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Abstract

We prove here global existence in time of weak solutions for some reaction—diffusion systems with natural structure conditions
on the nonlinear reactive terms which provide positivity of the solutions and uniform control of the total mass. The diffusion
operators are nonlinear, in particular operators of the porous media type u; —d,-Au:m. Global existence is proved under the
assumption that the reactive terms are bounded in L. This extends previous similar results obtained in the semilinear case when
the diffusion operators are linear of type u; — —d; Au;.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The goal of this paper is the study of global existence in time of solutions to reaction—diffusion systems of the
following type

foralli=1,...,m,
Oru;p — Ag;(u;) = fiur,uz, -, uy) in]0, +oo[x£2 )
u;(t,.) =0, on 0, +oo[x 92,
u;(0,.) = ujp>0 in Q.
Here Q2 is a bounded open subset of RY with a regular boundary, ¢;,i =1, ..., m are continuous increasing functions

from [0, +00) into [0, +00) with ¢; (0) = 0 and the f; are regular functions such that the two following main properties
occur:
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e (P): the nonnegativity of the solutions is preserved for all time;
e (M): the total mass of the components is controlled for all time (sometimes even exactly preserved).

Properties (P) and (M) are natural in applications: these systems are mathematical models for evolution phenom-
ena undergoing at the same time spatial diffusion and (bio-)chemical type of reactions. The unknown functions are
generally densities, concentrations, temperature so that their nonnegativity is required. Moreover, often a control of the
total mass, sometimes even preservation of the total mass, is naturally guaranteed by the model. Interest has increased
recently for these models in particular for applications in biology, ecology, environment and population dynamics.

Mathematically speaking, (P) is satisfied (like for systems of ordinary differential equations) if and only if f =
(fi)1<i<m 1s quasipositive whose meaning is recalled in (5).

Condition (M) is satisfied if for instance

Y. fi<0 @)

1<i<m

or, more generally, if this sum is reasonably controlled (see (6) for precise assumption).
These two conditions imply L'(€2)-bounds on the solutions which are uniform on each finite time interval (see
Lemma 2.3):

Vi=1,...,m, VT >0, sup |lu;j(®)|1 g <+oo.
1€[0,T]

Unlike uniform L% (£2)-estimates on each finite interval, such L!-estimates are not enough to imply existence of
global solution on (0, +00). More structure is needed for global existence.

Actually, many results of global existence are known for these systems in the semilinear case when the diffusions
are linear and given for instance by ¢; (u;) = d;u;, d; € (0, +00). Existence of regular bounded solutions on (0, +00)
may be found for example in [25,16,27,26,19,18,36,10,9,22,39,14,17,3,4] and in several other articles whose refer-
ences may be found in the survey [31] or in the book [37]. However, it is well-known that the solutions may blow up
in L°°(€2) in finite time as proved in [33,34] where explicit finite time blow up in L% (£2) are given. Thus, even in the
semilinear case, it is necessary to deal with weak solutions if one expects global existence.

Our main goal here is to exploit the good “L'-framework” provided by the two conditions (P), (M) and to see
how the main results of global existence of weak solutions extend from the semilinear case to the case when the ¢;
are nonlinear, in particular of the porous media type, namely ¢; (1;) = d,-u;"i ,m; > 1. In this case, degeneracy of the
diffusion occurs at the same time for small u; and for large u;.

We are interested in looking for extensions to these nonlinear diffusions of the two following main results proved
in the semilinear case:

— first the global existence result of weak solutions for (1) when (P), (M) hold and when moreover an a priori
L!-estimate holds for the nonlinear reactive part, namely (see [29,30] and the survey [31]).

Vi=1,...,m, YT >0, / | fiCur, ..., up)| < 4o0. 3)
0,T)xQ

— next the fact that global existence of weak solutions hold for quadratic nonlinearities f; satisfying only (P), (M).
This is a consequence of the latter result and of a main a priori L2((0, T) x Q)-estimate on the solutions implied
by (P) + (M) and which is interesting for itself. This estimate was noticed in [12,28,33,34] and then widely
exploited, see for example [11,6,7,35,32,8,5,9,31].

We will first see that these two results extend to the case when the ¢; are nonlinear but nondegenerate (that is when
¢; is bounded from below and from above, see Proposition 2.4). But, the situation is more complicated and not so
clear in the degenerate case ¢; (#;) = d; (u;)™ . More precisely:

. . Lo . )t ;
1. We are able to prove global existence of solutions under the a priori estimate (3) if m; € (% 2) for all i. We
do not know whether the restriction m; < 2 is only technical or due to deeper phenomena. But, at least, it appears
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as being necessary to extend the approach of the semilinear case as such. This is explained in more details next
(see Theorem 2.6, Corollary 2.11 and their proofs).

2. On the other hand, we can prove that the a priori L?-estimate of the semilinear case has a natural extension
to the degenerate case, this for any m; > 1. Indeed, under the only assumptions (P), (M), the solutions u; are
a priori bounded in L™ *1((0, T) x Q) for all T > 0. This allows in particular to prove global existence for
System (1) with quadratic reactive terms or with growth less than m; + 1 and some other classical reactive terms
(see Theorem 2.7, Corollary 2.8 and Corollary 2.9).

A main reason to try to exploit the “L1-framework” provided by (P), (M) for System (1) is that, like in the
semilinear case, the operator u; — d;u; — d; Au;."i has good L'-compactness properties in the sense that the following
mapping is compact when m > (N —2)*/N:

(wo, F) e L'(Q) x L'((0,T) x Q) > we L'((0,T) x Q),
where w is the solution of
hw—dAwW" =Fin (0, T) x 2, w=00n(0,7T) x 322, w(0) = wy.

This provides compactness for the solutions of the adequate approximations of System (1). Next, the main difficulty—
which is actually serious—is to show that the limit of these approximate solutions is indeed solution of the limit
system.

Note that, besides the semilinear case, this kind of L!-approach was also used with success in [20] for such systems
with nonlinear diffusions of the p-Laplacian type d;u; —V - (| Vu;|P~*Vu; ) Let us also mention some global existence
and finite time blow up in [15,27] and [21] for 2 x 2 systems with nonlinear diffusion ¢; (u;) = u;"" ,i =1, 2 and with
growth conditions on the reactive terms like

fl(ul,uz)=u‘f+u§+C1, Hu)=ul+ul, 1<a,8<my, 1<, y <ma.
A particular example of System (1) with
m=2, g1(u)) =ul", p2(u2) =douz, f1 <0, fr=—f

was also shown in [20] to have weak solutions for m € [1,2) and initial data (u19, u20) € L™ +T1(€) x L?(2) and
as well strong bounded global solutions for bounded initial data and polynomial growth of f; (even for general ¢ in
this case). Nondegenerate nonlinear diffusions were also considered in [12] and [32] with quadratic reactive terms.

