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Abstract

In this paper, we study the model of Groma and Balogh [I. Groma, P. Balogh, Investigation of dislocation pattern formation in
a two-dimensional self-consistent field approximation, Acta Mater. 47 (1999) 3647-3654] describing the dynamics of dislocation
densities. This is a two-dimensional model where the dislocation densities satisfy a system of two transport equations. The velocity
vector field is the shear stress in the material solving the equations of elasticity. This shear stress can be related to Riesz transforms
of the dislocation densities. Basing on some commutator estimates type, we show that this model has a unique local-in-time
solution corresponding to any initial datum in the space C” RYH NLPR?) forr > 1 and | < p < +00, where C" (R?) is the
Holder—Zygmund space.
© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans ce papier, nous étudions le modele de Groma et Balogh [I. Groma, P. Balogh, Investigation of dislocation pattern formation
in a two-dimensional self-consistent field approximation, Acta Mater. 47 (1999) 3647-3654] qui décrit la dynamique des densités
de dislocations. Il s’agit d’'un modele bidimensionnel ou les densités de dislocations satisfont un systeme de deux équations de
transport. Le champ de vitesse dans ce systeme est la contrainte de cisaillement du matériau, calculée a partir de 1’équation de
I’élasticité linéaire. Cette contrainte de cisaillement peut étre liée aux densités de dislocations par certaines transformations de
Riesz. En se basant sur des estimations de type commutateurs, nous montrons que ce modele admet une unique solution locale
pour toutes données initiales dans C" (R2) N LP (R2) pour r > 1 et 1 < p < 400, ott C” (R2) est I'espace Holder—Zygmund.
© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Physical motivation and presentation of the model

Real crystals show certain defects in the organization of their crystalline structure, called dislocations. These defects
were introduced in the Thirties by Taylor [20], Orowan [17] and Polanyi [18] as the principal explanation of plastic
deformation of materials at the microscopic scale. Dislocations can move under the action of exterior stresses applied
to the material.

Groma and Balogh in [11] considered the particular case where these defects are parallel lines in the three-
dimensional space, that can be viewed as points in a plane considering their cross-section.

In this model we consider two types of “edge dislocations” in the plane (x, x2). Typically, for a given velocity
field, those dislocations of type (+) propagate in the direction +ej where 1 = (1, 0) is the Burgers vector, while
those of type (—) propagate in the direction —ej. We refer the reader to the book of Hirth and Lothe [13], for a
detailled description of the classical notion in physics of edge dislocations and of the Burgers vector associated to
these dislocations.

In [11] Groma and Balogh have considered the case of densities of dislocations. More precisely, this 2D system
is given by the following coupled non-local and non-linear transport equations (see Cannone et al. [4, Section 2] for
more modeling details):

+

apt 9
p (x,t)+uaL(x,t)=o onR2 x (0, T),
X1

ot
ap~ ap~

2 ey —uL(x.)=0 onRZx (0.7), (1.1)
ot 0x1

u=RiR3(p* = p7).

The unknowns of this system are the two scalar functions p* and p~ at the time ¢ and the position x = (x1, x2), that
we denote for simplification by p*. This term correspond to the plastic deformations in a crystal. Its derivative in
the xp-direction % represents the dislocation densities of type (4). Physically, these quantities are non-negative.
The function u is the velocity vector field which is equal to the shear stress in the material, solving the equations
of elasticity. The operators R; (resp. Ry) are the 2D Riesz transform associated to xj (resp. x2). More precisely, the
Fourier transform of these 2D Riesz transforms R; and R; are given by

Rif®) =5 f@) forteR k=1,2.

[
The goal of this work is to establish local existence and uniqueness result of the solution of (1.1) when the initial
datum

pE(x1, x2,1=0) = pif (x1, x2) = pr (x1,x2) + Lx;, LeR (1.2)

with /33E € C"(R*) N LP(R?), for r > 1, p € (1, +00), where C"(R?) is the Holder—Zygmund space defined in Sec-
tion 2. The choice L > 0 guarantee the possibility to choose ,ESE € LP(R?) such that the assumption is compatible with

. a5 . I . . . .
the non-negativity of a"%. In a particular case where the initial datum is increasing, the global existence of a solution

was proved by Cannone et al. [4], using especially an entropy inequality satisfies by the dislocation densities. How-
ever, in the case where the initial datum is decreasing, the solutions of system (1.1) can create shocks, like the case in
the classical Burgers equation. Therefore, the fundamental issue of uniqueness for global solutions in the general case
remains open.

