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Abstract

We study the homogenization of an obstacle problem in a perforated domain, when the holes are periodically distributed and
have random shape and size. The main assumption concerns the capacity of the holes which is assumed to be stationary ergodic.
Crown Copyright © 2007 Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let (£2, F,P) be a given probability space. For every w € §2 and every ¢ > 0, we consider a domain D, (w)
obtained by perforating holes from a bounded domain D of R”. We denote by T, (w) the set of the holes (we then
have D;(w) = D \ T¢(w)). The goal of this paper is to study the asymptotic behavior as ¢ — 0 of the solution of the
following obstacle problem:

1
min{/ 5|W|2dx —/fudx; ue Hy(D), u=0ae.in Tg(a))} (1)
D D

for some given function f(x) in L3(D).

This is a classical homogenization problem and the asymptotic behavior of the solutions strongly depends on the
properties of the set T¢(w). This type of problems was first studied by L. Carbone and F. Colombini [2] in periodic
settings and then in more general frameworks by E. De Giorgi, G. Dal Maso and P. Longo [9], G. Dal Maso and
P. Longo [7] and G. Dal Maso [6]. Our main reference will be the papers of D. Cioranescu and F. Murat [4,5], in which
the particular case of a periodic repartition of holes is studied. More precisely, they take 7 (w) = T, (independent of w)
given by

T, = | Bur(ek). @)

keZ
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It is then proved that there exists a critical radius a® < ¢ such that the limiting problem is no longer an obstacle
problem, but a simple elliptic boundary value problem with a new term that takes into account the effect of the holes.

More precisely, in dimension n > 3, when a® = rgen-2 then there exists a constant g > 0 such that u = lim,_, o u®
solves

. l 2 l 2 _ . 1
min 2|Vu| + 2a0u7dx fudx; ue Hy(D) ¢,
D D

where u_ = max(0, —u).
Our goal is to generalize this result to the case where the holes are still located in small neighborhoods of lattice
points €Z" but have random size and shape. More precisely, we assume that for any ¢ and w, we can write

To(w) = ( U Sg(k,w)> no,

keZ

where the holes S, (k, w) satisfy, in particular,
Se(k, w) C Bgja(ek) forall k e Z".

Further assumptions concerning the sets S¢ (k, @) will be made in the next section (we can already point out the fact
that we will not exclude the case where S, (k, w) = @ for some k, thus allowing the fact that no holes may be present
at some lattice points). The proof of the main theorem, which is detailed in Section 3, relies on the construction of an
appropriate corrector. This construction is detailed in Sections 4 and 5, first in the case where the holes are balls of
random radii in dimension n > 2, then when no assumptions are made on the shape of the holes (in dimension n > 3
only).

2. Assumptions and main result
Let us now make precise the assumptions on the holes S, (k, w). The first assumption is mainly technical:

Assumption 1. There exists a (large) constant M such that for all k € Z" and a.e. w € §2 we have
Sg(k,(,l)) C BMgn/(nfz) (Ek) ifn > 3,
Se(k, ) C Bogp—me—2)(€k) ifn=2

for & small.

As mentioned in the introduction, the asymptotic behavior of the u® strongly depends on the size of the holes. The
critical size for which interesting phenomena is observed corresponds to finite, nontrivial capacity of the set 7. More
precisely, we assume:

Assumption 2. For all k € Z" and a.e. w € 2, there exists y (k, w) (independent of &) such that
cap(Se(k, w)) ="y (k, w),

where cap(A) denote the capacity of a subset A of R” (as defined below). Moreover, we assume that there exists a
constant y > 0:

y(k,w)<y forallkeZ" andae. we 2. 3)
We take the following definitions for the capacity of a subset A of R":

cap(A) :inf{/ IVh|>dx;h e H'(@R"),h > 1in A,| l‘im h(x) =o},
X |—> 00
Rll
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in dimension » > 3 and

cap(A) =inf{/ |Vh|*dx;h e HY(B1), h > 1in A},
By

in dimension n = 2 and for sets A C Bj.
Finally, we need to make an assumption to ensure that some averaging process occurs as & goes to zero:

Assumption 3. The process y : Z" x 2 + [0, 0c0) is stationary ergodic: There exists a family of measure-preserving
transformations 7 : £2 — §2 satisfying

vk +k,0)=yk,pww) forallk, k' eZ" and w € 2,

and such that if A C £2 and 7 A = A for all k € Z", then P(A) =0 or P(A) =1 (the only invariant set of positive
measure is the whole set).

Let us make a few remarks concerning those assumptions: First of all, we stress out the fact that the shape of the
holes S; is left unspecified and may change with ¢; Only the rescaled capacity y (k, ®) is independent of €. The first
assumption, which implies that the diameters of the holes decrease faster than e, guarantees that the capacities of
neighboring sets separate at the limit (i.e. that cap(| J S¢) ~ Y_ cap(Se)). And the choice of scaling for the capacity
guarantee that cap(7;) remains bounded as & goes to zero (since #{Z" N e~ 'D} < Ce™). When n > 3, we have
cap(B;) = c,r" 2, and so Assumption 2 implies that if S;(k, ®) is a ball, then its radius is of the form r(k, a))snnTl.
In particular, we recover Cioranescu—Murat’s result in the periodic case. Finally, the hypothesis of stationarity is the
most general extension of the notions of periodicity and almost periodicity for a function to have some self-averaging
behavior.

