Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

» S, ANALYSE
NON LINEAIRE

ELSEVIER Ann. I. H. Poincaré — AN 34 (2017) 759-787

www.elsevier.com/locate/anihpc

The defocusing quintic NLS in four space dimensions

Benjamin Dodson *, Changxing Miao °, Jason Murphy “*, Jigiang Zheng *

& Department of Mathematics, Johns Hopkins University, Baltimore, MD, USA
b Institute of Applied Physics and Computational Mathematics, P.O. Box 8009, Beijing, 100088, China
¢ Department of Mathematics, University of California, Berkeley, USA
d Université Nice Sophia-Antipolis, 06108 Nice Cedex 02, France

Received 1 September 2015; received in revised form 10 May 2016; accepted 13 May 2016
Available online 7 July 2016

Abstract

We consider the defocusing quintic nonlinear Schrodinger equation in four space dimensions. We prove that any solution that
remains bounded in the critical Sobolev space must be global and scatter. We employ a space-localized interaction Morawetz
inequality, the proof of which requires us to overcome the logarithmic failure in the double Duhamel argument in four dimensions.
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider the defocusing quintic nonlinear Schrédinger equation (NLS) in four space dimensions:
(0 + Au = |ul*u

3 (1.1)
u(0) =up € HZ (RY),

.3
with u : R, x Ri — C. The equation (1.1) is called H,?-critical because the rescaling that preserves the class of
. 1 L -3 L
solutions, namely u(z, x) — A2u(At, Ax), leaves invariant the H,-norm of the initial data.

.3
We prove that any solution to (1.1) that remains bounded in the critical Sobolev space, namely H? (R*), must be
global and scatter. In [29], we proved the analogous statement for (1.1) with the nonlinearity |u|’u for 2 < p < 4. In
this paper, we treat the endpoint p = 4, where the techniques in [29] break down.

.3
We start with some definitions. A function u : I x R* — C is a solution to (1.1) if it belongs to C; H? (K x RN
L}2 (K x R*) for any compact K C I and obeys the Duhamel formula
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t
u(t) = Ay (10) — i / I (ul*u)(s) ds
0]
for each ¢, 1ty € I. We call [ the lifespan of u. We call u a maximal-lifespan solution if it cannot be extended to any

strictly larger interval. We call u global if I =R.
We define the scattering size of a solution u : I x R* — C by

Si(u) = / lu(t, x)|'? dx dt.
I xR4

If there exists #p € I such that Sy sup 1) (1) = 00 we say that u blows up forward in time. If there exists 79 € I such
that Sginf 1,79 () = 00 we say that u blows up backward in time.

.3
If u is global and obeys Sg (1) < 00, then standard arguments show that u scatters, that is, there exist u+ € H?2 (R*)
such that

lim |u() —e®us| 3 =0.
t—+o00 sz(R4)

Our main result is the following theorem.

.3
Theorem 1.1. Suppose u : I x R* — C is a maximal-lifespan solution to (1.1) such that u € LX®H? (I x R*). Then u
is global and scatters, with

Se@) <C(lull 5 )
L®HZ2 (RxR4)

for some function C : [0, c0) — [0, 00).

The motivation for Theorem 1.1 comes from the global well-posedness and scattering results for the mass- and
energy-critical NLS. In space dimension d, the equation (id; + A)u = =£|u|Pu is mass-critical for p = % and energy-

critical for p = %. These cases are distinguished by the presence of a conservation law at the critical regularity. For
the mass-critical case, the critical space is L% (R9), and the conserved quantity is the mass:

Mlu(t)] ::/lu(t,x)|2dx.
le

For the energy-critical case, the critical space is H 8 (R%), and the conserved quantity is the energy:

E[u(®)]:= / LVu(t, x)1* £ ﬁm(r, 0)|P 2 dx.
R4

For the defocusing mass- and energy-critical NLS, arbitrary initial data in the critical space lead to global solutions
that scatter; in the focusing case, scattering below the ‘ground state’ has been proven for all cases except the non-radial
energy-critical problem in three dimensions [2,8—13,15,18,22,24,26,27,33,36—40]. A major obstacle to solving these
problems was the lack of any monotonicity formulae (i.e. Morawetz estimates) that scale like the mass or energy. The
key breakthrough was the induction on energy method of Bourgain [2]: by finding solutions that concentrate on a
characteristic length scale (and hence break the scaling symmetry of the equation), the available Morawetz estimates
can be brought back into the picture, despite their non-critical scaling. These ideas and techniques have been developed
extensively in the setting of concentration compactness and minimal counterexamples, as in the pioneering work of
Kenig and Merle [18].

A key ingredient for the mass- and energy-critical problems is the a priori uniform control over solutions in the
critical Sobolev space afforded by conservation laws. For the case of NLS at ‘non-conserved critical regularity’, one
has no such a priori control; however, the success of the techniques developed to treat the mass- and energy-critical
problems suggests that this should be the only missing ingredient for a proof of global well-posedness and scattering.
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Indeed, previous works have shown that critical H; -bounds imply scattering for NLS for a range of dimensions and
nonlinearities [19,23,29-32,42]. In [29], the authors treated energy-supercritical nonlinearities in four space dimen-
sions, specifically, |u|Pu for 2 < p < 4. In this paper, we address the endpoint p = 4.

1.1. Outline of the proof of Theorem 1.1

We argue by contradiction, supposing that Theorem 1.1 fails. As standard local well-posedness results (via
Strichartz estimates and contraction mapping, cf. [4,5,25]) give global existence and scattering for sufficiently small
initial data, we deduce the existence of a critical threshold, below which Theorem 1.1 holds but above which we can
find solutions with arbitrarily large scattering size. By a limiting argument (see below), we deduce the existence of
minimal counterexamples, that is, blowup solutions living at the threshold. As a consequence of minimality, these
counterexamples have good compactness properties, specifically, almost periodicity modulo the symmetries of the
equation.

Definition 1.2 (Almost periodic). A solution u : I x R* — C to (1.1) is almost periodic (modulo symmetries) if

.3
u e L®HZ(I x R*) and there exist functions N : [ — R*, x : I — R* and C : R* — R* such that for # € I and
n >0,

f 193 utr, )P dx + f EPE@ P dx <.

le—x (01> 3 l§1>C N @)

We call N(-) the frequency scale, x(-) the spatial center, and C(-) the compactness modulus.
Remark 1.3. Equivalently, u : I x R* — C is almost periodic if and only if
() 1€} C 2 fO(x +x0)) : » € (0,00), xo €R*, feK)
for some compact K C Hx% (R*). From this, we can deduce that there also exists ¢ : Rt — R such that
NV 12u<conn L2 xmsy < - (1.2)
The first major step in the proof of Theorem 1.1 is the following.

Theorem 1.4 (Reduction to almost periodic solutions). If Theorem 1.1 fails, then there exists a maximal-lifespan
solution u : I x R* — C to (1.1) that is almost periodic and blows up in both time directions.

As mentioned above, almost periodic solutions are constructed via a limiting argument as minimal blowup solu-
tions. The argument, which has its origin in work of Keraani [20,21], is now considered fairly standard in the field
of dispersive equations at critical regularity [18,19,22-25,27,30,31,37]. The argument relies on three main ingredi-
ents: a linear profile decomposition for €2 [1,3,20,28,34], a stability theory for the nonlinear equation (similar to the
local theory), and a decoupling statement for nonlinear profiles. Roughly speaking, decoupling means that one can
solve the equation (approximately) by decomposing the initial data into profiles, evolving each profile by the nonlin-
ear equation, and then recombining the nonlinear profiles. This step relies essentially on an orthogonality property
satisfied by the profiles. In the presence of a non-integer number of derivatives and/or non-algebraic nonlinearities,
the decoupling step necessitates some additional technical arguments. By now, technology exists to treat a range of
these situations [16,19,23,30,31]. The necessary arguments for our setting may be found in [23], which treats general
energy-supercritical NLS. For a good introduction to concentration compactness techniques in the dispersive setting,
we refer the reader to [25,41].

We next discuss some further properties of almost periodic solutions. First, the frequency scale obeys the following
local constancy property (cf. [25, Lemma 5.18]).
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Lemma 1.5 (Local constancy). If u : I x R* — C is a maximal-lifespan almost periodic solution, then there exists
8 = &(u) > 0 such that for ty € I we have

[to — 8N (t0) "2, 1o + 8N (10) 2] C I,

with N (t) ~, N (to) for |t — to| < 8N (t9) 2.
In particular, modifying the compactness modulus by a multiplicative factor, we may divide the lifespan I into
characteristic subintervals Ji on which we can take N (t) = Ny for some Ni, with |Ji| ~ N,:z.