2. Main results

Throughout this paper, we denote Q := (0, +00) x Q, Q7 :=(0,T) x 2, ¥ := (0, +00) x 92, L7 := (0, T) x Q2
and, for p € [1, 400)

1/p T /p
el = /|u<t,x)|f’dx . ullzron = ff|u(r,x)|”drdx ,
Q 0 Q
lu(@)llL=(@) =esssup,cqlu(t, x)|,  llullLoc(or) =esssupy veg, U, x)I.

Fori=1,...,m,let f; : O x [0, 4+00)" — R be such that

fi is measurable,
VT >0, f(,.,0), g(,.0) €L (Qr),
Regularity: 3K : [0, +00) — [0, +00) nondecreasing such that: 4)
Lfi(t,x,r) — fi(t,x,F)| < K(M)|lr =7,
forall M > 0, forall r,7 € (0, M)™ and a.e. (t,x) € Q,

where ||r|| =), .;,, |7il is the norm chosen in R™.
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ﬁ(t’xvrla"'1ri71505ri+1""’rm)201 (5)
forallr = (ri)1<i<m =0, a.e. (¢,x) € Q.

Vr €[0,4+00)™, forae. (t,x), >, fit,x,r) <o|r|+h(, x)
for some o € [0, +00), h e L' (Q7)* forall T > 0.

Quasipositivity: (P) {

Control of mass: (M) { (6)

... These three above properties will be assumed throughout the paper...

Remark 2.1. Note that all results given in this paper immediately extend if (M) is replaced by the existence of
o; € (0, +00) such that

Vr € [0, +00)™, ae. (¢, x), Zaiﬂ(t,x,r) <olr| + h(t, x).
i

Indeed we may multiply each i-th equation by ¢; and changing u; into v; := «;u;. For simplicity, and without loss of
generality, we will work here with (M) as above.

For i =1,...,m, let ¢; : [0, +00) — [0, 4+00) be increasing, continuously differentiable on (0, +0c0) with
¢; (0) = 0. We will mainly consider two situations:
The nondegenerate case:

Ja;, bi € (0, +00), Vs € (0, +00), 0 <a; <¢i(s) <b; <+o0. @)
The possibly degenerate case:
Vs € [0, +00), @i(s) =d; s™, m; € (0, +00), d; € (0, +00). (®)

We consider the associated System (1) where the weak solution of each equation is understood in the sense of
nonlinear semigroups in L' () (see [40] for various definitions of solutions). More precisely, if ¢ denotes one of the
@; and if (wg, F) € L*°(Q2) x L*®(Qr), we will use, especially in the approximation processes, the following notion
of bounded solutions:

w € C([0, T); L") N L¥(Q7), ¢(w) € L*(0, T; Hy (),
o;w — A@(w) = F in the sense of distributions in Qr, )
w(0) = wo.

If ¢ satisfies one of the conditions (7) or (8), then for (wg, F) given in L*°(2) x L*°(Q7), sugh a solution exists and is
unique (see e.g. [40, Chapters 5 and 6]). Moreover, if w is the solution associated with (g, F) € L% (2) x L*°(Qr),
we have

t
lw(®) = D) 11 gy < llwo — Dol 1) + f IF(s) = F®)ll 1 (g ds, (10)
0
so that

(wo, F) € LY(R2) x L'(Q7) = w e C([0, T]; L' ()

is a contraction. This allows to extend by density, in a unique way, the notion of solution to any (F, wo) € L'(Q7) x
L'(Q) and we will denote it by

w = Sy (wo, F). (11)

This is the notion of solution that will mainly be used in this paper. Note that it satisfies

w e C([0,T); LY (Q)), ¢(w) € L'(Q7) and V¢ € Cr, (12)
~ o Owo — [, ¥ w+ o)Ay = [, ¥ F.
where
Cr={y:[0,T] x Q— R; ¥, 8¢, aﬁile/f are continuous, ¥ =0on X7, ¥ (T) =0}. (13)

The latter property (12) corresponds to the notion of very weak solution in Definition 6.2 of [40].
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Solutions in the sense of (11) satisfy the maximum principle and order properties:
[wo =0, F > 0] = [Sy(wo, F) =01, [wi = wa, F1 = F2] = [Sp(w1, F1) > Sy (w2, F2)].
Recall also that w := S, (wp, F) satisfies (see e.g. [40])

t
Vpell,+oo], Vit €[0,T], lw®)llLr) < llwollLre) +/ | E(s)lLr (o) ds. (14)
0

We now define what we mean by a solution to our System (1).

Definition 2.2. Given u;g € LI(Q), ujo >0,i=1,...,m, by global weak solution to System (1), we mean u =
(uy,up, ..., up): (0,4+00) x 2 — [0, 4+00)" such that, foralli =1,...,mand forall T > 0

{u,- € C([0, +00); L' (), ¢i(ui) € L'(0, T; Wy (), 15)

u; =Sy, (uoi, fi(w)).
Note that we only deal with nonnegative solutions.

The approximate reaction—diffusion system Next we consider the following approximation of System (1) with solu-
tion u" := (uf, ..., uy,) in the sense of (9) for each equation, that is

foralli=1,...,m,

forall 7 >0, uf € L®(Q7) u; >0, ¢;(u}) e L*(0, T; Hj(Q)),

du! — Agi(u?) = f" (") in Q, (16)
u?(t,.)=0on X,

ui(0,.) =uj; >0in £,

where “?0 € L®(Q)™ converges to u;g in L'(€2) and the approximate nonlinearities fl” satisfy (4) with K (-) indepen-
dent of n, (5), (6) with o, h independent of n and are in L>(Qr x R™) for each n. The convergence of f" toward f;
is defined as follows. Let us denote

€y = max sup |f'(t,x,r)— fi(t,x,r)|. a7

I<i=mo<|r|<m
We will assume that
€y — 0in L'(Qr) and a.e. as n — +oo. (18)

As a typical example, we may choose

fit= Ji .
L Kl

Note that, with this choice, || f;"|[L>(g) < n and the other properties may easily been checked (in (4), K (M) has to be
replaced by (2 4+ m)K (M)).

19)

Lemma 2.3. Assume that, for 1 <i <m, @; satisfies either (7) or (8) with m; > 0. Then the approximate system (16)
has a (global and regular) solution u™ and there exists C : [0, +00) — [0, +00), independent of n such that

Y, ¥T >0, sup Y ufOlpe <CT) [ 1+ Y luiollig

1el0.T1 ) cicp l<i<m

Now, let us assume, like in the semilinear case that, for whatever reason, an a priori L'-estimate holds for the
solution u™ of the approximate System (16), namely

n .
1<i<m
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Examples of such situations and applications will be given later (see also the survey [31]). The question is to decide
whether, like in the semilinear case, u” converges to a global weak solution of (1).

