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Abstract

We establish the C1 T -Hglder regularity of the regular free boundary in the stationary obstacle problem defined by the fractional
Laplace operator with drift in the subcritical regime. Our method of the proof consists in proving a new monotonicity formula and
an epiperimetric inequality. Both tools generalizes the original ideas of G. Weiss in [15] for the classical obstacle problem to the
framework of fractional powers of the Laplace operator with drift. Our study continues the earlier research [12], where two of us
established the optimal interior regularity of solutions.
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1. Introduction

In this paper we continue the study initiated in [12] of the obstacle problem
min{Lu(x),u(x) —p(x)} =0, VxecR", (1.1)

where we have denoted by L the fractional Laplacian operator with drift defined by

Ly (x) = (=A)’ ¥ (x) +b(x)- Vi (x) + c() P (x), Vi € CoRM. (1.2)
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For 0 < s < 1 the action of the fractional Laplacian (—A)* on functions i € Cg (R") is given by the singular integral,

V() =y (y)

=y (1.3)

(=AY (x)=cpsp-v.

Rn
which is understood in the sense of the principal value. The constant ¢, ¢ in (1.3) is positive and depends only on
the dimension n € N and on the parameter s. The range (0, 1) of the parameter s is particularly interesting because
in this case the fractional Laplacian operator is the infinitesimal generator of the symmetric 2s-stable process [,
Example 3.3.8].

In the subcritical regime, that is, when s € (1/2, 1), in [12, Theorem 1.1] two of us established the existence and
the optimal regularity 7 € C'*¥(R") of the solution to the problem (1.1) under the assumptions that b € C*(R"; R"),
¢ € C5(R™), with ¢ > 0, and the obstacle ¢ € C3(R") N Co(R"), and satisfies (L) € L>(R"). Furthermore, if b is
Lipschitz continuous and ¢ > ¢¢ > 0, the solution is unique. For the definition of the Holder spaces C” (R") we refer
the reader to §1.5 below.

The assumption s € (1/2, 1) plays a crucial role in [12] since it allows to treat the drift term in the definition (1.2)
of L as a lower-order term. This assertion is made precise in §1.1, where we also explain the technical difficulties
caused by the lower-order terms b and c in the definition (1.1) of the operator L.

In the present article we continue the study of the obstacle problem (1.1). In our main result, Theorem 1.3 below,
we establish the C'*” -Holder continuity of the free boundary in the neighborhood of any regular free boundary point.

1.1. Reduction to an obstacle problem for the fractional Laplacian without drift

In [12, §2.3] it was proved that the study of the obstacle problem with drift (1.1) can be reduced to one without
drift in the following way. Given a solution 7 € C 45 (R") to (1.1) we construct a function w € C3¥(R") as a solution
to the linear equation,

(=A)’w=>b(x)-Vu + c(x)u.
Applying the second part of [13, Proposition 2.8] with @ = o = s (note that since 1/2 < s < 1 we have « + 20 =

3s > 1), and using the fact that the right-hand side in the latter equation is in C*(R"), we have that the function w
belongs to C3*(R"). We now define

u=u—w, and @:=¢—w.
Since s > 1/2 we have 3s > 1 + s and thus C*(R") is continuously embedded into C'**(R"), see §1.5, and thus
u € C'+5(R"). Such u is a solution to the obstacle problem defined by the fractional Laplacian operator without drift,
min{(—A)’ u(x),u(x) —p(x)} =0, VxeR" (1.4)

We remark that because of the preceding reduction procedure to an obstacle problem without drift, the obstacle
function ¢ can be assumed at most to belong to the Holder space C>*(R"), even when the obstacle function @, in
problem (1.1), is assumed to be a smooth function. This is the main technical difference in the study of the fractional
Laplacian operator with drift, and the one without drift.

1.2. Main result

To state our main result concerning the regularity of the free boundary we henceforth indicate with
T@) :=d(@=2).
the set of free boundary points corresponding to the obstacle problem for the fractional Laplacian with drift (1.1).
Likewise, the notation
I'(u) :=0{u = ¢}
will indicate the free boundary for problem (1.4). We notice that the reduction procedure from an obstacle problem
with drift to one without drift described in §1.1 above implies that I' (i) = I" (). Henceforth, we denote by 'y (u)

the subset of I' (u) composed of regular free boundary points for the problem (1.4) according to Definition 2.3 below.
We can now define the set of regular free boundary points for problem (1.1).



N. Garofalo et al. / Ann. 1. H. Poincaré — AN 34 (2017) 533-570 535

Definition 1.1. We say that a free boundary point xo € F(ﬁ) is regular for problem (1.1) if x¢ is a regular free boundary
point for problem (1.4), i.e., xg € ['144(u). If welfienote by "1 (&) the set of regular free boundary points for problem
(1.1), then according to our definition we have 'y () = 145 (u).

The following two theorems are the main results of this paper.

Theorem 1.2 (C'*7 regularity of the regular free boundary for problem (1.4)). Let s € (1/2, 1), and let u € C'*+5 (R")
be a solution to the obstacle problem (1.4), where the obstacle function ¢ € C3*(R™). Let xo € I'145(u). Then, there
are positive constants, y = y(k,n,s) € (0, 1) and n, such that B;I(xo) NT'(u) € T'1y5(u), and there is a function,
g € C1TY (R, such that, after a possible rotation of the system of coordinates in R", one has

B} (x0) NT'(u) = B} (x0) N {x = (', x,) e R x R | x, < g(x)}. (1.5)

To put Theorem 1.2 in the proper historical perspective we recall that when the obstacle is assumed to belong to
C%1(R™), the C'*¥-Holder continuity of the regular free boundary for the obstacle problem (1.4) was obtained by
Caffarelli, Salsa, and Silvestre, see [Theorem 7.7] in [2]. In this paper we improve on this result by establishing the
regularity of the free boundary under the weaker condition that ¢ € C3*(R"), which is crucial in our proof of Theo-
rem 1.3. This limitation in the regularity of the obstacle function makes the method of the proof of [2, Theorem 7.7]
inapplicable to our framework. Our approach to Theorem 1.2 is based on adaptation of the Weiss monotonicity for-
mula ([14, Theorem 3.1], [15, Theorem 2]), and on a suitable epiperimetric inequality ([ 15, Theorem 1]). Similar ideas
have been recently used in [7] to establish the C!'*7-Holder continuity of the regular free boundary in the Signorini
problem with variable Lipschitz coefficients (see [7, Theorem 1.2]). Here we would also like to mention that the Sig-
norini problem with variable Sobolev coefficients in W7, p > n + 1, has been recently studied in [8,9], employing
new techniques based on Carleman inequalities.

Theorem 1.3 (C'*Y regularity of the regular free boundary for problem (1.1)). Let s € (1/2,1), and assume that
b e CS(R";R") and ¢ € C*(R"). Let w € C'5(R") be a solutlon to the obstacle problem (1.1) for the fractional
Laplacian with drift, where the obstacle ¢ € c3s (R”) Let xq € 1"1+A (&0). Then, there exist positive constants y =
y(k,n,s) € (0, 1) and n, such that B’ (xo)N F(u) - F1+A (@), and there is a function g € CHY (R such thar, after
a possible rotation of the system of coordlnates in R", one has

B, (x0) NT@) = B, (x0) N{x = (x',x,) € R xR |x, <gx)). (1.6)
1.3. Outline of the article

In §2 we recall the Almgren-type monotonicity formula, established in [12, Propositions 2.12 and 2.13], with the
aid of which we define the concept of regular free boundary points for problem (1.4). In §3 we prove a Weiss-type
monotonicity formula adapted to our framework, and we introduce the sequence of homogeneous rescalings at regular
free boundary points together with some of the main properties which are extensively used in the sequel. In §4 we
establish in Theorem 4.2 a generalization of the epiperimetric inequality first obtained by Weiss in [15, Theorem 1]
in the analysis of the classical obstacle problem. In §5 we finally prove our main results, Theorems 1.2 and 1.3. In
Appendix A we prove various auxiliary results that we use throughout the article.

1.4. Notations and conventions

With R := (0, 00), we denote by R’fl the upper half-space R” x R,. If v, w € R", we let v-w indicate their
scalar product. For xg € R™*! and r > 0, let B, (xo) be the Euclidean ball in R”*! of radius r centered at xq, and for
xo € R" and r > 0 we indicate with B/ (xo) the Euclidean ball in R" of radius r centered at xo. We denote by B, (xo)
the half-ball, B, (xp) N (R"” x R ). For brevity, when xo = 0, we write B,, B/, and B, instead of B,(0), B, (0), and
B (0), respectively.

For a set § € R”, we denote its complement by S¢ :=R" \ §, and we let int(S) denote its topological interior.

For any real numbers, a and b, we denote a A b := min{a, b}.
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1.5. Function spaces

In what follows we will need the Holder spaces C¥T%(2), where © C R” is an open set. We recall that for any
k € No = N U {0} the space C*() is the Banach space of the functions u € Cﬁ)C(Q) such that the norm

k
|u|k;§2 = Z[u]j;ﬂ <00,

j=0
where
[flo.e =sup|fl, [flj;e=supmax |D“f].
Q Q lal=j
Notice that | f|o.@ = [ fo.q. For 0 < § < 1 we say that u is §-Holder continuous in €2 if the seminorm
lu(x) —u(y)l
[ul;o= sup ———=—<
X, yEQ,xF#y |x - Y|

When § = 1 we say that u is Lipschitz continuous in 2. We let

(ulkts.0 = |rn‘aw;([D"‘u]a;sz-
o=

For 0 <8 < 1 and k € NU {0} we define C¥%(2) as the Banach space of functions in C¥(£2) such that the norm
[uli+s:@ = lulk.@ + [Ulk+s:0 < 00.
When Q = R” we simply write C¥*3 instead of C¥*3(R"). Let us note explicitly that when k = 0 the space C% () is
defined as the set of functions in C(£2) which are §-Holder continuous in 2 and such that
luls: = |ulo;e + [ls: < oo

We will often make use of the simple observation that if u,v € C 3(2), then uv € C*(2) as well. Also, we note that
if r > 5 >0, then C"(2) C C*(R2), with the inclusion being continuous. This can be seen as follows. Let u € C"(R2)
and x, y € Q. Suppose first that |[x — y| < 1. Then,

lu(x) —u()| _ |Jux) —u@y)]

x =yl x—y

|x — Y|r_x <lulr.q.
This gives [u]s.q < [u],.q. If instead [x — y| > 1, then

|u(x) —u(¥)| = 2ulo;e < 2Mulo:elx — yI*.

This gives [uls.q < 2|ulo.q < 2|ulr,q-

One should pay attention to the fact that, although the spaces C”(2) are defined for every r > 0, when r € N it is
not true that C" () = C"~D+1(Q) according to our definition of the spaces CH3(Q); i.e., CT () is not the space of
functions having » — 1 Lipschitz continuous derivatives in 2.

Finally, we will need the weighted Holder spaces C a”“(S_Z), where o € (0, 1), Q C R'fﬁl is an open set, and we
recall that a = 1 — 2s. A function u € C!() is said to belong to CaH'“ (Q) if

el gy = N1ty + N1t D sy + N1Y1Byttll gy < 00 (1.7)
2. Regular free boundary points and Almgren rescalings

We divide this section into two parts. In §2.1 we review the Almgren-type monotonicity formula introduced in [12]
which we use to define the notion of regular free boundary points. In §2.2, we recall the definition of the Almgren
rescalings and we establish some of their properties, which play a fundamental role in the study of the regularity of
the free boundary in a neighborhood of free boundary points.
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2.1. Regular free boundary points

In this section we give the definition of regular free boundary points, and we establish some of their properties
which will be used in the sequel.
Let a := 1 — 2s. We consider the operator L, defined, for all v € Cz(Rffrl), by

Lov(x, y) =div(ly[*Vo)(x,y), (x,y) e R 2.1)

The relation between the degenerate-elliptic operator L, and the fractional Laplacian operator, (—A)*, is investigated
in [3, §3], where it is established that L,-harmonic functions, u, satisfy

lim y“uy (x, y) = —(=A)"u(x, 0), (2.2)
0 .

where identity (2.2) holds up to multiplication by a constant factor (see [3, Formula (3.1)]). In other words, the
fractional Laplacian operator, (—A)*, is a Dirichlet-to-Neumann map for the elliptic operator L. For a probabilistic
interpretation of the relationship between the fractional Laplacian operator (—A)*, and the degenerate-elliptic operator
L, see [10], where the authors establish that the 2s-symmetric stable process, with infinitesimal generator (—A)?, is
a Brownian motion subordinated with the inverse local time of a Bessel process, with infinitesimal generator L.

