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Abstract

We give the details of the proof of equality (29) in Caponio et al. (2010) [3].
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Résumé

On donne les détails de la preuve de I’équation (29) dans Caponio et al. (2010) [3].
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In [3, Eq. (29)], we claim that the relative homology groups H*(Erx N O*, Efx N O* \ {0}) and H*(E"C N
0*, E¢ N OF \ {0}) are isomorphic, where, we recall, X = C(l)([O, 11, U), U is a neighbourhood of 0 € R",
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E: Hol([O, 1,U) - R, E"(x) = fol G(s, x,x)ds,0e H(}([O, 1], U) is a non-degenerate critical point of E, c= E"(O),
£¢ = {x € Hi ([0, 1], U) | E(x) < ¢} and O* is a neighbourhood of 0 in H(} ([0, 1], U).
For this we refer to the following result by Palais [12, Theorem 16]:

Theorem 1. (See Palais [12].) Let Vi and V3 be two locally convex topological vector spaces, [ be a continuous
linear map from Vy onto a dense linear subspace of Vo and let O be an open subset of V> and O = f~1(0). If V;
and V» are metrizable then f = f‘ 5 : 0 — O is a homotopy equivalence.

As a consequence, if E is a Banach space which is dense and continuously immersed in a Hilbert space H and
(A, B) is a pair of open subsets of H with B C A, then the relative homology groups H (A, B) and H, (A, B), where
A=ANEand B=BNE,are isomorphic.

In this addendum we would like to make clear how the above result can be applied to get

H,(Efy N O*, Efy N 0*\ {0}) = H,(E° N 0%, E° N 0*\ {0}).

Although it is not difficult to find some open subsets which are homotopically equivalent, with respect to the H'
topology, to the ones involved in the computations of the critical groups (cf., for example, [5, Ch. III, Corollary 1.2]),
it is not trivial to ensure, after applying Palais’s result, that the intersections of these subsets with X continue to be
homotopically equivalent in the C! topology.

Actually, the equality between the critical groups of a Dirichlet functional with respect to the H! and C! topology
is not a novelty (cf. [5,6,10]). Anyway, there are some issues for the functional E that we would like to point out.
First, E is not C2 with respect to the H' topology (this is a very general phenomenon for smooth, at most quadratic
in the velocities Lagrangians, cf. [1, Prop. 3.2]); moreover, as G is not everywhere twice differentiable, E is not also
twice Gateaux differentiable at any non- G- -regular curve (see Definition 2). Secondly, although its flow is well defined
on X, the gradient of E is not of the type identity plus a compact operator, thus we cannot immediately state that it
possesses the retractible property in [4, §I11], which ensures that the deformation retracts involved in the computation
of the critical groups are also continuous in X, where the Palais—Smale condition does not hold. To overcome this
problem, we extend a result in [1], constructing a smooth vector field, which is a pseudo-gradient in % \ B(O, r),
where 7 is a neighbourhood of 0 in H(} (0,11, U) and B(O, r) is the closure of a ball, and whose flow satisfies the
retractible property.

The proof we give in the next section (without Lemma 4, which becomes superfluous) also holds for any smooth
Lagrangian on [0, 1] x T M, where M is a finite dimensional manifold, which is fiberwise strongly convex and has
at most quadratic growth in each fibre. We can also consider, with minor modifications, more general boundary
conditions as the curves joining two given submanifolds in M. The Lagrangian action functional will be then defined
on the Hilbert manifold of the H! curves between the two submanifolds. As we have already mentioned above,
such functional is in general not C2. Assuming that at least one of the submanifolds is compact and that all the
critical points are non-degenerate, we can obtain, as in [3, Theorem 9], the Morse relations for the solutions of the
corresponding Lagrangian system. In this case, the number of the conjugate instants along a geodesic, counted with
their multiplicity, is replaced by the number of the “focal instants” with respect to one of the two submanifold (counted
with multiplicities) along a solution plus the index of a bilinear symmetric form related to the other submanifold [7].
We recall that a Morse complex for the action functional of such kind of Lagrangian, whose homology is isomorphic
to the singular homology of the path space between the two submanifolds, has been obtained in [1].

