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Abstract

We prove an abstract Nash—-Moser implicit function theorem with parameters which covers the applications to the existence
of finite dimensional, differentiable, invariant tori of Hamiltonian PDEs with merely differentiable nonlinearities. The main new
feature of the abstract iterative scheme is that the linearized operators, in a neighborhood of the expected solution, are invertible,
and satisfy the “tame” estimates, only for proper subsets of the parameters. As an application we show the existence of periodic
solutions of nonlinear wave equations on Riemannian Zoll manifolds. A point of interest is that, in presence of possibly very large
“clusters of small divisors”, due to resonance phenomena, it is more natural to expect solutions with only Sobolev regularity.
© 2009 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction
1.1. Small divisors problems in Hamiltonian PDEs

Bifurcation problems of periodic and quasi-periodic solutions for Hamiltonian PDEs are naturally affected by small
divisors difficulties: the standard implicit function theorem cannot be applied because the linearized operators have
an unbounded inverse, due to arbitrarily “small divisors” in their Fourier series expansions. This problem has been
handled for PDEs with analytic nonlinearities via KAM methods, see e.g. Kuksin [22,23], Wayne [29], Poschel [27],
Eliasson and Kuksin [15], or via Newton-type iterative schemes as developed in Craig and Wayne [14] and Bourgain
[7-10].

The pioneering KAM results in [22,29,27] were limited to 1-dimensional PDEs, with Dirichlet boundary condi-
tions, because they required the eigenvalues of the Laplacian to be simple (the square roots of the eigenvalues are the
normal mode frequencies of small oscillations). In this case one can impose the so-called “second order Melnikov”
non-resonance conditions between the “tangential” and the “normal” frequencies of the expected KAM torus to solve
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the homological equations which arise at each step of the KAM iteration. Such equations are linear PDEs with constant
coefficients and can be solved simply using Fourier series. Unfortunately, yet for periodic boundary conditions, where
two consecutive eigenvalues are possibly equal, the second order Melnikov non-resonance conditions are violated.
For wave equations this case has been later handled via KAM method by Chierchia and You in [11].

On the other hand, the Lyapunov—Schmidt decomposition approach, combined with the Newton method developed
in [14,7-10], has the advantage to require only the “minimal” non-resonance conditions, which, for example, are
fulfilled in higher dimensional PDE applications (we refer to [15] for the KAM approach in higher dimension). As
a drawback, its main difficulty relies on the inversion of the linearized operators in a neighborhood of the expected
solution, and in obtaining estimates of their inverses in analytic (or Gevrey) norms. Indeed these operators come
from linear PDEs with non-constant coefficients and are small perturbations of a diagonal operator having arbitrarily
small eigenvalues. Their spectrum depends very sensitively on the parameters, whence they are invertible only over
complicated Cantor-like set of parameters with possibly positive measure.

We also mention that, more recently, the Lindstedt series renormalization method has been developed by Gentile,
Mastropietro and Procesi to prove the existence of periodic solutions for analytic PDEs, one-dimensional in [16,17]
and also higher dimensional in [18].

In all the mentioned results analyticity is deeply exploited, either for the convergence proof of the iterative scheme,
or in obtaining suitable estimates for inverse linearized operators.

The existence of periodic solutions of Hamiltonian PDEs with merely differentiable nonlinearities has been re-
cently proved in [3,4] along the lines of the Craig—Wayne—Bourgain approach. The iterative scheme is combined
with a smoothing procedure and interpolation estimates to ensure convergence in spaces of functions with only
Sobolev regularity. The key step in [3,4] is to prove the “tame” estimates of the inverse operators in high Sobolev
norms.

The aim of this paper is to generalize the previous approach in an abstract functional analytic setting, proving a
Nash—Moser theorem “ready for applications” (Theorems 1-2), in particular, to prove the existence of lower dimen-
sional, differentiable, invariant tori of PDEs with only differentiable nonlinearities.

The problem consists in solving a nonlinear equation

F(e,h,u)=0 (1)

where ¢ € [0, g9) is small, A € A C R? with A open and bounded, and u belongs to some Banach space. Assuming
that F(0,1,0) =0, VA € A (see hypothesis (F1) in the next subsection), the aim is to find, for ¢y small enough,
a function u(e, 1) with u(0, A) = 0, which solves (1) for all (e, 1) in a positive measure “Cantor-like” subset of
[0, g9) x A.

In typical applications the parameters A can be “frequencies” — as in Section 3 — or vectors of a “resonant space”
— when solving the “range equation” (called “P-equation”) obtained after a Lyapunov—Schmidt reduction, see e.g.
[2,13].

We assume that the nonlinear map F satisfies abstract “tame” properties, see (F2)—(F4), which in applications
are easily verified by differential and composition operators in scales of Sobolev functions, see e.g. [20] and Sec-
tion 3.

The Nash—Moser theory has been well developed till now, see e.g. [20,21] and references therein. The main dif-
ference between the present Theorems 1-2 and the “standard” Nash—Moser theory is the abstract assumption (L) (or
(Lic)) in Section 1.2: the “tame” estimates for the inverse operators hold only for proper subsets of the parameters. On
the contrary, the standard Nash—-Moser theory requires the invertibility of the derivative 9, F in a full neighborhood,
albeit in a tame sense. Indeed, in typical small divisors problems — as the search of finite dimensional tori for PDEs
considered in this paper — an unbounded inverse (3, F)~! does not exist for all the values of the parameters, but only
for a “Cantor like” subset.

In [30] Zehnder observed that, for the convergence of the Nash—Moser iterative scheme, it is sufficient to assume
only the existence of an “approximate inverse” of d, F, which is required to be an exact inverse only at the solutions.
This weaker property has been proved in [30], in a full neighborhood of the expected solution, for many conjugacy
problems, thanks to algebraic features of the problem. In particular these theorems were sufficient to prove the ex-
istence of invariant Lagrangian tori for finite dimensional Hamiltonian systems. On the other hand, we remark that
for lower dimensional tori — as for finite dimensional tori of PDEs — one cannot expect, by general arguments, the
existence of an approximate inverse.
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The existence of an inverse of the linearized operator for a Cantor set of parameters, together with estimates
in scales of analytic functions, is the core of the Craig—Wayne—-Bourgain method for analytic PDEs. With re-
spect to these estimates, the main novelty of our assumptions is to require only tame estimates for the inverse,
see (4).

By assumption (L), we ensure the invertibility of the linearized operators, at each step of the Nash—Moser iteration,
only on smaller and smaller open sets of “non-resonant” parameters. A task of the iteration is to prove that, at the
end of the recurrence, we have obtained a positive measure “Cantor-like” set of parameters where the solution is
defined. This is the common scenario in these type of problems, see [2-5,7-12,14,19]. Such a property is implied by
the abstract measure theoretical assumptions (7)—(8) in (L) and the rapid convergence of the iterative scheme, see the
proof of Theorem 1. This abstract framework highlights specific constructions which were implicitly used in all the
previous works. By means of a cut-off procedure at each step of the iteration, our solution can be smoothly extended
in the whole space of parameters.

The abstract assumptions (F1)—(F4) and, in particular, hypothesis (L), make transparent the iterative procedures
that, in specific contexts, have been performed in previous papers. In order to separate clearly the inductive ar-
gument and the measure estimates obtained in Theorem 1 (Section 2.5), we prove first the iterative Theorem 3
(Sections 2.2-2.4), where we do not assume hypothesis (L). We introduce an improvement with respect to the it-
erative scheme of [3,4] in order to prove the “C®°-result” of Theorem 2 (Section 2.6).

Returning to PDE applications, a point of interest in developing a Nash—Moser theory for solutions with only
Sobolev regularity is that, in presence of possibly very large clusters of small divisors (typical for higher dimensional
PDEj), it is more natural to expect solutions with only Sobolev regularity, instead of analytic or Gevrey ones. An
intuitive reason is that huge clusters of eigenvalues can produce strong resonance effects, having a consequence on
the regularity of the solutions.

