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Abstract

We consider the nonlinear Klein—Gordon equations coupled with the Born—Infeld theory under the electrostatic solitary wave
ansatz. The existence of the least-action solitary waves is proved in both bounded smooth domain case and R3 case. In particular,
for bounded smooth domain case, we study the asymptotic behaviors and profiles of the positive least-action solitary waves with
respect to the frequency parameter w. We show that when « and w are suitably large, the least-action solitary waves admit only
one local maximum point. When w — o0, the point-condensation phenomenon occurs if we consider the normalized least-action
solitary waves.
© 2009 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction
1.1. Background

The Born—Infeld geometric theory of electromagnetism is a nonlinear generalization of the classical Maxwell
theory. It was introduced to overcome the infinite energy problem associated with a point-charge source in the original
Maxwell theory. Based on the action principle of special relativity, Born proposed the first Born—Infeld theory (cf. [2]
and [3]). It is defined by the action density

F,,Fr
LIB“:bZ(l— 1—}—“2”T),/—det(gw) (1.1)
where g, is the metric tensor of a (3 + 1)-dimensional Minkowskian space—time of the signature (+ — — —), and

Fuy=0,A, — d,A, is the field strength curvature induced from a gauge potential (connection 1-form) A,,. Later,
by considering the invariance principle, Born and Infeld reconsidered (1.1) and introduced the second Born-Infeld
theory in [8] and [9], which is defined by the action density

Lpro=b* (,/— det(g,n) — \/— det(gw + %) ) (1.2)
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It is clear that when the Born—Infeld free parameter b — oo, both (1.1) and (1.2) reduce to the classical Maxwell
theory.

In recent years, the Born—Infeld nonlinear electromagnetism has regained its importance due to its relevance in
the theory of superstrings and membranes (cf. [29]). It has received much attention from both theoretic physicists
and mathematicians (cf. [32,27,1,18,34,24]). Mathematically, motivated from Gibbons’ work (cf. [18]), in [34], Yang
proposed an extended Born—Infeld equation, which can be used to unify the minimal surface equations and maximal
hypersurface equations. Meanwhile, the author studied the existence of magnetostatic minimum-energy solutions in
the Born—Infeld—Higgs model. Later, in Lin and Yang’s work (cf. [24]), the authors studied the gauged harmonic maps
by extending the scalar Higgs fields in [34] to maps from a 2-surface into the standard 2-sphere. The coexistence of
vortices and antivortices were obtained by studying the first-order system of self-dual and anti-self-dual equations.
The existence of cosmic strings induced by these vortices were also established.

1.2. Electrostatic solitary wave ansatz

As we know, the gauge potential A, can be coupled to a complex order parameter ¥ through the minimal coupling
rule. That is the formal substitution

59
> — — iAo,

ar a0

VisV_iA

where A = (A1, Az, A3) is a magnetic vector potential, and Ag is an electric potential. Therefore, in a flat
Minkowskian space—time with metric (g,,) = diag[1, —1, —1, —1], we can define the Klein—-Gordon-Maxwell La-
grangian density Lxgps as
Y

1
Lxcm 2|: 5 iYAo

where m is the mass of a particle, and p € (2, 6) is a constant describing the nonlinearity in (1.3). The nonlinear
Born—Infeld—Klein—Gordon equations (NBIKG for short) are the Euler—Lagrange equations of the total action

2

1
—|w—iAw|2—m2|w|2}+;|w|P (1.3)

5= / L1t + Lk (1.4)
Under the electrostatic solitary wave ansatz
Y, n=u@e,  Ag=-¢x), A=0

where u and ¢ are real-valued functions defined on a subset U of R>, and w is a positive frequency parameter, the
total action in (1.4) takes the form

Fy(u, ) :=/—|Vu| +

U

;W-wﬂ#—imww—,w@) (1.5)

with

EWU(¢y=i/b2(1—‘/l———¢V¢P>-+am2¢4—%¢%ﬁ. (1.6)
U

The critical point (¢, u) of Fy satisfies the Euler—Lagrange equations associated with (1.5). By standard calculations,
we get

=u*(+¢),
,/1 - b—2|w>|2 (1.7)
Au = (m* — (@ +¢)?)u — |u|”u.

In this article, U is assumed to be a bounded smooth domain in R3 or the whole R? space. When U = R3, we omit the
subscription U from (1.5) and (1.6). That is, we use F and E, to denote Fp3 and E, 3, respectively. As a convention

in this paper, in an integral expression, if its integration domain is R3, we will omit R3 from the integral expression.
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1.3. Main results

The existence of solitary waves has been well studied in different systems (cf. [4-7,10-13,16,22,25]). Particularly
in [13] and [25], the authors considered the system of nonlinear Klein—Gordon equation coupled with the Born—Infeld
type equations. Here, the Born—Infeld type equations refer to the second order expansion of the original Born—Infeld
equations when the Born—Infeld parameter b — oo. In this article, we study the original Born—Infeld equations.

Firstly, for any fixed u € L?(U), we study the variational problem

in E . 1.8
min uwU (@) (1.8)
The configuration space

M :=DW)N{¢ | IVPlLow) < b} (1.9)

naturally arises from the physical constraint (quantity under the square root in (1.6) should be nonnegative) and the
finite energy condition (E, y(¢) < 0o) of (1.6). In (1.9), D(U) denotes the completion of CSO(U ; R) with respect to
the norm

I¢llpw) == IIVOll L2y + IVl Law)-

It is embedded into L°°(U) continuously (cf. Proposition 8 in [17]). Therefore, M is a topological space by equipping
with the uniform norm topology when U is a bounded smooth domain or the locally uniform norm topology when
U = R3. The existence of global minimizer for the variational problem (1.8) will be studied in Section 2.1 by an
application of the direct method in the Calculus of Variations. The minimizer is unique because of the convexity of
the functional E, ;7. Therefore, we can define a nonlinear operator

@:L*(U)— M, (1.10)

which sends one LZ(U) function u to the unique minimizer of the variational problem (1.8). In Section 2.3, the
operator @ is proved to be a continuous map between L*(U) and M if we equip L>(U) with its strong topology.
Plug the minimizer @ («) into (1.5), the functional

Jlul:= Fy(u, ® (), (1.11)

which is defined on H'(U) or a subspace of H'(U), is strongly indefinite. In Proposition 3.1, the functional J will
be proved to be C! differentiable in the sense of Fréchet. We emphasize here that, with the loss of the C! regularity
on @, our method relies only on the continuity of the operator ®. In Section 3.2, we will assume U = R>. By the Z,
Mountain Pass Theorem, we will prove the existence of infinite many critical points of J with radial symmetry when

=2 (1.12)

w

is suitably large (see Theorem 3.3). Furthermore, we will show that among all nonzero critical points of J with radial
symmetry, there exists one that attains the least-J-action (see Theorem 3.8). In Section 3.3, U is a bounded smooth
domain. We will study the positive critical points of the functional J with boundary values set to be 0. Therefore, we
work on the functional

Jo[u] ::/%|W|2+%( 2—w2)u2—éuidx—Eu,U(cp(u)). (1.13)
U

J+ is defined on H(} (U). Based on the well-known Mountain Pass Lemma due to Ambrosetti and Rabinowitz, we
will show in Theorem 3.18 and Theorem 3.19 that if « is suitably large, then among all nonzero critical points of J,
there exists one that attains the least-J-action. We call it the positive least-J-action critical point of J. Compared to
the magnetostatic minimum-energy solutions for the Born-Infeld—Higgs model or the gauged harmonic map model
in [34] and [24], our results in Theorems 3.3, 3.8, 3.18 and 3.19 verify the existence of the least-action solutions in the
context of electrostatic fields. Moreover, in Theorem 3.18, we generalize the existence of the Mountain Pass solution
in [26] and [33] to a coupled system combining a semilinear elliptic equation with an electric potential governed by
the Born—Infeld theory.
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Denote u, , by one positive least-J-action critical point of the functional J;. With respect to the parameters

k and w, in Section 4, we focus on the asymptotic behaviors and profiles of the functions in relation to u,

and @, (u, ). We adopt a singular perturbation method. In fact, in Section 4.3, we will prove the point-condensation
2

phenomenon for the normalized function v, ,, = w2-7 u, . More precisely, it will be proved that when « is a suitably
large constant, in the limit of @ — 00, v, , admits only one local maximum point Py . In particular,

1
Vew(Pew) = (k2 = 1)72 (1.14)

is uniformly bounded from below by a constant depending only on «. Meanwhile, the normalized function v, , — 0
in CLe (U \ Pew).