2. Proof of the isomorphism between the critical groups in H! and C!

We recall that the Lagrangian G: [0, 1] x U x R" — [0, 4-00) is given by
G(t,9,y) = F*(¢(t,9), dp(t, )[(1, n)]),

where F is a Finsler metric on the n-dimensional smooth manifold M and ¢: [0, 1] x U — M is defined as ¢(¢, q) =
eXp,, () Fr(¢); here, exp is the exponential map with respect to any auxiliary Riemannian metric 2 on M, yp is the
geodesic of (M, F) in which we want to compute the critical groups, P;:U — Ty, M is given by P, (q1,...,qn) =
Z?:l qiE;(t), where {E;}ic(1,...n) are n-orthonormal smooth vector fields along yp and U is the Euclidean ball of
radius p/2, where p is the minimum of the injectivity radii (with respect to the metric ) at the points y (¢), ¢ € [0, 1].
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The set Z where G is not twice differentiable is defined by the equation dg(¢, ¢)[1, y] = 0 and then it corresponds
to the subset of [0, 1] x U x R" where the Lagrangian é(t, q,y)= Fz(go(t, q),de(t, q)[(1, y)]) vanishes. We recall
also that for each (¢, ¢) € [0, 1] x U there is only one y € R" such that dp(¢, ¢)[(1, y)] = 0. Indeed, do(t, ¢)[(1, y)] =
0p(t,q) + 9,0(t, g)[y] and, as 9,¢(t, g) is one-to-one, y € R" is the only vector such that

A (t, Oyl =—0p(t, q).

We recall also that the ¢ defines a smooth injective map ¢ : HO1 ([0, 11, U) — £2py,q0 (M), 0:(x)(t) = @(t, x(2)),
such that E = E o @4, where E is the energy functional of F,ie. E(y) = % fol Fz(y, y)dt and £2 4, is the Hilbert
manifold of the H! curves on M between po and go. Observe that the curve of constant value 0 is mapped by s to
the geodesic yy (hence 0 is a critical point of E).

From the fact that F? is fiberwise positively homogeneous of degree 2 and ¢ is a smooth map, it follows that there
exists a constant ¢y, depending only on U, such that

1Gaq(soa. || <ci(T+1y17).  [GoyGoa. »|| <ci(l+1yl),  [GyyGs.q. )| <er, (1)

for every (s,q,y) €[0,1] x U x R" \ Z, where | - | and || - || are, respectively, the Euclidean norm and the norm of
bilinear forms on R”.
Moreover, since F? is fiberwise strongly convex, there exists a positive constant ¢, such that

Gyy (s, q, Y)w, w] = cowl?, )
for each (s,q,y) €[0,1] x U xR"\ Z and w € R".

Definition 2. A curve x € H(} ([0, 1], U) is said to be G-regular if the set of points ¢ € [0, 1] where (¢, x(¢), x(¢)) € Z
is negligible.

Let o:R" — R be a smooth function such that oy =1, e = 0, where U’ is an open subset of R” such that
0 € U’ and U’ C U. Consider the Lagrangian Z:R x R” x R" - R, Z(t,q,y) =a(q)G(t,q,y) + (1 — a(g))|y|>.
Clearly, by the definition of «, 0 is also a critical point of the action functional &7 (x) = % fol Z(s,x,x)ds. Notice
also that, like E , A HO1 ([0,1,R") > Risa C ! functional with locally Lipschitz differential.

Let % be a closed ball in HO1 ([0, 11, R™), centred in O and containing curves that have support in U’.

As £ =G onR x U’ x R", we have that &/»|z = E|4. Since E satisfies the Palais—Smale condition (see [2]),
we also have that ./ satisfies the Palais—Smale condition in %.

Moreover, from (1) it follows that E is twice Gateaux differentiable at any G—regular curve x € Hé ([0,1],U) and
then the same property is satisfied by &7

Observe that, as the endpoints of the geodesic yy are not conjugate, then we can assume that 4 is an isolating
neighbourhood of the critical point 0. Moreover, the non-conjugacy assumption implies also that O is a non-degenerate
critical point of E, that is, the kernel of the operator A, which represents the second Gateaux differential at 0 of both
E and o o, with respect to the scalar product (-,-) in HO1 ([0, 1], R™), is empty.