In Section 3 we present an application of Theorems 1-3 to the existence of periodic solutions of Klein—-Gordon
equations on a Zoll manifold M, e.g. spheres, recently considered in [1], see Theorem 4. Other applications are given
in [5]. The main issue for proving Theorem 4 is to verify the abstract assumption (L). For that, we exploit that the
eigenvalues of (—A + V (x))!/? on M are contained in disjoint intervals, growing linearly to infinity, see Lemma 3.1.
The corresponding geometry of the small divisors, see Lemma 3.6, suggests to look for solutions which are more
regular in the time variable ¢ than in the spatial variable x. Actually, a key idea is to look for solutions in the Sobolev
scale (54) of time-periodic functions with values in a fixed Sobolev space H*! (M), see Remark 3.2. Interestingly,
many tools in our proof are reminiscent of those used in the normal form result in [1].

A final comment is in order: in [25] Moser introduced the related technique of analytic smoothing to approach
the differentiable case. The idea is to first approximate, in a very accurate way, the differentiable Hamiltonian by
analytic ones. Then one constructs, using an analytic KAM theorem, a sequence of analytic approximate invariant tori
which actually converge to a differentiable torus of the original system. This powerful approach has been efficiently
developed by Pdschel [26] and Salamon and Zehnder [28], to prove, for finite dimensional systems, the existence
of invariant Lagrangian tori under the optimal finite regularity assumptions on the Hamiltonian. We think that this
technique cannot, in general, be directly implemented in PDE applications when, for the presence of large clusters
of small divisors, the resonance effects are so strong that the existence of analytic tori is doubtful. This is the main
reason why, in this paper, we develop a Nash—Moser iterative procedure that is in spirit more similar to the original
one in [24].

1.2. Functional setting and abstract Nash—Moser theorems

We consider a scale of Banach spaces (X, || ||ls)s>0 such that
Vs <s', Xy S X, lulls < llully,  Vu e Xy,
and we define
X:=()X,.
50

We assume that there are an increasing family (E (V) ~n>o0 of closed subspaces of X such that _J N>0 EW) is dense in
X for every s > 0, and that there are projectors
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o™ . x,— g™ of range EWN)
satisfying, Vs > 0, Vd > 0,

o (S [T Mullgrq < C(s,d)Nully, Yu € Xy;
o (S2) (1 = T Myully < C(s, )N~ ulls 4. Vit € Xg1a

where C (s, d) are positive constants. The projectors I7N) can be seen as smoothing operators.
Note that by (S1) the norms || ||, restricted to each E®) are all equivalent. Moreover, by the density of | J N0 E (V)

in X, foru e X, ||lu— TMu|; - 0as N — oo.

Example (Sobolev scale). If X, is the Sobolev space H*(T?), s >0, T¢ :=R?/2xZ¢, then X = C®(T?) and we
can choose EW) := Span{e’*Y, k € Z¢, |k| < N} and IT™) the L?-orthogonal projector on E™).

In every Banach scale with smoothing operators satisfying (S1)—(S2) as above, the following interpolation inequal-
ity holds.

Lemma 1.1 (Interpolation). YO < s1 < s there is K (s1, s2) > 0 such that, Vt € [0, 1],

t 1—¢
Nillegy+1—psr < K (st s lulll, Il 70, Vu € X

Proof. Suppose u # 0. Setting s :=ts1 + (1 — t)s>, we have, VN > 1,

(S1),(S2)
lulls < TNu|| + Ju—TNu| < Clors)(N° 7 ully, + N2 lulls,)

and the result follows taking N > 1 as the integer part of (||ulls,/|lu ||S1)1/(s2_51). O

We consider a C? map
F:[0,e0) x A X Xgy4v — Xy 2)
where sg > 0, v > 0, g9 > 0 and A is a bounded open domain of RY. We assume

e (F1) F(0,A,0)=0,VA e A,

and the “tame” properties:
3S € (so, o] such that Vs € [so, S), Yu € X1, with [lulls, <2, V(e, 1) €[0,80) x A,

o (F2) |13 F (e, A t)lly < C) A+ llullsr), 1DuF (e, 2, 0 A1l < C ()1 llst03
o (F3) ID;F (e, 2wk, vllls < C) Ul -5 10l + N0llsullllsy + 1Rl l10]150)3
o (F4) 10,5 DuF (&, 2, w)[h]lls < C(s)(IAlls4v + llells4vlIAlls)-

From (F1)—(F4) we can deduce tame properties also for F'(e, A, u) and (D, F)(e, A, u), see Section 2.1.
The main assumption concerns the invertibility of the linear operators

L(N)(a, Au) = H(N)DMF(S, A, u)|E<N).
We consider two parameters u > 0, o > 0, such that
o>4(u+v), s =s0+4(u+v+1)+20 <S. 3)

For all y > 0, we define appropriate subsets

2 The symbol 9, ;) denotes either the partial derivative dg, or 9y, i =1, ..., q.
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JJEAQ - {(8,A, u)el0,g) x A x EMN | L(N)(S,A,u) is invertible and Vs € {sg, 5},

ILM (e 2w~ [R]], < NTM(nhns + llullslills,). Yhe EVY. )
Given K > 0, we define
U = {u e C'(10,0) x A, EM) | flullgy <1, 13e. sy <K} 5)
and, for all u € L{éN), we set
G (w) :={(e,1) €0, 80) x A | (e, 2, u(e, 1)) € )} ©)

We assume that

e (L) There exist 0 > 0, u > 0 satisfying (3), y >0, M € N, C > 0, such that:
(i) Vy € (0,71, Ye € (0,20, |(G1)(0) N ([0,8) x A)] < Cye. (7)

(i) ¥y € (0, 7], > 0, 38 := &(y, K) € (0, £o] such that, Ve € (0,81, N' = N > M, u; e U™, ur e tUN"” with
K K
luzg —upllyy <N7°,

(G @) NG D) N ([0.6) x 4)| < C . ®

Condition (7) says that L™) (g, &, 0) is invertible for most parameters in [0, £) x A and condition (8) says that the

sets of “good” parameters Gg,{vl;) (u2), Gg,{v,l(ul) do not change too much for u1, u, close enough in “low” Sobolev
norm.

In applications, the verification of (L) strongly depends on the PDE. If in definition (4) we consider only s = s,
then, by eigenvalue variation arguments, we can verify, for many PDEs, properties (i)—(ii). The main difficulty is to
pass from informations on the eigenvalues of L™ (g, A, u) to the interpolation estimates (4) in the high Sobolev norm
I 5 Typically this requires “separation” properties on the small divisors of the PDE, see e.g. [10,13] and, in Section 3,
Proposition 3.1 and Lemmas 3.4, 3.5.

Theorem 1. Assume (F1)—(F4), (L), (3). Then there is C > 0 and, Yy € (0, y), there exists €3 := e3(y) € (0, 9] and
a C' map

u:l0,e3) x A—= X4 ©)]
such that u(0, 1) =0 and F (e, A, u(e, 1)) =0 except in a set C, of Lebesgue measure |Cy,| < Cye3. Moreover, for all
£€(0,€e3), IC, N ([0,8) x A)| < Cye.

Remark 1.1. As a consequence, if the freely chosen parameter y — 0, then?

ICy N ([0, e3(y)) x A)]
1[0, &3(y)) x A|
namely the “bad” set C,, of parameters has asymptotically zero measure.

— 0,

Remark 1.2. If u;, uy are the maps in (9) associated respectively to yi, y», with y; < y», then C,, C C,, and, for
e <min(e3(y1), €3(y2)), u1 and u» coincide outside C,,. This is easily seen from the construction of u in Section 2.

Remark 1.3. In the applications to PDEs with small divisors, the “good” parameters (e, A) such that u(e, 1) is a

solution of F(e, A, u) = 0 form typically a Cantor-like set. The property that the solution can be extended to a C'!
function u(-,-) defined on all the space of parameters could be seen as a Whitney extension theorem. However, here, it

3 Also e3(y) — 0.
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is just a consequence of the use of a smooth cut-off function at each step of the Nash—Moser iteration. Such a property
has been first proved in Poschel [26] for KAM tori, and for PDE:s it appeared in Kuksin [22,23] (actually it is sufficient
to consider only Lipschitz extensions).

The conclusions of Theorem 1 can be strengthened under slightly stronger assumptions. Given a non-decreasing
function K : [0, 00) — [1, 00), we define the subsets

]]EAQ;C c{ (e, u) €10, 80) x A x EMN | L™ (e, 1, u) is invertible and Vs > s,

- NE
[ 207 1] < K== (Ml + el Whll). Vh € EX}, (10)
and the corresponding set G ;N,i () as in (6). We consider the stronger hypothesis

e (Li) The analogue to (L), with the sets G{") () instead of G)(/Nli () in (1)—(8).

