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Abstract
In this paper we classify all solutions of

—Au=|x|%", in R%_,

u
%—‘; =cq|x|%2, on B]Rﬁ N{s >0},

u
"_’; =cylx[%eZ, ondR3Z N{s <0}

with the finite energy condition
u
/ |x|2aeu dx < o0, / [x|%e2 ds < oo.
2 AR2
RY aR3.

Here ¢, ¢p are constants and o > —1.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

On a Riemann surface, one of the interesting geometric problems is to determine which functions can be realized
as the Gaussian curvature of some pointwise conformal metric. The classical uniformization theorem tell us that every
smooth Riemannian metric on a two-dimensional surface is pointwise conformal to one with constant curvature. This
question is by now well understood from many different perspectives, and successfully approached by many different
methods.
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On this basis, research can move on to surfaces with singularities. This, however, is by no means a straightforward
generalization of the smooth case. Results for smooth surfaces might not be true for surfaces with singularities.
For instance, there exist many surfaces with conical singularities that do not admit a conformal metric of constant
Gauss curvature. In fact, a closed surface with two conical singularities admits a conformal metric of constant Gauss
curvature if and only if its singularities have the same angle and are in antipodal positions — thus, such a surface
necessarily has the shape of an American football; this was proved by Troyanov [18]. Therefore a surface with exactly
one singularity (the teardrop) does not carry a conformal metric of constant Gauss curvature.

This result was obtained by methods from complex analysis. It is known, however, that the existence question for
conformal metrics is intimately linked to the Liouville equation. In recent years, very powerful PDE methods have
been developed to precisely determine the asymptotic behavior of solutions of this equation near singularities.

The purpose of the present paper then is to bring to bear the full force of those methods on the existence problem
for conformal metrics with prescribed singularities. In fact, we shall investigate the more general situation of surfaces
with boundary. When we have a boundary, the natural curvature condition there, the analogue of the constant Gauss
curvature condition in the interior, is the one of constant geodesic curvature.

To continue the discussion about surfaces with singularities, let us first recall their definition, following [18].
A conformal metric ds? on a Riemannian surface X (possibly with boundary) has a conical singularity of order « (a
real number with ¢ > —1) ata point p € X' U 90X if in some neighborhood of p

ds® = e |z — z2(p)[**|dz |

where z is a coordinate of X' defined in this neighborhood and u is smooth away from p and continuous at p. The
point p is then said to be a conical singularity of angle 6 =2 (« 4 1) if p ¢ X and a corner of angle 6 = (a4 1)
if p € 0X. For example, a football has two singularities of equal angle, while a teardrop has only one singularity.
Both these examples correspond to the case —1 < o < 0; in case o > 0, the angle is larger than 27, leading to a
different geometric picture. Such singularities also appear in orbifolds and branched coverings. They can also describe
the ends of complete Riemannian surfaces with finite total curvature. If (X, ds?) has conical singularities of order
o1,00,...,0, at p1, p2, ..., pn, then ds? is said to represent the divisor A := Z?:l o pi.

For a closed surface with more than two conical singularities, the existence problem of constant Gauss curvature
already becomes subtle. When all singularities have order « € (—1,0), Luo and Tian [14] gave a necessary and
sufficient condition. For the case of general «, a necessary and sufficient condition was given by [20] recently for a
closed surface with 3 conical singularities. See also [8] for a simpler proof.

As already mentioned, the objective of this paper is to consider surfaces (with boundary) with corners on their
boundary and to study the existence problem of conformal metrics with constant Gauss curvature and constant
geodesic curvature on their boundary. Our first result shows that a disk with two corners admits a conformal met-
ric with constant Gauss curvature and constant geodesic curvature on its boundary if and only if the two corners have
the same angle. This is analogous to the result of [19]. The disk is conformally equivalent to R%_ U {oo}. Note that the
case of a metric with zero geodesic curvature on its boundary can be reduced to Troyanov’s result.

Theorem 1.1. It is possible to construct a metric g with constant Gauss curvature on the unit disk D and constant
geodesic curvature on I'y :== 3D N{(x, y) € R? | £y > 0} admitting two corners p1 = (1, 0) with order a1 > —1 and
p2 = (—1,0) with order ay > —1 if and only if

o] =o).

In Theorem 1.1, the constant geodesic curvatures on Iy and /_ may be different. All solutions can be explicitly
written down, see Theorem 1.2. Theorem 1.1 is not difficult to prove. But it is a good starting point for our research.
What we do in fact is more general than this generalization of Troyanov’s result. Let us denote Ri ={(s,1) |t > 0}.
We consider
—Au=|x[*e", inR2,
%—'I‘:c1|x|“e%, on 8R3Lﬂ{s > 0}, (D)

3 = colx|%?,  ondRZN{s <0}
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with the energy conditions

u
/ Ix|?%e" dx < 00, / [x|%e2 ds < oo. 2)
R? aR%

Here ¢y, ¢, are constants and o > —1.
We call u € H! _(R%) a weak solution of (1)~(2) if it satisfies

loc

/Vngpdx—}—cl / |x|ae%¢ds+cz / |x|“e%<pds:/|x|2“e”<pdx

R% 3R% N{s>0) IR2 N{s <0} R%

for any smooth function ¢ (x) on R3 with compact support. Since u € H! (R3) implies e* € LI (R?) forall p > 1,
by standard elliptic regularity we conclude that any weak solution u of (1) is a classical solution when « > 0 while
u is smooth away from the origin and u € W>9 near the origin for 1 < ¢ < —é when —1 < « < 0. In particular,
u is continuous at the origin in any case. In the sequel, we assume that a solution u of (1)—(2) always satisfies
u e CZ(REL) N Cl(]R%r \ {0}) and that u is continuous at the origin.