We fix a point xg € I'(u). Following [12, Definition (2.41)], we introduce the height function,

1
Uxy (X, y) :=ulx, y) —@(x, y) — Z(—A)Sfﬂ(m)lyll_“, (2.3)

where the functions u(x, y) and ¢(x, y) are the L,-harmonic extensions of u(x) and ¢(x) from R" to ]R'fl. When
xo = 0, we write for brevity v(x, y) instead of vo(x, y). From [12, Equations (2.43), (2.44), (2.46), and (2.47)] we
recall that the height function vy, (x, y) satisfies the conditions:

Lavy, =0 inR" x (R\ {0}), (2.4)

Vg, >0 onR" x {0}, (2.5)

Lavxy(x,y) < hyy()H"|(y=0y onR"*!, (2.6)
Lavyy(x, y) = hyy () H"|(y=0) on R\ ({y =0} N {v, =0, 2.7)

where the source function A, is defined by

hy (%) :=2((=A)’9(x) — (—=A)’¢(x0)), x€R".
From the construction (2.3) of the height function vy, and from [12, Theorem 1.1], it follows that Ay, belongs to
C*(R"), and there is a positive constant, C, such that

luge (x,0)| < Clx|"™, and  |hy(x,0)] < Clx|’, x€eR". (2.8)

We recall the Almgren-type monotonicity formula associated to the function vy, (x, y) that two of us established in
[12, Proposition 2.12]. For this purpose, we first need to introduce suitable weighted Sobolev spaces. Let U € R*+!
be a Borel set. We say that a function w belongs to the weighted Sobolev space H' (U, |y|%), if w and Dw are function
in L2 (U, |y|*) and

loc

[ (1P + 1902 1 < .

%

From [3, §2.4] it follows that the auxiliary function v,,(xo + -) belongs to the spaces C (R"*+1y and H(B,, [y|%), for
all r > 0. In particular, the following quantities are well-defined:

Fo(r) = / oy (0 + ) 1y 1%, (2.9)
0B,
| 12
dxo,r = (mFxo (V)) s (2.10)

d
Y (r) = ro- log max{ Fy, (r), r"Ta+214p)) (2.11)
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where r > 0 and p > 0. The functions F,(r) and CDfo (r) are the analogues of the functions F, (r) and ®,(r) given by
[2, Definitions (3.1) and (3.2)], but adapted to our framework. We can now state the following result which combines
Propositions 2.12 and 2.13 from [12].

Proposition 2.1 (Almgren-type monotonicity formula). Let s € (1/2,1), a € (1/2,s), and xo be a free boundary
point. Then, for all p € [s,a + s — 1/2) there exist positive constants, C = C(||M||C]+a(Rn)), y=2(a+s—p) —1,
andro =ro(a, p, s, [[ullcr+ea@n)) € (0, 1), such that the function

0,79) 7> " ®F (r), 2.12)
is nondecreasing. Moreover, if

lirrn&)nf fff:; < 00, (2.13)
then

O (0+) =n+a+2(1+ p), (2.14)
and if

liminf &0 _ 00, (2.15)

rlo rltp

then

OL (0+) > n+a+2(1+5). (2.16)

We also have a straightforward consequence of the proof of [12, Proposition 2.13].

Proposition 2.2 (Property of the Almgren-type monotonicity formula). Let s € (1/2,1), « € (1/2,5), and x¢ € I (u).
Then for all p € [s, o + s — 1/2), we have that either one of the following three possibilities occurs:

L (O0+H)=n+a+2(1+s), L O+H)=n+a+2(1+p), or ®L(O+)>n+a+4.

Proof. In the case (2.13), we have from Proposition 2.1 that identity (2.14) holds. It only remains to analyze the
case when condition (2.15) holds. Following the proof of [12, Proposition 2.13], we see that either (2.14) holds,
or CI>§?0 O+) = d>vxo (0+), where chxO (r) is the Almgren monotonicity formula defined in [2, Formula (3.2)]. From
[2, Lemma 6.1], it follows that &, (0+) =n 4+ a + 2(1 4+ s), or ®,_(04+) > n + a + 4. Thus the conclusion of
Proposition 2.2 holds. O

UXO UXO

We can now give the definition of regular free boundary points for problem (1.4).

Definition 2.3. We say that a free boundary point xg € I" () is regular for problem (1.4) if
QL (O0+)=n+a+2(1+s), Vpe(s,2s—1/2). (2.17)
The set of regular free boundary points will be denoted by I'{(u).

We have the following.

Lemma 2.4 (Property of regular free boundary points). Let xg € I'(u). If there exists q € (s,2s — 1/2) such that
CIDzO O+) =n+a+2(1 +5s), then xq is a regular free boundary point.

Proof. Because @ZO 0+)=n+a+2(1 +s), it follows from Proposition 2.1 that property (2.15) holds with p =g,
and so using definitions (2.9) and (2.10), we have that Fy,(r) > r"+4+20+@ for r small enough. This implies that
Fp (r)

I (r) = )
o=
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Making use of the monotonicity of the function » — €’ CDzO (r), and the fact that ®¢ o O+) =n+a+2(1+s), we
obtain that for all ¢ > 0, there is a positive constant r, such that

F (@)
(r) <n+a+2(1+s)+e, Vre(,rg).
Integrating in r, we obtain that we can find a positive constant, C,, such that
Fyy(r) = Cor™ToT20H9FE 0y € (0, 7).
Given p € (s,2s — 1/2), we choose ¢ > 0 small enough such that 25 4+ ¢ < 2p, which gives
max{Fy,(r), prtat2+my — g o), Yre(0,ry).
From definition (2.11) of the function &% ,(r) we obtain that
F,(r)
Fy, (r)

and thus we conclude that ®% 0 O0+)=n+a+2(1+s) for all p € (s,2s — 1/2). It follows that x¢ is a regular free
boundary point. O

DL (r) = =@%,(r), Vre(re),

We now have the following analogue of [7, Lemma 3.3] which shows that the set of regular free boundary points

is open in the relative topology of the free boundary.
Lemma 2.5. Let xo € 'y («). Then, there is a positive constant, 1 = n(xg), such that

By (x0) NT () C Tys(u).
Moreover, for all p € (s,2s — 1/2), the convergence

Py —>n+a+2(1+s), asrl0 (2.18)
is uniform, for all x € B,’7 (x0) NT(u).
Proof. Our method of the proof follows that of [7, Lemma 3.3], but contains small variations because the Dirichlet-
to-Neumann map (=AM)Y2 =9, in [7] is replaced by the fractional Laplacian operator (—A)® in our problem. Let

p € (s,2s — 1/2), and choose a constant ¢ € (0, (p A 1 —5)/2). Our goal is to first show that there are positive
constants, n = (e, xo) and p = p(g, xg), such that

() <n+a+2(1+s)+e, VxeB,;(xo)ﬂF(u). (2.19)

Because xg € I'1+5(1), it follows from Definition 2.3 that

/

()
oL (r) = —n+a+2(1+s), asrlO,
o Fxo (r)
and so there is a positive constant, p = p(e, x9) < ro/2, where rg is given by Proposition 2.1, such that
Fy,(r)
F— <n+a+2(l+s)+— Vre(0,2p). (2.20)
Fyy(r)
Using [12, Theorem 1.1], it follows that the function
/
Frusx—p—— F(p)
Fx(p)

is continuous. Combined with inequality (2.20), this implies the existence of a positive constant n = (e, xg) such
that

F(p)
Fy(p)

2
<n+a+2(+9+5. YxeB) o) NI 2.21)
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For x € B,’7 (x0) N T'(u) fixed, because the function

F/
0,00)3r>r x(r)
Fx(r)
is continuous, we obtain from inequality (2.21) that there is a positive constant § = §(¢, x) < p such that
Fy(r)
r—=——<n+a+2(+s)+e Vre(p-—35p+596). (2.22)
Fx(r)

Integrating in r the previous inequality gives us that there is a positive constant, ¢, such that
Fy(r) > cr"tat2049%e -y e (p =5, p+96).
Because we have chosen ¢ € (0, (p A 1 —5)/2) we see that
max{Fy (r), r"TTHIPDy — B (), Vre(o—8,p+38).
Using definition (2.11) of the function DL (), together with (2.22), it follows that inequality (2.19) holds. Without

loss of generality, we may assume that the positive constant p is chosen small enough so that
o n+a+2(1+s)+2e¢
n+a+2(1+s)+¢’
Combined with (2.19) this implies that

Vrel0,2p).

eC"y@fZ(p) <n—+a+2(1+s)+2e.

Recalling that we have chosen ¢ € (0, (p A 1 — 5)/2), the preceding inequality implies

Dl (p) <n+a+2(1+pAl.

Applying Proposition 2.2, we obtain that ®¥(0+) =n + a + 2(1 + s), which implies that x belongs to 'y (u),
whenever x € B,’7 (x0) NI (u).

The uniform convergence (2.18) in x € B,’7 (x0) N I"(u) is a consequence of Dini’s Theorem since, with xq replaced
by a fixed x € B,’7 (x0) N I'(u), the function (2.12) is nondecreasing, while for fixed » € (0, p], the function I'(«#) >

x > € ®L(r) is continuous. This concludes the proof. O
2.2. Almgren rescalings

We now discuss properties of the sequence of Almgren-type rescalings {vy,  },>0 of the function v. We recall their
definition from [12, Identity (2.54)]:

v(xo+rx,ry)

Uy, r (X, ) 1= , (x,y)eR"xR, (2.23)

dxo.r

where dy, , is defined in (2.10), and x¢ € I" (). When xo = 0 we write for brevity v, instead of v, . We first need to
introduce the set 1y, consisting of homogeneous functions on R"*! of degree 1 + s of the form:

Hits = {A (x-e +./(x-e)2 + y2> <x~e — 54/ (x-e)? + y2) e e BBi, A> O} . (2.24)

We have the following properties of the sequence of rescalings around a regular free boundary point:
Lemma 2.6. There exists ¢ > 0 such that for all xo € I'1+s(u) and all p € (s,2s — 1/2) one has:

(1) Property (2.15) holds.
(ii) There exists ro = ro(p, xo) > 0 such that
F (r)

oL (r) = ,
=T o

Vre(0,rg). (2.25)
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(iii) The family of rescalings {Vx, r}r>0 is bounded in H l(BlJr ,1v1%) and contains a subsequence that converges
strongly in Hl(Bf}g, |y|) to a homogeneous function vy, o € Hi4s, i.e., there exists e € d B} and ¢ > 0 such that

Uxo,0 =C (x-e +4/(x-e)? + yz) <x-e — 5/ (x-e)? + y2) i (2.26)

Moreover; the function vy, 0(x, y) satisfies the system of conditions:
U0 =0 onR" x {0},
Uxg,0(%, ¥) = Uxg,0(x, =), V(x,») €R" xRy,
Latyo=0 onR"™\ (R" x {0} N {By,0=0}),
Laly0<0 onR'™ (2.27)
Proof. Properties (i) and (ii) are a straightforward consequence of Proposition 2.1. We now give the proof of property

(iii). The boundedness in H' (Bl+, |y|%) and the existence of a subsequence of rescalings that converges strongly in

H! (B?}S, |¥|%) to a function vy,,0, and satisfies the conditions (2.27), follows from the proof of [12, Proposition 2.13].
From [12, Identities (2.95) and (2.97)] we observe that

r g, 1V x.071y1
~ 2via L+s,
fBBr |Uxo,0| |yl

for all » > 0 small enough. It follows from [3, Theorem 6.1] that vy, ¢ is a homogeneous function of degree 1 + s.
This implies that vy, ¢ is its own Almgren blowup and hence we can apply [2, Proposition 5.5 and Lemma 6.2] to
conclude that there is a real constant ¢ > 0, and a direction e € BBi , such that d{vy,,0 = 0} NR" x {0} is a half-space
and the representation formula (2.26) holds. The constant ¢ depends only and n and s because of the normalization
1Vx,0 2208, 1y1e) = 15 which follows from the definition (2.23) of rescalings. O

We next state an analogue of [7, Lemma 3.4], which shows a locally uniform convergence of the Almgren rescalings
Uy » to the homogeneous functions in 14, in the weighed C ; T _norm, as defined in (1.7).

