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Abstract

In this paper we prove the existence of infinitely many sign-changing solutions for the system of m Schrodinger equations with
competition interactions

3 2 1 .
—Au; + aju; + Bu; Zuj =Ajpui, u € Hy(2),i=1,....m
J#
where §2 is a bounded domain, 8 > 0 and a; > 0 Vi. Moreover, for a; = 0, we show a relation between critical energies associated
with this system and the optimal partition problem

m
inf A (w;),
; CS2 open Z ki (@)
wiNw;=0 Vij =1
where Ay, (w) denotes the k;-th eigenvalue of —A in HO1 (w). In the case k; < 2 we show that the optimal partition problem appears
as a limiting critical value, as the competition parameter 8 diverges to 4-0co.
© 2011 L'Association Publications de l'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans cet article nous montrons I’existence d’une infinité de solutions qui changent de signe pour le systeme d’équations de
Schrodinger avec des interactions compétitives

3 2 1 ;
—Au; +aju; + Bu; Zuj =Ajpui, u; € Hy(2),i=1,....m
J#
ou £2 est un domaine borné, > 0 et a; > 0 Vi. De plus, quand a; = 0, nous démontrons une relation entre les énergies critiques
associées a ce systeme et le probleme de partition optimale

m
inf A (0;),
; C§2 open Z i {0
wiNw; = Vij =1
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ol A, (w) indiques la k;-eme valeur propre de I’opérateur —A in H(} (w). Dans le cas k; < 2, nous montrons que le probleéme de
partition optimale apparait comme une valeur limite critique, en tant que parametre de compétition 8 diverge vers 4oc0.
© 2011 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let £2 be a bounded regular domain in RN, N >2, and let m € N. In this paper we are concerned with the study
of the following system of Schrodinger equations with competitive interactions

—Au; —l—aiu? + Bu; Zu? =X plU;,
i (1
wi € Hy(2), i=1,....m,

where 8 > 0, a; > 0 and A; g are real parameters.
The first purpose of this paper is to prove the following result.

Theorem 1.1. For each > 0 and ay, ..., ay = 0, there exist infinitely many sign-changing solutions of (1).

In this context, a vector solution u = (uy,...,uy) € H(} (£2; R™) is said to be sign-changing if ul.+, u; # 0 for
every i. We stress that, for each 8 > 0, A; g is not fixed a priori; instead, by the statement “u is a solution of (1)” we
mean that there exists (u, A) such that (1) holds. Assuming enough regularity on the solution, clearly A; g will depend
on u through the relation

B Jo(Vuil* +aiuf + ul Y-, u?)dx
fo uizdx '

System (1) arises in the study of many physical phenomena, such as the study of standing waves in a mixture
of Bose—FEinstein condensates in m different hyperfine states. The parameters a; (called the intraspecies scattering
length) represent the self-interactions of each state; when a; > 0 this is called the defocusing case, in opposition to
the focusing one, when a@; < 0. As for the parameter g (the interspecies scattering length), it represents the interaction
between unlike particles. Since we assume f > 0, the interaction is of repulsive type.

In the last few years, several mathematical questions have been studied around system (1). When it comes to
existence results in bounded domains, all results presented in the literature concern the case of m = 2 equations and
N < 3. The authors, in collaboration with Noris and Verzini [18], have shown the existence of positive solutions in
the defocusing case a1 = a; = a > 0. In the focusing case a; =az =a < 0, for A1 g = Ay g = A < 0 (fixed a priori),
Dancer, Wei and Weth [11] have shown the existence of infinitely many positive solutions of (1), while for A > 0 the
same result was proved by Noris and Ramos [17]. In all these works the fact that the system is invariant under the
transformation (u1, uz) — (u2, u1) plays a crucial role. We would also like to mention, always in the focusing case,
the works by Bartsch, Dancer and Wang [1] for local and global bifurcation results in terms of the parameter 8, and the
results of Domingos and Ramos [12] concerning the existence of positive solutions for some A1 g = A1 # Ay = A2 .
Our existence result of sign-changing solutions for systems of type (1) is, up to our knowledge, new.

Another interesting feature of system (1) is the asymptotic study of its solutions as 8 — +o00. Although everything
of what we are about to say holds true in a more general framework, let us focus our attention at this point to the case
where a; =0 Vi in (1), that is:

—Au; + Bu; Zu? = A pUi,
i (2)
wi € Hy(2), i=1,...,m.

Aig

As mentioned before, 8 > 0 is of repulsive type, and it has been shown (see for example [5,7,19,21], among others)
that in several situations it occurs what is called phase separation, which means that the limiting profiles (as 8§ — +00)
have disjoint supports. In particular in [19] it is proved that if {ug}g = {(u1,8, ..., um,g)}g is a family of solutions
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of (2) uniformly bounded in L*°-norm, and {}; g} is bounded in R for all i, then there exists u = (iy, ..., Uy) such
thatu; -u; =0in £ Vi # j and, up to a subsequence, u; g — u; strongly in H(; (£2) N C%*(§2). Moreover,
—Au; = Aju; in the open set {u; # 0}, 3)

with A; =limg A; g (in some sense, (2) can be seen as a singular perturbation of (3)). Observe that then A; is an
eigenvalue of —A in HO1 ({u; # 0}) and that the sets {i; # 0} are disjoint. Therefore it is natural to look for relations
between solutions of (2) and solutions of the class of optimal partition problems

m
forki,....km €N, wicglfopen ZM‘" (wi), 4)
wiNw;=3 Vizj =1
where Ay, (w) denotes the k;-th eigenvalue (counting multiplicities) of (—A, H(} (w)). The second main result of this
paper is the following.

Theorem 1.2. Consider (4) with ky = --- = k,, =2, that is
m
w; CIKIZIf;vpen Z ha (). )

wiNw; = Vi#j i=1

Then there exist a sequence ug = (1,8, ..., Un,g) and a Lipschitz vector function u = (uy, . .., u;,) such that

(1) up is a sign-changing solution of (2);
(i) u; g — u; in CO’“(.Q) N HO1 (82) foreveryi=1,...,m, as B — 400;
(i) if w; :={u; # 0}, then (w1, ..., wy) solves (5).