A first—not surprising—result is that, when the nonlinearities ¢; are nondegenerate, then this convergence property
does hold. Moreover, the a priori L>-estimate holds as well. Indeed we have the following proposition (and this is a
particular case of Theorem 2.6 and Theorem 2.7 below):

Proposition 2.4. Assume all functions ¢; are nondegenerate in the sense of (7). Then, up to a subsequence, u"
converges in [L'(Q1)]" for all T > 0 to a global weak solution of (1) in the sense of Definition 2.2. If moreover
uo € L2(QQ)™ and h € Llloc ([O, +00); Lz(Q)) in the assumption (6), then there exists C : [0, +00) — [0, +00) such
that

sup Y ulll2op SCT) | 14+ D luioll 2

n - -
1<i<n 1<i<m

Remark 2.5. Versions of the above L?-estimate may also be found in [12,28,32] where they were used to prove global
existence results for systems of type (1) with nondegenerate ¢; and quadratic reactive terms. Global existence with
general right-hand side bounded in L' seems however to be new.

Now the question is to decide what happens in the degenerate case. We can prove the following.

Theorem 2.6. Assume that, for 1 <i < m, @; satisfies either (7) or (8) with m; € ((N —2)*/N, 2). Assume
L'-estimate (20) holds. Then, up to a subsequence, u™ converges in [L'(Q7)I™ for all T > 0 to a global weak
solution of (1) in the sense of Definition 2.2.

As commented in the introduction, we do not know whether the restriction m; < 2 is necessary or not. We will
explain where it naturally appears in the proof and suggest some possible reasons. We will deduce a global existence
result for System (1) below in Corollary 2.11.

On the other hand, it turns out that the a priori L?-estimate does have a natural extension no matter the value of the
m;.

Theorem 2.7. Assume that, for 1 <i <m, @; satisfies either (7) or (8) with m; > 0. If moreover h € L}OC([O, +00);
LZ(Q)) in the assumption (6), then there exists C : [0, +00) — [0, +00) such that

sup >} Nl w1y < CDM+ Y Nyl 2]
" l<i<m I<i<m

where we set m; :== 1 in case (7).
We deduce the following global existence result.

Corollary 2.8. Assume that, for 1 <i <m, ¢; satisfies either (7) or (8) with m; > 1. Assume there exists € > 0 such
that

Yolfwlci+ Y wte. @1)

1<i<m 1<i<m

Then, for all ug € L*(Q)™, ug > 0, the system (1) has a global weak solution in the sense of Definition 2.2.

As we will see in the proof, the main point of the “—e” in the above assumption is that it makes the nonlinearities
f{"@™) not only bounded in L'(Q7), but uniformly integrable. This is the main tool to pass to the limit in the
reactive terms. Actually, any other assumption guaranteeing this uniform integrability of the f;"(u") will lead to global
existence. For instance, it follows from this theorem that global existence holds for the typical system modeling the
chemical reaction
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Ui +Us=U;+ U,.

Indeed, applying the mass action law for the reactive terms and a Darcy’s law for the diffusion lead to the following
4 x 4 system for the concentrations u; = u;(f, x) of the components U;, 1 <i <4:

forl <i <4,
u; — di Ag;(u;) = (—1)' [uuz — uzu4] in Q, (22)
ui=0on X, u;(0)=u;o>0.

The following result is a direct consequence of Corollary 2.8 when m; > 1 for all 1 <i < 4. If some of the m; are
equal to 1, then an extra argument is needed to prove that the reactive terms are not only bounded in L', but uniformly
integrable. This is coming from the entropy inequality and from an L'-estimate that it provides on u;"i +l (logu;)?
(extending the L2-techniques of [11]).

Corollary 2.9. Assume that, for 1 <i <4, @; satisfies either (7) or (8) with m; > 1. Then, for all uo = (u;0)1<i<4 with

uijo >0 and ujplogu;p € L2(Q) for 1 <i <4, System (22) has a global weak solution in the sense of Definition 2.2.

Remark 2.10. We may also consider more general reversible chemical reactions of the form

piUL+ppUs+ ...+ pnUn = Uit + q2Uz + ... + g Un,

where p;, g; are nonnegative integers. According to the usual mass action kinetics and with Darcy’s laws for the
diffusion, the evolution of the concentrations u; of U; may be modeled by the following system

i — di " = (pi — gi) (T — TV} i =1.m, 23)

where k1, k» are positive diffusion coefficients and where a stoichiometric law holds like ) ; i p; = Y, i q; for some
a; € (0, 400). Similarly to Corollary 2.9, global existence of weak solutions may be proven when

Pi qi
E <lI, E <1 24
mi+17~ — m; +1 24

i

Indeed, together with Theorem 2.7, this guarantees that the reactive terms are bounded in L'(Q7). The entropy
inequality, which is valid for this system as well as for (22), allows to prove their uniform integrability in all cases
when (24) holds. This approach is the same as for Corollary 2.9 and relies also on an L!-estimate on u;”i + (logu;)? .

For completeness, we also give the main steps of the proof of this remark after the proof of Corollary 2.9.

It is known that, for instance for a 2 x 2 system, an a priori L' bound of type (20) holds as soon as two linear
relations between f1, f> hold rather than only one, like

fi+ =0, fi+rf2<0, 2€[0,1).

More generally, if there are m linearly independent similar inequalities in an m x m system, then estimate (20) holds.
Actually, by coupling Theorem 2.6 and Theorem 2.7, we may even prove the following.

Corollary 2.11. Assume that for all 1 <i <m, @; satisfies either (7) or (8) with m; € ((N —2)*/N, 2). Assume
moreover that there exists an invertible m x m matrix P with nonnegative entries and b € R™ such that

Vr € [0, +00)", Pf(r) <b[1+ Y r!™"], 25)

where again m; := 1 in case (7). Then, for all uy € L! ()", ug > 0, the System (1) has a global weak solution in the
sense of Definition 2.2.

Remark 2.12. We emphasize the fact that any L'(Q)-initial data is allowed in this result. As particular standard
situations covered by Corollary 2.11, we have the 2 x 2 systems where the nonlinearities are as in the two following
examples:
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D fi=0, Lo=-fi.

2 filur,uz) =rlud —uul, fr(ur,uz) = —ulud +uuf, A el0,1), pg,a, p>1.