Lemma 2.7 (Convergence to homogeneous functions). Let xo € U115 (u). There exists o € (0, 1) such that for all ¢ > 0
one can find ro = ro(xg) > 0 and n = n(xg) > 0 for which

inf ||Uy, —v ot <&, 2.28
veHss ” X, r ”C,l* (31478) ( )

forallr € (0,ry) and all x € B,’7(xo) N g ().
Before proving Lemma 2.7 we establish the following uniform a priori local Schauder estimates.

Lemma 2.8. Let xo € I'14s(u). Then, there exist constants o € (0,1), C >0, n > 0 and ro > 0, such that for all
r € (0,r9) and every x € B,;(xo) N Cis()

0wl g = C- (2.29)
Proof. Let n = n(xg) > 0 be chosen as in the statement of Lemma 2.5. In [12, Lemma 2.17] an estimate similar
to (2.29) was obtained, but with the constant ro = ro(x) > 0 depending on the free boundary point x € B,/7 (x0) N

I'145(u). From the proof of [12, Lemma 2.17] we can trace the dependence of the constant ro(x) on the validity of
[12, Inequality (2.62)]. That is, for all x € B,/7 (x0) N T'14+4(u) there exists ro(x) > 0 such that

Fo(r) = 2050 -y e (0, rg(x)), (2.30)

where p € (2,2s — 1/2) is any fixed constant. We now show that we can choose uniformly the positive constant ro(x),
depending only on xo. From property (2.18), given € € (0, p — s) there exists ro = ro(xo) > 0 such that ®%(r) <
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n+a+2(1+s)+e, forall r € (0,r9) and every x € B,’7 (x0) N T145(m). Using the definition (2.11) of the function
@7 (r), this implies that

d
ro logmax{Fy (r), r" o204y c y 4 4 +2(1 +5) +¢,
p

for all r € (0, rp), and every x € B,’7 (x0) N I'144(u). Integrating in r the latter inequality we obtain the existence of
C =C(n,s, llullcmwny, xo) > 0 such that

Fy(r) > Crmtat2(H548) -y e (0,r9),  Vx € B)(x0) N iyg ().

This immediately implies inequality (2.30). We may now conclude with the aid of [12, Lemma 2.17] that the uniform
local Schauder estimate (2.29) holds. O

‘We can now present the

Proof of Lemma 2.7. The proof can be obtained using the same argument as the one in the proof of [7, Lemma 3.4],
with the observation that we must replace the C'*!/ 2([314' ) uniform Schauder estimates of the sequence of rescal-
ings with the ones obtained in Lemma 2.8. Furthermore, we need to replace the application of [7, Theorem 2.4 and
Lemma 2.5] with that of Proposition 2.1. O

3. A Weiss-type monotonicity formula and homogeneous rescalings at regular free boundary points

In this section, we introduce in §3.1 a Weiss-type functional and establish its monotonicity property. We then
discuss in §3.2 the homogeneous rescalings and some of their properties which are used extensively in the sequel.

3.1. Weiss-type monotonicity formula

Let xg € I'(1) and vy, (x, y) be the height function defined in (2.3). We let

Ly (r) := / Vg, 2y + / Uxohyy, Y7 eR,. (3.1)
By (x0) By (x0)

Following [ 15, p. 25], we now introduce a Weiss-type functional adapted to our framework.
Definition 3.1. We define the Weiss-type functional

1 145
Wi (v, r, xg) := mlx()(r) — rnTFxO(r)’ VreRy,, (3.2)

where we recall that the function Fy,(r) is defined in (2.9).

Remark 3.2. Although, as it was pointed put in (2.4), strictly speaking the function vy, satisfies the equation L, vy, =0
in R"” x (R\ {0}), in order to avoid making the notation too cumbersome we have opted for Wz (v, r, x¢), instead of the
heavier notation Wy, (v, r, xo). Furthermore, because the free boundary point xy is kept fixed in most of our proofs,
for the sake of brevity we write W, (v, r) instead of Wy (v, r, xg). Also, when r = 1, we write for simplicity Wy, (v)
instead of Wy (v, 1, xp).

We recall some useful identities concerning the functionals Iy, (r) and Fy,(r). The integration by parts formula
together with the system of conditions (2.4)—(2.7) gives

L, (r) = / Vxo Vg -]yl (3.3)
9By (x0)

where v denotes the outer unit normal to d B, (xg). Differentiating (3.1) with respect to r gives
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I, (r)= / Vg, Iy + / Vxolixy- (34)

3B, (x0) 9B/ (x0)

From (3.4), and [12, Lemma A.7 and Identity (A.8)], we thus obtain

n+a-—1
I)/CO(}”)ZZ / |VUx0'V|2|y|a+f / Uxovvxo'v|y|a
3B, (xg) 9By (x0)

n+a-—1 2
el IR REE R (CRE SR (3.5)
B} (xo) B} (x0) 9B/ (x0)
We also easily obtain the derivative of the functional Fy,(r) in (2.9):

n+a
Fp (r)=2 / Vo Vg v y|9 + TFxo(r). (3.6)
9By (x0)

We next want to understand the behavior of the Weiss functional Wy (v, r, xp), as r tends to 0. We begin by proving
that the functional Wz (v, r, xo) is bounded as r tends to 0, and for this purpose we make use of the following result.

Lemma 3.3 (Growth of vy, near xo). Let xo € I'(u). Then, there exists C > 0 such that

[ (6, )| < Cl(x — x0, WIS, V(x,y) e R (3.7)

Proof. The method of proof of [12, Claim 2.20] can be adapted to the present setting to yield estimate (3.7). A more
detailed proof is given in Lemma A.1. O

Lemma 3.4 (Boundedness of the Weiss-type functional). Let xo € I (u). Then, there exists C, ro > 0 such that for every
r € (0, ro) one has

|Fyy () < Cr" Ly ()] < Cr P2, (3.8)
In particular, we obtain
We(v,r)|<C, 0<r<ryp. (3.9)

Proof. The proof of the former inequality in (3.8) is an immediate consequence of the growth bound (3.7) and of the
definition (2.9) of the functional Fy,(r). The growth estimate (2.8) imply the existence of C, ro > 0 such that

/ Vol | < Cr'tH2 0 <r <.
BJ(x0)

Using this estimate together with (3.8), the fact that 2s > 1, and that the functional Wy (v,r) + C r25=1 is nondecreas-
ing, we infer the existence of C, rg > 0 such that

5 / Vo Py < C+Wi(v, 1), 0<r <.

By (x0)

From this estimate the latter inequality in (3.8), and (3.9) now follow. O

Analogously to [7, Theorem 4.3] (see also the original result by Weiss for the classical obstacle problem in [15,
Theorem 2]), we have the following crucial monotonicity formula.
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Theorem 3.5 (Adjusted monotonicity of the Weiss-type functional). There exist constants C,ro > 0 such that for all
xo € I'(w) and every 0 < r < ro one has:

d . 2 (1+ 5)vy, 2
- (We@.n+cr) = e / <f A (3.10)
9By (x0)
In particular, it follows that the function
re> Wi, r)+Cr2! (3.11)

is nondecreasing on (0, rg).

Proof. From expression (3.2) of the Weiss functional we obtain

dW _ n+21
ar L(UJ”)——W %o () +

Combining identities (3.5) and (3.6), and using the fact that a = 1 — 2s, it follows that

d 2 (1+s)vy, 2
ar VL= 5 / (f—wxo'” Iyl

9By (x0)

n+a—1 2 1
T 3 / Uxghxg — nt3 / (x, ¥)-Vughy + nt2 / Vxohixg -
B (x0) B/ (x0) B! (x0)

1+ +3 1+s ,
%Fm(”— r,,—+3st0(r). (3.12)

rn+2 I;O (r) +

Using the basic estimates (2.8), we obtain the upper bound

n+a—1 2 1
T3 / Uxo/txg | + 3 / (x, ¥)-Vugghy | + 2 / Uxg/txg
B} (x0) B} (x0) 0B} (x0)
Cc d
<209 e 251, (3.13)

for all r € (0, rp) and for some number rg > O depending on xg. It follows that the inequality (3.10) for C and
r € (0, rg). This, in turn, implies that the functional (3.11) is nondecreasing. 0O

We can now establish a result which is analogous to [7, Lemma 4.4].
Lemma 3.6. If xg € 144 (u), then Wr (v,04) =0.

Proof. From definition (3.2) of W (v, r), we have that

| Fo) [ Ly

Wr(v,r)= PR (r Foo () —(1+s)), VreR,.

Identities (2.25), (3.3) and (3.6) gives us that
Ly (r)

2r% =L (r) — (n+a),

where p € (2,2s — 1/2). Applying property (2.17), we have that
I
limr x0 (") =1+s,
rl0 Fxo (r)

and using the boundedness property (3.8), we obtain the conclusion. 0O
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3.2. Homogeneous rescalings

To study the regularity of the free boundary in a neighborhood of regular points, we use in a fundamental way the
following homogeneous rescalings of the height function vy, (x, y), defined in (2.3). For xo € I'1 14 (1), we define

1
Vg, (6, ) 1=~ vag (0 7%, 7y), V(x,y) eR'" V>0, (3.14)

When xo = O, we write for brevity v, instead of vy, . In the sequel, we will use two main results about the sequence
of homogeneous rescalings {vy, - }r~0: the convergence result in Lemma 3.7, and the homogeneity of the limit, estab-
lished in Lemma 3.8.

Lemma 3.7 (Convergence of the sequence of rescalings). Let xo € I'1.+s(u). Any sequence of homogeneous rescalings,
{Vxg,ri YkeN, Such that riy — 0, as k tends to oo, contains a convergent subsequence in C;'H/ (Br/g),for somey € (0, 1).

Any limit function, vy, 0, of a convergent subsequence of {vx,, }ken belongs to C;—H/ (Ef}g), and satisfies conditions
(2.4)—~(2.7), with vy, replaced by vy, o, and hy,(x) replaced by 0.

We also have

Lemma 3.8 (Limit of the sequence of rescalings). Let vy, o be as in Lemma 3.7. Then vy, o is a homogeneous function
of degree 1 + 5. In particular, vy, o € HITS,

We establish Lemmas 3.7 and 3.8 with the aid of several intermediate results.

Lemma 3.9. Let xo € I'15(u), and r > 0. The homogeneous rescaling vy, , satisfies the system of conditions
(2.4)=(2.7), with vy, replaced by vy, ,, and hy,(x) replaced by r*h,(xo + rx).

Proof. Direct calculations give us that
Lavag,r(x,3) = 7" Lavsg (o +7x,7y), ¥ (x,y) € R™,

and so, the conclusion of the lemma follows immediately. O

The proof of Lemma 3.7 is based on the uniform a priori local Schauder estimates in the Holder space of functions
CIH(Byg), defined in (1.7).

Lemma 3.10 (Uniform Schauder estimates). Let xo € I'1+s(u). Then, there exist constants C,ry > 0, and a € (0, 1),
such that

lvso g, <C: V€ ©.ro). (3.15)

Moreover, the constants C and rq are locally uniform in x.

Proof. Because xo belongs to I'iys(#), and the homogeneous rescalings {vy,,}-~0 satisfy the conclusion of
Lemma 3.9, it follows that the hypotheses of [12, Lemma 2.17] are verified (uniformly in a neighborhood of xy),
and so there are positive constants, o € (0, 1), C and rp, such that estimate (3.15) holds, for all » € (0, 7). O

We can now give the proof of Lemma 3.7 with the aid of Lemma 3.10.