In a particular sub-case of model (1.1) where the dislocation densities depend on a single variable x; + x7, the
existence and uniqueness of a Lipschitz solution was proved by El Hajj et al. in [10] in the framework of viscosity
solutions. Also the existence and uniqueness of a strong solution in Wllo’c2 (R x [0, 400)) was proved by El Hajj [9] in
the framework of Sobolev spaces. For a similar model describing moreover boundary layer effects (see Groma, Csikor
and Zaiser [12]), we refer the reader to Ibrahim [14] where a result of existence and uniqueness is established, using
the framework of viscosity solutions and also entropy solution for non-linear hyperbolic equations.
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Our study of the dynamics of dislocation densities in a special geometry is related to the more general dynamics of
dislocation lines. We refer the interested reader to the work of Alvarez et al. [1], for a local existence and uniqueness
of some non-local Hamilton—Jacobi equation. We also refer to Barles et al. [2] for some long-time existence results.

1.2. Main results

We shall show that the system (1.1) possesses a unique local-in-time solution for any initial datum satisfy (1.2)
such that ﬁoi € C"(R%) N LP(R?), for r > 1 and for p € (1,400). This functional setting allows us to control the
velocity field u in terms of p™ — p~ (see the third line of (1.1)). As we wrote it before, the velocity u is related to
pt — p~ through the two-dimensional Riesz transforms R, R;. Riesz transforms do not map C” (R?) into C” (R?),
but they are bounded on C” (R%) N LP(R?), for r € [0, +00) and for p € (1, +00), as we will see later.

For notational convenience, we define the space Y. p,, for r € [0, +00) and p > 1 as follows

Y, p ={f = (f1, f2) such that fi € C"(R*) N LP(R?), fork = 1,2},

where C” (R?) is the inhomogeneous Holder—Zygmund space (see Section 2, for more precise definition). This space
is a Banach space endowed with the following norm: for f = (f1, f2)

Ifllr,p =kH:1511X2(||fk||Cf) +kH:1211X2(||fk||LP)-

In order to avoid technical difficulties, we first consider (see Theorem 1.1) the case L = 0. Then (see Theorem 1.2)
we treat the general case L € R.

Theorem 1.1 (Local existence and uniqueness, case L = 0). Consider the initial data

po= (g Py) € Yrp. (1.3)
Ifr > 1and p € (1, +00), then (1.1) has a unique solution p = (p*, p~) € L>®([0, T1; Y, p), where the time T > 0
depends only on || polr,p. Moreover, the solution p satisfies

p € Lip([0,T1; Y—1,p).

In order to prove this theorem, we strongly use the fact that the Riesz transforms are continuous on C”(R?) N
LP(R?) for r € [0,400), p € (1,400). This result ensures that the velocity vector field remains bounded on
C”(R%) N LP(R?). Using this property and some commutator estimates, we can prove that there exists some 7' > 0
such that the solution p” of an approached system of (1.1) (see system (4.28) in Section 4.2) is uniformly bounded
in L*([0,T]; Y;,,) for r > 1, 1 < p < 4-00. Finally, we show that the sequence of the approximate solutions p" is a
Cauchy sequence in L*°([0, T']; Y,_1, »), which gives the local existence and uniqueness of the solution of (1.1).

The next theorem treats the general case L € R.

Theorem 1.2 (Local existence and uniqueness, case L € R). Consider Eq. (1.1) corresponding to initial data (1.2),
where L € R and py = (,63', Po) €Y p Ifr>1and 1 < p < +oo, then (1.1) has a unique solution p = (pT,p7) €
L>([0, T1; Yy, ), where the time T > 0 depends only on L and || pol|r, . Moreover,

pE(x1, x2,1) = pE(x1, x2, 1) + Lxy,

where

p=(p".5") e Lip(10, TL; Y1)

+
Remark 1.3. If at the initial time we have %"Tl(y, t =0) > 0 two positive quantities, then this remains true for
+
0<t<T,ie, P >0forall (x,1) eR x [0, T].