Under those assumptions, we prove the following result:

Theorem 2.1. Assume that n > 3 and that T, (w) = Ukezn Se (k, w) satisfies Assumptions 1, 2 and 3 listed above.
Then there exists o = 0 such that when € goes to zero, the solution u®(x, w) of

1
min{/ §|Vu|2dx — / fudx; ue Hol (D), u>0a.e. in Tg(a))}
D
converges weakly in H' (D) and almost surely € 2 to the solution ii(x) of the following minimization problem:

1 1
min{/§|vu|2+§a0u2_ — fudx; ueHol(D)},
D

where u_(x) = max(0, —u(x)).
Moreover, if there exists y > 0 such that

yk,w)>y forallkeZ" anda.e. w € $2,

then o > 0.
The same result holds when n = 2 in the case where the sets S¢(k, w) are balls.

The general result (with holes of random shape) holds also in dimension n = 2. However, because the fundamental
solution of Laplace’s equation is different in that case, the proof is slightly different and more technical.
Note that the Euler—Lagrange equations for the minimization problems yield

—Au®=f in D,
ut(x) >0 forx eT,, @)
ut(x)=0 forxeoD\ T,
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and
—Au—aou—_=f inD,
u(x)=0 forx € 0D.

As in Cioranescu—Murat [4,5], the proof of this result relies on the construction of an appropriate corrector. More
precisely, the key is the following result:

Proposition 2.2. Assume that n > 3 and that T, (w) = Ukezn Se (k, ) satisfies Assumptions 1, 2 and 3 listed above.
Then, there exists a nonnegative real number ag and a function w® (x, ) such that

wf(x,w)=1 forx e Ty(w),
wf(x,w)=0 forxedD\ Ts(w),
w? bounded in L*° (D)

we(,w)—> 0 HYD)-weak

for almost all w € §2, and

For all sequences v® (x) satisfying:

v¥(x) >0 forxeT,
v® bounded in L*° (D),
v:E > v in HY(D)-weak
and for any ¢ € D(D) such that ¢ > 0, we have: o)

lin}) oVw® - Vvldx > —ao/¢vdx
£—>

D D
with equality if v&(x) =0 for x € Ts.

The same result holds when n = 2 in the case where the sets S (k, w) are balls.

Condition (5) may seem rather complicated, but it is exactly the property that will be needed to prove Theorem 2.1.
This condition is satisfied in particular if the Laplacian of w? is equal to « outside the holes as in the following
lemma:

Lemma 2.3. Let w® (x, w) be a function satisfying
Aw® = in D¢ (w),
wf(x,w)=1 forx e Ty (w), (6)
wf(x,w)=0 forxedD\ Ts(w)
for almost all w € §2, and
we(,w) >0 HYD)-weaka.s. w e $2.
Then we satisfies (5).

The same conclusion holds if we only have

/ |[Aw® —apldx — 0 a.s.we .
D,
We will strongly rely on this lemma in the sequel. In particular, in the case where the holes are all balls of random

radii, we will construct w® by showing that for a critical «g, the unique solution of (6) converges to 0 in H'! weak for
almost every .
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Proof of Lemma 2.3. Since ¢ =0 on d D, we have:
- / Awpv®dx = / oVw® - Vvidx + / Vo - Vwiv®dx — / wev® do(x).
D, Dy D; aTeEND

Since w® goes to zero in H'(D)-weak and v converges to v in L?(D)-strong, it is readily seen that the second term
in the right-hand side goes to zero as ¢ — 0. Furthermore, it is readily seen that w® < 1 and w® =1 on T, and so
wf, > 0 on 97T Since v° > 0 on T and ¢ > 0, we deduce that

lim — | Aw®¢v®dx < lim /gosz -Vodx.
e—0 e—0
D D,
Finally, we have
lim | Awfpv®dx = lim /aofpvg dx + lim f |[Aw® — aglov® dx
e—>0 e—>0 £—0
D D D
< lim /aofpv’? dx
e—0
D
using the fact that v® is bounded in L°°. Hence we have
lim | oVw®-Vvidx > —faotpvdx.
e—0
D D
It is now easy to check that all the inequalities becomes equalities whenever v¥* =0 on T,. O
The proof of Proposition 2.2 will occupy most of this paper. It will be split into two parts: In Section 4, we consider
the (simpler) case when the holes S (k, @) are all balls of random radius. In Section 5, we will use this first result to

treat the general case (when the holes have unspecified shapes).
Before turning to this proof, we briefly give, in the next section, the proof of the main theorem.