Proof of Lemma 3.7. The Schauder estimate (3.15) and Arzeld-Ascoli Theorem implies that the sequence of rescal-
ings, {vy,,r }keN, contains a convergent subsequence in any space C,iﬂ/ (Ef;g), for all y € (0, @), where a € (0, 1)
is the constant appearing in the conclusion of Lemma 3.10. From Lemma 3.9, it follows that any limit function of a
convergence subsequence is a solutions to the system of conditions (2.4)—(2.7), with h,,(x) replaced by 0. O
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Next, we give the proof of Lemma 3.8, using the monotonicity property of the Weiss functional established in
Lemma 3.5. Note, there is a shorter proof (given after this one) by using the classification of Almgren blowups in
Lemma 2.6, but nevertheless we prefer to include this proof as it also serves as an illustration for the properties of the
Weiss functional.

Proof of Lemma 3.8. Let ry be the positive constant in the hypotheses of Lemma 3.5, and let 0 < R| < Ry < rp. We
apply inequality (3.10) to vy, and integrate over the interval (rx Ry, rx R2), obtaining that

Wi (vygs 7k R2) — Wi (vxg, i R1) + CrP (R3S — RY)

rkRy
2 2
> / rn+4/[(1+s)vxo(xo+x,y)—vao(xo—i—x,y)(rv)] |y|*dr
ri Ry JdB,
Ry
2 2
=/m / [(1 4 $)vyy (x0 +x, ) = Vg (X0 + x, y)-(rrgw) ] |y|“ dr,
Rk 0Byr,

where v denotes the outer unit normal vector to the spheres 9 B, and 9 B, . Using the definition of the homogeneous
rescalings (3.14), and that of the Weiss functional (3.2), we obtain in the preceding inequality,

Wi (vygs 7k R2) — WL (vxg, i R1) + CrP "1 (R3S — R)

Ry nta+2(1+s)
2rk

2
Zf rn+3 rn+4 f [(1 +S)Ux0,rk - vao,rk-(rv)] |y|a dr
R k B,

Ry
2 2
= / P / [(1 +8)Vxgr — VUXO,rk‘(”V)] [y|“dr.
R, 9B,
Letting now k tend to oo, and using the fact that 2s > 1, it follows from Lemma 3.6 that the left-hand side in the

preceding inequality tends to 0. Applying also Lemma 3.7 to the right-hand side of the preceding inequality, we see
that

Ry
0> [ 2 [(1 4 $)va.0 — Vg 0-r0)]* Iy |@ dr
= 4 x0,0 x0,0 y .
R 0B,

Because the positive constants Ry < Ry are arbitrarily chosen in the interval (0, rp), it follows that Vv, o-(rv) =
(14 5)vxy,0 on 8B, for all r € (0, rp), and so the limit function vy, o is homogeneous of degree 1 + s. Finally, the fact
that vy, o € H*S follows from [2, Proposition 5.5 and Lemma 6.2], as either vy, o =0, or vy, ¢ is a positive multiple
of its own Almgren blowup at the origin. O

As we mentioned above, there is a shorter proof of Lemma 3.8, which relies on similar properties of Almgren
rescalings and blowups.

Alternative Proof of Lemma 3.8. For any r > 0 we have the following formula relating the homogeneous and
Almgren rescalings:

_dxyr -
Uxg,r = STt Uxg,r-

By Lemma 2.6, it follows that the sequence of Almgren rescalings {vy, } contains a convergent subsequence to a
function vy,,0 € Hi4,. Besides, the estimate on Fy, in (3.8) tells that dy, , < Cr'ts and thus, passing to a further
subsequence, we will obtain that
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- . dXOJ’kj
Uxg,rk, = € Uxo,05 where ¢ = lim ———=.
i
k;
J

Hence, vy,,0 = cUx,,0 € H!tS | with ¢ > 0, which completes the proof. O
4. An epiperimetric inequality

In this section we establish a generalization of the epiperimetric inequality obtained by Weiss for the classical
obstacle problem in the context of the obstacle problem for the fractional Laplacian with drift. Our main result,
Theorem 4.2, is tailor made for analyzing regular free boundary points.

Let xo € I'144(«). For the purpose of this section, we can assume without loss of generality that xo = 0. Following
[15, p. 27] (see also [7, Definition 6.1]), we define a version of the boundary adjusted Weiss energy adapted to our
framework.

Definition 4.1 (Boundary adjusted Weiss energy). Given v € H'(By, |y|%), we next introduce the boundary adjusted
energy as the Weiss type functional defined in (3.2), with r = 1 and zero obstacle, i.e.,

W() = W(v,1>=f|w|2|y|“—<1+s)/v2|y|“. (4.1)
By

9B

We now consider the function

N
o(x,y) = (xn +/x2 +y2> (xn —sy/x7 +y2) :

The function 0y belongs to H s, and so it is a (1 + s)-homogeneous global solution of the obstacle problem for the
fractional Laplacian (1.4) with zero obstacle function. The following is the central result of this section, which is a
generalization of [15, Theorem 1] to the setting of our article. This result adapts [7, Theorem 6.3] to the context of the
present work.

Theorem 4.2 (Epiperimetric inequality). There exists k € (0,1) and 6 € (0, 1) such that if w € HY(B;, |y|%) is a
homogeneous function of degree (1 + s) such that w > 0 on B{ and ||w — lA]()”Hl(Bl"yla < 8, then there exists W €

HY'(By, |y|%) such that i = w on 3By, W is nonnegative on Bi and
W(w) < (1 —x)W(w).

Remark 4.3. We observe explicitly that if v is a solution to the obstacle problem (1.4) with zero obstacle, and v
belongs to H14s, then we can rewrite

f|Vv|2|y|“=fvVv-v|y|“=<1+s>fv2|y|“,
By

3B, 3B
which implies that W (v) = 0. In the preceding identity, v denotes the outer unit normal to 9 By.
Proof of Theorem 4.2. We argue by contradiction and assume that the result does not hold. Then, there exist se-

quences of real numbers «,, — 0 and §,, — 0, and functions w,, € H Y(By, |y]Y), homogeneous of degree (1 + s),
such that w,, >0 on B{ and

lwm — Vol g1(8,,yje) = Sm: 4.2)

but such that, for every w,, € HY(B;, |y|%) with the properties that w,, > 0 on Bi, and w,, = w,, on 0B;, we have
that

W(wm) > (1 = k) W(wp). (4.3)

With such an assumption in place we start by observing that there exists
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s
&m=Anm (x'em + vV ()C'em)2 + yz) (x'em — Sy (x'em)2 + yZ)

belonging to the space of homogeneous functions |, which achieves the minimum distance from w,, to H 4y,
that is

lwm = gmllgi (g, vy = Inf Nwm —glgi(p, [y
(By,|y1%) gt (By,|y1%)

Indeed, this follows from the simple fact that the set H . is locally compact. Combining this inequality with (4.2)
we deduce that

”gm - ﬁO”Hl(Bl,Ma) S 28m7

and, as a consequence, we must have that e,, — ¢" and A,, — 1, as m tends to oo, where ¢"” € R" denotes the unit
vector having all coordinates zero, except for the n-th coordinate. Hence,

Im
<— =0, asm— oo.

H (Wi — 8&m)
Am sy pye) ~ Am

If we rename X—Z by wy,, and j—’”m by 8,,, and rotate R” to send ¢, to ¢”, the renamed function w,, is homogeneous of
degree (1 + s), nonnegative on B7, and satisfies

einf lwm — &l g1y, yje) = lwm — 130||H1(31,|y|a <dm. (4.4)
8 I+s

Moreover, inequality (4.3) still holds for the renamed functions w,,, because of the scaling property W (fw) =
2W (w), and the invariance of W (w) under rotations in R”.

We note explicitly that (4.3) implies in particular that w,, # vy for every m € N, as W (99) = 0, by Remark 4.3.
Thus we can assume without loss of generality that

6m = ||wm — ﬁ0||H1(31,|y|“) > 0. (45)

We now want to rewrite (4.3) in a slightly different way, using the properties of function . Given ¢ € H!(By, |y|%),
we consider the first variation of W at 0 in the direction of ¢,

SW (00) () 32/2Vﬁ0-V¢|yI”—(1+8) / 2009|y1%, (4.6)

B 3B,

where the boundary integral in (4.6) and thereafter is interpreted in the sense of traces. To compute § W (0g)(¢), we
rewrite the first integral in the right-hand side of (4.6) as

f2Vﬁo~V¢|y|a=—4f¢1ii1(}|y|a3yﬁo+ / 2¢Vip-vlyl,
)7
By B| 9B

where we used the fact that the function 0 is symmetric with respect to the hyperplane {y = 0}. In the preceding
identity, v denotes the unit outer normal to d By. Because the function 0g is homogeneous of degree (1 + s), Euler’s
formula gives us that

/2V50~V¢|y|“=—4/¢1iﬁ)1ly|“3yﬁo+(l+S) / 2¢vply|“.
¥
By B 9By
We conclude that
SW (i) @) = 4 [ otimy1'a,o. @7)
B;

For any function w,, € HY(B;, |y|%) with the properties that w,, > 0 on Bi, and w,, = wy, on Jd B, by plugging in
¢ = W, — vy into identities (4.6) and (4.7), we obtain that
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W () = W (i) — W (D) — 8W (00) (i, — Do) — 4 / (W — Do) lifg|y|“ayﬁo
y
B
= / IV (@ — Do) y]* — (1+5) /(wm — 09)?|y|* —4f<wm — o) 1iirol|y|“ayﬁo,
b
B] 3B] Bi

where we have used in the first identity, the fact that W (0g) = 0, by Remark 4.3. Using a similar identity for W (wy,),
we can rewrite inequality (4.3) as

(1= &) f|V<wm — 50) Iyl = (1 +5) /(wm — )21yl —4/<wm = 0)lim 13y o
B 0B Bi
< / IV (@ — D0)*1y|* = (1 +5) /(ﬁ)m —00)°Iyl* — 4/(@m ) 1;?3 | y|“0y o. (4.8)
Bl 331 Bi

Inequality (4.8) will play a key role in the proof of the epiperimetric inequality, and it will be used repeatedly.
Let us introduce the normalized functions

by =20 ymeN.
Sm
By identity (4.5), we have
1Dl 1 8y pyey =1 Ym €N 4.9)

By the weak compactness of the unit sphere in H'(B1, |y|*), we can assume that
Wy, — W weakly in H'(By, |y|Y), asm — oco.

By the compactness of the Sobolev embedding and traces operator from H'(Bi,|y|%) into the Sobolev space
L?(By, |y|%), L*(B)), L*(3By, |y|*), we may assume that

Wm — W strongly in L2(By, |y|9), Lz(Bi), and L?(dBy, |y|*), asm — oo.

See [11, Theorem 2.8] for the boundedness of the trace operator from HY(B;, [y|%) into LZ(Bi), and see [4,
Lemma A.25] for the boundedness of the trace operator from H' (B, |y|¢) into L>(3 By, |y|%).
We then make the following

Claim 4.4. The limit function W satisfies the following properties:

i) w=0;
(ii) Wy, — O strongly in H'(By, |y|%), as m — oo.

Note that property (ii) will give us a contradiction with condition (4.9). Hence, the theorem will follow once we
prove the claim. In what follows, we denote

A = A(Do) ={(x,0) e R" x {0} | Do(x, 0) =0},

the coincidence set of the function vg.
Proof of Claim 4.4. We organize the proof into several steps.
Step 1. We start by showing that there is a positive constant, C, such that

<C, VmeN. (4.10)
LY(B))

Wy . N
— lim|y|9,0
H 52 yl0|)’| y 0
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To this end, we pick a function n € W(}’OO(BI), such that 0 < n < 1, and define
Wy = (1 = n)wy, + no.

Then, it is clear that the function w,, satisfies the properties:
Wm =wy ondBy, Wy, >0o0nBj, and W, — o= (1 —n)(wm — Vo).

