the arguments developed in [2, Chapter 6, Theorem 6.1]. The results proved there are very
general, even if they are only written in the context of operators having a divergence form. Indeed, this theorem states
that the considered functionals (appearing in Remark 1.12) are L?-bounded for every exponent p belonging to (1, co)
the range for which the semigroup e~*% is LP-bounded (and has off-diagonal decay). Composing with £2-valued
inequalities of the Riesz transform for p € (1, co) (due to its boundedness), we obtain the L? boundedness for the
functionals of the form (8). These arguments are developed in [2] using Gaussian-type estimates, which means that
(6) is supposed with exponentially decreasing kernels.

Let us explain why such decay is not necessary and (6) is sufficient. Let 7 be one of the square functions in
Remark 1.12. The proof of [2, point 1, Theorem 6.1] relies on Theorems 1.1 and 1.2 there, which generalize usual
Calder6n—Zygmund theory. Note that Theorem 1.1 was improved by [6, Theorem 5.5] as soon as we have (6). Using
this new version in [6] (when p < 2) and [2, Theorem 1.2] (when p > 2), the proposition is then reduced to the proof
of the following inequalities

! d —d—e¢
([ <(+4250) ()
tz

for some € > 0, every balls O, Q> of radius ¢ and every function f € L2(0»).
A careful examination of Step 3 in the proof of [2, point 1, Theorem 6.1] allows us to conclude (10) as soon as we
have enough decay in (6) with 6 > 0. O
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From now on, we will consider a doubling Riemannian manifold M satisfying Poincaré inequality (P;), lower
bound of the volume (Assumption 1.4) and a structure of sub-Laplacian generating a semigroup satisfying Assump-
tion 1.11 and with bounded Riesz transforms (Assumption 1.9).

2. Examples of such situations

In this section, we would like to give examples of situations where all these assumptions are satisfied. First we give
examples of Riemannian structure. Once the Riemannian structure is defined, we can consider any sum of square of
vector fields for L.

2.1. Examples of Riemannian structure

2.1.1. Carnot—Caratheodory spaces
Let £2 be an open connected subset of R? and ¥ = {¥ Y, a family of real-valued, infinitely differentiable vector
fields.

Definition 2.1. Let £2 and Y be as above. Y is said to satisfy Hormander’s condition in §2 if the family of commutators
of vector fields in ¥ (Y;, [Y;, ¥;], ...) span R4 at every point of £2.

Suppose that ¥ = {Yk},i"’: | satisfies Hormander’s condition in §2. Let Cy be the family of absolutely continuous
curves ¢ : [a,b] — £2, a < b, such that there exist measurable functions ¢;(¢),a <t <b, j=1,..., M, satisfying
YoM 2 <Tand ¢'(t) = YM, cj(1)Y; (¢ (1)) for almost every 1 € [a, b]. If x, y € £2 define

plx,y)= inf{T > 0: there exists ¢ € Cy with £(0) =x and ¢(T) = 1}.

The function p is in fact a metric in 2 called the Carnot—Carathéodory metric associated to Y. This allows us to equip
the space §2 with a sub-Riemannian structure. Then every Y; are by definition self-adjoint.

2.1.2. Lie groups

Let M = G be a unimodular connected Lie group endowed with its Haar measure diu = dx and assume that it
has a polynomial volume growth. Recall that “unimodular” means that dx is both left-invariant and right-invariant.
Denote by L the Lie algebra of G. Consider a family ¥ = {Y1, ..., Y} of left-invariant vector fields on G satisfying
the Hormander condition, which means that the Lie algebra generated by the Y;’s is £. By “left-invariant” one means
that, for any g € G and any f € C°(G), Y (14 f) = 14(Y f), where T, is the left-translation operator. As previously,
we can build the Carnot—Carathéodory metric on G. The left-invariance of the Y;’s implies the left-invariance of the
distance d. So that for every r, the volume of the ball B(x,r) does not depend on x € G and also will be denoted
V(r). It is well known (see [21,29]) that (G, d) is then a space of homogeneous type. Particular cases are Carnot
groups, where the vector fields are given by a Jacobian basis of its Lie algebra and satisfy Hormander condition. In
this situation, two cases may occur: either the manifold is doubling or the volume of the balls admit an exponential
growth [21]. For example, nilpotents Lie groups satisfy the doubling property [13].

We refer the reader to [30, Thm. 5.14] and [12, Section 3, Appendix 1] where properties of the heat semigroup are
studied: in particular the heat semigroup e~L satisfies Gaussian upper-bounds and Assumption 1.11 on the higher-
order Riesz transforms (Assumption 1.9) is satisfied too.

2.1.3. Carnot groups
A nilpotent Lie group is called Carnot group, if it admits a stratification. A stratification on a Lie group G (whose
g is its Lie algebra) is a collection of linear subspaces Vi, ..., V, of g such that

g=Vio---aV

which satisfy [V}, Vi] = V;4 fori =1,...,r—1and [V}, V,] = 0. By [Vj, V;], we denote the subspace of g generated
by the elements [X, Y] where X € V| and Y € V;. Consider n; the dimension of V;, d :=n; + --- 4+ n, and dilations
{85.}2>0 of the form

S (x) = (Ax(l), A2x@ )er(r))’ xDev;.
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The couple G = (G, 8;,) is called a homogeneous Carnot group (of step r and n| generators) if §, is an automorphism
of G for every A > 0 and if the first n; elements of the Jacobian basis of g, say Zi, ..., Z,,, satisfy

rank(Lie[Z, ..., Z,,](x)) =d, forallx €G, (11)

where Lie[Zy, ..., Z,,] is the Lie algebra generated by the vector fields Z, ..., Z,,. The number Q := Z?:l in; is
called the homogeneous dimension of G.

For example the Heisenberg group H? is a Carnot group of dimension Q = 2d + 2. We refer the reader to [20] for
an introduction of pseudo-differential operators in this context using a kind of Fourier transform involving irreductible
representations and to [4] for a complete work about pseudo-differential calculus on Heisenberg groups.