Lemma 1.5 provides information about the behavior of the frequency scale at blowup (cf. [25, Corollary 5.19]):

Corollary 1.6 (N (¢) at blowup). Let u : I x R* — C be a maximal-lifespan almost periodic solution to (1.1). If T is
a finite endpoint of I then N(t) 2, |T — t|*%.

We can also relate the frequency scale to the Strichartz norms of an almost periodic solution.

Lemma 1.7. Let u : I x R* — C be a nonzero almost periodic solution to (1.1). Then

3 3
fN(t)zdt,snwwuuitzﬁ <D NVEuml,,, 5u1+/N(r>2dt
1 M 1

To prove Lemma 1.7, we may adapt the proof of [25, Lemma 5.21], making use of the Strichartz estimate below
(Proposition 2.3). Briefly, f N (1)2 dt counts the number of characteristic subintervals in 7, while the Strichartz norm
is ~, 1 on each such subinterval.

We now refine the class of almost periodic solutions that we consider. By rescaling arguments as in [22,24,37], we
can guarantee that the almost periodic solutions we consider do not escape to arbitrarily low frequencies on at least
half of their maximal lifespan, say [0, T;,4x). Using Lemma 1.5 to divide [0, T4y ) into characteristic subintervals J,
we arrive at the following theorem.

Theorem 1.8 (Further reductions). If Theorem 1.1 fails, then there exists an almost periodic solution u : [0, Tppax) X
R* — C to (1.1) that blows up forward in time and satisfies

ue L?OHX%([O, Trax) X RY). (1.3)
Furthermore, we may write [0, Tyyax) = U Jk, where
Nt =N =1 for tedy, with |Jxl~u N> (1.4)
We classify u according to the following two scenarios:
Tnax
N (t)_3 dt < oo (rapid frequency-cascade solution), (1.5)
0
Tnax
N(t)_3 dt =00 (quasi-soliton solution). (1.6)
0
To complete the proof of Theorem 1.1, it therefore suffices to rule out the existence of almost periodic solutions as

in Theorem 1.8.
The quantity appearing in (1.5) and (1.6) is related to the interaction Morawetz inequality, an a priori estimate for
solutions to defocusing NLS introduced in [7]. We recall the estimate here in the four-dimensional setting: defining

M(t):f lut, y)2Va(x —y) - 2Im(Vu(t, x)i(t, x))dx dy, a(x) = |x],
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one can prove a lower bound for %M (t) and use the fundamental theorem of calculus to deduce the following
(see [33], for example):

(2, ) u(, y)I* 3
/ f |X—y|3 d'XdydtS ”u”LlOOL§(1XR4)”vu”LtooL)z((IXR“)‘ (17)

I R4xR*
A scaling argument suggests that for almost periodic solutions to (1.1), one has

LHS (1.7) ~, /N(z)—3 dr,
1

which explains the appearance of this quantity in Theorem 1.8. In particular, we expect the interaction Morawetz
inequality to preclude the possibility of almost periodic solutions satisfying (1.6). We make this heuristic precise in
Section 5 by proving a space-localized interaction Morawetz inequality, which we then use to preclude quasi-solitons
(see Proposition 5.13). We need space localization because (1.7) is not directly applicable in our setting; indeed, we
do not control the H xl -norm of the solutions we consider. The proof of the space-localized Morwetz estimate contains
the main difficulty in this paper compared to our previous work [29].

Spatial truncation in the standard Morawetz weight introduces error terms that must be controlled to arrive at a
useful estimate. To achieve this, we first prove a ‘long-time Strichartz estimate’, Proposition 3.1, which gives control
over frequency-localized almost periodic solutions. Such estimates first appeared in the work of Dodson [9], and
have since appeared in [13,26,29,30,32,40]. In order to be useful for controlling Morawetz error terms, the long-time
Strichartz estimate needs to exhibit enough gain in the frequency, where the exact gain needed depends on how far the
critical regularity is from the scaling of the Morawetz inequality.

The strategy employed in our previous work [29] (which treated |u|”u for 2 < p < 4) breaks down at p =4,
essentially due to the failure of certain endpoint estimates (such as Sobolev embeddings involving L}C); see [29,
Remark 4.4] for a further discussion. This type of difficulty was already encountered by the authors of [26] in the
setting of the energy-critical NLS in three dimensions. They were able to succeed by proving a ‘maximal’ Strichartz
estimate, which allowed for control over the worst Littlewood—Paley piece at each point in time. A similar approach
was also taken in [13]. As in [13,26], we are able to prove a maximal Strichartz estimate (Proposition 2.5) in order to
exhibit sufficient gain in the long-time Strichartz estimate.

Another key ingredient in the proof of the Morawetz estimate is Proposition 2.6, which is a Strichartz-type estimate
used to control error terms involving the mass of solutions over balls. Proposition 2.6 is similar to [29, Proposition 2.7],
which we used in our previous work for exactly the same purpose. These estimates are modeled after [26, Proposi-
tion 3.2]; similar estimates also appear in [13]. The proof of Proposition 2.6, like the proofs of [29, Proposition 2.7]
and [26, Proposition 3.2], is based on the double Duhamel argument, which has its origin in [8]. It is in the estimation
of mass over balls that we meet the main new difficulty compared to our previous work [29], as we now explain.

Recall that in [29], we treated nonlinearities |u|Pu with 2 < p < 4. To control the mass over balls, we used [29,
Proposition 2.7] and estimated the nonlinearity by decomposing it (roughly speaking) into low and high frequencies.

4

We could estimate the low frequencies in the dual Strichartz space L,2L 3 however, to estimate the high frequencies
required us to use a space of the form L?L; for some 1 <r < %, where r | 1 as p 1 4. For the details, we refer the
reader to the proof of [29, (6.12)], especially the proof of (6.17) therein. The condition r > 1 was essential in the proof
of [29, Proposition 2.7] to guarantee the convergence of the integrals appearing in the double Duhamel argument. For
this reason, the approach in [29] broke down at p = 4.

In this paper, we treat the endpoint p =4, and in order to control the mass over balls, we need to estimate the
high frequency contribution of the nonlinearity in L,2L 1. Because we are in four space dimensions, this leads to a
logarithmic failure in the double Duhamel argument, as was already exhibited in [13]. In particular, as a replacement
for [29, Proposition 2.7], we prove Proposition 2.6, which allows us to put a portion of the nonlinearity in L,2L Dat the
cost of a logarithmic loss.

In order to utilize Proposition 2.6 in the context of controlling Morawetz error terms, we need to rescale the
Morawetz weight by a function of time. This is similar to the approach taken in [13]. Having the Morawetz weight
depend on time leads to one new error term, which we handle by adapting arguments of Dodson [12,13]. In particular,
we employ a ‘smoothing algorithm’ to produce a suitable rescaling function, which is closely related to the frequency
scale function of the solution. See Section 5.2 for more details.
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Finally, we need to overcome the logarithmic loss that arises from the use of Proposition 2.6. We achieve this by
using an appropriate Morawetz weight and exploiting the fact that (1.1) is energy-supercritical, as we now explain.
To simplify the exposition, let us ignore the time-dependent rescaling (or, equivalently, consider a ‘true soliton” with
N(t) = 1). Inspired by [26], we introduce a weight a such that a = |x| for |x| < R and a is constant for |x| > Re’,
where R > 1 and J ~ log R. In the intermediate region, a satisfies |8£‘ar| <k J 1=k Some error terms do not require
the use of Proposition 2.6, in which case the factor J~! provides smallness. For terms requiring Proposition 2.6, the
factor J ! cancels the logarithmic loss; however, we still need to exhibit smallness. For very low frequencies, we
can use almost periodicity, as in (1.2). For the remaining higher frequency terms, we use the fact that the error terms
1nvolve at most one derivative of the solution, while the equation (1.1) is energy-supercritical; in particular, we control

the H -norm of the solution, and hence we can exhibit a gain by using Bernstein’s inequality.

In our previous work [29], we proved a space- and frequency-localized interaction Morawetz inequality; in partic-
ular, we proved an estimate for the high frequencies of the solution only. This introduced even more error terms, as the
high frequencies alone do not solve (1.1). In this paper, we opt to work with a true solution, which reduces the total
number of error terms. Of course, we still need to control the low frequencies in the error terms, but we expect the
low frequencies to be relatively harmless due to (1.4). To control the low frequencies, we use the long-time Strichartz
estimates along with the following proposition, which gives additional decay in the LZ-sense.