3. Proof of Theorem 2.1

We introduce the initial and limit energies:

1 2
z<v>=/5|w| ~ fudx
D
and

1 2 1 2
Fa(v) = §|Vv| +5aov_—fvdx.
D

With theses notations, we have that u® (x, w) satisfies
g®) = inf g(v)
vekK;
with K, ={v € HO1 (D); v 20 a.e. in T} and standard estimates give the existence of a function u(x, w) such that
uf (-, ) = (-, w) in HJ(D)-weak.
We now have to show that for almost every w, u(-, ®) satisfies:

Fala) = inf g4 (v).

veHH(D)

This will follow from two lemmas:
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Lemma 3.1. For any test function ¢ in D(D) we have
lim [ |[Vw®|?pdx =/a0¢dx.
e—0
D D
Lemma 3.2. Let u® be any bounded sequence in HO1 (D) such that u® > 0in T,. If
u® —~ i in H(D)-weak,
then
liminf & (u®) > Jo(@).
e—0

Proof of Theorem 2.1. For any v € D(D), the function v 4+ v_w? is nonnegative on T, (w) and is thus admissible for
the initial obstacle problem. In particular by definition of u*, we have

Fw®) < F+v_ud).

Next, we can expand g (v + v_w?) as follows:
1
g’(v+v_w‘9):/5[|Vv|2+|Vv_|2w52+|v_|2|Vw8|2]dx
+ /[U,Vv,wSVwS + VoVv_w?® + Vvv_Vw?ldx — /[fv + fo_w®ldx

and it is readily check that Lemma 3.1 and the weak convergence of w® to 0 in H'(D) implies

lirr}) I(v+v_w®) =gy ),

as soon as |v_|? € D(D). We deduce

Fo(v) > limsup g (u®)

e—0

and so, using Lemma 3.2, we get:

Fa (V) = o (1)

for all v € D(D) such that |v_|> € D(D).
Finally, by approximating separately the positive and the negative parts, one can show that every function v €
Hé (D) is the limit of a sequence of functions vy € D(D) such that (vg)— € D(D). Theorem 2.1 follows. O

Proof of Lemma 3.1. This is an immediate consequence of (5): Since 1 — w® =0 in 7, we have
lim | oVw® - V(1 —w®)dx = lin})/ o+Vw® - V(1 —w®)dx — lirr%)/gLVwS V(1 —w®)dx
E—> E—>

e—0
:—[ao<p+dx+/otog0_ dx

lim — | ¢Vw® - Vw’dx = —/a()(pdx. O

e—0

and so

Proof of Lemma 3.2. See Cioranescu and Murat [5], Proposition 3.1.
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4. Proof of Proposition 2.2: Balls of random radius

Throughout this section, we assume that the sets Sg (k, w) are balls centered at ek. Since
n(n —Dawyr"? ifn >3,
capB) =1 o2
B logr

ifn=2.
Assumption 2 becomes in this framework:

Se(k, w) = Bue (r(k,w)) (€k) forall k € 7"
with

ret/(=2) ifn>3,
a®(r)=
exp(—r’ls’z) ifn=2,

and

yk,w) /"7
- >
rk, w) = (n(n—z)wn) =3
y(k,w)/2m ifn=2.

In particular that the process

r:Z" x 2+ [0, 00)
is stationary ergodic and satisfies

rk,w)<r forallkeZ"andae.we 2 @)
for some constant 7 > 0. Without loss of generality, we can always assume that 7 < 1/2 (so that there is no overlapping
of the holes for any ¢ < 1):

4.1. The auxiliary obstacle problem

After rescaling, we look for the corrector w?(x, ®) in the form
we (x, w) = 20" (x /¢, w)
with v®(y, w) solution to
{ Av=cw, ine D, ae weS$,
V= 8_2 on UkeZ” Bﬁs(k,w) (k),
where
. re2/ =2 ifn>3,
at(r)=
e lexp(—r~le™?) ifn=2,
and such that
e?v®(x/e) > 0 in H'-weak.
One of the main tool in the proof is the fundamental solution of the Laplace equation, given by:

1 1

> — ifn>3,
h(x) = n(n —2)wy |x|

—Elog|x| ifn=2.
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In particular, we note that
1 -2

W&‘ ifn 23,

h|aBﬁS(r(k,w))(O) =
—(log(e) +r~'e™?) ifn=2,
2

so we expect the rescaled corrector v®(x, ) to behave, near the hole Bjx,«)(k), like the function

r(k, w)" 2 .
k= —"" >
B (x) = y(k, w)h(x — k) pT=E ifn>3,
y(k,o)h(x —k)=—rk,w)log|x —k| ifn=2,
where
k)" *nn - 2w, ifn>3,
) (k. ) = (r( a))) nn Ywp 1 n
2rr(k, w) ifn =2.

Since hy satisfies
we will construct v (x, w) by solving

Av=0a—= icmna Yk, 0)8(x —k) in e~ 1D,

v=0 on ds~!'D.
The main issue is thus to find the critical « for which the solution of the above equation has the appropriate behavior
near x = k.

Following [3], this will be done by introducing the following obstacle problem, for every open set A C R" and
aelR:

a4 (X, w) = inf{v(x); Av<a— Y y(kw)d(x—k),v>0inA,v=00n BA}. (8)
keZ"NA
Clearly, the function vy, 4 is solution of
Av=a— Y  yk.w)s(x—k) )
keZ'NA

whenever it is positive. Note that the function

o
e (x) 1= | k12 + he(x — k) 10)
o r(k, w)"=2 .
kP fn>3,
_ 2n|x | +|)c—k|”—2 n

ilx — k> —r(k,w)log|x —k| ifn=2,
2n
also satisfies
Ahgp(x) =a — y(k, w)8(x — k).