2.1.4. Riemannian manifolds with a bounded geometry
We shall say that a Riemannian manifold M has a bounded geometry if

e the curvature tensor and all its derivatives are bounded,
e Ricci curvature is bounded from below,
e and M has a positive injectivity radius.

In such situations, Assumption 1.11 and Poincaré inequality are satisfied (see [12] and [32]).
2.2. Examples of nonlinear PDEs

Let X = (X1, ..., Xix) be a collection of vector fields satisfying Hormander condition. Then, it is well known that
the associated heat semigroup has a heat kernel with Gaussian bounds. This was proved by Varopoulos in the context
of Carnot groups [33] and then extended by Fefferman, Jerison and Sanchez-Calle [31,16,25] without an underlying
group structure.

If we consider a collection of vector fields X C Y, where Y was the one used to build the Riemannian structure
(see the last paragraphs) then by construction the vector fields X; are self-adjoint and so is L. In this case, we can use
the C*° functional calculus as done in [24]. If the collection X is independent of Y then there is no reason for L to be
self-adjoint and we are restricted to only use holomorphic sectorial functional calculus as we aim to do here.

A standard PDE (whose numerous works deal with) to which our paralinearization result would apply is the fol-
lowing quasilinear wave equation on a Riemannian manifold:

0%u + Lu = | Xu|>F(u) (12)

where F € C°°(R). Then the Strichartz estimates which can be found in [26] together with the paralinearization
theorem (Theorem 7.4) allow to prove local well-posedness in H® Sobolev spaces with s large enough.

Other classical PDEs coming from fluids mechanic have a quadratic nonlinearity, which could be studied with the
paralinearization, for example Navier—Stokes equation, Euler equation with kinematic viscosity and more generally
Boussinesq systems.

3. The scale of Sobolev spaces
We use the Bessel-type Sobolev spaces, adapted to the operator L:

Definition 3.1. For p € (1, 00) and s > 0, we define the Sobolev space W7 = Wz’p as
WP =W, P = {feLP, 1+L)*(f)eLl}.

More precisely, since the subspace S defined in (9) is dense in every Lebesgue space, W*'? denotes the closure of S
relatively to the norm

I lwsr =1 Fllee + [ L+ LY 2H] -
Consequently the Sobolev spaces are Banach spaces and have a common dense subspace S, on which one can do

a priori computations, involving spectral decomposition or square functions.
First, we have this characterization:
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Proposition 3.2. For all p € (1, 00) and s > 0, we have the following equivalence: for every f € S

I fllr + L2 o = |+ L) f

Lpr*

Proof. This result is well known and can be proved using bounded holomorphic functional calculus in L”. For the
sake of completeness, we detail a proof using the previous quadratic functionals. Set o = s/2 and write « =k + 6
with k € Nand 6 € [0, 1). We decompose (1 4+ L)* with the semigroup as follows

A+L)f= /e*fe*fL(l + L)H*@dt—t(l + L)
0

o0 o0

= / et Ly Lk + / ety P LI+ L.
0 ! 0 '
The first integral operator is easily bounded on L” since the semigroup e’ is uniformly bounded. The second
integral operator is bounded using duality:
oo o
</e—te—tL(tL)1—0(u)£’g>=/e—t(e—tLﬂ(tL)%(u),e—tL*/Z(tL*)#g>£
0 ! 0 :
) 1/2 , © 1/2
S/(ﬂe—mﬁ(m)#(u)f?) (/‘e—’L*/z(tL*)#(g)‘2?> du.
0 0

Since (1 — «)/2 > 0, then the two quadratic functionals are bounded in L? and LY (by Proposition 1.16) and that
concludes the proof of

|+ r|,, STA+DFF] L, + IL°A+ D],

Then, developing (1 + L)*, we have a finite sum of ||L(f)||» with z € [0, a]. We decompose

00 1 .
L= [etanrnt = [ertans e [eton
0 0 1

The first quantity in L? is controlled by ||[L“(f)||z» and the second one by || f||Lr, which concludes the proof of
|+ L2 f ] Sl + [ L2 -

Let us now check the reverse inequality. As previously, for u =0 or u = o we write
r d
t
L' f = /e—’(1+L>(1 + L)L“t1+“7(1 +L)*f.
0

By similar arguments as above, the operator fooo e tU+0) (1 4 L)L”t1+"‘% is easily bounded on L” (splitting the
integral for t < 1 and ¢ > 1) and we can also conclude to

[2“D e STA+ D] o
which ends the proof. O

Corollary 3.3. For all p € (1,00) and 0 <t < s, we have the following inequality
12l STA+LY £l =1 f s

Let us then describe classical Sobolev embeddings in this setting (see [3] for a more general framework):
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Proposition 3.4. Under Assumption 1.4 (lower bound on the ball-volumes), let s > t > 0 be fixed and take p < q such
that

> .
q d p d
Then, we have the continuous embedding
WP s Whe,
We refer the reader to [3, Proposition 3.3] for a precise proof. The proof is based on a spectral decomposition. Then

we write the resolvent with the semigroup and then use the off-diagonal estimates (here the pointwise estimates on
the heat kernel).

Corollary 3.5. Under the previous assumption, WP < L as soon as
d

§>—.
p

We now recall a result of [3], where a characterization of Sobolev spaces is obtained, involving some fractional
functionals.

