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Abstract

‘We consider the two-dimensional shallow water model derived in [29], describing the motion of an incompressible fluid, confined
in a shallow basin, with varying bottom topography. We construct the approximate inertial manifolds for the associated dynamical
system and estimate its order. Finally, working in the whole space R2, under suitable conditions on the time dependent forcing
term, we prove the L? asymptotic decay of the weak solutions.
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous considérons le modele d’eau peu profonde a deux dimensions dérivé dans [29], décrivant le mouvement d’un fluide
incompressible, confinee dans un bassin peu profond, avec topographie du fond variable. Nous construisons des variétés inertielles
approximatives pour le systeme dynamique associé et nous estimons son ordre. Finalement, pour le espace R? avec des conditions
appropriées pour la force, nous prouvons la L? décroissance asymptotique des solutions faibles.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In [29], the authors derived the following shallow water model:

u
¥+u-Vu+Vp+nu=
=b"'V . [bv(Vu + (Vu)T =1V -u)] +f, (1.1a)
V - (bu) =0, (1.1b)
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u(x,t =0)=uop, (1.1¢)
v-u=0 x €082, (1.1d)
T-(Vu+(Vu)T)-v=—/3u~r X €082. (1.1e)

In the above system © C R? is a bounded domain with sufficiently regular boundary 92 and u(x, ) denotes the
velocity of the fluid at x € €2 and at time . The smooth function b(x) describes the bottom topography and satisfies
0 < b; <b(x) < by, v(x) is the viscosity, n(x) is a positive smooth bounded function defined in €2 representing the
combined actions of the friction at the bottom and the wind pressure, I is the identity, T and v are respectively the unity
tangent and normal vector to the boundary 92, 8(z) is a regular function defined in d€2 giving the friction coefficient
at the boundary, and f(x) is the force term which describes the wind stress.

System (1.1a)—(1.1e) was derived in [29] from a three-dimensional anisotropic eddy viscosity model of an in-
compressible fluid confined to a shallow basin with varying bottom topography. To obtain the shallow water model
(1.1a)—(1.1e), the authors assumed that the depth of the basin is much smaller than the typical horizontal length, and
the typical velocity of the fluid is much smaller than the velocity of the gravity waves. This last assumption is equiva-
lent to consider the fluid motion on time scales much longer than the period of the gravity waves so that averaging on
time suppresses gravity waves. The same assumptions had been used in [5] starting from the Euler equations to derive
the so called lake equations. The system (1.1a)—(1.1e) is therefore a generalization of the lake equations [28,27] as
the effects of the viscous stresses are taken into account. In [29] the well posedness of the model was also established.
Given that in large scale flows the Reynolds number can reach values like 10° or higher, the problem of the vanishing
viscosity limit for models of geophysical interest is considered to be relevant, see e.g. [24] and references therein; the
zero viscosity of the system (1.1a)—(1.1e) was in fact addressed in [16], while the case of degenerate topography was
considered in [3,17].

In this paper we construct approximate inertial manifolds whose order decreases exponentially with respect to the
dimension of the manifold. We give the dependence of all the constants with respect to the corresponding physical
parameters and in particular we give explicitly the order of the approximate inertial manifolds.

When Q = R? we address the problem of the asymptotic decay of the solutions. Under suitable conditions on the
forcing term and of the initial datum, we show that the energy norm of weak solution has non-uniform decay. A weak
solution which satisfies a generalized energy inequality is constructed following [32,35,21]. Then using the Fourier
splitting method [42.43,49] non-uniform L? decay is obtained.

Similar decay questions were originally proposed by Leray in [25,26] for the Navier—Stokes equations. The first
proof for decay without a rate was given by Masuda in [32] and by Kato in [22] in the case of null force and strong
solutions with small data. Schonbek [42,43], using the Fourier Splitting Method, obtained the algebraic rate of decay
for weak solution with large data. See also [2,15,20,23,30,48].

The main technical difficulties in the application of the above mentioned theories to system (1.1a)—(1.1e) originate:
first from the fact that the incompressibility condition (1.1b) is weighted with the bottom topography; second from the
presence, in (1.1a), of a non-standard dissipative operator. Therefore, besides several technical difficulties with respect
to the classical 2D Navier—Stokes system, here we had to derive the appropriate exponential dichotomy as well adapted
Agmon and Brezis—Gallouet inequalities. The technical details are postponed to an Appendix. Concerning the time
decay in R?, a modified energy inequality allows us to use a modified Fourier splitting method but, the presence of
bottom topography, gives rise to more complicated terms that require ad hoc estimates.

The plan of the paper is the following. In the next section, after introducing the appropriate mathematical settings
for the model equations, we prove the existence of the Approximate Inertial Manifolds (AIM) and, then give the
thickness of the thin neighborhood in terms of the data.

In section 3.1 we give the preliminary results to establish the decay of the solutions. In section 3.2 we prove the
non-uniform asymptotic decay of the L> norm of the weak solution.

2. Bounded domain: approximate inertial manifolds

The concept of inertial manifold was introduced in [12], as part of the theory of dissipative differential equations.
An inertial manifold for a semigroup associated to a dissipative dynamical system, is a finite dimensional Lipschitz
manifold which is positively invariant, and attracts all the orbits exponentially [38,44,46]. To prove the existence of
the inertial manifold it is necessary that the so called spectral gap condition [46] is verified. Unfortunately, this
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spectral gap condition is not verified for Navier—Stokes equations. For this reason the notion of approximate inertial
manifolds (AIM) was introduced [6,8,11,10,38,39,41,46,47]. The existence of these manifolds does not require the
spectral gap condition and therefore can be obtained for a broader class of dissipative dynamic systems. The AIM can
be defined as a Lipschitz manifold surrounded by a thin neighborhood and each orbit of the system must enter in a
finite time. The order of the manifold is the width of the thin neighborhood and is exponentially small compared to
the size of the AIM, hence the AIM gives an approximation of the attractor of exponential order. The AIM theory
plays an important role in the development of new numerical algorithms suitable to the approximation of dissipative
systems for long times [7,11,18,19,13,34,31].

In this section we construct a sequence of approximate inertial manifolds My for system (1.1a)—(1.1e). Moreover,
we show that the AIM M y approximate the global attractor exponentially. For the proof of the existence of My and
to estimate the semidistance of the attractor to My, we shall follow the ideas of [6,8,39,46].