2. Minimizer of E, y
2.1. Existence of the minimizer @ (u)

Denote D2(U) by the completion of C3°(U; R) with respect to the norm

ol pra) = VOl L2y

D(U) is continuously embedded into both D2(U) and L (U). Moreover, D'-2(U) is continuously embedded into
L%(U) by Sobolev inequality.
In the following, we begin to study the variational problem (1.8) in this section. First, let us state a lemma.

Lemma 2.1. If {¢,} € M and ¢, — ¢ in D-2(U), then ¢, — ¢ uniformly in U if U is a bounded smooth domain;
én — ¢ locally uniformly in R?, if U = R3.

Proof. Assume that {¢,, } is any subsequence of {¢,}. Since {¢,,} & M and ¢,, — ¢ weakly in DI’Z(U), {Vey,}is
uniformly bounded in L*(U) and L*(U). If U is a bounded smooth domain, by Morrey’s inequality, we then have

||¢nkllco,%(0) < Cllén ),

which implies that {¢,,} is equicontinuous on U. Apply Arzeld—-Ascoli’s theorem, we can extract a subsequence,
which is denoted by {¢nk, }, such that ¢nk, = ¢ in U. Because the subsequence {¢,, } is arbitrary, we have ¢, = ¢

in U. R3 case is similar. We omit the proof. 0O
In the following, we use the direct method in the Calculus of Variations (cf. Theorem 1.2 in [31]) to show that
Theorem 2.2. For every u € L>(U), there exists a unique ®(u) € M such that
Eyu (P W) =¢i£{4 E,u(®).
In fact, we need to verify that:

(1) M is a weakly closed subset of D'-2(U);
(2) E, v is coercive and weakly sequentially lower semicontinuous on M with respect to DL2(U).

Lemma 2.3. M is a weakly closed subset of DV2(U).
Proof. Note that, D'-2(U) is reflexive and M is convex. We only need to prove the strong closedness of M in DL2(U).

Choose {¢,} € M, ¢, — ¢ in DV2(U). Up to a subsequence, we can assume V¢, — V¢ almost everywhere in U.
Then ||V | L@y < b. We also have

/ IV — Vop|* < 4b2f |V, — Vo|* — 0.
U U
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Hence, ¢ € D(U). Under the definition of M in (1.9),¢ e M. O

Pay attention to the fact that

Fx,9.p)= b2<1 - m> PO+ 31 (09> >~ 0 ()

is convex in p. Then, F is a Caratheodory function. In the following, we apply Theorem 1.6 in [31] and show that
Lemma 2.4. E, y (-) is coercive and weakly sequentially lower semicontinuous with respect to DL2(U).

Proof. The coercivity of E, y with respect to D2(U) is a result of the fact that

1 1
Eu,U(¢)>/§|V¢|2dX— szfuzdx.

U U

Let us now prove the weakly sequentially lower semicontinuity of E, ;7. Assume that {¢,} € M and ¢, — ¢ weakly
in DV2(U). From Lemma 2.1, we know that ¢, = ¢ locally in U. That is, YU’ € U, we have ¢,, = ¢ in U’. Hence,
¢p — ¢ in L'(U). Since V¢, — V¢ weakly in L?(U), we get V¢, — V¢ weakly in LY(U). Apply Theorem 1.6
in [31],

Ey u(¢) <liminf Ey y(¢n). O
n—00

Remark 2.5. Use the same method as the above, we can prove that if {¢,} € M and ¢, — ¢ weakly in D'-2(U), then

[ 1 1
2 _ - 2 . . 2 _ - 2
/b (1 1 b2|v¢| )ggglo%f/b (1 1 b2|v¢,,| )
U U

Now we complete this section by the proof of Theorem 2.2.

Proof of Theorem 2.2. Lemma 2.3 and Lemma 2.4 together with Theorem 1.2 in [31] imply that there exists a
minimizer of E, y on M. The convexity of the functional E, ; ensures the uniqueness of the minimizer. O

2.2. Some properties of the operator @

From Theorem 2.2, we can construct the operator @, which is defined as in (1.10). Since for a fixed u € L2(U),
@ (u) is the unique minimizer of the variational problem (1.8), then

Proposition 2.6. Vu € L*>(U) fixed, ® = ® (u), we have

[
< | —u(w+ D)P. (2.1)
U U

/1—hi2|V<15|2

Proof. VA € (0,1), A® € M. Consider E, y(A®) as a function of A, then

Vo |?

/1—bi2|v¢|2x2

4 _ 2 22
d)LEu,U()\(p)— A +ou"® + Aud°. 2.2)
U
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Since @ attains the minimum of E,, ;y in M, we have

d
li f—E,v(x®)<0. 2.3
imin ’h E,u(®) (2.3)

r—1

Apply Fatou’s Lemma, (2.2) and (2.3) may imply (2.1). O

Since D(U) is embedded into L°°(U) continuously, then (w + @)® € L°°(U). By the assumption that u € LZ(U),
we can conclude from Proposition 2.6 that the minimizer @ = @ (u) of the variational problem (1.8) satisfies

/ V|2
< +4o0.
1——2|V<1>|2

Therefore, we can define K € M as

K::{weM’/ vy <+oo}. 2.4)

V1= = IVy R

The minimizer @ = @ (u) of the variational problem (1.8) is also the minimizer of the problem to minimize the energy
functional E, y on K. Therefore, we may get the following proposition.

Proposition 2.7 (Variational Inequality). Yu € L*>(U) fixed, ® = ® (u) is the minimizer of E,.y on M. Then, Vyy € K,

/ Vo
51— mIVeP

Proof. Vy e K and0 <X < 1, A® + (1 — 1)y € K. We know that @ («) attains the minimum of E, y on K, thus,

V(D — ) + (@ + D) (P — Y)u® 0. (2.5)

d
liminf ~— E, ¢ (A® + (1 — 2)¥) <0.
iminf — wu(A® + (1= )Y)

Apply Lebesgue’s Dominated Convergence theorem. We complete the proof. O

As an application of the variational inequality (2.5), we prove the a priori upper and lower bounds of @ (u) for a
fixedu € L>(U).

Proposition 2.8. Vi € L2(U), it results in ® (u) < 0. Moreover, ® (u)(x) > —w if u(x) #0.

Proof. Apply the variational inequality (2.5) and set v = —® ~, we have

/ /1—b—2|v<p|2

That is,

V(@427 ) +o(®+ 07 )u? + (¢ + 07 )ou’ 0.

vor + +.2 +pt,2
1—~V(I§ + 0P u "+ PP u” <O0.
00 ,/l—b—2|V<D+|2

So we get V@ =0. Hence, ® < 0. If we set ¥ = —w + (w + @)™, then we have

Vo |? ) 2
— 4+ (@ +w)? 0. (2.6)
0o /1—;—2|ch>|2

Hence, @ (u)(x) > —w whenever u(x) #0. O
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In the rest of this section, we assume that U = R>. Let f be a function defined on R3. With respect to fixed xo € R>
and g € O(3), we can define translation and rotation on f as

Too f (x) = f(x + x0), T, f(x):= f(gx), VxeR>. 2.7

From the definition of K in (2.4), it is easy to prove that K is translation-rotation invariant. Pay attention to the
uniqueness result in Theorem 2.2. We prove the fact that @ is even and commutes with the group of rototranslations
in Proposition 2.9 below.

