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Abstract

In [J.-Y. Chemin, I. Gallagher, On the global wellposedness of the 3-D Navier—Stokes equations with large initial data, Annales
Scientifiques de I"Ecole Normale Supérieure de Paris, in press] a class of initial data to the three dimensional, periodic, incom-
pressible Navier—Stokes equations was presented, generating a global smooth solution although the norm of the initial data may
be chosen arbitrarily large. The aim of this article is twofold. First, we adapt the construction of [J.-Y. Chemin, I. Gallagher, On
the global wellposedness of the 3-D Navier—Stokes equations with large initial data, Annales Scientifiques de 1'Ecole Normale
Supérieure de Paris, in press] to the case of the whole space: we prove that if a certain nonlinear function of the initial data is small
enough, in a Koch-Tataru [H. Koch, D. Tataru, Well-posedness for the Navier—Stokes equations, Advances in Mathematics 157
(2001) 22-35] type space, then there is a global solution to the Navier—Stokes equations. We provide an example of initial data
satisfying that nonlinear smallness condition, but whose norm is arbitrarily large in C ~1. Then we prove a stability result on the
nonlinear smallness assumption. More precisely we show that the new smallness assumption also holds for linear superpositions
of translated and dilated iterates of the initial data, in the spirit of a construction in [H. Bahouri, J.-Y. Chemin, I. Gallagher, Re-
fined Hardy inequalities, Annali di Scuola Normale di Pisa, Classe di Scienze, Serie V 5 (2006) 375-391], thus generating a large
number of different examples.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. On the global wellposedness of the Navier—Stokes system

We consider the three dimensional, incompressible Navier—Stokes system in R3,

ou —Au+u-Vu=—-Vp,
(NS) divu =0,
Uj=0 = U.
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Here u is a three-component vector field u = (u1, uz, u3) representing the velocity of the fluid, p is a scalar denoting
the pressure, and both are unknown functions of the space variable x € R* and of the time variable € RT. We have
chosen the kinematic viscosity of the fluid equal to one for simplicity — a comment on the dependence of our results
on viscosity is given further down in this introduction.

It is well known that (NS) has a global, smooth solution if the initial data is small enough in the scale invariant

-1 . N . . 2.
space H 2, where we recall that H* is the set of tempered distributions f with Fourier transform f in LIIOC(R3) and
such that

X “éf(/|s|2‘\f<5)|2ds>2
R3

is finite. We recall that the scaling of (NS) is the following: for any positive A, the vector field u is a solution associated
with the data ug if u; is a solution associated with ug ;, where

u(t,x) = )»u()?t, Ax) and  ug(x) = Aug(Ax).

The result in H 3 is due to H. Fujita and T. Kato in [10] (see also [22] for a similar result, where the smallness of uq
is measured by |[ug||;2[|Vuo|l;2). Since then, a number of works have been devoted to proving similar wellposedness
results for larger classes of initial data; one should mention the result of T. Kato [17] where the smallness is measured

inL3 (see also [15]) and the result of M. Cannone, Y. Meyer and F. Planchon (see [4]) where the smallness is measured
y
3

. =14 .
in the Besov space B) oo . Let us recall that, for positive o,

lull g = 0% S0

”LP ’ Lr(RT, 4y

where S(7) = ¢’® denotes the heat flow. The importance of this result can be illustrated by the following example: if ¢
is a function in the Schwartz space S(R?), let us introduce the family of divergence free vector fields

e (x) = cos(?)(azcb, —914.0).

Then, for small ¢, the size of ||¢.|| B9 is 7.

Let us also mention the result by H. Koch and D. Tataru in [18] where the smallness is measured in the
space BMO™!, defined by

1
def _3 2 2
lullgpro-1 = llull g1+ sup R™2 IStu(y)| dydr ) .
' xeR3
R>0 P(x,R)
where P(x, R) = [0, R?] x B(x, R) and B(x, R) denotes the ball of radius R centered at zero.

As observed by H. Koch and D. Tataru, this norm seems to be the ultimate norm for the initial data for which
the classical Picard’s iterative scheme can work. Indeed the first iterate, S(f)ug must be in L? locally in Rt x R3.
In particular, S(f)ug must be in L>([0, 1] x B(0, 1)). Then considering the norm of the space must be invariant by
translation as well as by the scaling of the equation, we get the norm || - || 5;,o-1. Moreover, let us notice that we have

1

_3 2 2
sup R 2( / S@u)| dY> <[S®u]] 12,
3
o P(x,R)
and thus [lull 51 < llullgyo-1 < ||”||B;c'2'

Moreover the space c'= BO_O{OO seems to be optimal independently of the method of resolution, due to the
following argument (see [1] for instance). Let B be a Banach space continuously included in the space S’ of tempered

distributions on R3. Let us assume that, for any (A,a) € Rf x R3,

| (= @)] z =271 f1ls-
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Then we have that | f, e“"z)l < C| f - By dilation and translation, we deduce that
1
Ifllg-1 =supt2 [ SO f | oo < CIUfI15-
t>0

We have proved that any Banach space included in &', translation invariant and which has the right scaling is included
inC~!.

Let us point out that none of the results mentioned so far are specific to the Navier—Stokes equations, as they do
not use the special structure of the nonlinear term in (NS).

Our aim in this paper is to go beyond the smallness condition on the initial data and to exhibit arbitrarily large initial
data in C~! which generate a unique, global solution. We refer among others to [9,11,13,16,19,20,23] or [24] where
different types of examples are provided. This was also performed in [8] in the periodic case, where we presented
a new, nonlinear smallness assumption on the initial data, which may hold despite the fact that the data is large.
That result uses the structure of the nonlinear term, as it is based on the fact that the two dimensional Navier—Stokes
equation is globally well posed.

The first theorem of this paper consists in a result of global existence under a nonlinear smallness hypothesis (The-
orem 1 below). The proof consists mainly in introducing an idea of [6] in the proof of the Koch and Tataru Theorem.
The nonlinear smallness hypothesis is, roughly speaking, that the first iterate S(¢)ug - VS(#)ug is exponentially small
with respect to uy.

Then we exhibit an example of a family of initial data with very large C~' norm which satisfies the nonlinear
smallness hypothesis. This example fits the structure of the nonlinear term u - Vu.

Then, we study the stability of this nonlinear smallness condition, but not in the usual sense of a perturbation by a
small vector field. This problem of a small perturbation was solved by I. Gallagher, D. Iftimie and F. Planchon in [13]
and by P. Auscher, S. Dubois and P. Tchamitchian in [1].

Our purpose is different. Once constructed an initial data generating a global solution, we want to generate a large
family of global solutions that may not be close to the one we start with, in the C~! norm. This is done with a fractal
type transform (see the forthcoming Definition 1.3). Roughly speaking, this is the linear superposition of an arbitrarily
large number of dilated and translated iterates of the initial data, and we will see that the initial data so-transformed
still satisfies the nonlinear smallness assumption. That of course enables one to construct a very large class of initial
data satisfying that smallness assumption; the transformation is based on a construction of [2].

