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Abstract

This work is devoted to the study of nonvariational, singularly perturbed elliptic equations of degenerate type. The governing
operator is anisotropic and ellipticity degenerates along the set of critical points. The singular behavior is of order O (%) along

e-level layers {ue ~ €}, and a non-homogeneous source acts in the noncoincidence region {ue > €}. We obtain the precise geo-
metric behavior of solutions near e-level surfaces, by means of optimal regularity and sharp geometric nondegeneracy. We further
investigate Hausdorff measure properties of e-level surfaces. The analysis of the asymptotic limits as the € parameter goes to zero
is also carried out. The results obtained are new even if restricted to the uniformly elliptic, isotropic setting.

© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we develop a systematic approach to study local geometric properties of solutions to singularly
perturbed equations of the form

Fe(X, e, Vite, D*ue) =0, (1.1)

taking place within a generic domain in the d-dimensional Euclidean space, 2 C R?. We focus our analysis to
reaction-diffusion models with singular behavior near e-level surfaces. The diffusion process is anisotropic and de-
generate as Vu, ~ 0. Motivations for the study of singularly perturbed problems as in (1.1) come from the several
fields of applications: population dynamics, boundary transition layers, fluid mechanics, theory of combustion, certain
chemical reactions, heat propagation, free boundary problems, approximating singular PDEs, segregation problems,
etc.
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Singular perturbation theory refers to a rich set of methods, ideas and technics for the study of problems involv-
ing infinitesimal parameters. Such a situation is rather common in applications and this fact has fostered a massive
development of the theory, whose primary ideas go back to the early 19th century. Singular perturbations are particu-
larly important in the study of physical problems modeled by partial differential equations. Through the last decades,
several methods have been invented to tackle PDE problems involving singular perturbations: matched asymptotic
expansions, WKB approximations, periodic averaging, the method of multiple scales, etc. Nowadays singular pertur-
bation theory is a well established, very active and rich field of research for mathematicians, physicists, engineers,
among other scientists. For a comprehensive reference on singular perturbation theory, we refer the readers to the
book [12].

For the models treated in this work, the singular behavior of the perturbed equation (1.1) is of order O (e_l) near
e-level surfaces I'c = {u. ~ €}. The diffusion of the governing operator degenerates along the a priori unknown set of
critical points, € :={X € Q | V¢ (X)| = 0}. A typical example is the class of operators %), ¢ = |[V$|¥ A¢, for y > 0.
When y > 0, the operator is non-variational and degenerate elliptic. The magnitude of the degeneracy is measured
by the parameter y; the bigger the value of y more degenerate the operator is. This feature impels less efficient
smoothing effects on the diffusion process and the regularity theory for such class of operators is more involved
from the mathematical view point. In turn, our goal in this work is to establish analytic and geometric properties
of nonnegative solutions to (1.1) that are uniform-in-e. Such estimates will then allow us to understand asymptotic
limiting problems obtained as the infinitesimal parameter € goes to zero.

Singularly perturbed methods are also useful tools in the study of elliptic and parabolic equations with singular
(blowing-up) potentials. Variational, isotropic singular PDEs often arise from critical point theory of nondifferentiable
functionals. The study of non-variational singularly perturbed PDEs is more delicate than its variational counterpart,
mainly due to lack energy estimates and monotonicity formulae. Uniform elliptic singularly perturbed problems com-
ing from the theory of flame propagations have been treated in [5], pioneering a large literature on the subject, see
also [20]. Non-variational equations with singular (blowing-up) potentials were addressed in recent works, [18,11]
and [2].

General, singular perturbed equations ruled by anisotropic and degenerate elliptic operators — object of study of this
paper — present several new difficulties in its mathematical treatment. Loosely speaking, solutions of such equations
carry two unknown regions of singular behavior, namely the set of critical points € and the actual physical free layer
of transition, {u#€ ~ €}. A central part of the program is then to show that near e-level surfaces, I, it is possible to
control u€ by ~ dist(X, I'¢). The upper control concerns optimal Lipchitz continuity of solutions independent of «;
whereas the control by below reflects a geometric nondegeneracy property. Heuristically, such a fine geometric control
on u. —independent of € — implies that, in measure, the two free boundaries do not intersect each other. Implementing
the heuristics explained above involves a number of technical steps and new tools, which ultimately produce results
that are original even in the isotropic, non-degenerate case, y = 0.

We must highlight that the analysis of anisotropic problems treated here are indeed rather more subtle than the
isotropic case. For instance, even though the limiting equation of problems modeled by |Vv|” Ave ~ e~} X{ve<e) 18
simply the Laplace equation within the set of positivity, Av = 0 in {v > 0}, the anisotropy of the singular perturbation
leaves its signature along the limiting transition boundary. It effects the expected linear behavior of the limiting
function along d{v > 0} — see the comments at the beginning of Section 7.

The paper is organized as follows. In Section 2 we discuss the mathematical set-up for the singular perturbed
problem to be studied. In particular the appropriate notion of solution is introduced at the end of that Section. Non-
degeneracy properties of Perron’s solutions are proven in Section 3 by means of useful barrier constructions. Optimal
gradient bounds, uniform-in-¢, is derived in Section 4. In Section 6 we derive uniform Hausdorff estimates of {u€ ~ €},
in particular we show that 724~ ({u€ ~ €} N B,) ~ r?~!. The asymptotic limit as € — 0 is studied in Section 7.

2. Mathematical set-up

We start off this Chapter by introducing the basic set-up we shall work on in this article. By Sym(d) we denote
the space of d x d real, symmetric matrices. Given two positive numbers 0 < A < A, we denote the Pucci extremal
operators by
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ME ) =2 Y e | +A[D e,

e; <0 e; >0

MM =2 > e | +A D e,
e; >0 e; <0
where e; = ¢;(M) are the eigenvalues of symmetric matrix M. An operator F': Sym(d) — R is said to be
(X, A)-uniformly elliptic provided

M A (M) < F(M +N) — F(M) < M, (M); 2.1)

holds for any M, N € Sym(d). Throughout this paper, F' will always denote a (A, A)-uniformly elliptic operator. With
no loss of generality we shall always assume the normalization condition

F(0)=0.