Geometrically, a solution u of (1)—(2) determines a metric ds* = |z|**¢"*|dz|> with constant scalar curvature 1 on
Rﬁ_ and with geodesic curvature —c; on G)JR?F N {s > 0} and geodesic curvature —c; on BRﬁ N {s < 0}. Moreover
ds? = |z|**e"|dz|? has a conical singularity at z = 0. Let 1 and —1 be two points on the boundary of the unit disk D.
We take a conformal transformation ¢ mapping D to R%_ and 9D to BREr with ¢ (1) =0 and ¢ (—1) = oo. With such
a conformal transformation, the metrics studied in Theorem 1.1 are solutions of (1)—(2). Our main result in this paper
is to show the converse, namely, any solution of (1)—(2) is in fact obtained from a metric in Theorem 1.1.

Theorem 1.2. Let u be a solution of (1)~(2). Then ds* = ¢"|z|**|dz|* comes from a conformal metric as in Theo-
rem 1.1. More precisely, there exists A > O such that:

(1) When a =2k, k=0,1,2, ..., then c; =cp. And when a =2k + 1, k=0,1,2, ..., then c; = —cy. In this case
the metric is
B 8(0[ + 1)2)L2a+2|z|2a|dzl2

ds> =
()\2a+2 + |Za+1 _ Z0|2)2

C])LotJrl

for some zg = (so, to) with so € R and tn =

(2) When o #k, k=0,1,2,..., then for any c| and c3, the metric is
2 8(0[ + 1)2A2a+2|2|2a|d2|2
s= (A2”+2 + |Za+l _ Z0|2)2

a+1
and to = le/ﬁ .

22+ (¢ cos(ra)—cr)

ﬁsin(mx)

for some zo = (8o, to) with so =

This result is a natural generalization of the classification result of Chen and Li [4] for the Liouville equation
—Au=¢€" inR? (3)
with finite area fR2 " < oo and the classification result of Li and Zhu [13] for solutions of

—Au=e" inR%,

ou __ 4 2
5r =ce? on 0R%.

“4)

Geometrically, the result of Chen—Li covers the case of the standard sphere. In fact, their classification result tells
us that any solution of the Liouville equation (3) with finite area can be compactified as a metric on the standard
sphere with constant curvature. Similarly, the result of Li—Zhu deals with a portion of the standard sphere cut by a
2-plane. Namely, from their result we know that any solution of (4) can be compactified as a metric on such a portion
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of the standard sphere with constant Gauss curvature and constant geodesic curvature on the boundary. In this spirit,
our result (for —1 < o < 1) then deals with a portion of the standard sphere cut by two 2-planes with angle (o + 1).

It would then be interesting to consider portions of the standard sphere cut by 3 or more 2-planes. This is related to
the result of Umehara and Yamada [20], see also [8]. We will return to this issue later. In another direction, our result is
a generalization of Prajapat and Tarantello [17], who classify solutions of the Liouville equation with one singularity.
For the case ¢; = ¢ =0, Theorem 1.2 can be reduced to their result. For other classication results, or different proofs,
see [3,5-7,10,9,12,16], and [22].

Our method to deal with (1)—(2) can be viewed as a combination of the methods developed for those previous
results. We shall make particular use of [11] and [13]. The main issue is the determination of

d:=— lim u(x)

1 .
|x|—o0 In|x|

Note that Egs. (1) are no longer translation invariant and a solution of (1)—(2) will no longer be radially symmetric
if one of ¢; # 0 for i = 1,2. The methods used in [13] and [17] can therefore not be directly utilized to prove
Theorem 1.2. However, after we have shown that the metric ds? = e |dz|? = |z|**¢*|dz|* has two conical singularities
at z =0 and z = oo, we can define

i 1/9a\?
=(=— —=(=—) )Idz)>, zinRZ,
n(z) <3Z2 Z(E)z) )I Z| Z 1n

which can be extended to a projective connection on S? = C U {co} as defined in [19]. Then the problem is reduced
to a linear partial differential system, see (31) and (32). Finally we solve this boundary problem and demonstrate
Theorem 1.2.

2. Projective connections

In this section, we will state the definition and the properties of the projective connection discussed in the papers
of Troyanov [19] and Mandelbaum [15]. In the last section, we will demonstrate our main result in the sense of a
projective connection on C U {oo}.

Assume that X' is a Riemann surface. Let n be a quadratic differential. If

1 nk)= qﬁ(z)|dz|2 is a meromorphic quadratic differential in each local coordinate (U, z) on X,
2) n(w)=n(z2) + {z, w}|dw|2 in the overlap of two local coordinates (U, z), (V, w),

then 7 is called a projective connection on X'. Here {, } denotes the Schwarzian derivative:

Z/// 3 Z// 2
{Z,U)}—? — 5(7)

a function z of w.
A point p € ¥ is called a regular point of the projective connection 7 if 1 is holomorphic at this point. We say that
n has a regular singularity of weight p at p if

n() = (% +2 +¢1(z)>|dZ|2
Z Z

where ¢1(z) is holomorphic, and z is a local coordinate at p with z(p) = 0.

The projective connection is said to be compatible with the divisor A := >}, o p; if it is regular in ¥ —
{p1,..., pn} and has, for each i, a regular singularity of weight p; = —%a,- (oj + 2) at p;. The next two lemmas
are examples about some results for the projective connection from [19].

Lemma 2.1. The definition of the weight for a singular point is independent of the choice of local coordinate.
Lemma 2.2. If ds® = ¢"|dz|? is a conformal metric of constant curvature on X representing the divisor A then

Pu 1 0u)?
=— ——(= dz|?
n() <az2 2(az)) <l

defines a projective connection compatible with the divisor A.
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3. Asymptotic behavior

We will first rewrite Eq. (1). Set 4 = u + 2 In|x|. Then u satisfies

—Ai=e", inR%,

3 —¢1e?, ondR2 N (s> 0}, (5)
% =cze%, on BR%rﬂ{s < 0}

with the energy conditions

feﬁ dx < 00, (6)
R
/ e% ds < oo. @)
IR?