1.2. Definitions

Before presenting more precisely the results of this paper, let us give some definitions and notation. We shall be
using Besov spaces, which are defined equivalently using the Littlewood—Paley decomposition or the heat operator.
As both definitions will be useful in the following, we present them both in the next definition.

Definition 1.1. Let ¢ € S(R?) be such that ¢(£) = 1 for |£] < 1 and ¢(&) = 0 for |&| > 2. Define, for j € Z, the
function ¢ ; (x) & 237 (2/ x), and the Littlewood—Paley operators S Eix-and A; LS, —S;. Let f beinS'(R3).
Then f belongs to the homogeneous Besov space B‘;)) q (R3) if and only if

e The partial sum )", A; f converges towards f as a tempered distribution;

e The sequence ¢ def s A fllLr belongs to ¢4(Z).

In that case
1

def is 4
£, é(Z 27A jfn‘zp)

Jj€EZL
and if s < 0O, the one has the equivalent norm

1y, ~ 13S0 f]

LaR+; 4ty (L.1)
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Let us notice that the above equivalence comes from the inequality, proved for instance in [6],

_c192i
IsAal,, <Ce € 2 AallLr. (1.2)
Note that the following Sobolev-type continuous embeddings hold:
B! B% assoonas §| — i =s5) — i with p; < pp and ¢ <
P14 P2.92° 1 o 2 2 P p2 q1 S 9.

We shall denote by P the Leray projector onto divergence free vector fields
P=1d-VA~'div.

Before stating the first result of this paper, let us introduce the following space.
Definition 1.2. We shall denote by E the space of functions f in L' (R*; B;o%l) such that

D27 O] ool 2t vany <
jez

equipped with the norm

1A0E S0 ety + D02 87O | g any
JjeL

Let us remark that, for any homogeneous function o of order 0 smooth outside 0, we have
Vpell,ool, [o(D)A;f|,, <CIA;fliLr.

Thus the Leray projection P onto divergence free vectors fields maps continuously E into E.
1.3. Statement of the results

1.3.1. Global existence results
The first result we shall prove is a new global wellposedness result, under a nonlinear smallness assumption on the
initial data.

Theorem 1. There is a constant Cq such that the following result holds. Let ug € H > (R3) be a divergence free vector
field. Suppose that

[P(S(t)uo - VS(t)uo)| . < Cy " exp(—Colluoll*

B

||E ). (1.3)

—1
00,2
Then there is a unique, global solution to (NS) associated with uy, satisfying

ue Cb(R+; H%) N L2(R+; H%)

Remark. For the sake of simplicity, we state the theorem for initial data in H 2, but it obviously works for initial data
.|
in B

00,2°

The proof of Theorem 1 is given in Section 2 below; it consists in writing the solution # (which exists for a short
time at least), as u = S(¢)uo+ R and in proving a global wellposedness result for the perturbed Navier—Stokes equation
satisfied by R, under assumption (1.3). While the proof follows the lines of that of Koch and Tataru (see [18]), a small
modification of classical Picard’s argument is needed to control the linear term, which is not small.

In fact, the main point of the paper is to exhibit examples of applications of this theorem which go beyond the
assumption of smallness of ||ug|| B The problem we have to solve is the construction of large initial data u( such

that a quadratic functional, namely P(S(#)uq - V.S(¢)ug) is small. This demands a careful use of the structure of this
quadratic functional.
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The situation here is different from our previous work (see [8]), devoted to the periodic case, where the structure
of the equation was used through the fact that the bidimensional Navier—Stokes equation is globally wellposed.
Now let us state the theorem that ensures that Theorem 1 is relevant.

Theorem 2. Let ¢ € S(R?) be a given function, and consider two real numbers € and o in 10, 1[. Define

1
(—loge)s X3 X2
@e(x) = %cos(;)q&(n, 8—a7x3>~

There is a constant C > 0 such that for ¢ small enough, the smooth, divergence free vector field

ug,e (x) = (82096 (x), =919 (x), 0)

satisfies
C™1(~loge)$ < llug.ell o1 < C(~loge)s,
and

[S@uo.e - VS uoe | » < Ce3(— 1oge)§. (1.4)

e

Thus for & small enough, the vector field ug . generates a unique, global solution to (NS).
The proof of Theorem 2 is the purpose of Section 3.

Remark. One can also write this example in terms of the Reynolds number of the fluid: let Re > 0 be the Reynolds
number, and define the rescaled velocity field v(¢, x) = vu(vt, x) where v = 1/Re. Then v satisfies the Navier—Stokes
equation

o4v+Pw-Vv) —vAv=0

and Theorem 2 states the following: the vector field

Vo (x) = (—logv)$ cos(’%) ((am) (xl, l’f—z xa), V¥ (= 010) (xl, j—z x3))

satisfies
1
lo.ull 51 ~ Cv(—log)’

and generates a global solution to the Navier—Stokes equations if v is small enough. Compared with the usual theory of
global existence for the Navier—Stokes equations, we have gained a (power of a) logarithm in the smallness assumption
in terms of the viscosity, since classically one expects the initial data to be small with respect to v.

1.3.2. Stability results

The second aim of this paper is to give some stability properties of global solutions. It is known since [13] that any
3

initial data in B p,; P giving rise to a unique global solution is stable: a small perturbation of that data also generates
a global solution (see [1] for the case of BMO™ ). Here we present a stability result where the perturbation is as large
as the initial data but has a special form: it consists in the superposition of dilated and translated duplicates of the
initial data, in the spirit of profile decompositions of P. Gérard (see [14]). This transform is a version of the fractal
transform used in [2] in the study of refined Sobolev and Hardy inequalities. Let us be more precise and define the
transformation. We shall only be considering compactly supported initial data for this study, and up to a rescaling we
shall suppose to simplify that the support of the initial data is restricted to the unit cube Q of R? centered at 0.

Definition 1.3. Let X = (x1,...,xg) be a set of K distinct points in R3. For A € 2N, let us define
T S -8 e
C!

AX N TaxfEY jen ) TAS

.....

with T F) & Af(AG —x))).
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It can be noted that this is a generalization of the fractal transformation T* studied in [2].

The next statement is quite easy to prove: it shows that this transformation on the initial data preserves global
wellposedness, as soon as the scaling parameter A is large enough (the threshold A being unknown as a function
of the initial data). The theorem following that statement gives a quantitative approach to that stability: if the initial
data u satisfies the smallness assumption (1.3) of Theorem 1, then so does T4 xug as soon as A is large enough (the
threshold being an explicit function of norms of u).

More precisely we have the following results.

Proposition 1.1. Let uqg be a divergence free vector field in H %(R3) generating a unique, global solution to the
Navier-Stokes equations and X be a finite sequence of distinct points. There is Ag > 0 such that, for any A > Ao, the
vector field Tp xuo also generates a unique, global solution.

Remarks.

e Using the global stability of global solutions proved in [13], a global solution associated to an initial data in H >
is always in L2 (R; I-'I%) NL2RT; H%)

e As the proof of that result in Section 4.1 will show (see Proposition 4.1), Proposition 1.1 can be generalized to
the case where the vector field ug is replaced by any finite sequence of vector fields in H > generating a global
solution.

e As we shall see in the proof of Theorem 3 stated below, the functions T4 xuo and uo have essentially the same
norm in C~1.