Related to our analysis in the present paper, we get the following theorem as a by-product.
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Theorem 1.4 (Global existence and uniqueness for linear transport equations). Take gy € C” (R%) N LP(R?) and
v= (! v?) e L®(0,T): Y, p)forallT >0,r>1and 1 < p < +0o0. Then, there exists a unique solution

g € L=([0, T); C"(R*) N L7 (R?)) N Lip([0, T); "1 (R?) N LP (R?))
of the linear transport equation

g 5
08 0. Vg=0 onR%x(0,T),
o TVVE onR™>x(0.7) (1.4)

g, 0)=go(x) onR”.
1.3. Organization of the paper

This paper is organized as follows. In Section 2, we recall the characterization of Holder spaces and gather several
important estimates. In particular, the boundedness of Riesz transforms on C” (R2) N L?(R?) is established. Section 3
presents two key commutator estimates (Lemma 3.1). Finally in Section 4, we prove Theorem 1.4 and a basic a priori
estimate. Then, thanks to this a priori estimate, we give in Sections 4.2 and 4.3 the proofs of Theorems 1.1 and 1.2
respectively.

2. Some results on Holder—Zygmund spaces

This is a preparatory section in which we recall some results on Holder—Zygmund spaces, and gather several
estimates that will be used in the subsequent sections. A major part of the following results can be found in Meyer [15]
and Meyer and Coifman [16].

We start with a dyadic decomposition of R?, where d > 0 is an integer. To this end, we take an arbitrary radial
function x € C§° (R%), such that

4 3
supp x C\§: Iélég}, lef0r|§|<z, Ixlpr=1.

It is a classical result that, for ¢ (§) = x (%) — x(§), we have ¢ € C{° (R?) and

3 8
:_< <_ )
suppdp C & i €] 3}

XE+> ¢(277E)=1, forall§ e R,

Jj=0
For the purpose of isolating different Fourier frequencies, define the operators A; for i € Z as follows:
0 ifi <=2,
Af={xD)f=[xfx—ydy ifi =—1, 2.5)
$Q7'D)f =24 [$QIy) f(x —y)dy ifi>0,

where x and qvﬁ are the inverse Fourier transforms of x and ¢, respectively.
Fori € Z, S; is the sum of A; with j <i —1,1i.e.

Sif=A—1f+Aof+A1f+-~~+Ai_1f=2id/)?(2iy)f(x —y)dy.

It can be shown for any tempered distribution f that S; f — f in the distributional sense, as i — oo.
Forany r € Rand p, g € [1, oc], the inhomogeneous Besov space B), , (R¥) consists of all tempered distributions f

such that the sequence {zjr”Ajf”Lp}jEZ belongs to [9(Z). When both p and g are equal to co, the Besov space
BI’), q (R?) reduces to the inhomogeneous Holder—Zygmund space C” (R?), i.e. B, oQ(]Rd ) = C" (R?). More explicitly,
C"(R?) with r € R contains any function f satisfying

I flicr =sup2/"|A; fllze < 0. (2.6)
JEZ
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It is easy to check that C" (R?) endowed with the norm defined in (2.6) is a Banach space.
For r >0, C" (R?) is closely related to the classical Holder space C” (R¢) equipped with the norm

olrl —glrl
1Fler= 32 197 ]+ sup 2L rmf(y)'- 27
BI<Ir] gy X

In fact, if r is not an integer, then the norms (2.6) and (2.7) are equivalent, and C” (RY) =C” (Rd) The proof for
this equivalence is classical and can be found in Chemin [7]. When r is an 1nteger sayr =k, C CK(RY) is the space
of bounded functions with bounded j-th derivatives for any j < k. In particular, C'(R?) contains the usual Lipschitz
functions and is sometimes denoted by Lip(R?). As a consequence of Bernstein’s Lemma (stated below), C"(RY) is
a subspace of C”(R¢). Explicit examples can be constructed to show that such an inclusion is genuine. In addition,
according to Proposition 2.2, C"(R?) includes C" ¢ (RY) for any ¢ > 0. In summary, for any integer k > 0 and ¢ > 0,

ke (RY) c CH(RY) c CH(RY).
Proposition 2.1 (Bernstein’s Lemma). (See Meyer [15].) Let d > 0 be an integer and 0 < a1 < a2 be two real numbers.
() If1< p<q<ocoandsupp f C{& eRY: €| <12/}, then

jk+d(5—1)
max |08 £]| .o < C2 I £llze.

where C > 0 is a constant depending only on k and .
() If1< p <ooand supp f C (§ € RY: 012/ <[§] < @227}, then

C2%) fller < max ax 07 1|, <C2EN fller,
where C > 0 is a constant depending only on k, o1 and 3.