Existence and regularity theory for solutions to uniform elliptic equations has been a central topic of research since
the late 70s, when Krylov—Safonov Harnack inequality [16,17] paved the way to such a rich subject. It is now well
established that under the monotonicity assumption encoded in (2.1), the language of viscosity solutions provides
an appropriate notion of weak solutions, [8]. A consequence of Krylov—Safonov Harnack inequality is that viscosity
solutions to the homogeneous equation

F(D*u) =0,

are of class C1+%, for some 0 < & < 1 that depends only upon dimension and ellipticity constants, see [4, Chapters 4, 5].
Under concavity assumption on F, Evans and Krylov proved that solutions are classical, i.e., of class C 2 see for
instance [4, Chapter 6]. Regularity theory for fully nonlinear, non-homogeneous equations, F (D%u) = f(X), is more
involved, and it has been treated by Caffarelli in his epic marking article [3]. In [21], optimal modulus of continuity
has been provided under appropriate conditions on the coefficients and integrability properties of f. For existence
results, see [9]. The corresponding theory for fully nonlinear elliptic equations of degenerate type

|Vul” F(D*u) = f(X), (2.2)

is more recent and it has received a warm attention through the last decade, see [6,10,13—15,1] among several other
works on this subject. It has been shown [14,1] that viscosity solutions to (2.2) are also of class C LA, provided f

is bounded. In fact [1] shows that if F is concave, then solutions are precisely of class C l’ﬁ, and such estimate is
optimal.

In this current article, we are interested in singularly perturbed equations ruled by degenerate elliptic operators as
in (2.2), i.e., our goal is to study weak solutions to

{ |Vu€|” F(D?u€) = ¢e (X, u¢) in Q,

0 <u® < Ko, @3

where y > 0 is a degeneracy parameter, F': Sym(d) — R is a fully nonlinear, uniformly elliptic operator. The reaction
term, ¢, represents the singular perturbation of the model. We are interested in singular behaviors of order O (e’l)
along e-level layers {u, ~ €}, hence we are led to consider singular reaction terms & : 2 x Ry — R satisfying

B
OSCG(XJ)S?X(O,e)(I)Jr‘f, V(X,1) e 2 xRy, (2.4)

for nonnegative constants &, ¢ > 0.
Clearly ¢ = 0 satisfies (2.4), so as to assure that the reaction term is genuinely singular, we shall also consider the
following non-degeneracy condition:
inf e¢(X,et):=1>0, 2.5
Qlif, €5 (X, €n 2.5)
for some 0 < a < b, and some ¢ independent of €. Heuristically, (2.5) says that the singular term behaves asymp-
totically as ~ e~! X(0,e) Plus a nonnegative noise that stays uniformly bounded away from infinity. Singular reaction
terms built up as approximation of unity
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1
B (X.1)i= 1 (é) +ge(X), 2.6)

are particular (simpler) cases covered by the analysis to be developed herein. Indeed, for such approximations, ¢ is
a nonnegative smooth real function with supp ¢1 = [0, 1], and 0 < cp < g¢(X) < ¢ Ultis plain to check that the
reaction term written in (2.6) does satisfy (2.4) and (2.5).

Throughout this paper we deal with Perron’s solutions of equation (2.3). That is, given a subsolution u® and a
supersolution u° of equation (2.3), for which the following inequality u® < u° on 9% is verified, a Perron’s solution
is the least supersolution lying between u° and u®. Note that comparison principle assures u® < u® pointwise in Q.

Given a sufficiently regular boundary datum ¢ on 92, a pair of subsolution and supersolution solutions can aways
be obtained by solving the

|\Vul|Y F(D*u’)= sup ¢ and |VZ®|’F(D*@®)= inf ¢ ing, (2.7)
Qx[0,00) Qx[0,00)

satisfying u® = u® = ¢ on 9. Existence of solutions of (2.7) follows for instance by [7, Proposition 2 and Proposi-
tion 3].

Once fixed a pair of subsolution and supersolution solutions of equation (2.3), the following general procedure
yields existence of Perron’s solution:

Theorem 2.1. Let g : Q x [0, 00) — R be a bounded function, and uniformly Lipschitz in [0, 00). Assume F: Q x
R? x Sym(d) — R verifies the monotonicity condition
F(X,p,N)<.F(X,p, M), (2.8)

forany p e R, a.e. X € Qand all N, M € Sym(d) verifying the N < M. Assume a priori C%% estimates for viscosity
solutions F (X, Vu, D*u) = f(X) € L™ and that the equation

F(X,Vu, D*u) = g(X, u) (2.9)
admits subsolution and supersolution u, i € C°(Q) respectively, with u =u = ¢ € W>*(3Q), then the function

v(x) = ui}relgw(x) (2.10)
is a continuous viscosity solution to (2.9), satisfying u = ¢ in 02, where

8= {w € C(§) | w is a supersolution to (2.9), andu < w < ﬁ} ,

Proof. By looking at the equation (2.9) as
[ﬁ(X, Vu, D*u) — )Lu] + (hu—g(X,u)) =0,
let us denote the following operator
Aylul = o (X, u, Vu, D*u) := F (X, Vu, D*u) — 2u + f(X).
Observe that <7y enjoys comparison principle, see for instance [7]. Also, we define
h(X,z):=xz—g(X,2) (2.11)

for some number A > O sufficiently large such that V,h > A — V, g > A/2.
Now, we argue by finite induction. Let us consider ug := u and for each integer k > 0, define u;1 as the solution
of

2.12)

Ay (X,u,Vu,D*u) =0 in
u=¢ on 0%,

where fi(X) := h(X, ux(X)). We claim for each k > 0, uy < uy41 pointwise in €2. Indeed, by (2.12) we note that
g [u1] =0 < @/, [up] in the viscosity sense and so, comparison principle implies ug < u; in Q. Now, we suppose
up—1 < uy in Q. By taking A > O sufficiently large in (2.11), & becomes increasing in the variable z which guarantees



D.J. Araiijo et al. / Ann. I. H. Poincaré — AN 34 (2017) 655-678 659

g (k1] =0 < @5 [uy] in the viscosity sense. Hence, applying comparison principle once more we conclude uy <
Uk in Q.

Similarly for each k > 0, we verify u; < u holds pointwise in €. In fact, for ?(X) = h(X,u(X)) we have
42%?[141] >0> %?[ﬁ] in the viscosity sense, so #; < u in Q. By assuming u; < u in 2 and taking account that
,szf?[ukJr 11=>0> M?[ﬁ] in the viscosity sense, we obtain u41 < u in 2. Therefore, we derive the following increas-
ing sequence

u=ug<u; <up<---<ug<ugy1 <---<u in Q.