Now let us state the quantitative stability theorem, in particular in the case of an initial data satisfying the as-
sumptions of Theorem 1. In order to avoid excessive heaviness, we shall assume from now on that the initial data

is compactly supported, and after scaling, supported in the unit cube Q = ]—%, %[d. We shall consider sequences X
such that
inf {d(x,,xl/);d(xJ,CQ)}>8>O. (1.5)
(J,JNell,..K)?
J£J

We shall prove the following theorem.

Theorem 3. Let ug be a smooth H 5 divergence free vector field, compactly supported in the cube Q. Suppose that ug
satisfies (1.3) in the following slightly looser sense: there is n € 10, 1[ such that

[P(St)uo - VS@mo) | < C " exp(=Co(lluoll -1 +n)*) = 1. (1.6)

Then there is a positive Ag (depending only onn, K, 8, |luoll -1 and |luoll 33 ) such that for any A > Ao, the vector
field Ty xug satisfies (1.3) and in particular generates a global solution to (NS). Moreover, for all r in [1, 00],

L — < [ . < . .
”“0”3 IJ nx ” A,XMOHB IJ X ””0”3 IJ n
Remarks.

e The factor n appearing in (1.6) means that #¢ must not saturate the nonlinear smallness assumption (1.3) of
Theorem 1.

e The proof of this theorem is based on the fact that the Besov norm of index —1 as well as ||P(S(¢)uo - VS(#)uo) || E
are invariant under the action of T4 x, up to some small error terms.

As a conclusion of this introduction, let us state the following result, which describes the action of T4 x on the
family u ¢ introduced in Theorem 2.
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Theorem 4. Let ug ¢ be the family introduced in Theorem 2. For any K and 8, a constant Ag exists, which is indepen-
dent of ¢, such that the following result holds. For any family X and any A > Ay, there is a global smooth solution
of (NS) with initial data Tp xug -

Remark. Let us point out that as opposed to Proposition 1.1, Theorem 3 (or rather Lemmas 4.1 and 4.2 which are
the key to its proof) provides precise bounds on A so that the constant Ag appearing in Theorem 4 may be chosen
independently of ¢.

2. Proof of Theorem 1
2.1. Main steps of the proof

Let us start by remarking that in the case when u is small then there is nothing to be proved, so in the following
we shall suppose that |ugll ;-1 is not small, say [lugll z3-1 > 1.
00,2 00,2

We follow the method introduced by H. Koch and D. Tataru in [18] in order to look for the solution # under the
form ur + R, where ur(t) dzefS(t)uo. Let us denote by Q the bilinear operator defined by

t
/S(t —"HP(a(t’) - Vb(t') + b(t') - Va(t")) dr'.
0

def 1

Qa,b)(t) = )

Then R is the solution of
(MNS) R=Q(up,ur)+2Qur,R)+ Q(R, R).

To prove the global existence of u, we are reduced to proving the global wellposedness of (MNS); that relies on the
following easy lemma, the proof of which is omitted.

Lemma 2.1. Let X be a Banach space, let L be a continuous linear map from X to X, and let B be a bilinear map
from X x X to X. Let us define

def def
ILllzcx) = sup ILx|l and |Blgx)= sup | Bx,y).
lx]l=1 lxlI=lyll=1

IfIL|lz(xy < 1, then for any x¢ in X such that

xollx < (I =Ll zcx))?
4| Bllpx)

the equation

x=x0+ Lx + B(x,x)

I-ILllcx)

has a unique solution in the ball of center 0 and radius 2MBTs00

Let us introduce the functional space for which we shall apply the above lemma. We define the quantity

U Eur@)|; e + 1] ur @] s

which satisfies

[e¢]

/U(r) di < Clluolsi + Clluoll},
00,2 00,4
0
< Clluoll} @.1)
00,2

recalling that we have supposed that [lugl| ;-1 > 1 to simplify the proof.
00,2
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For all A > 0, let us denote by X the set of functions on R™ x R3 such that
1

2 2
||U||A—Sup<l2||vx(l)||Loo+ sup R~ ( / (e, y)| dy) ><oo, (2.2)
3
20 PGLR)
where
t
def / /
v (t, x) =v(t, x)exp (—Af Ut)dt )
0

while P(x, R) = [0, R?] x B(x, R) and B(x, R) denotes the ball of R? of center x and radius R. Let us point out that,
in the case when A = 0, this is exactly the space introduced by H. Koch and D. Tataru in [18], and that for any A > 0
we have due to (2.1),

vllx < llvllo < CIIvIIAGXP(C)»IluoIIB_l )- (2.3)
From Lemmas 3.1 and 3.2 of [18] together with the above equivalence of norms, we infer that

|Qw, w)|, < Cllvllxllwll exp(CAlluoll} - ) (2.4)
Theorem 1 follows from the following two lemmas.

Lemma 2.2. There is a constant C > 0 such that the following holds. For any nonnegative X, for any t > 0 and
any f € E, we have

t

fS(t -t f@Hdr

0

<SClIfllE.

A

Lemma 2.3. Let ug € B 5 be given, and define up (t) = S(t)ug. There is a constant C > 0 such that the following
holds. Forany A > 1, for any t > 0and any v € X, we have

|Qur, v®], < —1||U||)\-
Ad

End of the proof of Theorem 1. Let us apply Lemma 2.1 to Eq. (MNS) satisfied by R, in a space X;. We choose A
so that according to Lemma 2.3,
1
|Qur. YD gy, < i
Then according to Lemma 2.1, there is a unique solution R to (MNS) in X, as soon as Q(ur, ur) satisfies
1
Qurp,ur)|y, < 7m—.
” ”X* 1611 QlIB(x;)

But (2.4) guarantees that
1QlBx;) < CeXp(CMIuollB_l ),

so it is enough to check that for some constant C,
|Qur,up|y, <C™' exp(—Cllluollg;{Z)

By Lemma 2.2, this is precisely condition (1.3) of Theorem 1, so under assumption (1.3), there is a unique, global
solution R to (MNS), in the space X,. This implies immediately that there is a unique, global solution u to the
Navier—Stokes system in X;.. The fact that u belongs to Cj(R™; H %) NL2RT; H %) is then simply an argument of
propagation of regularity (see for instance [21]). O
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2.2. Proof of Lemma 2.2

Thanks to (2.3), it is enough to prove Lemma 2.2 for A = 0.

Let us start by proving that fé S(t—1') f(t') dt’ belongs to L>(R*; L°); that will give in particular the boundedness
of the second norm entering in the definition of X, .

Using (1.2), we get

t 1

[asa-ngaar] <c[eeon

0 Lee 0

Ajf()| dt’.