Proposition 3.1. Any solution u of (5) with (6) and (7) is bounded from above in the region Ri \ B (0), for each
e>0.

To prove Proposition 3.1, we need the following lemma.

Lemma 3.2. Assume that u is a solution of
—Au=0, inBy,
= f(x), on{t=0}N3IBY,
u=20, on BB; N l_?;
with f € L'({t=0}n 8B;)f0r any R > 0. Then for every 61 € (0, 4) we have

(4 — 8 |u(x)] 1672R?
dx <
/e"p{ ik } ST

+
Bg

and for every 8§ € (0, 2m)

/ exp{(z”‘az)'“(x)'}ds{“’_R
1/l 5

dBEN{r=0}

where ”f”l zf{t=0}ﬂ837§ |f|dS

Proof. Set
N ={t=0}NB%, D={t>0}NdBy.

1 2R 2
() = —/(log +1o g—)|f(x>|dx
27 lx — yl |

n

Let

where y is the reflection point of y about {# = 0}.
A direct computation yields

~A¢p=0, inBy,
% ——|fl, onIn.
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Note that ¢ > 0 for x € B;{ since > 1forany x,y € BJr We have

Ix y\
—Au—¢)=0, inBg,
(u—
Jud) = f+1|f]. onlY,
u—¢ <0, on 5.

It follows from the maximum principle and the Hopf lemma that u
By a similar argument we also have

< ¢in E}f.

~Aw+¢)=0, inBj,
Jutd) = f—|f]. onlI7,
u+¢=>0 on I

which implies that u > —¢ in BJr Therefore we have |u| < ¢ in 1_3; and thus we have

(4n—31>|u(x>|} / {(4n—61>¢}
—— —tdx < —— tdx,
[exp{ 171 B BT

B

R BR
and

/exp{ 2 —8)|u(x)] }ds g[exp{ @n —52)¢}ds
J (WAl J (vl

1 1

At this point, using Jensen’s inequality, we can follow the argument of [1], proof of Theorem 1, to conclude the
result. O

Proof of Proposition 3.1. We first fix ¢ > 0, and assume that u is a solution of (5) with (6) and (7). From Theorem 2
of [1] it suffices to show that, for any xo € E)Ri \ Ej (0), u is bounded from above on 1_3‘12 (xp) for some small
number R > 0, with a bound that is independent of the point x¢. In the following, we denote by C various constants
independent of x.

Write g = iz f= c(x)e% where c(x) is a function on aRi \ {0} with ¢(x) = ¢y when s > 0 and c(x) = ¢, when
s < 0, where we write x = (s, 7). Then & satisfies

—Au=g,
M_f’

It is clear that f € L'(3R%). Set f = f1 + f> with 1Al omzy <70

in B (xo),

on /7.

Lemma 3.2. Define i, u7 and i3 by

—Aiiy =e€", in B} (xo),

% =, on Iy,

121 ZO, on Fz.

—Aii, =0, in B (xo),

"

Se=/h, onli,

Uy =0, on [5.

—Aii3 =0, in Bj(xo),

¥ =f, onl,

ﬂ3=0, on Fz.
Extending i evenly we have

—Aiiy =", in Bg(xo),

i =0, on d Bgr(xp).

and f, € L*(9R%). Let I' and I'» be as
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By using Theorem 2 in [1] and (6) we have
Nl oo B ) < €
For u15, by Lemma 3.2, we have
/ exp(2|ﬁ2|)dx <C, /exp(|ﬂ2|) ds <C
B} (x0) I

and in particular ||122||Lq(3;(x0)) < C and liz]lpa(ry) < C forany g > 1.
For u3, it is obvious that

||1:i3||Loo(§+l*e (x0)) <C.
2

Let iig = — it] — u — ii3. Then we have
—Aiig =0, in B} (xo),
dig __
a5 — O, on F].

Extending 14 evenly, ii4 becomes a harmonic function on Bg(xg). Then the mean value theorem for harmonic func-
tions implies that

||ﬁI ||L°°(l_3‘§ (x0)) < C”’ZI “LI(B;;(XO))'
2
Notice that

iy <at |+ o] + lisl,

and
~ ha
/u+dx</e” dx < o0o.
R R%
We get

”’ZI ” L*® (B, (x0)) <C
2

Finally, we write
—Ail=e' =g, in B;(xo),
{ %—’tz =c(x)e% =f, only.
The standard elliptic estimates imply that

~+ _
llu ”LOO(BE (x0)) <C,
s

since ||g||Lq(B§ o) S C and ”f”Lq(aBiizi o)n(r=0p S Cforanyg>1. O

As in the proof of Proposition 3.1, in the sequel we always let c(x) be a function on BRi \ {0} with c(x) = ¢; when
s > 0 and c(x) = c» when s < 0, where x = (s, t). In virtue of Proposition 3.1, we obtain the asymptotic behavior of
the solution of (1)—(2). More precisely, we have the following

Proposition 3.3. Let u be a solution of (1)—(2). Let

1 1 u
d=— / x> et dx — — / c(x)|x|%e? ds.
T T

2 2
R} aR?
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Then we have

u(x)
im =
|x]—00 ln|x|

Proof. Let

2
2
R+

1 3 )
wx) =~ / (loglx — y| + log|X — y| — 2log|yl)|y[**¢“ dy

1 _ o 1)
~ 5 (loglx — y| +log|x — y| — 2log|y[)c(M|y|%e 2 dy
aR%

where x is the reflection point of y about {# = 0}. It is easy to check that w(x) satisfies

Aw = |x|*e", inR3,
fw —c(x)|x|%eZ, on aR% \ {0}
and
w(x)
im =
[x|—>o0 In|x|

Consider v(x) = u 4+ w. Then v(x) satisfies

Av =0, inIRi,
=0, ondR2\{0}.