Indeed, (25) is satisfied with b = (0, 0) and successively

() =11

Note that in these two examples, there is no restriction on the growth of fi, f>, but as stated in Corollary 2.11, it
is required that m; < 2. On the other hand, when applying Corollary 2.8 to this system (see also Remark 2.10), we
obtain global existence of weak solution, no matter the values of the m, m;, but with the growth conditions

P4y Y B _
mi+1 my+1 mi+1 my+1
The case m| =my =3, p= B =15, g =a =2 is for instance not covered (except may be in small space dimensions)

by any of the above results although the reactive terms are a priori bounded in L'(Q7) (see the proof of Corollary 2.11)
and even if A = 0. This is an interesting open problem.

1.

3. The proofs

Proof of Lemma 2.3. Since the f" are bounded for each n, existence of a (unique) bounded global solution u" is
classical. Let us recall a procedure without too many details. Given T € (0, +00), we consider the set

Wi={veC(0, T]; L' (™) Vi=1,...,m, vi(0) =uly, |villr=os) <R},

where R = [lujllLe@) +nT (recall that f;" is uniformly bounded by n). We equip W with the norm : |[v] :=

max; sup;cpo, 77 [1vi (1)l 11 () Then, we consider the mapping F which to v" = (vf, - -+, vy,) € W associates the so-
lution u" = (uf, -+, ul)) € W, ul = Sy, (uly, f'(r(v™))) where 7 : R™ — [0, +00)™ is the projection onto the
positive cone, that is w(ry,...,ry) = (rl‘", R r,;l"). Using the estimates (10)—(14), it is easy to prove that F send

W into itself and that some iterate of JF is a strict contraction. Whence the existence of a fixed point u”. The
L*0,T; Hé (£2))-regularity holds by construction for these bounded solutions (see [40]). Next, multiplying each
equation by (u})~ = —inf{uf, 0}, integrating on Q7 and summing over i, thanks to the quasipositivity of " we
deduce that (u}')~ = 0, whence the nonnegativity of u". We refer e.g. to [20] for more details.

Next, summing all the m equations of (16) and integrating on 2 gives, using (M):

at/ > u;?(t)gf Y <o Y ||u;?(r)||L1(Q)+h=a/ > ult)+h
Q 1<i<m Q 1<i<m 1<i<m Q 1<i<m

Integrating this Gronwall’s inequality gives for all 7 € [0, T]

Dol Ol < | Y luiollzigy + Ikl

1<i<m 1<i<m

Whence the estimate of Lemma 2.3. O

Let us now recall the main compactness properties of the solutions of (11). Here ¢ : [0, +00) — [0, +00) denotes
one of the functions ;.

Lemma 3.1. Assume ¢ satisfies (7) or (8) with m; > —(N;zzﬁ

. Then the mapping
(wo, F) € L'(R) x L'(Qr) = Sy (wo, F) € L'(Qr)
is compact.

Proof. For a proof, see [2]. O
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Lemma 3.2. Let p(w) =d w?,d € (0, +00), g > (N —2)"/N. Then, for (wo, F) € L'(Q) x L' (Q71), w = Sy (wo, F)
of (11) satisfies

qu 2
|w| §Cf0r0<ot<1+q—N, (26)
or
/|Vw4|ﬂsczforlsﬁ<1+1+qN, 27)
or

where C = C (T, o, B,q, ”w()”Ll(Q)v ||F||LI(QT))-
If ¢ is nondegenerate in the sense of (7), then the estimates (26) and (27) are valid with g = 1.

Proof. For a proof, see Lukkari [23, Lemma 4.7] for the case ¢ > 1 and Lukkari [24, Lemma 3.5] for the case
% < g < 1. In these two references, the proof is given with zero initial data, but with right-hand side a bounded
measure. We may use the measure §,—¢0 ® wodx to include the case of initial data wg. We may also use the results in

[1, Theorem 2.9]). The estimate in the nondegenerate case may be obtained in a similar way. O

In several of the proofs below, we will use the famous Vitali’s Lemma (see e.g. [13, theorem 2.24, page 150], [38,
chapter 16]).

Lemma 3.3 (Vitali). Let (E, 1) be a measured space such that w(E) < +00, let 1 < p < 400 and let { f,}, C LP(E)
such that f, — f a.e. If { £}, is uniformly integrable over E, then f € LP(E) and f, — f in LP(E).

We now deduce various compactness properties of the approximate solution u" of (16).

Lemma 3.4. Assume that ¢; satisfy (7) or (8) with m; > (N — 2)* /N and that the L'-estimate (20) holds for the
solution u" of (16). Then, up to a subsequence, and for all T > 0and 1 <i <m,

u;‘ converge in Ll(QT) and a.e. to some u; € LI(QT),

@i (u}) converge in L*(Qr) and a.e. to ¢;(u;) for all a € [1, 1+ 2/(m,-N)) in case (8) and all a € [1, 1 —|—2/N)
in case (7),

i (u;) € LP(0,T; WP () for all B € [1,1+1/(1 +m;N)) in case (8) and for all B € [1,1+ 1/(1 + N)) in
case (7),

f'W™) converges a.e. to f;(u) € L'(O7).

Proof of Lemma 3.4. By the estimate (20), f/" (u") is bounded in L'(Q7). According to Lemma 3.1, u? is relatively
compact in L'(Qr) for all T > 0. Therefore, up to a subsequence, we may assume that u converge in L'(Q7) for
all T > 0 and a.e. in Q as well to some limit u; € L! Q7).

Next, by Lemma 3.2, ¢; (u}) is bounded in L*(Q7) for o € [1, 1+ 2/(miN)) [even for o € [1, 1+ 2/N) in the
nondegenerate case] and for all T > 0. By arbitrarity of « in this interval open to the right, ¢; (u)“ is even uniformly
integrable. Since it also converges a.e. to ¢; (u;), by the Vitali’s Lemma 3.3, the convergence holds strongly in L*(Qr)
to @i (u;).

Next, thanks to the estimate of the gradient in Lemma 3.2, ¢; (u?) stays bounded in the space LA (O, T; Wé b (Q))
forall Be[l,1+1/(1+ miN)) [even all B e[1,1 4+ 1/(1 + N)) in the nondegenerate case]. These spaces being
reflexive (for B > 1), it follows that ¢; (;) also belongs to these same spaces.

Finally, due to the definition of the f;' and to the a.e. convergence of u" to u = (4;)1<j<m, it is clear that f;"(u")
converges a.e. to f;(u). By Fatou’s Lemma, f;(u) € L'(Qr). O

Remark 3.5. To prove that the limit u is solution of the limit problem, we would “only need” to prove that the
convergence of f'(u") to fi(u) holds in the sense of distributions and not only a.e. But this is where the main
difficulty of the proof lies. Indeed, f}'(u™) is bounded in L'(Q7). Therefore it converges in the sense of measures to
fi(u) + n where p is a bounded measure. The point is to prove that this measure is equal to zero.
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An easy situation is when the f;*(u") are uniformly integrable and not only bounded in L'(Q7). Then, using
Vitali’s Lemma 3.3, we deduce that the convergence of f;'(u") to f;(u) holds in LY(Q7) and therefore in the sense
of distributions. It follows that u is solution of the limit problem.