Young’s inequality then gives
t

/ AjS@ —1") f(dt < C2*j||A,~f||L1(R+;LOO),
0 L2(R+;L%)

thus the series (A ; fot S(t — ') f(t')dt’) jez, converges in L>(R*; L*°), and

t

[s=orrarar <Clflle.
0 L2(R+;L%)
This implies in particular that
t 2 %
sup R‘%< / / (St =) fh)(ydr' dy) <Cllflle. (2.5)
XER”

R>0 P(x,R) "0

The second part of the norm defining || - || x, in (2.2) is therefore controlled by the norm of f in E.
To estimate the first part of that norm, let us write that for any # > 0 and any j € Z,

t

=y / Sa—1)f@)dt' =6V ) +GP @) with

0
L
2
GE.I)(t)d:eft%/S(t—t/)Ajf(t’)dt’ and
0
t
GP ) E /S(t — YA f()dr.
t
2

Using again (1.2) we have, since < 2(t — '),

t

2
e P e e ] INTLTS1 Py
0

< 27/ ||Ajf||L1(R+;Loo).
In order to estimate || G;z) ()|l Lo, let us write, since ¢ < 2¢/,

t
6wl < [ a0t
0
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Using the Cauchy—Schwarz inequality, we get

[GP D] e <C27128, F O] 12100

Then using (2.5) and summing over j € Z concludes the proof of Lemma 2.2. 0O
2.3. Proof of Lemma 2.3

We have (see for instance [18] or [7]) that

t
Q, w)(t,x) = //k(t —t, v, x —ywt',x —y)dydt
0 R3
C
VTHIEh*

The proof relies now mainly on the following proposition.

=k* (vw)(t,x) with |k(z, )| <

Proposition 2.1. Let ug € Bo_ol2 be given, and define ur(t) = S(t)ug. There is a constant C such that the following
holds. Consider, for any positive R and for (t,¢) € Rt x R3, the following functions:

() def 1 @ def 1
Kp' (t,0) =1l >rog and Kp'(v,0) =l <R—F—— -
g Rl g SEE 18D
Then for any A > 1 and any R > 0,
=i JoU)dr' g (1) < ¢ 2.6
||€ R * (uFv) ||L°°([O R2]xR3) = 1 vl (2.6)
’ AZR
Moreover, for any A > 1 and any R > 0,
—i JoU)dr' [ (2) < ¢ 2.7
||€ ; R *(qu)||LOO([R2’2R2]XR3) S )“lR”v”)\ ( . )
)

Proof of Proposition 2.1. Let us write that

1 i ’
VD (0,0) E e VO KD o 4 pu) (2, )|

t
<// Le—xf,’/U(z”)dr”
Iyl

0 ¢B(0,R)

up(t', ')||Loo|Ux(f/,X —y)|dt'dy.

By the Cauchy—Schwarz inequality and by definition of U, we infer that

t 1 t
1 " i 2
V)fl)(t’x) < (/ / Wefzxf,’/ua L g ')”iw dt’dy) (/ /

0 <B(0,R) 0 ¢B(0,R)

1
2

1 2
|)}7|vk(t’,x — )| dt’dy)

1

1 t 1
C\? 1 , o\
<<ﬁ) (/ / |y7|m(t,x—y)|2dt dy) . (2.8)

0 <B(0,R)

Now let us decompose the integral on the right on rings; this gives
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t

= 1
f / B |4|’W x=y[ardy Zf / v x = wfardy
pr=07p

0 “B(0,R) B(0,2PT1R)\ B(0,2P R)

>.: |

9]
22 p+3 2p+1 ) -3

f f |v;\(tx—y)i dtdy.

0 B(0,2P+1R)

As t < R? and p is nonnegative, we have

o
|y%m(/,x—y>|2d/ary<%Zz—”(zf’“l’?)_g / [vatt,2)|"dr dz
0

0 <B(0,R) p= P(x,2P+1R)
2
22 p sup R’3 / |vk(t,z)| dtdz.
P(x,R")

By definition of || - ||,,, we infer that

t
1 ’ 2 5. C 2
// ol x = ardy < S

0 <B(0,R)

Then, using (2.8), we conclude the proof of (2.6).
In order to prove the second inequality, let us observe that

e MU | (kD vy, x)| <KEV (e, x) + KV (¢, %) with

t ” 4
IC%Z)([’ )C) del e*)\/;/ U@"”)dt

! | o
Wt =t +yD*

0 B(O,R

up (', )| oo |02t x = y)|dt’ dy,

t ” "
/ng) (t,x e MU a

=] [ e ol

5 BO,R

Using the Cauchy—SchwaIz inequality, as € [R%,2R?] and ¢ < 2(t — t'), we infer that

K@Y (1) < / / o2 U dr"
: («/t—t Wi

1
2

lup@, ) ||iOO dt/dy)

0 BO,R
z 3
x(/ / |vk(t’,x—y)|2dt’dy)
0 B(O,R)
<x£< / <R+|y|>8) (/ / ot x =l dy)
B(0,R)

R? 1

c 3 2 :
< -R 2(/ / |v,\(t/,x—y)| dﬂdy) ,
(tr)2

0 B(O,R)
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so that

C
K3V, x) < —lvll. (2.9)
(th)2

In order to estimate ICE?Z), let us write that

1 " ”
,Cgen) (t, x e~ My Uat

MF(I/, )”Loo || U}»(t/s )”Loo dt/dy

t
1
<[ =
) W=D
LR

e M uahar” lurp (', )L

t
[ 1
) =7 /1
2

< Clvl dr'.

By definition of U and using the fact that < 2¢/, Holder’s inequality implies that

t 1

C 't " " 4
K2, < —1||v||k( f eI UM ! ) dr’)
2
! 0
< vl
Adt2

Together with (2.9), this concludes the proof of the proposition. O

From this proposition, we infer immediately the following corollary. This corollary proves directly one half of
Lemma 2.3, as it gives a control of Q(uf, v) in the first norm out of the two entering in the definition of X .

Corollary 2.1. Under the assumptions of Proposition 2.1, we have

(3~ foU@ar

C
|Qur, v)(t,) | 1o < —lIVI5
A3

Proof of Corollary 2.1. Let us write that
kx(upv)(t,x) =kx (upch(xgzx/;)v) (t,x) +kx (uplB(x’Z\/;)v) (t, x).