We remark that in typical PDEs applications, see Section 3, assumption (L) is proved to hold for some X with
just slightly more effort than (L).

Theorem 2 (Regularity). Assume (F1)—(F4) with S = oo and (Lx). Then the conclusion of Theorem 1 holds with
u e Cl(0,e3(y)) x A; X) where X := N0 Xs-

The proofs of Theorems 1 and 2 are based on an iterative Nash—Moser scheme that we describe in the next sec-
tion.

2. The Nash—-Moser iterative scheme

We shall deduce Theorem 1 from the following iterative result, where
Ny, :=NZ', an

No € N will be chosen large enough (depending on y), and E,,, IT,, J y.u are abbreviations for E Nw) - [p (N | Jy (N”
respectively. Given a set A and 1 > 0 we denote by N'(A, 1) the open nelghborhood of A of width (Wthh is empty
if A is empty).

Theorem 3. Assume (F1)—(F4) and (3). Then, for all y > 0 there are No := No(y), Ko(y) > 0, &2 :=¢e2(y) € (0, 0]
and a sequence (i) >0 ofC1 maps uy : [0, £2) X A — X4\, with the following properties:

(PDn tn(e, 1) € En, un(0,2) =0, [lutnllsy < L, e tnllsg < Ko(rING'>.

(P2)y For 1 <k<n, llug —ug—1llsg < Ny 118G (e — ur—1)llsy < N7

(P3), Let A, := ﬂk -0 G(Nk)(uk Dwithu_y:=0.If (¢, 1) e N(A,,, y Ny, /2 ) then u, (&, A) solves the equation

(‘7:11) HHF(S’)"au)ZO
(P4)n By =1+ llunlls, B, := 14 8.5 unlls (Where s is defined in (3)) satisfy

(i) B, <2NMY, i) B, <2NMTR

The sequence (u,)n>0 converges uniformly in C 1([0,8) x A, X so+v) (endowed with the sup-norm of the map and its
partial derivatives) to u with u(0, 1) =0 and

&N €A i=[)Aw = F(e.x u(e,2)=0.
n=0
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Note that in Theorem 3 we do not use any hypothesis on the linearized operators L™) (¢, A, u), in particular we do
not assume (L). Then it could happen that A, = @ for some ng. In such a case u,, = u,,, Yn > ng, and Ay, = . This
is certainly the case if y is chosen too large or u too small.

Then, in Section 2.5, we show, assuming also (L), that the Lebesgue measure of the set A, is large, deducing
Theorem 1.

Remark 2.1. A minor difference between Theorem 3 and most Nash—Moser iterative schemes is that we solve ex-
actly, at each step, the Galerkin approximate equations (F,). It could be possible also to solve it only approximately,
following a standard Newton iteration plus smoothing. This different procedure accounts for the classical quadratic
convergence of our scheme where N, := N02n (see (11)) whereas a rapid convergence scheme in tame setting usually

requires N, := X" with 1 < x < 2.

Let us give an outline of the convergence proof of Theorem 3. The sequence of approximate solutions u,, is con-
structed in Sections 2.2 and 2.3 solving the Galerkin approximate equations (F). First, in Section 2.2, we find ug as
a fixed point of the nonlinear operator Gy, defined in (18). We prove that Gy is a contraction on a ball of (Ey, || |ls,),
taking ¢ sufficiently small. Then, in Section 2.3, by induction, we construct u,+1 = u, + hy1 from u,,, finding A, 41
as a fixed point of G, defined in (29), see Lemma 2.4.

At the origin of the convergence of this Nash—Moser iteration, is the fact that L;il satisfies the “tame” esti-
mates (27), that the “remainder” term r, is supported on the “high Fourier modes”, and that R, (h) is “quadratic”
in h, see (22) for the definition of L, 41, 74, R, (h). Then r;, has a very small low norm || ||, thanks to the smoothing
estimates (S2), the tame estimate (F5), and the controlled growth of the high norms ||u,||; of the approximate solu-
tions given in (P4), (see the proof of Lemma 2.4). Actually, the main point is to prove that ||u,||s does not grow, as
n — 00, faster than some power of N, independent of s, see Lemmas 2.5, 2.8, and Section 2.6.

We remark that the term r,, does not appear in a purely quadratic Newton scheme because it is a consequence of
the smoothing procedure (projections). In the PDEs applications considered in [14,7-10] a term like r, is proved to
be small by decreasing the analyticity width at each step.

Finally, in Section 2.4, we conclude the convergence proof of Theorem 3. The proof of Theorem 1 is completed
in Section 2.5 and, in Section 2.6, using the stronger assumption (Lx) and the interpolation Lemma 1.1, we prove
Theorem 2.

2.1. Preliminaries

From (F1)—(F3) we deduce, using Taylor formula, the tame properties: for s € [sg, S), there is C(s) > 0 such that
Viulls, <2, llhlls < 1,
o (FS) [F(e, 2, w)lls < C(s)(e + llulls+v);

o (F6) [[(DuF) (e, &, w)[h]lls < C)(ulls+vllhllsy + 1lls0):
o (F7) |[F(&, hyu~+h) — F(e, h,u) — Dy F (e, 2, w)[h]lls < C()lullsullRNIZ + IAlls+0l1R]5)-

We have the following perturbation lemmas:

Lemma 2.1. Let A, R be linear operators in EN) (A being possibly unbounded). Assume that A is invertible and
that the following bounds hold for some s > so and some «, B, p, 5 > 0:

A= o], <elvlls,  [AT ], <alvlls + Bllvils,s (12)
IRklls, <8llkllsy, — IRKlls < 81Klls + pllklls,- (13)

If a6 < 1/2 then A + R is invertible and

A+ R, <2alvls,  [(A+R) o <2allvls +4(8 + o) vl (14)

N
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Proof. The fact that A + R is invertible and the first bound in (14) are standard: it is enough to write
A+ R=(+RA 1A and to notice that I + RA™! is invertible because |RA™! lsp < 1/2 and E™) is a Banach
space.
For the second bound, let k := (A + R)~!v. We have k = A~ (v — Rk) and so
(12) (13)

lklls < ellv—Rklls + Bllv — Rklls, < allvlls +adllklls +apliklls, + Bllvlls, + B3Ikl
Hence, since a6 < 1/2 and k||, = II(A + R)_1v||so < 2a|v]lg,, We obtain

lklls < 2(llvlls + (207 p + B +2B8a)llvlls,) < 2allvlls +4(8 +ap) vy,
proving the second inequality in (14). O
Lemma 2.2. Let (e, A, u) € J)Ef‘,’) and ||ulls, < 1. There is co := co(5) > 0 such that, if |(¢', 1) — (&, )| + [|h]ls, <
coy N~ e EMN) then L) (¢/, ), u + h) is invertible and Yv € EN)

1 NH
|L™ (e, 3, u+ 1) [v]||s0 < 47||v||so, (15)

- N N2t
LM (e, 2 u+h) 1|, < 4=l + KT(nuns + [12115) vl s, (16)

Proof. For brevity we set z := (g, 1), z/ := (¢/,’) and we apply Lemma 2.1 with A = L™)(z,u) and R =
LM u+h)— L™ (z,u). Since [|lu]|, < 1, the bounds in (12) hold by (4) with @ =2y "' N* and B = y ~' N* |Julf;.
By (F3) and (F4) we have, for s =sp or s =35,

IRIls < |2 = 2| C) (IKlls+v + (letllsv + 1Als40) 1K 55)
+ CE((ltllsv + Mallso) Wallso 1ellsg + 1 llso 1K lls + 17lls 1K lls-40)
SCENY (|2 = 2|+ 1Rllso) klls + CONY((|2" = 2| + I1Allso) (Nells + alls) + Wlls) 1Kl s, -

Hence, the bounds in (13) are satisfied with § = C (5, so) NV (12" — z| + ||hlls,) and p = CE)(||lulls + 2| Alls)NY, for
suitable positive constants C (s, s9), C(s). Then

1
ad < 2)/_1N“C(§, so)N coy N H 7V = X for cp :=
and Lemma 2.1 can be applied. Then we deduce (15)—(16) by (14). O

The two following subsections are devoted to the construction of the sequence (u#,) of Theorem 3. Throughout this
construction we shall take No := Ny(y) large enough.