Proposition 2.2 (Inequalities in Holder—-Zygmund space). (See Meyer [15].) Let d > 0 be an integer. Then, we have
following two inequalities:

(1) There exists a constant C = C(d) such that for any r > 0 and f € C" (RY), we have

I fllzee < —||f||cr (2.8)

(2) There exists a constant C = C(d) such that foranyr > 1 and f € C"Y(RY), we have

af
00Xy
In the system (1.1), the velocity field u is determined by p™ — p~ through the 2D Riesz transforms. These Riesz
transforms do not map a C"(R?) Holder—Zygmund space to itself, but their action on C"(R?) is indeed bounded in

C"(RY N LP(RY) for p € (1, +00) (see Proposition 2.4). We first recall a general result concerning the boudnedness
of Fourier multiplier operators on Holder spaces.

<Clfller forallk=1,....d. 2.9)

cr-1

Proposition 2.3 (Fourier multiplier operators on Holder spaces). (See Meyer [15].) Let d > 0 be an integer and F be
an infinitely differentiable function on RY. Assume that for some R > 0 and m € R, we have

F(A&) =A"F ()

for any & € RY with |£| > R and X > 1. Then the Fourier multiplier operator F (D) maps continuously C" (R?) into
C"™(R?) for any r € R.
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Proposition 2.4 (Boundedness of Riesz transforms on C” (R N LP(RY) ). Let r e R and p € (1,400). Then there
exists a positive constant C depending only on r and p such that

IRk fllcrare < Cll fllcrazr  fork=1,2,

where | - |lcrapr =11 - ller + 11 - Ilze-
Proof. Using the operator A_; defined in (2.5), we divide Ry f into two parts,

Ref=A_ 1R f+ (1 —A_DRyf. (2.10)

Since supp x (&) N supp ¢ (2~/€) =@ for j > 1, the operator A;A_1 =0 when j > 1. Thus, according to (2.6),

IAZ1 R fllcr =sup2/ | A; A1 Ry f oo
JEZ
=max[27" |A_1 A1 R fllzoe, |A0A— 1 R fl Lo ]
<max[1, 27" |||A R f | o

Let g be the conjugate of p, namely % + é = 1. It then follow, since Riesz transforms are bounded on L?(R%),
that for all p € (1, +00):

IA—1 Re fller <max[1, 27" JI1X * Refll Lo
<max[1, 27" I Xl | R fll e
=Cllflzr,

where C is a constant depending only on r and p. To estimate the second part in (2.10), we apply Proposition 2.3
with F(§) = (1 — x (& ))Fg—"| and m = 0, and hence we conclude that it maps C”" (R%) into C”(RY). This gives that

Riesz transforms are continuous from C” (R?) N L?(R?) into C" (R¥), for r € R and p € (1, +00). Moreover, using
the fact that the Riesz transforms are bounded on L? (R?), for all p € (1, +00), we terminate the proof of Proposi-
tion24. 0O

Finally, we recall the notion of Bony’s paraproduct (see Bony [3]). The usual product uv of two functions « and v
can be decomposed into three parts. More precisely, using v = jez Bjv,u= > jez Aju and

AjAo=0 if[j—kl>1,  Aj(Si_1vAw)=0 if|j—k|>5,

we can write

uv = TuU + Tvu + R(M, U),
where
Tuv=ZSj_1(u)Ajv, R(u,v) = Z AjuAjv.
jz1 li—jI<1

We remark that the previous decomposition allows one to distinguish different types of terms in the product of uv.
The Fourier frequencies of u and v in T,,v and T,u are separated from each other while those of the terms in R (u, v)
are close to each other. Using this decomposition, one can show that

luvlics < llulleslvllzee + lullz=llvlles  fors > 0. 2.11)

For the proof of (2.11) see Chen et al. [8, Proposition 5.1].
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3. Two commutator estimates

27

Two major commutator estimates are stated and proved in this section. We remark that this commutator estimates
was often used to resolve the Navier—Stokes equations (see for instance Cannone et al. [5,6]). Here, we apply these

techniques on our system (1.1).