From Proposition 2.1, we infer that

e MR VON e Ly oy 0) (0,0 < eHRYVOCKD  (lupd g, 5 g5y v1) 000

< vl
(t2)2

Moreover, thanks to Proposition 2.1, we have also
_ t / ’ _ t ’ / 2
eV ks uplg 5 ry0) (1, x)| < e TR VO Ky x (1ur L a5 V1) (2,)

C
< vl
A2
This proves the corollary. O

In order to conclude the proof of Lemma 2.3, let us estimate ||k x (u pv) [ .2(p(x r)), fOr an arbitrary x € R3. Letus
write that

kx(upv) =k* (uplep 2r)v) +k*x (uplp,2R)V).
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Observing that, for any y € B(x, R), we have

1
|k % (uplepieary0) (2, )| < CK Y * (luplepe 2my 101) (2, ¥),

and using inequality (2.6) of Proposition 2.1, we get
s P gy C
e )»fo U@')dt ||k * (MFICB(X’2R)U) ||L°O(P(X,R)) < I ||U||)\
AZR

As the volume of P(x, R) is proportional to R>, we infer that

[kx Guron)| < £ R

UFVI 2P e, R)) S 3 h
The following inequality is easy and classical, so its proof is omitted.
—A 't U dt C

||€ '/0 )at Q(MF, v)(t) ||L2([0,T]><R3) < )\‘_% ”v)» ||L2([0,T]><R3)'

We deduce that

. , , _ 1 ’ ’
”6‘_)‘f0 VO ke w (u p1p e 2Ry <Jle Mo Udr' (urlpa2r)V) HLZ

” L2(P(x,R)) ([0,R2]1xR3)

_|<'1

1B 2R) Ul L2 ([0, R2)xR3)
m

aQ

S 1 loall2px2ry) -
a2

This concludes the proof of Lemma 2.3. O
3. Proof of Theorem 2

In this paragraph we shall check that the vector field ug ¢ introduced in Theorem 2 satisfies the nonlinear smallness

assumption of Theorem 1, and we shall also show that its Bo_ol norm is equivalent to (—log 8)%. Let us start by

,00
proving the following lemma.

Lemma 3.1. Let f € S(R3) be given and o €10,3(1 — %)[. There is a constant C > 0 such that for any ¢ €10, 1],
the function

fe) Eeis Sf(xlvxz x3>

satisfies, for all p > 1
o+< -1
I follgzg SCe™0 and N fellger, > €76

Proof. Let us recall that
I fellig = 2277714 fellur.
JjeZ
We shall start by estimating the high frequencies, defining a threshold jy > 0 to be determined later on. We have
D 27NA fellr < C270 fell
JjZJo
<C27ER| £l L. 3.1

On the other hand, we have
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A folx) =2Y / 12 (x = ) £ () dy

R3
— 23 j i 2
=2 h(2 (x—y))e e f yl, ~> Y3 )dy,
R3
. ;23 3
so noticing that ! © = (—igd3)N (¢! 7 ), we get for any N € N,
N
. i i 23 i - Y2
Aj fo(x) = (i) 2% Zcﬁ/el =03 (h(2 (x — )y ‘f(yl, ,y3> dy.
£=0
Young’s inequality enables us to infer that

N N
. . . o : 3
277N A fellr < CeN2IGT) min( E 2/E=eh E 2]((17)8“).

=0 =0

So, choosing N large enough and since o < 3(1 — %), we get

> 2 NA fellr < Y 2INA fellee + Y 27N A fellr

i<io j<0 i>0
. 1 . o
<CZ2_'1(6+3(1_I_’))8N+0{+C Z 2](N—0)8N+;
ji<0 0<j<Jo
< CeVHe oo (N=0)  N+5 (3.2)

Finally choosing 2™ Jo =g in (3.1) and (3.2) ends the proof of the bound on || f¢ || B—a

In order to bound from below || f;|| Bl let us first observe that, as the space of smooth compactly supported
functions is dense in S and the Fourier transform is continuous on S. Thus, for any positive 1, a function g ex-
ists, the Fourier transform of which is smooth and compactly supported such that, denoting as before g.(x) =

iy
e e gxn, 3%, x3),
Ife = gelljeo, <ne” and | — gl <n. (3.3)

As the support of the Fourier transform of g is included in the ball B(0, R) for some positive R, that of g(x|, e™%x3, x3)
is included in the ball B(0, Re~*). Then the support of Fg, is included in the ball B(e~1(0,0, 1), e*R). This ball is
included in £ ~!C for some ring C. Thanks to (1.1) we shall use the heat flow. Let us write that

gl o, ~supt? |S(ge |
’ t>0

> Ce? ”5(82)& ||L°°‘
For any function £ such that the support of h is included in £~!C, we have
_ 21612
|71 R) || oo < Clll Lov.
Applied with & = S(e?)g, this inequality gives

lgelloe < C[[S(e?)ge] e and thus [lgelljor > C™ e l|gelloe = C 7167 g Lov.

Now let us write that
”fs”Bo—oﬂoo > ”88”3—” —ne?
-1
>C e (Il f i~ — 2n).

This ends the proof of the lemma. 0O

This enables us to infer immediately the following corollary.
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Corollary 3.1. A constant C exists such that, for any p > 1, we have

o 1
ol jr < Ce¥(~loge)s and flugellzo > C™'(~loge)s.
P, 00,00
The last verification to be made is the nonlinear assumption (1.4). It is based on the following lemma.

Lemma 3.2. There is a constant C such that the following result holds. Let f and g be in BO_Ol2 N H~. Then we have
2 1
[P(S@ W) < Ut Ngh g1 ) (111 lgli-1)*

Proof. As the Leray projection P is continuous on E, it is enough to prove the lemma without P. Using Bernstein’s
estimate, we get that

|A; (SO FSMDg) |« <C2 SO FSMDg] -
Then, using the Cauchy—Schwarz inequality, we infer that
Ej < |a; (st fS®eg) ”L1(R+;L°°) + HI%AJ(S(t)fS(Z)g) ||L2(R+;L°°)
; 1
< C23](||S(t)f||L2(R+;L2) + ||tzs(t)f||Loo(R+;L2))||S(’)g||L2(R+;L2)'
So using (1.1), we deduce that
E; <C2 | flg-1lgllgr- (34)
Let us observe that we also have
1
Ej< C(HS(’)fHL2(R+;L°°) + ||”S(t)f”Loo<R+;L°°))||S(t)gHL2(R+;L°°)
<CUfl lglo

Using this estimate for high frequencies and (3.4) for low frequencies, we get, for any jj in Z,

Is@ fsgl = 27 E;
J

< C<||f||H1 lgllg-1 D 2% + 1l gl D 2j>

<o jzjo
<CIFN g1 gl 12 + 11 gl 270).
Choosing jo such that
o i g,

If -1 lgll g1
gives the result. O

Finally we are ready to prove estimate (1.4). Note that the proof relies heavily on the special structure of the
nonlinear term in the system. We indeed start by remarking that there is no derivative in the third direction since ug ¢
does not have a third component. Then denoting u r(¢) = S(¢)ug.., we have by an easy computation and with the
notation as in Lemma 3.1,

1 2
u};alulp+u%82u}p=8—2(—10g8)§S(t)f5$(t)g8 and
la 2, 24 2 1 2 i~
Updiuy +updouy = F(—logs)SS(t)fES(t)gg,

where f, f , g and g are smooth functions. The result follows immediately using Lemma 3.2 and Corollary 3.1
together with the fact that the Leray projection onto divergence free vector fields maps continuously E into E.
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4. Stability results

In this section we shall prove Proposition 1.1, as well as Theorems 3 and 4 stated in the introduction. The proof of
Proposition 1.1 is rather easy and is given for the sake of completeness in the next section. The proof of Theorem 3 is
the object of Section 4.2 below. Finally Theorem 4 is an easy consequence of the methods developed in the proof of
Theorem 3 and is postponed to the end of Section 4.2.