It follows from (9) and the maximum principle that if By (k) C A, then, for all x in B (k) and for almost every w in £2,
we have

B (x) — 2“—" — 2 it >3,

Bua(x, @) > ! (11)
hor(x) — — ifn=2.
2n



L.A. Caffarelli, A. Mellet / Ann. 1. H. Poincaré — AN 26 (2009) 375-395 383

4.2. Critical

The purpose of this section is to prove that for a critical «, vy, 4 behaves like A, ; near Sg(k, w). For that purpose,
we introduce the following quantity, which measures the size of the contact set:

(A, w) = |{x € A; Vg, a(x, ) =0}

)

where |A| denotes the Lebesgue measure of a set A.
The starting point of the proof is the following lemma:

Lemma 4.1. The random variable m, is subadditive, and the process
Tim(A,w)=mk+ A, w)

has the same distribution for all k € 7.

Proof of Lemma 4.1. Assume that the finite family of sets (A;);¢s is such that

A CA foralliel,
AiNA;j =@ foralli#j,

‘A—UA,-

iel

=0

then vy, 4 is admissible for each A;, and so vy, 4; < Vg, 4. It follows that
{ve,a =0} N A; C{vg,4;, =0}
and so
Mo (A,0) =Y [{Uaa=0tNA;| < |{la.a, =0} =) ia(Ai, 0),
iel iel iel
which gives the subadditive property. Assumption 3 then yields
Tim(A, w) =m(A, Trw)

which gives the last assertion of the lemma. O

Since mq (A, w) < |A[, and thanks to the ergodicity of the transformations 7, it follows from the subadditive
ergodic theorem (see [8] and [1]) that for each «, there exists a constant £(«) such that
ng (B (0), -
im M =) as.,
1—oo B (0)]
where B;(0) denotes the ball centered at the origin with radius ¢. Note that the limit exists and is the same if instead

of B;(0), we use cubes or balls centered at xg for some xg.
If we scale back and consider the function

we (y, w) = ezﬁa,Bg_l (e~1xg)(V/& @) in Bi(xo),

we deduce
; e , :0 —
fim PO =00_ g0 ¢
e—0 | B1|

The next lemma summarizes the properties of £(c):
Lemma 4.2.

() £(«) is a nondecreasing functions of «.



384 L.A. Caffarelli, A. Mellet / Ann. 1. H. Poincaré — AN 26 (2009) 375-395

(i) Ifa <O, then () = 0. Moreover, if the radii r (k, w) are bounded from below, then La) = 0 for any o such that
o < n(n — 2) infrezn r(k, w)" =% almost surely. _
(iii) Ifo = 2"n(n — 2) supyepn r(k, )" 2 (or a = 8r for n =2) almost surely, then £(a) > 0.

Proof. (i) The proof follows immediately from the inequality

Uy A < Vg4 forany o, o such thate’ < a.

(i) If « is negative, then the function 2"‘—n Ix — xo|? — z‘"—n (tr)?, which is a sub-solution of (9), is positive in ¢ B, (xo)
and vanishes along d(¢ B, (xg)) for any ball B, (x¢) and for any ¢ > 0. We deduce:

_ o 2 o 2 .
Va,tB > —|x —xo|" — —(r)* >0 intB,(xp)
2n 2n

for all # > 0. Therefore my(t B, w) =0 for all 7 > 0, so £(«) = 0 for all & < 0.
Furthermore, if 7 (k, w) is bounded below:

rtk,w)>r>0 forallkeZ", ae we 2,
e
\x—kI”’z 2n

is strictly positive in By (k) as long as « < n(n — 2)5”’2. As above, we deduce that m, (t B, w) = 0 for all ¢t > 0 and
forall o < n(n —2)r" 2.

then, the function 2"‘—” |x — kl2 + L”’z is a sub-solution of (9) in B (k) which vanishes on d B; (k) and

(ii1) The function Ay k (x) = 2"‘—” [x — k|2 + % is radially symmetric and reaches its minimum when
—rk, n—2\ l/n
<n(n )rk, ») ) when n > 3,
o
|x—k|:R(a,k) = 2r(k a)) 1/2 (12)
( ’ ) when n =2.
o

In particular, for « > 2"n(n — 2)r(k, w)"2% (or n > 8r(k, ) when n = 2), we have R(a, k) < 1/2 and so the
function

hek(x) — Dy in Brg k) (k),

gk(x) = { 0 inR" \ Bra.k) (k)

satisfies
Agi <a—yk,w)d(x —k) in Cy(k),
and

gk =0 inCy(k)\ Bi2(k),

where C1(k) denotes the cube of size 1 centered at k, and the constant Cy is chosen in such a way that g; and Vgi
vanish along 0 Br (g, k):

o = 202 [n—2 " n
- ron when n > 3,
D(a, k) :={ \21 2 n-—2 (13)

r 2r
—(1 —10g<—>> when n = 2.
2 o

By definition of vy ;p, we deduce that

Vg, 1B (%) < Z gr(x) intB as.
keZ"NtB

In particular, this implies that vy ;5 vanishes in ¢ B \ Ukezn By 2(k), and so

mo(tB.w) _ |Cil—[Bip| _ | o0

a.s.
kBl ~  |Ci 2n
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We conclude

— S wy
Z(oz)/l—z—n>0. O

Using Lemma 4.2, we can define
oy = sup{oc; L) = O}.