2.1. The mathematical setting
In this section we shall briefly introduce the mathematical setting appropriate for system (1.1a)—(1.1e). More details
can be found in [29]. One introduces the following Hilbert spaces:
H={u:uecl? V- -(bu)=0,v-u=0x €9} (2.1)
V={u:uecH!, V- -(bu)=0,v-u=0x c o)} (2.2)

where Li and H, bl are Sobolev spaces with scalar products and weighted norms defined as:

(u,v)b=/bu~vdx, |u|g=/b|u|2dx,

Q Q

(u,v))p =/qu :Voudx, ||u||,2, =/b|Vu|2dx.
Q Q
The following Poincaré inequality holds:

lulp < I|lullp, (2.3)

where IT = IT(2).
We take the L% scalar product of equation (1.1a) with a generic function v € V and write (1.1a) in the following
weak form (see [45]):

d
E(u’ v)p + [, vy, + (@, u,v)p + (qu, v)p = (f, v)p, 2.4)
where [+, -1, : V X V — R, is a bilinear form defined as

[, v]p, = f by (Vu + (V) —1V - u) : <Vv + (V)T —1v. v) dx +
Q
+ / bvBu - vds, (2.5)
Q
and, (-,-,)p: V x V x V. — R, is a trilinear form defined by

(u, w,v), =/b(u -Vw)vdx. (2.6)
Q
The trilinear form defines a continuous bilinear operator B(u, v) =u - Vv from V x V into V' such that
(B(u, ), w)p = (u, v, w). 2.7

With Aj, we denote the operator from V — V' defined by
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(Apyu, v) =[u, v]p, . (2.8)

We note that Ay, is a linear unbounded operator on H with domain

D(Ap) ={ue H}(Q),V-bu=0 in Q, u-v=0,
- (Vu+(Va)') - v=—Bu-t on 3%},
and D(Ap,) CV C H C V’, where the inclusions are continuous and dense. Moreover V is compactly embedded
in H.
We observe that B(u, v) : D(Apy) X D(Apy) — H (see again [45]).
Using (2.7) and (2.8), we can write (2.4), the weak form of equation (1.1a), as:

d
Eu—l—Abvu—i-B(u,u)anu:f. 2.9)
Note also that the bilinear form [, -], is coercive, if B(x) > k(x), where k is the curvature of d€2: Supposing this
hypothesis on g we have
(Apv, u)p > by |lull3, (2.10)
where
- b;
b=—, v =infv(x),
by Q

and

bi =infb(x), by =supb(x).
Q Q

For a proof of the coercivity inequality (2.10) see [29].
In [29] the authors established the well-posedness of (2.9). For completeness we state their main result:

Theorem 1. (Theorem 4.1 of [29]) Let Q2 be smooth. Suppose that b(x), v(x) and n(x) are non-negative function
over Q. Suppose, moreover that bv > C > 0 and that B(x) > k(x) on 02, where k(x) is the curvature of 92 at x.
Letu;, € Hl% NVand f € Ll%.

Then the system (1.1a)—(1.1e) has a unique solution u € L™ ([0, T1, Hbz) N C((0,T], V). Moreover, d,u €
L>® ([0, T], H)U L% ([0, T], V).

The spectral problem associated to the compact self-adjoint operator Ap, admits solution in H [9], and from the
coercivity (2.10) derives the existence of a non-decreasing sequence of positive eigenvalues {1, },en With (see [33])
Ap~n, for n— oo, (2.11)

and a sequence of eigenfunctions forming an orthonormal basis in H. We denote by P, the projection onto the finite
dimensional space generated by the first n eigenfunctions and Q,, =1 — P,;:

Pu=y, Q.u=z and u=y+z. (2.12)
In Lemma 9, whose proof is postponed to the Appendix, we state that [ 14]:
- 1
e Qul iy <572 <(W>—% + k,f+1> eThl 1> 0, (2.13)
(T +TAp) Pl vy < (14 Thy) <e™, (2.14)
I;vi o2
[|zpH, PV) < ~ . (2.15)
n

If we consider an initial datum u;, in a ball of H with center at the origin and radius R, then there exists a time
to(R), depending on R and on v, f, A, b, such that for t > 1y:
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lw(®)|p < po, lu®ls < o1, (2.16)

where pg and p; are the radii of the absorbing balls in H and V, respectively, whose explicit expressions is given
in [36,40].
Moreover, following [11,10], it is possible to prove that:

d*u - 2k 2’<k!
for t > 2, where a = o (2, |f], ||u,-n I, vi) defines the domain of time analyticity
A={ecC:NE <aand|J&|<NRE or NE>owand|JE| < al. (2.18)

From (2.16), following [46], one can derive the existence of a compact global attractor .4, connected and maximal
in H, and its Hausdorff dimension m satisfies the following estimate (see [36,40])

b . ~ IS '
TRt 5 <"’
b ;
For completeness, we recall that a global attractor .4 for a semigroup S(z) defined in H, is a subset of H which
satisfies the following properties:

_1<
A

@ o—

e A is an invariant set, i.e. S(t).A = A for every ¢ > 0,
e for every ug € H, it holds that

dist (S(H)ug, A) := in£|S(t)uo —v|, >0, as t— +oo.
ve

As it is usual in the theory of inertial manifold, we consider the associated equation derived from (1.1a), setting the
non-linear term B(u, u) identically zero when u is outside the absorbing ball in V. Specifically, let 6 € C! be defined
on Ry whichis 1in [0, 1] and O in [2, +o0[. Denote by

Bgung(u,u)=9<” ”b>3( u). (2.19)
P1
In the sequel consider the system:

du

Z+Abuu+nu=39u+f- (2.20)

The problem (2.20) is well posed and has the same attractor as (2.9). Moreover there exist two constants My and M1,
see Lemma 12 in the Appendix, such that for every u,v e V,

|Boulp < Mo, |Bou — Bgvlp < M1||u — vl|p. (2.21)
2.2. Existence of approximate inertial manifolds

An Inertial Manifold (IM) M = {y, ®(y)} is a positively invariant manifold defined as the graph of a Lipschitz
function @, defined from P, H to Q, H, which attracts all trajectories of (2.20) exponentially.
We briefly outline the Lyapunov Perron Method ([6,8,11,10,38,39,41,46]) which will be used in our proof to construct
an IM.

We decompose equation (2.20) using the projections P, and Q, to obtain a solution in M

d

d—f + Apy + 1y = PaBy(y + ©(y) + P f (2.22)
d
LD | An@ )+ 19 () = uBoly + 9N + Ouf. (223)

The finite dimensional system of ordinary differential equations (2.22) is called the inertial system associated to M.
Given the initial condition u;, = y;, + ®(y;,), since ® is a Lipschitz function, then for every ¢ € R, the equation
(2.22) determines a unique y(t) = y(t; y;,, P).
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Assuming that @ is bounded, to determine the function @, integrate system (2.23) in time to obtain

0
Q(yin) = / e 10, (B (y(s) + D (y())) + f) — n®(y(s)]ds. (2.24)
The function @ is the fixed point of the map ¢ — F¢ defined by
0
FéYin) = / e [Q (By(y(s) + ¢ (¥(5)) + f) — ng (y(s))1ds, (2.25)

where ¢ : P,H — O, H is abounded Lipschitz function. The existence of an inertial manifold is achieved by showing
that the map F is a contractive map in the complete metric space
Fro=A{¢: P,V — 0,V : Lip(¢) <1, |$loc = Sl;pv lol» < L}, (2.26)
YEP,
and y is a solution of the system (2.22) with y(t = 0) = y;,,. We recall that the proof of the existence of the Inertial
Manifold is based on the spectral gap condition.