Moreover, we have 2 = U, @i and the set I" :== 2 N (UL, dw;) is a regular hypersurface of class Ch uptoa
set having at most Hausdorff measure N — 2.

Adapting the proof of the previous theorem, we will actually see that a similar result holds for (4) in the more
general case where one takes ki, ..., ky, € {1, 2} (with the difference that the approximating solutions ug will only
change sign in the components i such that k; =2, and all the other components will be positive). We should mention
that for k;y = --- = k;, = 1 a result similar to Theorem 1.2 was already know if one combined the papers [5,6]. Some
preliminary results were also proved by Chang, Lin, Lin and Lin [7] (which, as far as we know, is the first paper
to establish a connection between (2) and (4) for k; = 1) and by Conti, Terracini and Verzini [9], while Helffer,
Hoffmann-Ostenhof and Terracini [15] have proved that, in dimension two, every solution (w1, ..., ;) of (4) is
regular in the sense of the last paragraph of Theorem 1.2. Passing from the case of a sum of first eigenvalues to the
sum of second eigenvalues is not trivial, because while in the first case one can work with minima of the energy
functional associated with (2), in the latter case one has to define an appropriate minimax quantity. We would like to
mention that in the case k1 = - - - = k;; = k, the existence of solution of (4) was proved in the class of quasi-open sets
by Bucur, Buttazzo and Henrot [4], and more recently in the class of open sets (but only in dimension two) by Burdin,
Bucur and Oudet [3].

The structure of this paper is as follows. In Section 2 we prove the existence of infinitely many sign-changing
solutions for a general competitive system. The main tool will be the use of a new notion of Krasnoselskii genus,
which will take in consideration the fact that the functionals considered are even in each single component. This
genus will be rather effective in connecting problem (2) with (4) (as will become evident in Lemma 4.1). Section 3 is
then dedicated to the proof of Theorem 1.1, applying the results of Section 2 to system (1). Observe that one difficulty
to overcome is the fact that the energy functional

m 4 m
a;u; B
u= U, ..., Upy) — Z/(|Vui|2+%)dx+ Z E/uizu?dx
i=1 i, j=1
Q T
for [lujll 2y = 1, might take the value +o0o0. We overcome this fact by using a truncation argument. Finally in the
last section we will present the proof of Theorem 1.2.



282 H. Tavares, S. Terracini / Ann. 1. H. Poincaré — AN 29 (2012) 279-300

2. Sign-changing solutions for general competitive systems
Take two odd functions f, g : R — R, of class C 1 such that

(fgl) f'(t),g'(t) >0 forevery t > 0.
(fg2) There exist C > 0and 1 < p < min{2*/2, 3}, 1 < g < min{2*, 3} such that

l[fol<c(l+ |t|p_1)v lg|<c(1+ Itl"_l) for every t € R.
(fg3) Foreverys,t >0,

J@t+ f@)s < fls)s+ f()r and  g(s)r +g(1)s < g(s)s + g(0)e.

Let G(s) := [3 g(§)d&, F(s):= [} f(§)dE.

In this section we will focus on the proof of the following result.

Theorem 2.1. There exist infinitely many sign-solutions of the system

—Au; + g(u;) —l—f(ui)ZF(uj) = Ajllj, U; € HOI(SZ), i=1,...,m. (6)
J#i

As we shall see in the next section, Theorem 1.1 will be a consequence of this theorem.

Remark 2.2. From the previous list of hypotheses, we can conclude that F(¢), G(¢) are even nonnegative functions,
f@e, (@), g(0)t, g'(t) =0 forevery t € R, £(0) = g(0) =0, and moreover

fOt+ fOs< fs)s+ f()r and g(s)r+gt)s < g(s)s +g(t)t foreverys,t e R. @)

We will look for solutions of (6) as critical points of the functional

J(u)_Z/ (IVu; > 4+ 2G (up)) dx + Z [F(u )F(uj)dx,

i=1 i,j=1g
2
J#

restricted to the L2-sphere
M={u= (i, ....,um) € Hy (2; R"): |luill 2y =1 Vi}.

In order to obtain infinitely many critical points, we will define several minimax levels using a new definition of vector
genus.

2.1. Vector genus. Minimax levels

Take the involutions
o M—> M, oi(ui, ... um)=W1,...,—Ui, ..., Up) Vi.
Consider moreover the class of sets
.’F:{AQM: Aisaclosedsetand o;(u) €c AVu e A, i = 1,...,m}
and, foreach A € F and ky, ..., k,, € N, the class of functions

m fi : A— R&~! continuous, and
Feyk)(A) =1 =U1,--0s fm): A— HRkﬁ]: fi(o;(w)) = — fi (u) for every i,
i=1 fi(oj(w)) = fi(u) whenever j #i
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Definition 2.3 (Vector genus). Let A € F and take m positive integers k1, ..., k,,. We say that y (A) > (kq, ..., kp) if
for every f € F,,... k) (A) there exists it € A such that f(i) = (f1 (), ..., fiu()) =(0,...,0). We denote

rekn) =LA e Fr 5(A) = ki, .. k) )

Remark 2.4. Observe that we don’t actually define the quantity 7 (A), but only give a meaning to the expression
“V(A) = (k1, ..., kn)”. A different, but related notion of genus was introduced by Chang, Wang, Zhang in [8, Defini-
tion 2.1].

Remark 2.5. Recall the usual definition of Krasnoselskii genus associated with the Z, symmetry group: for every
nonempty and closed set A C H(} (£2) such that —A = A,

y(A) = inf{k: there exists 1 : A — R¥ \ {0} continuous and odd}

and y (A) := oo if no such k exists. Then for m = 1 the notion of vector genus coincides with the usual one, in the
sense that, for k € N,

VA 2k = y@A) =k
The key properties of this notion of genus will come out from the following Borsuk—Ulam type result due to
Dzedzej, Idzik and Izydorek (see [13,14]). A weaker version for the case of the product of two spheres had already
been proved by Zhong [22].