Note that g is finite under Assumption 3 (Lemma 4.2(iii)) and that «g > 0 is strictly positive as soon as the r(k, ®)
are bounded from below almost surely by a positive constant (Lemma 4.2(ii)).
Our goal, in the rest of this section, is to show that the function

. . ' . w>=lonT,ND
w’(x,w) =infwx); Aw <agin D\ T, ,

w=0ondD\ T,

satisfies all the conditions of Proposition 2.2. For that purpose, we will introduce a series of intermediate functions.
4.3. Behavior of v, .1 4 near the holes

We fix a bounded subset A of R” and we denote by
Ug (X, ) = Uy -1, (x, ®) (14)
the solutions of (8) defined in e ! A. We also introduce the rescaled function
W, (v, @) = £70;, (v /¢, @),
defined in A.
The key properties of v}, are given by the following lemma:

Lemma 4.3.

(1) For every o and for every k € 7", we have

By (X) — % —r"2 ifn >3,

o
ha,k(x)_ﬁ lfn=2

for all x € By (k) and almost everywhere o € §2 (Where hy i is defined by (10)).
(ii) For every a > ag, we have

08 (x) < hg (x) +0(72)

05 (x) =

forall x € By2(k) and almost everywhere w € §2.

Since
-2, %), 2 .
e+ o |a (r(k,a)))| ifn >3,

ha,k |aBﬁ£(r(k,w))(0) = ao

8_2+Z’&S(r(k’w)ﬂz+r(kvw)10g:9 ifn=2,

we deduce the following corollary:
Corollary 4.4.

(1) For every o and every k € Z" such that r(k, w) > 0, we have

DE(x) =g 2+ 0(1) ondBa(k.w) k) ae we 2
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and so
wh(x) =1+ 0(e?) ondT.(w) ae we N2

forall a.
(i) For every a > aq and every k € 7", we have

BE() <e 240D ondBaw) k) ae we R
and so

wi(x) <1+4o0(l) ondT:(w)ae weS.

Proof of Lemma 4.3. (i) Immediate consequence of (11).
(ii) Preliminary: First of all since A is bounded, we have
A C Br(xp).
Without loss of generality, we can always assume that Bg (xg) = B1(0). We then introduce
Vo (X, @) = Vg -1 5, (X, @),
the solutions of (8) in B,-1(0). It is readily seen that v, is admissible for (8) and thus
U5 (x, w) <o (x,w) forallx e e Aae we .

It is thus enough to prove (ii) for vy,.
We will need the following consequence of Lemma 4.1 (see [3] for the proof):

Lemma 4.5. For any ball B, (xo) € B1(0), the following limit holds, a.s. in @

lim [{vg, (x, @) =0} N B,—1, (¢ x1)|
e—0 |B

= ().

o=1r]

Step 1: We can now start the proof: For any § > 0, we can cover B,-1 by a finite number N (< C§™") of balls B;
with radius ¢! and center ¢~ Lx;. Since & > ag, we have £(«) > 0. By Lemma 4.5, we deduce that for every i, there
exists g; such that if ¢ < g;, then

{ve(x,w)=0}NB;i|>0 as. .

In particular, if ¢ < infe;, then v (y;) = 0 for some y; in B; a.s. w € £2. We now have to show that this implies that
v, remains small in each B; as long as we stay away from the lattice points k € Z". More precisely, we want to show
that

sup v, <C 8272,
Bi\Ugezn Bi/a(k)
Step 2: Let n be a nonnegative function such that 0 < n(x) <1 forall x, n(x) =11in By/g and n =0in R" \ By4.
Then the function u = v}, x  is nonnegative on 2B; and satisfies

—C<Au<C,

&
o

where C is a universal constant depending only on n and 7. In particular, since B; has radius 8¢ ~!, Harnack inequality
yields:

supu < Cigfu + Cot((Sa_l)z.
B; i

Step 3: We need the following lemma:
Lemma 4.6. If Av < « in B, (yo), then

Bi / v(x)dx < v(yo) —|—aC(n)r2,

Br(y0)

where C(n) is a universal constant.
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Proof. We note that the function v(x) — % [x — yol2 is super-harmonic in B, (yp). The lemma follows from the mean
value formula. O

Now, we recall that v}, (y;) =0 and Av, <« in By 4(y;). So

1
— / vo () dx < vl (yi) +aC(n).
Bij4

Bia(yi)

In particular, we have

u(yi) < / vg,(x)dx < C(a, n).
Bi/a(yi)
Step 4: Steps 2 and 3 yield

supu < C(a, n)(l +a(88_1)2)
B;

and since AvZ, > 01in B; \ ﬂkezn{k}, we have:

() < /z&mwscww

Bis(y)

for all y € B; \mkeZ" By4(k).
It follows that for every § and for ¢ small enough, we have:

1
Big

sup vg, < Cs%e2.
B.—1\Ukezn Bi/a(k)