If the spectral gap condition is not verified, there is no standard proof for the existence of the IM. However, it is
possible to construct a sequence of Approximate Inertial Manifolds [6,8,11,10,38,39,41,46]. This is what we will do
for equation (2.9).

To obtain the AIM we construct an approximating sequence of solutions to the system (2.22) as follows: let y, =
Yin € P,V,and t > 0 be the discrete time step and define y;, k > 0, by the following Euler explicit discretization of
(2.22):

Yi+1 — Yk

+ Apv Y =PuBo(yi + ¢ () —nyi + Puf. (2.27)
Fix the positive integers n and N, to construct the approximation function y, to y:

y.(8)=y, for —(k+Dr<s<—ktr, k=0,....,.N—-1,

y.(s)=yy for s<-—Nr. (2.28)
The approximation ]-'év of F is defined substituting y by y, in (2.25). Explicitly
FN¢ (o) =
N—1
— (Ap) T T =) Y eI, (Bo(yi + ¢ (i) + ) — ¢ ()]
k=0
— (Ap) ' eTNATLQ, (Bo(yn + ¢ (yn)) + f) — nd (¥ )] (2.29)

To obtain the family of AIM, consider a sequence of positive numbers (7y)ycn and define the manifolds My as the
graph of the functions @y constructed recursively, for N > 0, by

D=0, Dyii=TFD (Dy). (2.30)

The main result of this section is to prove, for every N > 0, the existence of @y in F; . Before proceeding with the
formulation of the main theorem of this section and its proof, we recall some preliminary properties, which guaranties
the consistence of the approximation scheme described above. To ease the notation in the sequel, we denote 7y by t.
Write (2.27) as

Y(=(k+ D7) = + 1 Apy) y(—k7) (2.31)
— TPy (Bo(y(—k7) +2(=k7))) + f) + Tnny(—k7),
and the approximation error
€ =y(—=(k+ D7) — y(—k1) — ti,—f(—kr)- (2.32)

The following Lemmas hold:
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Lemma 1. Suppose that u(t) is a complete trajectory inside the global attractor A, then:
lexlly <72B1,  k=0,...,N—1, (2.33)
du
with B < %pl and B < %, where o defines the domain of analyticity in (2.17) and py is the radius of the absorbing
balls in V in (2.16).

=< P2, 1 <0, (2.34)

Proof. If the trajectory u(¢) is a complete trajectory inside the global attractor A, one can easy obtain (2.33) and
(2.34) with

d*u

dr?

du

dt

B2= sup sup
b [u(t)];ereA teR

= sup sup

[u(®);ereAteR b

Using (2.17) one derives the desired bounds on 1 and 8,. O

Lemma 2. Let be i = 1,2, and let be yiy € P,V. Define y;, k=0,..., N by (2.27) and (2.31) with yy = y} and
construct yl't (s) using (2.28). Then, for every s <0,

Nt
1 2 —S[kn+(i—;"> 2(M1+1‘Ir‘;)(1+l)]
1y () —yz()llp <e

where 11 = supgq 1), and M is given in (2.21).

Iyo — Yallss (2.35)

Proof. Denoting by y, = y,i - y,% and subtracting (2.27) or (2.31) for i = 1,2, and using (2.21), (2.14) and the
Lipschitz constant [ of ¢, we obtain

Bl—

l;v,- B
lyeeille <A +TA2)yells + 1 . .
n

[1Bo ok + @) = BaoE + 6D + v + 90l

1

bv;\ 2 _
§(1+Tkn)||yk||b+f<k—l) (M1 +TIp)(A+Dllyells
n

1

<exp{kt[r, + (%) (M + T (L +DIyolls

n

for k=0, ..., N. From the definition of y"r (s) by (2.28), we obtain (2.35). O

In the sequel we use the notation y = fi) o |s|~1/2¢*ds. We are now ready to establish the main theorem.

Theorem 2. Suppose that the constants §1 and &, satisfy

1

(N+Drt < 871_ <&> ' ) (2.36)
(M + i) \ 2o

and
An = 82, (2.37)

then there exist | and L such that ]_-gv cFi.L — Fip, forall L > L.
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Proof. We show that the following constant Lo and [/ are appropriate

Lo=b""2(f1p+ Mo+ ipo)(yv; > + Da 12, (2.38)
1
1 i 2 log (3/2
1=6 = +sup ( ZntL and 8 = min (89, 28G/2) (2.39)
2 n An l

Let ¢ € F; 1, suppose yy € P,V and (y;)r=0,....n and y,(s) be given by (2.27), (2.28).
Using (2.21), (2.13) and recalling that by definition ¢(y) € O,V € V, we have:

HF X O)Hb = (2.40)
0

< [ et 0]y ) 1 BaG) 4006 ~156) + G s

—00

<5 1/2(|f|b+M0+7]p0)/ st V2 1) sy
—0o0

s - —1/2 —1/2
<bV2(1flp + Mo+ ipo) (v, 2+ D 2.

From the previous inequality we deduce that || ng o (yo) || p = L, forevery L > Lg, where Ly was defined by (2.38).

Now, we show that [ is our Lipschitz constant. For this scope, let yf) € P,V and ( y};)kzo N and yi (s) constructed

by (2.27) and (2.28), for i = 1, 2. Therefore, write
0
FNo(h) — FVp(yd) = / AnS[ 0, (By (3 (5) + By (1)
—(N+Dt
— By(y3(5) + ¢ (¥1(5)) — n(@ (1 () — p(¥(5)))1ds
+ (Apy) e NEDANTIO, (Ba(yy + B (yy))
— Bo(yy + ¢ (33) — n@(yy) — d(yi))]. (2.41)
Using again (2.21), (2.21) and (2.13), we have:

,,,,,

~_1 _
|7 owh - Fre0d]| =B Eon + e+ 1)
0
_ 1/2
[ (s 20 2) it = 520 lnds
—(N+Dt
2 —-1/2 —
BT (M + T+ Dy P [ Pe b DT L 32,
Using (2.35), since A,4+1 — A, > 0, using (2.36), we obtain

|7 oh) —Fre0d)], = 206 — 5l (242)
with
1

l; 7
) + (2.43)

ViAy

E=b 2+ DD | 2 (M + T3 <

1
Vi A
+(M1+]'[17) Wirn+1)™ 2]+661(I+1)< l):1+1>
n

We now choose §; and §> to ensure that E <[ then the proof of the theorem will be complete. First choose §yp > 0,
with 1 < &g, and choose §; in (2.37) sufficiently large so that
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b \? —\2 118
o + (M1 + 11" (ikng1) "2 | <

ViAn

1

= 2(M1+nﬁ)3<

1

1
) + (M + T2 (v8) 72 | €% <

-1 3 (b
<b72|2(M;+1Iln):2
)

i

AN
] =

(2.44)

Therefore, with this choice of 8¢, 6> and §; < 8y we have

1
l 1 Vilar1 Y2\ s
E< — — - 1 <l’ 245
_<2+2+sgp< . el < (2.45)

by choosing [ as defined in (2.39) at the beginning of the Theorem. This completes the proof of the Theorem. O

2.3. Approximation of the attractor

In this section we prove that the approximate inertial manifolds M y built in the previous section as a graph of the
@y, approximates the global attractor A.
We first try to estimate the semi-distance in V of A to My

on =dy(A, My)=sup inf [v—wlp. (2.46)
N

ve AWE

We continue to use the notations of the previous sections.