Proposition 1.9 (Additional decay, [29]). Suppose u : [0, Tyyax) x R* — C is an almost periodic solution as in Theo-
rem 1.8. Then

u € LPLI(0, Tnax) x RY)  forall 3 <g <8. (1.8)

To prove Proposition 1.9, one can argue exactly as in [29, Proposition 3.1] (in fact, the algebraic nonlinearity |u|*u
allows for some simplifications). We briefly sketch the ideas here. Defining

4_1
Sq(N):=Na 2 ||”N||L°°L‘1([0 Tnax) X RY) 4<q<8),
one uses the reduced Duhamel formula, Strichartz, the dispersive estimate, and a suitable decomposition of the non-

linearity to prove a recurrence relation for f,(N). Here N is chosen small enough to guarantee that the L°°H : -norm
of u<y is small; this is possible because of (1.4). As f; is bounded (by Bernstein and (1.3)), one can combme the
recurrence relation with an ‘acausal Gronwall inequality’ to deduce the bound

8y_
lullops Su N0

for 4 < g < 8 and N small. Interpolation with |ju || 112 <uN -3 yields

lunll w0, SNOT
LPLMT
for N small, which implies the result. See [29, Section 3] for more details. This type of argument appears originally
in [24], where it was combined with the double Duhamel argument (in dimensions d > 5) to prove negative regularity.
The remaining scenario in Theorem 1.8, namely, that of rapid frequency-cascades, is comparatively simple. In
particular, we use the long-time Strichartz estimate (Proposition 3.1) together with the following reduced Duhamel
formula to show that such solutions are inconsistent with the conservation of mass.

Proposition 1.10 (Reduced Duhamel formula). Let u : [0, Typax) X R* — C be an almost periodic solution to (1.1) as
in Theorem 1.8. Then for any t € [0, Trnax),

T

u(t)y=_lim i f A (luf*u) (s) ds
T/Tmax
t

3
as a weak limit in HZ (R%).
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The reduced Duhamel formula is a robust consequence of almost periodicity; to prove it, one can adapt the proof
of [25, Proposition 5.23].

We conclude the introduction by noting that while the techniques employed in this paper allow us to treat the
endpoint missing from [29], proving the analogous result for nonlinearities |u|Pu with p > 4 would likely require a
significantly different strategy. Writing s, =2 — % to denote the critical regularity, the difficulty of the case s. = %
treated here compared to the case s, < % treated in [29] is that it is almost ‘too far’ from the scaling of the interaction
Morawetz inequality, which scales like s, = le' We see this in the long-time Strichartz estimate, where we need to

use the maximal Strichartz estimate and put a portion of the nonlinearity in L,2L)1C to get enough gain in frequency.
Similarly, as described above, to control the Morawetz error terms involving mass over balls requires us to put a
portion of the nonlinearity in L,2L }C As the case s, = % already requires the use of the endpoint L )]C, there is ‘nowhere

left to go’ if we wish to consider s, > % Thus, it seems that to treat this regime will require a new approach.

The rest of this paper is organized as follows. In Section 2, we set up notation and collect some useful lemmas,
including the Strichartz estimates mentioned above. In Section 3, we prove the long-time Strichartz estimate. In
Section 4, we preclude the possibility of rapid frequency-cascades. In Section 5, we prove the interaction Morawetz
inequality and use it to preclude the possibility of quasi-solitons.

2. Notation and useful lemmas

For nonnegative X, Y, we write X <Y to denote X < CY for some C > 0. If X <Y < X, we write X ~ Y.
Dependence on certain parameters will be indicated by subscripts; for example, X <, Y means X < CY for some
C = C(u). Dependence of the estimates on the ambient dimension will not be explicitly indicated. We write @(X) to
denote a finite linear combination of terms that resemble X up to Littlewood—Paley projections, complex conjugation,
and/or maximal functions.

We write LY L (I x R*) for the Banach space of functions u : I x R* — C equipped with the norm

1

q

el o o xmey 7= (/ ||M(f)||q;(R4) df) ,
T

with the usual adjustments if g or r is infinite. When g = r, we write L{L{ = L{ . We write || f||z; to denote
I f 1l mey- We write r’ to denote the dual exponent to r, i.e. the solution to % + % =1.

We define the Fourier transform on R* by

P = b [ redx,
R4
For s € R, we define |V|* to be the Fourier multiplier operator with symbol |£|*, and we define the homogeneous
Sobolev norm H; via ||f||H; = |||V|Sf||L)2(.
2.1. Basic harmonic analysis
Let ¢ be a radial bump function supported on the ball {|§]| < %} and equal to 1 on the ball {|§| < 1}. For N € 2Z,

we define the Littlewood—Paley projection operators by

Pon [ (&) = Fan(®) = 0() [ (&),

Ponf®) = Fn® = (1-9() F &),

Py [ €)= Tn ) = (0() —9(GD) [ (&),
We also define

Py, <.<n, = Z Py,
Ni<N<N»

where here and throughout such sums are taken over N € 27.
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The Littlewood—Paley operators commute with all other Fourier multiplier operators (such as derivatives and the
free propagator), as well as the conjugation operation. These operators are self-adjoint and bounded on every L and
H;} space for 1 <r < oo and s > 0. They also obey the following standard Bernstein estimates.

Lemma 2.1 (Bernstein estimates). For 1 <r <g < oo and s > 0,
”|V|SPSNf’Lr R4)NN HP<Nf’Lr (R4’
HP>Nf’Lr(R4) ”|V| P>Nf‘

[P<n lLogusy SN 74| Pon |

L;:. (R4)’

LL®RY"
We will also need the following fractional chain and product rules from [6].
Lemma 2.2 (Fractional calculus, [6]).
(i) Lets >0and 1 <r,rj,q; <oosatisfy 1 i_—i—L_forj: 1,2. Then
(INREF3) VI + VIS,

(ii) Let G € C'(C) and s € (0,1], and let 1 <r <00 and 1 <r,ry < 00 satisfy 1 = % + % Then

rp Sl gl -

/
1 SNG @y
2.2. Strichartz estimates
The free Schrodinger propagator ¢i' = F~1e=ifl€ F is given in physical space by

ilx—y?
e Ea O
R4
It follows that ||/ £ 12 = || f 2 and the following dispersive estimate holds:
e Fll ooty 112N F 1y for 10,
Interpolation yields
™ Fll g sy S 1177 ||f||Lq/(R4) for 2<g<oo and r#0.

These bounds imply the standard Strichartz estimates for €A [14,17,35). Arguing as in [8], one can also deduce a
‘Besov’ version. In particular, we have the following estimates.

Proposition 2.3 (Strichartz, [8,14,17,35]). Let u : I x R* — C be a solution to (id, + A)u = F. Then for any to € I
andany2 <q,q,r, 7 < o0 satisfying %—i—%:%—i—%:l we have

8=

2
el L 1 1ty S (Z ||uN||L;1L;<,XR4>> S M)z + 1F a0z
N

As in [8,26], we use this Besov-type Strichartz estimate in order to access the LY endpoint.

Lemma 2.4 (Endpoint estimate). For u: I x R* — C,

3 2 4
||u||L4Lw(,XR4)<|||V|2u||LmL2(,XR4) DNV uN T gmsy ) -
N
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Proof. Using Bernstein and Cauchy—Schwarz, we estimate

4
lullya o < ety 1o e N s w2 oo gl 2 oo
Ni<--<N4
< 3 9 NiN, % 3 3
SNVEulgns Do (W2 ZNVIZunsll 21V I2ungl 20
Ni==Ny

3 3
< 5 112 5 2
SNl YNNI, .
N

where all space-time norms are over I x R*. The result follows. O
We next record a ‘maximal’ Strichartz estimate as in [13,26].

Proposition 2.5 (Maximal Strichartz estimate). Let u : I x R* = C be a solution 1o (id; + A)u = F + G. Then for
any ty € I and 4 < g < 00, we have

4
i_9 _ —
Fsup Na | Pyu@)llall 2 S NIV 1u(to)IILngIIIVI gl 2L%+||G||L,2L;v
N

t=x

where all space-time norms are over I x R*.

Proof. Beginning with the Duhamel formula

¢ t
u(t) = e/ 0By (1) — i / TIAF(s)ds — i / TG (s)ds,
to fo

we estimate the first two terms via Bernstein followed by the L2L# Strichartz estimate. For the last term, we argue as
in [13]. For completeness, we include the details here.