The following proposition has been obtained in [ 1, Lemma 4.1 and formula (4.8)] for the action functional of a C2,
time-dependent, fiberwise strongly convex, at most quadratic in the velocities, Lagrangian on T M.

Proposition 3. There exist a neighbourhood %’ of 0 in HO1 ([0, 11, R™) (that we can assume it is contained in 9B) and

a positive constant jvo, such that the linear vector field x € %' — Ax, satisfies the inequality
2
Ao/ (x)[Ax] = po| V- (x) |, 3)

foreachx € U’

Here || - ||o is the H(} norm. In our setting, the Lagrangian .Z is not twice differentiable on Z C T M and this leads
to some differences between the proof of [ 1, Lemma 4.1] and ours, which we outline in Lemmata 4, 7 and 8.

Lemma 4. Let x be a smooth curve (non-necessarily G-regular) in H& ([0, 1], U). Then the curves t € [0, 1]+ sx(¢)
can be non-G -regular for s in a subset of [0, 1] which is at most countable.
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Proof. We recall that w € Hg([O, 11, U), w = w(t), is not G-regular if (¢, w(t), w(t)) € Z for each ¢ in a subset of
positive Lebesgue measure in [0, 1]. Now, for x:[0, 1] — U, smooth and x(0) = x(1) = 0, let us consider the map
f:10,1] x [0, 1] — M defined as f(s, 1) = @(z, sx(r)). Observe that for each 7 € [0, 1], s > f (s, ) is the affinely
parametrized geodesic o7 of the Riemannian metric & defined by o7(s) = ¢ (7, sx (7)) = exp,, ) (sx(f)) (for f =0 and
t = 1 the geodesics are constant) while, for each s € [0, 1],  — f(5,¢) is the curve y;5 corresponding to sx by the
map ¢, (for s =0 and 5§ = 1, we get respectively yp, the geodesic of (M, F), and the curve y; = ¢.(x)). Thus
f = f(s,t) defines a geodesic congruence and, then, s — J;(s) = 9, f (s, t) = y,(¢) defines a Jacobi field along o;
for each t € (0, 1) where x(r) # 0. Observe that at the instants ¢ where x(f) = 0 (if they exist), o7 is constant and
equal to yp(7). Since there is only one y € R" such that (z,0, y) € Z and such y cannot be equal to 0 (otherwise
0=de(,0)[1,0] = d¢(t,0) + d,¢(,0)[0] = 3,;¢(t,0) = yo(r) # 0), there can be at most one s € (0, 1] such that
(T, sx(1),sx(t)) = (£,0,5x(t)) € Z. Now let us assume that for s, s’ € (0, 1], s # s’, the curves sx and s'x are not
G-regular. From what we have recalled above, this is equivalent to the fact that the curves y; and y, have velocity
vector fields vanishing on, respectively, Z; C [0, 1] and Zy C [0, 1] with |Z]|, |Zy| > 0. We claim that Z; N Zy = .
Indeed, if there exists 7 € Z; N Zy, then x () must be different from 0 and this implies that the Jacobi field J; is well
defined and equal to O at the instants s and s’. Thus the points o7(s) and o;(s’) are conjugate along o7, but this is
impossible (see, e.g., [8, Prop. 2.2, p. 267]) because such geodesic has length less than the injectivity radius at (7).
Therefore the set 2 of s € [0, 1] such that |Zs| > 0 is at most countable. Indeed, by contradiction, assume that %
is uncountable and consider the set A, = {s € (0, 1]: |Z;| > %}. Since | J, ey Ar = 2, there must exist at least one
k € N such that Aj is uncountable. Thus, for infinitely many s € [0, 1], we would have disjoint subsets Z; C [0, 1]
having measure greater than %, which is impossible. O

Remark 5. From Lemma 4, it also follows that any smooth non-é—regular curve x € HO1 ([0, 1], U) is the limit, in the
H! topology, of some sequence (xj) C Hol([O, 1], U) of smooth G—regular curves. Indeed, it is enough to consider a
sequence (s,) C [0, 1] such that s, — 1 and s, x is G—regular.