Actually, our method here, similar to the one in [30], will be to first prove that u is a supersolution of the limit
system. This is where the main difficulty is concentrated. The main result is stated in the next proposition. It is
interesting to emphasize that the conclusion of this proposition is valid without the structure property (M). This
property (M) will only be used later to prove the reverse inequality.

Proposition 3.6. Under the assumptions of Lemma 3.4, the limit u is a supersolution of the limit system, which means
that, for all ¥ € Ct as defined in (13), ¥ >0 and for 1 <i <m:

—/1/f(0)1410+/—3tlﬁui+V¢V§0i(ui)Z/Wfi(u),
Q or or
where u; € L™ ((0, T); L'(R)), ¢i(u;) € L'((0, T); Wy (2)).

Preliminary remark about Proposition 3.6 and its proof. Note that the result of this Proposition is interesting
for itself and, as we already remark, is valid without the structure assumption (M) on the nonlinearities f;". The
ideas of the proof of Proposition 3.6 are taken from [30]. A first idea is that, if w is a solution of the heat equation,
then Ty (w) is a supersolution of the heat equation where T} is a regular approximation of the truncation function
r € [0, 400) — inf{r, k} as defined below. Here, we first prove that Ty (u;) is indeed a supersolution for all k: by
letting k£ go to +o0, it will follow that u; itself is a supersolution, whence Proposition 3.6.

In order to obtain that 7j(u;) is a supersolution, we pass to the limit as n — 400 in the inequation satisfied by
an adequate approximation of 7y (u}). But to pass to the limit in the sense of distributions in the nonlinear reaction
terms (which a priori converge only a.e.), each truncation of the i-th equation must also involve all the u’/’., J # i: more
precisely, in the semilinear case, the method was to write for each i, the inequation satisfied by Ty (u + 1" jti u’})
with n > 0, then first to let n — +o0 for n, k fixed, and next to let  — 0, then k — +o00 (see [30]). The main work
was to justify the step n — 0 which involves estimates on the gradient of the solutions.

Here, the ideas are the same, but we have to adapt them to nonlinear diffusions. Besides and because of the
degeneracy due this nonlinearity, gradient estimates are not as good as for linear diffusions, especially near u; = 0.
Moreover, the nonlinear diffusion requires more complex truncations than in the linear case. This is why we consider
the truncating process (29) below.

To prepare the proof of Proposition 3.6, let us introduce the truncating functions 7 : [0, 4-00) — [0, 4-00) of class
C3 which satisfy the following for all k > 1:

Ti(r) =rifr e [0,k — 1],
Ty (r) <k;

T(r)=0ifr >k (28)
0<T/(r)<1, =1 <T/(r) <Oforallr > 0.
Next, foralli =1, ..., m and for (n, n, k) € N* x (0, 1) x [1, +o0[, we introduce
Al k=0 (DT V) = V - (LD T VIOV ). V= u”. (29)
J#i

Remark 3.7. To give some light on the choice of the above expression, note that, when n — 0, then Tk’(n Vl.") — 1
and when k — +o00, then T} tends to the identity so that this expression approximates d;u; — V - (Vgo,- (u;’)) =
o’ — Ag;(ul).

We check that
Al k= T T (n V") f'(u") + AT + B!' where
AP =TT VYV = n T T VI Y i [ A @) + £ ™),
1 1 . n __. n n
that we write as an obvious sum: A} =: Z#i Xi+ Y7,
Bl' = =V (u)VIT ()T (n V{"].

(30)
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The proof of Proposition 3.6 will mainly rely on the following estimate.
Lemma 3.8. There exist § > 0, C > 0 independent of n and n such that, foralli =1, ..., m and forall € Cr,¢¥ > 0O:

/ ALV = / T, )T (0 V") ' (un) — C DY), (31)
or or
where D(Y) = ¥ llLe0r) + IVl Lo(0r)-

Proof of Lemma 3.8. It is a direct consequence of formula (30) and of Lemmas 3.12 and 3.13 below. O
The proof of Lemmas 3.12 and 3.13 below will require the following preliminary estimate:

Lemma 3.9. Let F € L'(Q7)*", wo € L' (Q)T. Then w = S,(wo, F) as defined in (11) satisfies the following:
there exists C = C (-[QT F, fQ w0> such that, for all nondecreasing 0 : (0, +00) — (0, +00) of class C! and with
00t =0

VO (w)|[Ve(w)| = / Vo(w)Ve(w) < Ck. (32)
[6(w)=<k] [6(w)<k]
In particular,
Vo) < Ck, / Vwl < CkT (33)
[p(w)<k] [w=k]

with m =1 in case (7) and with m = m; in case (8) assuming m; < 2.

Remark 3.10. The main restriction m; < 2 discussed in the introduction appears in the above statement. The proof
of Theorem 2.6 requires to control the L2-norm of Vu! on the level sets [u < k]. This L?-norm is not bounded if
m; > 2 because of the degeneracy around the points where u} = 0. It is however valid for the large values of u!'. But
this does not seem to be sufficient for the proof.

Proof of Lemma 3.9. As usual, we make the computations for regular enough solutions and they are preserved by
approximation for all semigroup solutions.
Multiply equation d;w — Agp(w) = F by Ti4+1(6(w)). We obtain

/ Jew)(T) + / T, (0(w)) VO (W) Ve (w) = / Tia1 (0(w) F + / Je(wo),
Q or or Q

where J/(r) = Ti41(0(r)), Ji(0) = 0. Since Ty <k + 1, we have Jx(r) < (k 4 1) r so that

/ VO w)|[Vow)| < (k + 1) /F+fwo <Ck.
Q

[0 (w)<k] T
Choosing 0 := ¢ gives the first estimate of (33). The second one is clear in the nondegenerate case (7). If ¢; (r) = d;r™
with m; < 2, we choose 6(r) := r2~™i to obtain
d; (2 — m;)m; f |Vw|* < Ck,
(w2 <k]

which gives the second estimate of (33) by changing k into k>~ . [
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Remark 3.11. The two next lemmas provide the expected estimates for Bf, then A?. We will often use that, for some
C independent of n and 7, it follows from (32) that, fori, j=1,...,m

VP < Chfn [ VIR S Clk/mP . M = a1, maxm). (34)
[0, (u") <k] [y V7' <k]

where we used the inclusion: Vj # i, [n V" <k]C[n u’} <k].