We estimate the short-time piece via Bernstein and Strichartz. Letting M denote the Hardy-Littlewood maximal
function,

4_ i (t—
NiT? / I1Pne'9AG ()l g ds S N? / IG®)llL1ds SMUAGOIL) @),
lt—s|<N—2 lt—s]<N—2

uniformly in N. For the long-time piece, we use the dispersive estimate, Bernstein, and the fact that ¢ > 4 to estimate

4 .
Na? / I1Pne " D2G(s)| g ds

|t—s|>N—2

8 4
SNa™? / it =5 IG(s) 1 ds

|t—s|>N—2

8 4
S ) NTMT [ 1G®)llLy ds

M>N—2 lt—s|~M
8

S Y NTIMTTEMAGOIL) 0 SMAGOIL ),
M>N—2

uniformly in N. The result now follows from the maximal function estimate. O

Finally, we record the following Strichartz-type estimate, which will play an important role in Section 5. This
estimate is similar to [29, Proposition 2.7]; like that estimate, it is modeled after [26, Proposition 3.2]. In order to
access the L?L}C endpoint, however, we must accept a logarithmic loss.
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Proposition 2.6 (Strichartz-type estimate). Let u : I x R* — C be a solutionto (id; + N u=F+G. Letn: I — Rt
and A : I — R satisfy A(t) > n(t)~\. Then

/ sup / (e, P dydt ST [lull7 oo +IFIP 4]
x€R4 t X LIZL)?
1 [x—y|<A(t)

+[1+ ogGm = ]G, +1GI° / n(n~dt,
* L>®L
1 X 1

where all space-time norms are over I x R*,

_ ey
Proof. Defining the weight o = w(t,x,y) =e »0? it suffices to estimate

/ sup [u(®) 172, gy, 41-

xeR4
1

For this, we use the double Duhamel trick. That is, we write u in the form

3

3
u(t) = Zaj(t) +b(t) = ch(t) +d(@)

Jj=1 Jj=1

and use the following inequality, which is a consequence of Cauchy—Schwarz:

3
O 2 gy S D10 D724y T DN ONF 2 gy T 1@, dD) 200 ay) -

Jj=1 j=1
With I = (g, t1), we choose our decomposition of u as follows: first,
t

ai(t) = T2y (10) — i / e IAE(5) ds,

]
r—A(1)? ¢
ar(t) = —i f TG (s)ds,  az(t) =—i / TG (s) ds,
fo t—n(t)—2
t—n(t)~2
b(t) = —i / S TTIAG(s)ds,
t—A(1)?

and similarly
1
1) =e T TDBy (1) +i / e ICDAR () dr,

t

t t+n(t)"2
() =i / e {TDAG (D) dT, 3(t) =i f e {TDAG (1) d,
t+A(1)2 t
1+(1)2

dit)=i / e HTDAG (1) dr.

t+n(t)=2
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We first estimate
||§
IIal(t)IILz(wd” S ller® IILz ||al(t)||L4 SAa)? ||a1(t)I|L4

uniformly in x, so that by Strichartz we have

/sup lar Oz ay) 4t S 1210 lanl T o S 1Mo [l o + 1FI2 4]
Y xeR* L L}

We can estimate the contribution of ¢; in the same way.
Next, we estimate the long-time piece a;. We have

—I2
IIaz(t)IILz(a,dy) < llero? ||L1 IIaz(t)IlLoo < k(t)4lla2(t)||mo

uniformly in x. We now use the dispersive estimate to estimate

log[(1—10)A(1) 2]
-2
laxlee S Y / It = sI721G ()1 ds

j=0 t—s~20 A (1)2

SAOTY 2T MAGOIL O SAOZMAGCOILD @)

j=0

Thus

/ SUp [1@2(1)172,, 43y 4 S G112, -

Y xeR*

We can estimate c¢; similarly.
For the short-time piece az, we use Strichartz and Holder’s inequality to estimate
IR

-3
1312 4y, S 1707 e las 17, SIGI <n3NGIP
L3 L ((t—n(1)=2,1)xR%) L®L?

uniformly in x, so that

/ SUp 13 (D172 y) 4Y Su G124 / n(t)~dt.
L®L;

Y xeR*

We can estimate c¢3 similarly.
We now turn to the inner product term. We recall the following estimate from [29, Proposition 2.7], which follows
from the evaluation of some Gaussian integrals:

oyl
sup [l ®e™ e A L e S (s D)7
xeR?* :

Thus we can estimate
t—n(t)"2 t+1(1)?
|<b(r>,d<t>>Lz(wdy>|=‘ f / f G(r,y)e' "% ¢ TIAG(s, y)dydr ds
1=2(0)? t+n(1)72
t—n()"2 t4+A1()?
S f / (t =) 16 1G@ILy dr ds

t—r()? t+n(t)=2
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< > 27 / IG @Iy de / IG)I,1 ds

log[n(t)~2]<j <k<log[A(1)?] T~k PN

Slogln(MAONMAGO L) O,

uniformly in x. Thus

[ 18 106040 3 S Wog 1 1GIE,

cR*
T X

Collecting the estimates above, we complete the proof. O
3. Long-time Strichartz estimates

In this section we prove a long-time Strichartz estimate for almost periodic solutions to (1.1). Such estimates first
appeared in the work of Dodson [9], and have since appeared in [13,26,29,30,32,40]. As in [13,26], the long-time
Strichartz estimate we prove relies on the maximal Strichartz estimate (Proposition 2.5). We use these estimates in
Section 4, in which we rule out rapid frequency-cascades, as well as in Section 5, in which we prove an interaction
Morawetz estimate to rule out quasi-solitons.

For u : I x R* — C an almost periodic solution to (1.1) as in Theorem 1.8 and 4 < g < o0, let

3 1
AN = (3 VI, g me) @3.1)
M<N

3 4_

By(N):=NZ|| sup M1~ Jup ()l eyl 2 (3.2)
M>N

K ::/N(t)_3dt ~ N (3.3)

Ji JrCl

The main result of this section is the following proposition.

Proposition 3.1 (Long-time Strichartz estimate). Let u be an almost periodic solution as in Theorem 1.8. Let I C
[0, Tinax) be a compact time interval, which is a contiguous union of characteristic subintervals Ji. For any N > 0
and 4 < g < oo,

A(N) + B,(N) Sy 1+ N2K 2, (3.4)

Furthermore, the implicit constant does not depend on 1.

Remark 3.2. The proof that we give requires 4 < g < 8; cf. (3.7). As Bernstein implies B, (N) < B, (N) for g > r,
we can deduce the result for 8 < g < 0o a posteriori.

The proof is by induction. The inductive step relies on the following lemma.

Lemma3.3. Let 0 < n K 1 and 4 < g < 8. For any N > 0 we have
A(N) + By(N) Sy 1+ C)NIK 2 + g[A2N) + B,(2N)]. (3.5)

Proof. We take space-time norms over / x R* unless stated otherwise.
To begin, note that for any decomposition |u|*u = F 4+ G, we may apply the standard Strichartz estimate (Propo-
sition 2.3) to u <y, the maximal Strichartz estimate (Proposition 2.5) to u~ y, Bernstein, and (1.3) to deduce

3 5
AN) +By(N) Su L+ IIVIEFIL 4 + N3Gl
L?L i

t=x

We choose ¢ = ¢(n) as in (1.2) and write |u|*u = F + G, with
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F= @(uzch(t)uzgzN“)v G= Q(uzch(t)uiZN”) + Q)(“2>c1v(z)”3)~

Using fractional calculus, Sobolev embedding, Lemma 2.4, (1.3), and (1.2), we first estimate

3.2 2 3 3
|||V|2(uscN(,)uszNu)lleL% N ||“§cN(t)||L,°°L§||14||L§>o,_§|||v|2u§2N||Lt2L§

FLi
o ltzenoll e Il oo IV Bl o2 lecon 24, o
SunARN). (3.6)
Next, as 2 < g < 8 we have 3 —-2<0< g - % Thus, defining
S ={(My, My, M3)| My > My > M3, My > 2N}
and using Bernstein, Cauchy—Schwarz, and (1.3), we find

2 2 2 2
luzen@yusontll 2y S llu<en ||L§>OL§ llus,yu ||L2L§

tbx

2
<n E llenr, N p2 luar, O pa lluar; DN 44
s : : L
X

3 4_1

2 -5 2
<n E M 2 M5 ua, O] 3l Ol g lluns O 3
S Hx : Hx L[2

4_n Ma A-1_
S| osup Mo lup @l Y G2 o O3 luas 01
M>2N M= M HY He 22
<V ul? s N~3 By 2N) <u 1*N~3 B, 2N 3.7
SHNIVIZull s N2 Bg2N) Sum 4 2N). (3.7)

Finally, restricting attention to an individual characteristic subinterval Ji, we use Sobolev embedding, Bernstein,
and (1.3) to estimate

5
2 3 2 3 1 2 -3 3.2
e N2 S Musenll” il oo s Su lIVIFusen 1”5 Su CODN, V2wl
LILY P LiL3 L

= wloo

1Ly
We now square and sum over J; C I, using Lemma 1.7 and (3.3). We find
1
% env o 201 Su CODK . (3.8)

Collecting our estimates, we complete the proof of Lemma 3.3. O
With Lemma 3.3 in place we can now prove Proposition 3.1.