Theorem 2.6. If f : [T/L, 8" — [1/L, R" is a continuous function such that, for everyi € {1, ..., m},

ﬁ(xlv""_xia'-'ﬂxm)Z_ﬁ(xlv"‘7xi9"‘7xm)a
fixr, oo, =X, xm) = filxt, oo g, X)) Vi #E

then there exists (X1, ...,Xy) € ]_[;":1 S™ such that f(il, ey X)) =1(0,...,0).
Lemma 2.7. With the previous notations, the following properties hold.

(1) Take ]_[;":1 A; C M and let n; : ski=l c Rk — A; be a homeomorphism such that n;(—x) = —n; (x) for every
xe Skl ¢ {1,...,m}. Then

m
[]ai e r®-kn.
i=1

(ii) We have n(A) € I'*tkn) yyhenever A € M'*1-km) and = A — M is such that n o o; = o; o Vi.

Proof. (i) Take f € F(kl,...,km)(l_[;il A;) and consider the map

m m
e[S 'T=TIRY ™ oG cxm) = F (M@)o i ().
i=1 i=1
For each fixed i € {1, ..., m}, we have that
(pi(xlv ceey —XG, ---a-xm) - ﬁ(nl(xl)7 s Ui(_xi)a ~~~»77m(xm))

:fi(nl(xl)v.--,_Ui(xi)»-w’nm(xm))
=—filmGD, .. ni (), - (X))
=—@i(X1, .0 Xiy ooy Xm)

and, for j #1,
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Qi1 =g xm) = fi(m D, (=) T (X))
= filmG), oo, =0 (), M ()
= filmG), oo, mj(x)), o ()
=@i(X1, . Xjy e X))

Hence Theorem 2.6 implies that ¢~ 1 ({(0, ..., 0)}) # @, and hence also f~1({(0,...,0)}) # 2.
(ii) First of all, it is easy to prove that if A € F and 7 is as in the statement, then the set n(A) € F. Take any
f € F,.,...k»)(n(A)). Then the map

fon:a—=T[RN w (W), fun@)

i=1

is continuous and, for every i,

fi(n(oi)) = fi(oi (n@)) = — fi (n@w)),
and for every i # j,

filn(oj)) = fi(oj(nw))) = fi(nw)).

Hence fon € Fy,, ...k, (A) and from the definition of genus we deduce the existence of it € A such that f(n(it)) =
0, ...,0), and the proof is complete. O

Together with this notion of genus, in order to obtain solutions which change sign, we will use a strategy based on
the work of Conti, Merizzi, Terracini [10], using cones of positive/negative functions. A similar approach was also
used for instance in [2,16]. In our case, for each i € {1, ..., m}, we define the cone

73,-={u=(u1,...,um)eHol(Q;]Rm): u; >0}

and take P := [ J/L | (P; U —P;). Moreover, for each § > 0, we define Ps = {u € HO1 (£2; R™): distp(u, P) < 8}, where
dist, denotes the distance associated with the L2-norm. Observe that disty(u, P;) = llu; Nl 12y and disty (u, —P;) =

I 220)-
Lemma 2.8. For every § < ~/2/2 we have that A\ Ps # ¥ whenever A € I'*t--kn) \pith k; > 2 Vi.

Proof. Given A € "1 k’"), consider the map
m
f=U .t A-TIRES i = (/u,-|u,~|dx,o,...,0>.
i=1 o

Clearly f € Fy,
that

k,,) (A), hence there exists i € A such that f(it) = (0, ..., 0). By recalling that A € M, we deduce

,,,,,

/(ﬁ;r)de :/(ﬁi_)deZ% for all i.

2 2

Thus distz (it, P) = +/2/2, and it € A \ Ps for every § < +/2/2. O

We are now ready to define a sequence of minimax levels which will turn out to be critical levels for J| 4. For
every ki, ...k, >2and § < \/5/2, define

dy"*m = inf  sup J. ®)
Aer ®rkm) g\ Dy
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Remark 2.9. It will be important to have an upper-bound for these minimax levels which is independent of §. Con-
sidering

dkl ..... km — lnf Sup JB’
AEF(kl 44444 km) A

gk L @hrekn forevery ki, ...k €N, 8 > 0.
Throughout this chapter, we will denote X1+ simply by d.

2.2. Existence of sign-changing critical points of J| g at level dé" """ ki

As a first step towards the proof of Theorem 2.1, we will now show that dé” """ kn i3 indeed a critical level for
sufficiently small §. More precisely, we have the following.

Theorem 2.10. There exist § > 0, u € H(} (£2; R™) and ; € R such that
—Aui+gi) + fup) Y Fup)=hiu; inQ,i=1....m,
J#
and J(u) = dé‘"""k"’. Moreover, each u; is a sign-changing function.

In order to prove this result we need to find a pseudogradient for J over M for which the set Ps is positively
invariant for the associated flow. Following [10, Theorem 3.1], such pseudogradient should be of the type Id — K,
where Id is the identity in H(} (£2;R™) and K is an operator such that K (Ps) € Ps,, for small §. The gradient of J
constrained to M does not seem to satisfy this, due to the sign of the terms G (u;), Y ot F(u;)F(u ), and hence this

part is not straightforward.
For technical reasons, we will work on the neighborhood of M in HO1 (£2; R™):

1
M* = {I/l (S] H(% (Q, Rm): ”I/ll ||L2(Q) > gvl}
(observe that u; # 0 Vi whenever u € M*).

Proposition 2.11. Given u € M™* and i € {1, ..., m}, there exists a unique solution w; € H(} (82), i € R of the
problem

—Aw; + g(wi) + f(wi) Y Fuj) = piui  in 2,
J# )
/uiwi dx=1.

2

Proof. Existence: Fix u € M™* and consider the minimization problem

m :=inf{/<%|Vw|2—i—G(w)—}-F(w)ZF(uj)) dx: we Hy (), /wuidxz 1} >0.
Q J# Q

Take a minimizing sequence (w,,),, that is

1
/(§|an|2—I—G(wn)—l—F(wn)ZF(uj)) dx — m and /w,lui dx =1.
Q

o J#
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As F, G are nonnegative function, we obtain that (w,), is an HOl -bounded sequence, thus there exists w such that, up
to a subsequence,

wy, — w weakly in HO1 (£2), and strongly in L%(£2) and L*P(2).