Proposition 3.6. (See [3, Thm. 5.2].) Under Poincaré inequality (Py), for s € (0, 1) we have the following character-
ization: a function f € LP belongs to W*'P if and only if

p,loc \ 1 14 e zdr %
SO f(x) = /|: <m f |f(y) f(x)\ dM()’)) i| s
0

belong to L?, for some p < min(2, p).
This characterization can be extended for s > 1, using the sub-Laplacian structure. Indeed, we have this first lemma:

Lemma 3.7. For every integer k and p € (1, 00),

I llwer = D X0 -

Proof. As pointed out in [12], this is consequence of Assumption 1.9 about the local Riesz transforms. Indeed, for
k > 1 and I a subset, we have assumed that the /-th Riesz transform R; are bounded on L7, which is equivalent to

1X1CH| o S UL Iz

Moreover, writing the Riesz transforms and the resolvent (which are all bounded on L?) as follows

K K
A+D"7?=0+0)""?0+L)=1+L)""*- Z(l + L) VX2 = +1L)"1? - Zﬁx
i=1 i=1

we conclude to the reverse inequality and so we have proved the desired result for k = 1. We let the details for k > 2
to the reader, the reasoning being exactly the same (writing a finite sum of higher-order Riesz transforms ...). O

We also deduce the following characterization (see Proposition 19 in [12]):

Proposition 3.8. Let s :=k + 1t > 1 (with k an integer and t € (0, 1)), then

feWs? & felLPandVIC{l,...,k}*, X;(f)eWhHP
— felLPandVIc(l,....k}*, S/(X/(f))eLP.
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We also deduce the following chain rule (see Theorem 22 in [12] for another proof by induction on k):
Proposition 3.9. If F € C*° with F(0) =0andlets :=k+1t > % (with p € (1,00), k an integer and t € (0, 1)). Then

|FO s SIS Twse + 1F Wyser-
If F(0) # 0, we still have such inequalities with localized Sobolev spaces.

Proof. We use the previous characterization of the Sobolev space with S for s = k -+ ¢. First using the differentiation

rule, it comes X; (F(f)) = X; (/)F'(f), then X ; X; (F(f)) = X; X; (HF'(f)+ Xi (/)X ;(f)F"(f). By iterating the
reasoning, for I C {1, ..., K}k , estimating X;(F(f)) in W7 is reduced to estimate quantities such as

I
h = [1‘[ Xia}(f)F(”)(f)
a=1

where iy, C I, n<kand)_ |ig| =|I| < k. Then for x, y, we have

|h(x) = h(y)| < Z\x,ﬁ(fxx) Xis(HOM] T S X (D@[F™ ] 1
atp T

+[ T sup | X, (D@ F(H @) = FO ()]
o TN

Since p < p let us choose exponents py, p, such that

1 1
- = D P < Pa
1Y o P
and
1 _ 1
14 o Do

Moreover we require that

1 ligl4t 1
il ¥t 15 (13)

Pa d p d

| 1]+t
lig |+t

This is possible since Y, |io| = |I| < s — and s > d/p (indeed we let the reader check that p, = p is a good

choice). Moreover, we chose exponents py, P, Pg and p such that
1 1 1
+

P “~P« P
As previously, we require (13) with p, instead of p, and
1 1
L (14)
p p d
Such exponents can be chosen by perturbing the previous construction with a small parameter since s > d/p. By
Holder inequality, we deduce that

Sy (h) <Zs”’* Xis (D) [T Mo Xie (D FP O o0
ap
+[ Mzl X (DOIST(F™ ().
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Since F is supposed to be bounded in C*, then F is Lipschitz and so, we finally obtain
S () S Zspﬁ Xis (D) [ Mo X (D FP O] o0
a#p
+ [ [Mz[Xi, (H]S7 ().
o

Then applying Holder inequality, we get

||Sp(h)||Lp§Z||S”ﬁ (Xis D)o T TIMa X5 OO o [F PO o
ot

+HHMp; [Xi, (O] s 1S O -

By (13) with Sobolev embeddings (Proposition 3.4), we have
| Mo [Xis OO e SN Wwtialre S S llwsor

and
|87 (Xig (O) | os S 1 Wtigtorng S 1 f lwsr.

So with (13) and (14), we finally obtain
IS2 ] Lo S 1 lwsr + 1 Wy

where we used s > d/p and the Sobolev embedding W*? C L> with the smoothness of F to control || F"™ ( f)]| 1.
Since F(0) =0 and F is Lipschitz, we also deduce that F(f) belongs to L?, which allows us to get the expected
result

VEH [yer ST o+ S USCEE) o SUFIwer + 1. O
1

Remark 3.10. If F € C* with F(0) =0 and s > d/p then we obtain
VFCO |yysr SN Iwsr + L ys.p-

It is sufficient to assume that F is locally bounded in C* and then the implicit constant will depend on || f|| .
Indeed, using Sobolev embedding, we know that as soon as s > d/p, W* is continuously embedded in L*°.

4. Paraproducts associated to a semigroup

Our aim is to describe a kind of “paralinearization” result. In the Euclidean case, this is performed by using
paraproducts (defined with the help of Fourier transform). Here, we cannot use such powerful tools, so we require
other kind of paraproducts, defined in terms of a semigroup. These paraproducts were introduced by the first author
in [7], already used in [3] and more recently extended in [17,18]. Let us recall these definitions.

4.1. Definitions and spectral decomposition

We consider a sub-Laplacian operator L satisfying the assumptions of the previous sections. We write for conve-
nience cq for a suitably chosen constant, ¥ (x) = coxNe™(1 —e™*) and so

Vi (L) = cotL)Ne (1 —eF),
with a large enough integer N > d /2. Let ¢ be the function

¢(x) _—CO/y e (1—-e)dy,

[e0]

P(x) = cony le™(1—e™)dy,
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and set ¢;(L) := ¢ (tL). Then we get a “spectral” decomposition of the identity as follows (choosing the appropriate
constant cg)

r
—/fi)(fL)fT‘
0

So for two smooth functions, we have

dsdud
/ ¢ LI (L) ¢/ (0L)g] ———.

s,u,v>0
Since ¢'(x) = ¥ (x) := coxVe (1 — ™) and x(¢) (x) = ¢’ (x), it comes that (by integrating according to f :=

min{s, u, v})

——/Iﬂ(tL)[fﬁ(tL)ffﬁ(tL)g] / ()| (tL)f¢(tL)g]7
0

$(L) ¢(tL)fw(tL)g] : 15)

Let us now focus on the first term in (15):
~ ~ dt
I(f.8)= / YD) fLIg]—

Since N > 1, let us write ¥ (z) = zlz with 17} (still vanishing at O and at infinity). Then using the structure of the
sub-Laplacian L, the following algebra rule holds

L(fg)=L(f)g+ fL(g) —2(X[f - Xg),
where X is the collection of vector fields X f := (X1 f, ..., X« f). Hence, we get