Proof of Proposition 3.1. We proceed by induction. For the base case, take N > sup,.; N(¢). In this case, we first
use Strichartz (Proposition 2.3) and Lemma 1.7 to estimate

AP Sy 1+ / NO? <, 14 NK.
1

For B,(N), we instead use the maximal Strichartz estimate (Proposition 2.5), Lemma 1.7, fractional calculus,
and (1.3). We find

5 _ _
By(N) Su N[NV o llpper + VI Py (lulu)l 4]
t bx
S L+l s 11V < 1+ N3K?
S L+l e 11V Z0ll 28 S 1+ :
If we now suppose that (3.4) holds at frequency 2N, then we can use Lemma 3.3 to show that (3.4) holds at

frequency N, provided we choose 1 = n(u) sufficiently small. For the details of such an argument, one can refer to
[29,30,32,40]. O
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We record here some consequences of Proposition 3.1 to be used in Section 5.

Corollary 3.4. Let u, I be as in Proposition 3.1, with K as in (3.3). Define

Phi=P _1, Po=P P Uni = Phit, w10 = Pout.
> 5 <K 5
Then
|||V|2”10”L3 + |||V|2u10|| § + ||u10||L4LOO Su I,
[ )C
2
l SUPM | Prrunill Loo ||L2 Su K,

1
IIVumII 2 Su KT,
2L

KNT) 3
| PGP o Su K3, e 172, S K.
L2L?

where all space-time norms are over I x R*.

Proof. By Proposition 3.1 and the definition of Py,

|||V|2u10||L2L4 S Z |||V|2PMu10||L2L4 <ul

(3.9)

(3.10)
@3.11)
(3.12)

(3.13)

(3.14)

Thus (3.10) follows from mterpolatlon, (3.14), (1.3), and Lemma 2.4. The estimate (3.11) also follows immediately

from Proposition 3.1 (with ¢ = co) and the definition of Py;.
Next, by interpolation and Proposition 3.1,

6 _3 _3
IVunill® o SNV Sunill 2 1Vl e S Y NIV 2ull g
L2L)] ’

w

Z N3+ N3K)Z <, K3,
N>K~
which implies (3.12).

U\\

For the first estimate in (3.13), we use Bernstein, estimate as in (3.6), and use Proposition 3

estimate in (3.13), we estimate as in (3.7) and use Proposition 3.1. O

4. Preclusion of rapid frequency-cascades

.1. For the second

In this section, we preclude the existence of almost periodic solutions as in Theorem 1.8 for which (1.5) holds.

Throughout this section, we denote

Tma,\'
K = / N@) 3 dt < co.
0

We will use the long-time Strichartz estimate (Proposition 3.1) and the reduced Duhamel formula (Proposition 1.10)

to show that the existence of such solutions is inconsistent with the conservation of mass.

Note that (1.5) implies
lim N()=00

t— Tinax

This is clear if Ty,qx = 00, while if T;,,4x < 00, this follows from Corollary 1.6.

4.1)

Theorem 4.1 (No rapid frequency-cascades). There are no almost periodic solutions as in Theorem 1.8 such that (1.5)

holds.
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Proof. As K is finite, we can extend the conclusion of Proposition 3.1 to the whole interval [0, T;,4,). Throughout
the proof, all space-time norms are taken over [0, Tj;4x) X R*. We proceed in three steps.
Step 1. We show that

3
lun<silipers +N"TAN) S, 1 42)

uniformly for 0 < N < 1, where A(N) is asin (3.1).
By (1.3), Bernstein, Proposition 3.1, and (1.5), the quantity appearing in (4.2) is finite for each N > 0:

3 3 5 1
lun<<tllgoer2 + N"2AN) Sy N2 [1+N2K2] <oo. (4.3)
To begin, the reduced Duhamel formula (Proposition 1.10) and Strichartz imply

4.

_3 3
LHS (4.2) S 1 Py<<t(jul*u)ll 4 +N72[[|V|2 P<y(Jul*u)|
L2L3 L2L]

I3 X

Now we let n > 0 and choose ¢ = ¢(n) as in (1.2). To decompose the nonlinearity, we first write u = u<cn () +

u=cn () and subsequently u = u<y + uy<.<i + u=1. According to our notation, u<y and uy~.<j are both @(u<y).
Thus,

|u|4u = 0(”3”2>CN([)) + Q(”3’42>1) + @(uzuch(t)ung) + @(Much(t)szluN<-§l)-
First, Bernstein, (3.8), and (1.5) imply
1Py<c1 @i oyl 1+ NIV Py P2 )l
N<<1 >N/, 4 <N >N/, 4
L2} 121}
1
S ANl 2y Su CODK? S l.

Second, using Bernstein, (1.2), (3.7), Proposition 3.1, and (1.5), we have

_3 3
IPN<<t@ W)l s + NT2|IVI2 Py @u )l s
L2L3 L4 3
T X t X

3.2 2 2 L
S A+ Nyl gy S Ml gl el |, g Sul+K2 Sl

tLx

Third, Bernstein, fractional calculus, Lemma 2.4, (1.2) and (1.3) give

2 2 -3 3 2 2
| Pn<.<1@ u<cn@uzp)ll ) §+N 2IVI2 P<y (@ u<enpyu=p)ll )
=2 =L

¢ ¢
t~x LX

t
<N 2||u||[(>0[8|||;|2u||[00[2||u c t”[OO[S”u || 47 00
~ t X t x = N() t X =N L(L)c

_3 2 3 2
+ N3l g N1V P ezenio oz iy o

_3 3 _3
+ N7l It <eno o 11V P usnl 210 SunN =2 AN,
Finally, by Bernstein, Lemma 2.4, (1.3), (1.2), Proposition 3.1, and (1.5),

2 _3 3 )
luu<en@yuz un<<ill , %+N 2|[IV12 P<y(uut<en (< UN <-<1) |l ,
< . <

4
3
rhx by

2
S ||u||Lf°L§ ||H§cN(t)||LF°L§ llu<i ||L4Loo||MN<-§1||Ll°°L%
b 412 3
1
Sun(l+ KD un<<illzper2 Sunllun<<illpeer2-
Collecting our estimates, we find
LHS (4.2) <, 14+ nLHS (4.2).

Choosing 7 sufficiently small and recalling (4.3), we recover (4.2).
We record here an important consequence of (4.2), namely

lull orz S 1. (4.4)
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Indeed, sending N — 0 in (4.2) one can control the low frequencies, while Bernstein and (1.3) control the high
frequencies.
Step 2. We upgrade (4.4) to

lu<nllzoerz SuN - for N >0. (4.5)
First, the reduced Duhamel formula (Proposition 1.10) and Bernstein imply

4 4
lu<nllzeerz S | P<n (Jul M)IILZL% SNul ull gz

t=x

Writing lu|*u = @(uiluz) + (Z)(u2>1M3), we then use Lemma 2.4, Bernstein, (1.3), (4.4), Proposition 3.1, (1.5) and
(3.7) to estimate
3 2 2 2
eyl 2 S Nust g et g el S 1,
2 3
||u>1u ”LIZL}( Su 1.
Step 3. We show |[u(t)]| ;2 =0, contradicting that « is a blowup solution.
We first establish some negative regularity: Bernstein, (4.5) and (1.3) imply
1 1 1
VI 2ul o2 Su NIV Zusllgeer2 + D MVIT 2y llpoor2
N<l1

3 1
SullVPullpers + ) N7 Sl (4.6)
N<1

Given n > 0, we choose ¢ = c(n) as in (1.2). Interpolating (4.6) with (1.2) yields

< 1
[P<cn@yttllpoor2 Sumn?-

On the other hand, Bernstein and (1.3) give

303 3
1P~ en@ullper2 S leNOI2NVIZull g2 SulemN @2,

Choosing n small, sending t — T4, and recalling (4.1), we deduce that ||u(f) ||L% — 0 as t — T,4y- By conservation
of mass, it follows that ||u(t) ”L)% =0,asneeded. O

5. Preclusion of quasi-solitons

In this section we preclude the possibility of almost periodic solutions to (1.1) such that (1.6) holds. Our main tool
is a space-localized interaction Morawetz inequality (Proposition 5.13). To control the error terms, we rely first on
the long-time Strichartz estimate (specifically, Corollary 3.4). We also use Proposition 2.6, which suffers a logarith-
mic loss (cf. Corollary 5.8 below). As explained in the introduction, we overcome this logarithmic loss by using an
appropriate Morawetz weight and exploiting the energy-supercriticality of (1.1).

The main result of this section is the following theorem.