We can thus apply inequality (4.8) to the function w,,, obtaining

(1= k) /|V<wm—ﬁo>|2|y|“—<1+s>/(wm—ao>2|y|“—4fwm1yilg|y|“ayﬁo
B dB; Bi

< / IV((1 = ) (wm — D) *1y1* — (1 +5) /(1 — (Do — ww)? 1yl

By 9B

—4/(1 — 1) — o) lim [y%8,80

y{0
B

= [ [ = 09 = 80P+ 191w = 80 = 201 = 1)t = 80) V05 = )| 51

By

—(+s) / (1 — )% (Do — wm)?|y|9 — 4f(1 — MW giiglylaayﬁo.

0B, B}

Dividing by 8,2”, rearranging terms and using property (4.9), it follows that

W . A o o
4/(fcm—n>8—2m1ylirol|y|“ayvos—(1—xm) /|Vwm|2|y|“—<1+s>/w5,|y|“
Bi " B 0B

[ [0 = 0219+ (920, 201 = V-V 11
By
—(1+5) f(l R AN
0B
<C,
where C is a positive constant, independent of m € N. At this point, we choose 1(x) = 77(]x|), and let

1
O<e= / qrr"tdr.
0

Since «,, — 0, as m — 00, possibly by passing to a subsequence, we can assume without loss of generality that
Km < %(n + 2), for every m € N. With such a choice, we have that

Vm e N.

1
/ (i) — k)" =
0

Using the fact that w,, and 0o are homogeneous functions of degree 1 + s, we obtain that



N. Garofalo et al. / Ann. 1. H. Poincaré — AN 34 (2017) 533-570 551

C>4/(Km — 11m|y|“8 o =4 /(Km — 7)) Tdr / w—;”limlyl“ayﬁo
85, 10
9B
Wm . ~
>2 — | -1 9y ,
> 8/ 5%( i yv()>
28]

which, again by the homogeneity of w,, and vy, the fact that w,, > 0 on B{ and the fact that
lim|y|*d,00 <0 on B, 4.11)
40

proves inequality (4.10).

Step 2. We start by showing that
L,w=0 on Bj\A. (4.12)

To establish property (4.12), it is sufficient to show that, for any ball B, such that its concentric double 2B € B; \ A,
and for any function ¢ € H'(B, |y|%), such that ¢ — b € HOI(B, |y?|), that is ¢ = w in the trace sense on 3 B, we have

that
/|V@|2|y|“s/|w|2|y|“.
B B

To begin, we fix a function ¢ € L>(B;) N H'(B, |y|*), and we consider
Wi = (00 + 8m@) + (1 — N)wn,

where n € C(‘)>O (B1 \ A) is such that 0 < n < 1. Notice that on d By, we have that w,, = w,,, and because ¢ € L*°(B;)
and n € Cg°(By \ A), for m large enough, we have w,, is nonnegative on Bj. For such sufficiently large m, we can

thus use the function w,, in inequality (4.8), and dividing by 8m, we obtain

W . ~
(1= k) f|Vwm| |y|“—(1+s>/ |y|a—4/3—;11y1113|y|“8yvo

m
9B B|

< / (V@) + 1V = i) P + 2V (1)-V (1 = myiba) | Iy

By

—(1+S)/((l—n)wm+n¢)2|y|“— /(1—77) hmeI“8 Do

daB) B’

= / (V@) + 1V = i) P + 2V (1)-V (L = i) | Iy

—(1+S)/ = /(1—77) 3 lylmlyl dy Do,

3B,

where in the last line we used the fact that n € C§°(B; \ A). Using property (4.11) and that wy, is nonnegative on B,
the preceding inequality implies

/|vwm|2|y|“<Km/|vwm|2|y|“+(1+s>(1—xm>/zbf,,|y|“+

By B 9B

+/ (V@) +1V(( = i) +2V(08)-V (1 = i) | 151"

B
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~ Wm .. ~
—(1+s>fw51|y|“—4xm/8—2m1y1%|y|“ayvo

0By B "
=Km/|vwm|2|y|“—(1+s>xm/w,%Ayl“
By B
+/ (1Y) 4191 = i) P +29 09V (1 = i) 1
By

Wy . ~
— 4k —— lim|y|%9,vg.
m/(srzn im 717, 3

B

Thus, we can find a positive constant, C, independent of m € N, such that
/ Vi 11 < Chim + / [IV019)P + 191 = i) P + 2V ()91 = i) | Iy 1,
B By

which yields

/(1 (L= )T Pyl < Crem + /[IV(U¢)|2 %2 VP
B By

= 2(1 = )ty V- Vi, + 2V (1¢0)- V(1 = 0)ibm) ]Iy [“.
Passing to the limit m — oo, we obtain

/(1 — (1 =)V |y s/[|V<n¢>|2+w2|Vn|2

B By

—2(1 = WVn-Vi +2V(ne)-V((1 — )] 1y|*.
Notice that

[ vae @ =Py = [ [[9GoF + 19 =) +29 05 = i |51
B

By

= /[|V(n¢>|2 + 2 Vn? + (1= VD) =201 — n)Vd-Vy
By

+2V(n¢)-V((1 = md)]Iyl*.
Hence the preceding inequalities give us that

/IVﬁ)IzIyI“S/IV(U¢+(1—W)@)|2IyI“.

B B

By approximation, we can remove the condition that ¢ belongs to L°°(Bj), and by considering open balls, B € B \ A,
we may choose the function 7 such that n = 1 in B, and ¢ = w outside B. This gives us

f|vw|2|y|“sf|w|2|y|“+ f IV |yl4,
B B

B)\B
and so we obtain that

/|V@|2|y|“s/|w|2|y|“,
B B
which proves that L,w =0 in B.
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Step 3. We next want to prove that

»=0 H"-a.e.in A. (4.13)
We note that the function g satisfies the property that

lyii13|y|”8yﬁo <0, V(x,0) €int(A).

Therefore, given a subset @ € int(A), there exists a positive constant, C,, such that

lim|y|?3y00| > Cy», V(x,0)€w.
0 i

At points (x,0) € int(A), we can thus write

. Wn — V0 Wn 1 N Sm
Wy — ————— = 1m _
m S 82 Y lim |y[43, 00
yi0 ’
This gives
m 8m
|| < 52 11m|y| dydo| < ——,
m w

where in the last inequality we have used property (4.10). Since 8,, — 0, we conclude that ||, || L) — 0, as m
tends to co. By the arbitrariness of w € int(A), we infer that

Wy (x,0)— 0, H'ae (x,00€A, asm— 0,

which proves identity (4.13).

Step 4 (Proof of property (i)). We next show that
Wm — 0 weakly in H'(By, |y|*), asm — oo, (4.14)

or, equivalently, that & = 0. We begin by observing that, since the functions w;,’s are homogeneous of degree 1 + s,
their weak limit @ is also homogeneous of degree 1 + s. Combining this observation with the results proved in Steps 2
and 3, it follows that the limit function W satisfies the following properties:

(1) Law=00n B\ A;
(i) w =0 H"-a.e.on A;

(iii) w is homogeneous of degree 1 + .

By Lemma A.3 we conclude that, if we define

s
Up(x,y) = (xn + /%2 +y2) ,

then there exist constants cg, ..., ¢,—1 such that
n—1
W = colg + ZC]')C]'U().
j=1
We next show that all constants ¢; =0, for all j =1, ..., n. To simplify the notation, in the following lines, we write

- l=1-Naye, By and we 1et'(-, -) denote the inner product in H'(B1, |y|Y). Using property (4.4), we have that
1w — gl1* = llwm — ollI* Vg € Hiss,
and recalling that w,, = w”(g—;ﬁ“, we can write the preceding inequality as

A - 2 A2
18mWm + vo — glI° = [I8m W |7,
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or
28 (Wim. Do — g) + llDo — glI* = 0.
Therefore, it follows that

A2
(W, g — Vo) < 1% = l”. (4.15)
28,

Applying this to g = (1 + 8200, we obtain
Om | 2
2 lvoll”.

Letting m — oo, we arrive at

(wm, 730) <

PN A2
(w, vo) = collvoI” < 0.

This implies that co < 0. The same argument applied to g = (1 — 8,%1)130, allows us to conclude that we also have
co > 0, and so cp = 0. We now rewrite inequality (4.15) as

N A2
. g&—Vo\ &m |8&— 1o
, <M 4.16
O A (10
Forall j =1,...,n — 1, we define the function gé € Hi4s by
. S
J - ] . sin @ 2] - sin©)2 2
8y(x,¥): X, €080 + xjsin@ + /(x, cosf + x;sinf)* +y
X (xn cos6 + x;sinf — s\/(xn cos6 + x;sinf)% + yz) ,
and we see that
1,/
; (gg - 60> — (1=5)x;Up, as@ 0, 4.17)
where the converge is the H Y(B1, |y|*). We also notice that
(xiUp, x;jUp) =0, Vi,j=1,...,n—1,i#]. (4.18)

Choosing g := gé with 0 = 3,%1 in inequality (4.16), letting m tend to oo and using properties (4.17) and (4.18), we
obtain

(1 — s, x;Up) = (1 — sH)cjllx; Upll* < 0.

Hence, it follows that ¢; < 0, because s € (0, 1). Replacing x; with —x; in the preceding argument, we also obtain
—cj < 0. Thus, we conclude that c; =0, forall j =1, ...,n — 1, which implies w = 0. This concludes the proof of
(4.14).

Step 5 (Proof of property (ii)). Finally, we claim that, along a subsequence, we have that
Wm — 0 strongly in H'(By, [y|%), asm — oo. (4.19)

Because we already have the strong convergence W, — w =0 in L?(B1, |y|%), as m tends to oo, we are left with
proving that

Vi, — 0 strongly in L2(By, [y|%), asm — oo. (4.20)
To this end, we pick n € Cg’l(Bl), such that 0 < 5 < 1, and consider w,, = (1 — n)w,, + ny. Clearly, we have that

Wm =wpy ondBy, Wy >0o0nBj, and W, — o= (1 —n)(wmu — Vo).
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Applying inequality (4.8) with this choice of the function w,,, dividing by S,Zn, and recalling that w,, = w”gf;ﬁo, we
obtain

(1= m) f|vwm|2|y|“—<1+s>/w3n|y|“—4f 52 lim 13179,

B dB) Bi

< [ [0 = 021900 P 4 G2IVAP = 201 = i, Vit V] 1
By

—(1+S)/(1—77)2 2|y|“—4/(1—n) lim | |0y do.
3B :
The preceding inequality yields

[ /82 i 11,

B B

< [ [0 =019 P 4 19085, 201 = i Vit V] 1
By
n Wy .. ~
—(1+s) /(1 — )%y, |yl —4/<1 — n)—- lim |y[*3,do
85, ¥i0

9B, B}

~ ~ Wy .. ~
+ A=) +3) [t | [ 190,217 ~4 [ 5 tmiyea,do
85 ylo

9By Bi Bj

= [ [ =02V o+ 900 =200 = s Vi)

B
/vaml Iyl —4 /—llmlﬂaa vo—(1+S)/ 1yl

dB
N Wi .. N
+(1+5) / 1 —(1- n)2) w2 |yl —4/(1 —n)—- lim [y|“d,do.
85 ylo
0B B
From properties (4.9), (4.10) and the previous inequality, it follows that

/|vwm|2|y|“

By

< [ [0 =210 4+ 19002 =200 = i, ViV 51
By
n W . A
+Ct sy [ @1y 4 [ 05 tim 10, .
8m yl0
0B, B
We now make the following choice of the function 7 in the preceding inequality,
L, if |x| < 3,
@) =201 = Ix]), if 3 <lx <1,

0, if x| >1,
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and we obtain

[ 19yt < [ (199202 - 20 = i, i+ @) [ @217+ o
dB;

S

~|—4/ 82 11m|y| ayvo
B/
< [ [190P a2 ~ 20 = i Vi ]t + (1 +5) [ @11+
B By

where in the last inequality we used inequality (4.11), and the fact that » and w,, are nonnegative functions on Bj. We
thus conclude that

/|Vwm| Iyl < /[Wnﬂwfn—zu—n)wmvwm~Vn]|y|“+<1+s>/uv,2n|y|“+ckm. (“21)
By 9B
2

We now observe that, since w,, is homogeneous of degree 1 + s, and thus Vw,, is homogeneous of degree s, we have
that

/|V@m|2|y|“=2”+3/|Vuvm|2|y|“,

2

where we recall that a = 1 — 2s. Using the preceding identity in inequality (4.21), we conclude that

/ Vil < 2"“( / (199202, =20~ nyib ViV 1

+(1+S)/ |y|a+CKm>-
dB;

To complete the proof of (4.19), and consequently of Theorem 4.2, all we need to do at this point is to observe that,
on a subsequence, the right-hand side of the latter inequality converges to 0 as m — oco. This follows from the facts
that Km — 0, ||12)m ”Lz(Bl,\yl") — O, ||1I)m ||L2(3Bl,|y\") ad 0, and ||Vﬁ)m ”LZ(B],LV\‘I) < 1. O

This completes the proof of the Claim 4.4, and thus that of the theorem. 0O
5. C117 regularity of the regular part of the free boundary

In this section, we prove the main results of our article, Theorems 1.2 and 1.3. We prove Theorem 1.2 using a series
of intermediate results. We begin with the following analogue of [7, Lemma 7.1], adapted to the framework of our
article.