Therefore [, wu; dx =1 and

m </(%lwm%G(@)+F(@§F(w/)> dx
2 7

1
< liminf'/<—|an|2 + G(wy) + F(wy) Z F(uj)> dx =m.
n—00 2
J#
Thus w achieves m, and by the Lagrange multiplier rule we have that w solves (9) for some ;.
Uniqueness: Take w and v to be solutions of
—Aw+ g )+ fa) Y Flu)) = s, f wig dx = 1
J#i Q
and
—Av+g(v)+f(v)ZF(uj)=uzui, /mdx:l.
J# Q
Subtracting the second equation from the first one, multiplying the result by w — v and integrating by parts yields
2
/|V(w —v)|[7dx + /(g(w) —g())(w —v)dx +/(f(w) — f@)w=v) Y F(u;)dx
$2 2 2 J#

=/u1u,-(v—w)dx—/uzui(v—w)dx=0.
2 2

As s — f(s), g(s) are nondecreasing (cf. (fg1)), then (f(w) — f(v))(w —v) >0 and (g(w) — g(v))(w —v) >0,
whence

/|V(w—v)}2dx=0, and w=v.
2

Finally, observe that from (9) we deduce that each p; is uniquely determined by the expression
_ 2
Mi—/(|vwi| +g(wi)wi+f(wi)wiZF(uj)> dx. O (10)
Q J#i
We can now define the operator
K : M* — Hy (2; R™); ur K@) =w,

that is, for each u, K (1) = w is the unique solution of the system (9).
Next we state and prove three properties of the operator K.

Lemma 2.12. (K| p4 is a compact operator.) Let (uy,),, C M be a bounded sequence in H(} (£2; R™). Then there exists
w e H& (£2; R™) such that, up to a subsequence,

K (un) — w  strongly in Hy (2; R™).
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Proof. Let (u,), = (U1,n, ..., Um n)n be as in the statement and let w, := K (u,,). Multiplying (9) by u; , and inte-
grating by parts, we deduce

/ |Vwi,n|2 < /<|Vwi,n|2 + g(wi,n)wi,n + f(wi,n)wi,n ZF(M./JI)) dx = Min
2

Q2 JF#

= /(Vwi,n . Vui,n + g(wi,n)ui,n + f(wi,n)ui,n Z F(”j,n)) dx
Q J#

< ||wi,n||H(;(Q)”ui,n”HOl(_Q) +C1 /(1 + |wi,n|q71)|ui,n| dx

2
+cl/(1+|wi,n|f’—1)|ui,n|<1+Z|u,-,n|") dx
) JF#
< ol + €1 [ (il + il i) d
2
+C /(|ui,n| + [win P i+ il Y lujal” + |wi,n|"—1|ui,n|2|u,-,n|f’) dx
Q J#L J#L

—1 —1
< Cllwinllgl ) + €3+ Cilluiallzae) lwinl s (@) + CilluinllLr @) lwinll]r )
—1
+ Cilluiall 22y 3 Nl gy + Crllwinll] oo Ml 2oy D Mt oy
J#i J#i
-1 —1
< C2||wi,n||1-1(} (£2) +C3+ C4||wi,n||?_1(} @) + Csllwi n ||1;101(Q)-

As p,q <3,then p—1,g—1 < 2 and we conclude that (w;,), is H(} -bounded. Hence also all u; , are bounded (recall
from (10) their expressions) and, up to a subsequence, w, converges weakly in HO1 to some function w. Multiplying
this time row i in (9) by w; , — w;, we see that

/Vwi,n -V(wip —wi)dx = _fg(wi,n)(wi,n —w;)dx — / S Wi n) (Win — w;) Z F(ujn)dx

19) 19) 2 J#i
+ / /’Li,nui,n(wi,n —w;)dx — 0,
2

and therefore w; , — w; strongly in HO1 (£2). O
Lemma 2.13. The operator K is of class C'.

Proof. We will apply the Implicit Function Theorem to the C! map
M x HY(2) x R — HL(2) x R;
Y(u,v,A) = (v + (—A)*1 <g(v) + f(v) Z Fuj)— Aui>, / vu; dx — 1>.
JF#i o

Observe that (9) holds if and only if ¥ (u, w;, u;) = (0, 0). Take s_uch a zero of ¥ and let us compute the derivative of
¥ with respect to v, A at the point (u, w;, ;) in the direction (w, 1). We obtain a map @ : HO1 R2)xR— HO1 (2) xR
given by
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@ (W, 1) i= Dy 3 W (t, wi, i) (0, 1)
=(w+%—AY*<w§0w)+wf1w0§:Fﬁu)—iw)x/wmdx)
J# Q
Let us prove that @ is a bijective map.
@ is injective: If @ (w, 1) = (0, 0), then we can multiply the equation
—AW + wg' (wi) + w [ (w;) Z Fuj)—u; =0
J#L
by w, yielding
") ) . =2 pro . _3 e O
181310 < 1013 g, +fw g/(w)dx + / P f i) Y Fuj)dx —A/ulwdx =0,
2 2 J# 2
whence w = 0. Again by using (11) we obtain Au; = 0, thus also
i:i/uiwidxzo.
2
@ is surjective: Take (f,c) € HO1 (£2) x R and let wy, w, be solutions of the (linear) problems
—Aiby + D18 (wi) + B f (wi) Y F ()= f,
J#i
— Ay + iog  (wi) + B f (i) Y Fuj) =u;.
J#l

Take moreover k = (¢ — [ Wiu; dx)/ [o Wou; dx. Then @ (Wy + kW2, k) = (f,¢). O

Lemma 2.14. There exists § > 0 (which can be chosen arbitrary small) such that

disty (K (), P) <8/2, YueM, Ju)<d+1, dist(u, P) <3$.

(1)

12)

Proof. 1. Suppose, in view of a contradiction, that there exists 8, — 0 and u, € M with J(u,) < d+1,

disty (uy,, P) < &, and dista (K (up,), P) = 6, /2. Suppose moreover, without loss of generality, that

dista (un, P) = [luy, |, (<8 —0).