Theorem 5.1 (No quasi-solitons). There are no almost periodic solutions as in Theorem 1.8 such that (1.6) holds.
Throughout this section, we suppose u : [0, T,4x) X R* — C is an almost periodic solution as in Theorem 1.8

such that (1.6) holds. We let I C [0, T;,4x) be a compact time interval, which is a contiguous union of characteristic
subintervals, and we denote

K ::/N(z)—3 dt. (5.1)
1

By (1.6), we can make K arbitrarily large by choosing I sufficiently large inside [0, T},4,). Our goal is to prove an
interaction Morawetz inequality for u on I x R* that we can use to contradict (1.6). Specifically, we will prove that
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for I C [0, T,,4y) sufficiently large and any 1 > 0, we have K <, nK. Choosing n = n(u) sufficiently small will then
yield the contradiction K = 0.
Asin (3.9), we define

Phi=P s, Po=P _1, uni=Ppu, up=Pou. (52)
> <K 5

=

5.1. Setup
Given a weighta : I x R* — R and u as above, we define the interaction Morawetz action by

M(a;1) = / lu(t, y)Par(t, x — y)2Imli(t, x)ug(t, x)1dx dy, (5.3)
R4 xR4
where subscripts denote spatial partial derivatives and repeated indices are summed.
A standard computation yields the following identity:

Proposition 5.2 (Interaction Morawetz identity).

L M(a:1) = / lu(3)1*drax (x — y)2Im(iig) (x) dx dy (5.4)
+ / f 4aji(x — Y)[lu(y)* Re(itgu ;) (x) — Im(iu ;) (y) Im(iug) (x)] dx dy (5.5)
+/ u()*3Aalx — y)|u(x)|® dx dy (5.6)
+ / (P (—AAa)(x — y)|u(x)* dx dy, (5.7)

where here and below we suppress the dependence of functions on t.

For the standard interaction Morawetz estimate, introduced originally in [7], one takes a(x) = |x|. By proving lower
bounds for %M and using the fundamental theorem of calculus, one can deduce (in dimensions four and higher)

(o) P lu(y)I?

= dxdydt Ssup [M(a: )| S lull} sy | Vil oo 2.
lx — ¥l ' e 5 T

This estimate is not directly applicable in our setting, since we do not control the H; -norm of u. In order to make

M (a; t) finite, we choose our weight to be of the form

a(t, x) = mzwn()|x)), (5.8)

where w is a truncation of |x|. The need to rescale w by a function of ¢ stems from the logarithmic failure in Propo-
sition 2.6. The most natural choice would be to rescale by the frequency scale function N (¢); however, (5.4) would
then involve N'(¢), over which we have no control. Instead, we follow the approach of [12,13], choosing n(z) to be
the output of a ‘smoothing algorithm’ whose input is a function closely related to N ().

The construction of the weight w is motivated by [26]. We need a few parameters, which we later choose in terms
of K.Welet R > 1 and J ~log R > 1. We let w be a smooth radial function, which we regard either as a function
of x or r = |x|, that satisfies the following:

1 r<R
w(0)=0, w,>0, w,=11-Jlog(k) Re<r<Re! (5.9)
0 r > Re’.

Thus w = |x| for |x| < R and w is constant for |x| > Re’. We fill in the regions where w, is not yet defined so that
| wrl Sk r (5.10)

for all k > 1, uniformly in all parameters.
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As Va has compact support and u € L° Li (cf. Proposition 1.9), we have the following bound by Young’s inequal-
ity and Sobolev embedding:

M@ 0] S lu®I71Va Ol Ol IVHOl 3 S (365)" (5.11)

~U \ n(r)

5.2. Construction of n(t)

The construction of the function n(¢) is motivated by the work of Dodson [12,13]. We proceed inductively. To get
started, we define

no () 1= uni ()17, (5.12)

where u is as above and uyp; is as in (5.2). Recall from Proposition 1.9 that u € L?oLi. The motivation for this choice
of ng stems from the estimation of (5.4), cf. (5.38) below.
We collect the key properties of ng in the following lemma.

Lemma 5.3 (Properties of ng). For I sufficiently large inside [0, T4y ),

1<, no@®) <y N@t) uniformly fortel, (5.13)
Ing()| Suno@)®  uniformly for tel, (5.14)
/no(t)_3 dt <, K. (5.15)

I

Proof. As Proposition 1.9 gives u € L?"Li, the first inequality in (5.13) holds. For the second inequality, it suffices
to show

1an(l) |Iuh1(t)||L4 Ru 1. (5.16)

To this end, first note that as u # 0, we may use almost periodicity, (1.4), and Sobolev embedding to deduce

influ@) g 2 infll P<cyauni(DllLg Zu 1

~u

for C and K sufficiently large depending on u. In particular, recalling (1.6), this lower bound holds for I sufficiently
large inside [0, T;,4x). As Bernstein implies

4 4 2 4 4
||P§CN(z)uhi(t)||8L§ S lusene g lluni 174 Su N O M@ lluni (174,

we deduce (5.16).
Next, using (1. 1) integrating by parts, and using Sobolev embedding and (1.3), we can estimate

101 8 ||uh1(t)||Lg + IIM(l)IlLs Su s
L

|

from which (5.14) follows.
Finally, for (5.15), we define

S:{(va~--vN4)|K_é§N1-~~§N4}

and use Bernstein, Cauchy—Schwarz, and Corollary 3.4 to estimate

-3
/ no(t) 3 dt 5 / [Z e, ||Lgo||uN2||Lgo||uN3||L;||uN4||L;] dt

1 1 S

— 2 NiN.
< ||sup M 2| Pygup; u L322 |u u
S lsup M2 Paguilzze | 21 Il > (M3 wll 3 el 3

S

o0
£ LS

3 4
SV Ul K Su K.

This completes the proof of Lemma 5.3. O
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From ng we now construct a closely related function n, which is piecewise-linear and hence simpler to work with.
First, using (5.14), we take § = §(u) sufficiently small so that
Ino(t) <no(t) <2no(t) whenever |t —1'| <8no(t) 2.
We now partition [ into intervals J; = [tg, tp+1] N I, where tg = inf [ and tp41 =1, + 8no(t)~2. For each Jy, define
ke = sup{k € Z : inf ng(r) > 2*}.
tedy

By construction, the value of k, can change by at most 1 on adjacent intervals:

ke

1
YT (S {i’ 1, 2}

We now define nj (;) = 2%¢, and we take n; to be the linear interpolation between the #,. Between the final ¢, and
sup I we take n1 to be constant. By construction and Lemma 5.3, n; has the following properties.

Lemma 5.4 (Properties of ny). For I sufficiently large inside [0, T4y ),

n1(t) ~no(t) uniformlyfor tel, (5.17)

In ()] Suni (@) uniformly for tel, (5.18)
[n} ()]

dr <, K. 5.19

ni()® "~ G19

1

We consider the quantity in (5.19) because it shows up when we estimate the error term (5.4); cf. (5.38) below. We
now describe an algorithm as in the work of Dodson [12,13], which takes n; as input and generates a sequence of
functions n,,. The algorithm increases the pointwise value of n,,, but decreases the quantity in (5.19). We discuss this
tradeoff in more detail below; cf. (5.27).

Definition 5.5 (Smoothing algorithm, [12,13]). Call t; a low point if there exist m1, my > 1 such that

o ni(ty) =ni1(ti—py) for0 <m <my,and ni(tg) <ni(te—m,),
o ni(te) =ni(teym) for 0 <m < my, and ny(tg) < ni(tegm,).

We can define high points analogously.

If #; and t,, are not themselves low points, but #, is a low point for all k < £ < m, then we call [fx4+1,t,—1] a
valley. Note that a valley may consist of a single point. Also note that by construction, n(f;) = ni(t,) = 2n(t) for
t € [fit1, tm—1].

Similarly, if # and #,, are not themselves high points, but 7, is a high point for all ¥ < £ < m, then we call
[tk+1, tm—1] a peak.

Note that peaks and valleys must alternate. If an interval J joins a peak to a valley (or vice versa), we call J a
slope. Note that n is monotone on slopes.

We construct n, from np by ‘filling in the valleys’. That is, if [tx+1, t,—1] is a valley, we set na(t) = ny(#) for
t € (t, ty,). For all other points, we set no(¢) = ny(¢t). We can similarly construct n3(¢) from n,(¢), and so on. This
generates a sequence of functions n,, ().

The functions n,, generated by the algorithm have the following properties.

Lemma 5.6 (Properties of n,, ). For I sufficiently large inside [0, Tax),
1<, no(®) Synm@) <u2"no(t) uniformly for €1, (5.20)
n,t)=0 or ny@t)=ni{t), for tel (5.21)
In' ()| Sunm(®)?®  uniformly for tel, (5.22)
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f n-3(0)dt <, K, (5.23)
1

ny, (t)l —5m

nm(t)6 <u 27K 41 (5.24)

I

Proof. Properties (5.20) and (5.21) follow by construction and (5.17). Similarly, as the algorithm decreases |n), (¢)
and increases n,,(¢) (as m increases), property (5.22) follows from (5.18). Property (5.23) follows from (5.20) and
(5.15). It remains to verify (5.24).