Lemma 3. Let be up € A and let be yy = P,ug and zo = Quuo, with P, and Q, = I — P, the projection operators
defined in (2.12). Suppose that (2.33), (2.34), (2.36) and (2.37) are satisfied. Then for every ¢ € Fj 1 results that

IFN®(¥o) — zolly <
1
-1 _ 1 (yy, 4D
<b 2(My+Tn) | I(Av) 2+ ——5——| sup llo(y)—zll»
22 y+zeA
n+1
it
(yv; >+ 1
I
Mt

Ll
i(N+DTl72 4+ 47, e
)\n+1

-1
+ | Bulr 4 Bob 2 (M + T (1 + 1) T

252 (Mo + 1100)

it (N1 (2.47)

Proof. Take ¢ € F; 1 and up = y, + zo € A a point in the global attractor. Denote with (u(f));cr the trajectory in
A which pass through ug at t = 0. Consider y(¢) = P,u(r), z(t) = Qnu(t). Define ¥, = y(—kt) and (y)k=0...N
with (2.27); and consider y, constructed by (2.28). Using (2.21) and (2.13), the Lipschitz property of ¢, the Poincaré
inequality (2.3) and (2.16), we have:

- 1 _
IF5é(yo) — zolls <b™2(My + TIip)(1 +1) - (2.48)
0 1
1 4
(lvis| 72 + 22, ) 1y (5) — y(9) [lpds
—(N+Dt

| -1 _
+ My +TIDD~2(yv; 24+ DA sup [lg(») —zllb
y+zeA
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1
Wi(N+ D12 +22,,
e

)”n+1

+267% (Mo + jp0) s

To estimate the integral on (2.48), from (2.34), for every s in (—(k + 1)7, —k7], we have

d
yz(s) = yO)llo < llexllp + lkT 4 5| sup ||d—':(§)||b =< llexlly + B2,
¢=<0

with e = y, — ¥;. Using (2.31) and (2.32), we have

- —1/2
bv; _
leisills < (I +Th)llexlls +7 (k—l> (M1 + ) (1 +Dllexlls
n
B\ 12
+T(Tl) My + Tl (¥i) — z2(=kT)|lp + llex b,

n

and from (2.33), we have

lexlly < [(My + 1) (BVAn) "2 sup llp(y) — zllp + TBi1A, ']
y+zeA

_ 1

b\ 2 .

-expikt[An + <Tl> (M + i) (1 + D]}
n

Now we are ready to estimate the first integral on (2.48):

b=V2(My + i) (1 +1) -

0
_ 1/2
(s ™2 4 22D +15 () — y(5)lIpds
—(N+Dt
— _1
<I[(My +T177) (bAyvi) 2 sup [lp(¥) — zllp +TBih, ']

y+ze A
-1 _1 _1
+ b2 (My + T (1 +D(yv; > + DA,

Combining the previous estimate with (2.48), we have

I Fxé(¥o) — zolly <
- _1
<I[(My + 7)) (bvirn) 2 sup [¢(¥) —zllp + TBik, ']
y+zeA
_ _1 _
+ b3 (M) + T (1 + D (yv; 2+ Da 2

I O -1
+ My +TIb ™2 (yv; > + DA, 7 sup [l¢(y) —zlls
y+ze A

' _1 172
i(N+D7]72 +4,°7 e Pt (VDT
Ant1

1
+2b72 (Mo + 100)

which is the (2.47). O

(2.49)

In the next theorem we give an estimate on the number n of modes to yield an exponential approximation of My

of the attractor, for N large.

Theorem 3. Suppose that the hypothesis (2.36) and (2.37) of Theorem 1 hold and that (2.33) and (2.34) of Lemma 1

hold. Assume, moreover, that the sequence Ty satisfies
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51 l;v- 172
XSTN(N‘FI)Si_(—l) s
(M + In)

forall N € N; where y is any fixed constant less then 81. There exists a constant §3 such that if n is fixed by

An = max (82, 83)
then the approximate inertial manifolds My, constructed in Theorem 1, satisfy

ef)‘nJrlX

dy (A, My) <4b™

n+1
for N sufficiently large.

Proof. Using the expression (2.47) in the previous Lemma, we have oy+1 < uoy + oy, where

— b7 (M, + i) [1@ v)E 4 (yy, +1>xn+1]

and
_1
_1 (yv; 2 +1)
oN = TN /31[)\ +,32b 2(M1+H7])(l+l)7
.
Ll
. -5 2
+ 2];7%(M0 +700) [vi (N + Dy A e A1 (N+D1y

)"n+1

Iterating, we obtain oy < ™o + Zf)vfl on—j—1p!, with oo = sup, 4 1zolls- By (2.16), (2.21), (2.13):

~_1 - —1/2 —1/2
Izl <572 (Mo + | £ 15 +7p0) (v, /> + D )2,

Using (2.50) we obtain:

N-1 N-1
> onjaE =2b" 2 (Mo + o) 1/ Thenx (ZE]>
0 )Ln—i-l 0
N-1
+ | Bl + Bob™ 2(1\414-1_[77)(14-1) :|<ZTNj1§j>,
n+] 0

for N > (th,-)’1 and supposing that p < %, we have

N-—1
)\n+1X
l/
0 )”n+1
(v 2 +1)
2| Btk + Bob RO+ T+ DT T sup Ty
k2+l 0<j<N-1
n

Combining (2.55) and (2.56) we obtain that

- 1 _ — —
dy (A, My) <2772 (Mo + 7ipo + | flo) (v, 7+ D, 1

e_)\nJrlX

n+1
_1
- vt
+2| By B2b My + T+ DT T s oy,
Az | 0<j<N-1
n+

741

(2.50)

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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Moreover, from (2.50) yields that Ty — 0 as N — 00, hence from (2.57) we obtain (2.52) for N — oco. To complete
the proof we determine ), in such a way that the previous estimates are satisfied. Choosing A, > &, we can write

1
1=6 (% + sup,, ("’i—’:f') 2), as given in (2.39). In this way, if A, > max (82, §3) with

1 2
M, + I7)? " 2\ _1 1
5324% |:(3+6sup (%) )v,. 2 +<yvi 2+1)} , (2.58)
n n

then condition p < % is satisfied and the proof is complete. O

3. Unbounded domain: asymptotic L? decay

In this section we consider = R2, we suppose that the force term f is time dependent and f € L! ([O, +00),
Li(Rz)). Now the equations under consideration are as follows

0

a—l: 4u-Vu+Vp+nu= bV [wvb(Vu + (Vu)T =1V -u)] +f, (3.1a)
V. (bu) =0, (3.1b)
u(x,t =0)=uy, (3.1¢)

where x € R?, v is the viscosity and we denote by 0 < v; = infg2 v, 1 is a smooth strictly positive function and b(x)
represents the bottom topography of the basin satisfying

0 <bi =b(x) < by.