Proposition 2.9. Vi € L2(R3), Vg € O(3), Vxo € R3, we have

D (Tyyut) = Ty @ (), 2.8)
D (Tou) = T, @ (1), 2.9)
D (u) =D (—u). (2.10)

Proof. We know that

E, ((D (u)) = ETxOu (Txo(p (u))

Since K is translation—rotation invariant, we have Ty, ® (u) € K. Note that, @ (Ty,u) attains the minimum of ETX0 u
on M. Then,

E, (q§ (u)) z ETXOM ((D (Txou))-

Since xg is arbitrary, we conclude that

Ey (D)= ET_XOM(<D(TxOu)) = ETYOM(Tqu>(u)).

The uniqueness result in Theorem 2.2 immediately implies (2.8). The proofs for (2.9) and (2.10) are similar. We omit
the discussions here. 0O

As an application of (2.8) in Proposition 2.9 and the variational inequality (2.5) in Proposition 2.7, let us consider
a W22 estimate on the minimizer D (u).

Lemma 2.10. If V& (u) € LP'(R3?), Vu € L2 (R3) N LP2(R3) and u € L*>(R?) N LP3(R3) where 1 < p; < 00
(i =1,2,3) satisfying o= + - + 2= = 1, then

/ > [0 @ @) < 60| V@) ||y oy I Vtll 2 sy il s - (2.11)

Proof. Assume that @ = @ (u), @1 := @(x + €e1) and uj := u(x + €e;) where e; = (1,0,0). Since K is
translation—rotation invariant, @1 € K. By Proposition 2.7, we have

Vo 5 5
— V(@ — @)+ o (D — Dy )u’ + (D — Dy )Pu’ <O0. (2.12)
— Lvo|
b2|

From (2.8) in Proposition 2.9, we know that @1 . = @ (u(- + €e1)). Apply Proposition 2.7 again, we have

V(Ple —P)+o(P1e — ¢)u1,e + (P1,¢c — ¢)¢1,€u176 <0. (2.13)
1- —z|V¢1 e|2

By adding the inequalities (2.12) and (2.13), we have

—_d|? _ 2 2
/’V(p]: (] +(w+¢(u))((p1: @)(u (x+e€er)—u (x))go'

€
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Therefore,

/‘V(Dl’e -
€

—i—/(w—i— qﬁ(u))(@l’l_ @) (u(x Fee) - u(x))(u(x +eer) —u(x)) <O0.

€

2
oo o) (2= (e o)

€

Since we know that if 1 < p < oo,

[

c < ||V¢||LP(R3)-

LP(R3)
In particular, if p = oo,
H ¢1’€ - @

<b.
€

Loo(R3)

Then, we know that

e p— +eer) — 2
/(“’er’(”))( 1’6 )(u(x <) M(X)> <bf[(@+ @@ o I VN7 2 )

€
Therefore, from (2.14) and Proposition 2.8, we have

2
Jlr2=] <2 o own(P=2) (2= ) o

€

gZw/“(@],g —@)(u(x+eel) —u(x))u' L 0.
€ €

By applying Holder’s inequality on (2.16) and letting ¢ — 0, we get

2
/|V81¢(u)| L20|IVP|1n (R3)||VM||LP2(R3)||M||LP3(R3)
where 1 < p; < oo (i =1, 2, 3) satisfying % + é + % =1. O
Apply Lemma 2.10 by setting p; = 0o, p» = p3 = 2. The following proposition holds:
Proposition 2.11. If u € H'(R?), then V& (u) € H'(R3; R3), which satisfies

2
/Z‘az’j(p(“)’ S 6wb||Vull 23y lull 2 ®3)-
iJ

2.3. Continuity of the operator @

(2.14)

(2.15)

(2.16)

2.17)

In this section, we study the continuity of the operator @ in two cases. In Proposition 2.12, we prove that
@ :L*(U) — M is a continuous map if we equip L>(U) with the strong L>(U) topology. If we restrict the opera-

tor @ on

L:=LXU)N L% U)NL3U)

(2.18)

and equip L with the strong L% (U) N L3(U) topology, then in Proposition 2.13, we show that & : L > M is a

continuous map. Here, u#,, — u under the strong L% U)YNL3U) topology means that u;, — u in both Ll’i_2 (U) and
L3(U) strongly. As before, M is a topological space equipped with the uniform norm topology if U is a bounded

smooth domain or with the locally uniform norm topology if U = R3.

Proposition 2.12. @ : L>(U) — M is a continuous map.
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Proof. Assume that u,, — u strongly in L>(U). In the following, we show that V{un,} < {un}, there exists a subse-
quence {unk] }, such that when U is a bounded smooth domain, <1>(u,,kl) =®w)inU;whenU = R3, (p(”nk,) =®(u)

locally in R3.
Note that, {u,, } is uniformly bounded in L%(U). By Propositions 2.6 and 2.8, {@(up,)} is uniformly bounded in
D(U). Hence, it is also uniformly bounded in L°°(U). Then, there exist a subsequence {u,,kl} and f € M, such that

@(un,q) — fin DL2(U). By Lemma 2.1, d)(u,,kl) = f in U when U is a bounded smooth domain or @(un,q) =f
locally in R3 when U = R3. For the rest of the proof, we only need to show that f = & (u).

Because (D(unkl) is the minimizer of Eunk v onM and Uy, —> U in L2(U), we have
|

E“"kl U ((p (u’lkl )) < E“"kl U ((D (“)) — Ey,u (q) (u))

Note that, {qﬁ(unkl )} is uniformly bounded in L°°(U) and converges to f pointwisely. When Uny —> U in L2(U), we

have
/cb(unk[)uikl —>/fu27 /db(unk,)z“ﬁk, —>/fzu2_ (2.19)
U U

U U
From Remark 2.5 and (2.19), we get

E,u(f) < ligngunkl,U(@(unk,)) < fim Eu,,k[,U(¢(u)) = Eyu(®W)).

By the uniqueness result in Theorem 2.2, f =®(u). O
Proposition 2.13. @ : L — M is a continuous map. L is defined in (2.18).

Proof. Assume that u, — u in L. When U is a bounded smooth domain, the result has already been included in
Proposition 2.12. Now, we assume U = R3. Notice Proposition 2.8 and apply Hélder’s inequality on the right-hand
side of (2.1). We have

2 1 4
f|v<p<un)| + gl Vol <ol p @] o, (2.20)

Since u, — u in L, we have {u,} uniformly bounded in LIS_Z(R3). From (2.20), {®(u;)} is uniformly bounded in
D(R?). Hence, it is also uniformly bounded in L% (R?) and L®(R?3). Then, there exist a subsequence, still denoted by
(®(u,)}, and f € M, such that @ (u,) — f in D'>(R3). Apply Lemma 2.1, @ (u,,) =% f locally in R3. For the rest of
the proof, we only need to show that f = @ (u).

Note that,

fuﬁqxu) —u?d )| < |ul —u2||L% |®@)| 6 <C|VP@)|,llun —ull 12 >0, (2.21)

/ uft@(u)2 — u2¢(u)2

<z =] 31276 < V@ 2lltn = ull s 0. (2.22)
Hence, we have

Jlim_ Ey, (&) = Ey (@ w).
Since Ey, (® (un)) < Ey, (®(u)), then

limsup £y, (D)) < Eu(@W)). (2.23)

In another way, note that, {® (u,)} is uniformly bounded in L6(IR3 ), LOO(R3) and converges to f pointwisely. When
u, — u in L, we can apply the Lebesgue’s Dominated Convergence theorem and similar arguments as in (2.21) and
(2.22) to show that

[u,21q>(u,,)—> fuzf, fuﬁqb(u,,)2—> /uzfz. (2.24)
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Because of Remark 2.5 and (2.24), we have
liminf E,,, (® (un)) = Eu(f). (2.25)
n

Obviously, (2.23) and (2.25) imply that E,(f) = E, (P (u)). Therefore, we have f = @ (u) by the uniqueness result
in Theorem 2.2. 0O

Remark 2.14. If u,, — u in L>(U) or L, then

Tim_ Ey, u(® ) = Evu (SW). (2.26)
3. Existence of solitary wave solutions

In this section, we prove the existence of critical points of J and J.. Firstly, let us study the C! differentiability of
J and J4 in the sense of Fréchet.