As n!, =0 on peaks and valleys, to compute the integral in (5.24) it suffices to sum over slopes, on which n,, is
monotone. By the fundamental theorem of calculus, on any slope J we have

Jtpami-n

J

where v is the value of n,,, on the valley and p is the value of n,, on the peak. As the construction of n,, from n,,_ (i)
decreases the total number of valleys (in the non-strict sense) and (ii) doubles the value on each valley, it follows that

), (t)l _s flnm 1(t)I
U N (t)6 =2 U N 1(t)6

slopes J slopes J 5

Thus (5.24) follows from induction and (5.19). (The additional 1 on RHS (5.24) accounts for eitherend of 7.) O
5.3. Choice of parameters

We discuss here how to choose the parameters in the definition of the weight a. First of all, take I large enough
inside [0, T;,4x) to satisfy the hypotheses of the lemmas of Section 5.2. We now fix a small parameter 0 <« < 1. In
fact, o = ﬁ would suffice. The implicit constants below may depend on «.

Recalling the definition of K in (5.1), we choose R, m, and J satisfying

R~K% ¢ =RY, 2m~, R5U+®), (5.25)

We now define a as in (5.8). We choose w as in (5.9) and (5.10), and we take n(t) = n,,(t), with m as in (5.25) and
n,;, as constructed in Section 5.2.
Recall that by (1.6), we may make K arbitrarily large by taking / sufficiently large inside [0, 7}, ). Note also that

J ~1logR. (5.26)

The choice of m in (5.25) is motivated by the estimation of (5.4) in Lemma 5.7 below; cf. (5.38). By (5.20), ny,
may increase with m, while, on the other hand, a = |x| only for |x| < (z) We need a = |x| on a sufficiently large
ball in order to get suitable lower bounds for f p EM (t;a)dt. Using (5.25), (5.20), and (5.13), we get the following

lower bound:

1_4, 2
R R3 5%
Ny (1) Ru NG ~u N(t) = C(“) NG’ (5.27)

provided « is sufficiently small. In particular, if K is sufficiently large, we can guarantee a = |x| on a large enough
ball. By ‘large enough’, we mean the following: for C (u) sufficiently large (and K sufficiently large depending on u),
we can deduce the following lower bound:

luni (£, x)|>dx >, N(t)™> uniformly for ¢ € [0, Tyax). (5.28)

—x(O)I< 58

Indeed, this is a consequence of almost periodicity and (1.4) (and a few applications of Holder, Bernstein, and Sobolev
embedding). For details, refer to [29, (7.3)]. With (5.27) in mind, we now take / possibly even larger inside [0, T},4x)
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to guarantee that

WK > 2C ). (5.29)

The fact that we can choose m both to control (5.38) satisfactorily and to satisfy (5.27) stems from the definition
of ng in (5.12) and the property (5.21) of n,,; cf. (5.38) below.

Next, fix 0 < n <« 1 to be chosen sufficiently small depending on u below. We choose I possibly even larger inside
[0, Ty ) so that

(logK)~' <. (5.30)
In particular, by construction,
L<n (5.31)
We next use (1.2) to choose ¢ = ¢(n) > 0 sufficiently small that
3
IIV12 Peenoull o2 <. (5.32)

In what follows, we will use the following notation:

Aj=hrj0)=RL for j=0,...,J. (5.33)

i (1)
Thus by construction, a(¢, x) = |x| for |x| < Ag(¢) and a(¢, x) is constant for |x| > A ;(?).
By (5.20), (5.13), (5.25), and (5.26), we may choose « sufficiently small and take I possibly even larger inside
[0, Trnax) to guarantee

Aj-cN() > % uniformly for j=0,...J and frel. (5.34)
In the estimates below, we will encounter quantities of the form
(Re’)'K® forsome ¢>1 and &€ (0,1).
By choosing « sufficiently small and using (5.30) and (5.25), we can guarantee that
(Re))'K? <K'"*<pK (5.35)
for all combinations of ¢, § appearing below. In particular, by (5.20) and (5.11), we have
sup [M(t; a)| SunkK. (5.36)

tel

5.4. Estimation of (5.4) through (5.7)
Having chosen parameters, we turn to estimating the terms appearing in Proposition 5.2.

Lemma 5.7 (Estimation of (5.4)).

‘// |u(y)|28tak(x — y)2Imiug(x)dxdydt| <, nk. (5.37)

Proof. Note that

drar(t,x) = wrr (N (1) | X)) xs11,, (2).
Thus, by (5.10),

1 JN4 g, (0]
19:Vallp S j(Re?) PR

For the low frequency contributions, Proposition 1.9, Sobolev embedding, Corollary 3.4, (5.35), (5.22), and (5.23)
imply
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‘ / / |10 (V) 1?8 are (x — ¥)2 Tm itug (x) dx dy dt

3 2
STl o IVinoll | o+ llwioll spoelul® s IVaill 24718 Val
LeLP LyLy LeL? Li"Ly

, 32
< [V ol + Kf—o](Reff‘( / (l,?:((,t))s|)2 dz)’

2
3
<. KB (R (/ ()7 df) Su (Re)PKS SunK.
1

3
LAL!

X

For the high frequency terms, we use the definition of ng in (5.12). We also rely crucially on (5.24) and (5.17).
Using (5.25), (5.31), and (5.35) as well,

‘// luni ()|?8rax (x — y)2 Imiiug (x) dx dy dt

5/||uhi(t)||i§||atva”L}(||u(t)||L§||Vu(t)”L§dt
I X

m @]
< l(Ref)“/Ld,
~d J no()nm (1)
Su T (RN QMK +1) SunkK. (5.38)

This completes the proof of Lemma 5.7. O

Before turning to the other error terms, we combine Proposition 2.6 with Corollary 3.4 to deduce the following
estimate, which inherits the logarithmic loss from Proposition 2.6.

Corollary 5.8. The following estimate holds:

sup/ sup / luni(t, )P dydt Sy JK,
J=JJd xeRr*
1 [x—yl<i;

where A is as in (5.33).

Proof. We apply Proposition 2.6 with n = n,,, A = X, and u = uy;, choosing F = Phiﬂ(ulzou3) and G = @(u}zﬁzﬁ).
First, by (5.20), (5.35), Bernstein, and Corollary 3.4, we have

2 2 2 J\2 3
1o [lanill e+ IFIZ 5] S (Re?KS S K.
* L?L}

Next, using (5.26) and Corollary 3.4,

sup [1+ log(hjn)llze=lIGl7,, Su JK.
0<j<J T

Finally, by (1.3) and (5.23), we have

IGII? ; /nm<t>—3dt <u K.
L?"LX
1

The result follows. O

We now turn to (5.5).
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Lemma 5.9 (Estimation of (5.5)). Define

@i (x, y) = |u(y)* Re(iigu ) (x) — Imiau ;) () Tm(iaug) (x).

We estimate (5.5) in two pieces:

JJ] awtx=noucyaxayar=o (5.39)
lx=yl=Ao

/// ajr(x — )@ (x,y)dxdydt| Sy nkK. (5.40)
[x—=y|>%o

Proof. Asaji(x — y) =aj(y — x), we may replace ® j; by the hermitian matrix

Wik, y) = 3@k, y) + 1 7Pk (y, x).

We have that W, is a positive semi-definite quadratic form on R?, since

lexe; Im(itu ;) (v) Im(iug) (x)] < $lu ) *le - Vu)* + Su)le - Vu(x)?

for any e € R*. Recalling that a = |x| for |x| < Ag, we see that a jx is positive semi-definite for |x| < Ag. Thus (5.39)
follows.

In general, the eigenvalues of the Hessian of a are a,, and . By construction, we have a, > 0 and |a,,| < %
Thus, to prove (5.40), it suffices to estimate

2
f // |Vu5a|c)>c| _|uy<|y>l dx dydt. (5.41)

I ho<|x—y|=Ary
Taking ¢ = ¢(n) as in (5.32), we have

(5.41)< f/f Ve () ()1 = [ Vi () [ |ni () 2 dxdydr (5.42)
ro<|x—y|<A; b=l
J
+3>° /// 27 P -1 Vg (060) Pluni () > dx dy di (5.43)
I=05 <lx=yl<h ’
J
+3> /// x;l|PA;I<ScN(,)Vuhi(x)|2|uhi(y)|2dxdydt (5.44)

I=05<lx=yl=hjn

J
+4y /ff 27 Poen () Vi () |uni () dx dy . (5.45)
j

:O)»j<IX*y|S)»j+1
We first use Corollary 3.4, Proposition 1.9, (5.20), (5.23), and (5.35) to estimate
(5.42) 5 [IIVuloIIL;{X ”V””LOOL% Nl poorsllullpoors
t X

L

3
7
+IVul® ||u10||L4Lm||u||LooL4]< f nm<r)—4dr> (Re’)?
°°L
1

3
[|||V|zulo|| g +1]K3(Re’)’ Sunk.
t ,\

For (5.43), we let

1

S={(Ni,..., No, DI K™5 <Ny <--- < No, N2 <27}
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and use Young’s inequality, Holder’s inequality, Bernstein, Cauchy—Schwarz, and Corollary 3.4 to estimate

-2 2 3 (N1 No)?
(543) 5 lf sup M ™| Pppunill Lo E A== luns |l s llung |l 3 dt
J J [M 1Ly ] J N3N4)% 3 sz 4 sz

1 30
Su g IVIZul o 2 K SunK.