Lemma 3.1 (L*° commutator estimates). Let j > —1 be an integer and r > 0. Then, for some absolute constant C,

we have
0 —jr af
(D u—:Aj|f <C2 P luller + I VullLell flier |, fora=1,2,
axa L axa L>®
a .
2 [ug,Aj}f C277 (I fllzellullerer + VUl fllcr),  fora=1,2,
o L

where the bracket [ , ] represents the commutator, namely

_u%,A]}f—u—(A f)— <u%>, fora=1,2.

Proof. (1) Using the paraproduct notations 7 and R, we decompose [u > g

[ui’Aj]PZII +DhL+ I3+ 14+ 1s,
0Xy
where
I = [Tui,A,}fﬂu(i(Ajf)) —AJ-<TME),
0Xg 0Xg 0xg
12=—A1T%(u),
I=Toxa;pn (),

dxgr

I4:R(u, 8(Ajf)>’

0Xg

Is=—A; R<u i)
00Xy

Back to the definition of 7', we can write

=Y Si- 1(M)Ak< 2 f)> <ZSk 1(M)Ak—f>

k>1 k>1
J(A d(A
ZZ[Sk—l(u)Aj< (axkf)> A <Sk @) ( kf)>i|
K>1 o Xa

Since AjAr =0for |j — k| > 1 and

A 1 5
supp[sk 1 () (ax"f)} {s: gzk—2<|5|<§2k+1},

Ajlf, fora =1,2, into five parts,

(3.12)

(3.13)

the sum in (3.13) only involves those terms with k satisfying |j — k| < 4. We only take j > O since the case j = —1

can be handled similarly. Applying the definition of A; in (2.5), we obtain
)
=y 2f"/¢ 2 (x = ) [Si—1 () = Se—1 (u ()] —=— ( 3y dy

|j—k|<4 Yo

> [0S0 = S e 27 >>]M<

e X — 27jy) dy.
lj—k|<4
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Using the fact that ¢V> e S(RY) and S ; are continuous from L* onto itself, we get for € R and an absolute constant C:

(A f)
X

illzee < C277 || VullL H

LOO

SCIVullzellAj fllzee
<C27MIVullz= |l fller, G.14)

where we have used Proposition 2.1 in the second inequality. To estimate I and I3, we first write them as

8 .
L=— Z A; (Sk 1(88f>Aku> I = Z Sk_1< (anJf)>Aku

|j—k|<4 |j—k|<4 o

Similarly, only terms with k satisfying |j — k| < 4 are considered in the above sums. Thus, since A; and §; are
continuous from L onto itself, we have for r € R:

4
of
Il <C Y A,»(S,-m_l(g)AHklu)
ki=—4 o Lee
4
of
c Z Sj+k1—1(g>Aj+k1“
ki=—4 o L
af ! of
<Cl == luler D 27U in| =1 ulcr, (3.15)
00Xy || oo P 0xq | foo
iz
4
(A f)
3]l < C S,»Hq_l( pyoml LAV
Xo Lo
af of
<C|l— . 2~ Utkor < cp=ir . 3.16
’Bxa lullc Z o L (3.16)

L ky=—4
where the C’s in the above inequalities are absolute constants. From the definition of R, we have
(A f)
Iy = > <Ak1 (1) Ay, <—f .
. 0xq
k1 —k2|< L, |j—k2| <1

Obviously, only a finite number of terms involved in the above sums are non-zeros. Then,

4]l < C2797 SUP(2”||A ullp<) || A <C27 |ullcr (3.17)
jez axa 8xa Loo
Note that from the definition of R and A, j > —1, we can write I5 as
k+1 8f
¥ 3 amwn (i)
k>j—3k= Yo
Therefore, for an absolute constant C, we have
k+1 af
sl <C D0 Y Nl AjullLoo | Agy ™
k>j—3k=k—1
of _
<C|o| luller Yo 27
0xq | foo
k>j-3
o
<C27Ir —f llullcr. (3.18)
Xo Lo©
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Gathering the estimates in (3.14)—(3.18), we establish the desired inequality in (1).
)

(2) As in the proof of (1), we decompose [um, Aj]f as the sum of I, I, I3, 14 and I5. The estimate on I
remains untouched, while different bounds are needed for I», I3, I4 and Is. Indeed, for j > 1:
Il < CllAjulls | 2217
o L>®
< CY A jullolISj—1 f L
<C2 lullerst I Lo, (3.19)

where we have used Proposition 2.1 in the second inequality. /3 and 14 can be similarly estimated as I»:

IA; f j
I3l < C| = 1A jullre < C27 | AjullL||Aj £l
Xo L
< C27 lullgre || £l Lo (3.20)
oA f j
Hall oo < ClIAjull o < C N AjullL=||Aj fllLe
o Lo©
<27 ullgrer | £l pow. (3.21)
Finally, we have
k+1
oAy, f
Is||p~ <C A o0 !
15l Z D Akl v |
k>j—3k =k—1
k+1
<C Y0 > Al Ak flle SCIf e D 28 Agu] Lo
k>j—3k=k—1 k>j-3
SClflelulers Y 275 <277 fllsllull o (3.22)
k>j-3

Combining (3.19)—(3.22) yields (2). O
4. Local existence and uniqueness results

This section is devoted to the proofs of Theorems 1.1 and 1.2. For the sake of a clear presentation, we divide it into
three subsections. In the first subsection, we show a basic a priori estimate and we prove Theorem 1.4. With the aid
of this estimate, we prove Theorems 1.1 and 1.2 in the next subsections.

4.1. An a priori estimate

Proposition 4.1 (A priori estimate). Let r > 1 and p > 1. For all T > 0, py = (par,pa) €Yy and u €
L®([0,T); C"(R%) N LP(R?)), there exists a unique solution p = (p+, p~) € L>°([0, T); Y, p) of the following sys-
tem of linear transport equations
apt  dpt
9 0P
ot 0x1
Moreover, for all t € [0, T], we have

0. (4.23)

t
loC.0],, < ||po||r,pexp(C/ JluC O erp dr>7

0

where C > 0 is a constant depending only on r and p.
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Proof. From the fact that u(-, r) € C"(R?) N LP(R?), for ¢ € [0, T], we can define the flow map X* (., r) satisfying

IXE(x,1)
a
X*(x,0)=x.

:l:ﬁ(X(x,t),t), where u = (u, 0), (4.24)

By the characteristics method, we know that, if (X +)~1 s the inverse function of X* with respect to x, then pE(x,t) =
pgﬁ((X )= (x, 1)) is the unique solution of system (4.23) (see Serre [19] for more details).
Let j > —1. Applying the operator A ; to both sides of the system (1.1) yields

AN p*t A i p* B]
iP tu iP =x|lu—,A; pi,
Jat 0x1 0x1

where [uaixl, Aj] /oi is defined in (3.12). This equation can be rewritten in the following form

t
Aj,oi(x,t):Ajpgt((Xi)_l(x,t)):l:/[ui,Aj}pi(Xi((Xi)_l(x,t),s),s)ds.
0

0x1

Taking the L°°-norm of both sides of this equality, we get

ds.
LDO

t
ad
|4j0%C. 0 < ||Ajpgc||mo+/‘[ME,A]}W,’S)
0

Applying Lemma 3.1(1), we obtain

t
8,0jt
are f([Fes
0

According to (2.8)—(2.9), we know that for » > 1 and a constant C = C(r) > 0, we have

ap*
8)61

o= 0] e < o5 ] or HVuC 9] w079

C") ds.

Juc. 9]
Lo

<clo*]
LOO

cr

In a similar way, we can obtain ||Vul| o~ < Cllul|¢r. Therefore, for C = C(r) > 0,

t
o 0ller < Dl + € [ lutoler ool ds
0
t
<max(of o) + € [ Jut.e oo, ds
0

where p = (p™, p7). Moreover, integrating in time the system (4.23), we get the following L? estimate:

t
+. < |l ,E . E d
lo* 60l < 1o | + [ lue )| 2| ds
1 Lo
0
t

<o+ € [ a9l loc.o1,, ds
0

where we have used Holder inequality in the first line and (2.8)—(2.9) in the second line. Now, adding the two previous
inequalities, we obtain
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t
”p(.’t)”r,p < ”,OO”r,p"'C/ ||M(’S)| CcrnLp ”p(.’s)”r,pds'
0

By Gronwall’s Lemma, we obtain
'

loC.0,, < ||po||r,pexp<0/ -, )]

0

oLy ds) : (4.25)

Which completes the proof of Proposition 4.1. O

Proof of Theorem 1.4. The proof of Theorem 1.4 is a consequence of the proof of Proposition 4.1. Indeed, just
consider the characteristic equation

IX (x, 1)
T = U(X()C, [), Z),

X(x,0)=x.