T - - d
I(f,g)= / W(IL)(IL)[¢(IL)f¢(fL)g]Tt

o0 d o0
/ (D[LFeL) fFuLig] S + / (tL) ¢<rL>er¢(rL>g]
0 0

e e]

dt
/ (L XUL)f - X¢<zL)g)
0

Combining with (15), we define the paraproduct as follows:

Definition 4.1. With the previous notations, we define the paraproduct of f by g, by

T - ~ d
y(f) = — / Tn[iLFan Feg]

v - d
/ (DL L)
0
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Remark 4.2. We first want to point out the difference with the initial definition in [7]. There, a general semigroup was
considered and the previous operation on the term / can be performed by computing the “carré du champ” introduced
by Bakry and Emery (see [5] for details)

I'(f, 8):=L(fg) = L(f)g — fL(g)

instead of the vector field X. However in [7], the paraproducts were only defined by the second term. This new
definition comes from the following observation: considering the quantity 7 (f, g) and distributing the Laplacian as
we have done (writing the “carré du champ”), three terms show up. The term J(tL)[tL(E(tL) f a(tL)g] has the same
regularity properties as g(tL)[l/f(tL)fa(tL)g] (in the sense that tLa(tL) can be considered as ¥ (¢L)). This also
legitimates to add this extra term in the definition of the paraproducts.

This new paraproduct is the “maximal” (in a certain sense) part of the product fg, where the regularity is given by
the regularity of f.

The following decomposition comes naturally:

Corollary 4.3. Let f, g be two smooth functions, then we have

f&=1g(f) +I1f(g) +Rest(f, g)

where the “rest” is given by

Rest(f,g) = 2[ L)t'*Xp(L) f, tl/zxa(tL)g)dt—t
0

4.2. Boundedness of paraproducts in Sobolev and Lebesgue spaces

Concerning estimates on these paraproducts in Lebesgue spaces, we refer to [7]:

1

Theorem 4.4 (Boundedness in Lebesgue spaces). For p,q € (1, 0o] with 0 < % =5

(f.8) = I (f)

is bounded from LP x L4 into L.

1
+ 7 then

Let us now describe boundedness in the scale of Sobolev spaces.

Theorem 4.5 (Boundedness in Sobolev spaces). For p,q,r € (1, 00) with % = % + 5 and s € (0; 2N — 4) then
(f,8) — (f)

is bounded from WP x L4 into W5,

Proof. It is sufficient to prove the following homogeneous estimates: for every 8 € [0, N — 2)

ILP . (H] . SILP O o lglzs-

By density, we may only focus on functions f, g € S (see (9)). For 8 = 0, this is the previous theorem so it remains
to check for 8 € (0, N — 2). We recall that

Oo~ ~ ~ d
Mo(f) = — / Tan[rLder) f3urrg)

/ (iL) 1//(tL)f¢(tL)g]
0
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giving rise to two quantities, I7 gl (f)and IT gz( f). Indeed, applying L? to the paraproduct 17;( f), it yields

o]

~ ~ d
v = [ 1Fenlvan fFue)

0\8 0\8 o

— _p ~ dt
Y(tL)[t w(rL)f¢(rL>g]7

— ~ e dt
VD[V eDLE fotL)g]—,

where we set Y (z) =2P$(z) and J(z) =z Py (z). So if the integer N in ¢ and v is taken sufficiently large, then ¥
and ¢ are still holomorphic functions with vanishing properties at 0 and at infinity. As a consequence, we get

LPI,(f) =T (LP f)

with the new paraproduct I7 built with 1 and 1; We also apply the classical reasoning aiming to estimate this
paraproduct. By duality, for any function 2 € S C L” we have (since Proposition 1.14)

T - ~ d
(LEIT2(f), ) = / / LT (1P N)FaLrs du
0

00 1/2 , 1/2
— d ~ d ~
g/(/h//(tL*)h]th) </|w(tL)(Lﬂf)’27t> sup|¢)(tL)g|du.
0 0 t
From the pointwise decay on the semigroup (6), we know that
Sup| (1 L)g ()| < M()(x)

and so by Holder inequality

(e ety

Since ¥ and J are holomorphic functions vanishing at 0 and having fast decay at infinity, we know from (1.16) that
the two square functions are bounded on Lebesgue spaces. We also conclude the proof by duality, since it comes

(LPITZ(f). h)l IMgllza.

LP

(L2 (). h)| < Ml

LPf|, lglLe.

We let the reader check that the same arguments still holds for the first part 7 ; (f) and so the proof is also finished. O
5. Paralinearization theorem

Theorem 5.1. Consider s € (d/p, 1) and f € WST¢P for some € > 0. Then for every smooth function F € C*®(R)
with F(0) =0,

F(f)y=Hp () +w (16)

with w € Wx—d/p.p,

We follow the proof in [10,28,8].
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Proof of Theorem 5.1. Let us refer the reader to the operators ¢>(tL) and Y (zL), defined i in Section 4.1: Y (x) =
coxNe (1 —e™), ¢ is its primitive vanishing at infinity. Let us write w(z) =z V() and d) its primitive vanishing
at infinity. Moreover these functions are normalized by the suitable constant c( such that qb(O) =1.