Lemma 5.1. Assume that 0 € T'4(u). Let r1 € (0, 1), and let w, denote the (1 + s)-homogeneous extension of the
rescaling v, from 0By to Bi. For all r € (0, r1), assume that there is a function, ¢, € HY(B, [v|?), such that &, is
nonnegative on B{, ¢ = w, on 0By, and such that

W) = (1 —)W(wr), (5.1)

where k € (0, 1) is the constant appearing in Theorem 4.2. Then, there are positive constants, C and = B(k,n,s) €
(0, 1), such that

/|vr—v,r||y|“§Crﬁ, 0<r' <r. (5.2)

3B
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Proof. We divide the proof into several steps.

Step 1 (Decay of Wi (v, r), as r | 0). In this step, we show that there are positive constants, C and y € (0, 1), such
that

Wrv,r) <Cr¥, Vre(0,r). (5.3)

Our method of the proof of inequality (5.3) consists in using the properties of the Weiss functional, Wy (v, r), and of
the boundary adjusted Weiss energy, W (v, r), together with the epiperimetric inequality.
From identities (3.2) and (3.12), it follows that
d n+2 +s
EWL(U,V)Z—TWL( r)+( )F(r) 1)~ F(r)

and using identities (3.4) and (3.6), we have that

d 2
Lwwn=-"2wwn+ T Fe 4 /|W| I

B,

+L/vh_%/v(v'vv)|y|a_wpﬂ(r)

rn+2 rn+4
9B/ B,

From property (2.8), and denoting by 9, v the tangential derivative of v to d B, we obtain

d 2 , 1
e = =" Wi - o2 i [ (190 o) e
dr r rht

3B,

2(1 +s) o (d+s)n—2s) 2(1a
—W/v(vw)lyl —T/Ivl Iy,
JB

where C is a positive constant. Using the definition (3.14) of the homogeneous rescalings, {v,},~0, the preceding
inequality can be rewritten in the form

d 2 1
—WL<v,r)z—%Ww)—cﬂf—%;/<er~v—<1+s>vr>2|y|“

dr
0B
(1+s)n+1+s—2s) 1
-~ ; /|vr|2|y|“+;/|afvr|2|y|“. (5.4)
dB 0B
Because w, = v, on S}, we have that

[ (0w =490+ 110 2) 1yt
JdB

= [ (120w = 1+ 510+ 1= 9w, ) (5.5)

dB

Using the fact that w, is (1 + s)-homogeneous, we have that Vw,-v = (1 4+ s)w, on dB;. Using in addition the fact
that |9; wy |2 = |Vw,|* — |Vw,-v|2, it follows that

[ (10w = a4 51004 1= 91 ) 1

dB
- / (1IVwr 2 = A )+ 2y ) 1. (5.6)
0B

The (1 + s)-homogeneity of w, also gives us
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1
/|Vwr|2|y|“=m/|Vwr|2|y|“. (5.7)
B 9B

Inequalities (5.5)—(5.7), and definition (4.1) of the boundary adjusted Weiss energy, yield

/ (1900, 2 = A )01+ 1= )10, 2) 191 = (1 4+ 2) W (w1,
9B

The preceding identity and inequality (5.4) yield
d n+2
2y V) z —— W, 1) = Wi (v, 1)

1 ,
+- / (Vorv — (14 $)v.)2 |y|4 = Cr2 2. (5.8)
9B

We next use the hypothesis that for all r € (0, r1), there is a function, ¢ € H l(Bl, |¥]%), such that ¢, is nonnegative
on Bj, ¢, = w, on 3By, and such that inequality (5.1) holds. Without loss of generality, we may assume that ¢, is a
minimizer of W (-, 1) in the class of functions

C:={¢ceH'(By,|y|") | ¢ =v, =w, on 3By, and £ >0 on Bj}.
This is equivalent to minimizing the energy | B 1V¢ || y|* among the class of functions C, and so a standard calculus

of variations argument implies that ¢, is a L,-superharmonic function, that is

/V§r~V¢|yI“ >0, (5.9)
By

for all nonnegative test functions, ¢ € H 1 (B1, y]*), with supp(¢) € By, and also,
/Vo-ww =0,
B
for all test functions, ¢ € H'(By, |y|%), such that supp(¢) € By \ (B} N {¢, = 0}). The preceding identity implies that
L. =0 ae.on B\ (B;N{¢ >0}). (5.10)
Given a nonnegative test function, ¢ € H'(By, |y|%), with supp(¢) C B;, we have that
[vervonir= [ vewebi— [ Lie
By 9{¢r>0iNBy {¢->0iNBy
The preceding identity together with property (5.10), and the fact that the normal derivative V¢,-v < 0 on 9{¢, > 0} N
By, implies that
/ Ve Velylt <0,
B
and so, ;7 is a L,-subharmonic function. Inequality (5.9) gives us that
fVCﬁWIyI“ > / V¢ Volyl®,
By B

for all nonnegative test functions, ¢ € H' (B, |y|*), with supp(¢) C By, and so ¢~ is also a L,-subharmonic function.
We now let

&, y) i=r"8((x, y) /1), Y(x,y) € By,
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and we see that g:r = v on d By, and using definition (4.1) of the boundary adjusted Weiss energy, we have

1 A 1+s 2
W(Cr,1)=m/|V§r| [yl — 3 /Ivl [yl“. (5.11)

B, 3B,
Because v verifies conditions (2.4)—(2.7) on B,, instead of R"*+! we see that v is a minimizer of the energy
/ IVelPlyl* + f ¢h,
B, B!
in the class of functions {¢ € H'(B,, |y|*) |¢ =von dB,, ¢ > 0on B/}. In particular, this implies
Jveimie s [enz [ivopie+ [ o
B, B! B, B!

Because the functions g“,i are L,-subharmonic on Bj, we have that g:r is also L,-subharmonic on B,, and the weak
maximum principle [6, Theorem 2.2.2] implies

s+
sup |£:F] < sup u].
B, 0

From Lemma A.1, it follows that there exists C > 0 such that |v(x, y)| < C r1%5 on B,, and so we have
(. <Cr'*, Y(x,y)€B,, ¥Yre(,1).

Combining the preceding three inequalities with (2.8), we find
/ IVE Pyl = / Vo y|* — Cr i,
B, B,

Using the preceding inequality with (5.11), it follows that

e f|v| Iyl — cr¥
0B,

1 21,14
W({Vvl)zrn+2 |VU| |.Y| -
B,

and so, definition (3.2) of the Weiss functional gives
WG 1) = We(v,r)—Cr!

Hypothesis (5.1) and the preceding inequality imply
1
W(wrs 1) - WL(U» r) Z mw(grv 1) - WL(U,r)
> W) — (5.12)
11—«
We now obtain from inequality (5.8)
d 2
Swiwr = 2K
dr r l—«

This estimate implies that for any y > 0 one has

Wi (v,r) — Cr¥—2.

d d
— (We,r)r™) = —Wr(u,r)r™" —yWr(v,r)r 7!
dr dr
2
> <(”1+—)K - y) We (o, ryrr = — o,
— K

Choosing y < (n + 2)x /(1 — k), and using Lemmas 3.5 and 3.6, it follows that there exists C > 0 such that
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L o)z o (E ) ey gperr ety
r — K

Integrating the preceding inequality from r to ry, with r > 0, we infer
Wi, r)ry” =W, r)yr™? = —Cri¥ ' ol

from which inequality (5.3) now follows. This completes the proof of Step 1.
Step 2. We now show that there exists C > 0 such that for all » € (0, 1) one has

1 d
- / (Vorv— (14 8)v)? |y* < EWL(v,r) +Cr¥2, (5.13)
dBy
From inequality (5.8), it follows that

% f (Vo — (1 +5)v,)? |y < %WL(v,r) — ”T” (W(wr, 1) = W (v, 7))+ Cr¥—2.
dB
Furthermore, inequality (5.12) gives
n+2 «

Wi (v, r)+ Cr¥2.
r 11—«

1 d
- / (Vo v —(1+9)v,)° |y < —We(v,r) —
r dr
3B
Lemmas 3.5 and 3.6 imply that Wy (v, ) > —Cr>~!. Combining this with the preceding inequality yields (5.13).
This concludes the proof of Step 2.

Step 3 (Proof of estimate (5.2)). Let 0 < r’ < r < ry, and denote g(r) = v,. Direct calculations give

r

/|Ur_vr’||y|a:/ /g/(t)dt Iyl

3B aBy Iy
-
1 I+sv((x,y) a
I/ /(va(t(x,y))-(x,y)— PR dt| |yl
331 r
[
<[ 3 [ vur—assuiear
r’ 331
Holder’s inequality implies
, 12
/Iv —v/||y|“<C/L l/IVv v — (1 +9)v |y dt
r r = \/; ¢ t t )
dB r’ 0B
where C = C(n, s) > 0. Using inequality (5.13), we conclude that
r
a 1 d 252 1/2d
Uy — Uy <C|[| —|—Wr(,t)+Ct=" t.
/|r ’||y|_/ﬁ<dt L(v,1) )
3B| r’
Applying Holder’s inequality again to the right-hand side of the latter inequality gives
- /2 , 1/2
a 1 d 252
v, — o]yl <C ;dt EWL(v,t)—FCt dt
0B r’ r’

12
=C (inr/r') 2 (Weo,r) = Wew.r) + €57 = ()Y
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The assumption s > 1/2, estimate (5.3), and the fact that W, (v, r) > —Cr?~!, from Lemmas 3.5 and 3.6, imply
1/2
f v, — vllyl® = C (lnr/r')'/? (rV + CrZH) :
3B
Letting 8 := y A (25 — 1), we can now repeat the dyadic argument in [7, Estimate (7.2) on p. 29] to finally obtain
(5.2).

This completes the proof. O

Proposition 5.2. Let xg € '145(u). Then, there exist constants C,n,rg > 0, and B = B(k,n,s) € (0, 1), such that
B,;(xo) NT(u) CT4s(u), and for all x € B;) (x0) NT(u) and all r € (0, ro), we have that

/ [, — v olly* < CrP, (5.14)
0B

where vy ( is any limit of a convergent sequence of homogeneous rescalings, {vy r, }ken, with r | 0. In particular, the
blowup limit vy o is unique.

Proof. The method of the proof is exactly the same as that of [7, Proposition 7.2], with the observations that we
choose the positive constant ro as in Lemma 2.7, we set r; = rg in Lemma 5.1, and we replace the application of [7,
Lemma 3.3] with that of Lemma 2.5, of [7, Lemma 3.4] with that of Lemma 2.7, and that of [7, Lemma 7.1] with that
of Lemma 5.1. We omit the detailed proof for brevity. O

We next have the analogue of [7, Proposition 7.3] in which we establish that the blowup limits are nontrivial.

Proposition 5.3. Assume that the hypotheses of Proposition 5.2 hold. Then, for every x € B,/7 (x0) N T'(u) the unique
blowup limit vy o is nonzero, where 1 is the positive constant appearing in the statement of Proposition 5.2.

