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Abstract

In the analysis of the long-time behavior of two-dimensional incompressible viscous fluids, Oseen vortices play a major role as
attractors of any homogeneous solution with integrable initial vorticity [T. Gallay, C.E. Wayne, Global stability of vortex solutions
of the two-dimensional Navier—Stokes equation, Commun. Math. Phys. 255 (1) (2005) 97-129]. As a first step in the study of the
density-dependent case, the present paper establishes the asymptotic stability of Oseen vortices for slightly inhomogeneous fluids
with respect to localized perturbations.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Les tourbillons d’Oseen occupent une place majeure dans la description du comportement asymptotique en temps des fluides
bidimensionnelles incompressibles et visqueux, en tant qu’attracteurs de toute solution homogene de vorticité initiale intégrable
[T. Gallay, C.E. Wayne, Global stability of vortex solutions of the two-dimensional Navier—Stokes equation, Commun. Math.
Phys. 255 (1) (2005) 97-129]. Premiére étape dans 1’analyse du cas inhomogene, cet article établit la stabilité asymptotique des
tourbillons d’Oseen, vis-a-vis de perturbations localisées, en tant que fluides a densité variable.
© 2008 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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0. Introduction

In this paper we consider the motion of a weakly inhomogeneous incompressible viscous fluid in the two-
dimensional Euclidean space. We can describe the fluid by the pair (o, u), p = p(t, x) € RT being the density field
and u = u(t, x) € R? the velocity field. The evolution we consider here is governed by the density-dependent incom-
pressible Navier—Stokes equations:
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0p+@-V)p=0,
1

Ou—+ u-Vyu=—(Au—Vp), (1)
0

divu =0
where p = p(z, x) € R is the pressure field, which is determined (up to a constant) by the incompressibility condition
which yields the elliptic equation:

div<1vp) - diV(lAu —(u- V)u>. )
P o

Alternatively, we can represent the fluid motion using the vorticity field w = curlu € R rather than the velocity.
Note that, in the two-dimensional context, curl( f1, f2) stands for d; f> — 92 f1. Therefore the evolution equations for
(p, w) become

0rp+@-V)p=0,

1
a,w+(u.V)w=d1v<—(vw+vip)> )

Je

where p is again determined by (2), and u is recovered from w via the Biot—Savart law:
L[ =p*
w0 =5 [ v amdy @)
2 ) |x =yl
R2

for x € R?, with (z1, 22)* = (—22, z1). We also denote u = Kps * w, where Kps is the Biot—Savart kernel: Kpg(x) =
ﬁ % Without loss of generality, we assume throughout the present paper that the viscosity of the fluid is equal to
one.

We refer to the monograph [12] for a general presentation of the available mathematical results on incompressible
Navier—Stokes equations. We also mention the work of B. Desjardins on the global existence of weak solutions [4,3],
and, closer to the spirit of the present paper, the work of R. Danchin on well-posedness in Besov spaces [1]. Let us
emphasize that both Danchin and Desjardins work with the velocity formulation (1) and do not assume the density p
to be bounded away from zero. In more physical terms, they allow for regions of (almost complete) vacuum, which
create technical difficulties.

In contrast, not only shall we not allow the density to be close to zero but we shall only consider weakly inhomoge-
neous fluids, namely we shall assume that the density p is close to a positive constant which, without loss of generality,
we take equal to one. Remark that if the initial density is constant in space, i.e. if the fluid is initially homogeneous,
then the density remains equal to this constant for all subsequent times. Therefore, in such a case, system (1) reduces
to the usual incompressible Navier—Stokes equations. Moreover, since div(V' p) = 0, the pressure term disappears
from system (3) which thus reduces to

orw~+ (u-V)w=Aw. 5

Again, a wealth of information on the Cauchy problem for the homogeneous incompressible Navier—Stokes equa-
tions can be found in [12] or [10]. Concerning the long-time behavior of the solutions of the vorticity equation (5),
the work of Th. Gallay and C.E. Wayne has revealed the important role played by a family of explicit self-similar
solutions, Oseen vortices, givenby p =1, u = au® and w = aw®, where « € R is a parameter and

G _! (i) G _ 1 G(i)
w (t,x)—tG 7 , u (t,x)—ﬁv 7

with
1 &t

(1= )

1
GE)=—e /4 WO =
4
For the Oseen vortex (1, aw®), the quantity || is actually its Reynolds number. If the initial vorticity wy is integrable,
it is proved in [8] that the corresponding solution of (5) converges to aw? in L'-norm as r — oo, where o := fRz .-
Moreover, it was shown in [5,6] that € is the unique solution of the vorticity equation (5) with initial data a8y. Note
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also that ¥ is not square integrable, since [v% (£)] ~ % as |&| — oo, which means that Oseen vortices are not finite
energy solutions in the sense of Leray [11]. More generally, when dealing with incompressible flows of integrable
vorticity and non-zero global circulation, one needs to consider infinite energy solutions.