The Fourier splitting method, will be used to establish the asymptotic L>-decay of the weak solutions to the shallow
water model with varying bottom topography.

3.1. Mathematical settings

We denote by Li(RZ) the weighted L?(R?) space with scalar product and norm defined by

(u,v)bszu-vdx, ||u||%72=/b|u|2dx,

R2 R2

and ||-||,, will denote the usual norm in L” (R%). We also use the following notation for our spaces

H={u:ueL,§(R2), V-(bu):O}, 3.2)

v=luiuen) (R). v euw=0}, (3.3)
and

Vo={u: wen)(R)ns (R, v @uw=0}, (3.4)

where S (Rz) is the Schwartz class of smooth, rapidly decreasing functions.

A function u(x,t) € Cy, ([0, 00), H) if u € L*° ([0, 00), H) and (u, ¢),, is continuous with respect to time ¢ > 0,
forall ¢ € H'.

As usual, the Fourier transform of an integral function v(x) € L? (Rz) isv(€) = fRZ v(x)e X Edx.
A weak solution u of problem (3.1a)—(3.1c) is a function belonging to C,, ([0, T], H) N L? ([0, T],V,) for each
T > 0, satisfying the integral relation
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t
0
<u<r>,¢<t)>b+f{—<u,a—¢> +
t/p
0

+v ((Vu + (Vo) —1v -u) : (V¢ + (V)T -1V -¢))b+

t
By + (- Vi, ), ) dr = f @, 1) dT + (10, $(0)), .
0

for all # > s > 0 and for every smooth vector fields
$€C(0,400),V)NC' ([0, +00), H).

It is easy to prove the following two Propositions where, respectively, the strong energy inequality and the gener-
alized energy inequality are given for a weak solution of (3.1a)—(3.1c¢).

Proposition 1. Let ug € L*(R?) and f € L! ([0, +00), L%(Rz)). Then, for every T > 0, there exists a unique weak
solutionu(x,t) € Cy, ([0, T], H)N L%(0,T1,V,) of system (3.1a)—(3.1c¢), which satisfies the following strong energy
inequality:

t t
b ||u(t)||%+2v,vb,~/||Vu(r)||%dt§bs ||u<s>||§+2/(u,f)bdr, (3.3)
N N

for almost all s > 0 including s =0 and allt > s > 0.

Proof. The existence and uniqueness of a weak solution to problem (3.1a)—(3.1c) satisfying the strong energy in-
equality (3.5) follows by an application of the standard Galerkin technique (see [45]). O

Let u(x,t) = (u1(x,1),u>(x, 1)) be a vector function and v (x, t) be a scalar function. In the sequel we use the
notation

V' =0y, Yku= (Y kui, ¥ *u), (3.6)

where the convolution is calculated with respect to the x variable.

Proposition 2. Let ug € L*(R?) and f € L' ([0, +00), LZ(R?)). Let Z € C'[0, 00) with Z(t) > 0, and ¥(t) €
C! ([(), );S (Rz)) be arbitrary functions. Let u be a weak solution of system (3.1a)—(3.1c), then the following
generalized energy inequality holds:

Z(0)b; 1Y (1) *u(®)||3 < bs Z(s) ¥ (s) x u(s)|3
t
+bs/2’<r) 19 (@) * ()3 dr

s
t

+2/Z(t)(1//’(t)*u(r),w(t)*u(r))bdt 3.7
t

—2u, / Z(0) 19 (0) % Va3 dr
t ' t

+2/Z(r) [(u.Vu,xp*l//*u)b(r)]dr+2/Z(r)(w*u, Fpdr.

N N

for almost all s > 0 including s =0 and allt > s > 0.
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Proof. To prove the generalized energy inequality (3.7) one can follow [21,35]. O
We give two preliminary Lemmas which are consequence of the generalized energy inequality (3.7).

Lemma 4. Let u be a weak solution of (3.1a)—(3.1c) satisfying the generalized energy inequality (3.7) of Lemma 1.
Then for every ¢ € S(R?), we have:

v; b;
oL a=9)A

2
bi llg * u(0)||3 < by )

@ *u(s)
t

+ 2/ [(u -Vu, e2Uini(’*r)A((p * Q) % u)b (t)] dt

N
1

vib;
+2/ (eT“—”A(p*u(s),f)bdz, (3.8)

N

for almost all s > 0 including s =0 and allt > s > 0.

vibj
Proof. Apply (3.7) with Z(t) =1 and y =e 5 (T0"D2p and let § — 0 (see [21,35]). O

Lemma 5. Let Z(¢) € C1 [0, +00) with Z(t) > 0. Let u be a weak solution of (3.1a)—(3.1c) satisfying the generalized
energy inequality (3.7) of Lemma 2. Then for every ¢ € S(R?), we have:

Z(0)b; |u(t) — @ xu(®)|3 <bsZ(t) |us) — ¢ xuls)|3 (3.9)
t t

+ by /Z’(r) lu(t) — @ *u(0)l|3dr — 2b;v; / Z(1) |Vu(r) — ¢ * Vu(r)|3dt
' t ' t

+2/Z(r)[(u-Vu,<p*go*u—2g0>x<u)b(r)]dr+2/(u—go*u,f)b,

s

for almost s > 0 including s =0 and all t > 5 > 0.

Proof. Apply (3.7) with ¢ = ¢, — ¢, with £,(x) =n"'¢(x/n) is a smooth and compactly supported approximation
of the Dirac measure, and let n — oo (see [21.35]). O

3.2. Non-uniform decay

We now state the main theorem of the section:

Theorem 4. Let ug € L*(R?) and f € L' ([0, +00), L3(R?)). Let u be a weak solution of problem (3.1a)~(3.1c),
then

,Jim flafl; = 0. (3.10)
Proof. The proof is based on ideas of [21,35]:
We decompose the L?-norm of the Fourier transform of the weak solution u as follows

lu@®)l, =|am], < |eam|,+ (1 -¢)awm|

. (3.11)

lx |2

47, the fundamental solution of the heat equa-

1
where ¢(§) = e_|§|2 is the inverse Fourier Transform of ¢(x) = 4—e
tion at t = 1. We estimate separately the low frequencies and the high energy frequencies terms in (3.11).
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Low frequencies term estimate: Using Plancherel identity and (3.8), we have

v b; 2
e 5 U798 xu(s) H2

bi |¢a)||> = bi ll *u @3 < bs

t
vibi
+2/ ‘(" SV, T T8 w gk ”)b (r)‘ dr
)

t
vibi
+2/ (eT(’_T)Afp*u(s),f>bdr.