2.2. Initialization in the iterative Nash—Moser scheme
Let Ag := G%‘j) (0). By the definition (6), the parameters (e, A) are in Ag if and only if (¢, A,0) € J)y\l’f). Then, by
Lemma 2.2, if Ny is large enough, V(¢, 1) € N (Ao, ZyN(;(T/Z), the operator L) (g, 1, 0) is invertible and
N -1 T N -1 ., —1
|06, 2,007 <ANGy T LY 60, 007 <ANgy (17
(recall that o > 4(u + v) by (3)). Let us introduce the notations Lg := LN (g, 1, 0), r_y := ITyF (g, 1, 0), and
R_1(u) :=Io(F (e, 1,u) — F(e,1,0) — D, F (e, 1,0)[u]).
A fixed point of
Go: Eo— Eo,  Go(w):=—Lg" (r-1+ R_1(w)), (18)

is a solution of equation (Fp). If 0 < & < £2(Ny, y) is sufficiently small, Gy maps
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By :={u € Eo | llully, < po := CoNy ey ™"}
into itself for some Cq := Co(sp). Indeed, by (17), (F5)-(F7), (S1), Y|lulls, < po,

[Goa [, <4NEy ™ (lr-1llso + [R-1G0] ) < 4Ny ' Cs0) (e + Ny llull3,)
<4C(s0)N ey ™" + 4Ny 7! Cls0)pg < po = CoNg'sy ™", (19)
taking Co := 8C (sp) and ¢ so small that

1
ANy =1 C(s0)po = 4Ny 2C (50) Co < 5 (20)

In the same way, if ¢ is small enough, we have by (F3), Vu € By, [|[DGo(u)[2]|ls, < ll2]ls,/2. Hence Gy is a contraction
on (Bo, || Ils,) and it has a unique fixed point in this set.

Remark 2.2. The only difference between the proofs in this first step and those of Section 2.3 (and that is why this
section is rather concise) is that the term »_; is small thanks to the smallness of .

Let itg (e, A) denote the unique solution in By of (Fp), defined for all (¢, ) € N (Ag, 2y NO_U/Z). By (F1),if (0, 1) €
N (A, 2yN0_J/2) then i1 (0, 1) = 0. Moreover, by the implicit function theorem, iig € C' (N (A, 2y No_a/z); Bp) and
demito = —LN (e, &, i)~ [[T9d(e,2) F (e, 1, ihp)]. By (F2), (15) and (20) we have [|9( 3 iolls, < KN§ ¥ "

Then we define the C'! map ug := Youg : [0, £2) X A — Ey where the C! cut-off function Yo :[0,8) x A — [0, 1]
takes the values 1 on NV (A, yN(;U/z) and 0 outside N (Ay, 2yN(;a/2), and |93 Vol < CNg/zy_l. The map ug
satisfies property (P3)p.

Moreover, uo(0, A) = 0, and, by the previous estimates, property (P 1) holds:

| 2 1 Ko®) o
luollsy < 5. 19 1yuollsy < (CNJ> + KNy 1<TN5’/ Q1)

for some constant Ko(y). It remains to show (P4)q. By (17), proceeding as in (19), provided that 4N(’)H'Vy_l C(s)po <
1/2, we have |igl5 < K(y)N(';,s, and, similarly,

16) 2utv

_ 16 Ny - No - - n
18, nitolls < 47|}a(8,A)F<s,A,uo>||§+K 2 1220 lI5 ]| e, 1) F (e, 2, di0) ||, < K () Np'-

Hence
liolls 2N and |9 dolls < 2NV

for No(y) large enough (since Ny > Ng/Z by (11)).
2.3. Iteration in the Nash—-Moser scheme

In the previous subsection, we have proved that there is uq that satisfies (P1)g (more precisely (21)),
(P3)g and (P4)o. Note that (P2)( is automatically satisfied.

By induction, now suppose that we have already defined u, € C L10,2) x A, Ep) satisfying the properties
(P1),—(P4),. We define the next approximation term u, | via the following modified Nash—-Moser scheme.

For h € E, | we write

Iy 41 F(ga Ayup(e, X))+ h) =ry+ Lyt1lh] + Ry (h)
where

Fni= g1 F(e htn), Lot i= Lug1 (e, ) = LV (e, un (e, 1)),

Ry (h) := 1T 1 (F(& My +h) — F(e, A, up) — DuF(Ea A, un)[h]) (22)
The “quadratic” term R, (h) is estimated, by (F7), as
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|Rn(h)|, < C(s)(Ilun ||s+u||h||f0 + 12540 ll2ls)- (23)
By (P3),,if (g, A) e N(Ay; yN,fU/z) then u, solves equation (F,) and so
rp =11 F(e, A uy) — I, F(e, M uy) =1, 1 (I — IT,)F (g, A, up). (24)

By (6) and (4), the operator L,1(g, ) is invertible on the set A, 1 = A, N G;j,vﬂ“)(un). If A,+1 =@ we define
Uy :=uy, Yk > n. Otherwise we continue the iteration.
Note that, by (11), for Ny large enough, we have the inclusion

N (A1, 2y NP S N (Ans y NP (25)

Lemma 2.3. For all (e, \) € N (A,11, ZyNn__fl/z) the operator L,+1(¢, A) is invertible,

NE
|2, 1], <4 ”y* llsys YV € Engr, (26)
and
|L L 1] S KON (lls + NS vllg). Yo € Engr. 27)

Proof. We apply Lemma 2.2. In fact, if z := (¢,4) € N(Ay41,2¥ N, 6/2

(@ un(2) € Jyyitt) such that |z — 2| <2y N, 7/, and then

), there is 7/ := (¢/,))) € A, (ie

(P

2= 2|+ lun@ —un(2) ]|, < 27N (14 KoING'?) < coy N 4T

for Ng := No(y) large enough, using (3) and (11). Thus (15) gives (26) and (16), together with the bound
ln (2 = wn(@ls < llun(@)ls + lun(2)lls < 2By, provides

lso

K/ n+v
1
L)l < — nH(n Is + y* Bnnvnso) (28)

which implies (27) by (P4)n. O

Defining for (¢, 1) € N (An41, ZyNn_fl/z) the map
Gur1:Eny1— Eng1, Gyt () i=— n+1[l’n + Ra()]. (29)

the equation (F,+1) is equivalent to the fixed point problem & = G, 11 (h).

Lemma 2.4 (Contraction). Let (g,)) € N(Ap+1, 2yNn_f1/2). For Ny(y) large enough G,41 is a contraction in
Buy1:={h € Epq1 | sy < Pny1 = Nl;fl_l} endowed with the norm || ||s,.

Proof. Forall (¢, 1) € N'(An41,2y N, [*

[Gar M, <ANZy ™ lralls + [ RaW ) (30)

and r,, has the form (24) because of (25). Now, if ||A|ls, < ppt1 = Nnjff] then

), by (26) and (29), we have

(82),23) sy 5
sy + | Ra ()|, < K (N, OO F (e, hyun) | ; + lunllsgrollR1S, + [l 1 2llso40)

(F5),(S1),(11) _ )
< KW EN B NI

(P4)n,(3) p—0—2 v
< K (Nn+1 +N, +1'0n+1)

3) —u—1
< Kipns1 (N, +N,'{+{I ") < K2pnpiN,



M. Berti et al. / Ann. 1. H. Poincaré — AN 27 (2010) 377-399 387

As a consequence, for Ny := No(y) large enough, we have

Inllsg < onr1 = rallsy + ” Rn(h)”S0 < ,On+1Nn__f_L17//4' (€1}
Hence by (30), Gn4+1(Bn+1) C Bpt1-
Next, differentiating (29) with respect to 4 and using (22), we get, Vi € B, 41,
DpGpy1(h)[v] = _L;_il_lnn—i-l (DuF(g, Astty +h)[v] = Dy F (g, 2, un)[v])
and

(26).(F3).(PDn K 1,

DK llvlls,
| DrGrsr vl < SN enillvll S 2N vl <

2

for Ny large enough. Hence G, 1| is a contraction in B, 1. O

Let hn+1 = hn_H(e A) € E,41 be the unique fixed point of G, 11, for (g, A) € N(A,41, 2)/N 0/2

solves

). Since hn+1

Uns1(, A, h) =TT F (8,1, up(e,1) + h) = (32)

and u, (0, A) (P D 0, we deduce, by (F1) and the uniqueness of the fixed point, that