4.1. Proof of Proposition 1.1
Proposition 1.1 is an immediate consequence of the following more general result.

Proposition 4.1. Let X = (x1,...,xk) be a family of K distinct points, and (ug.1,-..,u0,x) a family of diver-

gence free vector fields in H % each generating a unique, global solution to the Navier—Stokes equations. Then there
is Ao > 0 such that for any A > Ay, the vector field

def
o4 = Z T (uo.s)
also generates a unique, global solution to the Navier—Stokes equations.
Proof. The proof of that result is similar to methods of [3] concerning profile decompositions (see [12] for the case
of the Navier—Stokes equations). Let us denote by u ; the solution of (NS) associated with ug_s, and define
A, (t,x) = Auy (A%, Ax — x))),

which solves (NS) with data up 4,7 = Tl{ (uo,s). Then we define the solution u 4 of (NS) with data ug 4, which
a priori exists only for a short time. We can decompose

up= Z MA,J+RA=M(,P+RA,

and R4 solves the following perturbed Navier—Stokes equation
% Ra—ARA+P(Ry-VRA) +Pu) - VRs) +P(Rs - Vu') = Fy
with initial data zero, and where
Fp=-P Z up,y-Vuy, .
J#£T
It is not difficult to prove (see for instance [12], Proposition A.2) that R, is globally defined and unique
in L®°(R*; H2) N L2(R+; H?) under the condition that

—1 (14
P exp(—Colluy’ | s r.m1y)- 4.1)
1 .
so let us compute ”FA”L2(R+;H’%) and [lu " [l pamt g1y

As mentioned in the introduction, any global solution belongs to L*(R*; H'). Thus, by definition of u(Al), we have

”"5&1)”L4(R+;Hl)< Z lua, sl ps@e diny-
Je(l,...K)

Using a scaling argument, we infer
(Y]
””A ||L4(R+;H1) < Z sl pawer:any
Je{1,...,K}
<K sup C; with 4.2)
Je(l,...,K}

def
Cr=|u 1+ ||u 3.
PE I, gty T
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In order to estimate || Fz ”L2(R+ P )y let us start by noticing that F4 is bounded uniformly in A in the space

L3 (R*; L?), by a constant depending on K and on the initial data. Indeed Holder’s inequality and Sobolev embed-
dings give

lua,s-Vuy, J’||“(R+ ) S ||MA,J||L4(R+;L6) ||VMA,J/||L2(R+;L3)
< Cllea sl Vaasl o

so that by scale invariance

IFAl, 8 ey < Cles s i 19001,

< CK?sup(CyCyr).
5’

So by interpolation it is enough to prove that

Ali_f)noo ||FA||L4(R+;1-'171) =0. (4.3)
Let J # J' be two integers in {1, ..., K}, and let & > 0 be given. There exists a positive R and two vector fields ¥,

and ¢, in D(R x B(0, R)) such that
Ve —usllpame i1y + 0 —upllpage. gy <€
The support of T e (resp. Ta, j¢e) is included in the ball B(x,, RA™Y) (resp. B(x;, RA™Y)). Thus we have
A>48"'R= Ty jY.Tp ype =0. (4.4)
Then Sobolev embeddings as above give the estimate

”MJ ® (¢ —
< C(lluyll

so that, using the scaling,

+ H (e —uy) @ ¢e HL“(R"’;LZ)

LR+ HZ)”QDE - “J/||L4(R+ Jie) + ||§0€||LOO(RJr Hz)”lﬁs - "‘J||L4(R+ Jie) )

—uy)

vy T Taave —up) @ Ta y e a2y < C(Co+Cpe. (4.5)
Using (4.4), it follows that for A large enough,
IFall s -1y < <CK? sup Cy,

and (4.3) is proved. Plugging together that estimate with (4.2) gives (4.1) for A large enough, and Proposition 4.1 is
proved. O

4.2. Proof of Theorems 3 and 4

Before starting the proofs, let us make a few comments on the transformation 74 x and state its main properties.
In all that follows, we shall consider only the action of 74 x on functions compactly supported in Q. First, one can
notice that if the family X of points satisfies (1.5), then if A > 4571,

1
suppT3 f € 0% E{x [d(x.x) <A™} C Q’def{ EERNE Z‘S}'
This implies immediately that

_3 1
ITaxfllLe=A"?2K?|flLs. (4.6)

Then let us state the following two lemmas, which are crucial for the proof of Theorem 3 and will be proved in
Section 4.2.2.
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Lemma4.1. Let K > 1 be an integer and § > 0 a real number. There is a constant Ck s such that the following results
hold. Let r be in [1,00] and consider a family X as in Definition 1.3. Then for any real number A in 2N greater
than 48~ and for any f € D(Q), we have

) )
Il = Crs ANl S ITaxfllgg S Uflgg +Crs AN fll s -

Moreover the following estimate holds, where the constant C is universal:

_3
ITax fllg-1 SCVEATZ| fll 1. (4.7)
Remark. Let us point out that L! is continuously included in BO_O?OO.

Lemma 4.2. Let K > 1 be an integer and § > 0 a real number. There is a constant Cg s such that the following
results hold. Consider a family X as in Definition 1.3. Then for any real number A in 2N greater than 48~ and for
all divergence free vector fields f and g in D(Q), we have

IP(STaxf VSOTax8)| <|P(SO)f-VSBE) |+ Crs AN fllg-1liglyr.

4.2.1. End of the proof of Theorem 3
Let us consider a vector field ug € D(Q) satisfying (1.6) for some n €10, 1[. We know from Lemma 4.1 that for
any r €[1,00] and any n €]0, 1[, for any A greater than some A (depending on K and § only), we have

luoll =1 —n < 14 xuoll g1 < lluoll g1 41 (4.8)

Next let us consider the smallness condition (1.3). By Lemma 4.2 we know that as soon as Ay is large enough, then
for any A > Ag,

IP(S()Ta xuo - VS®)Ta xu0) | o < [P(S@)uo - VS@uo) | z + n.

So we infer that
[P(SO T x100 - VSO Ta o) | < € exp(=Colluoll 1, + 1))
<Gyt exp(—C0||TA,Xu0||‘gflz)

due to (4.8). So Theorem 3 is proved, up to the proof of Lemmas 4.1 and 4.2 which is the object of the coming
section. 0O

4.2.2. The properties of Tx x

In this section, we are going to prove the properties of the transformation 74, x required in the proof of Theorem 3,
namely Lemmas 4.1 and 4.2. Before starting the proofs, let us give some more notation and prove preliminary results
which will be used many times in the rest of this section.

We define

éa = U Q{ where FQv({ dg{x ’ d(x, Q({) < i(S} 4.9)
Je{l,...,K} 32

and we notice that this is a disjoint reunion.

The proof of Lemmas 4.1 and 4.2 relies on the fact that the Littlewood—Paley theory is almost local. More precisely,
let us recall Lemma 9.2.2 of [5].

Lemma 4.3. For any positive integer N and any real number r, a constant Cy exists such that the following result
holds. Let F be a closed subset of R® and u a distribution in B, supported in F; then for any couple (j,h)

00,00
in Z x R such that 2/ h is greater than 1, we have

—irfni =N
1A jullzeery < Cn27 7 (270) g,

where F, = {x e R3 | d(x, F) < h}.
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From this lemma, we deduce the following corollary.