First, since L is densely defined in L2, Eq. (6) yields that (e L), converges to the identity operator when t — 0,
in L? (see the proof of [9, Theorem 2.3]). So by commuting with the Bessel potential (1 + L) *2° it follows that for
f c Wstep

f= 1ing)$(tL)(f) € witer
—

and so we decompose

1

F(f)=L)F($(L)f) —f

0

G(L)F(p(tL) f)dt

&|Q‘

Since

d ~ ~ ~ ~ ~ ~ ~
ra¢(rL>F(¢<rL)f) =1L’ tL)F (L) f) +dGL)[(tL' (tL) f)F'($(tL) f)]
= ¢ (tL)F(¢(tL) f) + ¢ L)[(¢' L) f)F'($tL) f)].

we get

~ / (T dr
F(f)=¢L)F(SL)f)— | ' GLL[F($(L)f)]+dGL)[(¢'tL) f)F (¢(rL)f)]7

O\_

=F(L)f)— | Fa[F"(@aL)f)|2XPaL) f|* + F(GL) f)LGL) f]

O\

+@UL)[(¢'(tL) f)F (¢ (tL)f)]
where we used the differentiation rule for the composnion with the vector fields X = (X1, ..., X,). We also set
w:=1+14+1014+1V+V

with

1:=¢(L)F($(L)f),
1

~ ~ ~ d
- / ¢ F’/(«ﬁ(tL)f)|t1/2X¢<tL)f|2]7’
0

/ 7e -~ dr
= [ aL[FCLIF'(f) = F'($eL) f))LgeL) f]--

O\H

~ ~ ~ d
¢<rL)[(¢ (L) f)(SCL)F'(f) = F’(¢(tL)f))]7t

||
S — _

and

e ¢]

dt
- / (D[LFEL) FFCLF (D] +

~ ~ , dt
L)Y (L) fP(tL)F (f)]T

in order that (16) is satisfied. It remains to check that each term belongs to w2s—d/p.p,
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Step 1: Term 1. _
Since f € WST€P then ¢(L) f belongs to W*-? for every p > s + € and so Proposition 3.9 yields that

|QLYF(BWL)f) | yaarns SN F Nwsren.
Step 2: Term V.

We only treat the first term in V (the second one can be similarly estimated). Using duality, we have with some
g€ L? andfora €{0,2s —d/p}sincea >0andt > 1

drdp
t

|y, < / / L) (11)g [t LB L) FFCLYF' ()|
1

<

o0 12
( / \rL&(rL)f«%‘(rL)F’(mz?)
1

SUfllze sggnawmf) | oo
(>

LP

where we used the boundedness of the square function. Then we conclude since 5 (tL)F’(f) is uniformly bounded
by ||F'(f)I|l Lo which is controlled by || f || ws.» (due to Sobolev embedding with s > d/p and Proposition 3.9).

Indeed our problem is to gain some extra regularity (from s to 2s — d/p) so the main difficulty relies on the study
of the “high frequencies” and not on the lower ones.

Step 3: Term I1.
By duality and previous arguments, we get
1

12
~ dt
</t_2s+d/p|ll/2;(¢(tL)f|4 t )

0

||”|| W2s—d/p.p <

~

—+
Lr

Lp

1 J 172
</|t1/2X$(tL)f|47t>
0

where we decomposed the norm in its homogeneous and inhomogeneous parts and then used uniform boundedness
of F"(¢(tL)f). Since (using L?”-boundedness of the Riesz transforms, see Assumption 1.9 and Sobolev embedding)

IXQUL) | oo SNXPCLYF | yaspsens
S|LY2eany £, + |LYFERReaLy £,
ST f sy 4 0272022 £y
< ts/2—d/2p—e/2—l/2”f“WH,
where we used ¢ < 1. Finally it comes,
1

1/2
e ~ zdl‘
Il ys-amr S ( f 152X L) f| 7)

0

Lr

1 1/2
< </|(IL)1/2—(s+e)/2$(tL)L(x+e)/2f|2ﬂ>

0 ' Lr
SIS llws+er,

where we used s < 1 and the boundedness of the square function.

Step 4: Terms /1] and IV.
For these terms, we follow the reasoning of the Appendix of [10]. Using the Mean value Theorem, we have

|QGLYF'(f) — F' (L) f)| < |($GL) — 1) F'(f)| +|(¢tL) — 1) £].
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So using similar arguments as previously, we get (with h = F'(f) and h = f)

1/2
| y2s-aspp < ( |$(tL)F/<f>—F’(%(tL)f)|2|tL$<rL>f|2r”WW%)

(

1
(/ guL) 1
(tL)*
0

|20, S Ikllwss

Lr

N

1/2
|((eL) — I)h}2|tLq~5(tL)f}2t25+d/17?)

Lr

A

St O~ °o— _

1/2
[CO I)h}zt_“?)
zdt 1/2
T

HfL(;(fL)fHLoo < H (IL)I—Y/Za(tL)(IL)Y/Zf”LOO 5 t—d/(2[7) ” (IL)Y/zf‘|Lp S t—d/(Zp)+‘v/2”f” Wsp (17)

LP

A

LP

AN

where we used s < 2, which yields

and the boundedness of the quadratic functional associated to the function % which is holomorphic and vanishing

at 0 and at oo (see Proposition 1.16). We conclude the estimate of III since h = f or h = F'(f) belongs to W*”. The
term [V is similarly estimated. O

Corollary 5.2. The diagonal term Rest (defined in Corollary 4.3) is bounded from LP x L4 into L" as soonas p,q €
(1, 00] with 0 < % = % + é Moreover for p € (1,00), € > 0 as small as we want and s > d/p (withs < (N —2)/2),
then

IRest(f, @) | yas-amp S IS llwsterligllwstenr.

Proof. Apply Theorem 5.1 to the quantities f + g and f — g with F(u) := u?. Then the polarization formulas give
that Rest(f, g) has the same regularity has w in Theorem 5.1. O

Remark 5.3. Usually, we have a gain of regularity of order s —d/ p for this quantity. Here we have a gainof s —d/p —¢€
for every € > 0, as small as we want.

The previous result only holds for functions with low regularity since s € (%, 1), which is quite constraining
but inherent to the method employed here. We state below an extension for higher-order Sobolev spaces, with a
modification of the paraproduct operator.

To legitimate the definition of the paraproducts (just before Definition 4.1 and Remark 4.2), we have developed
(tL)($(lL)f¢~S(tL)F’(f)) using the Leibniz rule of the Laplacian L(fg) = L(f)g —2(X(f), X(g)) + fL(g). Now
for M << N, it is possible to do the same operation and develop powers of the Laplacian. Indeed, there exist multi-
linear differential operators (7); such that for smooth functions F' and &, we have

(LYMF(hy =Y Tj(h, F'(h), ..., F*M~D(n))
j

+ FMD (| 1725 PM

Then, we may define a “higher-order” paraproduct as follows:



FE Bernicot, Y. Sire / Ann. I. H. Poincaré — AN 30 (2013) 935-958 953

dt
t

.....