2

Let wy, = K (uy) and in := [o(IVwinl® + gWin)win + f(Win)Win >z Fujn))dx for every i. We deduce

from Lemma 2.12 the existence of u, w, and j; such that
u, — u weakly in HO1 (.Q; ]Rm), strongly in LZ(Q; ]R’”) and L2P (.Q; R’”);
wy, — w  strongly in HO1 (.Q; R’”), and p;, — ;i in R.

Observe that

— AWy + (1) + f(D1) Y Fidj) =iy >0,
jz2

and (from the hypotheses made on f, g) f(s), g(s) = O(s) as s — 0. Hence by the strong maximum principle wi > 0,

and therefore we can conclude that [{w; , <0}| = 0 asn — oo.
2. Observe now that in general, by using both Holder and Sobolev inequalities we have

<CEp(121)llull?

2
”u”LZ(_Q) H()I(Q)’
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where p(|£2]) = [£2|®"=2/2" and Cg is the best Sobolev constant of the embedding H] (£2) < L*"(£2). This fact
together with (9) allows us to obtain

— 12 — 12
107 <o < €3 P[00 <00 [ 190, [ an

2
< C3p(|{win < 0}|)/(|Vw;,,|2 — gwiwy, — fwidwy, Y. F(Mj,n)> dx
o j=2
= —M1,nC§P(|{w1,n <0}|)/M1,nw[ndx
2
<u1nCp(ltwrn <01) [u, 0, dx
2

< “ang p([{win <0}]) ”Ml_n HLZ(Q) ”win ||L2({w1_,l<0})
< p([{win < 0}]) 8 ”wl_,n ||L2({1UL,,<O})

and hence |lw;, l;2(e) < 8,/2 for sufficiently large n, which is a contradiction. O

Now define
V:M*%H&(Q;R"’); u—u—K®).
Observe that, for u € M,
V(u)=0 <<= usolves (6).
Next we show that V satisfies the Palais—Smale condition and that it is a pseudogradient for J over M.
Lemma 2.15 (Palais—Smale type condition). Let u,, € M be such that, as n — oo,
J(un) > c<oo and V(uy)—0 in Hy(2;R™).

Then there exists u € M such that, up to a subsequence, u, — u in Hé (£2; R™).

Proof. Since |u, I|21(9) < J(uy) < c+ 1 < oo for large n, there exists u € M and w € HO1 (£2; R™) such that, up to
0

a subsequence,
u, — u weakly in HO1 (£2;R™) and w,:=K(u,) > w strongly in Hol (2;R™).
Then we have, as n — o0,
o(l) = (V(un)’ Up — U)HOI(_Q) = (un, upy — M)[{OI(Q) — (W, up — u)[-]()l(g)-
Since the last term tends to zero as n — 00, the proof is finished. O
Lemma 2.16. We have

(VJ(u), V(u))HOl(.Q) > 2|| V(u)”zol(m whenever u € M.

Proof. First of all observe that, by (9),

/u,-(u,-—wﬂdx:/u?dx—/uiwidx=l—1=O whenever u € M.
Q Q Q
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This together with (7) yields

(VI V@) iy =2 (w V(i — wi) + g (i) (i — wi) + f (i) (i — wy) ZF(u,-)) dx
i=1 J#i

2

/(w Vi — wp) + g g —w) + fw) @i —wp) Y F(u,)) dx
2 i

/

With V we can now construct a J-decreasing flow for which Ps is positively invariant.

Lemma 2.17. There exists a unique global solution n : R™ x M — Hé (£2; R™) for the initial value problem

d
En(l,u):—V(n(t,u)); n0,u) =ue M. (13)
Moreover:
() nt,u) e M,Vt >0, ue M.

(i1) For each u G_M, the map t — J(n(t, u_)) is nonincreasing.
(iii) There exists § such that, for every § < 6,

n(t,u) € Ps  wheneveru e MNPs, Jw)<d+1, andt > 0.

Proof. As V € C'(M*), there exists a solution 7 : [0, Tnax) X M* — Hé (£2; R™), where Tyax i the maximal time
of existence of solution. We have

d 2
— | n; (t,u)dx=—2fni(t,u)%(n(t,u))dx

dt
2 2
:2/n[(t,u)K,~(77(t,u))dx —Z/Ul-z(t,u)dx
2 22
=2—2/n,~2(t,u)dx
2
whence

%(e”(/n,?(t,u)dx - 1)) =0.
2

As [on?(0,u)dx = [, u?dx =1, we get

/ niz(t, u)dx =1 foreveryt.
Q
Moreover, from this and Lemma 2.16 we see that

d
EJ(’W’ ) =—(VJ (n(t. 1), V(n(t, “)))Hg((z) <=2 v(n@w)| Hi@) S 0.

In particular, ||n(z, u)||i101(9) < J(n(t,u)) < J(u) < +o0 and thus Tyax = 400 and (i), (ii) hold.
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(iii) Take § > 0 so that (12) holds for every 8 < §. For every u € M such that J (1) < d+1anddisty(u,P) =8 <4,
since

n(t,u)=n0,u)+t90,u) +o0(t)=u—tV(u)+o() ast—0,
we see that
distz (n (1, u), P) =dista (u — t (u — K (w)) + 0(t), P)
=distz((1 — H)u + tK () + o(t), P)
< (1 —n)dista(u, P) +t disty (K (u), P) + o(t)
<(1=18+18/2+0(t) <$

for sufficiently small ¢ > 0, and the conclusion follows. O
We can now conclude the section with a proof of the desired result.