Then, as in the proof of Proposition 4.1, we use the commutator estimates proved in Lemma 3.1(1), to show the
following estimate

(4.26)

[s¢.0)]

t
o < lIgollcrnry exp(c f e s>||,,,,ds), (4.27)
0

which proves the result. O
4.2. Proof of Theorem 1.1

The proof starts with the construction of a successive approximation sequence {p" = (p™", p~")}, > satisfying

p'= (o py) = po,
8p:|:,n+l 8p:|:,n+l

+u" =0, onR’>x (0,7),
at ax (4.28)

U = R%R%(p+"1 _ p—,n)’

P (x, 0) = pf.

First of all, according to Proposition 2.4, p! € ¥, , implies that u! € C"(R?)NLP(R?). Thus, applying Proposition 4.1,
we can prove that, for all 7 > 0, there exists a unique solution ,02 € L*([0,T); Y, p) for (4.28) with n = 2. Arguing
in a similar manner we can show that this approached problem (4.28) has a unique solution p” for all n > 1.

The rest of the proof can be divided into two major steps. The first step establishes the existence of 77 > 0 such
that {p"* = (p™", ©7")}n>1 is uniformly bounded in Y, , for any ¢ € [0, T1]. The second step shows that for some
T € [0, T1], we have {p" = (p", p~")},>1 is a Cauchy sequence in C([0, T2], Yo 1)

Step 1 (A uniform bound): Using similar arguments as in the proof of Proposition 4.1, estimate (4.25) yields, by
Proposition 2.4, the following bound on {p" = (p™", P M) n>1:

t
|1, 1) ||r,p < lloollr,p exp<Cof lu . 5) ”crmLp ds)’
0

1
lloollr, p exp (Co / lo" 9, ds),
0

where r > 1, p € (1, +00) and Co = Co(r, p). Choose T and M satisfying
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In2
M =2|poll;, and (exp(CoTlM)<20r leL)
2Collpollr,p

Then [|p" (-, t)ll;,p < M foralln >1and t € [0, T1]. Since,
1
10", <lloollp <M
and || p* (-, 1)|l,.p < M, we obtain
[p" 0], < llpollyp exp(CoTiM) < M. w29)

Furthermore, since r > 1, we use (2.11) and Proposition 2.4 to get

=+, =+, 1
e I
Jat cr-1 8X1 cr-1
; ap:l:,n-i-l ; 8p:|:,n+l
ST e e T P o
<Clu a7+ |
<CM?,

where we have used (2.8)—(2.9) in the third line. We can also check that the following L estimate on p™" is valid:

api,n " api‘nﬁ*l , api,n+l
e R e B T e
<l o e < M2,

where we have used Holder inequality in the first line, then (2.8)—(2.9) and Proposition 2.4 in the second line. Adding
the two previous inequalities, we deduce that

< ’ api,n ) ( ‘ api’n
max 4+ max
+ cr-1 +

ot
where C = C(r). Thus, by (4.29)-(4.30), we obtain that

) <CM?, (4.30)
LP

p" € L=([0, T11; Y. p) N Lip([0, T 1; Yr1,p)
is uniformly bounded.

Step 2 (Cauchy sequence): To show that {p" = (p™", 27" }nx>1 is a Cauchy sequence in Y, 1,4, we consider the
difference n™" = p*" — pT1~1 Rigorously speaking, we should consider the more general difference n*""
ptmM — pEn but the analysis for n”" = (™", np~"™™") is parallel to what we shall present for n* = (n™", n~™")
and thus we consider n" for the sake of a concise presentation. It follows from (4.28) that {n" = (n™", n™"")},>1
satisfies

!l =pgs
ar]i,n—i-] N un ani,n-i-] _ :Fwn 8pi,n
3t ax1 ax; 431

w" = R{R3 (0" —n~"),
+,n+1
" 0, 0) =y (@) = 0.

Proceeding as in the proof of Proposition 4.1, we obtain for any integer j > —1,

! 9 +.,n
ds—i—/'Aj(w" P (-,s))
L>® 0 3.76'1

K K>

ds.
LOO

0
I:Mnﬁ, Aji|7li’n+l('v s)

t
el < |
0
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Estimating K1 by Lemma 3.1(2), and K> by (2.11), we get

t

e < [ (v el =
0

t
e [(Jureo)l,s
0

Since r > 1, Proposition 2.2 implies,
[Vu" ] o < Cflu [ ] o < C =t
‘ ap:t,n

0x 1
Therefore, for a constant C depending only on r,

=D

niJH_l (" S) || Loo) ds

)ds.
LOO

cr-1 + Hun(’ S)

” n cr

3p:|:,n
0x1

9 +.n
p_(.’ S)
0x1

('a S)

+ || wn('a S)
1

cr-1
cr-

cre cr-1»

g C || p:I:,n

wd ], <Clu|

Ccr Cr—l .