. N d
- / Fan VL) L]
0

Reproducing the previous reasoning, we may prove

Theorem 5.4. Consider M << N, s € (%, M) and f € W¥TSP for some € > 0. Then for every smooth function
F € C®(R) with F(0) =0,

F(f)= H%F’(f),...,F(ZM*”(f)(f) +w

with w € Wx—d/p.p,

We let the detailed proof to the reader. Indeed the rest w should be decomposed as previously. Each term appearing
in the decomposition may be bounded, as we did for M = 1 since they only involve quantities as |$(tL)F ®fy -
F (k) (5 (tL) f)| and other differential operators on 5 (L) f. The key idea is that now the multilinearity of the operator
T; will be sufficiently high to involve sufficiently such differential terms, each of them bringing a positive power of ¢
as shown in (17).

As explained in [10] (see its Appendix 1.3, Theorem 38), a vector-valued version of the preceding result allows us
to prove the following theorem:

Theorem 5.5. Consider s € (d/p, 1), f € WStkP and a smooth function F(x,uy,...uy) € C*(M x RYY wirh
F(x,0,...,0) =0. Then by identifying {1, ..., N} with a set of multi-indices {a1, ...,an} (and |o;| < k), we can
build

xeM— F(x,Xalf(x),...,XaNf(x)) (18)
which belongs to W*P. Moreover,
N
F(x, Xo, f(X), ..., Xay f(0)) = Zn[au[ F10r,Xay f (@), Xay f0) (X ) (X) +w(x) (19)

i=1

with w € W2—4/p-p,
6. Propagation of low regularity for solutions of nonlinear PDEs

As in the Euclidean case, paralinearization is a powerful tool to study nonlinear PDEs and to prove the propagation
of regularity for solutions of such PDEs. Let us try to present some results in this direction in our setting of Riemannian
manifold.

Let us consider a specific case of nonlinear PDEs for simplifying the exposition: let F'(x, u1, ..., tx+1) € C°(M X
R**1) be a smooth function with F(x,0,...,0) = 0. Then by identifying {1, ..., x + 1} with a set of multi-indices
{0,1, ..., k}, we deal with the function

F(f,Xf):=xeM— F(x, fx), X1 f(x), ..., X, f(x)) (20)
for some function f. That corresponds to the case N =« + 1, k=1 withe; =0and o; = X;_ fori =2,..., N+ 1
in (20).
Theorem 6.1. Consider s € (d/p, 1), f € WP and a smooth function (as above) F(x,uy, ... ,uy) € C®(M x

RN with F(x,0, ...,0) =0 and assume that f is a solution of

F(f, Xf)(x) =0.
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Consider the vector field

Kk+1

) =Y [0y, F1(x, f&), X1 £ (), ... X f (1) X

i=2
Then, locally around each point xo € M in “the direction I'”, the solution f has a regularity W*11P-P for every
p > 0 such that
o <min{l,s —d/p}.

In the sense that

Kk+1

U(f) =Y [0 F1(x, f ), X1 £ (), .., X fOO)LETPPX (f) e LP.

i=2

Such results can be seen as a kind of directional “implicit function theorem”, where the regularity of F(f, Xf)
implies some directional regularity for f (in the suitable direction, where we can regularly “invert” the nonlinear
equation).

Proof of Theorem 6.1. The previous paralinearization result yields that

K

Y M, Fiexn (Xi(f)) € WP,
i=I

which gives

K

Tr(f) =) I, Fiexn(LOXif) € LY,
i=1

where I7 is another paraproduct. Indeed

~ T ~ ~ ~ d
Iy(a) = —/(tL)“iﬂ(tL)[(tL)17°‘¢(tL)a¢(tL)b]7t

v ~ _ ~ dt
- / (L FaD [y aLadaLw]
0

where we have taken the notations of the definition for the initial paraproduct I7 (see Definition 4.1). Then, we want
to compare this quantity to the main one: U (f). So let us examine the difference. Since for every constant ¢, we have

of = (f) = LT (L™ f) = [I.(f),

it comes

U =D I, Ficreo.xroon (L X f) (),

hence

Tr(f)(x) = U(f)x) =Y I, (XL f)(x)

i=1

with Aix () = [0y, F1(S, Xf) — [0u; FI(f (x), Xf (x)). It remains to check that for each integer i, the function
X — H/\l,.\ (X; (1 + L) f)(x) belongs to L?. Let us recall that
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I, (Xi(1+ L) f)(x) = f tL)*Y(L)[(tL)' ™ $(L)X; L“f¢<tL)A,x]<x>

oo
~ _ ~ dt
- /(IL)“¢(IL)[I “Iﬁ(tL)XfL“f¢(lL))»i,x](X)7-
0
Let us study only the first term / (the second one being similar):

o0

~ ~ ~ d
= /(IL)“I/f(tL)[(tL)l_“tb(tL)XiL“f¢>(tL))»i,x](X)7t'

M(y) dt

T 1 d(x.y)\" I-a «
< ffM(B(x,t,m)) <1+ Py ) |(tL) PUL)X; L f (V)]G LN x (v) | ——
0 M

o]

s / 22" ][ (L) FEL)X L f || LI ()]

0 Jj=0

du(y)dt
—

C(x,2/1=1/2)
where we set C(x, 2/t~"/2) = B(x,2/"1t71/2)\ B(x,2/17!/?) and by convention |C (x, 2/¢~1/2)| = |C(x, 2/~ 1/%)|.
Now, for y € B(x, 2/¢=1/2) we have

—d—s
|$(Z‘L))»i,x()’)|§; 1+d(y’Z) |[3u. FI1f, X ) () — [0y, F1(f, Xf)()C)|d,u(z)
1(B(y, t1/2)) 1172 i+ i+