3.1. Differentiability of J and J 4+

In this section, the functional J is defined on H, which is a subspace of H!(U). Naturally, H is endowed with the
metric from H'!(U). The main purpose of this section is to prove

Proposition 3.1. J € C L(H; R) in the sense of Fréchet.

Proof. It is sufficient to prove

lim  (J[u+v]— J[ul = DJ[ulv)/||v]| 1 =0

oll ;10

where

DJ[ulv:= / Vu-Vv+ (m2 - (w+ (D(u))z)uv — |u|P"2uv. (3.1)
U
We split J[u 4+ v] — J[u] — DJ[u]v into three parts. That is,
Ju+v]l—Jul—DJulv=A+B+C

where

A= 5|V(u+u)| —§|W| —Vu - Vo,
U

1
B=-—— / i+ vl = Jul? = plu|”~2uv,
p
%

C=Eu,U(PW)) — Eygo,u(®u+v)) + / %(mz — 0*)v? + 20+ @ W) P Wuv.
U

By Sobolev embedding theorem, it is easy to prove A, B = o(||v|| z1). We thus focus on the proof of C = o(||v|| g1).
In the following, we will prove C > o(||v]| ;1) and C < o(]|v]| 1) successively. Then we complete the proof of Propo-
sition 3.1.

We first prove C = o([|v]| 1 (g3))- Since @ (u + v) minimizes Ey4y, v on M, we have

C>D:= Eu,U(QD(u)) — EM+U‘U(¢ (u)) +/ %(m2 — a)z)v2 + (Ea) + CD(u))CD(u)uv.
U
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Therefore, C > o(||v]| 1) by the fact that

D:/%( 2—a)z)vz—cz)@(u)vz—%q)(u)zvz=0(||v||Hl).
U

Let us now prove C < o(||v]| y1). Since @ (1) minimizes E, y on M,

C<Eu(®W+v)) — Eypou(®+v)) + /(Za) + @)D (uuv + %(mz — )02,

U
Set
O :=uv(P+v)— PW) 2w+ D u) + P (u + v)),
we get
C<o(llvllg) —/@. (3.2)
U

In the following, we prove

/@‘ _0 (33)
U

in two cases, then from (3.2), we get C < o(||v]| g1).

lim
ol ;1 =0 [[vll g1

Case 1 (Bounded Smooth Domain). Under definition of &, we have by applying Holder’s inequality that

I’/
O
||L||H

U

From Propositions 2.6, 2.8 and the fact that D(U) is embedded into L°°(U) continuously, we know that, as v — 0
in HY(U), |20 + ® (1) + & (u + v) | o () is uniformly bounded by a constant depending on b, w and [|u| 2. By
Proposition 2.12, we get (3.3) in the bounded smooth domain case.

< ”20)+ ¢(Li) + ®(u + U)”Loo(U) ||¢(Lt + U) - (p(u)”Loo(U)”u”Lz(U)-

Case 2 (The whole Euclidean space R3). Similarly as in Case 1, when v — 0 in HI(R3), |D(u + v)||LOO(R3) is

uniformly bounded by a constant C = C(b, w, |lull ;2(g3))- Since u € L2(R%), Ve > 0, there exists R > 0 large enough,
such that ||| 72 B;) < €. Therefore, by Holder’s inequality,

/@

c

R

1

||U||H|(R3)

Fix R above. Since we know from Proposition 2.12 that if v — 0 in L2(R?), then @ (u + v) = @ (u) in Bg. We thus
get

1
4/@'<C||<D(u+v)—¢(u)||LOO(BR)|Iu||Lz(R3)—>0, as [|v| 1 g3, — 0. (3.5)
ol ) 1)

R

By (3.4) and (3.5), we get (3.3) when U = R3. O

Remark 3.2. If we consider the functional J; defined as in (1.13), then by using the same method as in the proof of
Proposition 3.1, we get J, € C'(H; R) in the sense of Fréchet.
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3.2. Solitary wave solutions — U =R>

The functional J in (1.11) is defined on H 1 (R3). According to Proposition 3.1, J is C I differentiable in the sense
of Fréchet. In this section, we study the existence of critical points of J by the Z, Mountain Pass Theorem. More
precisely, we prove

Theorem 3.3. If (% — Dhm? > %aﬂ, then in H'(R3), there exist infinitely many critical points of J with radial
symmetry. Moreover, the critical points of J satisfy the equation

—Au+ (m? = (0 + W) )u — |ulP2u =0. (3.6)
Before we prove Theorem 3.3, let us state two lemmas, which are simple applications of (2.9) and (2.10).
Lemma 3.4. Vu € H'(R?), J[u] = J[—u].
Lemma 3.5. Yu € H'(R3), Vg € O(3), we have J[Tqu] = J[ul.

Lemma 3.4 and Lemma 3.5 imply that the functional J is even and T invariant. Therefore, by the principle of
symmetric criticality (cf. [28]), we may restrict J on the radially symmetric subspace Hr1 R3) ¢ H'(R?). That is,

Lemma 3.6. Ifu H,l (R3) is a critical point of J |H,~' (R3), then u is a critical point of J.

Because J is invariant under translations, there is a lack of compactness on H 1(]1%3). For this reason, we restrict
J to the subspace Hr1 (R3), which is a natural constraint for J in the sense of Lemma 3.6. Then, there is no lack of
compactness. Indeed, we have

Lemma 3.7. If ( % —Dm? > ga)z, the functional J | HI(R3) satisfies the Palais—Smale condition.

After some slight modifications, the proof of Lemma 3.7 is almost the same as the proof of Lemma 6 in [13]. We
omit the discussion here. Now we begin to prove Theorem 3.3.

Proof of Theorem 3.3. J is even. According to Lemma 3.7, we know that J| ) satisfies the Palais—Smale condition.
Therefore, by Theorem 9.12 in [30], we only need to show that J|y 1 satisfies the following two geometric hypothesis:

(G1) 3p > 0and a > 0 such that J[u] > o, Yu with ||u||H'_1 =p;
(G») for every finite dimensional subspace V of Hrl, 3R = R(V) > O such that J[u] <0, Yu € V with ||u||Hr1 > R.

Since we know that Vu € H!(R3),
2 1 14 2 1 14
Cim, w)lully — ;IIMIILP SJul < Cm)llully — ;Ilulle-

Sobolev inequality implies that [|u||z» < Cllullg1. This helps us to prove (G1). In finite dimensional subspace V
of H,1 (R3), the L” norm and H'! norm are equivalent. Thus in V, |lu|lzn < C(V)|lullLr, Yu € V. This helps us to
complete the proof of Go. O

Theorem 3.3 implies the existence of infinitely many critical points of the functional J with the radial symmetry.
In Theorem 3.8 below, we prove the existence of least-J-action critical point among all nonzero critical points of J
with the radial symmetry. Note that J is strongly indefinite. It is not bounded from above or below, we need to restrict
our functional J on the manifold

S :={ueH'(R) |u#0, uis acritical point of J}.
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Theorem 3.8. If (§ — 1)m? > Lw?, then

F = mf Jul= mi}rjl J[u] > 0. 3.7

uex

Proof. First, let us prove F > 0. If u € ¥, then

/ IVul? + (m* — (o + <1>(u))2)u2 — |u|? =0. (3.8)

Apply Sobolev embedding theorem,

[t = [ 19uP + = (@ + 2@)?) (fw) (3.9)

where C > 0 is a constant depending on m and w. Since u # 0, we have

fmw;cﬁz > 0. (3.10)
That is, X keeps strictly away from 0. By (3.8) and the fact that £, (P (1)) < 0, we have
1 1 5 I 1\ 5, 1 5], 5
Jul > == IVul"+ ||z ——=|m° =z [u" = Cllul;, =2 C(p,w,m) > 0. (3.11)
2 p 2 p 2
Hence, F > 0.