Lemma 3.12. There exist C > 0,8 > 0 independent of n and n such that, for all i =1, ..., m and for all ¢ € Cr,
¥v=0

/ VB> -0 Cll¥ o0 (35)
or

Proof of Lemma 3.12. We have

/IlfBi"=—/1/fV<pi(u§’)V[T;§(ul'-’)T;§(n 149)

or or
=— / UV (u}) [VM;’TZ/(M?)TJC/(H VI + T wH T (n V'n VV,-”]
or
- f YT WTL (1 VIV )YV,
or
the last inequality coming from 7;” <0, ¢/ > 0, ¢ > 0. By Schwarz’s inequality and for some C = C (k)
172 1/2
/ T T (1 VIV )V VE| < C 1 llcom) / Vo1 )2 f vV
Or [ <k] [n V" <kl

< C 1Yo vei (o) T/ ™72, M := max(1, maxm;},

where the last inequality is obtained through (32) and (34). Thus, f or VB> -C DY)nM/? for some C = C (k).
Whence (35) withé =M/2. O

Lemma 3.13. There exist § > 0, C > 0 independent of n and n such that, for alli =1, ..., m and for all ¥ € Cr,
¥ >0:

f YA = —n’CD®). (36)
or

Proof of Lemma 3.13. We will need several steps. Recall that AY = X7 + Y/".
e Let us bound fQT Y7y We have
[ v =n [vnanmzovn .

or or

so that, using the L'-bound on fl” we obtain

f Y = =nCH®IY I=or- o
or
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o Letusbound [, X' 1. We have

[ xiv= [ mnanmiaviaeap = -
or Or

where

I"=n / VoDV Tw)T (V") and J" =Ky, +Kan

[n V" <k]

with

Kin =7 f YV DT T (n VIVl

[ V" <kIN[u? <k]
Ko =1’ / YV, T )T (n VIV Y,
[n V" <k]

e Letus bound /". By (27):

[11"] < C(k) D(d/)’?/ IVe;@'hl < Cn.
or

e Letus bound K ,. By Schwarz’s inequality, (32)-(34) and [ V}" <k] C [nu; <k]

|Kinl =1 / VIV WDITL@HIT (n VIOV |
[ u’ <kIN[u <k]
1/2 12

< CUmlIYl=cor) f IV /|w;’|2
[’ <k] (! <k]

= CD(W)'I\/WI<1_""'/2 <CD@)y' "2,

where we used ¢;(r) < Cr™ forr > 1.

e Letus bound K3 . Using again Schwarz’s inequality, (32)-(34) and [n V' <k] C [n u’} < k], we obtain:

(Kol <1 f VIV DIV VTR @HIT" (V)]
[n V<k]
1/2 12
<C ¥ llL=(or) /|w,-(u';>|2 / IVVIP
[nu';<k] [n V" <k]

< C* D), Jo;k/n) [k/n] M

<) [k/n]" " [k/n]
<CD)pmit2 o

1-M/2

Proof of Proposition 3.6. Recall that, by Lemma 3.8, we have for all v € Cr, ¥ >0

583
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f Al ¥ = f TLWHT, (Vi) f] () — C D@, (38)
Or or
where
AL =0 (T V) = V - (TL@H T VIYVei ), V= .
J#

Note also that
{ Jo, Alw i == Jo Te@l) T, (n V' (0))¥(0)
+ o, ~Te@DT{ (V") 8% + TL W T (n V) Vi () V.

The main point is to pass to the limit in (38) and (39). We do it in the following order: first n — 400, then n — 0,
finally k — +o0.

(39)

e Letn — +o00 along the subsequence introduced in Lemma 3.4 (1 and k are fixed). Since ufj, — u;o in LY(Q) and
since Ty, Tk/ are Lipschitz continuous

/ Te () T, (0 VI (0) ) (0) — / Ti(uio) T, (1 Vi (0 (0).

Q Q

For the last integral in (39), since, for all j =1, ..., m, u’]’ converges in LI(QT) and a.e. to u, it follows that
Ti(uH T (n V") = Ti(uj) T (nV;) in L'(Qr) where we set V; := Z#i u;. It also follows that 7}/(n V") con-
verges in L*>(Qr) to T;(nV;). Next, T/ (u})Ve(u!) is bounded in L?(Q7) by (33) in Lemma 3.9. Therefore it
converges weakly in L2(Q7). Its limit is necessarily T (ui)Ve(u;). Indeed, T, (u!) Vo ul!) = VSi(u]) where we
set Si(r) := for Tk’ (s)golf (s)ds. Since Si(u}) converges a.e. to Sk (u;) and is bounded, the convergence holds in
the sense of distributions. Therefore the distribution limit of V.S (u}) is Vg (u;) = Tk’ (u;)Vei(u;). This ends the
proof of the passing to the limit in (39).

Now, to pass to the limit in the right-hand side of (38), let us denote

Wy =TT, (n V) fI W™y, W:=T{w)T{(nVi)fi(u)

and let us show that W, converges to W in LI(QT). Since W,, = 0 outside the set [u;’ <k]U [Vl.” <k/n], if
M = max{k, k/n}, we may write (see the definition (17) and property (4) and recall that |Tk’ <1

[Wal < |f"(t,x, )] < 1 £i (1, x, 0)] + € + K(M)||u" (1, 0)]].

By assumption (see (18)), as n — +00, €; tends to 0 in L'(Q7). Moreover, u" converges in L'(Q7)" to u.
Therefore, to prove the convergence of W, in L! (Qr), it is sufficient to prove that it converges a.e. We know
that, for all j, u;’ converges a.e. to u j. Therefore, Tk' (u?)Tk’ (n Vl.”) converges a.e. to Tk/ (u,-)Tk’ (n V;). It remains to
check that

'@, x,u" (¢, x)) converges a.e. (t, x) to f;(t,x, u(t, x)). (40)

Let D be the subset of (¢, x) € Q1 such that, at the same time, u" (¢, x) converges to u (¢, x) with [[u(t, x)|| < +00
and ef‘,(t, x) converges to 0 for all positive integer p as n — 400 along the subsequence introduced in Lemma 3.4.
We know that Q7 \ D is of zero Lebesgue measure. Now let (¢, x) € D and let p > ||u(¢, x)||. For n large enough,
lu" (¢, x)|| < p and we may write for all i =1, ..., m (using the definition (17) and property (4)):

[f1 @, x, u (¢, x)) — fit,x,u(t,x))| < €p(t,x) + | fit, x,u"(t,x)) — fi(t,x,u(t,x))|
<e€p(t,x) + K(p)llu"(t, x) —u(t, x)||.
The right-hand side of this inequality tends to 0 by definition of D.
According to the above analysis, we can pass to the limit as # — +o00 in (38) and (39) and we obtain that
{ = Jo Te@io) T, (n Vi)Y (0) + [, =Te)T{(n Vi) & + T ) T;(n Vi)V ui) VY