By a priori C%¢ estimates, up to a subsequence {uy} converges locally uniform to a function u, defined pointwise
in Q. In addition, passing to another subsequence if necessary, .27y, converges locally uniformly to

Aooltt] = F (X, Vu, D*u) — A+ h(X, o),
and thus u is a viscosity solution of
F(X,Vu,D*>u)=g(X,u) in Q.
It remains to check that u, satisfies (2.10). For each v € § and k > 0, we obtain
g lv] = F(X, Vo, D?v) — (h(X,v) — h(X,uz)) — g(X, v). (2.13)
Inductively, let us analyze the case k =0 in (2.13). Since ug = u < v in €2, we obtain
Ayl =0> F(X, Vv, D*v) — g(X,v) = o[ v]
in the viscosity sense. Thus comparison principle implies u; < v in Q. Analogously, for u; < v we obtain
A k1] =0> g [v]

and so ux41 < v in Q2. Therefore for any positive integer k there holds u; < v in 2 and by passing the limit as k — oo
we reach

Uso(x) = inf v(x),
ves
and the Theorem is proven. 0O

Henceforth, it is set for this paper that for each ¢ > 0 fixed, u#, always denotes a nonnegative Perron’s solution of
the singularly perturbed equation

|Vol? F(D*v) = (X, v) in Q. (Ee)

We conclude this section with a comment on the non-negativity assumption on Perron’s solution. Initially we note
that, if one assumes

Ce(X, 1) =0fort <0, (2.14)

then any solution to ( £, ) with nonnegative boundary value is nonnegative inside €2, and hence entitled for our analysis.
Indeed, suppose for the sake of contradiction, that v solves (E.) in the viscosity sense, v >0 on dQ2 and A" :={X €
Q | v(X) < 0} is nonempty. Clearly v =0 on 3.4 N © and, since v > 0 on 9<2, we conclude v > 0 on 3.4". Now,
in view of (2.14) and [14, Lemma 6], we conclude v satisfies F' (Dzv) =0, in .4/, which gives a contradiction to the
maximum principle and the definition of 4.

More generally, if one assumes solely condition (2.4), it is still possible to construct a nonnegative subsolution
to (E.), provided we have “enough height”, i.e., the infimum of the desired boundary datum ¢ is big enough. In-
deed, within a ball Br(Xy), for parameters L > 1 and 0 < o < 1 to be chosen a posteriori, define w(X) = w(r) :=
L|X — Xo|*. Direct computation shows that

\Vw|” ;"\ (D*w) = (@L)"7 [A(d — 1) = A(1 — )] r @~ DL (2.15)

Thus, if we choose
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2 (2.16)
o= N .

equation (2.15) becomes
A 1
(Vo A (DPw) = (1 = )7 a(d — 1 - E)r—%(lﬂ)“). (2.17)

Next, we note that

{wsa}={|X|s(§)2i—A*},

and then, in {w < ¢}, there holds
A(1+y)+2A
e\~ "o A
|VW|V=//A_A(DZW) > LY (E) e >—4%,
’ e

provided L is chosen properly. Another choice for L, which depends only on R and ¥, assures the desired inequality
outside {w < &}.

3. Scaling barriers and geometric nondegeneracy

As explained in the introduction, the first key difficulty in dealing with singularly perturbed degenerate equations
is to prevent degeneracy along the transition layers. The appropriate tool for such a task is a geometric nondegeneracy
estimate.

In this Section, we show that solutions grow at least in a linear fashion away from e-level surfaces, inside {u€ > €}.
This implies that in measure the two free boundaries do not intersect. The proof shall be based on appropriate barrier
functions. We carry out a more general construction for future references. To this end, we shall look at degenerate
elliptic equations of the form

IVul" M\ (D*u) =¢(X,u),  inRY,
where the reaction term satisfies the mild non-degeneracy assumption:

inf ¢(X,t)>0. 3.1)
R4 x[a,b]

Fixed 0 <a < b < 1, for @ and A¢ positive numbers to be chosen a posteriori, we consider the radially symmetric
function ®: R? — R defined as follows,

a for 0<|X|<L;
OL(X):={ Ao(XI-LY+a for L<|X|<L+, /% 3.2)
V(L) —¢(L)|X|™* for |X|2L+,/I’A;Oa.

Under the following choices,

1+o o
b(L) = %,/(b—a)Ao <L+ /bALOa) and (L) :=b+¢(L) <L+ b;()a) : (3.3)

itis possible to verify that ©f, € Cllo’c1 (R9). So, we can compute the second order derivatives of ®; almost everywhere.

Our first aim is to show, provided the appropriate parameters, that ®, satisfies pointwise

IVOLX)I" M, (D*OL(X)) <¢(X,0(X)) in RY (3.4)

Indeed, clearly for 0 < |X| < L the above inequality is verified. In the region L <|X| < L 4,/ }’A;:, we have

b—a
IVOL(X)| =2A0 (IX| — L) <2A0 Ao =2/ Ao(b —a)
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and
1 (IX|-L)

(IX| - L)
X2 xP

Id} <4Aq-1d.
|X]

D2®L(X)=2AO[( )X®X+

Therefore, by using the estimates above, we obtain

IVOLX)Y M, (D*OL(X)) < 4dAA¢ (2v/ A —a))” .
Moreover, by construction

a<0Or(X)<b
and so, for Ag sufficiently small, we get

IVOLGO MH(D?OL(X)) = inf ¢(X.1) <{(X,OLX)).
R4 x[a,b]

Finally, let us turn our attention to the set | X| > L + ./ bA;O“. Direct computation shows

_e+2

D*©L(X) = ap(L)|X[~@+? ( XP2

X®X+ Id)
hence,

M A(D*OL(X)) <ag(L)|X]™ 7P (—(a+ DA+ (d — DA).

Finally, taking

> (d 1)A 1
o> (d-— ~ b
we get
IVOLX)" M, (D*OL(X)) <0< (X, O0L(X)).

Therefore, ® satisfies (3.4).
To complete the analysis of the supersolution ®;, we will show that for some universal «g > 0, there holds

OL(X)>ko-4L for |X|>4L, (3.5)

where L > Lo := /%2, In fact, by (3.3)

o) )E
X|>4L>2(L+Lo)=2 | ———
|X|=4L >2(L + Lo) (w(L)—b

and hence,

OLX)=v (L) —¢L)|X|™* =Y (L) =27 (L) — b) = Co ¥ (L),
for @ > 1, therefore,

Or(X)>ko-4L

where ko > 0 depends on «, d, A, X and (b — a).

As to establish lower bounds on the growth speed of solutions to (E,) inward the set {u€ > €}, the strategy now is
to consider appropriate scaling versions of the universal barrier ®r. Hereafter, we will denote the distance of a point
in the non-coincidence set X € 2 N {u€ > 0} to the approximating transition boundary, I'¢, by

d.(Xo) = dist(Xo, {u¢ < €)).
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Rd

Fig. 1. Graphic illustrating the scaling barrier argument.

