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Abstract

It is known that the linear Korteweg—de Vries (KdV) equation with homogeneous Dirichlet boundary conditions and Neumann
boundary control is not controllable for some critical spatial domains. In this paper, we prove in these critical cases, that the
nonlinear KdV equation is locally controllable around the origin provided that the time of control is large enough. It is done by
performing a power series expansion of the solution and studying the cascade system resulting of this expansion.
© 2008 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main result

Let L > 0 be fixed. Let us consider the following Neumann boundary control system for the Korteweg—de Vries
(KdV) equation with homogeneous Dirichlet boundary conditions

Ve + Yx + Yexx +Yyx =0,
y(,0)=y(, L) =0, (D
(@, L) =k(1),

where the state is y(z, -) : [0, L] — R and the control is « (#) € R. This equation has been introduced by Korteweg and
de Vries in [16] to describe the propagation of small amplitude long waves in a uniform channel. The KdV equation
also appears in the study of various physical phenomena like long internal waves in a density-stratified ocean, ionic-
acoustic waves in a plasma, etc.

In this paper, we are concerned with the controllability of (1). More precisely, for a time 7" > 0, we want to prove
the following local exact controllability property.
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P(T) There exists r > 0 such that, for every (yo, yr) € L%(0, L)? with ||yO||L2(0,L) < r and ||yT||L2(0,L) <r, there
exist k € L*(0, T) and

yeC([0,T1,L*0, L)) N L*(0, T, H'(0, L))
satisfying (1), (0, ) = yo and y(T,-) = yr.

In order to deal with the nonlinear term in (1), one can perform a power series expansion of (y, k) around 0. To
find the different terms of this development, one can write, formally, for a parameter ¢ small,

y:ea+62ﬂ+e3y+~~-,
K=eu+62v+e3w+~~-

thus, the nonlinear term can be written as

Vyy = ooy + 63(01,3)X + (higher terms)
and therefore the three main orders are given by
oy +ay + oy =0,
a(t,0)=a(t, L) =0, (2)
ax(tv L) = u(t)7
Bt + Bx + Bixx = —aaty,
B(t,0)=p(, L) =0, 3)
ﬁx(ts L) = U(l),
and

Vi+ Vet Voxx = _(aﬁ)x»
y(,0)=y@ L)=0, “)
yx(t, L) =w(r).

In [18] Rosier studies the control system (1) by using a first order expansion, i.e. he considers the linear control
system (2) where the state is «(¢, -) : [0, L] — R and the control is u(¢) € R. First, by using multiplier technique and
the HUM method (see [17]), he proves that (2) is exactly controllable if and only if

[ k2 + ki + 12
LgéN::{Zn %; k,zeN*}, (5)

and then, by means of a fixed point theorem, he gets the following result.

Theorem 1.1. (See [18, Theorem 1.3].) If L ¢ N, then property P(T) holds for every T > 0.

Remark 1.2. If one is allowed to use more than one boundary control input, there is no critical spatial domain and the
exact controllability holds for any L > 0. More precisely, let us consider the nonlinear control system

{yt+YX+Yxxx+ny=0»
y(&,0)=ui(®), y, L)=ux®), yx(t, L)=u3(t),

where the controls are u1(t), u»(¢) and u3(¢). As it has been pointed out by Rosier in [18], for every L > 0 the system
(6) with u; = 0 is locally exactly controllable in L2(0, L) around the origin. Moreover, using all the three control
inputs, Zhang proves in [22] that for every L > 0, the system (6) is exactly controllable in the space H®(0, L) for any
s > 0, in a neighborhood of a given smooth solution of the KdV equation.

(6)

If L € N, one says that L is a critical length since the linear control system (2) is no more controllable. Indeed,
Rosier proves in [18] that there exists a finite-dimensional subspace of L?(0, L), denoted by M = M(L), which is
unreachable from O for the linear system. More precisely, for every nonzero state ¥ € M, for every u € L(0, T') and
for every a € C([0, T, L*>(0, L)) N L?(0, T, H'(0, L)) satisfying (2) and (0, -) = 0, one has «(T, -) # .
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Let us recall the description of M given in [4]. Let L € N. There exist n distinct pairs (k;, ;) € N* x N* with
kj > 1; such that

k2 +kil; +12
Vie(l,...,n), L:2n,/%. 7
[k2 + ki +12
(L=2n %,k}l,k,leN*) —  @je{l,....,n}st.k=kjandl=1). (®)

Let us introduce the notation

J7={jefl,....n} kj > 15}, J=={jell,....n}; kj=1;}, n”:=|J7|. )
For every j € {1, ..., n}, we define the real number
27\°
pj = (2kj+lj)(kj—lj)(ZIj-i-kj)(i) . (10)

We have then (see [18]),
g -t+pi=(E—r)E-n)E-n)
with | )
; 4
v =—3@k+1)—o
; ; 2
)/2]:]/1]+ij7 )
. . 27-[
vi=v Tl
Lemma 1.3. With the previous notations, we get

1. ifjed>, pj#£0,
2. ifjeJ=, pj=0,
3. ifi# ], pi #pj-

Proof. Items 1. and 2. are obvious with (10). Let i, j € J such that p; = p;. Then, y,f = ykj for k =1, 2, 3. With the
definitions of ', (11) we obtain k; =kj,/; =1 and hence i = j. O
Remark 1.4. We can easily notice that |J~| < 1.