> [o, LD T{( Vi) fi )y — C D). (41)
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e We now let n — O for fixed k in (41). Since f]"(u") converges a.e. to f;(u) (see (40)) and is bounded in L} Qr),
Fatou’s lemma implies that f;(u) € L'(Qr). As n—0, Tk/(n v;)) — 1 a.e. and stays bounded by 1, then by
dominated convergence, we can replace at the limit 7}/(n V;) in all integrals of (41). Thanks to § > 0, we then
obtain

- / Teuio) ¥ (0) + / CTeus) 0%+ TL i) Ve )V > / T () f; ). 42)
Q or or

e Finally, we let k — 400 in this inequality (42). Then T (#;) increases to u; and Tk’(ui) increases to 1, Vg; (u;) is
at leastin L' (Q7) (see (27)) and fi(u) € L'(Q7). Therefore, we easily pass to the limit in (42) to obtain

—/uiOI//(O)+/—ui 3ﬂﬁ+V§0i(ui)V1ﬁZ/ﬁ'(u)lﬂ- (43)
Q Or Or

And this ends the proof of Proposition 3.6. O

Proof of Theorem 2.6. By Proposition 3.6, we already know that the limit u is a supersolution in the sense that (43)
is satisfied for all ¥ € Cr, ¢ >0 and for all i =1, ..., m. We will show with the help of the (M) structure property
(6) that the inverse inequality is satisfied for the sum of these m expressions, namely

- / [ uioly (0) + / —[D_uiloy + 1) Veiu)lVy < / D Ay (44)
Q i Or i i or i

This will imply that equality holds in each of the inequalities (43).
Going back to the approximate system (16) and adding the m equations lead to the fact that, for all ¥ as above,

: i i or !

Q or

We already know that, along an adequate subsequence of n — +o0, u! converges in L'(Q7) to u; and that Vo(ul)
converges weakly in L 0r) to Vi (u;) (see the proof of Proposition 3.6). Hence, the left-hand side of this equality
converges to the expected limit as n — +o00.

For the right-hand side, the assumption (6) on the f;" says that

ollul|+h =Y flw")=0.

We know that u” converges in L' (Q7) to u and, according to (40), that Sf'(u") converges a.e. to f;(u). By Fatou’s
Lemma

[[o||u||+h—Zfi<u>]1/fs/<o||u||+h)1/f+ygl+igg/—[Zf,."(u"w.
or ! or or !

Therefore

limsup/[z [y < /[Zfi(u)]w,
or ! or !

whence (44). And as explained above, this implies that equality holds in (43). We will use below the version obtained
after integration by parts, namely that, for all ¢ € Cr

—/uiow<0>+/—u,- atw—mu,-mw:/ﬁ(u)w. 45)
Q or or
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We know that, at least ¢; (u;) € L'(0, T’; WOI’ ! (2)) by Lemma 3.4. To conclude the proof of Theorem 2.6, it remains
to show that we exactly have

uj = S(pi (ui()’ fl (Lt)), (46)

in the sense of (11).
To this end, we first go back to (42). Note that by approximation, this inequality remains valid if one replaces Ty
by the “exact” truncation function

Vr €[0,kl, Zx(r) =r, Vrelk,+00), Zk(r) =k,

and since ; (u;)V; (u;) = Vg; (Zk(u;)) a.e., then (42) may be written

- [ B+ [ =B av + VaEwnve = [ S iwy. 7
Q Oor Or
Inequality (47) says in some sense that X(u;) is a bounded ‘“supersolution” of 9;Xy(u;) — A (Zr(u;)) >
E,/C (u;) fi (u). By the comparison Theorem 6.5 in [40] (see also Proposition 6.4 in [40]), we may deduce that
T (ui) = Sy (T wio), Tf (i) f; (w)) .

Now, passing to the limit as k — 400 and using the contraction property (10), we deduce (note that (X (u;o),
Sk (u;) fi (u)) converges to (uio, fi(u)) in L'(Q) x L' (Qr)):

u; > Sy, (ujo, fi(u)) =:U;.

But, since u; satisfies (45) and since so does U; by (12), we have

/(ui = U)oy + i (ui) — ¢; (U)]AY =0.
Or
Choosing ¥ (¢, x) = (T — )¢ (x) where —A¢ =1 in 2, ¢ = 0 on 92, we obtain

/(ui — Ui + i (i) — i (UDIT — 1) =0.
or

Since ¢ > 0, u; > U;, ¢; increasing, we deduce u; = U; whence (46). O

Proof of Theorem 2.7. We add the m equations of System (16) to obtain
i i ; -

We rewrite this as

3, (e ! Zu:’) —A (e‘” pri (u;’)) <e 'h<h.
i i

t
Letusset W(t) :=e "} ul', Z(t) := /e_“ Z @i (u} (s))ds. Integrating the last inequality in time leads to
o i
t
Wty — AZ(1) < W(O0) + / h(s)ds. (48)
0

We now multiply this inequality by d; Z(> 0) and we integrate over Qr:
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t T

/(a,Z)W+/va,z-vz§/a,z W(O)—i—/h 5/ W(O)—i—/h Z(T).

or or or 0 Q 0

We have fQT Vo, Z-VZ= % fQ |IVZ(T)|? > 0. Moreover, the above right hand-side is bounded for all 7' > 0. To see
it, we may introduce the solution of

T
—AG():W(O)—i—/hin Q, 6p=00n092, 6y >0.
0
And we multiply the equation (48) at time t = T by 6 to find, after integration by parts
T T

/ W(T)6o(T) +/ W(0) + / h|Z(T) < / IV6o|* < C[[W(0) + / hllr2@)-

Q Q 0 Q 0
Finally, for all T > 0, we obtained C(T') € (0, +00) such that

[ uny e w =ca.
Or i i
In particular, if @; (u;) = d,-u;'” , we obtain
d; / W < 27T e(T).
or
And if ¢; is nondegenerate as in (7), this estimate is also valid withm; =1. O

Proof of Corollary 2.8. Foralli =1,...,m, we set

filt,x,r)
L4 > 1 fi @ x, )]
As already stated (see the comments following (19)), these approximations f;" satisfy (4), (5), (6) with values inde-
pendent of n. Thus, we may consider the solutions of the approximate system (16) and apply Theorem 2.7 which
implies that, for all i = 1,...,m, u:’ is bounded in Lmi+1(Qr). Together with the assumption (21), it follows that

f{' ") is uniformly integrable on Q7. Indeed, for all measurable set K C Q7 with Lebesgue measure denoted by
|K|, we have (recall that | f"| < | fi|)

ujyy :=inf{ujo, n}, Vr €[0,4+00)", ae. (t,x) € Q, f'(t,x,r) =

m;+1—e
m;+1

/Zm”(u"ﬂsc |K|+Zf<u?)’"f“* <C|IKI+) /(u?)’"l‘“ | K |7
x i ik i Or

Since sup,, fQT(u?)’”"Jrl < +o00, this implies that [, " | f"(u")| may be made uniformly small by taking |K | small
enough. This is exactly the uniform integrability of the f;*(u").