0,0 €N (A1, 2y N7 ) = b1 (0,0) =0, (33)
Lemma 2.5 (Estimate in high norm). V(g, 1) e N(A 11, 2)/Nn__f1/2) we have
N2y (34)

||hn+1”Y S n+1

Proof. By ﬁn-{-l =Gyl (fzn_H) we estimate

~ ( ~ 2 ~

Vonsills < K () N2 (lls + [ RGN (Illsg + | Ra a0 ))- (35)
By (22) and (F5),

Sh (P4),,(11) 43

Irulls < K (e + lunlsov) < K'NYBy < K'N.J 2 (36)
By (23) and (S1)

| Ru )]s < K (NYBullinst 12+ Ny Wit lso s [5)

SN KN R s, (37)

using (P4),, ||iln+1 llso < Pnt1:=N, n+1 (Lemma 2.4) and 0 > 4(u 4 v). Inserting in (35) the estimates (36)—(37)
and (31) we get, for Ng := Ny(y) large enough,

- 1, : 1, 1 -
Vansalls < SN+ KON ™ s < NS + S s

and (34) follows. O

Lemma 2.6 (Estimates of the derivatives). The map hy1 is in C'(N' (Aut1, 2y N7 +1 ) By+1) and

) 1 .. N>
O 13en kil <GNT @) I8enhntlls <N (38)
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Proof. We set for brevity z := (s,)»); Recall that Un+1(z,fz,,+1(z)) = 0, see (32). The partial derivative
DpUpni1(z, hpy1) = LN+ (2, u,(2) + hypr) is invertible by Lemma 2.2. Actually, arguing as in the proof of

Lemma 2.3, since [|/1,11 15, < Nnj‘:fl < coyNn_J:’erv) for Ny large, the estimates (15)—(16) imply
~ -1 _
| (PaUn 1 2 by ) ™ 01, <477 N 0l V0 € Enga, (39)
_ (P4 " vy r
1(DrUnt1 (2o by )™ 1] < KOONE (Iolls + NS (N 4 g lls) []ls)
(34) 3
< K'NE L (Iolls + N2 wllg,).- (40)

Then, by the implicit function theorem, fan e C'W(Auq1,2y Nn_fl/z); B,+1) and

8chin1 = —((DhUn )@ ingD) ™ @:Uns1) @ Fins). @1)
Now, using that u,(z) solves (F;) for z € N'(A,, yNn_a/z), we get by (25)

0:Ung1(2, h) = M1 (3. F (2, un + h) + Dy F (2, up + h)[0.u,)) (42)
=11, 4+1(0: F)(z, up +h) — I, (0, F)(z, uy)
+ Hn+l(Du F)(z,u, + h)[az”n] — I, (D, F)(z, un)[0;un]

= I11 (3. F) (2, un + h) — (3. F)(z, un)) (43)
+ M1 (D F)(z, up + h) — (Dy F)(z, uy))[9;1n] (44)
+ (4 _Hn)(azF(Za ”n)+DuF(Z’un)[az”n])~ 45)

Using (F4), (F3), (P1),, (S1), we get

(@3], + @D, < KON Mnsillsy S KGNy T (46)
by Lemma 2.4. By the smoothing estimate (S2), and (F2), (F3), (F6), (P1),,

[@9)], < KGNSO+ luallsso + 10z l510)
0

(S1),(P4H)n

< K/(V)N;(E—SO)N’;)NV“‘H‘Ff

N—%(u+v+a+4)
n+l )

®
<K' (WN, 47)

From (41), (39), (46)—-(47) we deduce estimate (38)(i) for No(y) large enough. To prove (38)(ii) we use (41) and
estimate (40), whence

lochnills < K'GINE (10:Ungr @ ) [+ N [0:Un1 o By 1))

- Y 2

< KON (il + Wt 5o + 19200 15400 + N2 (48)
(P4),,(34) 9 g 5

< KON (NI N < N (49)

for Ny := No(y) large enough. To 0b~tain (48) we have used (F2), (F6) and (P1), in (42) to bound |10, U, +1(z, l~z,,+1)||g
and (46)—(47) to bound ||0,Up41(z, hut ) llsy- O

We now define a C!-extension of (fzn+ 1)|A,4, onto the whole [0, &2) x A.

Lemma 2.7 (Extension). There is h,+1 € Cl([O, &) X A, By41) satisfying

P10, =0, Mgl SN 18@nhnstllsg < N

and that is equal 10 Iy on N (Apy1, yNn_f]/z).
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Proof. Let

Y1 (&, Dhns1(e, 1) if (6,1) € N (Apgr, 2y N,

if (6,A) ¢ N(Ap+1, 2yN, 7

),
)

huy1(g, ) = (50)

(7/2

where Y, 41 is a C! cut-off function satisfying 0 < ¥,41 < 1, Y1 =1 on N(A,41, yN 1 ), Yn41 = 0 outside

N (Ans1, 2y N2, and 3 Yns1 | < Cy N
By (33) and the definition of ¥,41 we get h,41(0, A) 0 Vi e A.

By the definition, [|A,41ls, < ||h,,+1 lso < pnt1 = n+1 by Lemma 2.4, and

191y hn+1 1150 < 10 W1 1 Fnsllso + 13y nrillsy < N
for Ny(y) large enough, by the previous bound on |9 3)¥,+1| and Lemma 2.6. O

Finally we define u,11 € C'([0, £2) X A, Epy1) @S 11 :=tty + hpy1. By Lemma 2.7, on N(A, 1, YNy 7Y we
have h;1 = h,41 that solves Eq. (32) and so u,, 1 solves Eq. (F,+1). Hence property (P3),+1 holds. By Lemma 2.7,
property (P2),+1 holds. By (21) and (P2),+1, for No(y) large enough,

1 n
lnsillsy < 5+ Y Mgl < 1.

[\

0/2

Ko(y) , o2
>Ny +Z||a<mhk+1||so Ko(y)Ng

k=0

l 8(8,k)un+l ”so <

Moreover, still by Lemma 2.7 we have u,11(0, 1) =0, VA € A, and also property (P1),4 is verified. The induction
of Theorem 3 is concluded in the following lemma.

Lemma 2.8. For Ny := No(y) large, property (P4),+1 holds.

Proof. By the definition (50) and (34) we have [[h,+1 /15 < No% ™+ and, by (P4),,

2
Bui1 < By + Iyt s S2NMH + N2UT <oNE

for No := No(y) large enough. The second inequality follows similarly by

10 mhntills < 18 Va1 ns1lls 4+ 18y fint1lls

BH.38) C  (5/2)+2(u+v) 2tvte 3 utvto)2
< ;NrH»] +N 2Nn+2

for Ny := No(y) large enough. O
2.4. Proof of Theorem 3 completed

The sequence of maps u, € CL([0,&2) x A, Ey) converges in Cl([O, £2) X A, Xgy+v) to u, because X4y is a
Banach space and

(S1) (P2), e _
D un —unillsgrr < KD NYlun —un-illy, < KY NyO'< Y N

n>0 n>=0 n>=0 n=0

and, similarly, Zn}O ||8(s,k)l4n - 3(5,)\.)”’1_1 ||s0+v <K' Zn>0 Nn_l <
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Finally, if (g, A) € Ago := ﬂn>0 A, then F (g, A, u) =0 because

F(e,h,u)=IT,(F (g, A, u) — F(s,,\,un))+(1—nn)F(g,x,u)Mo

for n — oo.
2.5. Proof of Theorem 1

In order to deduce Theorem 1 from Theorem 3 it is sufficient to prove that assumption (L) implies
[AS, N ([0, &) x A)| < Cys Ve € (0, &3) for some g3 < &

Setting G, := Gy I (u,l 1) forn > 1, and Gg := G(NO) (0) we have Ay = ﬂff:o G,. Its complementary set in
[0, €) x A is (here the apex ¢ denotes the complementary in [0, &) x A)

oo
=J G5 cH U(GH\H) U UG‘\Gnl
where H := G;M)(O) and No > M. This implies, by (7)—(8), the measure estimate

oo o
|AS | <|H|+[GH\NH |+ |Ga\G._ | < Cye(1+M7') + ) CyeN, " <2Cye
n=1 n=1
where we can apply (8) for

o/2

0 <& <e3(y) :=min(er(y,K), e2(y)) withK=Ko(y)Ny'" ()

because, by (P1),, we have u, eZ/{( M) and lun — tn—1llsy <N, 7™ 1 by (P2), for all n.