Remark 6. From (2), the second Gateaux differential of E at a é-regular curve x is represented by a linear bounded
self-adjoint operator on H(} ([0, 1], R™) of the type Ay = By + K, where By is a strictly positive definite operator and

K is compact. Moreover from (1), if a sequence of G-regular curves {x, } converges to a G-regular curve x in the H'
topology then K, converges to K in the norm topology of the bounded operators and By, converges strongly to By,
ie. By, [§] — Bg[&] foreach & e Hol([O, 1], R") (cf. Claims 1 and 2 of the proof of Lemma 4.1 in [1]). We recall that
from [3, Lemma 2], A = Ag is given by I 4+ K (that is, By is the identity operator).

The following two results are analogous to, respectively, Eq. (4.5) and Claim 3 in [1].

Lemma 7. Let (x,) C HO1 ([0, 11, U) be a sequence of smooth é—regular curves such that x, — 0 in the H' topology.
Then

1
~ 1/2
dE (x,)[Ax,] f (B + Ko,) on. xa)ds + 0(lxal3).  asn— oo
0

Proof. Egs. (1)—(2) imply that é(t, g, y) satisfies assumptions (L1”) and (L2") on page 605 of [1], for each (¢, q, y) €
[0,1] x U x R™\ Z. Hence the lemma follows arguing as in [1, Lemma 4.1], taking into account that

1

dE()[Ax]=(VE(x),x + K (x)) = (/ %(vﬁ(sx), x+ K(x))ds)

0

1
= /((Bsx + Kgx)x, x + K (x))ds. )
0
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In fact, %Vﬁ(sx) = (Bsx + Kix)[x] at the points s where the curve ¢ € [0, 1] sx(?) is G-regular. From Lemma 4,
the set of points s € [0, 1] where sx is not G-regular is at most countable. O

The next lemn}a follows as in Claim 3 of [1, Lemma 4.1], recalling Remark 6 and the fact that O is a non-degenerate
critical point of E.

Lemma 8. There exist a number u > 0 and a neighbourhood %" of 0 in Hol([O, 1], U) such that, for each smooth
and G-regular curve x € %", the spectrum of the self-adjoint operator B;/z + K, is disjoint from [—u, u].

Proof of Proposition 3. Since @y |z5 = E|g, it is enough to prove the proposition for the functional E. From
Lemmata 7 and 8, we get that there exists a positive constant (¢, such that

dE@)[Ax] > i lIx |15, ®)

for each smooth G-regular curve x € %". From Remark 5 and the continuity of dE and A with respect to the H'!
topology, inequality (5) can be extended to any smooth curve in %/” and then, since smooth curves are dense in
H (10,11, U), to any x € %". As VE is a locally Lipschitz field and VE (0) = 0, we get

dE(0)[Ax] > o VE ()

o
for some positive constant 1 and for all x in some neighbourhood %" of 0. O

Now let no: H(} ([0, 11, R™) — [0, 1] be a smooth bump function such that suppno C %’ and no(x) = 1, for all
x € %, where 7 is an open neighbourhood of 0 in H& ([0, 1], R™) with U C U'. Let us consider the vector field on
H{} ([0, 1], R") defined as
Y (x) = —no(x)Ax — (1 —no(x)) Vp(x).
We point out that we cannot state that Y is a pseudo-gradient vector field because we are not able to prove that

IAxllo < p2[dA )], ©)

for some constant i5 > po and all x in some neighbourhood of 0. Anyway (3) implies that Y satisfies the inequality
dp()[Y ()] < — 1l

for each x € HO1 ([0, 1], R™), where = min{ug, 1}. As we will show in Lemma 9, inequality (7) (together with the
remark in footnote 3) is enough to get a deformation result as in [11, Lemma 8.3]. For all x € Hol([O, 1], R™), let
(0™ (x), ot (x)) be the maximal interval of definition of the solution of

=Y, ®
{ ¥ (0) =x.
Observe that this problem is well defined because Y is a locally Lipschitz vector field in H ([0, 11, R™), since A and

V.o are. Furthermore, (7) implies that <7« is decreasing along the flow of ¥ and as, Y|9y = —A = —I — K, such
flow is given by

)

t
Yx,t)=e 'x — / e_"HK(l/f(x, s)) ds 9)
0

for x € %, whereas ¥ (x, t) € % . The following lemma is an adaptation of Lemma 8.1 in [11] to the flow of the vector
field Y.