If {u,} € X such that J[u,] — F, then {J[u,]} is bounded and from (3.11), {u,} is uniformly bounded in
H, 1(R3). Therefore, we can extract a subsequence, denoted also by {u,}, such that u, — ug in H; (Rg) Since
H!(R?) < L*(R3) compactly with s € (2,6), we can further assume that u,, — ug in L*(R?) with s = 5 , 3, p.
By Proposition 2.13, we know that @ (u,,) = @ (u0) locally in R3. Since

/wn .v¢+(m2—(w+q>(u,,))2)u,,¢=/|u,,|"—2un¢, V¢ € C5°(R?),

let n — o0,

/Vuo-V¢+(m2—(w+¢(uo))2)uo¢>=/Iuol”_zumb-

That is, ug is a weak radial solution of (3.6). Regarding (3.10) and L? convergence of {u,}, we imply that ug £ 0.
Hence, up € X. In addition, notice Remark 2.14. We have

1 1
F<J[uo]=/ Viol? + 5 (2 = ) = —luo” = Euy (& )

1
gliminf/ |Vu,|> + (mz—a) )u2 —hm/ [t |P —hmEun(QD(un)) =
n

n

i.e. F can be attained by the function ug € ¥. O
3.3. Solitary wave solutions — bounded smooth domain

In this section, U is a bounded smooth domain. We are interested in the existence of the positive least-J-action
critical point of J. Therefore, we study the functional J, which is defined on HO1 (U). Due to Remark 3.2, J, is C!
differentiable in the sense of Fréchet.

Follow the notations as in [26]. Given e >0, e #£0, ¢ € H(} (U) with J4[e] =0, we define

C:= inf max Jy[h(1)] (3.12)

hel' 0<1<1

where I is the set of all continuous paths joining the origin and this given e. In addition, we define

M[v] :=sup gy (), VveHOI(U), v=20, v#£0 (3.13)
t>0
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where
gu(t) == Jy[tv], Vt=0. (3.14)

In the following, we study g, (¢). The key point is to understand the nonlinear operator @ defined as in (1.10).

Lemma 3.9. Vs, € R, Vv € L2(U), we have

/‘ Vo (sv) — VO (tv) 2 D(sv) — D(tv)
U

+ wvz(s +1)

s—1

s—1

4 D (sv) — D(tv) <S2¢(sv) — P (tv)
s—1

+(s+t)€l§(tv)> <0. (3.15)

Proof. Apply the variational inequality in Proposition 2.7 repeatedly by setting u = sv, ¥ = @ (tv) and u = tv,
Y =@ (sv). We can imply (3.15). O

Lemma 3.10. (3.15) implies that for a given v € HOl (U), Vs, ly — t, there exist a subsequence {sy,},{l,,} and
¢ € DY2(U), such that

V& (sy,v) — VO (y,v)

—~ V¢ inL*(U), (3.16)
]
P - 12
(Snkv) (l’lkv) N é, in LS(U), s=—, 3. (317)
Spp — Ing 5

Proof. By Holder inequality, Sobolev inequality and Proposition 2.8, we imply from (3.15) that (®(s,v) —
@ (1,v))/(sp, — I,) is uniformly bounded in D'2(U) by a constant depending on w, ¢, U and the given function v.

Thus implies (3.16). (3.17) is a result of the fact that D»2(U) is compactly embedded into L*(U) with s = 15—2, 3. O

From Lemma 3.9 and Lemma 3.10, as well as Proposition 2.12, we know that

Lemma 3.11. For a given v € HOI(U), Vsu, ln — t, there exist a subsequence {s,,}, {l,,} and ¢ € DV2(U), such that
(3.16), (3.17) hold true and in addition, we have this ¢ satisfies

/v2t2§2+2t§‘v2(a)+q§(w)) <O0. (3.18)
U

On the basis of the preparations above, in the following, we consider the first and in some sense the second
derivatives of the function g,.

Proposition 3.12. For a fixed v € H(} (U), gy is C! differentiable and
’ _ 2 2(, 2 2 p—1.p
gv(t)—/t|Vv| + 10> (m” — (w+ @ (tv))7) — P71}, Vi >0. (3.19)
U

Proof. We need only to prove

hy(1) == Er.y (@ (tv))

is C! differentiable. Assume s — 7. Since @ (tv) is a minimizer of EnyonM, hy(t) < Enu(P(sv)). So

hy(t) — hy(s) < (t2 — sz)/wvz(b(sv) + %v2®(sv)2.
U
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Let s — ¢~ and notice that @ (sv) = @ (+v) in U (see Proposition 2.12). We have
hy (1) — hy(s) <2

lim sup ;
-

S—>t~

1
/wvqu(m) + Ev%p(m)?
U
Note that, i, (s) < Egy,y (@ (tv)), similarly, we have

@ = ()

. 2 L, 2
limin =22t | wv ®(tv) + —v°P(tv)“.
s—>1" r—s 2
U
Hence,

hy()—h 1
Jim 2 ® = ho(s) =2[/a)v2¢(tv)+ —v2®(tv)>.
s>t t—s 2

U

In the case of s — ¢, we can apply the same argument as the above. Therefore,

1
h;(z)zzz/wv2q>(tv)+ Euqu(m)? O
U

Remark 3.13. Assume v € H(} (U), v =0, v=0. By Proposition 2.8 and (3.19), we get

/t|Vv|2+tv2(m2 —wz) — PP < gl () </I|Vv|2+tm2v2 — PP W >0.
U U

1
1 =2 1 p=2
tlzip[/WvIz%-(mz—wz)vz} , tzzip[/IVv|2+m2v2} :
=2 =2

p=2
||U||Lp(U) U ”v”LP(U) U

Set

We have if t <11, g, () > 0;if t > 10, g (1) <O.
Let us study in some sense the second derivative of g, (¢) for ¢ € [#1, f2].

Proposition 3.14. If v € HO1 (U), v=0, v=#£0, then Vt € [t1,12], Vsp,l, — t, we can extract a subsequence
Sny» lng — t, such that

hm g:;(snk) - g;(lnk)

k—>00 Sne — Ing

<Q2- p)/ IVul*dx + [2 — pym* + (p + 4 0?] f v2. (3.20)
U U
In particular, if k defined in (1.12) satisfies k> > Z—j, then
lim w <

k— 00 Sny _lnk

0. (3.21)

Proof. We can find ¢ and subsequence {sy, }, {/,;,} as in Lemma 3.11 such that (3.16)—(3.18) hold true. By (3.19), we
have

[ 800n) =8yl _

k—o0 Sny — lnk

/ [Vv|? + (m2 - (a)+ <1§(tv))2)v2 —(p—DtP~ 2P — 2t§v2(a) + cD(tv)).
U

Since t > t1, by (3.18) and Cauchy—Schwartz inequality, we complete the proof. O
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Proposition 3.14 implies that
Proposition 3.15. If v is assumed as in Proposition 3.14 and k* > p 2, then g, is strictly decreasing in [t1, 12].

Proof. Let us start from ¢t = ¢;. We claim that 3§ > 0, such that g; is strictly decreasing in [#1, #; + §]. Otherwise,
there exists {s,}, {{,}, such that 1| < s, <1, Sy, l;, — tfr, but

8u(sn) < gy (Un). (3.22)

By Proposition 3.14, there exists a subsequence sy, , [, — t1+ such that

lim g,’) (Sng) — g; (Unp)

k—00 Sng — lnk

<0.