2.6. Proof of Theorem 2

Under (Lx) we can apply Theorem 3 with A, = ();_, G)(/NZ? ic (uk—1), and the conclusion of Theorem 1 holds. We
have to check that u is in C' ([0, £3) x A; X) for all s’ > 0. For this, the main point is property (P4)/, below whose
proof requires only small changes in the arguments used in Lemmas 2.5 and 2.6.

Lemma 2.9. Forany s > 5, B,(s) := 1+ |lun|ls, B),(s) := 1+ [|3(e, 0y un s satisfy
2
(P4), Bu(s) <CNMY.  Bl(s) <CNMT2,
This implies | hals < 2C(s)NMH'.

Proof. First consider the map /1, defined on N'(A,41,2y N, +1 ) after Lemma 2.4. Applying Lemma 2.2 with §
replaced by s, we get, for all n > ng(s) large enough,

|L, 1 1, < KN (vl + N2 Ba ) [vlls,).
similarly to (28) in the proof of Lemma 2.3. Then, from %,y = Gy41(hns1) we derive (using (31))
Mhnsills < K@ N (Inlls + | Rarag) |) + K (7. )N B (5) .
As in (36)—(37), we get
Iralls S CONYBu(s),  |Ruhns)|, < C(s>(N;Bn<s>p,%+l + Ny gt lspnsr)-
Since ppr1 =N

] ~! forn > > no(s) large enough, K(y,s)C(s)N n+1 " pui1 < 1/2, and we derive from the previous
inequalities, using (3) again, that

Ihnsills < K'(y.)NE Ny Bu(s) < NUBy(s).
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Hence, as in Lemma 2.7, ||h,41|ls < N,’lfl” B, (s) and

Bup1(s) < (1+ N Bu(s)

for n > ng(s), which implies that the sequence (Bj, (s)Nn_ fl_v),, is bounded. This proves the first bound in (P4)),.

With similar changes in Lemma 2.6 we obtain the second bound in (P4),,. O

Now, consider any s > s’ > sg. By Lemma 1.1, writing s" := (1 — t)sg + s, t € (0, 1),
hnlly < K (s, )l Nl < K'(s)N, CHDAD N = K/ (5) N,

using |72, [l5, < N;7°7! (Lemma 2.4), ||h,|ls < 2C(s)N2“ ™ (Lemma 2.9), and choosing s large such that
- s" =50 _ o
T s—s0 2(n+v)+o+1°
Hence ) |4, ||y < oo and, since X is a Banach space, u € Xr. We prove exactly in the same way that |9z 1)/, || <

C(s)Nn’] and we derive that u is C! to X,. Since s’ > s¢ is arbitrary we conclude that u is in CH([0,83) x A, X)
where X 1= ("5 X;.

3. An application to PDEs

We present here an application of Theorems 1-2 to the search of periodic solutions of nonlinear wave equations

uy — Au+V@xu=cf(wt,x,u), xeM, (S51)

where M is a d-dimensional connected, compact, Riemannian C*°-manifold without boundary, of Zoll type, namely
the geodesic flow on the unit tangent bundle is periodic of minimal period 7 > 0. Classical examples of Zoll manifolds
are the spheres and the symmetric compact spaces of rank 1 endowed with the canonical Riemannian structure. By
results of Zoll, Funk, Guillemin and Weinstein, there exist many different metrics on the spheres, besides the standard
one, whose geodesics are all simple closed curves of equal length, see e.g. [6].

In (51), A denotes the Laplace-Beltrami operator and we assume that the potential satisfies

V(x)>0, VeCP(M)forsome p>max{2,d/2}, V#0 (52)
the forcing term f is differentiable only finitely many times, and f (wt, x, u) is (27 /w)-periodic in time, i.e. f (-, x, u)

is 2m -periodic.

Remark 3.1. Wave equations on Zoll manifolds have been recently studied in [1] for time independent C°°-
nonlinearities. The present techniques, written in the forced case for simplicity, apply also to such autonomous PDEs.

For ¢ = 0 the equilibrium u = 0 is a solution of (51). If ¢ # 0 and f (¢, x, 0) # 0 then # = 0 is no more a solution.
After a rescaling in time, we look for periodic solutions of

@y — Au+ VX u—ef(t,x,u)=0 (53)
for & # 0 small enough, in the Sobolev scale
H®:=H'(T, H""(M,R)), >0, (54)

of real, 277 -periodic in time functions with values in the Sobolev space H*! (M, R), where s; € (max{2, d/2}, p]. For
s1 > d /2, the Sobolev space HS! (M) C L*°(M) is a Banach algebra. Thanks to this property, for s > 1/2, each H®
is a Banach algebra too, see e.g. [2].

We define the closed subspaces of H

EN .— {u: Z e"uy(x), up € H' (M, C), ﬁz(x)zul(x)}
<N
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and the corresponding L2-orthogonal projectors 7™, The smoothing properties (S1)~(S2) hold. Moreover
E™ c () H® =C™(T. H" (M. R)).
s>0

We need informations on the eigenvalues of the unbounded, self-adjoint operator

P.=yV—-A+V(&x)

densely defined on L2(M) := L%(M, C). The eigenvalues of P are the normal mode frequencies of the membrane.
The spectrum o (P) of P is discrete, real and every A € o (P) is an eigenvalue of P of finite multiplicity. The following
lemma, due to Colin de Verdiere [12] and taken from [1], describes the asymptotic distribution of the eigenvalues of
P when M is a Zoll manifold.

Lemma 3.1. If M is a Zoll manifold, there are constants @ € R, cg > 0, § € (0,1), Co > 0, and disjoint compact
intervals (1j) j>1 with I at the left of I, and

27, co 2m . o .
Ij,=|:7]+05—j—6,7]+01+j—5:|, ji=2 (55)
such that the spectrum of P satisfies
o(P)C U I; and cardinality (o(P)N1;) < Coje™! (56)
i>1

(counted with multiplicity).

We call wjp, 1 <k <dj, dj < Cojd’l, the eigenvalues of P in each I;. There is an orthonormal basis of
L*(M) composed of corresponding eigenvectors @j k. Since the manifold M has no boundary, the Sobolev norms in
H ' (M) := H*' (M, C) can be defined as

> vk

1<), 1<k<d;

2

2 s 2
, = Z (1+wj’k) Nojkl”
HTM) 1€ 1<k<d,

We consider forcing frequencies o that are not in resonance with the normal mode frequencies wj x of the mem-
brane. More precisely, fixed some 7 > d — 1, we restrict to w such that

14

212 _ v
1+

| w§k| 2

VieZ, jeN, ke[l,d;], (57)

for some y € (0, 1). By standard arguments, and taking into account (56), the non-resonance condition (57) is satisfied
Yo € (w1, wy) but a subset of measure O(y).

Theorem 4. Let M be a Zoll manifold and assume (52). Fix 0 < w| < wy and s1 € (max{2,d/2}, p]. Then

(1) Existence. There exists s* > 1/2, k* € N such that:V f € CK (T x M xR), Vy € (0, 1), there is g9 := go(y) > 0,
a map

u e C([0, 80) x (@1,02), H)  with u(0, ) =0,

such that u(e, w) is a solution of (53) for all (¢, w) € [0, eg) x (w1, w2) except in a set C,, of Lebesgue measure
O(y o). Moreover, YO < & < eo(y), IC, N ([0, &) x (w1, w2))| = O(ye).
(ii) Regularity. If f € C*°(T x M x R) then

u e C([0, &) x (w1, w2), C(T, H*' (M, R))).
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The proof Theorem 4 is an application of Theorems 1 and 2.
Applying the linear operator Q := (—A+ V(x)+1 )~ in (53), we look for zeros of

F(e,w,u) :=a)2Qu”+u—Qu—8Qf(t,x,u) (58)

in the Sobolev scale (H*);>0.
By classical elliptic estimates the operator Q is regularizing of order 2 in the spatial variables: more precisely, we
have

[(—a+ Ve +1) ], < lullsmax o2 Vue HY, (59)

where HS1 = H*(T, H* (M, R)), s; >0, with Hilbert norms

2 2s 2 -
lll3 =D 0% 2 gy (= max(L ). (60)
leZ
When si = s1 we shall more simply denote || |, s = I lls.s; =1 lls the norm in H*. Finally, given a linear operator L

. / . .
in H>%1, |L ||M; denotes the associated operatorial norm.