Theorem 3.1. Let {u}e~q the Perron’s solution of (E.). There exists ¢ > 0 depending on universal parameters such
that, for Xg € {u€ > €} and 0 < € K d.(Xo) < 1, there holds

u(Xo) > ¢ - de(Xo).

Proof. With no loss of generality, let us assume 0 € {u€ > €}. We set
_de(0)
T2

and consider the reaction term

€lc(eX,et), ifeXeQ
L otherwise.

Z(X, 1) :={

Given the universal barrier ®, built-up above, we define

X
O (X) :=e~®% (—)

€
Easily one verifies that the scaled barrier ® satisfies
IVO|” F(D*O¢) < ¢e(X, O),
and by (3.2) and (3.5), one simply checks that for 4Lge < n (see Fig. 1),
Oc(0)=a-e¢ and Ocl,, >«Kon. (3.6)
n
Now, we claim that there exists a Zo € 0B, such that
Oc(Zo) < u(Zy). (3.7
In fact, if we assume ©, > u* everywhere in 9 B, then the function
v€ :=min{O®, u*}
would be a supersolution to Eq. (E.), but v€ is strictly below of €, which contradicts the minimality of €. Therefore,
by (3.6) and (3.7), we obtain
Kkon < Oc(Zo) < u(Zp) <supu®. (3.8)
B'?

In addition, u€ solves
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co < IVu|Y F(D*u) < ¢y' in By,

So, by Harnack inequality, see [14], we get

€ € 2+_V ﬁ
supu® < C (u(0)+ 2n) ey |,
B']

and by (3.8),
1
u¢(0) > (K() - CCOHV nm> n.
Finally, taking > O universally small, we have

u(0) >cn,

forsome 0 <ck1l. O

4. Lipschitz regularity

663

In this Section, we derive uniform gradient estimates, which in particular provides compactness in the local uniform

convergence topology. In view of the results proven in Section 3, such an estimate is indeed optimal.

Theorem 4.1 (Uniform Lipschitz Estimate). Let {u€}¢~q be a solution of (E.). Given Q' € Q, there exists a constant

Cy depending on dimension, ellipticity constants and on @', but independent of € > 0, such that

[Vu€ll Loy < Co.

Proof. Initially we analyze the closed transition region {0 < u€ < ¢} N Q’. For € « dist(Q/, 0Q), fix Xg € {0 <u€ <

€} N Q' and define the auxiliary function
1
v(¥):=-u*(Xo+¢€Y) in Bj.
€
Direct computations show that v satisfies
IVu(Y)|” Fe(D*v(Y)) = € (Xo + €Y, u (Xo+ €Y)) =: fe(Y) in By,
where Fc(M) :=€¢F (e’l M). It follows readily from (2.4) that
0= fe(¥) =(#+€€) <C..
Thus, from the C1-® regularity estimates ([14], see also [1]), we have
1
Vo)) = € { Il + €7}

for some universal constant C > 0. Since,

v(0) = éue(Xo) <1,

it follows by Harnack inequality [13] (see also [15]) that
lvllLoosy ) < C,

for a universal constant C > 0. Combining (4.1) and (4.2) we get
|Vu (Xo)| = [Vv(0)| < Co,

for some Cq > 0 independent of €.

We now proceed our analysis as to cover the open region {€ < u¢} N '. For that, let us label

Fe:={XeQ |u"(X)=¢€},

A.1)

4.2)

4.3)
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and fix a generic point X inside {e < u¢} N Q. In the sequel, we compute the distance from X to I'c and call such a
number r, i.e.,

ri=dist(X, Te).
Define the renormalized function v, : B; — R as

v (Y) := M

One easily verifies that such a function solves
IVurl? Fr(D*0r) = r&e (X1 +rY,u (X1 +rY)) = g(¥),

in the viscosity sense, where as before, F, (M) :=r F(r~'M). From geometric consideration, u(X| +rY) > e, for
all Y € By, thus, it follows from (2.4) that g(Y) is bounded, independently of €, i.e.,

lgllLeo(ny) < Ko
for a constant K that depends only on %, % and diam(2'). Applying once more C !¢ regularity estimates from [14]
and [1], we conclude

€ _ 1 € #
[Vu (X)) =V (0) < C ;Ilu —€llLoB,x1) + K . 4.4
Now, let Zg € I'c be a point that realizes distance, i.e.,

r=|X1— Zol.

We will select 0 < r < rg < 1 a posteriori to be universally small. From the Lipchitz regularity estimate early proven
for points within {0 < u€ < €}, estimate (4.3), we know

IVu(Zo)| < Co. 4.5)
Let us label

= inf (u€ —e),
Br/2(X1)

and for M > 1 to be chosen a posteriori, define the auxiliary function in B, (X1) \ B,/2(X1) by

0(2) = Zyr—r" (|Z—X1|_M—r_M). (4.6)
Recall that according to Theorem 3.1
S >cr, 4.7)
for € <« r. Direct computation yields
7 I+y
IVol” M; 5 (D*0) > [M(M + 1) — A(n — )] (2M — lrM : M> pm MDY —(M+2) (4.8)

in B, (X1) \ By/2(X1). We now choose M universally large so that

A
AMM+1)—An—1)> EM’
and in the sequel, taking into account (4.7), we restrict the analysis to 0 < r < rg, for
B M2+}/
=
"0 =0 0oM )

where § is a positive, small constant that depends only on universal parameters. With such a universal choices made,
we verify, in the viscosity sense,
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{(uf > €}

Fig. 2. Barrier for geometric upper control of the grow rate.

[Vol” F(D?0) = [Vo|" M, (D*0) = %, 4.9)
those, from construction and maximum principle, we have ¢(Z) < u*(Z) for all points Z € B;(X1) \ Bg/2(X1). (See
Fig. 2.)

We estimate

d S

e L2 (4.10)

dt li=r r
Hence, we from (4.5) and (4.10), we have

d 54
Coz —dhue(Zp) = 2| zc=. @.11)
dt li=r r

It also follows from the scaled Harnack inequality [14] that
||I/t€ —€||L°°(B,/2(X|)) SC{j+r2+y(€}_ (412)

Finally, combining (4.4), (4.11), and (4.12), we establish gradient boundedness at interior points of {¢ < u¢} N Q' and
hence the proof of Theorem 4.1 is concluded. O

One should notice that for each € > 0, solutions u€ are indeed locally of class C Le For instance, when F is
L . . .
concave, it follows from [1] that u€ € Cloéﬂ . Nonetheless, for any tiny 0 < 8 < 1, near internal e-layers, one verifies
that

lim ||u€|c1.p = +o00.