For (5.44), we use Bernstein, (5.32), and Corollary 5.8 to estimate

(544 < le)\ ZP I cenn Venill

j=0

<1
~ 7T

sup / sup / luni(»)|* dydt
L® j<JJ xeR*
[x=y|=Ajt1

3
SIVI2 Penutlljoe 2 K SunK.
We next turn to (5.45). In light of Corollary 5.8, it suffices to show that

J
1
-2 2
Z(:) ”)Lj : P>cN(t)vuhi”L?oL)Zr Su .
/:

In fact, by Bernstein and (5.34), we have

I%; P>cN<z)Vuh1||Lz ShjeNOI 1|||V|zu||LooL2 Su

uniformly in j and ¢. Thus (5.47) follows. This completes the proof of Lemma 5.9. O
‘We next turn to (5.6).

Lemma 5.10 (Potential energy term). We estimate (5.6) as follows. First,

Wf Aa(x — Y[lu ) lu)|? = luni()[®lun(V)*] dx dy dt| SunkK,

f// Aa(x — )i (0] (0|2 dx dy di = 0,

lx=yl=Ao

Next, recalling Aa = a,r + %ar, we have

/// X =) o () 2 dx dy di = 0,
[x =yl

[x=yl>4o

/ / f e (5 — ) i (01 i ()1 dx dy dt

[x=yI>20

Sunk.

Proof. First, by Corollary 3.4, Proposition 1.9, (5.20), (5.23), and (5.35), we have

3
_ 4 3
(5:48) S llutoll ol oo 7 ( / Mo (1) 4dr) (Re’)’ <y Ki(Re’)’ <unkK.
1

Next, we have by construction that a = |x| for |x| < Ag and a, > 0 for all x. Thus, (5.49) and (5.50) follow.

Finally, we turn to (5.51). By (5.10), it suffices to estimate

/ // Juai ()] |uh1(y>|2d dy .
Jlx —y|

I do<|x—yl=A;

To this end, we proceed as in Lemma 5.9 and write

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)
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J
655953 /// )\;1|P§):1uhi(x)|6|uhi(y)|2dxdydt (5.53)
I=0%; <lx—yl<hjn ’
J
S / / TP, oo 0Ol dx dy de (5.54)
I=05<ke=yi=hn
J
}Z fff AT P enani Ol (0 dx dy d, (5.55)
O

Aj<lx=yl=Ajt+1

where c¢ is as in (5.32).
For (5.53), we let

S={(Ni...Ne. ) K5 <Ny <---<Ng < 0)"", j=0,....J).

Then by Young’s inequality, Holder’s inequality, Bernstein, Cauchy—Schwarz, Corollary 3.4, and (5.31),

1 4 3
(5.53) g llel oo s / D W e s, s sl pallung Nl s d
S
1

_ 2 3 (NN
su}/[supM 2\l Pagunil| | ZA,MHMNSH el 3 d
M Ky (NSNG)

I\)

I
3
Su g VIl 2K Sunk.
For (5.54) and (5.55), we first note the following consequence of Sobolev embedding:
i1 < MmO ¢ leemi (0175 S I Vuni 1172

Thus we can estimate (5.54) as we did (5.44); cf (5.46). Similarly, we can estimate (5.55) as we did (5.45). This
completes the proof of Lemma 5.10. O

Finally, we turn to (5.7).

Lemma 5.11 (Mass—mass term). We estimate the contribution of (5.7) in three pieces:

/ / / —AAG(x — ) (0 Pluni )P dx dy di = 0, (5.56)
[x=y|<Xo

f f / AAa(x — [ Ju@) P lu()? = luni ()1 uni(0)1*] dx dy dt| Su nk, (5.57)
/ f f AAa(x — y)|uni(x) [ luni (0> dx dy dt| S, nK. (5.58)

[x=yI>%0

Remark 5.12. The term appearing in (5.56) will give the left-hand side of the interaction Morawetz inequality in
Proposition 5.13.

Proof. Asa = |x| for |x| < Ao, we have —AAa = 3|x| 3 in this region. Thus (5.56) holds.
For (5.57), we use the fact that 0y, a(t, x — y) = —0y,a(t, x — y) and integrate by parts. Specifically, writing

L(x,y) = [u@) [ lu)* — luni (0O |uni ()12

and integrating by parts, we are left to estimate
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// 'ay"i’;‘f(x )| dxdydr.

[x—yl<Ay

However, expanding L(x, y) and applying the derivatives, this term can be seen to be a sum of the types of terms
already estimated when dealing with (5.42). Thus (5.57) holds.
For (5.58), we again proceed as in Lemma 5.9. In particular,

J
G5 // k;3|P§A;|uhi(x)|2|uhi(y)|2dxdydt (5.59)
J=0%; <lx=yi<hjn

J
}Z //f 3 1P oy COP () P dxdy di (5.60)

=0, Aj<lx—yl=ijii

+1 Z / / / AT P oy (0 Plu (0P dx dy di, (5.61)

J OA j<lx—yI<Ajy1

where c is as in (5.32).
For (5.59), define

S={(Ni... N4, j) IK™5 <Ny <Ny < N3 <Nay Na<(r)"', j=0,..., 7).

By Young’s inequality, Holder’s inequality, Bernstein, Cauchy—Schwarz, Corollary 3.4, and (5.31),

1
(559 5 7/Zx,-||um lzge et oo lns 2 e N 2 dt

T S
NN
§§f[supM | Paguenill L | Zx NN | il 3 d
(N3N 2 H?
1
1
Su 7”“” .QKSM’?K'
L®H?

We can now estimate (5.60) and (5.61) by proceeding just as we did (5.44) and (5.45). In particular, the estimation
of (5.60) relies on Bernstein and (5.32), while the estimation of (5.61) relies on Bernstein and (5.34). This completes
the proof of (5.11). O

5.5. Interaction Morawetz inequality
We now collect our estimates to deduce the following interaction Morawetz inequality.

Proposition 5.13 (Interaction Morawetz). Suppose u : [0, Tpax) X R* — C is an almost periodic solution to (1.1) as
in Theorem 1.8 such that (1.6) holds.

Let I C [0, T,uax) be a compact time interval, which is a contiguous union of characteristic subintervals. Define K
as in (5.1) and upj as in (5.2).

Let 0 < n K 1. For I sufficiently large inside [0, T, 4x),

2
/ // i () 12 oni ()] dx dydt <y K, (5.62)

=y
2C(w)

Fx—y <X

where C(u) is as in (5.28). The implicit constant does not depend on 1.

Proof. We set up the interaction Morawetz action M (¢; a) as in Section 5.1, constructing the rescaling function n(t)
as in Section 5.2 and choosing parameters as in Section 5.3. By the fundamental theorem of calculus and (5.36), we
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have

M(t a)dt <, nk.
1

We now recall the identity in Proposition 5.2 and collect the estimates in Lemma 5.7 and Lemmas 5.9-5.11. Holding
on to the term appearing in (5.56), we deduce

2
/// Jutni ()12 uni () dxdydt <y K. (5.63)

=B
T lx=y[<

Using the definition of A¢ in (5.33), as well as (5.27) and (5.29), we deduce (5.62). O
We can now complete the proof of Theorem 5.1.

Proof of Theorem 5.1. Suppose u : [0, Tjyar) X R* — C is an almost periodic solution as in Theorem 1.8 such that
(1.6) holds. Let I, K, n, and C(u) be as in Proposition 5.13. By (5.28),

2 2
/ f/ '”‘“(T;'_“;T;(y” dxdydt ZM/N(t)3< / |uhi(x)|2dx) dt
1

2C C
Fy—y) < 50 e—x ()= 5%

> / N@)dtZ, K. (5.64)

Combining (5.62) and (5.64) yields
K Sunk.

We now choose n = n(u) sufficiently small to deduce K = 0, which is a contradiction. This completes the proof of
Theorem 5.1. O
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