Thus we can reorganize the indexes such that
p1>pr>--->py 20.
With this notation, we define,
e for j € J~, the subspace of L2(O, L)
Mj = {119] +2203; A1, ha €R} =(p], 7).

where the real-valued functions (pf , (pé are given by

: - LYY :
¢l (x):=C; (cos(y{x) - ]—3] cos(yy x) + 1}73 cos(y{x)),
Yo = V3 V2 =13
_ S Nt A
@3 (x):=C; (sin(y{x) - % sin(y; x) + % sin(y;x)>, (12)
Yo — V3 Vo=V

where C; is a constant chosen so that ||g0{ lz200.0) = ||<p£ lz20,0) =13
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e for j € J=, the subspace of L2(O, L)
Mj:={r(1 —cosx); »€R}=(1— cos(x)).

Then, one can define the following subspaces of L>(0, L)
n
M :=@Mj and H:=M"'.

Note that

n>

Ul 03} GfL#2mkforanyk) or {1 —cos(x) Ugol,goz (if L = 27k for some k)
j=1 j=1

is an orthogonal basis from M.
The subspace H is the space of reachable states for the linear control system. More precisely, from the work of
Rosier one has the exact controllability in H for the control system (2).

Theorem 1.5. Let L > 0 and T > 0. For every (yo, yr) € H x H, there exist u € L%0,T) and o € C([0, T],
L%(0, L)) N L*(0, T, H'(0, L)) satisfying (2), «(0, -) = yo and a(T, -) = yr.
In [11], Coron and Crépeau study the first critical case:
n=1 and k=l =k.

In this case the subspace M is one-dimensional. First, they prove that one can reach all the missed directions lying
in M,i.e. (1 —cos(x)) and (cos(x) — 1), with a third order power series expansion.

Proposition 1.6. (See [11, Proposition 8].) Let L € N be such that dimM (L) = 1. Let T > 0. There exist
(u®, vE, wF) € L0, T)3 such that ifozi, ﬁi, )/i are the solutions of (2), (3) and (4) with initial conditions

®(0,)=0,  B*0,9=0, y*0,)=0,

then
o (T, ) =0, BE(T, ) =0, yET, ) =£(1 - cos(x)).

Then, using Theorem 1.5 and a fixed point theorem, they prove that property P(7T) holds for every T > 0
[11, Theorem 2]. They also prove that for this first critical case, a second order expansion is not sufficient to enter
into the subspace M [11, Corollary 19].

Remark 1.7. The proof of P(T') given in [11] requires that the subspace M is one-dimensional, but this is not implied
by the fact that L = 2km for some k € N*. It is necessary to add a condition as the following one

(m* +mn+n* =3k meN, neN*) = (m=n=k). (13)

This condition, not explicitly given in [11], appears in [10]. In this book it is also proved that there are infinitely many
positive integers k satisfying (13) and therefore there are infinitely many lengths L such that M is one-dimensional.

n [4], the same approach is used to treat the second critical case:
n=1 and k;>I[.

In this case, the space M is two-dimensional and a second order expansion allows to enter into the subspace M.
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Proposition 1.8. (See [4, Proposition 3.1].) Let L € N be such that dimM (L) = 2. Let T > 0. There exist
u,v e L0, T) such that if a, B are the solutions of (2) and (3) with initial conditions

a(ov ) = O’ /3(0’ ) = 0’

then

a(T,-) =0, B(T,-) € M\ {0}.

It is also proved that if the time of control is large enough, one can reach all the missed directions. Using this and a
fixed point argument, one obtains property P (7)) provided that the time of control T is large enough [4, Theorem 1.4].

The aim of this paper is to prove P(T') in the critical cases for which n > 1, i.e. when the dimension of the subspace
M is higher than 2. We use an expansion to the second order if L # 2k for any k € N* and an expansion to the third
order if L = 2mk for some k € N*. Our main result is the following.

Theorem 1.9. Let L € N. Then, there exists Ty, > 0 such that P(T) holds provided that T > Ty .

The paper is organized as follows. First, in Section 2, we recall the well-posedness results for both linear and
nonlinear KAV control systems. Next, in Section 3, we prove by using a second order power series expansion, that
one can reach all the missed states in the subspaces M for j € J~. Then, in Section 4, we prove that if L =27k, one
can reach the missed states £(1 — cos(x)) with a third order expansion and finally, in Section 5 we get Theorem 1.9
by using a fixed point argument.

Remark 1.10. From our proof of Theorem 1.9, it follows that there exists a constant C > 0 such that for every
0, yr € L*(0, L) small enough, the solution y and the control « given by property P(T') satisfy

1/3
Iylleqo.rn.rzo.ny + IV 207 50,0y + Ikl 20,7y < C(Iyoll 200,y + 1y7 1 220.1)) /
if L =2k for some k € N* and

12
I¥llcqo.r.e20.0)) + IV 2.7, m1 0.0y + I€llL200,7) < C(||)’0||L2(0,L) + ||)’T||L2(0,L))

if L # 2km for any k € N*. The power 1/3 and 1/2 come from the order of the series expansion needed in each case.

Remark 1.11. One can find other results on the controllability of KdV control systems in [14,19-22] and the refer-
ences therein.

Remark 1.12. The power series expansion method is a classical tool to study finite-dimensional control systems. It
has been used for the first time in infinite dimension in [11]; see also [4] as well as [2] for a Schrodinger equation.
This method and others such as quasi-static deformations (see [1,12,13] and [10, Chapter 7]) and the return method
(see [1,6-8] and [10, Chapter 6]) are very useful to deal with nonlinear systems and to get properties which are not a
consequence of the linearized system behavior.