Proof of Theorem 2.10. Take any § < min{+/2/2, §} and denote dy"
suppose there exists 0 < ¢ < 1 such that

™ simply by d. In view of a contradiction,

V@) |31y > 8 Yue M: [J@) —d| <2, disty(u, P) > (14)
0
Let us take any A € I"K1:+km) guch that

sup.l<d+£<c§+1
A\Ps

and consider B := (1, A), where 7 is defined by (13). From Lemmas 2.7 and 2.8 we know that B € [&ekm) gnd
that B \ Ps # . Take u € A such that n(1, u) ¢ Ps and

d—e< sup J —e < J(n(l,u).
B\Ps

Since Ps is positively invariant for the flow 1 (¢f. Lemma 2.17), we see that 1 (¢, u) ¢ Ps for every t € [0, 1]. Moreover,

d<sup J<J(n(L,w)+e<J(nt.w)+e<Jw)+e< sup J+e<d+2e.

B\'Ps A\Ps
We conclude from (14) that |V (n(z, u))||§{ @2 2 > ¢ forevery t € [0, 1] and
I (n@w) =={(vVI (0t w), V(0. w)) 1 o

=\
2
<=2 v(na, “))HH(;(.Q)
<—2¢ Vtel0,1].

Whence, after an integration,
d—e< (77(1 u)) J() —2e <d —e.

Thus (14) implies a contradiction and therefore we can find a sequence u, € M such that
Jwy) —>d, V(@) —0 and disty(u,, P)=$§

Lemma 2.15 now implies the existence of u € M such that, up to a subsequence, u,, — u strongly in HOl (£2;R™).
Hence J(u) =d, V(u) =0, and disty (u, P) > §, which yields the desired result. O

We have deduced that for each f, g and kq, ..., k;,, there exists § =5(f, g, k1, ..., kn) < min{\/i/Z, 5} such that
déc' wkm s a critical level for J | pm. From now on we will denote such level simply by @k1--m
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2.3. Existence of infinitely many sign-changing solutions of (6)
In this subsection we will prove Theorem 2.1. For that, we will prove that d¥1>-%» — 400 as some k; — +00.

Lemma 2.18. Let kq, ..., k,, > 2. Then

m
i=1

Proof. Let {¢r}r be the sequence of eigenfunctions of (—A, HO1 (£2)), normalized in L2(£2), associated to the eigen-
values {Ag}x. Take A € [ &1.-km) and consider, for each i, the function

gi :A—>Rk"*1,

U (/uigol dx,...,fuiwkizdx,/ui|ui|dx>.
Q Q Q

Then g :=(g1,...,8gm) belongs to F, ., (A) and there exists u € A such that u; € span{¢y, ...,(,0;6_2}l and

ii; ¢ Ps, as 8 < ~/2/2. Thus

m m
sup J(u) > J (it) > Z/ Vit P dx =Y e 1(82),
i:lQ i=1

ueA\Ps

.....

and the result follows. O

Proof of Theorem 2.1. We have A;(£2) — 400 as k — 400, whence d*1~km — 400 as k; — 400 for some i and
the result follows. O

3. Proof of Theorem 1.1

Theorem 1.1 is not an immediate consequence of Theorem 2.1. In fact, by choosing f(f) = /2Bt and g(t) = a;1°,
we see that they do not satisfy condition ( fg2). Moreover, for N > 5 the associated energy functional

Jﬂ(u)_2f<|v:4| + )d +Z '8/14

i=1 i 1
2 J=
i#j

might take the value +o00. We overcome these problems by considering suitable truncatures of the functions 7 +— ¢
and 7 — 3. Fix any 1 < p <min{2*/2, 3} and 1 < g < min{2*, 3}. Given n € N we define the odd C' functions

, 1| <n,

1P 2 n
fn(t) = (p—Dnr=2 +n— —1° t>n,

lmp 2

1_”’ t< —n,

13, lt] <n,
3t]t]42 3 34
gn(t) = (g—Dne=> +n’ - g—1’ t>n,
3t]¢]972 w3
oo o 1<,

and their primitives F, (¢) := fot &) dE, G, (1) == fot gn (&) dE.
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Lemma 3.1. The functions f, and g, satisfy the following properties:

(i) for every n € N there exists C > 0 such that
O] <CA+1P7Y),  |gn®| < CA+1t197")  foreveryt eR;
(i) there exists 6 > O independent of n such that
ot <OF,(t) and g,(t)t <0G, (t) foreveryteR, (15)
(iii) we have
Jn)t+ fu()s < fu($)s + fu(O)r and  gn()1 + gn(t)s < gn(s)s + gn ()1

for every s,t € R;
(iv) gn(t) <13 for everyt > 0.

Proof. (ii) Since both f, (1)t and F, (¢) are even, it is enough to check (15) for ¢ > 0. Take 0’ := max{1, p — 1}, and
let us show that

A():=0"fu(t) — fr()t >0 Vi >0. (16)
ForO0<t<n, A(t) =0t —t = (6" — 1)t >0, while for t > n,
/ /l‘p_2 P2
A (t) 29 np_2 - (p_ l)np_2 207

and hence, after an integration, A(¢) > A(n) > 0. Therefore (16) holds and then

Fu@®1 < (6" + 1) F ().

The proof for g, is analogous, taking 6 := 6 + 1 with 8’ := max{3, ¢ — 1}.
(iii) Let us first consider the case s, > 0. If 0 < s, 1 < n, we have

a4 fult)s =25t <s% +12 = fu(s)s + ful(O)1.
Ifs,t >n,

sh—1 n =1 n
t HNs=(——m+n— t -
Fa)i + fal)s ((p—l)np2+n p_1>+<(p_1)np2+n p_1>s
sPr pp-ly N n - n
= n— n— N
(p_l)np—Z p—1 p
n

1
el )
Sponer2 T\ T 5 )
:fn(s)s+fn(t)t~

If s >n,0<t <n,since

sp1 n >0
— 4 —— =t |s—0) >
a2 T )en

then we have

Sp*1 n
Ju@t+ fu)s = (m +n— Py 1>t+ls

< sh—1 n 2
s (W*”‘ p_1>s+’
= fu()s + fu(O)1.
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Hence (16) holds for s, ¢ > 0. Finally, for s <0, 7 > 0, we have

Ja)t + fu(t)s <O fuls)s + fu(O)t

while for s, t <0,

@)t + fu()s = fu(=5)(=1) + fu(=0)(=$) < fu(=5)(=5) + fu(=0)(=1) = fu(s)s + fu(D)1.
The proof for g, is analogous.