€—>00
On the other hand, Theorem 4.1 implies that the Lipschitz norms of u€ remain bounded, independently of €. In such
a perspective, this is an optimal estimate.

5. Geometric consequences

In this intermediary section, we discuss some geometric consequences of the sharp control of solutions, established
in the previous two sections. An immediate consequence of Lipschitz regularity, Theorem 4.1, and Theorem 3.1 is the
complete control of u€ in terms of d¢(Xp). (See Fig. 3.)

Corollary 5.1. Given a subdomain Q' € Q, there exists a universal constant C = C(2') > 0 such that for Xy €
Q' N{u¢ > €} and € K d.(X), there holds
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{uf > e} Ie {uf <e}

Fig. 3. Picture representing a slice of the graph of u¢ controlled from above and from below by ~ d¢ — result established in Corollary 5.1.
C™'de(X0) < u(Xo) < Cde(Xo).

Proof. The inequality from below is precisely the Theorem 3.1. Now take Yy € a{u€ > €}, such that |Yy — Xo| =
d<(Xp). Thus, follow from Theorem 4.1,

u(Xo) < Cde(Xo) + u®(Yo) < C de(Xo),

and the Corollary is proven. 0O

Now we prove that minimal solutions are strongly non-degenerate near e-level sets. It means that the maximum
of u¢ on the boundary of a ball B, centered in {u€ > €} is of the order of r. This is an additional and important
information about the growth rate of u€ away from e-level surfaces.

Theorem 5.2. Given Q' € , there exists a universal constant ¢ > 0 such that, for Xo € {u€ > €}, € K€ p K 1, there
holds

cp< sup u<c '(p+u(Xo)).
B,(Xo)

Proof. As in the proof of Theorem 3.1, taking ®.(X) = €®4L (X), we have
u(Z) > 0c(2),
for some point Z € d B, (X(). To conclude, we note that

K-p<0O(Z) <u(Z)< sup u‘.
B, (Xo)

The upper estimate follows directly from Lipschitz regularity. O

Remark 5.3. Given Xg € {u€ > €}, € < p and p < 1 universally small, we have from strong non-degeneracy that
there exists Yy € B,(Xo) such that

u®(Yo) > cop.

By Lipschitz continuity, for Z € By, (Yp), we get
u(Z) — Cxp > u(¥Yp).

Then, by estimates above, it is possible to choose 0 < x < 1 universally small such that
Z € By(Yo) N B,(Xp) and u(Z) >e.

Finally, we conclude that there exists a portion of B,(X() with volume in order ~ pd within {u€ > €} (see Fig. 4). By
this fact, we are ready to obtain uniform positive density along level sets of minimal solutions to Eq. (E).
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{uf > €} LmT T TS

~ o _ {uf < e}

Fig. 4. Geometric idea of the proof of Corollary 5.4.

Corollary 5.4. Given Xg € {u€ > €}, € K p and p < 1 universally small, there exists a universal constant 0 < co < 1
such that
L4(By(Xo) N {u€ > €})
L4(B,(X0))

=co,
where L (A) is the Lebesgue measure of the set A.

Proof. Following the lines of Remark 5.3, we check

LB, (Xo) N{u€ > n}) = LB, (X0) N Bip(Yo)) = co £L4(B,(X0)),

for some universal constant 0 < cp < 1. O

Corollary 5.5. Given X¢ € {u€ > €}, € < p and p < 1 universally small, then

][ udX >cp
B, (Xo)

for a universal constant ¢ > 0 which does depend on €.

Proof. Asin Remark 5.3, there exists a universally small constant 0 < ¥ < 1, such that

][ uEdXsz][ u‘dX >cp
B, (Xo) B, (X0)NBkp (Yo)

for a universal constant 0 < ¢ < 1 and some Yy € {u€ > ¢€}. O
6. Hausdoff estimates

In this section, we establish Hausdorff measure estimate of the approximating level sets. A necessary condition
for the study of such an estimate is to impose the nondegeneracy of the reaction term propagates up to the transition
boundary. Hence, hereafter in condition (2.5), we shall take a =0, i.e.,

inf €l.(X,et) :=1>0, 6.1
Qi €Ce(X, €r) (6.1)
for some b > 0 will be enforced. A condition at infinity on the governing operator F is also required in the Hausdorff
estimate analysis. We shall discuss such a condition when time comes.

Our next result says that, in measure, the Hessian of an approximating solution blows-up near the transition bound-
ary as € — 0.

Proposition 6.1. Fix Q' € Q, C > 1 and p < dist(Y/, 9Q2). There exists €y > 0 such that, for € < € there holds
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/ (¢e(X,u) —C)dX =0, (6.2)

By (Xe)

forany X € 0{u® > e} N Q.
Proof. Let us suppose, for sake of contradiction, that there exists Co > 0 and p < dist(2’, 3$2), such that
/ (Cee (X, u*) — Cp)dX <0, (6.3)

By (Xi)

for points X, € 0{u* > ¢} N Q" and a sequence € — 0 as k — oo. Let us define

b
v (Y) = —uek(Xek +eY).
€k
From uniform Lipschitz regularity, we know

lvkllLees,) < Ci.

From (6.3) we obtain

/ ((ekb_l) o (X + e, ecb™ up) = Coegh™ ) dX <0 (6.4)
B,O/fk
Easily we verify that vy is a Perron’s solution to
IVoel” Fi (Do) = exb ™ b (X + exY, exb™ o) = e (X),
where Fy(A) =€ F (e, U_#) has the same ellipticity constants as F' and

B+C
PR

independent of €. From C La estimates, [14,1], up to a subsequence

IfellLoo(Bye) =

Iim vy =: Voo,
k— 00

in the C1

loc

(B,) topology. Combining (6.1) with (6.4), we deduce that
either voo =0, orelse wve > b, everywherein B,,. (6.5)

As v (0) = b for all k € N, we have that v, (0) = b > 0, 80 v can not be identically zero. If vo, > b, we have that 0
is a minimum point, which give us a contradiction by nondegeneracy, i.e.