2. Well-posedness results
The aim of this section is to precise what we mean by “a solution” of the KdV equations appearing in this paper

and to recall the existence and uniqueness results we will use.
Let us introduce the space B := C([0, T], L2(0,L)) N L%(0, T, H' (0, L)) endowed with the norm

T 1/2

2

1715 = max [y®] 20,0, + ( / Iy 0.0 dr) :
0

Let us begin with the linear case.
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Definition 2.1. Let 7 > 0, f € L1(0, T, L?>(0, L)), yo € L*(0, L) and x € L?(0, T) be given. A solution of the Cauchy
problem

Ve + Yx + Yoxx = [,
y(@,0)=y@, L)=0,
yx(t, L) = k(t),
y(0, ) = yo,

(14)

is a function y € B such that, for every 7 € [0, T'] and for every ¢ € C3([0, 7] x [0, L]) satisfying

¢, 0)=¢@1, L)=0¢:(,00=0, Viel0,1],
one has

T L L

T L
—//(qs,+¢>x+¢>xxx)ydxdr—/K(th(t,L)dr+/y<r,x)¢<r,x)dx—/yo<x)¢><o,x)dx

00 0 0 0

T L
://fq)dxdt.
00

With this definition and from the work of Rosier in [18], we have the following result.

Theorem 2.2. Let T >0, f € L'(0, T, L?*(0, L)), yo € L*>(0, L) and « € L*(0, T). Then, there exists one and only
one solution of the Cauchy problem (14).

Let us now give the definition of a solution for the nonlinear equation.

Definition 2.3. Let T > 0, g € L1(0, T, L?>(0, L)), yo € L?(0, L) and x € L*(0, T) be given. A solution of the Cauchy
problem

Ve + Yx + Vixx + YV =&,

y(,0)=y@ L)=0,

y(t, L) =k(1),

y(O? ) =)0,
is a function y € B satisfying (14) with f = g — yyy.

15)

Remark 2.4. Note that if y € B, then yy, € L'(0, T, L?(0, L)) and therefore (g — yy) as well.

Theorem 2.5. (See [11, Appendix].) Let T > Q. Then there exists € > 0 such that, for every g € L',T, L2(0, L)),
Yo € L*(0,L) and k € LZ(O, T) satisfying

gl ro.7.220.0)) T Yol L2001y + Ikl L200,7) S €, (16)

the Cauchy problem (15) has one and only one solution. Furthermore, there exists a constant C > 0 such that this
solution satisfies

Iyl < C(lglzio.7,120,1)) + 1¥0ll 2200,y + el 220, 7)- 17

Remark 2.6. In [3] and [15], one can find some well-posedness results in the case where there are nonhomogeneous
Dirichlet boundary conditions.

Remark 2.7. Recently, in [5] the author proved Theorem 2.5 with € = oo, that is, without a smallness condition on
the data.
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3. Motion in the missed subspaces M, for j € J>

Here and in the sequel, we denote by L a critical length such that dim M (L) > 2 and by P4 the orthogonal
projection on a subspace A in L*(0, L). We also adopt the notations introduced in Section 1.

The first point is that for any j € J~, we can enter into the two-dimensional subspace M ;. The strategy is the same
as in [11] and [4]. We consider a power series expansion of (y, k) with the same scaling on the state y and on the
control . One has the following result that can be proved in the same way as in [4, Proposition 3.1].

Proposition 3.1. Let T > 0. For every i = 1, ...,n~, there exists (u;, v;) € L*(0, T)? such that if a; = o (¢, x) and
Bi = Bi(t, x) are the solutions of
it + iy + dixxx =0,
a;(t,0)=q;(t, L) =0,
Qix(t, L) = u;(1),
a;(0,-)=0,

(18)

and
Bir + Bix + Bixxx = —Qijy,
Bi(t,0)=Bi(z, L) =0,
Bix(t, L) =v; (1),
Bi(0,-)=0,

19)

then
«i(T,)=0, Py(Bi(T.))=0 and Py, (Bi(T.-))#0.
Let us denote, for j=1,...,n>,
¢! == Py, (Bi(T, ).

From Proposition 3.1, d)f # 0. Consequently, using scaling on the controls, we can assume that ”‘le: 20,y = 1. Notice

that the previous proposition says nothing about ¢ij for j #1.
Now, we shall prove that we can reach all the states lying in the subspace

M~ =P M.
ieJ>

in any time 7 > T~ , where

n>
T I=]TZ(I’£> +1 —i)i‘.
i=1

pi

In order to do that, we will strongly use the fact (proved in [4]) that if there is no control (i.e. k¥ = 0) and if the initial
condition lies in M; for j € J~ (i.e. yo € M), then the solution y of the linear KdV equation only turns in the two-
dimensional subspace M; with an angular velocity equal to p; (defined in (10)) and conserves its L2-norm. More
precisely, we have the following result.