3 Actually using that ./ o satisfies the Palais—Smale condition and 0 is an isolated critical point of %7 ¢~, we can prove that ¥ satisfies (6) in any
open subset % \ B(0, r), where B(0, r) is an open ball strictly contained in %, for a constant p5 depending on % \ B(0, r).
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Lemma 9. Let ¥V be a closed neighbourhood of 0 contained in % . Then there exist ¢ > O and an open neighbourhood
O' CcVof0in H(% ([0, 11, R™) such that if x € O’, then the solution ¥ (x, -) of (8) either stays in ¥V forall t € [0, +00)
or it stays in ¥ at least until </ (Y (x, 1)) becomes less than ¢ — & (where ¢ = /4 (0) = E(0)).

Proof. Observe that, since Y| = —A, ¥ (x, -) is defined for all times until it lies in #". Let B(0, p) be the ball of
radius p centred at O such that B(O, p) C ¥ and let

@ = {xeﬂg([o 11, R”) < lxllo < }
Since € C 4, it is free of critical points and then
§ = inf |V 0, 10
inf |V (0] > (10)

because o7 ¢ satisfies the Palais—Smale condition on 4. Moreover

pllA II0|

[y )|, = llAxllo < pllAllo < (11)

/\5
foreach x € €. Let v : p”A”O and O’ = B(0, p/2) ﬂ,ng .If x € O’ is such that ¥ (x, f) does not belong to ¥

for some 7 > 0, then there ex1st 0<1t <t) <wh(x)suchthat ¥ (x,t) € €, forallt € (t1, 1) and || (x, 1) ]lo = p/2,
¥ (x, 1) llo = p. It follows that

5]

ﬂz(w(x,m)=dg(w(x,m)+/d%g(w(x,r))[Y(w(x,r))]dr

1

2
< () — / |Vt (v (x, 0) |2 de

\c+——u5/HV£7$ v (x.0)lyde
5
<c+M——/HY v (x,0) o dr
5
gc+%——(||1//(x )|, — [v&.m],)
g e oo o ndp
SO ) (12)

In the first inequality above, we have used the fact that &7 is decreasing in the flow of (8) and inequality (7); in the
wop

second one, the fact that x € O’ C o ;;W and (10); in the third one, inequality (11); in the last one, the following

chain of inequalities:
n
[Wx,r)dr > |,y — v ),
n 0

%) 1
[l o)lydr= [ il
I3} 1

Thus the conclusion follows with ¢ = ‘Z—ip. O

Let V be the subset of HOI([O, 11, R") given as V = U, ¥ (x, [0, 0T (x))), where O’ is the neighbourhood
of 0 associated to ¥ by Lemma 9. Since O’ is open, from standard results in ODE theory (cf. for example
[9, Corollary 4.2.10]), V is also an open subset of Hol([O, 1], R"). From Lemma 9, ,Qfél ((c—¢e,c+e)NV\{0}
is contained in ¥ C %/ and it is free of critical points.
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Lemma 10. For every x € &Zél([c,c + &) NV, either there exists a unique T (x) € [0, w™ (x)) such that
AP (x, T(x))) =corwt(x)=+ocoand y(x,t) — 0, in HO1 ([0, 11, R™), as t — +oc.

Proof. If &/¢ (Y (x,1)) > c, for all t € [0, w" (x)), then from Lemma 9, o™ (x) = 400 and ¥ (x,t) € ¥, for each
t € [0, +00). From inequality (12),

1
f |Vt (w(x,0)) |2 dr < ;(,a@(x) —¢) < +oo,
0

hence liminf,_ 1o |V 2 (¥ (x, t))||% = 0 and the Palais—Smale condition implies the existence of a sequence {¢,}
converging to 400 such that ¥ (x, #,) — 0. Hence the conclusion follows from Lemma 9. 0O

By Lemmata 9 and 10, as in [11, Lemma 8.3], we get that @/¢, NV is a strong deformation retract of A o C+8/ nv.