Since sy, < ly,, we have g/ (sp,) > g, (In,) When k is large. This is a contradiction to (3.22). Set

s :=sup{8 <1, — 11 | g, strictly decreasing in [t1, t; + 81}. (3.23)
We claim that s = #, — 1. Otherwise, we can prove that for some § > 0, g, is strictly decreasing on [¢; + s, #; + 5 + 8]

This is a contradiction to the definition of s in (3.23). O

Notice that g/ > 0 on (0,#), g, < 0 on (f2, 00). Therefore, Proposition 3.15 implies that there exists only one
point 7y € [t1, 12], such that g/, (fo) = 0. More precisely,

Proposition 3.16. If k% > 2, gy has only one local maximum point on (0, 400). Actually, this local maximum point
is the absolute maximum poznt of gv. In addition, we know that,

8,(t)=0 &  gy(to) =sup Jy[rv]. (3.24)
120

Remark 3.17. If u solves

—Au+ (m2 — (a) + ¢(u))2)u = ui_l inU,

u>0 inU, (3.25)
u=0 ondU,

weakly, then we know that g/, (1) = 0. From (3.24), we get J4[u] = M[u].
The preparations above lead to the following theorem.
Theorem 3.18. If k2 > p +4 , then

C =inf{M[v]|ve Hy(U),v>0,v£0}. (3.26)
In addition, C is a critical value of J, which is independent of the choice of e.
Notice Proposition 3.15 and Remark 3.17. The proof of Theorem 3.18 is almost the same as in [26]. We omit it

here. Assume that u is the critical point of J; corresponding to the critical value C in (3.12). v # 0 is a solution
of (3.25). From Remark 3.17, M[v] = J[v]. By (3.26), C = J4[u] < M[v] = J4[v]. Therefore,

Theorem 3.19. The critical points corresponding to the critical value in (3.12) are the positive least-J -action critical
points of J.
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4. The asymptotic behaviors and profiles of the positive least- J-action solutions

In order to emphasize on the dependence with « and w, in the following, E, 7, @ and J in the previous sections
are denoted by E, , v, P, and Jy ., respectively. « is assumed to be a suitably large constant. Therefore, from
Theorems 3.18 and 3.19, there exists a positive least-J . -action critical point u, , corresponding to the critical
value in Theorem 3.18. Now, we focus on the asymptotic behaviors and profiles of {u, ,} when @ — oo.

Firstly, let us introduce some notations that will be used in the following sections. After scaling the functional

J+,K,a)7
2p 2
Jewlv)i= 070 Iy o7 20] 4.1)

is a functional defined on HO1 (U) with its critical points solving the elliptic problem

2
1 Do 2u)\> _
_—ZAM+(K2_ (1+M> )uzui ! in U,
w w
u>0 inU,

u=0 on dU.

4.2)

2
Ifee HOI(U), e>0,e#0, Jy (. nle] =0, then J; y[w? P e] =0. Assume that I, is a set of all continuous paths
2

connecting 0 and wZ-7e while I" still denotes the set of all continuous paths connecting 0 and e. Theorems 3.18
and 3.19 imply the following proposition.

Proposition 4.1. [f k2 > i—j, then
. 2p .
oo = 90 g2y JeelhO) =07 Jof e, Lol h0) @3
Coo = inf[sup Jeoltv]|ve HLU), v>0, v 0}. (4.4)

t>0

Moreover, Cy , is the least critical value of Ji ., among all solutions of (4.2).

2
From Proposition 4.1, we know that the normalized function w2-7 u, ,, is a least- J, ,,-action solution of the problem
(4.2). More generally, in the following, we assume vy, is a critical point of J, ,, corresponding to the critical value
Ck o defined as in (4.3).

4.1. Asymptotic behaviors of Vi o, and ¢y«

First, we assume Py ,, is a local maximum point of vy .. After translating and dilating the domain U, we get
Uco :={y =@k — Pcy): xeU}. 4.5)
Vy € U o, we define

1 1 2 1
Viw(Y) == Uk,w<_y + PK,&)>7 Dew(y) = _(pw(a)IFZ Uk,w) <_y + PK,w)-
w w w

In order to study the asymptotic behaviors of V, ., and ¢, ,, when @ — 0o, we first consider the uniform boundedness
of {vc ). We assume in the following that B is one constant depending on p, « and the domain U. Notice the a
priori upper and lower bounds of @, in Proposition 2.8. The following three lemmas are easily proved after slight
modifications of the proofs of Theorem 2 and Corollary 2.1 in [23].

Lemma 4.2. 3wg = wo(p, k, U) > 0, such that Vo > wy,

Ce.o = Je.olVe.w] < Bo™>. (4.6)
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Note that,

1 1\ 1 2 1 1 2 1 2
Jk,w[vk,w] P> 5 - ; E|va,w| + 5 - ; K= 5 Ve w-
U

Hence, Lemma 4.2 implies that
Lemma 4.3. 3wg = wo(p, k, U) > 0, such that Vo > wy,

/ W2, < B, (“.7)

/ |vvk,w|2 < Bwils
U U

Therefore, || VK,w||H&(UK ) is uniformly bounded if ® > wy.
By applying a standard iteration method used in the proof of Corollary 2.1 in [23], we have

Lemma 4.4. 3wy = wo(p, k, U) > 0, such that

sup |ve,ollLew) < B. (4.8)

w>wg

On the basis of the preparations above, we begin to study the uniform convergence of ¢, ,, when w — oc. Since
we are interested in the asymptotic behaviors of v, ,, when w — 0o, we assume w > @y in the following.

Proposition 4.5.
lim ||¢¢ ollLew,.,) =0. 4.9)
w—> 00

Proof. From

E

2
w,w P2 Ve w0, U

we get

l 2 l 2p
/b2<1 - \/1 ~ V(w7 vk,w)|2) < Ewpfz /Ugw (4.10)
U

From Lemma 4.3, we have, Vg > 0, ¢ is an even number,

/|V¢w(wl’%2vx,w)l" <C(p g,k b, U)o H72
U

This is equivalent to

2,
f Véeol! <C(p.q.k.b, U)wr 2 2. @.11)
UK.(U

By Holder inequality, we then get from (4.11) that

2
q 1—2 1-2 (22 _e_l
/|V¢K,w|2<</ |V¢K,w|q) Ueol "7 <C(p g, b, DU 10727097,

K0 K,w

1
f|V¢K,w|4<C(p,q,K,b,U>|U|
Uk,

_4 (8 o 5.1
qw<1’*2 12 Sq)q‘
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1X a large g suchthat — —6—¢q¢ <0Oand —— — 12 —35¢q < 0. Then, || «» 3y — U as w — 00. Since —
Fixal h th p4p2 6 0 and pSPZ 12— 5¢ < 0. Then, [|¢c.oll pgs) — O Since D(R?)
L>®(R3) continuously, (4.9) holds. O

Before proceeding, let us introduce the elliptic problem

Aw—cw+wP =0 inR3,
{w >0 in R3, (+-12)
where ¢ > 0 is a constant and w satisfies
w(0) = max, ;g3 w(x), @.13)
w(z) >0 asz— oo. '

It is well known that there exists a unique solution, denoted by w,., for the problem (4.12)—(4.13). Moreover, w, must
be spherically symmetric about the origin and strictly decreasing in r = |z|. Since the solution of (4.12)—(4.13) is
unique, we get

1
we(x) = cr2w(/cx), Vx eR3, ¢>0. (4.14)
Here, w denotes the solution of (4.12)—(4.13) when ¢ = 1.
Now, we begin to study the ClzoC (R3) convergence of V., when w — oo. Notice that if K is a compact subset

of ]R3, when o is large enough, K C U, , (see Lemma 4.8 in Section 4.2). Therefore, from Lemma 4.3, we can
assume, up to a subsequence, that for some v € H(} (R3),

Viw = v in Hy o0 (R?), Vew—v inLP (RY). (4.15)
Moreover, note that, Vi ., satisfies
—AVew+ (K2 = (1 + e.0)?) View = VIS (4.16)

From Lemma 4.4 and Proposition 2.8, we know that

AVieo = (k* = (1 + .0)?) Viw — VIS € L®(Uy )

is uniformly bounded. Thus, by using Caldéron—Zygmund inequality, Sobolev embedding theorem and Arzeld—
Ascoli’s theorem, we can assume, up to a subsequence, that