(iv) We need to check that, for t > n,

3r9~1 3 3n?
——— —n
(g — Hna=* qg—1

Now ®(n) =0, and

Ou) =1 — >0.

q—2

3t
O'(t) =31* - ;= >0 ifand only if n?=* > 44,
n

which is true because ¢ <3. O

Thus the truncated functions f,, g, satisfy (fg1)—(fg3), and hence from Theorem 2.1 we immediately deduce,
for each n, the existence of infinitely many sign-changing solutions of the problem

—Auj + a;gn (i) + 2B fu(ui) Y Faluj) =27 gui,  u; € Hy (). (17)
J#

More precisely, if for each n we define

Jﬂ(u)_Z/ (IVui > +2a; Gy (u;)) dx + 28 Z /F () Fo (uj) dx

i=1 i,j=1
2 =l
J#

and the minimax levels

Eln km —inf sup Jg,

AEF(kl ,,,,, km) A\Pa

there exists an unbounded sequence (ug)g of solutions of (17) such that J g(ug) = ck
We can easily deduce an upper-bound for these minimax levels, 1ndependent of n. Indeed consider the functional

jut . L

o) = S [o(UVui P+ S5ydx ifu;u; =0Vi#j, and [, ut < oo,

o) =
~+00 otherwise.

Using Lemma 2.7(i), one can construct A € I"1:-+kn) such that sup, Joo < 00 (see for instance the proof of
Lemma 4.1 ahead). Then we take

cohtmi= min  sup Jo < 00.
AEF(k] ,,,,, km) A

As 2G, (1) < t*/2 (¢f. Lemma 3.1(iv)) we have Jg (u) < Joo(1t) Yu, and hence

eyt < ckikn forall > 0 and n € N.

Let

K'Ef;{"’k'" = {u c Hol ([2; Rm): u satisfies (17) and J/3 (up) = c """ k"’}.
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By using a Brezis—Kato type argument, we have the following.

Lemma 3.2 (A priori bounds). There exists a constant C = C(B,ky, ..., k) > 0, independent of n, such that

lullpo2) < C foreveryuelC """ k|

Proof. 1. ()Ll’{ ﬂ)n are bounded, independently of n. We have

VAOES Z/ (IVui |* +2a;Gn (uy)) dx+Z/2/3Fn(u YFy (uj)dx_cﬁn ok Rk
i= 19 /;él

then
f |Vu;|? dx, faicn(ul-)dx, /ﬂFn(ui)Fn(uﬂdx < Kok (18)
2 2 2

This, together with Lemma 3.1(ii) yields

/a,-g,,(u,-)u,-dx <6/a,G (uj)dx < 0a; c'é‘o """ k’”,

2 2

and hence
0<Ajp= /(IVM,- 1%+ ai gn (uiui + 2B (widui Y Fn(uj)) dx
2 J#
< (1+0a; +2B(m — 1)) cklFm,

2. Observe that from (18) we know there exists C > 0 independent of n such that

7 ST
||M ||L2(Q) C Vue /Cﬁ'n

Suppose that u € L*3(£2; R™) for some 8; we can test (17) with u; |u;|°, obtaining

146 146
7(1 +5)2/‘|V|ui|1+%|2dx§7(1 +5)2/\V|ui|l+%]2dx+/aign(ui)ui|u,-|5dx
t3 2 t2 Q2 2

+2ﬁ/fn(u il 3 Fouj) d
JF#

= kﬁﬂ / |u,'|2+‘S dx.
2

Hence we have

—1 1
¢ )2\ Z+ b
luill e ) < (CZﬁ A f Jui |+ dx
2

(1+35%\2
<<c 1 +2‘5 ) i Il 245 (2

Now we iterate, by letting

S()=0,  248(k+1)=2%2+58(k)/2.
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Observe that § (k) — oo, since §(k) > (2*/2)"_1. We then have

(1 + 3y2 7
i ||L2*(2+6)/2(g)\1_[ — 2 luill 22
1448())

1 (1+ 22
< — 1 _— ; .
o ;2+5(,-) Og[c 1+5()) } Iillz2c)

As 8(j) > (2*/2)7~1, we see that

3(j)\2
24+68()) 1+48())

o0

j=l

which provides the uniform bound in L*°(£2). O
Proof of Theorem 1.1. Let C > 0 be the constant appearing in the previous lemma and take n > C. Then there exist
infinitely many sign-changing solutions u of (17). By the choice of n, each solution of (17) is also a solution of (1),
and the result follows. O
4. Optimal partition problems. Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. Hence we consider ay,...,a, = 0, and we are dealing
with system (2). Before concentrating our attention on the case of optimal partition problems involving the second

eigenvalue, let us prove some preliminary statements.

Lemma 4.1. Let ky, ..., k,, € N. We have

inf Z)‘k (wi) > ,

(@1, ) EPm ()
where

P (82) = {(a)l,...,a)m): w; € §2 are open sets, and w; Nw; =0, Vi 7éj}.

Proof. Take (w1, ...,w,) € P, (£2) and, for each i € {1,...,m}, let <p’i, e (p,ii denote the first k; eigenfunctions of
(—A, H}(»;)), normalized in L?(£2). Let

A= {u € span{go{,...,w,i[}: lull 22y = 1}.

Then there exists an obvious odd homeomorphism between A; and S%~!| the unitary sphere in R¥ . Therefore
Lemma 2.7(i) applies, yielding that

m
[]Ai e rt-km.
i=1
As w; Nw; =W fori # j,itis now easy to conclude that
m m
Zkki(wi)=2maxf|Vui|2dx= max /|Vu 12 dx
i—1 i s
= = Q

> inf sup Joo (1) = c
Aef‘(kl ----- km) A

) km
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Remark 4.2. By combining Lemmas 2.18 and 4.1 we know that for each ki, ..., k;, > 2 there exists a minimax level

cgl"“’k’" associated with (2) such that

m m
ki,....k .
M —1(82) < gt < inf A (wi).
; S = (w1,..., @m)E€Pm (£2) ; '

Since Aj =~ k2/N _ then there exist two constants C 1, C2 > 0, independent of k;, such that

These inequalities can be used to estimate how many critical levels there are in each interval [a, b] C RT.