Lemma 3.2. If f € CK(T x M x R) with S:=k —s1 —2 > so > 1/2, the map F satisfies (2), with v =2, A =
(w1, wp) CR, and (F1) holds. Moreover F is C 2 and the tame properties (F2)—(F4) hold for all s € [sg, S].

Proof. Use standard properties for the composition operators in Sobolev spaces, see e.g. [3]. O

There remains to verify properties (L) and (Lx) concerning the linearized operators
LM @)l = LN w)[v] = 0* Quy +v — Qu—elT™M Q(b(t, x)v), ve EW), (61)
where b(t, x) := (9, f)(t, x, u(t, x)) and
LM @[] := LN (e, 0, u)[v] := vy — Av+ V(x)v — elTN (b(t, x)v).

We shall prove in detail property (Lx ), assuming that f is in C*°. The proof of (L) is similar.

Proposition 3.1. For all T > 0, 79 > 1, there exist constants o = 0, § > 1/2, a non-decreasing function K : Ry —
[1,00) and, Yy > 0, a constant n(y) > 0 such that: if e(||b]ls + 1) < n(y),

ol v 2
‘wl Tp‘>(1+|l|)m’ V(L. p) € Z2\{(0,0)}, 62)
and
K) -1 K*
VISKKLSN, [(£®w) HO,O<47, (63)
then, Vs > 5§,
) ()] K(s) V)
0 5,0 K 5,0)s .
(£ @) |, o< N (Ihllo + 1Blslkls o). Vh e E (64)

Postponing the proof of Proposition 3.1 to the end of the section, we complete the proof of property (Li). By a
bootstrap type argument, (64) implies a similar estimate for || (LM @)~ h|;.

Lemma 3.3. Under the assumptions of Proposition 3.1, Vs > s,
-1 K(s)
(L™ @)™ h, < = N (Ul el lls). Vi€ EM,

where L := o + s1 + 2, taking, if necessary, KC(s) larger.



394 M. Berti et al. / Ann. 1. H. Poincaré — AN 27 (2010) 377-399

Proof. Setting /1 := (L™ (u))[v] = v + Q(w?vy — v — eIT™) (bv)) in (61), we estimate

i = [Q(=o v +v+eld™ bv)) +

552 2 (N) 2
<|ﬁ—wvn+v+8n (MNKWQ+HMh<CNth“4+fC@WMMWhmfr+Mm

by interpolation inequality (82). Using [|v||5 5, —2 < CN2||v||§7maX (0,5,—4) T l|1]l5, and iterating, we obtain
lolls < CEON2([[vlls.0 + 121l + 1Bl 15,0 + 1215 12115)- (65)
Since v = (LM w)"H(—=A + V(x) + Dh,

©4) K(s)
Ivlls.o <

K'(s)
N (|lhlls,2 + D15 1All5,2) < 5

NE(IAlls + lullslikls), (66)

using s1 =2 and ||b||s = |0, ), x, u)|ls < C(s)(1 + |lulls). By (65) and (66) the lemma follows. O

To conclude the proof of property (L) we have to define J (1\;) i and show the measure estimates (7) and (8). Fix
T > d + 2 (the exponent in (57) and in (63)), 79 > 1 (the exponent in (62)) and define

G :={(e, ») €0, 80) x (w1, w2) | w satisfies (57) and (62)}.
By standard arguments |G N ([0, €) X (w1, w2))| = O(ye). We also define
I = {(e,0,u) €10, £0) x (@1,02) x ENY | (e,0) € G, Ilullsy <1, and (63) holds}.
By Proposition 3.1 and Lemma 3.3, for &g > 0 small enough, the inclusion (10) is satisfied, with

w:=uo+s+2 and sp>max{l/2,s}.

Next, given a function u € Z/{éN) (see (5)), K > 0, the set G;le IC(”) defined as in (6) can be written as

GJ(/])V;’K(M): (| Bkw)NG 67)
I<KKEN

where

_ K?
Bk (u) := {(8,a)) €10, £0) x (w1, ) | | (L5 W) ‘||0,0 < 47}.

Lemma 3.4. [f eoy "' M? < c is small enough, then G(y"fj 1 (0) = G. Hence (7) holds.

Proof. We have £5) () = D) 4 7K with
D®h:=w?hy — Ah+V(x)h and TEh:=—e1® bh). (68)
If o satisfies (57) then [[(D))"!joo < 2KTy~!'. Moreover |T®)|p0 < Ce|b|;. By Lemma 2.1, if
2MTy~!Ce| b5 < 1/2, then, V1 < K < M, L5 (u) is invertible in %% and [|(L%) (u)) 0.0 <4KTy~ L. O
We fix 0 > max{4(u + 2), d + 2} (the first condition is (3) with v = 2).

Lemma 3.5. The measure estimate (8) holds.

Proof. Fix & € (0, £o]. As in the proof of Lemma 3.4, for all N, N' < Nz := (cy /&)"/*, forall uy e U™, ur e,
- ) _ a0V
it results G%M’K(ul) = GV,MJC

[w1, w2] let A€ represent the complementary in (0, £] x [w;, w2]. For N > N,

(u2) = G and thus (8) is trivially satisfied in such cases. Given a set A C (0, gg] x
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(™) ) NG @) = (G ) @) NG ()

c[ U (B}'((uz)ﬂBK(ul)ﬂG):| u[ U B;'((uz)mc]

K<N K>N

As we have just seen, if K < Nz then B§ (u2) N G = . Hence it is enough to prove that, if [lu; — uz |y, < N7, then

(69)

=

B:i= > |Bu)nBxwp|+ > |Bgu)|<C

K<N K >max{N,N;z}

Since £ (u) is selfadjoint in H%° and (CT + £%) (1))~ is compact for some large C depending on K, H%? has
an orthonormal basis of eigenvectors of L&) (), and ||(/.Z(K ) (u)) ™! llo,0 is the inverse of the eigenvalue of smallest
modulus.

Since L% (uz) — L& uy)]lo,0 = O(elluz — uills,) = O(eN~9), if one of the eigenvalues of L&) (uy) is in
[—4y K~7, 4y K] then, by the variational characterization of the eigenvalues of £%) (), one of the eigenvalues of
L&) (uy)isin [-4y KT —CeN~°, 4y K~ + CeN~7]. As a result

By (u2) N By (u1) C { (e, w) | 3 at least one eigenvalue of L% (e, w, uy)
with modulus in [4y K™%, 4y K" + CeN~7]}.

By a simple eigenvalue variation argument, as is Lemma 3.2 of [4], we have that: if ¢ is small enough (depending
on K), if I is a compact interval in [—y, y'] of length ||, then
K\1|

[{w € [w1, w2] s.t. at least one eigenvalue of L5 (e, w, uy) belongs to 1}|<c . (70)
w]

As a consequence |{w|(e,w) € B;{(uz) N Bx(up} < CsN_"Kd/a)l for each ¢ € (0, £], whence |B}‘((u2) N
Bk (u1)| < C'&2KYN~°. Moreover, still by (70), |B% (u2)| < CEKIyK~"/w; < C'8yK?~7. Hence B defined
in (69) satisfies

B<c52< > Kd)N”+c5y< 3 de>

KN K >max{N,Nz}
< CENYT10 4 C'sy (max{N, N3))* ' " < CyaN~,

for o, T > d + 2. This proves the measure estimate (8). O
We have verified all the assumptions of Theorems 1-2 whence Theorem 4 follows.
Proof of Proposition 3.1. Fixed p > 0, we consider the “singular” S and “regular” R sites
S:={1eZN[=N, N[ D@ s 200y >0~} R:=85,

where Dj(w) := —?2 — A+ V(x) are self-adjoint, unbounded operators, densely defined in LZ(M). O
The singular sites S are “separated” like in the 1-dimensional wave equations.

Lemma 3.6. Assume the diophantine condition (62). Then 3c(y) > 0, 8¢ := 8o(10, 8) € (0, 1), such that V1,l' € S with
11, we have |l —1') = c(y) (] + |I'])%.