H n:l:,n-i—l(.’t) n:l:,l’l'i‘l (',S)

Ccr cr-1 dS

t
e <€ [
0

e |pF"Cs) | o ds. (4.32)

t
—i—Cf [w" . s)
0

Howeyver, it follows from a basic L? estimate that

t t
9 +.n
=710l < € 19 ol el s ¢ [ el | Fmen] d
0 0 L
Since r > 1, using Proposition 2.2, we deduce that
t t
7= 0l p< € [0l = o+ [Tl o= Colerds. @33
0 0
Adding the two inequalities (4.32) and (4.33), yields
t
10,21, <€ [ ool ¢,y ds
0
1
€ [ 16l galo .9, ds:
0
The components of w” are the Riesz transforms of 1" and thus, according to Proposition 2.4:
w cr1npe S Cln" “r—l,p'
We thus have reached an iterative relationship between ||n"|[,—1,, and || ", 1,p:
t
o, <[ 1o sl It e,y ds
0
t
e [ el lo sl ds (434
0

where the constants are labeled as C for the purpose of defining 75. It has been shown in Step 1 that for ¢ < T,
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”'On”r,p < M.

Now, choose T3 > 0 satisfying

1
I <T, C1MT2<ZL

In the following, we will prove that the sequence {o" (-, ¢)},>1 is a Cauchy sequence in Y, 1, for t < 7. Indeed, for
any given ¢ > 0 small enough, if we assume that ||7"||,—1,, < & for t < T3, then (4.34) implies that

ds,

t
”’7n+l||r—1,p <C18MT2+C1M/ ||77n+l("s)”r—1»17
0

is valid for any ¢ < 7>. It then follows from Gronwall’s inequality that

”77 r—1,p

which implies that {p" (-, )},>1 is a Cauchy sequence in Y,_; , for ¢ < T, and then completes the proof of Step 2.
We conclude from Steps 1 and 2 that there exists p = (p™, p™) satisfying

p € L=([0, I21; Yy, p) N Lip([0, Tal; Y,—1,p)

such that p" converges to p in C([0, T2]; Y, 1 p).
The proof of uniqueness follows directly from Step 2. This completes the proof of Theorem 1.1.

4.3. Proof of Theorem 1.2

It is worth mentioning that the ideas of the proof of Theorem 1.2 are already contained in the proof of Theorem 1.1.
First of all, we note that for all L € R, if pT are solutions of (1.1) then

pE(x1, x2,1) = pE(x1, x2,1) — L

solves the following system:

ap* ap*
Py +uZ e,y =FLu onR2x (0,T),
ot 0x]

u=R{R3 (5" = p7),

(4.35)

and respects the following initial data:

Py (x1.x2,1) = py (x1, x2) — Lxy.

Now, to prove Theorem 1.2, it suffices to show that, for all initial data ,58: €Y, p, the system (4.35) has a unique local
solution s~ € L>®([0, T); ¥, ,) for r > 1 and p € (1, +00).
In order to do this, we proceed as in the proof of Theorem 1.1. We consider the following approached system:

pt=(m" p0") = po,
816:‘:,11+1 ~+ n+1

ap 2
n _ n
5 +u o =xLu", onR”x(0,7), (4.36)

un — R%R%(ﬁ+,n _ ﬁf,n)’
P, 0) = g™
We remark that, the only change that appears here, compared to the approached system (4.28) is the right-hand
side Lu" of the second equation of (4.36). However, by Proposition 2.4, we know that this term remains bounded in
L®([0,T); C"(R*) N LP(R?)) for r > 1 and p € (1, +00). Which permits us to easily follow the same steps of the
proof of Theorem 1.1. This finally proves that, for some small 7 > 0, we have on the one hand: the sequence p" =

(p™", p—°™) is uniformly bounded in L*([0, T); Y, ), and on the other hand, this sequence is a Cauchy sequence in
L*([0, T); Yr—1,p). This terminate the proof.
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