Corollary 4.1. Let K, § and X be as in Definition 1.3 and let M € N be given. There is a constant Cyy (depending
only on M) such that the following holds. For any A > 481, for any distribution f in Bo_o?oo, compactly supported
in Q and forany J € {1, ..., K}, one has the following estimates:

; o - —(M+3) 4—20—jMy ¢y .

Vi€Z |ATAS|pepy < Cmd AT M fllgs (4.10)
Moreover there is a universal constant C such that for any positive R,

1A, < @714, flleecon) il + CRT AN 32 (4.11)

where Qg = {x € R3 | d(x, Q) < R}.

Proof. The first inequality is obvious when j is negative or when 2/8 < 1. Indeed we have the scaling property

Aj(f(AC=x0)))x) = (Ajtog, 4 ) (Alx — x)), 4.12)
so that for any s € R,
[ F(AC=xD) s =AU S N, .-

Thus let us assume that 2/ and 27§ are greater than 1. Using Lemma 4.3, we get
M
INT¥ L®Q}) < Cp2¥ (2/8) " Tif] Bo
<Cu2 T MISMA2 fll g5

In order to prove the second inequality, let us note that, thanks to the triangle inequality and to the fact that || - || <
Il - |l,1, we have for any integer jo,

1A, < T@T71A; Flleew);

ot D 27N flliemy + D 27 A flleeop-
Jj<jo JjZJo
Lemma 4.3 claims in particular that, if 2/ R > 1,
18, f e 0m < CRT 1l g3

Thus, if jg is such that 2J0R > 1, we have, by definition of the norm of B!

00,00

ot ( > 24 RY Z_j)||f||é;?oo

J<Jo JZJo

11, <T@T704; fllzecow),

<718 fllzecon) jlr + (@22 +27PR7) I fll -

Choosing 2/0 ~ R~! gives the result. [

4.2.3. Proof of Lemma 4.1
We shall start by proving the second inequality, namely that

ITax fllgor < Ifllgor +Crs A0 Fllgos (4.13)
Let us start with low frequencies. We can write that

S 2 NA Tax flle <3273 AT f ) o

j<0 j<0 J

<X (T o

J j<0
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Using the scaling equality (4.12) we get that

Y 27NA Ta x flle S KA flljos - (4.14)
j<0
Now let us concentrate on the high frequencies. Recalling the definition given in (4.9), let us start by considering the
case when x ¢ Qs. Using Inequality (4.10) of Corollary 4.1, we can write (choosing M = 0)

1A TA X fll oo ey < Z”AJ'T/{fn L%®(Qs)
J

<CKSTA N fllgs -
Then we infer that

2NN Tax fllpeegy S CKST3 ATl s - (4.15)
Jj=0

Now let us consider the case when x € Qg. We can write
IA;TA X fllpeogs) S Sl}p ||AjTA,Xf||Loo(§§)»
and let us fix some J € {1, ..., K}. We recall that
Taxf=Tif+ Z T f.
JI#T
and let us start with the estimate of T4 x f — TJ f- We have
|8 (Taxs =TL ) gy < 2o NATL iy
JI#£T
Using Inequality (4.10) of Corollary 4.1, we get that
J —3 42
|8 (Tax f =TA) | oy SCKE A2 fllgs -
Thus we infer

D28 (Tax S = T3 | gy SCKS A0Sl - (4.16)
j=0

Now let us examine the term || T[{f”Loo(éJ). From (4.12) we get

| 027 | A TS | e 2))

o SA|(10277 18 j-10g, 4 f o))
<N fllgy, -

Once noticed that || - |[¢- < | - [|,1, we plug together that estimate with (4.14), (4.15) and (4.16) to conclude the proof
of (4.13).
Let us bound from below ||TAaXf||Bgo!,.' As ||g||Loo(§5) =sup, ||g||Lm(§g), we have

ITax s 2 1714 Tax Fllgy);
> (27 Sl;p“AjTA,Xf”LOO(QI{a))j ¢

> |27 A Tax £

LOO(QEJO))/ 4
for some Jpin {1, ..., K}. Using the fact that || - [|¢- < || - ||,1, we can write that

ITax flgg, = 1@ 18,7 7] =227 TJOf||L°°(Q’°>
j<0

_Zz ]”A (TAXf Tof)”LOO(QJO)

j=0

L°°(Q )
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Using (4.14) and (4.16), we infer that

ITaxFllgo > @77 |87 f]

-2 .
Lo @) jle = Cra AN g - (4.17)

By scaling and translation, we have
. P .
|| (2 ! H AJ TA(,)Xf”LOO(éI{O))j o= ” (2 / ”A]f”LOO(QAB))J
where Q 4 s is the cube of size 2A6. Using (4.11) with R =28 A and (4.17), we infer that
ITax fllgg, > 110, = Crs AT Fllp -

This concludes the proof of the first part of the lemma.

er

Now let us prove the second part of the lemma, namely estimate (4.7) on the H~! norm. Let f € D(Q) be given.
Stating f, & —F 1 (i&, &2 ), we can write

3 3
F=) mfm with | fllg-1~ Yl fnll 2.

m=1 m=1

Let us recall that

I Taxfllo = sup / Tax f()g(x)dx.
geD(Q)
gl <IR?

Let x € D(Q) be equal to one on the support of g. We have

[ Taxfwewax=ay [ rlaw-x)ewdx
T

R3

= A_2ZZ/3mfm(X)g(A_1x —{—xj)dx’

J m R3
so after an integration by parts and a change of variables again, we infer that
f Taxf)g)dx=—-A"2Y"%" / X () fin () (O @) (A" +x7) dx
R3 J m R3

=27 Y [ Tax G g d.

In particular we get that

1Taxfllg-1 SCAT D | Tax Gt 12
m

<CAT Y full a7 IVE
m

3
S CAT2VEK| fll 1,

and the result is proved.

4.2.4. Proof of Lemma 4.2
First, we observe that

3

SOTaxf VSMTaxg= Y 9(SOTax SN x). (4.18)
=1
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so using Bernstein’s inequalities, we can write

LA (SOTax f - VSOTA x8)| 1oz + 12 A (SOTa x [ - ISOTa x8) | 2t 10)

< C24] (||S(I)TA,Xf||L2(R+;L2) HS(I)TA,Xg ||L2(R+;L2) + ||t§S(I)TA,XfHLOC(R+;L2) HS(I)TA,Xg ||L2(R+;L2))
< C2YNTax fll -1 1Taxgl -
Using Lemma 4.1, we get
E<CKAT | flg-1lgl g1
We therefore infer a bound on the low frequencies:
D 27E <CRAT | fllg-liglyor- (4.19)
J<0
The high frequencies are more delicate to estimate. Let us write that
SOTaxf-VSOTa,xg=Ha,x(t)+ Kax () with
3 3
def / def
HaxE ) Y 0(SOTFfSOTFg) and Kax)E) Y d(SOTI ST ).
J#£J =1 J =1
We observe that