We extend v(x) to R2 by even reflection such that v(x) is harmonic in R?. From Proposition 3.1 we know v(x) <
C(1 +In(]Jx| 4+ 1)) for some positive constant C. Thus v(x) is a constant. This completes the proof. O

Remark 3.4. From (2), it is easy to check that d > 2 + 2«.
4. The exact value of d

In this section, we want to compute the value of d. We need to distinguish two cases. When ¢; < 0 and ¢; < 0, we
will employ a similar argument as in [11] when they proved y; < 2 in Proposition 7.1 to show that d > 2 + 2«. Here
c1 < 0and ¢; < 0 are crucial such that w(x) < 0in DT, see Proposition 4.1. Once we have proved that d > 242, we
can obtain an extension of u#(x) near oo, see (11). Then we can use the Pohozaev identity of (1) to prove d =4 + 4«.
When ¢; > 0 for i =1 or i =2, this method will not work well. We will use the moving sphere method, which was
used in [13], to show d > 2(1 + «). Let us start with the negative case.

Proposition 4.1. If c; < 0 and ¢z < 0in (1)~(2), we have d > 2 + 2.
Proof. Assume by contradiction that d = 2 4+ 2«. Let v be the Kelvin transformation of u, i.e. v(x) = u(#) — (da +
4)In|x|. Then v satisfies
_ 2 : 2
—Av = |x]|*“eY, 1n]R+,
3 = c(x)lx|%2, ondR2 \ {0}

with the energy conditions

/ Ix|*%e? dx < 00

2
RJr
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and

v
/ |x|%e2 dt < oo.

2
IR2

Here c(x) is a function as in the above section.
Let D be a small half disk centered at zero. Define w(x) by

1 _ )
wex) = 5 [ (toghe = 31+ logl7 — y)y e dy
D+
1

- vy
T / (loglx — y| +log|x — yl)e(y)ly|"e 2 dy

dD+N{r=0}
and define g(x) = v(x) + w(x). It is clear that
Ag=0, inDT,
{ % -0, on{dDTN{r=0}}\1{0}.
Therefore by extending g(x) to D \ {0} evenly we obtain a harmonic g(x) in D \ {0}.
On the other hand, we can check that

lim =
|x]—>0 — log|x|
which implies

i O v w)
|x|>0 — log|x| lx|-0 —log|x]|
Since g(x) is harmonic in D\{0}, we have g(x) = —(2« + 2)log|x| + go(x) with a smooth harmonic function go

in D. By the definition, we have w(x) < 0 since c(x) is negative. Thus, we have

/|x|2a ”dx—/|x|2“eg wdx>/|x|2°‘|x| 2072080 dx = 00
Dt

which is a contradiction with fRz |x|2%eVdx < oo. Hence we have shown that d > 2o +2. O
+

From d > 2« 4 2 we can improve the estimates for e to
" < Clx|7272*=¢ for |x| near co. (8
Then by using potential analysis, we obtain
—dInjx| - C <u(x) < —dn|x|+C

for some constant C > 0 and ¢ > 0, see [4]. Furthermore following the idea for the derivation of gradient estimates in
[2] and [21], we get

|(x, Vu) +d| < Clx|~® for |x| near oo,

consequently we have

d
ur +—| < Clx|~'=%  for |x| near oco. 9)
p

In a similar way, we can also get

lug| < Clx|~™¢ for |x| near oo. (10)
From (9) and (10) we can also get by standard potential analysis that

u(x):—dln|x|+C+O(|x|_l) for |x| near oo. (11

Here (r, 0) is the polar coordinate system on R2, and C, ¢ are some positive constants.
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Proposition 4.2. If d > 2 + 2, then we have d =4 + 4a.

Proof. Firstly we establish the Pohozaev identity of (1)—(2). Multiply equation (1) by x - Vu and integrate over B;
to obtain

— /(x -Vu)Audx = / Ix|?%e“x - Vudx.
By By

Since

2
(- Vi) Au = div((x - V) V) — diV<X|V2u| )

Ix|*%e"x - Vu = div(xlxlz‘)‘e“) — div(x)|x|?%e" — e x - V|x|?®,
and
X Vx ]2 = 2a)x |,

we obtain

|Vul|? |Vul?
/ X-v — (- -Vu)(x-Vu)ds + / X-v — (- -Vu)(x-Vu)ds

2 2
dBFN{r>0) 3B} N{r=0}
= / x-v|x%e" ds + / x~v|x|2“e”ds—(2+2a)/|x|2°‘e“dx,
dBEN{r>0) 3B N{r=0} BY

where v is the outward unit normal vector to BB;. Hence we have

Vul? | oul® ou 20 u 2
R > |3 ds + E(x-Vu)ds:R |x|*“e"ds — 2+ 2a) | |x|""e" dx.
r
dBEN{r>0} dBEN{r=0} dBEN{r>0} BY
Since
R
Ju PR
E(x-Vu)ds: c(x)|x|%e2s05uds
dBEN{r=0} -R
R
=2/c(x)|x|“sase%ds
—-R

R
=2€(x)|s|“se%|lfR—(2+2a)fc(x)|x|“e%ds,
—R

we get the Pohozaev identity

2 2
R / Ju| —|“;| ds =R f |x|2“e”ds—(2—l—2a)/|x|2ae”dx
B+

2R?
3BFN{t>0} IBEN{r>0} P

R
— 2c(x)|s|"‘se% |§R + (24 2) / c(x)|x|"‘e% ds.
—R
In virtue of (8), (9) and (10), we let R — oo in the Pohozaev identity and get
d=4+4a. O
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Next let us consider the case ¢; > 0 fori =1ori =2.
Proposition 4.3. If ¢; > 0 fori =1 ori =2, then d > 4 4+ 4o and consequently d = 4 + 4a.

Proof. Without loss of generality, we assume that ¢; > 0. First we have d > 2(1 4+ «) from Remark 3.4. To prove
d > 4(a + 1), we will derive a contradiction from assuming d < 4(1 + «).

Casel.c; >0and c; > 0.