Proof. Assume by contradiction that v, o = 0. Proposition 5.2 implies that there exist C, ro > 0 such that

f eyl <CrPL Vre 0, r0),
0B
and definitions (2.23) and (3.14) give

plts+B
/wx,,nyv‘sc . Vre.n. (5.15)
o8, X, r

Proposition 2.1 and the fact that x € I'y 5 (u) (see Definition 2.3) imply that Fy , > r"T4+20+P) for all p € (s, 2s —
1/2). The preceding inequality together with identity (2.10) imply that d, , > r'*7. We see that we can choose
p € (s,2s —1/2), such that 8 4+ s — p > 0, and letting r tend to 0 in (5.15) gives

lim v 4=0.
im [ 15,1y
dB

This contradicts property (2.28), which shows that the limit above is nontrivial. We thus conclude that the unique
blowup limit vy ¢ is nontrivial. O

Proposition 5.4. Assume that the hypotheses of Proposition 5.2 hold. Then there are positive constants, C and y =
y(k,n,s) € (0, 1), such that

/ V10— V20l <Clx! —=x?”, ¥x' x? € B) (xo) NI (w), (5.16)

9B;
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where 1) is the positive constant appearing in the statement of Proposition 5.2.

Proof. Since v,1 () —v,2 is a 1 +s homogeneous function, proving inequality (5.16) is equivalent to establishing
the following one

/ V10— V2ol <Clx' —x?, Vx' x* € B](xo) N T (w). (5.17)

B
Let 7 and rg be the positive constants appearing in the conclusion of Proposition 5.2. Consider r € (0, rg) and x!, x? €
B,;(xo) N T (u). Property (5.14) implies for all xhx%e B,;(xo) N T (u) and every r € (0, rp)

/ vyt — V2 0llyl? < crf + / lver , — vz 1y]”. (5.18)

0B By
From the mean value theorem and definition (3.14) of the homogeneous rescalings we infer

1
1 _
Vet (X, ) — 2 (%, ) = T / Veo(x' + (1 —0)x? +rx, ry)-(x1 —x2dt, V(x, y) € By.
0

If we use the estimate (see the proof of Lemma A.1)

Vev(ex + (1 =0a® +rx, | <€ (K = 1), oy € B,
we conclude that

. |x1—x2| I+s |xl_x2|
[ver, — v Iy =C — +f .

0B
We now let r := |x! — x2|%, where o € (0, 1) is arbitrarily fixed. Then, inequality (5.18) becomes

[ 1o = valiy® <€ (! =8 4 a1 =310,

3B
We now choose 2y := o8 A (1 — o). The latter inequality and the 1 + s-homogeneity of v,1 ( — v,2 ( then give

/|ux110—vx2,0||y|“ <Clx!' = x%)?. (5.19)

By

The inequality (5.19), combined with the uniform sup estimate of |v,1 o — v,2 o| (see Lemma 3.3), allows to conclude

/|vx1)0—vxz,0|2|y|” <Clx' =x%?. (5.20)
B

To obtain estimate (5.16) from (5.20), we next use the trace theorem in [11, Theorem 2.8], which gives

/ [yt o = V201> < Cllvg g — szyollill(Bl’lyla)
B|
=/va1,o — v, oIyl +/ IV (vy1 o — vz o) P11 (5.21)
B B

To control the second term in the right-hand side of the latter inequality we now exploits the fact that the blowup limits
verify the conditions (2.4)—(2.7), with hy, replaced by 0, and xo replaced by x! and x2. These conditions imply that
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/Lavx,ovx,o =0, wherex=x'orx =x2,
By

/Lavxl’ovxz’o < 0,

B

\/‘LQUXZ’OUXI’O < 0.

B

From these equations we infer
/La(vxl’o — Ux2’0)(vx1’0 — Ux2’0) > O
B
Integrating by parts in the preceding inequality yields
/ |v(vxl,0 - Ux2,0)|2|y|a = / (V(UXI’O - sz’o)'l)) (le’() - sz,O)lyla-
B 0B
Using the fact that v, ( and v,2 ( are (1 + s)-homogeneous functions, from the preceding inequality we find
/ V(10— v 0PIy < (L +5) / o0 = v P y1 < C/ o0 = v 0P IyI%

B dB B

where in the second inequality we have again used the homogeneity of v,1 o — v,2 (. Substituting this information in
(5.21) we conclude

2 2
/ |Ux1,0 - Ux2’0| < C/ |Ux1’0 - Ux210| |y|a (522)
Bj By

Combining (5.22) with (5.20), we finally obtain
/ e g — v ol? < Clx! —x?7.
B

The sought for conclusion (5.16) now immediately follows from this latter estimate and the uniform estimates of
V1 g — V2o in sup norm already invoked above. O

To proceed, we use Lemma 3.8 and Proposition 5.3 to represent the unique blowups vz o for x € B,’7 (x0) as

vio(x,y) = Az (x-e; +/(x-ex)? + y2> (x-e,; —5y/ (x-ex)? + y2> . V(x,y) eR"!

for a constant Az > 0, and a unit vector ez € R"”. We then show that Proposition 5.4 implies the following Holder
continuity of the mappings x — Az, X > e;.

Lemma 5.5. Assume that the hypotheses of Proposition 5.2 hold. Then, there exist constants C > 0 and y =
y(k,n,s) € (0, 1) such that for all x',x% e B;’(xo) N T (u) one has

A1 — A <Clx! = X2, (5.23)

le.i —e| <Clx! —x2|7. (5.24)

Proof. Similarly to the proof of [7, Lemma 7.5], inequality (5.23) follows from the fact that there exists C =
C(n,s) > 0 such that
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||Ux’()||L1(8Bi)=Cax, Vx GB;’(X())QF(M)

Thus, inequality (5.16), together with the triangle inequality, implies (5.23).

To prove inequality (5.24), because Ay, is a positive constant, by Proposition 5.3, we may assume without loss
of generality that the positive constant 7 is small enough so that A, > A, /2, for all x € B,’7 (x0) NI (u). Inequalities
(5.23) and (5.16) give

/‘ : :
— VU, 1g— —V,2
x1,0 x2,0
s A Ao
1

<Clx' —x*", v¥x' x* e B} (xo) NI (w).

Using definition (2.24) of the class of functions H ;. in the preceding inequality, we obtain that

/ ‘x-exl l{x.exl >0} — x'ex21{x'€xz>0}‘ dx < C|)C1 — x2|y,
28!
which immediately implies (5.24). This completes the proof. O

Proof of Theorem 1.2. The method of the proof is similar to that of [7, Theorem 7.6], but we include it for clarity
and completeness. We divide the proof into several steps.

Step 1. Let n be the positive constant in Proposition 5.2. Our goal is to prove that for all ¢ > 0, there exists r, > 0
such that
lvx.r — vx,ollctll(ér) <eg, Vxe B;/z(xo) NTCw), Vre,r,). (5.25)

Assuming by contradiction that (5.25) does not hold, it follows that there is g9 > 0, and there is a sequence {ry}ren
convergent to 0, and a sequence of points, {x;}ren € B; s (x0) N T"(u), such that

”ka,rk - ka,O”cL}(B]Jr) >eg9, VkeN. (5.26)

We can assume without loss of generality that the sequence of points {x;}ren converges to x € B;’ 2 (xo) NT"'(u), and
using the uniform Schauder estimate (3. 15),> we can assume without loss of generality that the sequence {vy, /- JkeN
converges in C;*‘“kéf), for all o’ € (0, @), to a function w € C1T*(B}).

We next prove that w = vz o. Integrating inequality (5.14), and using definition (3.14) of the homogeneous rescal-
ings, we have that

e = veollLi(s, 1y < CrP. Yx €B)(x0), Yre(0,ro),
where r is the positive constant in Proposition 5.2. Besides, from the structure of the blowups vy o in Lemma 5.5 it
is immediate to see that {vy, o}ren converges to vz o in C; (Br, [¥]), as k — oco. We then obtain that vy, , — vz,0
in L! (By, |y|“2 and thus, necessarily, w = v o. Finally, since the sequences {vy, , }ken and {vx, 0}ken both converge
to vx,0 in C}, (Bf, |y]%), this contradicts our assumption (5.26).
Step 2. For a given ¢ > 0 and a unit vector ¢ € R", define the cone

Ce(e) ={x eR" | x-e > ¢g|x]|}.
We then claim that, there is a positive constant, r,, such that for any x € B,’7 /z(xo) NI (u), we have

Ce(ex) N B C {vx(-,0) > 0}. (5.27)

Indeed, consider a cutout from the sphere 8B{ P by the cone C,(e),

3 Note that even though the conclusions of Lemmas 3.7 and 3.10 are stated to hold on BIJF/S’ they hold also on E;, for any R > 0, by simply
considering the rescalings {vy, gg,} instead of {vy,} and using the homogeneity of vy -
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K.(e) =Cc(e) N 831/2,
and note that
K¢(ex) € {Ux,O('» 0)>0}nN Bia and Ux,O('y 0) > Ayce on Kg(ey),

for some positive universal constant c,. Invoking Proposition 5.3, without loss of generality we may assume that
Ay > Ay /2, forallx € B;m (x0) NI"(u). Applying inequality (5.25), we can thus find a positive constant r, such that

Vxr(,0) >0 onKg(ex), Vre(0,re).
Scaling back by r, we have

Ve(-,0) >0 onrKg(ey) :=Celey) N BB;/Z, Vre(0,r).
Taking the union over all » < r,, we obtain that the inclusion (5.27) holds.
Step 3. We next claim that for any ¢ > 0, there exists a positive constant, r,, such that for any x € B:) 12(x0) N T (u),
we have

—Ce(ex) N B, S {vx(-,0) =0}. (5.28)
To prove (5.28) we note that —K(ey) € {vy (-, 0) = 0} N B, and we also have that

yg%:_ |Y|aayvx,0(" ¥) < —Axce < —(Ay/2)ce on — K. (ex),

for a positive universal constant c,. Then, inequality (5.25) implies that there is a positive constant, r, such that

),Ef& [y1“0yve,r (-, y) < —(Axy/4)ce  on — Ke(ex), Vre(0,r). (5.29)

We claim that this implies that
Uy (+,00=0 on —Kg(ey), Vre(0,r).
Indeed, from identity (2.7), and inequality (2.8), it follows that

hy(rz)
plts

2s

lim [y|*[dyvy,,(z, V=7
y—>0+

S Cr2S71’

for all z € {vy (-, 0) > 0}. If there were z € {vy (-, 0) > 0} N —K,(ex), then when r is small enough the previous
inequality would give us a contradiction with (5.29), which immediately implies that property (5.28) holds.

Step 4. Without loss of generality, we can assume that e,, = e”, where e” denotes the unit vector in R" with all
coordinates zero, except for the n-th coordinate. Properties (5.27) and (5.28) can be written in the form:

s+ (Cen N By, p) S o> 0),
x—(Clenn B ,) <=0},
forall x € B;’ 2 (x0) NT"(u). Taking x sufficiently close to xg, Lemma 5.5 guarantees that
Celex) N B;S/Z D Co(e™ N B;s/4.
Hence, there exists a positive constant, 7., such that
x+ (Coe(€) N B],14(x0)) € (> 0),
x = (Caee N By 0)) € (0 =0),

for any x € B;/g (x0) N I'(1). Now, fixing ¢ = &g, by the standard arguments, we can conclude that there exists a
Lipschitz function, g : R"! = R, with Vgl < Cy/ep, such that
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By, (x0)N{v(0) =0} =B, (x0) N {xy < g(x)},
By, (30) N {v(-,0) > 0} = B} (x0) N {x, > g(x)}.

Step 5. Using the normalization e,, = ¢", and letting ¢ tend to 0, we see that I"(«) is differentiable at xo with normal
ey, Recentering at any x € B;ho (x0) NT"(u), we see that I'(#) has a normal e, at x. Finally, noting that by Lemma 5.5

the mapping x > e, is C¥, we obtain that the function g belongs to C'*7.
The proof of Theorem 1.2 is now complete. O
We conclude §5 with the
Proof of Theorem 1.3. It follows immediately from Theorem 1.2, and the reduction procedure described in §1.1. O
Conflict of interest statement
There is no conflict of interest.
Appendix A. Auxiliary results

In this section we collect various results that we use in the proofs in the main body of our article. We first prove an
upper bound on the height function vy, defined in (2.3) which we use in the proof of Lemma 5.1.