S 2 ][ |H(z) — H)|du(2)
k}() C(y‘zk-%—jtl/Z)
<y ][ |H(2) = H)| dp(2)

k=0 5(x’2k+jtl/2)

with H :=[d,,,, F1(f, Xf) and C another systems of coronas. So we get
)
15y 27t f ( ][ |(tL)' =" (tL)X; L £ (y))| dM(y)>
k,j=0 0 B(x.2it-1/7)

d
x < ][ \H(z)—H(x)!du(z))TI

B(x,2k+-/tl/2)

< ) aeHe / M[r‘”l(rL)‘°‘¢7<tL>x,-L°‘f|](x)(r‘/2 ][ |H<z>—H<x>|du<z>)$
0

k,j=0 B(x,28+i11/2)

Using Cauchy—Schwarz inequality, we also have

1/2
1<y a7kbi- 6)(//\4 [(V2( L)' =L)X L f](x)>— )

k,j=>0
24 1/2
f‘( ][ |H(z)—H(x)|du(z)> 7’)

B(x,2k+-ftl/2)

[e¢]

X(/

0
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00 1/2
S Z 2_k(5_1)_j(d_8_1)(/-M[tl/z(tL)l_aa(tL)XiLaf](.x)Z?)
0

k,j=0

00 2 4 172
x (/t_1< ][ |H(z)—H(X)|d/L(Z)) 7)

0 B(x,11/2)

00 12
< ( / Mt 2 L)' ™ $(L)X; (1 +L>“f]<x>2?)
0

o0

X(/

0

12
d
! ][ |H<z>—H<x)|du(z>)27t> ,
B(x,t1/2)

where we have used a change of variables and § > d 4+ 1. So using exponents g,r > p (later chosen) such that
1 % + }, boundedness of the quadratic functional on the one hand and on the other hand Fefferman—Stein inequality
f:)r the maximal operator, it comes

T 24\’
(/t‘( / |H(z)—H(x)|dM(z)> 7)

0 B(x,11/2)

e S 1f lw2ea

Lr
Then, using the characterization of Sobolev norms (using this functional, see Proposition 3.6), we conclude to

I llze S Lf e 1 H [Ty
We also chose exponents ¢, r such that
I 2« 1 s+1 1 1 1 s
> and ———->———,
qg d p d r d p d
which is possible since % < % because of the condition on p. Then Sobolev embedding (Proposition 3.4) yields

that WS1L.P < W2%4 and WP < W'"_ Finally, the proof is also concluded since we obtain

I 0Lr S llws+rp LH lwsp,
which is bounded by f € WSt1-P (due to H := [0u; ., F1(f, X f) with Proposition 3.9). O

We let the reader write the analogous results for higher-order nonlinear PDEs.

Remark 6.2. Let us suppose that the geometry of the manifold allows us to use the following property: For o > 0, the
commutators [X;, (1 + L)%] are operators of order 2¢«, which means that for all p € (1, 00) and s > 0, [X;, (1 + L)*]
is bounded from W*+2%P to W*P,

This property holds as soon as we can define a suitable pseudo-differential calculus with symbolic rules: in partic-
ular, this is the case of H-type Lie groups, using a notion of Fourier transforms based on irreductible representations,
see [4,20].

Under this property, we can commute the vector field X with any power of the Laplacian and so with the same
statement than in the previous theorem, we obtain that

ra-n= ferr.

This new formulation better describes the fact that f € WS+#*1.P along the vector field I'.
7. Extension of results to Besov spaces

In this section, we aim to explain how the previous results can be extended to Besov spaces (instead of Sobolev
spaces).
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Definition 7.1. Let p, [ € (1, c0) and s > 0 then we define the Besov space B;’I by its norm:

1

1
s dr\'
1Ay, = e (O Lo + / ||r—f(rL>Ne—’Lf||’L,,7 ,
0

where the definition does not depend on the parameter N as soon as 2N > s (see [ 19, Proposition 12]). More precisely,
the Besov space is defined as the completion of the space S relatively to this norm.

We refer the reader to a recent work [9], where the authors present a general study of Besov spaces associated to a
semigroup of operator.
Using duality, we then have the following lemma:

Lemma 7.2. Consider a sequence of functions ( f,)uec(0,1) and formally define F := fol (uL)NeuL (fu)ffd—“ then for
s € (0, N), we have

1

1
7
_s | du
IFlgs, < /||u Sl
0
as soon as the right-hand side is finite.

Then, we let the reader check that the results can be proved with these spaces, using this technical lemma. It is even
more easy, since we have not to deal with quadratic functionals and just estimate each term appearing in the spectral
decomposition. We also have

Theorem 7.3 (Boundedness in Besov spaces). For p,q,r,l € (1, 00) with % = % + é and s € (0, 1) then

(f.8) = Iy (f)

is bounded from B;,l x LY into B;J.

Theorem 7.4. Consider s € (d/p, 1) and f € B‘;:f for some € > 0. Then for every smooth function F € C*°(R) with
F(0)=0,

F(f)y=Hp ) (f)+w

2s—d/p

with w € Bp’l

References

[1] L. Ambrosio, M. Miranda Jr., D. Pallara, Special functions of bounded variation in doubling metric measure spaces, in: Calculus of Variations:
Topics from the Mathematical Heritage of E. De Giorgi, in: Quad. Mat., vol. 14, Dept. Math., Seconda Univ. Napoli, Caserta, 2004, pp. 1-45.

[2] P. Auscher, On necessary and sufficient conditions for L? estimates of Riesz transforms associated to elliptic operators on R” and related
estimates, Mem. Amer. Math. Soc. 186 (2007) 871.

[3] N. Badr, F. Bernicot, E. Russ, Algebra properties for Sobolev spaces — Applications to semilinear PDE’s on manifolds, J. Anal. Math. 118
(2012) 509-544, arXiv:1107.3826.

[4] H. Bahouri, C. Fermanian-Kammerer, 1. Gallagher, Phase Space Analysis and Pseudodifferential Calculus on the Heisenberg Group,
Astérisque, vol. 342, Société Math. de France, 2012.

[5] D. Bakry, M. Emery, Diffusions hypercontractives, in: Lecture Notes in Math., vol. 1123, 1985, XIX: 12, pp. 177-206.