In this case c¢(x) > 0, where c(x) is a function defined as in the proof of Proposition 3.1. We assume 2(1 + o) <
d < 4(1 4+ «) by contradiction. For any A > 0, set £ = {x € Ri: |x] > ﬁ} and u) (x) = u(Ax) +2(1 +a)InA. Then
u; (x) satisfies

{ —Auy(x) = |x|2“ “,in Ej, 12

B — c(x)|x|%e % ondEN IRZ.

Set

vi(x)=v(x)+2(1 +a)Ini

* ) 2@+ 1) n—
= n—--—s
ax) T x P2

where v(x) is the Kelvin transformation of u(x), i.e. v(x) = u( 2) —4(a + 1) In|x]|. So, v, (x) is also a solution of
(12).
Set wy =u — v,. Since E; does not contain the point x = 0, w;, is smooth in E;, and w, satisfies
—Aw; (x) =1 (0)|x[®w;, in E,
Wi — c(x)er () |x[%wy,  onJEx NIRZ, (13)
wy =0, ondE; N{t > 0},

52()()

where ¢1(x) = €51™ and ¢;(x) = % , & (i =1, 2) are two functions between u and vj,.

Claim 1. For X large enough, w, (x) >0 for all x € E;.

Step 1. 3Ry such that for all x € {x € RZ, % < |x| € Ro}, we have wy, > 0.

Forx e {x € RZ, T < |x| € Ro} with R small enough, we have

w; (x) = u(x) — ”<x|x|2> +2(c + 1 In(r]x|?)
>o(l) +2(e+1)In4 > 0.

Step 2. 3R < Ry such that for all x € {x € R, ﬁ < x| < ﬁ < R;}, we have w;, > 0.
Set Ay ={x e R2, ﬁ < x| < ﬁ < Rp}yand g(x) =1— |x|*T! and let w; (x) = “g(i);). Then, by Step 1 and (13),
wy (x) satisfies
Aw; (x) + %Vg VL (x) + (c1(x)]x[** + %)wx(x) =0, inA;,
W) — ¢ (x)ep (x) ¥ ] (x), on dA; N {t =0}, (14)
w, =0, on dA; N{t > 0}.

Since v; < maxg: u in E,, there exists some positive constant C such that ¢ (x) < Cp. By a direct computation,

Ag

cl()x** + == < g7 =@+ D?x|*™" + Colx (1 — [x[*T1))

<g M (=@ + D>+ Colx|*H!) <0,
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if [x| < {%}#. Therefore, we choose R| < min{{%}ﬁ, 1} small enough. Then, from (14), it follows from
the maximum principle and the Hopf Lemma that w; > 0 in A, . Here we have used the fact that c(x) > 0.
Step 3. 3R> < Ry such that for /A > Rlz, we have w) >0 forall x € {x € Ri, |x] > Rp}.
For x € {x € R, |x| > Ry} and d < 4« + 4, as |x| — oo we have
4 D1
fim DTt DIk i 0.

[x|—=o00 In|x|

Then there exists some constant C > O such that
u(x)+4(a+1)Injx| > —-C, for|x| > Rop.

Therefore, for A large enough we have
wy(x) =u(x)+4(x+ 1)In|x| — u<L> +2(x+1)InX

Alx|?
>-C — maxu +2(a+1)InA >0.
IRJr

Thus we finish the proof of Claim 1.
Now we define

Ao = inf{k >0]wu(x) =20 inE, forall u > A}.
Claim 2. Ay > 0.

Assume by contradiction that Ao = 0, that is, for all > > 0, we have w; (x) > 0 in E;,. Then, we have for all x € Ri

w1 (x) =0,
x|

w1 (rx) =20, VO<r<l.

x|

Since

X 2
wy(x)=ulx) — u<—) + 2(x + l)ln(k|x| )

Alx|?

by a direct computation, we have

x| r

w%(rx)zu(rx)—u<£) 4@+ Dlnr. (15)

In (15), taking firstly |x| = r and then let » — 0%, we get w 1 (rx) — —oo. Thus we get a contradiction with
Ix12

w1 (rx) >0forall 0 <r <1andall x e R%.

ol
Claim 3. wj, (x) =0, Vx € R3.

Assume by contradiction wy, > 0 for all x € Ri. Then from (13) we obtain firstly

Aw;,(x) <0, in Ey,,

)
20 >0, on dEz, NIRZ, (16)

wy, =0, on 0E;,N{t>0}.

Then we use the strong maximum principle and the Hopf Lemma to obtain

wy,(x) >0, in Ey,,

17
Mo 20, ondE;,N{t>0) 17)

where v denotes the outward unit normal of the surface 0 B VO N {t > 0}.
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Next note that by the definition of A, we can assume that there exists a sequence A — Ao with A < Ao such that

inf w;, <O.
Ex

If we can prove that
wy,(x) = C forxe]fx_0 (13)
2

for some constant C = C(}¢) > 0, then from the continuity of # at x =0 we get

E, VXGEATO.

for k large enough. It follows that there exists xx = (g, tx) € E ae \ E3/2 such that

Wiy =

wy, (xx) = infw;,, <O.
E,

It is clear that /ﬁ < |xg| < ,/% and, due to the boundary condition, f; > 0. Hence Vwj, (xx) = 0. After passing

to a subsequence (still denoted as xi) xx — xo = (50, fo), it follows that

Wi, (x0) =0, Vw;, (x0) =0. (19)
By (17) we have o = 0 and |sg| = ,/)L—IO.
However, we would like to show
0 1
0000 _ o for xp = (50, 0). Isol = | — (20)
v )

if wj, (x) satisfies (16). Here v denotes the outward unit normal of the surface 9 B «/1/_10(0) N{t = 0}.
Therefore from (19) and (20) we get a contradiction. Thus to prove Claim 3, it suffices to show (18) and (20).