The definition of v}, and the fact that 4 x > 0 on d By, implies that
vy (1) <l i (¥) +C8% 2 in By (k)
forallkeZ". O
4.4. Approximated corrector
We now want to use the function v, solution of the obstacle problem (8), to study the properties of the free solution
w of
Awi =00 — Y reznnp ¥k, 0)8(x —ek) in D,
wg =0 ondD.
We define hzyk(x) = &%hg 1 (x /) for n >3 and hiyk(x) =¢&%hg 1 (x/e) +re?loge for n = 2. We have:

o 5 &'k, )2
2 — kP4 ———
o T

;‘—°|x —ek|> — r(k, w)e*log|x — ek| ifn=2.
n

ifn >3,
I3
a’k(.x) =

We then prove:

Lemma 4.7. For every k € Z"*, wy; satisfies
i (x) —o(1) S w((x) < hy ; (x) +o(l)  Vx € Bepp(ek) N D ae e £2. (15)
In particular:

wo(x) =14+o0(1) ondT, ND. (16)
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Proof. For every «, we denote by w;, the function

WE(x) = &20, o1 p(x/8),

defined in D and satisfying w’, =0 on 9 D.
1. For every « > o, we have

Alwy —w) = oo — o
and wg — wj, =0 on dD. This implies

wg (x0) — wg, (x0) S/G(XO,X)(ao —a)dx,
D

where G (-, -) is the Green function on D (AG = §y, and G =0 on 9 D). Note that we have
G(xp,x) 2 —h(x —xp) Vx,xo €D,

and so

WS (x0) — W, (x0) < (@ — o) / h(x — x0) dx.
D

We deduce
sup(wj — w}) < { CIDITE Dpple —eol i =3,
D C|D|pplogpple —ap| ifn=2,
with
pp =inf{p; D C B,}.
Hence we have
wq < wi, + O(a — ap).
Using Lemma 4.3(ii) (since o > «), we deduce:

wh <, (1) + O — @) +0(1)  Vx € Bep(ek) ae. w € 2

which gives the second inequality in (15).
2. Similarly, we observe that for every o < g, we have

A(wy, — wp) = a —ag — alys =)
Proceeding as before, we deduce that for n > 3,
sup(w;, — wp) < CpD[|D|1/("7])(ao —a)+ Cot|{w2 = O}|1/("71)]
D
and a similar inequality for n = 2. Using Lemma 4.3(i), we get
wh =, — o(e?) — Ofary — @) — Car|{w, = 0}/ "7V
Finally, since
lim [{wf, =0}| =0
e—0

for all @ < ag, and (15) follows. O
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4.5. Proof of Proposition 2.2

We are now in position to complete the proof of Proposition 2.2: We define

w(x, w) = inf{w(x); Aw < apin D\ Ty, 3 i(l)gﬁ E?DH\ZY)} },
it is readily seen that

wi(x,w) =1 for x € 0T,

Awé(x,w) =0y forxe D\T,,

wé(x,w) =0 forx € dD \ T.
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So in view of Lemma 2.3, we only have to show that w® — 0 in H!(D)-weak as ¢ goes to zero. More precisely, we

will show that w® converges to zero in L? strong and is bounded in H!.
Strong convergence in LP : First of all, (16) yields

wy(x) —o(l) < w’(x,w) <wjx)+0o(l) VxeD;ae we$2,
which in turns imply (using Lemma 4.7 again):
hg,  (x) —o(1) S w(x, ) < ;k(x) +o(l) VxeBgp(ek)ae weS2.

Next, a simple computation shows that

Ce"(en2 +62P) ifn >3,
|, (1P dx <
Be\Bye Ce?e?P(loge)?  ifn=2.

Since #{eZ" N D} < C¢" for all n, we deduce from (17) that
2n
C(e?D +¢2) ifn >3,
wellLr <
Ce*(loge) ifn=2.

In particular

w® — 0 in LP-strong, for all p € [1, 00).

Bound in H': First of all, a simple integration by parts together with the fact that w® = 1 on 87} yields

/|wa|2dx<ao|0|+/|Vw8|da(x),
D, aT.

where 37, = 35, (k, w). So we need an estimate in Vw? along 35 (k, ®) = 3 Bge (- (k,w)) -

We consider the function

wé(x) — hgﬁk(x) + g—gr%"/("’z) when n > 3,

zZ(x) = 2
w®(x) = hg  (x) + g—grQeZT when n = 2.
It satisfies
Az=0 in Byj2(ek) \ Bas(r(k,w)) (€k),

z(x) =o(l) in By/2(ek) \ Bas (r(k,0)) (€K),
2(x) =0 along d Be (- (k,w)) (€k),
and so
0(,,11728}18*%) =o(e"a®(r)~"D) ifn >3,

Vz(x)| < Sy
|Vz(x)] oe2e” '+ = o(s"a’ (r)=) ifn=2.

a7

(18)
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on 9 Bgs (- (k,w)) (k). It follows that
IVw| < | VRS (0] + |V2()| < Ce"a® (rtk, @)~V
along aBas(,(kyw)) (Sk),
We deduce

/|Vw€|2dx<ao|D|+/|Vw8|da(x)
b, T,
<alblt 3 [ wuldet)
kEZ'ET DB e o) (6K)
<ol DI+ Ce~"a (7" e"a? (7)Y
<c,

and the proof is complete. O
5. Proof of Proposition 2.2: General case

In this section, we treat the case where the sets S, (k, @) have unspecified shape, but satisfy Assumption 2:
cap(Se(k, w)) ="y (k, w).