Lemma 3.2. Let j € J~. Let yo€ M;. Let . > 0 and § € [0, 27) be such that

yo=A cos(8)<p{ + A sin(8)gog. (20)
Then the solution of
Yt + Yx + Yxax =0,

y(,0)=y(, L)=yc(, L)=0, (21
y@0,) =0
is given by

Y(t,x) = Acos(p;t + 8)¢] + Asin(p;t + 8)¢]. (22)
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For the sake of brevity we introduce, for j € />, 8 € R and yo € M reading as (20), the notation
RY (30, 6) := A cos(0 + 8)¢] + Asin(6 + 8)¢, (23)
ie. RI(-,0) represents a rotation of an angle 6 in the subspace M ;. Thus, the solution of (21) can be written as

y(t, x) = R (yo, pjt).

Proposition 3.3. Let T > T~. Let € M~. There exists (iy, vy) € L%(0, T)? such that if ay = ay(t,x) and
By = By (t, x) are the solutions of (18) and (19), then

Proof. First at all, let us notice that if L = 2km for some k € N*, then M,, = (1 — cosx) and a priori Py, (By (T, "))
may be non-null. However, we know from [11, Corollary 19] that a second order expansion is not sufficient to enter
into the subspace M,, and therefore Py, By (T.-) = 0. That is the reason why we do not care about the projection on
M, of second-order trajectories.

The case n~ = 1 has already been studied in [4]. Let us consider the case n~ = 2, i.e. where we have 2 subspaces,
M7 and M, associated to (k1,l) and (kp,[) with p; > p» > 0 (for instance, L = 274/91 leads to the couples
(k1,11) = (16, 1) and (k2,l) = (11, 8)).

Let T > i—’: + % Let 77 be such that

b4 T T
T)>— and T-T1>—+ —.
p1 P p2

Let Ty > 0 and T, > 0 be such that

4
T. < Ty, T. < —,
P1
. b4 T m b4 b4
TC+T9<m1n<T—T1————,———,T1——>.
p1r P2 p2 Pl P1

Thanks to Proposition 3.1, there exist two pairs of controls, (u#1, v{) and (u2, v2) in L2(0, T,) such that the respec-
tive solutions of (18) and (19), (o1, B1) and (a2, B2), satisfy Pas, (B1(T¢, -)) # 0 and Py, (B2(Te, -)) # 0. With the
notations introduced before,

{ (61, 9%) = (Pur, (Bi(T, ")), Pasy (B1(T, ),
(62, 93) = (Pu, (B2A(T, ), Pagy (B2(T, ))).-

We now use the rotation phenomena explained before and Proposition 3.1 to reach a basis for the missed directions
lying in M> . For the seek of clarity in our control strategy, we define for a time 1, the following control in L(0, T)

0,0) ift € (0, 1),
(U, Vi) (@) = ! (it —t), vt —1)) ifte,n+1T),
0,0) ifte(t+71.,T).

This control becomes active at time ¢ = t1, between ¢ = t; and ¢ = f;, it drives the system to enter into the space
M and after t = 1, it becomes inactive, producing a rotation in M.
Now, we define the controls

(u},v]) == Uy, Vi) withty=T — T,

202\ . T
(“1’U1)-=(Uz],Vt1) Wlthtl:T_TC_a,
b
(M:E,U?) = (Utls Vll) WithtlzT—Tc__,
P1
. T
(u?’ UAI‘) = (Un s th) withty =T — T, — — — Tp.

P1
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Let oz{, ,3{ € B be the solutions of (18) and (19) with controls u{ and v{ for j =1,...,4 and let us denote

Wl = Py, BI(T,) and ] = Py, (T, ).
It is easy to see that
’»”11 =¢]11 &21 :¢27
1//12=R1<¢1,%), Iﬂz—R2<¢2 Pzﬂ)
Wl—R (¢1, )=_¢’11’ sz—Rz(‘f’z p;f)
Ui =R'(~¢]. piTy). 1/7§=R2(¢2,p2(T9+%>>.

Thus, we have constructed some controls allowing to reach the missed states

Ui+¥s, UiTHY3, Ui +vs, and Y+
Now, we define for a time #,, the following control in LZ(O, T)
0,0) ifr € (0,1),
Wit =), v —n)) ifte(,n+T),
(Ulz’ V’z)(t) .— 10,0 iftre(m+T.,t+ %),
(ul(t—tz——) Ul(t—tg——)) iftE(lz-i—%,tz-F%-i—Tc),
0,0) ifte(t2+%+Tc,T),

which is the superposition of two controls of type (Uy,, Vy,)
(Ulz, Vtz)(t) = (Ut2+pllv sz+pll) + Uy, Vi).
This fact means that the solution corresponding to the controls (U2, V'2) is the addition of two trajectories which

enter into M and then turn during different times.
We define the following controls in L0, T),

(b, v)) = (U™, V2) with,=T - Ty — = T,

P1
(U3, v3) = (U, V?) witht2=T—T1—p1—TC—T9,

1
(3, v3) = (U™, V") withtzzT—Tl—%—%—Tc,
4 )= (U, v ithn=T-T -~ - _T1._7,.
(u3.v3) = (U™, V?)  with 1y LT Ty e e

Let o) , J ¢ B be the solutions of (18) and (19) with controls u’ and v? for j=1,...,4 and let us denote
20 P2 2 2

Yy = Py, B3 (T, ).
Here, it is very important to note that, by construction and since p; > p», one has
PyyBy(T.)=0 and v = R*(¢{. paT1) + R*(¢1. po(T1 +7/p1)) #0.
Thus, we have constructed some controls allowing to reach the following missed states
¥y, Y3, Y3, and Y3,
where
V3 = R*(¥y, p2Tp),
V3 =R (Yy. ) ==,
¥3 = R*(—y3. paTp).
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Furthermore, we have fork=1,2
4 .
M= M (24)

where

={aly} +aty}; dal >0,da} >0},
MG = {d}yi +divi: di > 0.d; >0},
={diyi +diyis df > 0.d; >0},
M= {diy +diwls dl > 0,d} >0}