Proof of (18). First, for x € E ,, we have
2

X 1
= — 2 Dln——
Vo ”<A0|x|2)+ @+ Din P

gmazlxu+2(a+ HIn2 < C.
R+

Notice that mingg 3p N(E>0) Wiy > ¢ for some 0 < ¢ < 1. Without loss of generality, we assume A9 = 2. For 0 <
v
r < 1, we introduce an auxiliary function

)= _SH_ _ _logh] .8+8(1—u)(t—1/x/?)(\/1)“
PYVZ2e+ D Tog /T 2 r

when o > 0. Here ¢ = max{cy, c2}; 0 < u < 1 will be chosen later. When —1 < o < 0, we use instead the auxiliary
function

ep log|x| n e(l —
- € .
2(c+1) log/1/r 2
We shall only present the details for the case o > 0 as the case —1 < o < 0 can be treated in a similar way. Let
P(x) = wy,(x) — @(x). Then we get

AP(x) = Awy,y(x) <0, in £y \ Er,
P — c(x)ea (o) x|y — S92 (1), on d(EL\ En N it =0).
We will show

P(x)>0, xeEi\E.. 21

px) =
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We prove it by contradiction. If (21) does not hold, there exists some xg = (sg, fp) such that

P(xp) = min P(x) <O.
E\E,

Since we have P(x) > 0on dE1N{t > 0} and P(x) > w;,(x) = 0on dE, N{t > 0}, then it follows from the maximum

principle that 7o =0 and 1 < |sg| < [ and dp(x) lxo = 0.
In virtue of P(xp) < 0 and vy, (x0) < Cy, we have ¢2(x0) < Cy for some constant Cy > 0 and moreover

ilas 2
wy, (x0) < @(xg) < et ) (22)
dP(x)

On the other hand, in virtue of lxo = 0 we have

1— 1\“
0< (e + Deaxo) xol*w, (x0) — "’"(2—") <\/; )

< {\ﬁ} (CO(C+ Dwj, (x0) — M)
r 2

e(l—p)
> — 23
Wy (x0) 3Coct 1) (23)
From (22) and (23), we have
1

1+Co

Hence

>

If we choose p such that 0 < u < 17~ +C from the beginning we reach a contradiction.

Since P(x) > 0, we then let » — 0 and have proved (18) with C = m.

Proof of (20). Without loss of generality, we assume Ao =1 andso=1.Set 2 ={x = (s,1) | 1 <s>2+1> <4,5>0,
0<t< %}. Let

h(x) =¢e(s — D@+ w),

X
g(x) =h(x) - h(W)

where 0 < &, u < 1 are chosen later. A direct computation yields Ag(x) = 0 for x € £2. Now consider

S (x) = wy (x) — g(x).
Then we have

{Af(x) >0, in £2,

UL — e (x)er () x [ wag (x) — B on 92 N {r =0},

and

Next we want to show
f(x) >0, Vxe$,

for suitably chosen ¢ and p.
In fact, we argue by the contradiction and assume that there exists some x; = (s1, #1) € §2 such that

f(x1) =min f(x) <0.
2

Since f(x) =0on d2NJIE; and f(x) >0on 32N {8E3¢ Ufr= %}}, we can use the maximum principle to obtain
th1=0,1<s <2andw>00n89ﬂ{t:0}.
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A simple calculation yields

ag(x1)

s =e=Dn(1 +577).

In virtue of % > 0on 382 N {t =0}, we obtain

coa(xn)Is*wag (x1) = e(s1 — D(1+577).
Hence, we get

2%cor(x))way (x1) = e(s1 — D(1 +5,7)
for @ > 0. And

cor(x)way(x1) = e(s; — D(1 +5,7)

for —1 < o < 0. Here ¢ = max{cy, cz}. On the other hand, we have

1
Wy (x1) < fx1) =euls) — 1)(1 + —).

S1

Therefore, if @« > 0 we have

1+s 3
2%(14cer(x))p = L~
( ) l—i—sf1 4
and if —1 < a <0, we have
I+s7° 3
I+ceca(x))u > > —.
( ) 1+sl_l 4

3

If we choose 1 such that 0 < u < 57 Treung &)
2

for a = max{«, 0} from the beginning we reach a contradiction.

Thus we have proved that f(x) > 0 for x € £2. Since f(x¢) =0, i.e. xo is minimum point of f(x) in £, it follows
from the Hopf Lemma that

of (xo)
av

A direct calculation shows that

> 0.

dwy, (x0) _ af (xo0) n 0g(xo) S 0g(x0) _

> 2 0.
ov av ov av o=
We finish the proof of (20).
In Claim 3, w;,,(x) = 0 implies that
(x) a +2(a+ 1)1 ! (24)
ux)=ul ——= o n—-—.
Lolx|? Lolx|?

Hence it follows from (24) that d = 4(1 4+ «). This contradicts our assumption d < 4(1 + «). Thus we proved d >
4(1 4 o). From Proposition 4.2 we know d = 4(1 + «).

Case2.c; >0and ¢, <O.

In this case, we will follow the argument of Case 1. The main difference between the case c; > 0 and ¢ < 0, in
view of the maximum principle and the Hopf Lemma, is to show Step 2 in the proof of Claim 1. Actually we can prove
this step in the case ¢; < 0 by using a suitable test function. This will become evident from the rest of the argument.