Lemma A.1 (Growth of the function vy, on B,.). Let vy, be the height function defined in (2.3), where u € C s (R
is a solution to problem (1.4), with obstacle function ¢ € C Its (R™). Then, there exists C = C(n, s, ||u||C1+J(Rn),
l@llci+srny) > 0 such that for all r € (0, 1) and every xo € I'(u), one has

vy o+ ez, < Cr' . (A1)

Proof. Without loss of generality, we can assume that xo = 0. We denote w(x) := u(x) — ¢(x), where u is a
C!+5(R") solution to the obstacle problem (1.4). Because the functions u and ¢ belong to C'*5(R"), we have that
w e C'*5(R"), and

w(0) =0, and Vyw(0)=0.

From definition (1.3) of the fractional Laplacian operator, property (2.2), the fact that u solves (1.4) and 0 € I" (1), we
also have that

lim|y|*vy(0, y) = 0.
)’¢0|y| y y

Since u(x, y) and ¢(x, y) are the L,-harmonic extensions of the functions u(x) and ¢(x) from R" to ]R'J’F‘H, we have

Vo= [ Pev-Ddn ey, (A2)
Rn
where ¥ = u or i = ¢, and P denotes the Poisson kernel
y2s n+1
P(X, y) = Cn,s (|x|2 N yz)(n+2s)/2 s (X, y) € R+ s (A3)

for an appropriate C, s > 0. Because u solves problem (1.4) and 0 € I'(1), we have that (—A)*u(0) = 0. Combining
this fact with equalities (1.3) and (A.2), we see from (2.3) that we can write v in the form

y2s

(121> + ¥?)

v(x, y) = Cus /

2s
W —dz— CM/ #W(Z) dz. (A4)
R” R
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We next want to show that there is a positive constant, C = C(|[u||c1+sgn), ¢l c14s gn))> such that
lv(x, y) —v(0, )| < Clx['**, V¥(x,y),(0,y) € By, (A5)
v, »)| = Cly'"™, V(0.y) €Bi. (A.6)

Itis clear that if we establish (A.5) and (A.6) the proof of the lemma will be concluded since (A.1) follows immediately
from them. Inequality (A.6) can be proved in exactly the same way as [12, Inequality (2.107)], with the observation
that in its proof we replace the functions ¥ (x, y) and v¥o(|z]) — ¥0(0) with v(x, y) and w(z), respectively. It only
remains to discuss inequality (A.5). Using the representation formula (A.4), we have that

lv(x, y) —v(0,y) — V,v(0, y)-x| < / P(z, y)|lwx —2) = w(—2) — Vow(—z, y)x|dz,
Rn
and using the fact that w belongs to C'**(R"), and P(-, y) is a probability density, it follows that
[v(x, ¥) = v(0,y) = Vxv(0, y)-x| < Clx|'™*, (A7)
where C = C(||lullci+s wny, l@ll c14s wn)) is @ positive constant. Because we have V,w(0) = 0, it follows that

V.00, y)] < f P2, »IVaw(z) — V,w(0)|dz
Rn

oo
1 .
§Cn,s/ / lezw(z‘yw)—Vzw(0)|da(a))dt (ertlngz:ta))
0 98

s

[e's]
t
<CWOP | —5mas 4t
(1 +t2)(n+2s)/2
0

where in the last inequality we used the fact that w € C'**(R"), and C is a positive constant depending on 7, s,
lull cr+sny» and [[@|| c1+s gy We also see that the integral in the last inequality is finite, and so we obtain that

IVxv(0, y)| = Clyl’.
The preceding inequality together with (A.7) yield estimate (A.5). This concludes the proof of Lemma A.1. O

In the proof of Lemma A.3 below we make use of the following result.

Lemma A.2 (Regularity in the x'-variables). Let s € (0, 1), and u € HY (B, |y|%) be a weak solution to equation
Lqu=0 onBi\{x, =0,y=0},
u=0 onBN{x,<0,y=0}. (A.8)
Then, forallr € (0, 1) and all « € N1 we have that
Du e H' (B, |y|") N L¥(B;)

and the derivative D;‘,u is a weak solution to equation (A.8) on B,. Moreover, there exists C = C(a,n,r,s) > 0 such
that

”D?’u”Hl(Br‘D’W) + ”D)(?/M”LOC(B',) S C”M”H](Bl,‘ﬂa)' (A9)

Proof. By definition, because u € H 1 (B1,]y]%) is a weak solution to (A.8), it follows that for all test functions
@ € C3°(By \ {x <0,y =0}) one has

/Vu-Vgo|y|a=O. (A.10)
B
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Denoting by Hol(Bl \ {x, <0,y =0}) the closure of Cgo(Bl \ {x, <0, y =0}) with respect to the HY(B;, |y|4)-norm,
the preceding equality holds for all test functions ¢ that belong to H& (B1 \ {xn, <0,y=0}).

Letr € (0,1), h e (0,(1 —r)/4), and ¢; € R"~L with i = 1,2,...,n — 1, be the unit vector in the standard
Euclidean basis. We first prove the statement of the Lemma A.2 for & = ¢;, and then an induction argument can easily
be applied to obtain the conclusion for all & € N*~!. Consider the finite difference operator

u(x'+he;i, x,,y) —u(x', x,, y)
h 9
Choosing ¢ = nDZu with n € C;°(B1-21), we see that ¢ € H(} (B1\ {xp, <0,y =0}, |y|*), and identity (A.10) gives

Dju(x', xy,y) = Y (X', %u, y) € Bi_p.

.2 , ,
/‘VD;M‘ 1yl =—2/VD,’1u-VnD,’1un|yI“,
B By
from which it follows that
.12 .
/]vo;,u n2|y|“s4f|D;,u|2|Vn|2|y|“.
B B

Choosing n € C3°(By) such that
n=1lonB, and n=0on B(CH_V)/Z,
the preceding inequality implies the existence of C = C(n, r, s) > 0 such that

.2 .
/’VD;IM ly“=<C / |Djully|.

B, B(14r)2

An immediate generalization of [5, Theorem 5.8.3 (i)] to our weighted Sobolev spaces gives

f IDLulzlyl“sC/IVulzlyl“, (A.11)
B(14+r))2 By

for a C > 0 and for all & € (0, (1 — r)/4). Combining the preceding two inequalities with the generalization of [5,
Theorem 5.8.3 (ii)] to our weighted Sobolev spaces, it follows that u,, € H! (By, 1y|*), and

||uxi ||Hl(Br,D'|”) S C||V“||L2(Bl,|y|“)’ (A12)

where C =C(n,r,s) > 0.

It is now easy to see that identity (A.10) holds with u replaced by Dl’;u. Using the uniform bound (A.11) on the
H! (B(14r)/2, |y|*)-norm of the finite differences, we can take a weak limit along a subsequence /&, — 0, to conclude
that identity (A.10) holds with u replaced by u,,. Clearly, the derivative u,, =0 on B, N {x, <0, y =0} in the trace
sense in H!(B,, |y|%), and so we obtain that u ; 18 a weak solution in B, to equation (A.8).

Because the domain Bj \ {x, < 0,y = 0} is not required to satisfy an exterior cone condition, we may apply [6,
Lemma 2.4.1] to conclude that there is a positive constant, C = C(n, r, 5), such that

i, 28,y < Clliel g s,y (A.13)
Combining the norm estimates (A.12) and (A.13), we obtain inequality (A.9) witha =¢;, foralli =1,2,...,n — 1.

The statement for all « € N"~! follows by an induction argument. 0

The following asymptotic expansion of homogeneous solutions to equation (A.8) around the origin is a crucial tool
in the proof of Theorem 4.2 above.

Lemma A.3. Lets € (0, 1) and u € H' (By, |y|*) be a homogeneous function of degree 1 + s. Assume that u is a weak
solution to equation (A.8). Then, there exist real constants, cg, c1, ..., Cn—1, Such that
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K n—1
u(x', xp, y) = (xn+,/xr%—|—y2) |:c0 (x,, —s,/x,%+y2> —{—Zcix,-] . (A.14)
i=1

Proof. Because the function u is homogeneous of degree 1 + s, the second order derivatives uy,; are homogeneous
functions of degree —1 + 5. By Lemma A.2, the derivatives Uy;x; are also bounded, foralli, j=1,...,n — 1, and so

Mx,-ijO onBy, Vi,j=1,...,n—1. (A.15)

On B \ {y = 0}, the weak solution u is a smooth function because the operator L, has smooth coefficients and is
locally strictly elliptic (therefore, L, is hypoelliptic). Denoting

Bija:i={(xn, ) €R*|x;+y* < 1/4}), and Bj,:=BinN{y> (<)0},
and defining

ao(n, y) =10, %5, y),  and @i (x, ¥) = uy (0,50, 3), YV (x,3) € By,
we can write the function u in the form
n—1
w(x', xn, y) = ao(n, ¥) + Y @i (tn, )i, (A.16)
i=1
for all (x,,y) € Bli/z and |x'| < 1/2. By construction, the function ay(x,, y) is homogeneous of degree 1 + s, and
the functions a; (x,, y), fori =1,...,n — 1, are homogeneous of degree s. Because u and u,, are weak solutions to
equation (A.8) on By, it follows from [6, Theorems 2.3.12 and 2.4.6] that they are continuous functions on Bj \ {x, =
y = 0}. Thus, the functions a;(x,, y) are continuous on Bj,; \ {x, = 0}. Because they have a positive degree of

homogeneity, it follows that the functions a; (x,, y) are continuous on 53 s, foralli=0,1,...,n—1.
Foralli =1,...,n — 1, we have that

ai(Xn, y) =g, (X', X5, ¥),
for all (x,,y) € B']“—L/2 and |x'| < 1/2, which implies by Lemma A.2 that the function g;(x,,y) belongs to

H! (Bitﬂ, |y|%), and it is a weak solution to equation (A.8) on ch. Moreover, a;(x,, y) is continuous up to y =0
and a; (x,,0) =0, when x,, < 0. Because a; (x,, y) is homogeneous of degree s, it follows that there is a constant c;
such that a; (x,, 0) = ¢;x, when x,, > 0.

Because the functions u € H'(By, |y|?) and a; € Hl(Bfﬂ, [y|%), foralli =1,...,n — 1, are continuous weak
solutions to equation (A.8), it follows from identity (A.16) that the function ag(x,, y) belongs to H 1(3?72, [y]4), and
is also a continuous weak solution to equation (A.8). Similarly to the functions a;(x,, y), fori =1,...,n — 1, the
function ag(x,, y) satisfies the boundary condition ap(x,, 0) = 0, when x, < 0, and there is a constant cg such that
ap(xn, y) = cox, S, when x,, > 0.

Foralli =1,...,n — 1, we now show that a; (x,, y) can be written is the form

S
o
aj(xp,y) = 2—; <xn +/x2+ y2> . (A.17)

In polar coordinates, we can write the function in the form a; (x,, y) = b; (r, ) = rf¢; (0). Because L,a; =0 on Bliﬂ,
we obtain that the function ¢; () satisfies the second order ordinary differential equation

sin6 @gg + acos6 gy + (as + (1 + s)2) sinf=0 on (0,0),
with Dirichlet boundary conditions
Ci
p0) = > and  ¢(7) =0,

and so, it has a unique solution. A direct calculation gives that the function

0(0) = %(cos@ £, voelo 1]
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satisfies the preceding conditions. Thus, the function a;(x,, y) indeed takes the form (A.17).
A similar argument implies that the function ag(x,, y) must take the form

ao(xn,y)=ﬁ<xn+,/xﬁ+y2) (xn—s,/x,%—i—yz). (A.18)

Identities (A.18), (A.17) and (A.16) give us the precise form (A.14) of the function u(x). This concludes the proof. O
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