Let v € M~ . From (24), we know that Py, () € M{ for some i € {1,...,4}. Hence, there exist d11 >0, d12 >0,
such that

¥ =diyi +diyt + Pu, ().
Let us write i as follows

¥ =diyi + iy divh + divs T+ (P () — dis - didy ).
Since the states 1/}5, 1/35“ lie in M>, there exists j € {1, ..., 4} such that

Pu, () — d{ 9/ — dP iyt e M
and therefore there exist d21 >0, d22 > 0 such that

v =d| (V] +¥5) +di (v + 95T +012% +d21/f]+]~

Thus, we have decomposed v in terms of reachable directions for the second-order expansion. Now, we take the
controls uy , vy defined by

(g, vy) = (Jdluf +/dui™ +/du] + Jd2ul T dlvl + dfoi™ + dlv] + d3ol ),

and ay, By € B the corresponding solutions of (18) and (19) respectively. Here, it is important to note that, with the

choices of T, T1, T, and Ty, the supports of the trajectories a,i fork=1,2and j=1,...,4 are disjoint and that all
these trajectories go fromOatz =0toQatr =T, i.e.

al(0,) =a/(T.-) =0.
Thus, it is not difficult to verify that
ay(T,-)=0 and By(T, )=y

which ends the proof in the case n~ = 2. The previous method can be easily adapted to the case where n~ > 2. In order
to construct the controls needed in the general case, our method requires a time of control T greater than 7~. O

4. Motion in the missed directions =(1 — cosx) if L = 2kn

We assume in this section that L = 2km for some k € N*. Let us recall that in this case we have
M,=(l—cosx) and n~ =n-—1. (25)

Thanks to [11], we have the following result that one can prove in a similar way to [11, Proposition 8].
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Proposition 4.1. Let T, > 0. There exists (u, v, w) in L%(0, T,)3 such that, if a, B,y are the mild solutions of

a +ay + oy =0,

a(t,0)=a(,L)=0,

oy (t, L)y =u(t), (26)
«(0,) =0,

Bt + Bx + Brxx = —atay,

B(t,0)=pB(, L) =0,

Bx(t, L) =v(t), 27
B@,-) =0,

Vi + Vx + Vaxx = —(af)x,

y(,0)=y(, L) =0,

Yx(t, L) = w(1), (28)
y(0,-) =0,

then

n>

a(Te.) =0, B(Te,)=0 and y(T..)=(1—cosx)+ Y Py, (y(Te.).

i=1

The idea to vanish the projections of y(7¢,-) on M;, and thus to reach the direction (1 — cos(x)), is the same
as before, that is, to use the rotation phenomena given in Lemma 3.2. In addition, we use the fact that the function
(1 — cosx) satisfies

{yx + Yxxx =0,
y(0) = y(2kw) = yx(2kw) = 0.

The case n = 1 has already been considered in [11]. We deal with the case n = 2 (for example, L = 14x leads to
the couples (k1,11) = (11, 2) and (kp, ) = (7,7)).

Let us define the following control lying in L2(0, T)?, where T > 7/ p1. (Here, we omit the time translation needed
for the controls u, v and w which are defined in (0, 7¢).)

0,0,0) ifre (0,7 T — ),
(u, v, w) ifte(T—TC—%,T_%%
0,0,0) ifre (-7 T-To),
(u,v,w) ifte(T —T.,T).

(I/t+, Uy, IU+)([) =

By defining a4, B, v+ € B as the solutions of (26) with control u, (27) with control v and (28) with control
w4 respectively, it is not difficult to see that

Ot‘l’(T‘s ) = Os ﬁ-l—(T? ) = O? y“r(Tv ) = 2(] - COSX). (29)
Now, if we consider the control (u_,v_, w_) := (—u4, v4, —w4) we get
a_(T,)=0, B-(T,-)=0, y—(T,-) = —=2(1 —cosx), (30)

where obviously «_, B_, y_ € B are the solutions of (26), (27) and (28) with controls u_, v_ and w_ respectively.
Thus we can reach all directions in M> in a time T > Z.

We can easily deduce the same result in the case n > 2. We just have to construct a control that vanishes the
components in the other missed subspaces M, j € J~. In order to do that, a time of control T', with

n—1 1
T>T":=7TZ—, 3D
i1 Pi

is sufficient.
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5. Fixed point argument

If L # 2k, then we can use the same proof as in [4] and get property P(T) for every T > T~ . Thus the only
interesting case we detail here is when L = 2kw and dim M (L) > 2.