Vew— v in Ch (R?), as @ — co. (4.17)
In fact, we can have a stronger convergence than (4.17). As we know, V., satisfies (4.16). Hence, 9; V. ,, satisfies the
equation

— A3 View + (K2 = (1 4+ 66.0)7) 0 View = 2Vieo (1 + $e0)didew = (p = DV View
weakly. Apply Caldéron—Zygmund inequality, Sobolev embedding theorem and Arzeld—Ascoli’s theorem again. We
can assume, up to a subsequence that

Vew— v in Cp (R?). (4.18)

From the analysis above, we can assume, up to a subsequence, that V. ,, satisfies (4.15) and (4.18) simultaneously.
Note that V. ,, is a weak solution of (4.16) and ¢, ., satisfies Proposition 4.5. By letting w — oo, we conclude that
v satisfies the elliptic equation in (4.12) with ¢ = x2 — 1. Moreover, note that, View(0) = V.00 (Pe.ww) 2 (k2 — l)ﬁ.
By strong maximum principle, we conclude that v > 0 in R3. Furthermore, it is known that (see [14, Theorem 5]
and [35]) if v € H'(R3) solves (4.12), then v(z) — 0 as |z| — oo. Therefore, one can apply Theorem 2 of [19] and
conclude that (i) v is spherically symmetric with respect to some point zg € R?; (ii) v, < 0 for » > 0. Note that,

Vv(0) = lim VYV, ,(0)=0.
w—> 00
Therefore, v is spherically symmetric with respect to the origin and

v(0) = max v(x).
xeR3

Apply the uniqueness theorem in [21], we get v = w,2_;. Therefore,
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2

IOC(R3), when w — oQ.

Proposition 4.6. V., > w,2_; in C
4.2. Geometric lemmas about local maximum points of vy«

We prove two geometric lemmas in this section. They will be applied in the next section to determine the number
of local maximum points of v 4.

Lemma 4.7. Assume that x) , x2 , are two local maximum points of vy ,,. Then
a)|x,lw—x3w|—>+oo, as w — +00. 4.19)

Proof. If not, 3C > 0, w,; — 00, such that
On|Xe g — Xew | <C. VneN. (4.20)

From (4.20), there must exist a constant R > C such that V,(”wn = Uk, (wiy —i—x,l’wn) has at least two local maximum

points in Bz (0) for n large. Thatis, y=0and y = w, (x,%, on — x,i, «,) are two local maximum points of V , . at least.

In addition, since w”, (0) <0 and w,2_; decay to 0 when x — co, we can choose two numbers a,b (0 < a < b)
1
such that w,>_(b) < (k? —1)7-2 and
w’, (1) <0, Vrel0,al.

Set
C. :min{|w;2_1(r)} | re [a,b]}, € < C,.

Assume that A, ; is the annulus centered at O with radius € [p, ¢]. In the following, we contradict the assumption
(4.20) so that (4.19) holds true.

(i) If x,, is one local maximum point of V,  , then AVK” w, *n) < 0. Hence, from (4.16),

»Wn?

1

Vi, () = (17 = 1)P2. 4.21)

1
Notice Proposition 4.6 and the fact that w,2_;(r) < (K2 — 1)»=2 when R > r > b. Then, when n is large enough,

VK’, w0, < (K2 —1)7-2 on A . Therefore, from (4.21), we know that when 7 is large enough, there is no local maximum
point of V, , on Ap g.

(ii) From Proposition 4.6, we know that VV,é’wn = Vw,2_; on A, . Hence, we have |VVK/,w,1| Z |Vw,_q| —
IVV{ 0, — VWw,2_1| > Cx — € > 0 when n is large. That is, when n is large enough, V,/ ,, has no local maximum point
on Ag p.

(iii) Note that, w”, <0 on the ball B,(0), VV/,, (0)=0and AV, , — Awa_| = v;{’w;l — w;’;jl — (2=
(1 + b))V, o, — (K* = Dw,2_11 =30 on B4(0). Then we can imply from Lemma 3.3 in [36] that on B, (0),
VV/ , () # 0 for x #0.

From the analysis above, we know that when n is large enough, V. w, can have only one local maximum point
y =0 1in Bg(0). This argument contradicts the assumption (4.20) since we know that when (4.20) holds, VK/’ w, has at

least two local maximum points in Br(0). O

Lemma 4.8. Assume that Py, is a local maximum point of v, ,. Then

d(Pye,», 0U)w — 400, asw— +o0. 4.22)

Proof. Suppose on the contrary that there exist a constant C* > 0 and w,, — +00 such that
d(Pe.w,, 00w, <C*, VneN. (4.23)

Passing to a subsequence, we may assume that Py ,, — Pp € dU. Through translation and rotation of the coordinate
system, we may assume that Py is the origin and the inner normal to dU at Py is pointing in the direction of the
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positive x3 axis. Then there exists a smooth function wp,(x’) (x” = (x1, x2) sufficiently small) such that in a small
neighborhood N\ of Py,

(i) wp,(0) =0 and Vap, (0) = 0;
(i) 0U NN ={(x',x3) | x3 =wp,(x)} and U NN = {(x', x3) | x3 > wp,(x")}.

By the wp, above, we can construct a diffeomorphism F ~1 mapping from an open set V C {y3 > 0} to an open set
OcCcUNN by

dwpy .
Tx] (). y2—»3

3a)p0

0x2

F oy = <y1 -3 ('), v3+ wp, (y/)> €0, VyeV. (4.24)

Without loss of generality, we assume that B;Q C V. When n is large enough, we have P, € O and Qy ., =

(ql/(,wn’ eon y F(Pe,w,) € BS‘ :={y € By | y3 > 0} for some o, > 0. Since F is a diffeomorphism, from (4.23),

. w" .
{ak,w, } 1s uniformly bounded. Hence, up to a subsequence, we can assume o o, — o = 0. Set

R}, ={y|ys>—a}

and
T (V) 1= Vo, (F' (), yeBy,,
- - 1 _
Wi,y (z) := Vi, p (Qk,w,, + a)_Z)v S ng,, N{zz > _ak,wn}-
n

It is clear from (4.2) that in By, N {23 > =0 0, }> Wi,w, Satisfies

3 ~ 3 wn ~
0 w, MW, ) ( [ 8aij )aw/cw
2 (g Zeen ) 4 —pn _ Y el
Z 8z;< Yooz Z wy ! Z 9z 9z,
i,j=1 E j=1 i 4
1 2 2 1
_ {Kz _ (1 +— @y (w0 vK)wn)> |:]-'_1 <QW n _Z)] }ﬁ,K’m +arsl =0 (4.25)
wp wp

where

3

w 0F; 1 1 8-7:j 1 1 L.
i = a K, - P K, - , 1<i,j<3,
ar ()= T (f <Q , n+wnz>> 5 (f Qs + -2 iJ

=1
Wp —1 1 .
bi" = (AFP(F 7| Cewn +—2) ). j=12.3.
n
By a similar argument as in the proof of Proposition 4.6, we can assume that
Wewp = wo  in Cio (RS ).
We claim that this wg solves the following elliptic problem
Au — (/c2 -1+ r)z)u +uP"'=0 in Rzﬁ,
u>0 inR} (4.26)
u=0 on 8Rz’+.