Throughout this section we assume n > 3.
The proof makes use of the result of the previous section, after noticing that away from ek, the hole S, (k, w) is
equivalent to a ball of radius a® (r (k, w)), where

y (k. ) )W”‘Z)

5 — n/(n—2) k —
a*(ry=re , rk,w) <—n(n—2)a)n

More precisely, we will rely on the following lemma:

Lemma 5.1. For any k € Z"" and w € $2, let ¢ (x, w) be defined by
v(x) =21, VxeS:(k,w)
go,‘i(x,w):inf{v(x);AvéO, ) }
lim|y| oo v(x) =0
Then for any § > 0, there exists Rs such that
|lof (x, @) — &'y (k, w)h(x — k)| < 8&"h(x — gk)

for all x such that |x — ek| = a®(Rs) and for all ¢ > 0.
Moreover, Rs depends only on the constant M appearing in Assumption 1. In particular, Rs is independent of k
and .

1. For a given § > 0, Lemma 5.1 implies that for every k € Z" and w € £2 there exists a constant Rs(k, w) such that

. Snl’(k, w)n—Z r n—2 .
Qﬂk(X, ) — m ) R—a mn BZaS(Ra) \ BaS(R(g)(Sk) (19)
for all ¢ > 0. Moreover, it is readily seen that for any R there exists &1 (R) such that
a®(R) <&’ /4 foralle <eg (20)

for some o > 1. Finally, we note that by definition of ¢, we have

f|V¢,f|2dx=cap(Sg(k)) ="y (k, w). (1)
Rn
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2. Next, let @g and w? be the coefficient and corresponding corrector constructed in the previous section, and asso-
ciated with holes S, of radius r(k, w). Lemma 4.7 implies that for § and R given, there exists €2(8, R) < &1(R)
such that for all ¢ < g7(8, R), we have

e"r(k, w)" 2
|x _8k|n—2 = Rn—2

in dimension »n > 3. Note that thanks to (20), Inequality (22) holds in particular in Boge gy \ Bgae(r)(ek).

w’ (x) —

in Bg/2(ck), (22)

The corrector given by Proposition 2.2 will be constructed by gluing together the functions ¢; (near the holes
Se (k)) and the function w® (away from the holes). The gluing will have to be done in a very careful way so that the
corrector satisfies all the properties listed in Proposition 2.2: For a given ¢, we define §. to be the smallest positive
number such that (20) and (22) hold with § = §,; and R = Rs, . From the remarks above, we see that §, is well defined
as soon as ¢ is small enough (say smaller than e>(1, R1)). Moreover, for any § > 0, there exists g9 = £2(8, Rs) such
that

§e <8 Ve <egy.
In particular
lim §, =0.
e—0
From now on, we write
R =Rs,.

We are now ready to define the corrector w®: Let n.(x) be a function defined on D such that

ne@)=1 on D\ | Baee(r,)(ch),
keZ

ne()=0 on | J Bae(r,(ck)
keZ

and satisfying
Vel < Ca®(Re)™' and  |Ane| < Ca®(Re)™
in Boge(r,) \ Bas(r,)(k). We then define w®(x, w) in D by:
B (x, ) = e ()W’ (x, ) + (1 =0:(x) Y @f(x, @)1, ety (¥).
keZ"ND
It satisfies
@ (x) i Boge(r,) (k) \ Se(k) Vk € Z",
e _ .
W (x, @) = wé(x) in D\ U Bas(R,)-
kez"
To simplify the notations in the sequel, we denote
)= ) G, @) B, ek (X).
keZ"ND

The properties of w® are summarize in the following lemma, which implies Proposition 2.2 with (5) instead of the
first equation:

Lemma 5.2. The function w® satisfies

(1) w®=1on S, foranye > 0.
(i) w® converges to zero as € goes to zero in LP (D) strong for all p € [2, 00) and

2n
|wé|Lr < CeP=2 Vp>2.



392 L.A. Caffarelli, A. Mellet / Ann. 1. H. Poincaré — AN 26 (2009) 375-395

(iil) ¢ is bounded in H' (D).
(iv) w® satisfies (5).

Proof. (i) Immediate consequence of the definition of w? since go,i =1on S;(k, w).
(i1) Assumption 1 yields
@ (x, ) < Ce"y (k, w)h(x — k)
for all x such that |x — gk| > a®(M). Since (p,ﬁ < 11in Bge(my(ek), we deduce:

p p
” (1 = ne)e* ”LP(R") S Z ||90/§136/2(5k) ”L”(U BRekyate))
keZ"ne=1D

Z / (¢f (x))" dx + C Z / ("y ()h(x — k)" dx

keZ'Ne~ keZ'Ne~

N

1 1
DB e vy eny D Byt (Re)e)

< Z a(‘,‘(M)n +C)7 Z Spﬂ(aé‘(Rs))ﬂ*P(nfz).
keZ'Ne=1D keZ'Ne~1D
Using (20) and the definition of a(¢), we deduce:
2
p - I - —p(n—2
[0 =136 |y < CeT"M"em2 +-Cp 3 ePe" P07
keZ"ND
<CM'erz 4 Cp Y et
keZ"ND
<CM"ei™s 4 Cye™,
where 2p > ’127”2 if p>2andn > 3.
Using (18), it follows that

_ 21\ 1
Il Lrpy < llw’ll e Dy + C(87-2) /P

2n
< Ceprn=2

for all p > 2.
(iil) Next, we want to show that w¢ is bounded in H!(D,). First, we note that in B, 2(gk), we have:

V® = Ve (w® — @) +ne Vg + (1 — ne) Vo, (23)
where the function Vn; is supported in Bags(r,)(ek) \ Bae(r,)(ek) and satisfies
-1
Vel < C(a®(R))™ .