5.1. Preliminaries

Recall that for L € N, we have n pairs (k;,[;) such that (7) and (8) hold. We have introduced some important
notations

J7={jikj > 1}, n”=|\J”

-
. M =Pm;.
j=1

In this section, we consider the case where n~ = (n — 1) and consequently where M, = (1 — cosx). Thus we can
write any z € LZ(O, L) as

7= Py (2) + p;¥; + d;(1 — cosx), 32)
where
pz = | Py~ (2) ||L2(0’L), oW = Py>(z), and d (1 —cosx)= Py, (z).
Let us also denote, for D > 0 and R > 0,
BR :={& € L*(0, D); l€ll12(0.p) < R}
From the work of Rosier in [18], we know that for every yg € LZ(O, L) there exists a continuous linear affine map
To:he HCL*0,L)—> Iy(h) € L*(0, T),
such that the solution of

Yt + Yx + Yxxx =0,
y(t,0)=y(, L) =0,
yx(t, L) = Ip(h),
¥(0,-) = Py (y0),

satisfies y(T, -) = h. Moreover, there exist two constants Dy, D, > 0 such that
Vyo € L*O,L), Yhe H, [0 1200 7 < Di(Il 20,1 + 1500l 20,1))- (33)
Vyo € L2, L), Yh,g € H, |[To(h) = To(®) | 1201y < D2llh = gll20.1)- (34)

From Sections 3 and 4, we have the existence of the controls u4, v+, w4 € LZ(O, T™) and for every W € M~ the
controls uy, vy € L%(0, T>). As we shall see later, we need that the corresponding trajectories of first order e+ and
ay are disjoint and therefore for every z € L*(0, L) written as (32), and for every T satisfying

T>T,:=T"+T"~,

we define the following controls lying in L2(0, T)

0,0,0) ifte 0, T—Ty),
@@, v, w)(t) := { (usign(dz)’ Usign(d;)» wsign(dz))|(t—T+TL) iftre(T -T., T—-T7),
0,0, 0) ifre(T—T>,T)
and
0,0) ifte (0, T —T7),

(uy,, vy e-r+7>) ifte (T —T7,T),
where we use the notation

. + ifd, >0,
Slg“(dz)z{— ;fdi <0. (35)

@, 0)@) = {
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Let yg € L2%(0, L) be such that ||y0”L2(O,L) < r, where r > 0 has to be chosen later. Using (32), we define the
functions G and F by
G:L*0,L) — L*(0,T),
1/2 A N - - -
2 G@) = To(Pu(@) + p: %0 + pod + |d:| it + 15 + |d: b,

F:Bl NL*0,T) — L*(0, L),
k+— F(x):=y(T,"),
where y = y(¢, x) is the solution of

Yt + Yx + Yoxx + yyx =0,
y(,0)=y(, L)=0,
yx(t, L) =k(1),
y(0,-) = yo,
and € is small enough so that the function F is well defined.
Let yr € L*(0, L) be such that ||y7|| <. Let Ay, yr denotes the map

(36)

Aoy i BENL20, L) — L*(0, L),
2> Ay vy )=+ yr — FoG(2),

where €; is small enough so that Ay, y, is well defined.
Let us remark that if we find a fixed point 7 € LZ(O, L) of the map Ay, y,, then we will have

FoG@)=yr
which means that the control
Kk :=G(Z)eL*0,T)

drives the solution of (36) from yg at # =0 to yr at# = T'. In the following sections, we prove that such a fixed point
does exist.

5.2. A technical lemma

Let us assert the following technical result which will be needed to study the map Ay y;.

L
€3’

Lemma 5.1. There exist €3 > 0 and C1 > 0 such that, for every z, yo € Bz, the following estimate holds

|z = FoG@| 2.0, < Crllyollzo.r + 12117y, ,)-

Proof. Let z, yo € L2(0, L). Let y = y(z, x) be the solution of
Y+ Yx + Yoxx +yyx =0,
y(,0)=y(, L)=0,
(1, L) =G(2),
¥(0, ) = yo.
From (33) and the fact that p; < ||zll;2(0,1), one deduces that if [|zll;2(o 1) is smaller than 1 (and therefore

(37)

1/2 .
Izl 20.2) < ”Z”LZ(O,L))’ then there exists a constant C, such that

1G@ ] 207y < Co(llyoll 20,y + 12l 5% 1) (38)

L

Thus, one can find €4, C3 > 0 such that for every z, yo € B; " the unique solution of (37) satisfies

1/3
19115 < C3(lIyoll 20,2 + 121l 5 1) (39)
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Lety, &, /§, a, B, 7 and y be the solutions of

&t +yx +yxxx =0,
y(@,0)=y(, L) =0,
Iu(t, L) = Io(Pr (2)),
¥(0, ) = Pu(yo).

&t +&x +&xxx =0,
a(t,0)=a(t, L) =0,
Qx(t, L) =u(),

@(0,-) =0,

l?t + ﬂx +A,3xxx = _&&m
B(t,0)=p(, L) =0,
Be(t, L) =0(),

B0, ) =0,

@ + @y + Gxxr =0,
a@t,0)=a(t, L) =0,
ay(t, L) =1u(t),
&(0,-) =0,

ét + Bx +~Bxxx = _&&m
B(t,0)=p(, L)=0,
But, L) = (1),

B, =0,

)7t + )7x + fxxx = _(&ﬁ))n
y(t,0)=y L)=0,
Va(t, L) = w(t),

70, =0,

5’! +)A’x +)A’xxx =0,
y(,0)=y(, L) =0,
Yx(t, L) =0,

30, ) = Pu(y0)-

Let us define

~ 1/2 ~ 5 ~ ~ ~ N
¢:=y—5—0.%a — pp—1d|"Pa —dPB — |d.|y — 5.
Then ¢ = ¢ (¢, x) satisfies

Or + Gy + Grxx + PP = —(Ppa)x — b,
¢(1,0) =¢(, L) =0,

éx(t, L) =0,

#(0,)=0,

where a :=y — ¢,
~~ ~A A A A 3/2,~ 5 ~ ~ ~ . ~ ~
bi=35c + 93¢ + p2BBx + 027 @P)x + 11" BB + 1d P (B7)x + 1d | @7
~ ~ ~ 1/2 ~ A ~ ~ ~ ~
F1d P77+ (5(0: 2@ + poB + 1d 1@ + |d PP B + |de |7 + 5)).,
1/2 A~ A ~ ~ ~ N N ~ ~ ~
+ (0226 + 0:8) (11" P@ + 1d PP B + 1de 17 + 9)), + (9 (1] + |do P B + | 17))

Here, in order to use Eq. (47) we need some estimates on its right-hand side.