BYY(f o) EausoT] risT]'s)

1 lx — y|>+|x —z|? ,
/ Dy, exp(— . T fFO)OT] g(2)dydz

= ()’ 4t
RO
_ 1 /2XK—YZ—ZzeX _|x_)’|2+|x_z|2 ij( )TJ, ()dd
© (4mt)3 2t P 4¢ AT DA 8RIEY
R6

Due to the distance between x; and x;/, one gets that a smooth bounded function (as well as all its derivatives) x
on R exists such that y vanishes identically near 0 and such that

/ 1 A
By (f, @)t x) = Gy / Os(t,x,y, DT fNTH g(@)dydz  with
R6
def | 2x¢ — Yo — 2 Ix =y + |x — z|?
Os(t,x,y,2) = < x(C8(1x — yI* + |x — zI?)) exp(— 1 :
t2 2t 4t2
As we have
lla @bl g-2rey < lall g-1w3) 161 -1 r3) (4.20)

we infer, using the scaling, that

|BY % (. )t o <

1
Gt )3 sup |©s, x, )”Hz(Rﬁ) HTAf”H 1-1(R3)

1 —
S Gy 20 1@ x| o ey A7 Nl 1 e I8 N -1 sy

s <|x—yI2+|x—ZI2)
aexp| —

It is obvious that

| a

|V205(t,x,y,2)| < T

[S1[o%)

1
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and thus that
’ C )
J.J -3 -4
|83 % () )] o < 54 e fll g-1 sy gl -1 we)-
We immediately infer, since || A jPal[p o < C||Ajall L, that

D 27 (IAPHA x|l 1)y + ||r%A,-PHA,x||L2(LOO)) <Cs A f g ligh gt (4.21)
Jj=0

Now let us consider the term K 4 x. To start with, let us write
|APKA X, ')||L<><>(R3) < |ajPK A x(, ')||L°°(§5) +[APKA X, ')”Lw(@s)
< Sl}lpH A]'PI(A,X(L ) ||L00(Qg) + || AjPKA’X([, ) ”LOO(Cé(s)'
By definition of K 4 x, and denoting Zj = AP, we get

|APKAx(1, ')”LOO(RS) S sgp | A P(SOT FYSOTSg) ||L°<>(R3)

+ sup

’Zj Y a(sOT] f'SOT vg)|
JI# L=(0))

+ 3 R0 (SOTL 5O 8) | ey
J/
+ sup Z | Zjag(S(t)T/{/fZS(t)T,{:Xg) ”LOO(Qg)
=y

+> A 0 (SOT] Fis)T] vg) | L egss)
J/

< Sljp |AP(SIOTL fYSH)TAg) ||L°°(R3)

+ 2 18,0(SOT SOT x8) | e
J/
By translation and scaling we infer that

” AjPKA,X(tv ) ||LOO(R3) < A||Aj—log2 AP(S(t)fVS(Z)g) “Loo(RS)

+ 3 180:SOT] 1'SOT x8) | ety
J/

By definition of S(¢), we have, for some he S(R3),

BY (f.9)t,x) E R;a,(SOIT] fST] y8) (1, %)

27 [ =y = 2P, ,
- (4mt)3 /h(ZJ(x _x/))axé exp(— - 41 )T/{ FONT, g(z)dx'dydz.
RO

Now if x is in ‘55] "and yin é({ /, one gets that a smooth bounded function (as well as all its derivatives) x on R exists
such that x vanishes identically near O and has value 1 outside a ball centered at the origin, and such that
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B} ;(f.9)=B} | (f.9)+ By j(f.g) with

/ e 23] . . , .
BN (o0 /h(2/(x —)x(Colx - x'P)

= @3
RO
x/ - 2 + x/ —Z 2 ’ ’
X axé exp(_| )l 4t| | )T/{ f(y)T/{ ¢()dx'dydz and
/ def 23./ - .
By (f9)t.0)= G /h(zf (x —x))x(C81x" — yI?)
R9
X' — >+ Ix" —z]? / ,
Xy, eXp(‘ a7 Ty fO)T] g(z)dx"dydz.

By integration by parts, we get that

Bj\’;; (f, e)(t,x) = 231/8% (R(27 (x = X)) x (C8lx — X' P (SOTT FY)(SOTS g)(x')dx'.
RO

By the Leibnitz formula we have,

29, (h(27 (x = 1) x (C81x = x'17)) = 2% (B2, 1) (27 (x — x)) x (C81x — x'?)

+ 23jﬁ(2j (x —x))2C8(x¢ — x;) x'(CSIx — x/|2).

Using the properties of the function y, we infer

1278, (A(2 (x — X)) x (C3lx — x'1?))| < Csh(2 (x — X))
for some bounded function 4. Thus, by integration, we infer that

|17 (90 e < C[SOT £ 2 [SOTS ] 2
By definition of Besov spaces, we deduce that

” B!x/,’}(f’ g) ||L1(L°°) + ”t%B/JxZ’} (f, 8 ”LZ(LOO) <Gs ” T/{,f” H-! ” T/{/g“H*I'

By scaling, we infer that
|BA 19 1oy + 112BE (o) 2oy < Co AT F N1 g1
J (L) J (L)

’
In order to estimate Bi jz( £, 8), let us write

B 2(f, 9)(t, 1) [ esexyatd fori @dyaz wit

= @)’
Rﬁ
3j . 2% — _ I 2 I o2
, def 2 - Xy — Ve — 2 [x" =y + |x" — z
Os,j(t,x,y,2) = —./h(zf(x —x))x(Cslx" = yI*) x ‘7]exp(—
2 J 212 4t
R.

Using (4.20), the definition of the Besov norm and the scaling property, we deduce that

[B37( ) < 590 [ 95055002, | gy I T3 £ 41177 ¢
xeR’

=
2 -3
< sup ” Vy’Z@b‘,j(tv X, ) ||L2(R6)A ”f”[—]—l ”g”[-[—' .
xeR3
A straightforward computation shows that
Cs _s

sup | V,%,z@&j(t’x" ')||L2(R6) S —5e @
xeR3 12

4.22)

)dx’.
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Thus, we get that

2 LJ2 _
1B7 ) 1 zoey + 117 BAT @] ey S CsAT N g1 181 -1
Using (4.19), (4.21) and (4.22) we infer that

[P(SOTaxfVSOTax8)| 5 <D 27 A(|Aj-10g, PSD FYSDE 1 10,
J

L —
+ (128 j-10g, , PSO) VS8 | 2 ooy) + Cr 54 Mg lgl g
<|PSOFVSME) | g+ Crs AN I g-1lgl g1
That ends the proof of Lemma 4.2.

4.2.5. Proof of Theorem 4
The proof is straightforward: in order to apply Theorem 3, we define > 0 and we need to find A uniform in € so
that, according to Lemmas 4.1 and 4.2, the following two conditions are satisfied:

-3 2 -2
A Cs g lluoellyy—r =n and  Ay~Cs klluoellzs =n.

Due to Corollary 3.1 this is trivially possible as soon as « > 0.
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