S
Using (see [45]) the Schwarz, Holder and Young inequalities and the Gagliardo—Nirenberg interpolation inequality,

we have
vibi vibi
(- Ve, 2 8w wu) (@] <Clulla | Vall |72 g wul

25 (r—5)A 2
che =) <p*<pH]||Vu||2||u||4

250 gy 2
< ¢ ||era-n w*w”lﬂvu”z”u”z-

It is easy to prove (see [49]) that there exists a constant k = k (#o, f) such that

vibi o\
@ Pl = Wflpas and |( P f) [ <kl f (3.12)
From the strong energy inequality (3.5) we have that
t
lu(@)l5 < luol3 + ZK/ Ifllp2dz. (3.13)
0
Hence
w2 bs | vibi_ 2
lgam)|, <= |en ¢ S)A(p*u(s)H
b; 2
+00 % +00
¢ 2 2
+ luolls +2k | IIfllp2d7 Vullzdt
i 0 d
+00
K
+2b_ I fllp2dt.
i
S
By the Lebesgue dominated convergence theorem, it follows that, as t — +o0,
vib; A 2 . A 2
e 5 U8 xu(s) , < ||e" 9% % u(s) ,=
, 2, |2
= et gou(s)Hz 0, (3.14)
for each s > 0, since g (s) € L2(R?).
+00

+00

Since / ||Vu||% dt < oo by the strong energy inequality (3.5) and f | fllp2dt < oo by hypothesis, the quanti-
0 0

+00 +00

ties f ||Vu||%dr and / | fllp 2 dt are small for s suitable large, then ||¢ﬁ(t)||2 —0ast— 0.
A

N
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High frequencies term estimate: Use Corollary (3.9) with ¢(§) = e“Elz, and Z(t) determined below. Consider a
function G(¢) > 0, to be determined below, and apply the Fourier splitting method to the first two terms in (3.9):

t t
/ Z/(0) lu(e) — ¢ % u(®)|Rdr — 2b, / Z(2) [ V() — ¢ % Va3 de
N ) S
_ / Z() / (1= 3(®) e, 1) d&de
s |&1>G
t

- 2[ Z(0) / by |IE1 (1 — §(®) e, o) dedr

s 1&1>G

t
+ f 7 / (1= ¢®) k. 1) déde
s |&1<G
t

~2fz@ [ bliei(- @) o ase
$ 1§1=G
Choose
2 o
T2+ 1)
with « > 0 fixed, then Z(¢) and G(¢) satisfies the following equation:

ZO)=(1+1*  and (3.15)

Z'(t) = 2bs Z(1)G*(t) = 0.
Hence the last equation is reduced to
t
/ Z'(0) / (1-¢@®) i@ )| dgdr

s E1>G
t

—2/z<r> / by |IE1 (1 — §(®) i€, ) ddr
s |&]>G
t

S/(Z’—stZG2> / (1= ¢®) a, 1|’ dedr =0.

s 1£1>0

As[1—¢@®| < |12, then for small |£| we have
t
/ Z'(0) / (1 - ®) e, o dédr <
s 1§1<G

! t
SC”"olI/Z’(r)G“(r)dr SCf(l +1)* 3 dr.
N s

The last two terms in (3.9) can be simplified denoting by x = ¢ * ¢ —2¢, and combining (see [45]) the Schwarz, the

Holder and the Young inequalities, the Gagliardo—Nirenberg interpolation inequality, and the strong energy inequality
(3.13),
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t
/Z(t)|(u-Vu,fp*(p*u—2go*u)b(t)|dr:
' t t
=/Z<r)|<u~Vu,x*u>b (r)}drs/zm Nl 1Vl 1 5 ully de

t 1

§C||x||1/Z(T) el IIVullszSCllxllle(f) lwlly | Val3de

N N
1

t

=Clixlh IIuoI|§+2K/ Ifllp2dT /Z(T) IVul3dr,

N

and
t t

fZ(f) ((p*u,f)bdfinZ(f) Ifllp 2 d.

s N

Combining the previous estimates yields

) by Z(s) a—
=i} = 223 11 -Daw i+ 5 / 1+ ar

! t
1
+% C/Z(t) ||Vu||§dr+xfz(r) I fllp2dT

N s

We compute the lim sup as t — +oo for fixed s > 0.

Z(s)

Since Z(t) = (1 4+ 1)¥ for some « > 0, it follows that % — 0 when t — +00. Moreover we have that

t
/(1 +1)*3dr=0.

lim sup
i—+o0 (1 + 1)
N
Z(1)
As —<1f0r1:e[0 t], then

P20

00 +00
. v\ A 2
limsup [[(1 - ¢)a@|;=C / IVa(o)[3de + 2 f 1 llp2d, (3.16)
t——+00

N N

hence limsup, _, |, [ (1 — @) @(t) ||§d =0, for s sufficiently large. O

3.3. Uniform decay

In this section we want to prove the uniform rate of decay for the solutions of the viscous shallow water equations

(3.1a)—(3.1c).
We suppose for simplicity, that v is a constant, then (3.1a)—(3.1c) can be written as:

9
a—‘: Yu-Vutnu+Vp= gv b(Vu+ (V) — 1V -w)] + f, (3.17)
V- (bu) =0, (3.18)

u(x,t=0)=uop. (3.19)
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Suppose that the force term f satisfies the following properties:

f = Dg, where D is any first order derivative (3.20)
mﬂgeL“(w,+myL%R%)

I flla <k(e+1)72 (3.21)

In particular we prove the following theorem:

Theorem 5. Suppose that ug € L>(R*) N L' (R?) and let u be the weak solution of the viscous shallow water equations
(3.17)—(3.19). Suppose that f satisfies (3.20) and (3.21), then

lull, < C (log(e +1))~/2, (3.22)

with C a constant which depends on f, b, n and uy.
Before establishing the proof of the theorem, we give three preliminary lemmas:

Lemma 6. (L? — L9)-type estimate: Let us consider ug € L1 N L2, with 1 < q <2, then

e~ LAr=nMrug 15 < 1= Ma=1D (ugll2 + luolly). (3:23)

Proof. The proof follows from the well-known (L? — L) type estimate for the linear heat equation and observing
that

(Apvtt, w)p = —||Vul3 = (Au, u), (3.24)

then, denoting with u(t) = e_[A””_’”]tuo we have:

t t
e MAm=10g13 < fluol3 + € / (Apytt, w)pdt — Cinf n] f llu)3dx
0 0

t
< ||uo||%+c/ IVuldde
0

<Clle®uol}. O

Lemma 7. Suppose that ug € L>(R?) N LY(R?) and that f satisfies (3.20) and (3.21). Then the weak solution u of
the viscous shallow water equations (3.17)—(3.19) satisfies the following a priori estimate:

t
/ lu(o)|3dr < Cle+n7", (3.25)
0

where C is a constant which depends on ug, 1, f and b.