%

(40)

(41)

(42)

(43)

(44)

(45)

(40)

(47)
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Lemma 5.2. There exists C4 > 0 such that for every z, yo € B€L4,

1/3
el < Ca(llvoll 2. + 1zl 5 1) (48)
lallis < Ca(llyoll 20,2y + ||z||L2 0.L) (49)
||b||L1(0 T,L2(0,L)) X C4(||y0||L2(0 L) + ”Z”LZ(O L)) (50)

Proof of Lemma 5.2. Let us prove (48). One has

~ 1/2, ~ 5 ~ ~ ~ A~
Iyls+ 1505 + o2 2Na s + ol Bls + ld ] Pllal s + 1d 215 + |d 17115 + 1515
C(IG@ | 20,7y + 190l 20.2)) + C (| T0 (P @) | 20,7 + 10l 220,12

lolis

NN

+Cp: il 20,y + Coz (190 20,1y + 186 1 0.7.220.2y) + Clekel Nl 20,7y
+ C|dz|2/3(||ﬁ||L2(o,T) + |lad ||L1(0,T,L2(0,L)))
+ Cld:A(I1® 1 20,7y + [ @B | r0.r.020.00) F Cl PG| 20,1
One needs at this point the following trivial estimate
3Cs >0, ViigeB, ()l 101702000 < CslflIBlglB. (51)

By noticing that if z = Py (2) + p,¥; +d; (1 — cos(x)), then

2 2
”Z”2L2<0,L) = ” Py (2) ||L2(0,L) + foz2 +dz2 ”1 - COS(’C)”LZ(O,L)’

and using (38) and (51), one gets (48). Estimate (49) follows from (48) and the definition of the function a. To
prove (50), one uses (51) being very careful with the powers which appear. For instance, looking at the function b,

one finds the term (/ol/2 &|d|'3&) which apparently is not bounded by C4||z||4/3

L . .
120.1) for z € By'. This is the reason

why one takes the trajectories & and & disjoint. O
Thus, from (47) one obtains the existence of Cg > 0 such that

8/3
I¢1% < ColllplBlal + Iyol 22 1) + 2550 1)

i.e. one has

8/3
1613(1 = Collalz) < Co(lyoll3 2,1, + 121350 1)

which, together with (49), implies the existence of €5 and C7 such that for every z, yo € BeL5
I¢ls < Cr(llvoll o,z + 12035 1) (52)
Finally, from (52) one obtains
HZ —FoG() HL2(0 DS ”Z FoG(z)+ (T, )H 2ot ” (T, ") HLZ((),L)

= ”‘f’(T’ ')”LZ(O,L)
< el + lyoll20, 1)

< Cr(l0l 20,0+ 12025 1) + 0l 20 1)
< (C7 + 1)(||y0||L2(O,L) + ”Z”Lz((),L))’

which ends the proof of Lemma 5.1 with C1 :=C7+ 1 and €3 :=€5. O
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5.3. Fixed point in H

For w = (w%, w%, e, wrll_l, w%_l, wy) € R2"=1 fixed, let us denote
n—1
W, = wy,(l —cosx) + Z(w}ga} + w?(pjz-), (33)
Jj=1
where the functions (pj. fori=1,2,j=1,...,n— 1 are given in (12). Let us study the map

IT:= Py o Ay, yp (- + W)
on the subspace H
IT:-H — H,
hv+— I (h) = h+ Pu(yr) — Pu(F o G(h +Wy)).

In order to prove the existence of a fixed point of the map I7, we will apply the Banach fixed point theorem to the
restriction of I7 to the closed ball B,% N H with R > 0 small enough. Using Lemma 5.1 we see that

”H(h) HLz(O,L) g ”yT "Lz(O,L) + ”h + Ww —Fo G(h + WW)”Lz(O,L)

4/3
<llyr ||L2(O,L) + Cy (||y0||L2(0,L) + Ilh + lpw”L/Z(O,L))

4/3
< €1+ D(Ivoll 2.y + 137 l20.0) + [wI*?) + CLllAl S )
4/3
<(Cr+ D+ w*?) + ikl -

Hence, if we choose R, r and w such that

R

R
R3< — and (2r+|w*?) < ———,
2Cq 2(C1+1)

then it follows that

[T 20, <R andso M(BgNH)C(BgNH).

It remains to prove that the map I7 is a contraction. Let g, h € Bé NH.Lety=y(t,x),q=q(t,x), y=y(t, x)
and g = g (¢, x) be the solutions of the following problems

Vi + Yx + Yexx + YYx =0,
y(@,0)=y(, L)=0,
yx(t, L) =G(g+ Yu),
y(0, ) = yo,

qr +qx + qxxx + 99 =0,
q(t,0)=q(t,L) =0,
gx(t, L) = G(h+ ¥y),
(0, ) = yo,

yt +)~7x +5’xxx =0,
y(@,0)=y(, L) =0,
Vx(t, L) = Tp(g).