Step 2 of Claim 1. AR < Rg such that for all x € A, = {x € R2, ﬁ < x| < % < Ry}, we have w;, > 0.
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Let x = (s,¢) and z = x + (O, +%), where w is a positive number that will be determined later. Set g(x) =
1 —|z]*t! and w; (x) = “;}(—ff)) Then, by Step 1 and (13), w; (x) satisfies

AW, () + 2Vg - V() + (1 (0P + £H)W) =0, in 4,

D) — (cyen(x)x]* — ég—f)wk(x), ondA; N{t=0}N{s > 0}, 25)
WL = (eae2(0) x| — £ 58)5. (x), on dA, N {r =0} N{s <0},

wy =0, on dA; N{t > 0}.
Since v; < maxg?2 U in E,, then there exists some positive constant Cp such that 0 < ¢1(x), c2(x) < Cp. Since

x €A, ={xeR2, ﬁ < x| < % < Ry}, we have |x| ~ |z] ~ |%|. Then by a direct computation, we obtain

Ag

a)x* + = < g =@+ D*z* " + Colx (1 — z|*11)) <0,

if A is large enough. Similarly, we have

g
20 _ ~ 75
c2c2(x)|x| T

o

> g ((a F Dz % +caColx|* (1 — |z|“+1))
+c2Co|—=

\/_
1 o
— >0,
5] +eol])
on A, N{t =0}N{s < 0} for sufficiently large w. It is obvious that crea(x)|x® — é g—f >0ondA; N{t=0}N{s > 0}
since ¢1 > 0. Then, from (25), we can again use the maximum principle and the Hopf Lemma to obtain w) > 0 in A;.
The proof of Claim 3 requires some simple modifications when we use the maximum principle and the Hopf
Lemma. But these can be carried out just by changing test functions as in the previous argument. Here we omit the
details. Thus we complete the proof of the theorem. O

>g_l<(a+1)Cu

Remark 4.4. Actually the spherical symmetry (24) is inherited by the solution of (1)—(2). From the proof of Propo-
sition 4.3, it is sufficient to establish Step 3 when d = 4(1 + «). But this can be done with the help of the asymptotic
estimate (11).

5. Proof of main theorems

In this section we prove our main theorems. Theorem 1.1 can be obtained directly from Proposition 4.3, since we
can show that the solution u to (1)—(2) has a removable singularity at z = oo by using the Kelvin transformation as
in many conformal problems. To prove Theorem 1.2, we follow closely the argument in [19]. The crucial step is to

construct a projective connection on S by using the conformal metric on ]Ri U {oo} with constant curvature 1 and

constant geodesic curvature c(x) on the boundary.
First, we prove Theorem 1.1:

Proof of Theorem 1.1. To prove Theorem 1.1, it suffices to show that any solution of (1)—(2) determines a metric as
in Theorem 1.1. For this point, we first prove that the metric ds> = |x|**¢*)|dz|?, u being a solution of (1)—(2), has
two conical singularities at 0 and oo with the same order. The existence of this metric is shown in Theorem 1.2.

Let v be the Kelvin transformation of u. If u is a solution of (1)—(2), then v € C 2(R3_) nct (R_ﬁ_ \ {0}) and satisfies
{ —Av=|x[*", inR2,

B — c(x)|x|%e?, ondR%\ {0).

To prove the result, we first show that v is continuous at x = 0, that is the singularity z = 0 of v is removable. Applying
the asymptotic estimate (11) we have

(26)

v(x) = u(i> —4(ax+ 1) In|x]|
|x|?
= (d —4(x + 1)) In|x| +O(1) for |x| near 0.



J. Jost et al. / Ann. I. H. Poincaré — AN 26 (2009) 437456 453

Since d = 4(1 + «), we get that v is bounded near 0. Thus, by standard elliptic regularity, we conclude that v is a

C2(R ynct (R ) solution of (1) when @ > 0. While, for o € (—1, 0), v is smooth away from the origin and v € w2p

forl <p< —é near the origin. In particular, in any case, v is continuous at the origin.

Next note that ds? = e dx? for it = u(x) + 2« log|x|, where u is a solution of (1)—(2). So the metric ds? has a
conical singularity at z = 0 with order .. Let v(x) = ﬂ(#) — 4log|x| be Kelvin transformation of &. Then we obtain

near z =0

T(x) = u(| x|2> — 2aloglx| — 4log|x|
=2ulog|x| + v(x)

since v(x) is continuous function at z = 0. By the definition of a conical singularity, we get that the metric ds> =
" dx? has a conical singularity at z = co with the same order as at z =0. O

Lemma 5.1. Let u be a solution of (1)~(2), and ds* = e|dz|?, where ii = u + 2a 1n|z|. Define

3% 1 (da 5
o= (2L (5

Then 1(z) can be extended to a projective connection on S* = C U oo, still denoted by 1(z), that is compatible with
the divisor A=o -0+ « - 00.

Proof. First, from the assumption, we know that i satisfies

—Aii=e", inRZ,
o p 27
% =c(x)ez, ondR3 \ {0},
with the energy conditions
/ ¢ dx < 0o, (28)
R
/ e dt < co. (29)
IR
Let f(z) = % -5 )2 then from (27), f(z) is holomorphic on R2 and Imf = 3 (é 3? ?9‘; ab 3 t) On the other

hand, since on 8R3_ \ {O}, W = c(z)ez , we have gsgt = 6(22)67 g;’ = %%%—'I‘. This implies f(z) is real on BREL \ {0},
and we may extend f(z) to a holomorphic function on C \ {0} by f(z) = f(Z) for z € R2. Thus we extend 1 to C
such that 7 is holomorphic on C — {0}.

Next we show that n@ is a projective connection on C U co. Let (V, w) and (U, z) be coordinate charts with
UNV£Q.fUNV C Rz U {00}, then by following the argument in [19] and by using the fact that ds?=e"|dz|* is

a conformal metric on ]RZ U oo, we have ds? = e |dz|? = e’|dw|? with v =1 +5 1 log| dz |, and consequently we get

2 1 1
77(w):<8 (i + 5 logl =1 1(8(u+ log|dw|)> )|dw|2

dw? 2 Jw
=1(2) + {z, w}ldw|*. (30)
If UNV CRZ, since Zg = zu, we get from (30)
n(w) =nw) =n) + {z, w}dw?
=1(2) + {z, w}dwl|*.
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So, in any case, n(w) = 7(z) + {z, w}dw? when U N V # @. This means that 7 is a projective connection on S? =
CUoo.