0= Voo (0)| = [Vug (0)| +-0(1) = ¢ > 0,

and the proof is concluded. O

Heuristically, Proposition 6.1 implies that near the transition boundary, the governing operator F gets evaluated at
very large matrices. Such an insight motivates the following structural asymptotic condition on the governing operator:

Definition 6.2. We say a uniform elliptic operator F : Sym(d) — R is asymptotically concave if there exists a positive
matrix % = (fij)axa and a constant Cr > 0, such that

tr(¥# - -M)— F(M)>—Cp, (AC)
for all M € Sym(d).



D.J. Araiijo et al. / Ann. I. H. Poincaré — AN 34 (2017) 655-678 669

This is a generalization on the classical concavity assumption on F', required for instance in the Evans and Krylov
C? regularity theorem. Improved regularity estimates for viscosity solutions of asymptotically concave equations
were proven in [19]. Condition (AC) has shown to be a proper assumption on the governing operator F required in the
Hausdorff estimate analysis. Hence, hereafter in this Section, we assume the governing operator F' is asymptotically
concave.

It is interesting to notice that if u€ is a Perron’s solution to (E.) then one verifies in the viscosity sense

F(D*uS) = (X, u$)|Vus|™” in {u€>e}NQ, (6.6)

for any Q' € Q. Hence, by non-degeneracy and Lipschitz regularity and asymptotic concavity of the operator, i.e.,
(AC), for X, € {ue > €} N Q' there holds
/ fijus;dX > / (Ce(X, uS)|Vus|™Y = Cp)dX =C, ” / (¢e®) —CpCy)dX,
B,(Xe) B, (Xe) B, (Xe)

where Cy > 0 comes from the universal control on the Lipschitz norm in B,(X.). Here the expression f;; ufj is
understood in the viscosity sense. Thus, combining the estimate above and the Proposition 6.1, we obtain

/ fijui;dX >0, (6.7)

fore <« 1.

Lemma 6.3. There exists a constant C > 0 depending on Q' € Q and universal parameters such that, for each
X €0{ut > e} NQ and p K 1, there holds
IVus>dX < Cup?='.

By (Xe)N{e<u® <u}

Proof. We define the following cut off function,

Cie in {u€ <Cie};
®“=1{ u¢ in {Cie <uf <ul; (6.8)
noin {u€ > u}.
Estimate (6.7) gives

1 . .
0< / CDEf,-jDiju‘dX=; / fijDiu @€ (X — XDHyd =" — / fijDi®DjucdX

Bp(Xe) 9B, (Xe) By (Xe)
and hence,
1 . .
fijDiuDjucdX < p / fijDiu (X' — XDy doa'" (6.9)
By (Xe)N{e<u® <u} 9B, (Xe)

Using the regularity of € and ellipticity, we get
IVu?dX < Cpp™,

By (Xe)N{e<u® <u}

forpk1. O
Given a measurable set G C R? and a positive number § > 0, we denote:

M5(G) == {X e R? | dist(X, G) < 8},

the 8-neighborhood of G in R?. As we move towards uniform bounds of the .7#?~!-Hausdorff measure of the level-
surfaces d{u > €}, we recall a classical result from measure theory.
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Lemma 6.4. Given an open set A € 2, there holds:
a) If there exists & such that A has the §-density property, then there exists a constant C = C(t,d), where:

1
A5 A) 0 By(X)| < | A5(0A) N B, (X) N Al + Cop™!

with X € 0ANQ and § K p.
b) If A has uniform density in Q along A, then |0A N Q| =0.

In the sequence, we obtain a d-dimensional measure estimate on e-level layers, that are uniform with respect to the
infinitesimal parameter €.

Lemma 6.5. Fixed Q' € 2, there exists a positive constant C* depending on Q' and universal parameters, such that
if C*u <2p < dist(', 0Q) then, for ., € > 0 small enough, with 3C € < u <K p, we have

L4({Cre <u® <} N By(Xo) < Crup™,
where X, € 0{u€ > e} N Q/, with d.(X¢) < dist(Q', 9Q) and C1 > 1.

Proof. Let {B;} be a finite covering of d{u® > Ci€} N B,(X.) by balls centered at X; € 0{u® > Ci€} with radius
equals C*pu, satisfying

U B <[ N B (X0
j

where n = dist(9€2’, 92) and C* > 0 will be chosen a posteriori. By Heine-Borel Theorem
D xs;=m.
J

We will verify that if C* >> 1 is taken universally large, it is possible to find, another, positive universal constant C;
such that

IVu€|?dX > C2|Bj|. (6.10)
{Cre<u¢<p}NB;

In fact, we shall obtain two families of balls, hereby labeled {le-} and {sz.}, both contained in {B;}, such that:

(A) the radii of B]]. and BJ2. are proportional to , i.e., up to a multiplicative constant that depends only upon 2);
(B) @€ > %M in BJI. and ®¢ < %M in sz., for ®€ as in (6.8).
The existence of the above-mentioned balls goes as follows: by strong non-degeneracy, Theorem 7.5, there exists a

point X; € 1B such that

*

1

u€(X1) =supu>c-
15
1Bj

for a universal constant ¢ > 0. Now, we can select C* >> 1 so large that

1
C*.c>4 and K: = sup |Vu|>—.

Now, if © is small enough, we can take r 11 = ﬁu and rjz = %u as to verify

3 .
€ > Z,u > Cie in le- =Br-l1_(X1)
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and
o <2pu<p in B =B (X5)
=3 w<pu i er j)-
For each j > 0, we define
m . =][ CDG.
Bj
We now claim that the estimate |®€ — m ;| > o u holds in at least one of the two sub balls B!, B2, for some universal
constant o > 0. Indeed, if we assume, for the sake of contradiction, that this is not the case, we could find sequences
X, € le., Y, € BJZ. such that
| O (Xp) —mj| 1 [ D€ (Y,) —mj| 1
—_——<—- and ——M < —
U n u n
Letting n — oo in the above estimates yields
| € (X,) — D(Yy)]
N
u
which contradicts property (B). In conclusion, by Poincare’s inequality, we have

0,

0%l < f 10— mPdx soc i [VeePax.
Bj Bj

and hence we deduce,

IVu€|?dX > C1| Bj|.
{Cre<u€<u}NB;

Finally, applying nondegeneracy estimates once more, we reach
C3de(Z) <uf(Z) < u,

forall Z € {C1e <u® < u} N B,(X¢). We have verified the following inclusion
{Cie <u® <uyNB,(Xe) C /V%M(B{Cle <u‘}N Byy(Xe)):

therefore, enlarging C* if necessary and diminishing i < p by universal proportions, we obtain
{Cre <u < u} N By(Xe) €| J2B) C Bap(Xo).