¥(0,-) = Pu(y0),

QZ +qx +qxxx =0,
q(t,0)=4(@, L)=0,
gx(t, L) =To(h),
4(0, ) = Pu(yo).
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Letusdefine¢p:=y—y, ¥ :=¢g — ¢ and y := ¢ — . One sees that y satisfies

Yo+ Vx + Vaxx + v ve = —(va)x — b,
y(@,0)=y( L)=0,

vx(t, L)=0,

y(0,-) =0,

where
a:=y+¢ and b:=(qG—9),+G -G~ Px-
It is easy to see that there exists a constant Cg such that
161 L1 0,7,2200.) < Cs(llglls + 1718 + 1718) 117 = Gl
@l p1o.7.0200.0y) < Cs(lglis + 1715+ 1G15) Iy li5-
Thus, we get the existence of Cy > 0 such that
~ o N2~
Iy I < Co(llglls + 11515 + 13118)" (17 = Gl + lly l3)-
In addition, since w := ¥ — ¢ satisfies the following linear equation

Wy + Wy + Wyxx =0,
w(t,0)=w(,L)=0,

wy (1, L) = Io(g) — T'o(h),
U)(O, ) = Oa

there exists Cjg > 0 such that

”y - 4”[5’ < ClO” Fo(g) - Fo(h)”LZ(O’T)

and so, from (34), one gets

1y —qliB < CroDz2llg — hli 2. 1)-

Moreover, it is easy to see that there exists a constant C; > 0 such that
lgli5 + 1315 + 15158 < Cui(Ilyoll 220,y + Ikl 220,y + 1€l 20,2y + w]'?).
Thus, using (57), (58) and (59) we see that if R, |w|, r are small enough, it follows that
1
lvls < §||g —hllz20,1)-
Therefore, we have
[7() =AM | 1201y < g = FoGg+Wu) —h+FoGh+¥)| 2,

=yl 2. <75

1
< §||g —hllz200,1)

which implies the existence of a unique fixed point A (yg, yr, w) € Bllg N H of the map H|B,§0H~

5.4. Fixed point in M

We now apply the Brouwer fixed point theorem to the restriction of the map

T-M— M,
Yy > PM(Ww +yr — FOG(Ww + h(yo, yr, w)))»

to the closed ball B 1% N M with R small enough.

473

(54)

(55)
(56)

(57)

(58)

(59)
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In Section 5.1, the controls i, 0, i, ¥ and W were chosen in such a way so that the function G is continuous. Thus, it
is easy to see that the map (yo, yr, w) — h(yo, yr, w) is also continuous in a neighborhood of 0 € L2(0, L)? x R?*~1,
Using this continuity, Lemma 5.1, and choosing r small enough, we get the existence of a radius R > 0 such that
r(BIIé NM)C BIL% N M. This inclusion and the continuity of the map 7 allow us to apply the Brouwer fixed point

theorem. Therefore, there exists @ € R*"~! with lw| < R such that i := h(yo, yr, w) satisfies
Pu(yr — F o G(h +Wy)) =0. (60)
Using the fact that
I(h)=Py(h+yr — FoGh+¥;)) =h,
we obtain
Pu(yr — F o G(h+¥3)) =0,
which together with (60), implies that
yr =FoG(h+¥y),

which ends the proof of Theorem 1.9.
6. Conclusion

In this article, we have proved that in the last remaining critical cases, i.e. when dim M > 2, the nonlinear KdV
equation is controllable in a time large enough. First, we have performed a power series expansion of the solution and
of the control. Next, we have constructed special controls allowing to reach a basis of missed directions and thus all
the missed states. Then if dim M is even, the fixed point theorems used in [4] are directly applicable. If dim M is odd,
we prove the controllability using fixed point mixing proofs of [11] and [4].

The following open problem arises naturally from the results of this work.

Open Problem 1. Let L € N such that the dimension of the subspace M is higher than 1. Does P(T') holds for every
T > 0?

This is an interesting question since even if the speed of propagation of the KdV equation is infinite, it may
exist a minimal time of control. For example, in [2] Beauchard and Coron proved, for a time large enough, the
local exact controllability along the ground state trajectory of a Schrodinger equation and Coron proved in [9] and
[10, Theorem 9.8] that this local controllability does not hold in small time, even if the Schrodinger equation has an
infinite speed of propagation. Our guess, based in second order computations in some particular critical cases where
the space M is two-dimensional, is that there exists a minimal time of control, this means there exists a time Ty such
that for any time T < Tp, P(T") does not hold. Thus, the answer to Open Problem 1 should be negative.

We have seen that the nonlinearity gives us the controllability in the critical cases even if the linear system is not
controllable. We may wonder if the nonlinearity gives us the stability.

Open Problem 2. Let L € N. Let yg € L?(0, L) and y the solution of

Y+ Yx + Yoxx +yyx =0,
y(,0)=y(, L) =0,
y)((t7 L) = 07

¥(0,-) = yo.
Does the solution y decay to zero as ¢ goes to infinity?

(61)

In order to answer this question, a really nonlinear method is needed because with a first-order approximation one
obtains the linear system which has some solution conserving its LZ-norm. On the other hand, it is not clear that our
method applies. It strongly needs the controls to be able to use higher-order approximations.
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