Since |w* — ¢ | < C =5 in Bage(r,) (6k) \ Bar (r,) (6k), we deduce

/|Vns<w8—<p€)}2dx< 3 Ve (w® — ) |* dx
D kEEZ"mDBZHs(RS)(ak)
e ng g -2 862‘
< Y0 (@ R)) (@ (R)) T
keeZ'"ND R€
< ) RV
keeZ"N\D

<Ce"e"§, =C4,,

where we used the fact if ¢ is small enough, then §; < 1 and R, > 1. Finally, since w® and ¢° are both bounded in H 1
(thanks to (21)), (23) implies

[IV©|l2 < C.
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(iv) Using Lemma 2.3, we only have to prove that
lim [ |Aw® — ap|dx =0.
e—0
De
We have:
Aw® =a — (1 = ne)a 42V - V(w® — ¢°) + Ang(w® — ¢°)  in De.
Moreover, (22) and (19) yield

|w® — 8|<5—“3 in B B
Gl S T 2a¢ (Re) \ Bas (R,
&€

and by definition of w® and (p,ﬁ, we have

o

0 .
A<w5 - . lx — 8k|2> =0 in Baue(r) \ Bar(r,)/2-

Interior gradient estimates thus imply

8¢
n—2
&

[V(w® —¢p)| < a®(Re)™' + Ca®(R,)

in Byge(r,) \ Bae(r,). We deduce (using (20)):

/|Mf—a|dx</(1—ng)adx+/|Vns||V<ws—<p€>|dx+f|Ang||w€—goﬂdx

D, D, D, D,

< ) AR+ ), aR)T / [V(w® — ¢f)|dx

keeZ"Ne~1D keeZ'Ne~'D Boae (re)\Bat ()

+ Y ad(R)? / |wh — ¢f | dx

k€82n0871D BZ(IS(RS)\BQS(R)

<C Y dR)+C Y %af(Rs)‘z(ae(R))"

Rn
keeZ"Ne=1D keeZ"Ne=1D
_ af(Re)\" 2
n_=g& n
< Ce"a®(R,)" + C$, Z ( X

keeZ'Ne=1D
< Cceo b4 s,

It follows that

lim [ |AD° —ao|dx < C5
E—>
D.

for any § > 0, which gives the result. O

Appendix A. Proof of Lemma 5.1

393

We recall that n > 3 in this section. For any k € Z", we define Se(k) = g2 Ss (k). Then Assumption 2 yields:

cap(Se (k) = y (k) < 7.
and Assumption 1 gives

Se(k) € By (k).

(24)
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For the sake of simplicity, we take k = 0. We recall that 4 is defined by

1 1

hx) = nn — 2w, |x|"—2"

Lemma 5.1 will be a consequence of the following lemma:

Lemma 5.3. Let ¢ be defined by

v(x) =1, Vxes k,w

<p(x)=inf{v(x);Av<0, 2 ek ) }
limm_)OO v(x):O

Then for any & > 0, there exists R, depending only on § and M such that
lo(x, ©) — yh(x)| < 8h(x)
for all x such that |x| > R.

Proof. We recall that ¢ solves

Apx)=0 forallx e R"\ S,
px)=1 forall x € S,
liInl)c|—>oo QD()C) =0.

In particular, (24) and the maximum principle imply

n—2

o(x) < M" 2n(n — 2)wph(x) = in R" \ By (0).

|x|n72

Next, we observe that

0=— / oApdx = f |V<p|2dx—/wuda<x>

R"\S R\ S 3S

/ |V<p|2dx=/wvda<x>=/%do<x>.

RA\S 3s 38

and so

Moreover, for any R > M, we have

0= / Awdx:/(pvda(x)—i—/(pvdo(x).

BR\S as dBg
We deduce:
y = / IVo|?dx = — / ¢pdo(x) forallR>M.
R™\S 3Bg

We now introduce the function

il Y ol EN i — v Lo X
0= <|x|2) g”<|x|2)_"(" )“)"|x|"2"’<|x|2>

defined for x € By/(0). A straightforward computation yields
A® =0 in By (0)

and (25) implies
O(x) < M"*n(n —2)w, in Byum(0).

(25)

(26)
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A more delicate computation, making use of the mean formula for harmonic functions, gives

/ ppdo(x) =—0(0).
dBg
Hence (26) yields

©(0) =cap(S:) =y.

To conclude, we note that interior gradient estimates for harmonic functions imply the existence of a universal C
(depending only on M) such that

|@@x) —y|<Clx| forall |x| < 1/2M).
Inverting back, we deduce

c
lo(x) — yh(x)| < i forall x| >2M,
X

which yields the result. O
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