From (6.10) and Lemma 6.3, we can write

Cappd=! = / Vus Pd X

Bay(Xo) N{Cre<uc <p)

1
> — Vuc*d X
S D
2Bj N{Cre<uc<pu}

>
— 1Bl

C
> — ) {Cie <uf < u}NBy(Xo)l,

v
|

for C4 > 0, a universal constant, which concludes the proof of the Lemma. O
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We are now ready to establish the (d — 1)-Hausdorff estimate of approximating level sets, that are uniform with
respect to the infinitesimal parameter €. This will be performed by a combination of the optimal control we have upon
solutions, together with Lemma 6.5.

Theorem 6.6. Fixed Q' € Q, there exists a universally positive constant C = C (), such that
LU (A Cre <u N By(Xe)) < Cup’™,
for C1 > 1, Xc €9{Cie <u}NQ/, de(X.) K dist(, Q) and Ci€ K p. In particular,
A ({uf = Cre) N By (Xo) < Cp? ™1, ©6.11)

for constants C and Cy independent of €.

Proof. By optimal regularity, for Z € 3{C1e <u} and Y € A5(3{C1€ <u}) N B,(Xe) N{Cie < uc}, there holds
u(Y)<u“(2)+ClIZ-Y| = p+Cé <kp,
for 4 = C § and « > 0 universal. Therefore, the inclusion
[#5(0{C1e <u}) N B,(Xe) N{Cre <u}| C [{Cre <u® <kp}N By(Xe)] (6.12)
is verified. On the other hand, employing Corollary 5.4 and taking § as above, we check that

L4Bs(X) N {u > Cie)) o
Z4(Bs(X)) -

and hence we conclude that 3{u€ > Ce€} has the §-density property. Lemma 6.4 sponsors the existence of the univer-
sal, positive constant M such that

for X € d{u€ > €},

LUMB{Cre <u N By(X) < C2 LUAND{Cre <u}) N Bp(Xe) N{Cre <u})
+ Mapd—17
thus, applying (6.12), we obtain
LUAMO{Cre <u N NBy(X) < Cr.L(Cre <u < k) N By(Xe)) + Mép™!,
for some universal constant C, > 0. Finally for 4 < p Lemma 6.5 yields
L (A0{Cre <u ) N By(Xe)) < Cop™~ !,

for some C > 0.
In the sequel, we take a covering of 9{Cie < u} N B,(X¢) by balls {B;} centered at points along 3{Cie < u®} N
B,(X,) with radius < 1. We can write

UBj c A(Cre <uh) N Byyp(Xo).
Thus, there exist universal constants C3, C4 > 0, such that

AN0{Cre <u}N B, (X)) < C3 ) Area(dB))

C
< fﬂ’wqcle <uY) N Byip(Xe))

< C4Clp+ Wt =CsCp™ +0(1).

Letting u — 0, we finish the proof of the Theorem. O



D.J. Araiijo et al. / Ann. I. H. Poincaré — AN 34 (2017) 655-678 673

7. Asymptotic limits

In this section, we are interesting in geometric properties of a limiting function

u:= lim u%,
k— 00

for a subsequence €, — 0. From uniform Lipschitz regularity the family {«€} is pre-compact in Cl% Cl (€2). Hence, up
to a subsequence, there exists a limiting function u, obtained as the uniform limit of u., as € — 0. One readily verifies
that a limiting function u satisfies

(1) 0<u<Kpin Q;
(2) u e Cp (:
3 0< |Vu|VF(D2u) <%, in {u > 0}, in the viscosity sense.

Let us introduce the following notation:
Fu) :=0{u >0} N Q.
Combining (3) with the sharp regularity estimate established in [14] and [1], it follows that

ueCru> 0.

loc

Such an estimate deteriores as we approach §(u); notwithstanding from (2), the gradient remains bounded, even when
dist(Xop, §(u)) — 0.
In the particular case coming from the homogeneous flame propagation theory:

1 [t
;6 (t) = - C D )
€ \e€
where ¢ is a continuous function supported in [0, 1], then a limiting function satisfies

F(D*u)=0, in{u >0},

in view of [14, Lemma 6]. In this case, even though the gradient degeneracy is no longer present in the limiting
equation, it does leave its signature on the expected linear behavior along the limiting transition boundary. For instance
let us analyze one-dimensional profiles, i.e., limiting configuration of the equation

1" - Ul = Ce(u). (7.1)
Multiplying the above equation by u$dx, we find the differential equality:

S| u - s, dx) = Le(u®).uSdx. (7.2)
However,

d
L) ufdx = —3 (uf),
dx

where 3. (x) := 6‘/6 {(s)ds — [ £(s)ds, as € — 0. Performing a change of variables

us(x)=v = uf . dx=dv,

we can write down:

/u;ufmdxz/lvwvdv.

Thus, computing anti-derivatives in (7.2) and letting € — 0, we obtain for a limiting function u that

W= "y +2) / £(s)ds.
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Taking y = 0, we recover the classical free boundary condition in the isotropic flame propagation theory, see for
instance [5].

Let us continue our discussion on the limiting geometric properties obtained as € — 0 in (E.). Next we show that
at each point Zj in the free transition boundary §(u), there exists a cone like function with vertex Z that traps the
graph of the limiting function.

Theorem 7.1. Let u be a limiting function, u := klim u. Given Q' € Q, for Xo € {u > 0} N Q" with dist(Xg, {u =
— 00
0}) « dist(2', 0RQ), there exists a universal constant C > 0 such that,

C~ldist(Xo, F(u)) < uo(Xo) < Cdist(Xo, F(u)). (7.3)

Proof. From Corollary 5.1, there exists Y, € {0 <u€ < e} N Q' with d.(X) = |X — Y| such that
u(X) = cde(X) =c|X = Y|,

for some universal constant ¢ > 0. Up to a subsequence, Y. — Yy € {u = 0} and hence
u(X) > c|Xo — Yol = cdist(X, §(u)).

The upper estimate follows readily from local Lipschitz continuity of . O

Passing the limit as € — 0 in Theorem 5.2, we the following sharp control on the maximum value of u within balls
of universally small radii.

Theorem 7.2. Let u be a limiting function, u := klim uk. Given Q' € 2, there exist universal positive constants C
—> 00

and rg, such that

Co_lr < sup u < Co(r +u(Xo))
By (Xo)

for any Xo € Q' N {u > 0} with dist(Xy, d{u > 0}) < dist(Xg, dQ") and r < ry.