Proof. From Lemma 6, we have that

t
”u”2 < C”e—[Abv—Vll]luonz + C/ ”e—[Abv—rlI](l—‘L’)P (u . Vu) ||2d.[
0

t
+C / le An=111C=D p (£ u)||2de
0
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t t
< Ct™ Y |upll; + Cfa — O Y- V| dt + c/u -0 V2| fuldt
0 0
t
< Cle+1"lugll; +c/<z — O 2y | Valldr +
0

t
+ C/a — O Y2 |ull2|l fll2d7 (3.26)
0

Consider the generalized Young’s inequality [37,20] for convolution:
if feLPandge L9, withl < p,q,r <ooand p~' +r~1 =1+¢! then

If*xgllg <Cprllfllpliglrw, (3.27)

where the L% is the weak L" space with norm ||g ||, w + sup, (" u{x : g(x) > Hi/r.
Now, letg =4 and 1 + % =1+ %, and applying (3.27) to (3.26):

1/q

t
/ lu@ldr | < Clluolie +1)M/e12
0

q+2
2q

t
2
e /(||u<r>||z||Vu(r)n2>q+2dr
0
q+2
2q

t
e /(Ilu(f)llzllf(f)llz)q% de
0

8=

t t
< Clluglli e+ 4+ ¢ /nu(r)nzczr /nVu(r)n%dr
0 0
1 1
t q t 2
+C /nu(r)nzczr /||f||§dr
0 0
1
t q
< Cllugli (e +0"4712 4 C (1 + |luollr) /nu(r)ngdr :
0
and assuming that C(1 + |jug|2) < 1/2, we have (3.25). O

Lemma 8. Suppose that ug € L2(R%) N LY(R?) and that f satisfies (3.20) and (3.21). Then the weak solution u of
the viscous shallow water equations (3.17)—(3.19) satisfies the following a priori estimate:

t
a0l < lluolli +Cl§lt + C(1 + IEI)f lu(z)ll2dT
0

t
O+ D / lu(o)l3dr. (328)
0
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Proof. Write the viscous shallow water equations in the following way.
ou
m =vAu+Gu)+ f,
V. (bu) =0,
where
Vb T
Gu)=—u-Vu—nu—Vp+v=- (Vu+(Vu) —V-u]I).

Hence

t
u= e_|§|2lﬁ0 + / e IE1P=s) (P/(E) + 1/’7) ds
0

where P is the projection form Li in H.
By assumption f = Dg where D is any first order derivative and g € L™ ([O, +00), L! (Rz)), hence

|Pfl=Cl&l
We prove later that

IP(G)| < CA+ EDNu®I3 + llu@)]2).
where C is a constant which depends on b. Using (3.30) in (3.29) and integrate in time (3.29), we have

t t
Ifl(é,t)lSIﬁ(E,O)I+CIEIt+C(1+IEI)/IIH(T)Ilsz+C(1+|EI)/|Iu(T)II§dT,
0 0

which is (3.28). To complete the proof, we finally show that (3.30) holds,

IP(G) < CA+ D@3 + lu@)2).

Using (3.18)
Vb :
+ ‘/ MT . ue’s'xdx

Vb
= [Elllw@ufy+ flu—=-ulh

1P(u-Vu)| <

/V S(u@u)e’s*dx

< |Ellull3 + Cllul3 < CA + [EDNu)]i3,

Vb
V<7 u) ¥ dx| +

and

P [% (Vu+ (V)T —V~u1):| <

+2|/ (Vb)ue’fxdx ’/ <—®u) e ¥ dx| +
V( )uel“dx ‘/ <u® Vl)b>ei$'xdx

<& <|I— ullp + |I—®u||1 + ||u®—||1>

+1V vo I+ IV vo [
p )N p )M

=CA+EDNu@)]2.

(3.29)

(3.30)
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Finally

|P(qu)| = ‘f nue's*dx| < Inlallu@®ll2 < Cllu@)l. O

We are now in the position to give the proof of the main theorem of this section:
Proof. Taking the scalar product of (3.17) with u and using Plancherel’s theorem, we have

d
E/|ﬁ<s,r>|2ds+/|s|2|ﬁ<s,z>|2ds < 1(f2wl.
R2 R2

For the second term

/ &1 aE, 1)*dE > / E12aE, 1)|*dg
R2 G(1)©
> 82(1) / e, 1)PdE
G(1)¢
= g20) / (e, 1) PdE — g2(0) / e, 1) Pde
R2 G(1)
where G(t) = {S eR2: ¢ < g(t)} and g € C ([0, co]; R4 ) which can be determinate later.
Then
d
E/|ﬁ<s,r>|2ds+g2(r>/|ﬁ<s,r>|2dsng(n / (&, 1)*dE + (f, wp,
R2 R? G

and by Lemma 7 we have
d . A
E/|u(s,t>|2d§+g<r)2/|u<s,t)|2d55
R2 R2
g(n) t

szng2<r)/ ||u0||1+Crf+C(1+r)/||u(f)||2df
0 0

2

t
+C(1+r)/||u(t)||§df rdr +|(f, wpl,
0

and by Holder inequality it is possible to write as:
d R N
o / i, nIPds + (1) / i, nPd§ <
R2 R2

1

g(1) 2

t
3
§2ng2(t)/ ol + Cr2e® + C(1 + )2 f||u(r)||‘2‘dr +
0 0

t
+C(l+r2)t/||u(r)||§dt rdr +|(f,u)pl.
0

Integrating in time, we have:
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r 2
o 8O (1) 12 < luo|3 +

t
+ 271, ”u()”% / 62 f(; gz(s)dsg4(s)ds
0

t

+2nC/62f0t gz(s)dsg6(S)S2ds

0
1
t N 2
+C / 210 )5 (g4 (5) 4 ¢8(5))s2 / lu(o)|ddz | ds
0 0
t s
+C f Ao 0 (g3 (5) 1 g5(5))s f lu(o)lidz | ds
0 0

t
+/ PN EOB|(f u),lds.
0
To obtain a basic estimate, we take
1
(e+1)logle +1)’
2o 05 _Nog(e +1)]2,

g2 =

then

t

t
2 (1 o2(s)ds 4 1
/e Jog" s g (s)dst/mdsfc,
0 0

! 2

t
2 fy 87(5)ds o6y <2 <cf il ds < Clog (1 t
[ g6 < C [ s ds < Cloglogle +1).
0 0

1
t 2

N
/ 2o &5 g6 553 / lu(o)lddr | ds <
0 0
s%{luoll3
(e +5)3log(e +5)

<C

ds < Clog(log(e +1)),

t

N
/ 2o 805 g8(5) / lu(0)l3de | ds <
0

0

s?luoll3
(e + s5)3log(e + )
0

< ds < Clog(log(e+1)),
and using Lemma 8:

1
t 2

s
/e2fotg2(5)d5g4(s)5% /||u(f)||gdr ds <
0

0
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t

SC/ u =ds < Clog(e +1),
(e+s)2

[SI[%)

t N t

/ezf5g2<s>dsg4(s)s /||u(r)||‘2‘dr dstf (ejs)3dsfc

0 0 0

Finally, using the hypothesis (3.21) on f the last term is

t t

f Do O (F uy,ds < € / [og(e + )] 1| fll2llull2ds

0 0

1 +
< Clluolla f O(gf )j) <

Hence

[log(e + 1] w13 < C[1 +log (log(e + 1)) + log(e +1)].

and the theorem is proved. O
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Appendix A. Technical lemmas

In this section we present some Lemmas that we have used in section 2 to prove the existence of the AIMs. We
begin proving the estimates (2.13)—(2.15) for the continuous linear semigroup {e~4#'},- associated to the equation

du
Z—FA;,,,u:O. (A.1)

Lemma 9. Let P, and Q,, be the projection operator defined in (2.12), and A, the n-th eigenvalue of Ap,, then
le™ 4" Ol emyy <b <(Ult) n+1> el 5,

I(I + TAp) Puloyy < (14 TAy,) <e™n,

3 —12

i

[\ zp,H,Pv) < (Tl) .
n

Proof. In the proof we shall use the notation introduced in (2.12). The second inequality derives from the obvious
estimate
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1Ap yIIj
Iyl

while the third inequality is a simple consequence of the estimate

< rkﬁ,

2
||y||2b - 1 (Abvy’z)’)b - 1
|y|b bv; |y|b bv;

Ans

(A2)

(A.3)

that can be easily proved using coercivity (2.10). To prove the first inequality, we compute the Ll%—scalar product
between the Q,-projection of equation (A.1) and Ap,z; therefore, using coercivity (2.10), one can obtain

d
Sar IZ1I + Ant1lizll7 <O,
which gives

e~ Aby Onlrvy < exp(=Auy1t).

Analogously one can derive

217 < |z0l5 exp(—2A,411).

Now consider the Q,-projected energy estimate, and multiply times exp(2X,,41?)

d —
= (exp@Ans1D12[}) + 2B exp@hn 1021} < 201 eXP@hn 1012

that, integrated in time, gives

t t

205 [ exp@hnrNzlds < fzof} + 2nsn [ exphpirsizids.
0 0
From (A.6), we obtain
t t
2 2 2
/ expQha+15)|zl3ds < f 1zol3ds < t]zo[3.
0 0
that, together with (A.7), gives

t
1 1
/ exp(2hnt15)l1zll7ds < ZIZOI% (; + Anm) :
1

From (A.4), after multiplication times #, using the Gronwall lemma, and with the help of (A.8), one gets

b o1
f||Z||1,§E|z0|b ;+An+1t exp(—2An111).
1

The above estimate can be written as

|e—lAva | < 1 L 1/2+)»1/2 e—kn+1t
nlL(HV) = >172 \\ 1y n+l

which concludes the proof. O

. One readily derives:

(A4)

(A.5)

(A.6)

(A7)

(A.8)

‘We now want to prove that the operator By : V — H, defined in (2.19), is bounded and Lipschitz. We first give two

preliminary Lemmas.
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Lemma 10. Let u € D(Apy), then there exist three constants x1, x2 and x3 such that the following inequalities hold:

11320y = X1l Apuuly, (A.9)
1/2 1/2
jul L) < xalul,* | Apourl,, (A.10)
1/
—1,2 |Apvul?
| < xab; Plully [ 1+1log=——2) . (A.11)
Al

Proof. The (A.9) is the regularity of the Stokes problem related to the elliptic operator A, and was proved in [29].
The second inequality is the analogous of the classical Agmon inequality [1]. It comes from the interpolation
inequality

1/2 1/2

a3,

L) < X lul

and from (A.9). The last inequality is the Brezis—Gallouet inequality [4] adapted to our case. Following [4], one can
show that there exists ¥ > 0 such that, for any R > 0

—1/2 _
ulii) =2 (lallpllog + RV + llull o gy (1 + R) 7). (A12)
2
The proof is completed choosing 1 + R = l:xl"’lvuunlf, and using (2.16) and (A.9). The constant x3 is given by:
b
X3 :max{/cz,/cz)(l)\lplz}. O (A.13)

Next Lemma shows, for the solutions of (2.9), the existence in L°°(£2) of an absorbing set:

Lemma 11. Let r > 0, and suppose u;, satisfies |u;,|p <r. Let u be a solution of (2.9) with initial datum u;, €
48 ng. Then there exist a time 1(r) and p» = p2(2, |flp, U, |inllp, r), such that

lulp=@) < p2, for t=>1(r). (A.14)

Proof. Taking the Li norm of (2.9) we get

u
[Apvulp < s [B@)|p + | flp + Inulp
b

1/2

1/2
< + Cxaluly*|Apyuly > ully + 1 1o + supn |ulp,
b

dt

where we have used (A.10). Applying Young inequality, we have:

u

+ C2 2 ulplwl? 421 f 1 + 2 supn |ulp.
b

Now take # > 1y(r) + 2« so that, in the above estimate, both (2.16) and (2.17) can be used. One immediately gets:

4 ~
|Apvtly < —p1 + C2x3p0p? + 2| f 1 + 2p0 supn = pa. (A.15)

The above bound can be inserted in the Brezis—Gallouet inequality (A.11) and one obtains the desired result (A.14)
with pp given by

—” 12
) 2
log 22|+ ‘logpID (A.16)
1

P2 = X3P1 (1 +

and p; defined in (A.15). O
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Lemma 12. There exist two constants My and M (the explicit expressions are given in the proof) such that for every
u,v eV results:

[Boulp, < Mo (A.17)
|Bou — Byv|p < Myllu —vl|p. (A.18)
Proof. Suppose that ||u]|, < p; (if ||u||p > p; then Byu = 0) and consider

|B(u,u)|p < CllullplulLo@) < Co1(| Putt|Lo@) + | Ontt|Loo())-
Applying (A.11) and (A.14), we obtain (A.17) with My given by:

" c’ 1/2
— n
Mo = p1C | p1x3b; <1+10g n ) +o],

where the constant C’ expresses the continuity of the operator A ,1”/12 from V to H, i.e. |Allﬂ/)2u|127 <C'|lu ||%,.
Passing to the proof of (A.18), we denote by Lg the Lipschitz constant of the function 6.

|Bg(u) — Bo(v)1p

< ‘e (””””) 6 (W)‘ |B<u>|b+‘e (W)‘ B) — BO)l,
1 1 p1

My
< ;Le Mullp — llvllpl + 1B, u—v)|p + |Bu—v,v)lp

My
< KLeIIu —v|lp+ [B(u,u—v)|p+|Bu—v,v)p

My
< KLellu —v|lp + Cllu —vlplu|reo) + Cllvllplu — v|pow).

Using (A.11), (A.14), (A.15) and (A.16) in the above expression we obtain the desired (A.18) with

. 532 1/2

3 0
5P| 1+ logk—l2 +‘log2pf‘ . O

My
Mi=—Lo+Cp+C7;
L1 bi
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