[6] F. Bernicot, J. Zhao, New Abstract Hardy Spaces, J. Funct. Anal. 255 (2008) 1761-1796.

[7] F. Bernicot, A T'(1)-Theorem in relation to a semigroup of operators and applications to new paraproducts, Trans. Amer. Math. Soc. 364
(2012) 6071-6108, available at arXiv:1005.5140.

[8] J.M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles non linéaires, Ann. Scient. E.N.S. 14
(1981) 209-246.

[9] H.-Q. Bui, X.T. Duong, L. Yan, Calder6n reproducing formulas and new Besov spaces associated with operators, Adv. Math. 229 (4) (2012)
2449-2502.

[10] R.R. Coifman, Y. Meyer, Au-dela des opérateurs pseudo-diffefentiels, Astérisque, vol. 57, Société Math. de France, 1978.



958 FE Bernicot, Y. Sire / Ann. I. H. Poincaré — AN 30 (2013) 935-958

[11] R. Coifman, G. Weiss, Analyse harmonique sur certains espaces homogenes, Lecture Notes in Math., vol. 242, 1971.

[12] T. Coulhon, E. Russ, V. Tardivel-Nachef, Sobolev algebras on Lie groups and Riemannian manifolds, Amer. J. Math. 123 (2001) 283-342.

[13] N. Dungey, A.EM. ter Elst, D.W. Robinson, Analysis on Lie groups with polynomial growth, Progress in Mathematics, vol. 214, Birkduser
Boston Inc., Boston, MA, 2003.

[14] X.T. Duong, L. Yan, Duality of Hardy and BMO spaces associated with operators with heat kernel bounds, J. Amer. Math. Soc. 18 (4) (2005)
943-973.

[15] X.T. Duong, L. Yan, New function spaces of BMO type, the John—Nirenberg inequality, interplation and applications, Commun. Pure Appl.
Math. 58 (10) (2005) 1375-1420.

[16] C. Fefferman, A. Sdnchez-Calle, Fundamental solutions for second order subelliptic operators, Ann. of Math. 124 (2) (1986) 247-272.

[17] D. Frey, Paraproducts via H°°-functional calculus and a T(1)-Theorem for non-integral operators, Phd thesis, available at http://digbib.
ubka.uni-karlsruhe.de/volltexte/documents/1687378.

[18] D. Frey, Paraproducts via H°°-functional calculus, available at arXiv:1107.4348.

[19] G. Furioli, C. Melzi, A. Veneruso, Littlewood—Paley decompositions and Besov spaces on Lie groups of polynomial growth, Math.
Nachrichten 279 (2006) 1028-1040.

[20] I. Gallagher, Y. Sire, Besov algebras on Lie groups of polynomial growth and related results, available at arXiv:1010.0154.

[21] Y. Guivarc’h, Croissance polynomiale et périodes des fonctions harmoniques, Bull. Soc. Math. France 101 (1973) 333-379.

[22] L. Hérmander, Hypoelliptic differential operators, Ann. de I’Inst. Four. 11 (1961) 477-492.

[23] L. Hérmander, Hypoelliptic second order differential equations, Acta Math. 119 (1967) 147-171.

[24] O. Ivanovici, F. Planchon, On the energy critical Schrodinger equation in 3D non-trapping domains, Ann. I. H. Poincaré - A.N. 27 (2010)
1153-1177.

[25] D.S. Jerison, A. Sancher-Calle, Estimates for the heat kernel for a sum of squares of vector fields, Indiana Univ. Math. J. 35 (1986) 835-854.

[26] L. Kapitanskii, Some generalizations of the Strichartz—Brenner inequality, Leningrad Math. J. 1 (1990) 693-726.

[27] A. Mclnstosh, Operators which have an Hxo-calculus, in: Miniconference on Operator Theory and Partial Differential Equations, Proc. Centre
Math. Analysis, ANU, Canberra, vol. 14, 1986, pp. 210-231.

[28] Y. Meyer, Remarques sur un théoreme de J.M. Bony, Suppl. Rendiconti del Circ. Mate. di Palermo 1 (1980) 8-17.

[29] A. Nagel, E.M. Stein, S. Wainger, Balls and metrics defined by vector fields I: Basic properties, Acta Math. 155 (1985) 103-147.

[30] D.W. Robinson, Elliptic Operators and Lie Groups, Oxford Univerisity Press, 1991.

[31] A. Sanchez-Calle, Fundamental solutions and geometry of sum of squares of vector fields, Inv. Math. 78 (1984) 143-160.

[32] H. Triebel, Spaces of Besov—Hardy—Sobolev type on complete Riemannian manifolds, Ark. Mat. 24 (1986) 299-337.

[33] N.Th. Varopoulos, Analysis and nilpotent groups, J. Funct. Anal. 66 (1986) 406—431.


http://digbib.ubka.uni-karlsruhe.de/volltexte/documents/1687378
http://digbib.ubka.uni-karlsruhe.de/volltexte/documents/1687378

	Propagation of low regularity for solutions of nonlinear PDEs on a Riemannian manifold with a sub-Laplacian structure
	1 Preliminaries: Riemannian structure with a sub-Laplacian operator
	1.1 Structure of doubling Riemannian manifold
	1.1.1 The doubling property
	1.1.2 Poincaré inequality

	1.2 Framework of sub-Laplacian operator
	1.3 Framework of heat semigroup

	2 Examples of such situations
	2.1 Examples of Riemannian structure
	2.1.1 Carnot-Caratheodory spaces
	2.1.2 Lie groups
	2.1.3 Carnot groups
	2.1.4 Riemannian manifolds with a bounded geometry

	2.2 Examples of nonlinear PDEs

	3 The scale of Sobolev spaces
	4 Paraproducts associated to a semigroup
	4.1 Deﬁnitions and spectral decomposition
	4.2 Boundedness of paraproducts in Sobolev and Lebesgue spaces

	5 Paralinearization theorem
	6 Propagation of low regularity for solutions of nonlinear PDEs
	7 Extension of results to Besov spaces
	References