In the sequel, we show that the set {# > 0} is the limit, in the Hausdorff distance, of {u€ > €} as ¢ — 0. More
precisely,

Theorem 7.3. Let u be a limiting function, u := klim u¢. Given C| > 1, the following inclusions,
— 00

u>0NQ cH({u*>Cigh)NQ and {u%* > Cig}NQ C A{u>0)HNQ,
hold for § < 1 and €} < 6.
Proof. We will prove the first inclusion. Let assume for purpose of contradiction that there exist a subsequence €, — 0
and points X € {u > 0} N ' such that

dist(Xg, {u* > Crex}) > 6. (7.4)
By Theorem 7.2, and taking k£ > 1, we get

1
u*(Yy)= sup u*Xg)>=- sup u(Xy)>cd>Cie
By (X0 2 By (Xp)

for some Yy € B% (X)) N{u > C1€;}, which contradicts (7.4). Similarly, we obtain the other inclusion. O

Theorem 7.4. Given a subdomain Q' € , there exists a universal constants C > 0 and py > 0 depending on Q' and
universal parameters such that, for any Xo € §(u) and p < po, there holds

clp 5][ ud#?='<Cp. (7.5)
3B, (Xo)
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As u satisfies the condition (7.5), we say that u is locally uniformly non-degenerate in §(u). Such property is
another way to rephrase Lipschitz continuity and nondegeneracy of u.

Proof of Theorem 7.4. By Lipschitz continuity, it is easily to check that upper estimate is valid. To prove the lower
inequality, we consider Y, € a{u. > 0}, satisfying

|Ye — Xo| = dist(Xo, d{uc > 0}).

From Theorem 7.3, Y. — Xo. We now can pass the limit as €, — 0 in the thesis of Corollary 5.5 and Theorem is
proven. O

Now, we show that the positive set {u > 0} has uniform density along the free transition boundary §(u).

Theorem 7.5. Given Q' € , there exists a universal constants cy > 0, such that for Xo € () N Q' there holds

ZL4(B,(Xo) N {u > 0})
Z4B,(X0) - (7.6)

for p < 1. In particular, L4 (F(u)) = 0.

Proof. Estimate (7.6) follows as in the proof of Theorem 5.4 and Remark 5.3. By Lebesgue differentiation theorem
and simple covering arguments we conclude the proof of Theorem above. 0O

From this point on, we restrict our analysis to the class of operators satisfying asymptotically concavity, i.e.
the condition (AC). The ultimate goal is to prove that the limiting free transition boundary §(u) has local finite
9~ _Hausdorff measure.

Theorem 7.6. Given Q' € 2, there exists a constant C > 0, depending on Q' and universal parameters such that, for
XoeFw) N,

A1 (F () N B, (Xo)) < Cpd 1.

Proof. From Theorem 7.3, for k 3> 1 large enough, we have

[A45(F @) N By (X0)] C [A5(3{u* > Crex}) N Bay(Xo)].

Assuming, €; <K § K p < dist(€', 3Q2), the assumptions of Theorem 6.6 are satisfied, providing the following esti-
mate on the Lebesgue measure of the §-neighborhood,

LN (Fw) N By(Xp) < C-8p?1.

Let {B;} be a covering of §(u) N B,(Xo) by balls centered at free boundary point on §(u) N B,(Xo) and radius § > 0.
Clearly

B € A w) N Byis(Xo).

In conclusion, there exists a universal constant C > 0 such that
d-1 = [
A @) N By(Xo) = C Y Area(@B)) = ~Z(B))

C
< 33(%(3(@) N Byy5(X0))
<CC(p+8?=cCccp? ! +o(1).

The proof of the Theorem follows by letting § — 0. O
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Fig. 5. Geometry of the 9= _Hausdorff estimate.

The final result we deliver here states that the reduced transition boundary Odreq{u > 0} := §F*(#) has total
4~ -measure (see Fig. 5). In fact we shall obtain an even stronger geometric measure estimate on such a set.

Theorem 7.7. Given a subdomain Q' € Q, there exists a positive universal constant C = C(2), such that for p < 1
and X¢ € §(u), there holds

C™l o=t < 471 (F ) N B,(X0)) < C pdL.

In particular,
A F )\ F ) =0.

Proof. The upper estimate is a direct consequence of Theorem 7.6. Let us focus on the lower control. Initially we
note that for X € {# > 0}, there holds

/ fij DijudX =0, (1.7)
B, (Xo)
for p <« 1 and k > 0 large enough. Now, let us define the normalized function v* : Bj — R by
k(Xo—pX
ok (x) =" (Xo—p )'

By Lipschitz estimates, up to a subsequence, v — v uniformly over compact subsets. We will furnish a special
barrier. For that, let ¥ be a nonnegative smooth function in By, with 4/ = 1 in By/5 and ¥ = 0 outside By /4. Let ® be

the solution to the Dirichlet problem

Ld=—y, in B
o =0, on 0B,

where Lv := tr(f;; D;jv). It follows from classical elliptic regularity theory that

||q)||cl»a(31/2) <C, (7.8)
by some universal constant C > 0. By the maximum principle, ® > 0 in By, and so, Hopf maximum principle yields
fijdi®n;>c>0 along 0B, (7.9)

where 7; is the j-th coordinate of the outward normal vector to 9 By. Applying the generalized Gauss—Green formula,
we derive

/ [orwh —virefax = / {of o0 vt fiy0,0)n; dor™!
{v>0}NB, Orea{v>0}NB;
— / vk fi; 8 n; do?=. (7.10)

{v>0}No B
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By (7.7), there holds

liminf / {dJL(vk)—vkL(CD)}dXz/t//vkdXz/vkdX. (7.11)
—00
{v>0}NB; B Byys

Moreover, from uniform gradient bounds of v k. ellipticity and (7.8), we estimate

®f;j divFn; da?| < Cot ™ (Bealv > 0} N By), (7.12)
red{v>0}NB;

for a universal constant C, > 0. On the other hand,

vk fi i doi = o(1), (7.13)
Ored{v>0}NBy

as k — oo and so, by (7.9), we obtain

liminf / vk fij 9@ da?! > / v fij @ n;dat!

k— 00
{v>0}Na B, {v>0}NaB;
> 0. (7.14)
Combining (7.10)—(7.14), we deduce
/vdeC*de_l(ared{v >0} N B)). (7.15)
Bys

Finally, by non-degeneracy, as in the proof of Theorem 7.4, there holds

][ vdX >C, (7.16)
Bys

for a positive universal constant C. Finally, from (7.15) and (7.16) we conclude
A (Brealv > 01N B1) > <o,

for a universal constant cg, and the estimate by below is established. The total measure of the reduced transition
boundary follows by classical considerations. 0O
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