Moreover, fl." (u™) converges a.e. to f;(u). Therefore, at least up to a subsequence, by Vitali’s Lemma 3.3, we
may deduce that f/"(u") converges in L'(Q7) for all T < 400 to fi(u;). This implies that ul = Sy, (“707 i (u”))
converges to u; = Sy, (u;0, fi(u)).

Finally, by the estimate (27) in Lemma 3.2 of Vg; (u}) in LB (Q7) with B > 1, it follows that ¢; (;) is (at least) in
L'(0,T; W,'' (). This ends the proof of Corollary 2.8. [

Proof of Corollary 2.9. Note first that the reactive terms in System (22) satisfy the three assumptions (4), (5) and (6)
witho =0,h =0.1If ¢; (u;) = d,-u;”i for at least one odd and one even value of i € {1, ..., 4}, then the assumptions of
Corollary 2.8 are satisfied: indeed, if for instance m| > 1, we may write Young’s inequality
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1 1
uiu3z < ;uf+5u§, p=0m+3)/2<m+1, g=(m+3)/(m +1) <2,

and similarly for uou4. Whence global existence of weak solutions. With m; > 1,i =1, ..., 4, the strict condition
(21) is not necessarily satisfied. We need an extra argument to obtain strong compactness in L!(Q7) of the reactive
terms. We could use the L2-compactness approach used in [31] and [8, Lemma 5].

Here, as in [11], we can more easily use the entropy structure of the system which would apply as well to general
reversible reactions (see Remark 2.10). This will provide uniform integrability of the approximate reactive terms and,
together with the a.e. convergence and Vitali’s Lemma 3.3, strong L' (Q7) compactness as well, whence the result of
Corollary 2.9.

We use the same approximation as in the proof of Corollary 2.8. Fori =1, ..., 4, let us set
w! :=ullogu! —u +1(>0), 7! = / logr ¢} (r)dr > 0. (49)
1
We have

("
dw! — Azl =logu? fI' (u") — %sz.
i

The main point is that

> 1ogu7ﬁ"<u”)=—(u’fu§—u’iuﬁ)(logw’fu?)—log<u3u4>)/[1+ 3 1w <0,

1<i<4 1<;<4
We deduce that
Ay whH—a Y <o (50)
1<i<4 1<i<4

We now make the same computation as in the proof of Theorem 2.7. We integrate this inequality in time, we multiply
by > ; 2 (= 0) and we integrate over Q7. We obtain

f(Z whH( Y )+ f|Vsz|2 wam)/Zz (51)

1<i<4 1<i<4 1<i<4 1<i<4 1<i<4
From
T
A/ D wl0) < ) wiolloguiol +4€ LX), Yz} =00ndQ,
o lsi<4 1<i<4 1<i<4 1<i<4

we deduce that fo > ;2! is bounded in L?(Q) independently of n. Thus, it follows from (51) that for some C(T) €
(0, +00)

[ un e,

Or 1<i<4 1<i<4

Now, in the nondegenerate case, gplf(u?) > a; for some a; > 0 so that z} > a;w; and the above last estimate implies
er a;i(log u;')2(ul'.')2 < C(T). If g; (u}) = d; (u})™, we have /! = d;logu? (u})" — (mi)_l[(u;’)’"i — 1]. From the
same estimate above, we deduce

/(log w2 @™t < o(T).
or
n)2

In all cases, we obtain that (1) are uniformly integrable on Q7. Thus we can pass to the limit in L'(Q7) in the

quadratic terms f}'(u"). O
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Proof of Remark 2.10. Let us first assume k| = k» =: k in (23). With the same notation as in the just above proof of
Corollary 2.9, we have

qi
Zlogu Vi (u”)——k[l_[uq’ Hul{’i]log g’:;l <0
EMZw”)—AZZ <0.

We now multiply this last inequality by ), z' and, by the same computation as in (51) and in the lines which follow
(51), we deduce as well that er (logu™)>(u?)™+! < C(T) for all i = 1,...,m. Therefore (u!)"*! is uniformly
integrable.

Now let r; := (m; +1)/g; fori =1,...,mand s := 1 — > {", g;/(m; + 1), this last number being nonnegative by
assumption (24). Then, using ) ; (r;)~' 4+ s = 1, by Young’s inequality we have

m m
[Tad® <y n-twh™* +s.
i=1 i=1

This implies that the product [[; (u})% is itself uniformly integrable and similarly for []; (u})?. Therefore, as in
Corollary 2.9, we can pass to the limit in L'(Q7) for the nonlinear reaction terms of the approximate problem to
System (23).

Finally, to treat the case k| # k», if for instance p; — g1 # 0, we may just change the definition of the functions
wl, 2 as

uy
wi =ullog(hu) —u'l + 1/%, 2 = / log(Ar) ¢} (r)dr,
1

with AP1791 .=k /ky. The rest is unchanged. O

Proof of Corollary 2.11. Again, we consider the same approximation as in the proof of Corollary 2.8. By Theo-
rem 2.6, it is sufficient to prove that the L!(Q7)-estimate (20) holds. Let us denote P = (Pij)i<i,j<m- By Assump-
tion (25), and using (19), we have

> pij fiw")
Vi=1,...,m, i ) = -
1 m Xj:p]fj u 1+%2p|f1’(un)|

Since the right-hand side is nonnegative, we can even write

<bill+) @hH™t.
J

+

Vi=1,...m | Y pyfi@™ | <bll+) @it
J J

But, by Theorem 2.7, u’; is bounded in L™i*1(Q7) independently of n. Therefore, for some C(T) € (0, +00)
+
/ > pifiwhy | =c).
or 1

Now multiplying each j-th equation of the approximate System (16) by p;; and summing over j leads, for all i =
1,...,m,to

Y pijlde’; — Mg ]+ sz,f W | =Y piiffh
i i
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Integrating over Q7 and using positivity of the various terms gives

+
/Zpijff(u") S/ Dopi 1@y |+ pijujo.
Oor J Oor J J

We deduce that for some C(T') € (0, +00)

Zf > pii fl| < C(T) or fIIPf"(u")IlsC(T),
Lorlid or

where Vr € R™, ||r|| =), |ri|. If we denote also by || - || the induced norm on m x m matrices, then we have

/IIf"(u”)||=/IIP‘IPf"(u”)IISIIP‘lllfIIPf"(u”)IISC(T)- O
or or or
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