Proof. Suppose that /1, > > 0;if /1, [ € S then there are ji, ki € [1,d},], j2, k2 € [1,d},] such that

-~ -~

1]’ |12

Using the spectral asymptotics in (55), and the diophantine condition, we get, if /1 # I,

|a)ll _wjl,k1| <C |a)l2_a)j2,k2| <C
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Y <ot =) 2”(' il < <+ -
Y detimt = =il < <
(I + [l — L) 1T R N TATINTA

and the thesis follows, using |/1| + |l2| < 2min(|/1], |2]) + |l1 —L]. O

Remark 3.2. According to the definitions in [13,14,7] the singular sites are the integers (I, j, k) such that

|—w?l? + w? | < p, where a)i ¢ are the eigenvalues of —A + V (x). Due to the multiplicity of such eigenvalues

they may form very large clusters. However, the previous lemma shows good separation properties for their projection
in time-Fourier indices. This is the main motivation for working with the spaces H® defined in (54). This setting en-
ables to proceed similarly to the 1-dimensional wave equation; the only difference is that, after decomposing in time
Fourier series, we get matrices of spatial operators.

Now, we shall follow closely the procedure in [4], which is here much simpler because the singular sites are sin-
gletons (in time-Fourier indices), see Lemma 3.6. A difference is that, in order to prove the C*°-result, Theorem 4(ii),
we need to assume &(||b||z + 1) small (independently of s).

According to the orthogonal decomposition EN) := Er @ Eg, where

Eg = {u = Ze”’ul(x) € E(N)} and Eg:= {u = Ze“’ul(x) € E(N)},
leR leS
for (e, w) € G, we represent LN = £WN) () as the self-adjoint block matrix (of spatial operators)
(N) (N)
£ <HR£|ER HR£|ES) _ <~CR ﬁfe)
msc® e ) =\ ek cs

where I[Tg : EN) — Eg, Mg : E™N) — Eg denote the corresponding orthogonal projectors. It results that £3, = (£§ ),
L}{ =Lg, ES = Lg. We fix

§i=14 (1 +2)8," (71

where &g is given by Lemma 3.6.

Lemma 3.7. For ¢||b||; small enough, Ly is invertible and, Vs > 5,
122", o <207 lhllso + 7 2eC@IIblslRlz 0. Vhe EM. (72)
_ nN) (N) . " (N)y—1 -1
Proof. We have Lgp = D" + Tp * as in (68). By the definition of R, Vs > 0, [[(Dp )™ 5,0 < p~, and, by
Lemma 4.1,
N ~ -
|78, o < eCo@ bz I1Alls0 + Cr (s, 5B IslIAlls.o-

Hence, by Lemma 2.1, if ,0_1 ||b||; is small enough, then Lg is invertible and (72) follows with C(s) :=4C(s,s). O
The invertibility of L) is then reduced to the invertibility of the self-adjoint operator
U:=(US?), pes=Ls—LELR LY Es— Es (73)
by the “resolvent” identity

(,C(N))_lz 1 —,CEI,C% E;l 0 1 : 0
0 1 o u')\-cfcy 1)

Then (64), and so Proposition 3.1, is a consequence of the following lemma.

Lemma 3.8. If (62)—(63) are satisfied and ¢(||b||; + 1) < n(y) is small enough, then, Vs > 5,
K (s)

|U~"h;, < N (llhlls,0 + 1615 Illo0),  Vh € Hs, (74)

with o =2t + 2.
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Proof. To prove (74) we use that, for all /{, 1, € S,

. -1 1L .. C(s)ellDll
i |@y) leazoay <€ @ 193 carnn < =g B (75)

Estimate (75)(ii) is a consequence of the decay of the Fourier coefficients ||b; || gs1 (A1), as in Lemma 3.12 of [4]. More-
over it can be proved that, by the separation of the singular sites, assumption (63) can be translated to estimate (75)(i),
like in Lemma 3.13 of [4]. To prove (74) we write

U=D(I+D'R), D:=diag(V)),.s. R:=U-D. (76)

Given L € N4, we estimate

(Ullll)_l Z UlllthZ

(1 —a* D' Ra| , < Y Il

heS,|h|>Ly LeS,L#l LZ(M)
(75)(1) Ill |s+r l
s ¢ Z y Z H U112HE(LZ(M))”hlz”LZ(M)
heS.hl>Ly heS,h#
= (P1)+(P2) 77

where in (P1), resp. (P2), the sum is restricted to the indices Ly < |/1| < 2|l2], resp. |/1| > 2|l2|. By (75)Gi),
Lemma 3.6, Schwarz inequality, and since &g € (0, 1), we deduce

LIk
(PHSCO) Y 5|ll|s+t||b||§< 3 M)

s+380(5—1/2)
1eS,|h|>L |21 21111/2 2]

B 172
<Ccw) Y a|11|s+’||b||;||h||x,o< 3 |12|—2s—6o<2s—1>)

l1eS,|l|>Ly [l21=1111/2
<eCHCOIblsllhllo Y 1T <eCCE b5l 0LT® (78)
LeS,||>Ly

where o := §p5 — T — 2 > 0 by the definition of 5 in (71). By (75)(ii) and, since in (P2) we have |l —»| > |I{| — |l2| =
1] — (1111/2) = |11]/2, we deduce that

C(s) e el
(P2)< = Zun”fwfﬂ( > ||hzz||Lz(M>)

heS [a]<|l11/2
C(s) C(s)
< ——¢llblly Y_ 11" M iAllo.0 < ——&lbllsN"[|Allo.0 (79)
[168
where 1 := v + 2. Similarly one obtains
D' RA o < COElbIs IR0 (80)
and then
(L) -1 8D s -1 K
| THIDTIRA|, o < LD RA|, o < LICH)ENbIs I l0.0- 81)

We choose L1 := L{(s) large enough so that in estimate (78) it results C (s)Ll_“ < 1. Then we deduce from (77)—(81)
that there is n(y) > 0 such that, for e(||b||z + 1) < n(y),

1 1
[P R o < 5hlls0+ C©IBIN koo, [P RA],, < S lll00-
Hence, by Lemma 2.1, for e(||blls + 1) < n(y), I + D~ 'R is invertible in H** and

1y =1
|(1+D7'R) hso <20R150 +4C )bl N [1Allo,0-
Finally, (74) follows by (75)(i), with o :=pu1+7t=2t+2. O
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4. Appendix

Lemma 4.1. Fix s > 1/2, sy > d/2. For all s > 5, si € [0, s1] there exist constants Cy(5), C1(s,s) > 0 such that,
Vbe H, u e H“i, we have

[Dulls 51 < Co)IPllsllulls,s; + C1 (S, b5 llulls s - (82)

Proof. We estimate

(60) )
ol = Y (m)*

Zblum—l

2 2
. < Z<m>2*‘< D bitn-il M)> (83)

meZ. IeZ. HYM) ez, IeZ
2
< Cls) Z<m>zs< D el v il M)) <2C(s)((PD) + (P2)) (84)
meZ 17
where in (P 1) the sum is restricted to the indices such that
(m) . o Alys

ﬁ <14+n(s) withn(s):=2"7"—1>0, (85)
m—

and in (P2) on the complementary set of indices. In passing from (83) to (84) we use that the multiplication operator
T, for b € HS' (M) C L®° (M), s1 > d/2, satisfies

IToll zc2my) < MNDNLe My < CDIDI s M), 176\l 2t (M) < CDIBI EsT M)
and so, by interpolation theory (see [23, Chapter 1], and references therein), YO < si < 51, we have

/ / < s .
151 gt o a2 oty < CODIBIEm 0t

Using Cauchy—Schwartz inequality (for brevity || || gsi := || | gs1 (A1)

s 2
(P1) :=Z( 3 ||bz||Hs1<l>“||um_z||Hxi<m—l>f~(’"7>)s>

meZ N 1 s.t. (85) holds () (m =1

(85) < 2
< Z( > bl <l>25||u,,,_,||ifi (m — l)zs) < > (1)7) =CEIBINul? ;- (86)

meZ " leL IeZ
Next, in the sum (P2) we have (I) > (m) — % = (m)n(s)(1 +n(s))~! and, arguing as in (86),
(P2) < [IBIF Nl 5, C 5. 5)- (87)
By (84), (86) and (87) we deduce (82). O
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