Analogously, &/¢,° NV is a strong deformation retract of both &/, NV \ {0} and ,;zf_;ﬂ_s/ 2N V. Using that, for

A C B C C, if B is a strong deformation retract of C, then H,(B, A) = H.(C, A) and if A is a strong deformation
retract of B, then H,(C, A) = H,(C, B) (for the last property, see for example [ 13, Property He—f]), we obtain

H (50 V, 5N VA{0) 2 H (5P 0v, 520 ). (13)
Let O = ¢4 (0') and yy = ¢4(0), then

C+(E, v0) =H(ESNO,E°N O\ {y0}) E Hi((E0 @) N O, (Eogp)N O \{0})
=H,(E°NO",E°NO'\{0}) = H (5, N 0, /5, N 0"\ {0})
= H(d,NV, ANV \{0}), (14)

last equivalence, by the excision property of the singular relative homology groups. By Palais’s theorem above we get

H*(%”;?/Zm V,WHV)EH*(@ka NV, de nv).

c— 82|
LR C([OllR")

The above equivalence, together with (13) and (14), implies that

~ /is\/Z e/ 2
CulE, y0) = He (" | 1 0,130 OV m‘ |1 g0.11mm N V)-

It remains to prove that these last relative homology groups are isomorphic to the critical groups in X =
C(l)([O, 1], U). To this end, let us consider the Cauchy problem (8), with x € C'([0, 1], R*) N Mél((c —¢/2,c+
€/2)) NV. Since dgﬂl((c —¢&/2,c+¢e/2)NV C ¥ C%,itholds (9) and the orbit v (x, -), defined by x, is also in
C}(0, 11, R").

As a consequence, the strong deformation retracts that we have considered above are well defined in
C(l)([O, 11,R™) x [0, 1] and by the continuity of the flow (9) with respect to the C' topology, we immediately de-
duce that they are also continuous at each point different from (0, 1). Clearly, the continuity at the point (0, 1) with
respect to the product topology of CO ([0, 11, R™), with the C! topology, and R with the standard one, comes into play

only for the deformation map 7: g{‘ﬂ/zﬂ V x[0,1] — MLH/ZO V of g{‘ﬂ/zﬂ Vin &/§, NV, which is given by

L .
n(x,l‘)z{'?(x’ T—l) lfte[oa 1)7
limg_s 400 p(x,5) ifr=1,

where p: gf‘;rs/z NV x [0,+00) — M‘+8/2 N V is the map defined as follows: if @7»(x) > ¢ and there exists
T (x) > 0 such that &/ (Y (x, T (x))) =c, then

Y(x,t) ift € [0, T (x)],

p(x,t)Z{w(x’T(x)) lftE(T(-x)7 +OO),
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if ¥ (x,t) > 0ast — 400, then p(x,t) =¥ (x,t) and if &/ (x) < c, then p(x,t) =x, forall t € [0, +00). Since the
flow ¢; of the linear vector field x = —Ax = —Ix — Kx is given by (9) and K is bounded from HO1 ([0, 11, R™) to
C} ([0, 11, R"), we have

t t t

/e_’“K(wl(x,s)) ds ge_t/es ||K(1,h(x,s))||c1dsgCe_’/esnwl(x,s)”Ods.
0 ct 0 0

Thus, if ¥ (x,t) — 0 in H', ast — 400, then, from Lemmata 9 and 10, ¥(x,t) =Y (x,t). Hence, for every ¢ > 0,
there exists 7 > 0 such that for all ¢ > 7, || (x, )]0 < & and then the last function in the above inequalities can be
estimated, for ¢ > 7, as

t r t
e_t[eX”w(x,s)”Ods:e_’/esnw(x,s)nods—}—e_’/eSHW(x,s)“Ods

0 0 f
f
< 67’/63 ”gﬁ(x,s)“ods +€(1 — eftet_).
0

Thus ¥ (x, 1) — 0 also with respect to the C! topology, giving the continuity of the map 7 at the point (0, 1) also with
respect to the product of such a topology and the Euclidean one on the interval [0, 1].
In conclusion we have that the following groups are isomorphic

o o
—_— —_—

c+e/2 c—e/2
H*(ﬂfg \cg([o,l],w) NV, oy |cg([o,1],Rn) n V)
~ C (4
= H, (dfycé([o,l],R") nv, df‘c&([o,l],R") NV {0})-
By excision, these last relative homology groups are isomorphic to
(4 / C !/
H( | cypo.118m N O Azl o120y 1 O\ 10))
and then, since the curves in O’ have their support in U, to

[C /e ’
H(E |C(])([0’1]’U)mo JE |C3([0!11,U)r10 \ {0}).
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