By what we have seen in the previous section, we know that for each ki, ..., k, > 2, B > 0, there exists ug =

,,,,,

[19,20], we have the following informations about the asymptotic behavior of the solutions ug as 8 — +oo.
Theorem 4.3. There exists a vector Lipschitz function u = (iuy, ..., Uy) € M such that, up to a subsequence,

() wip— i in H(£2) N CO*(2) for every 0 <o < 1;
(il) —Au; = Aju; in the open set {u; # 0}, where A; :=limg A; g;
(iii) u; -u; =0 and fQ ﬁu%ﬂuiﬁ — 0 as f — 400, whenever i # j;
(iv) the nodal set I'; := {x € §2: u;(x) = 0} consists, up to a set having at most Hausdorff dimension N — 2, of a
union of hypersurfaces of class C*°.

Proof. Let us show first of all that the A; g’s appearing in (1) are uniformly bounded in B, and that there exists C > 0,
independent of 8, such that

lugllLe2y < C. (19)
In fact,
Jg(u =m/Vu~ 2dx+§:éfu-2 u,dx<C
pup) ;QI il =) ipUjp AN S
J#
and hence

/|Vu,-_ﬁ|2dx, /ﬂuﬁﬂuiﬂdxgc Vi, B> 0.
2 2

Therefore A; g = fQ(|Vui,ﬂ|2 + ﬂul.z,ﬁ Zj# uiﬁ)dx is bounded independently of 8. Moreover, ug is a bounded
sequence in Hg (£2; R™), thus a Brezis—Kato type argument as the one shown in the proof of Lemma 3.2 gives (19).
Now (i)—(iii) follows from [19, Theorems 1.1 & 1.2] (see also Remark 3.11) and (iv) is a direct consequence of [20,
Theorem 1.1]. It should be stressed that although in [19] the results are stated for nonnegative solutions, they also hold
for solutions with no sign-restrictions; all arguments there can be adapted with little extra effort to this more general
case, working with the positive and negative parts of a solution. O

Coming to the proof of Theorem 1.2, let us fix from now on k; = - - - = k;;, = 2. The importance of having obtained
sign-changing solutions is clarified in the following key result.

Lemma 4.4. Within the notations of the previous theorem, for every i € {1, ..., m} we have that

[ Vi dx = hai £0).
2
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Proof. Observe that u; g is an eigenfunction of the operator —A + 8" ki u? P in HOl (£2) with eigenvalue A; g. Since
u; g is a sign-changing solution, we have that

Aig > )q(—A-FﬁZu?’ﬂ,Q),

J#
the first eigenvalue of —A + Y, u7 4 in Hj (£2). Moreover, if ¢; g > 0 is such that [|g; gl ;2(o) = 1 and

—Agip+ Boip Zuiﬂ =X <—A +8 § U g 9)%/3,
J# J#
then

/ui,ﬁwi,ﬂ dx =0.
2

As

/(quf,mz +Bolp Zu?,ﬂ) dx =1, (—A +BY i 9) <hip<C,
2

J#i J#i

there exists ¢; = 0 with ||g; || 2(oy = 1 such that ¢; g — ¢; weakly in HO1 (£2) and moreover by Fatou’s Lemma

-2 ) P 2 2 .
/(pl- Zu] dx < ,lalinfg/(p"’ﬁ Zuj,ﬁdx < ﬂETOOC/ﬂ =0,
) J# ) J#
hence ¢; =0 a.e. on | j#{ﬁ j # 0}. Since I" has zero Lebesgue measure (recall Theorem 4.3(iv)) and ¢ # 0 in £2,
then ¢; # 0 a.e. over {u; # 0} and, as

/L_li(ﬁi dx = 0,

2

then u; € H(} ({u; # 0}) is a sign changing solution of —Au; = A;u;, and

[ vk dx =i zalii £0). o
2

Now we are in a position to prove our second main result.

Proof of Theorem 1.2. By combining everything we have done so far, we obtain
m m m ﬂ
inf M (w; >c2 """ 22] ug) = /Vu- 2dx + —/u2 u? ,dx
@10 wm)er(mz 2(01) > €5 plup) Z IVidi.pl Z_ 2 ) ThETLP
i=1 i=1 Q l,!—.l o
J#
and hence, by Theorem 4.3(i), (iii) and Lemma 4.4,

m

m
inf Mw) =2 > lim Ja(ug) = /vwz
o wm>e7>m<m; 20) 2 et > lim Jglug) ;9 |Viti|

> min M (w;).
- (w1, wm)epm(ﬂ)z ( l)

i=

Thus ({u1 #0}, ..., {um # 0}) is a solution of (5), and the result now follows from Theorem 4.3(iv). O
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4.1. Further extensions

If k1, ..., kn = 1, observe that we can use similar (even easier) arguments without using the cones P;. In this case,
1.l . .
cg = inf supJg=infJ
p ek gt BT RP

and we can prove the existence of ug, solution of (1), such that Jg(u) = c}g"“’l. Thus

Zmo, s> tim =) [IvaLde Z (16 7 01)

(w1, 7wm)epm 1 —1
=l

and hence we get the same result as in Theorem 1.2 with (5) replaced by

Z A (@;).

We recover this way the result already shown in [6].
More generally, we can also replace (5) by the problem

(w1, ,wm)E'Pm

m
inf M(wi) + M (w;i) |, wherem <m,
(@1,...,0m) €Pp (£2) ; ' l—;-i-l '

getting the same conclusions as before. In fact, the same arguments of Sections 2, 3 can be applied, with the difference
that we just take

m
P=J P u-P)
i=m+1
in the definition of (8).
We conjecture that, given arbitrary &, ..., ky, € N, there exists ug = (u1,8, ..., um,g) solution of (1) with Jg(ug) <
c]éé""’k’”, and (u1,...,Uy) a limiting profile in the sense of Theorem 4.3, such that (wy, ..., ®,) := ({u; # 0},

,{um #0}) solves
Z)”k ().
(2)
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