Here, 7 € [—1, 0] is a constant. But from Theorem 1.1 in [15], the system (4.26) has no solution. We get a contradic-
tion. So the sequence {w;,} satisfying (4.23) does not exist.
In the rest, let us prove the claim that wq solves the system (4.26). Assume

2

p—2

n n
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2

By using the fact that @, (0, vg.,) € M, it is simple to see that

C

||v¢l( wp ||L00(ngnm{Z3> akwn}) (,() ’
n

C is a constant depending on the Born—Infeld parameter b and the diffeomorphism F. Thus,

- a_Co?
IV, o, < — 0, asw, —> oo. 4.27)
n
ngn Nz > =0,y }
We can choose a sequence of bounded convex open sets {£2,,}, such that 2, € £2,11 € Rg" 4 and {£2,} makes a
covering of Rg, .. By applying Poincaré inequality on £2,,, we know that for s large

/ B~ e[ <€) [ 190 (4.28)
Qll
where C(n) depends on £2, only. Notice Proposition 2.8. Vs, |(¢K ws)2,] < 1. Up to a subsequence, we can assume

that qﬁK w, —> T in L*(£2,) where T € [—1,0] is a constant. Moreover, by diagonal process, we can assume, up to a
subsequence, that

Pew, = T in Lin (RS ). (4.29)
See from (4.25), (4.29) and the fact that W, ,, — wp in C12OC (Rg, +), we know that wy is a solution of
0 ow
2o (a,,(()) °> — (k= A+ DH)wo+w) ' =0.
.. 1
L]

Here, a;;(0) is the limit of al.wj” (z) as n — o0. In view of

DFO)=[DF ' O] ' =
we know that wy satisfies the equation in (4.26). In order to prove wy satisfying the boundary value condition in
(4.26), we define

wk,a)n (z) = IZ)K,a)n (z— Pn)’ Vz e Ban (pn) N{z3 > —a}

where p, = (0,0, o, — @). Denote py = (0,0, —o). For a fixed R > 0,

B (po) := {x € Br(po) | z3 > —at}.

Since {oy,q,} i1s bounded, we have B;;(po) € Byw,(pn) N {z3 = —a} when n is large enough. Apply a stan-
dard L? estimate on (4.25). We conclude that Vg > 1, w4, is uniformly bounded in Wz’q(B;{( Po)). Note that,
i, — o and W24 (B (po)) is compactly embedded into C!# (B} (po)) for some B € (0, 1). Then Wy ., = wo
in B;g(po). Because wy o,(z) =0 if z3 = —a, wo satisfies the boundary value condition in (4.26). Note that
Wy, 0, (0) = Ve, 0, (Pre,wv,) = (K2 — l)ﬁ. By strong maximum principle, we get wg > 0 in Rg’ - Therefore, wy is
a solution of (4.26). O

4.3. Profiles of the least-J-action solutions

In this section, we show that (1) when « and w are suitably large, v, has exactly one local maximum point Py 4

and (2) outside this local maximum point, v, ,, — 0 in ClOC .

Proposition 4.9. v, ., has exactly one local maximum point if w and « are suitably large.



Y. Yu/Ann. I. H. Poincaré — AN 27 (2010) 351-376 373

Proof. Assume that there exists a sequence w, — oo such that Vn € N, v, ,, has at least / local maximum points. By
Lemmas 4.7 and 4.8, we know that for a fixed R > 0, there exists k(R) > 0, when s > k(R),

BlR( )cUBlR( )mBlR( 0) =Y (4.30)
where x,"{’ w, and x,{,ws are two different local maximum points of vy g, .
Note that,
I 1)1 1 1
JK,a)[UK,a)] = /(5 - ;)E|Vvk,w|2 + |:§(K2 - 1) - EKZ] /%w
U
If we define

V,ﬁ,ws (%) 1= Ve, (w—x + x,’(’ws)

S

where {x,’;,ws |i=1,2,...,1} are [ local maximum points of v, ,, then for s large,
! 1 1)\ 1 1 1
2 2 2.2
Jx,wx [Ux,wx] = Z]: <§ - ;)w_%|vvx,wsl + |:§(K — 1) — ;K ] Ui g
= L gCkoy)
-3 1 1 2 i 2
=w; Z ——— |V o, (K —1)—;/( (Vi)™ 4.31)
In another way, by Proposition 4.1 and Proposition 2.8, we get
Cewr gx% inf supt2/i|w|2+lv2dy—lﬂ’fvidy (4.32)
o veP >0 2(,()3 2 )4

K Uy

where

P={v|v>0,veH01(UK),v¢O}, Uc={|y=«x, xeU}

Apply Lemma 3.1 in [26] on the right-hand side of (4.32). We know that if w is the unique solution of the elliptic
problem (4.12)—(4.13) when ¢ = 1, then

o-p 1 1
Cr.wy = Jie, 05 [Vic, 0] < K0P zw 3[(5 - p)”w”Hl(R’ +0(1)s:| (4.33)

where o(1); — 0 when « is fixed and s — oo.
Let s — oo, R — oo successively. By (4.31), (4.33) and Proposition 4.6, we have

1 1 1 1 o—p (1 1
l/(E - ;>|Vwkz_1|2 I [5(,{2 —1)— ;,Cz}wg N (2 ;)nwniﬂ(Rs). (4.34)
R3

By (4.14), we know that

we_ (x) = (/c - 1)%w(\/ k?—1x), Vxe R3. (4.35)

Plug (4.35) into (4.34), we get

p 2(p 2) p —
l _” ”H](R3 — l) 1 ” ”HI(R?)
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Therefore,
2 1 2 Nz _2
_ =
1 2==_ <[ =X p== (4.36)
2p pkZ—1) k2 —1 2p

From (4.36), we know that there exists ko = ko(p) > 0, when x > ko, [ < 1. In other words, v, ., has only one local
maximum point in U when « and w are suitably large. O

Finally, we prove the point-condensation phenomenon of vy .

Proposition 4.10. Assume that k and w are suitably large. Py, is the unique local maximum point of vy . Then, for
some « € (0, 1),

Ve, + Pew)— 0 in Cllo’g(U —Peow\ {0}), as w — o0o.

Proof. Choose ng > 0 and Ry > 0 such that

1 C(p,
K2—1> @2 Ry=(x2—1)"7In (s 2 (4.37)
0
where C(p, k) satisfies
1
W (X) < C(p,k)e €D vy e R, (4.38)

Apply Lemma 4.8 and Proposition 4.6. We know that when w is large enough,
BRO 0) e U/(,a)s I VK,w —We2_q ”CZ(BRO(())) < no.

V.o and Uy 4, in the following were defined at the beginning of Section 4.1. By (4.37), (4.38),
Vew(®) <200, Vx €0B1p (Pew)-

Note that v, € H(} (U) and vy, has only one local maximum point in U when w is large enough. We then claim
that v, (x) < 2n for x e U \ B RoL (P¢,w)- Otherwise, besides Py, Uk, admits another local maximum point in

U\ BROL(PK@)' Therefore, V., satisfies

AVew — (K% = (1 + ¢e0)? = VI View =0 in Ueo \ Bgy(0),

Vo < 210 in UK,a) \ BRO 0), (4.39)
V.o <210 on BBRO(O),
Vie.w=0 on dUy .

In addition, by the modified Bessel function of order 1/2 (see Appendix C in [19]) and the Green’s function for
—A + 1 on R3, we can construct a function W such that

{ AW — (k2 = 1= (2no)P )W =0 inR>\ {0},
W =2no on dBg,(0).
More precisely, by setting

(4.40)

1
Fey= ool W)= B (i =1 - @mr )

where B(p, k) is a constant so that W = 2n¢ on d Bg,(0). W satisfies (4.40).
By comparison principle, we have V. , < W on Uy ,, \ Bg,(0). Notice the uniform boundedness of V., in Bg,(0)
(see Lemma 4.4). We conclude that

Vew(3) < C(p, k)e V1= 21wy ey .
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That is,
Vew () < C(p, k)e Vi 1=@r2elx=Peol vy e . (4.41)

Away from Py, the right-hand side of (4.41) is exponentially decay with respect to w. Since v, , satisfies (4.2), we
then complete the proof by an application of a standard L? estimate on vy, (see Theorem 9.11 in [20]). O

In the end, from Proposition 4.9 and Proposition 4.10, we have

Theorem 4.11. If u, , is a least-J , ,,-action solution of (3.25), then it has exactly one local maximum point Py
when k and w are suitably large. In addition, for some o € (0, 1),

2
C!)rl’l/l/(,w("i‘Pk,w) —0 in Cl'a(U_ P/c,a)\{o})’ as w — 00.

loc
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