Next, we want to show that 1 has a regular singularity at O and at co of weight p = ——oe(oc + 2). We prove this
statement only at the singular point 0, since the same argument applies at oo by using the Kelvm transformation. Since
0 is a conical singular point of the metric ds? = ¢% dz% on Ri U {oo}, we set i = u(x) + 2 log|x| in B,(0) NRZ,
where u(x) is a continuous solution of (1)—(2).

__ First, we consider the case a > 0. In this case, since u(x) is a continuous solution of (1)—~(2), u is of class C%in
R%_ by classical elliptic regularity theory. Then we have

0% 1(da\> _ u 1[0u\> «du alx+2)
972 dz)  98z2 0z z 0z 272
in R_%r \ {0}. Hence we obtain

. oo +2) otau(z)
U(Z)_<_ 272 z 0z

+é(z )) dz?, forze R_i \ {0},

a(a+2 o d —
U(Z)=<— ( 3 )¢ u(_z) +¢(z))dzz, for z e R%,
2z z 02
where ¢ (z) = a er— 2(3” )2 forz e ]R2 \ {0}. This proves that 1(z) has a regular singularity of weight p = %a(a +2)

at z = 0 in this case.

When —1 < a < 0, u might not to be C? and the computation above might not work. However, we may take a
method used in [19] to llft the metric to a local branched cover: We set z = w™ (m € N), then the metric can be lifted
in the w-plane: ds'> = =" dw? withu' =i +2log| dz |=u+2(m(x+1)—1)loglw|+2logm, when z is in the upper
half plane. Therefore ds’? has a conical singularity at w = 0 of order o’ = m(« + 1) — 1. Since Eq. (27) is invariant
under conformal transformations, u’ satisfies (27) in terms of w. Now choosing m large enough, we have &’ > 0. Then
we can use the same argument as in [19] and the extension technique above to get

0 = ( “(Z—t) +2 +¢(z)>

where ¢ (z) is holomorphic function. O

Proof of Theorem 1.2. From Lemma 5.1, we know that 1(z) is a projective connection on §? = C U {oo} with regular
singularities at z = 0 and z = oo. It follows from Proposition 2 in [19] that

ale+2) dz?
2 z2

in the standard coordinate z.

n@)=-—

Setting h = e 7 , then we have

h _ ala+2) h

2
aZZ_T-Z—Z, for any z € R, (31
and the boundary condition is
oh  0h j
Oh _Oh _ i) OR2 \ {0}. (32)

0z o0z 2
All solutions of (31) are of the form
h(z ) =f@z 7 +g@z'"3,

forany z € Rﬁ_. Since & is real and analytic, we have

h(z,2)=a@z) " 2 +pz' T2272 4 pz'* 2272 4 b(z2)'H2,  foranyz e R2.
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Here, a,b € R and p € C. Since it = u + 2« In|x| near O for some continuous function u, it is clear that a # 0. Then
rewriting h(z, 7), we have
(|1 + ﬁon-llZ 4 lelZOH-Z)
h =da- b
2|

for some parameters p = 5 eCandv= “b;# € R. Therefore, a conformal metric should be

ds2 — ldz|? 1 |2|2¥]dz?|
TR T2 (1 _|_'aza+l|2 + U|Z|2a+2)2'

Setting w = %, we have
1 |w|*|dw?|
a2 (| + wet 2 4 0)2
On the other hand, if we assume (r, ) is the polar coordinate system in R2, then we have

h(r, 9) zar—ot + prei0(1+a) + ﬁre_i9(1+a) +br2+0l.

ds*> =

And its boundary condition (32) can be rewritten as
oh
90

for6 =0 and 0 =m. Here c(r,0) =c1 if 8 =0 and c¢(r, 0) = c» if & = 7. Therefore we obtain by using the partial
derlvatlve at 0 =0 and 6 = 7 respectively

2(a + 1)(p —p)=—icy,

Z (e ) + irg—h(e” —e ) =rer,0),
r

and
2(x + 1)(13€_ia” — pei“”) =—ics.
Then there are two cases.
In the first case, « is an integer: When o« =2k, k=0,1,2,...,thenc; =c3. And wheno =2k +1,k=0,1,2,...,
then c¢; = —c;. In this case one can only determine Im{p}, namely Im{p} = 4((”1) Now we set Im{p} ‘li‘;;l . Then
we have

V2
= Tt DR
and consequently
8(a + 1)22.2@+D 12| g2
(|w°‘+1 _ w0|2 + U)Z

ds*> =

a+l
where wg = (xg, t9) for some real number xy and 7y = % Set

8(0[+ 1)2)\'2(a+1)
(0T —woP + )%

u =log

Then it follows from the definition of the conformal metric that u is a solution of (1)—(2). Hence we have v = A2¢+2,

This implies
8(ar + 1)2A 2@t Dy 2| g2
(|w°‘+1 _ w0|2 +)\2a+2)2

In the second case, @« #k, k=0, 1,2, .... For any c| and c;, one can then find a unique complex number p. In this
Im{p} CI)L"‘“

ds* =

case, we also set . Then we have

B V2
T 4o+ Daetl”
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and consequently we have
B 8(a + 1)2)\2(0(‘%1) |w|2ot |dw2|
T (uet = w24 v)?
where wg = (xp, fp) is a fixed point for
29t (e cos(mar) — At
o= lecos@a) mea) g ST (33)
ﬁsm(na) \/E
Then as in the first case, we can get
) 8(0[ + 1)2A2(a+1)|w|2a|dw2|
- (Iw“+1 _ w0|2 +A2a+2)2

We complete the proof. O

ds?

3

ds

Since the domain Ri\{O} is simply connected, in this paper we consider z!** as a well-defined function, even if
for non-integer «. In polar coordinates, we have

8 + 1)2)\2(a+1)
—((rcos(1 + )8 — x0)? + (r1He sin(1 + 0)f — 19)? + A2 F2)2”
where x( and #¢ are given by (33).
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