Even though the homogeneous incompressible Navier—Stokes equations provide a good model in many situations,
all real fluids are, at least slightly, inhomogeneous and it is therefore important and relevant, both from a practical
and theoretical point of view, to investigate whether the predictions of the homogeneous model are meaningful for the
density-dependent model, especially in the weakly inhomogeneous regime. The goal of this paper is to address this
question in the particular case of Oseen vortices. These explicit solutions persist in the density-dependent case if we
assume p = 1, and it is therefore natural to ask whether they play there the same role as in the homogeneous case.
While the general answer to this question is unknown, we treat here one important aspect: are Oseen vortices stable
solutions for the density-dependent incompressible Navier—Stokes equations? In other words, does the theory predicts
that these self-similar solutions may be observed?

Before stating what we mean exactly by stability, let us recall an important property of the Navier—Stokes equations:
scaling invariance. For any A > 0, if (o (¢, x), w(z, x)) is a solution of (3), so is

D;.(p, ) = (p(¥*t, Ax), A2 (A1, Ax)).
Correspondingly, the velocity field u(z, x) and the pressure p(z, x) are rescaled into ru(A2t, Ax) and A2 p(kzt, Ax).
As is easily verified, Oseen vortices are self-similar, in the sense that D (1, aw%) = (1, aw®), for any o € R and any

A > 0. To study these solutions, it is therefore more convenient to rewrite (3) in self-similar variables. Following [7],
we set

X
(0.6) 1= (m, $>. ©)

Motivated by scaling invariance, we will work with new quantities (r, w, v, IT) related to the former by

r(t,§)=p(ef,er/25)’ v(t,5)=er/zu(er,e’/2§),

@)
w(r, ) =e'w(e", %),  I(r.&)=e"p(e’.e"%).
Then the corresponding evolution equations for (r, w) are
1
Ocr + <<U - Eé) . V)V =0,
3

drw + <(v — %s) .v>w —w =div<%(Vw+ vln))

where again v is obtained from w by the Biot—Savart law and VIT by solving
1 1
div(—VH) :diV(—Av—(v~V)v>. ©))
r r

By construction, Oseen vortices correspond to stationary solutions of (8) of the form (1, «G), where « is any real
number. We prescribe initial data for the original equations at ¢ = 1 rather than at r = 0, hence at t = 0 for the new
equations.

In order to state our main result, we now write down the evolution equations for a perturbation of an Oseen vortex.
Given « € R, we work with new quantities (b, w) related to the former by b = % —1land W = w — aG. The evolution
equations for (b, w) are

1
3 b —=&)-V)b=0,
(=) %)

3 — (L —a D)W + (¥ - V) = div(b(Vw + VEIT))
where
1
Lf=Af+356-Vf+],
Af =v% . Vf+ (Kgs*f)-VG.

L
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Here v is obtained from w by the Biot—Savart law, w and v are recovered by

w=aG + 0, v=av’ +7, (12)
and VII is obtained by solving

div((l + b)VH) = div((l +b)Av— (v- V)v). (13)

Let us point out that, thanks to the linearity of the Biot—Savart law, we both have v = Kps » w and v = Kgg * .

Note that £ is the usual Fokker—Planck type operator which generates the evolution corresponding to the heat
equation in self-similar variables. On the other hand, A is the non-local first-order operator resulting from the lin-
earization around w = G of the transport term of (8). More precisely, if v = Kgs * w and (v, w) satisfies (12), then
v-Vw=aA® + 7 - Vi, since vC€ L VG.

Before stating our result of stability, we introduce the function spaces and the norms that we will encounter through-
out the present paper. For 1 < p < 0o, we denote by L”(R?) the usual LP-space and by | f]| p the usual L”-norm of
a function f:R?> — R or f:R? — R2. Similarly, for s € R, we denote by H*(R?) the usual Sobolev space and by
| f1gs the corresponding norm. Sobolev norms will be convenient to specify the regularity of our perturbations, but
we also need weighted norms to describe the localization properties. Indeed, even in the homogeneous case, we know
that it is impossible to get a convergence rate in time if we do not assume that the perturbations decay sufficiently fast
at infinity in space (see [8]). Instead of using polynomial weights as in [8], we choose here the Gaussian weight G2 ,
which is more restrictive but naturally related to the Oseen vortices and has several technical advantages. For instance,

on the Hilbert space L%U(Rz) ={f] G_% f € L>(R?%)}, the linear operators £ and A become respectively symmetric
and skew-symmetric. More generally, we shall use the weighted L?-space defined as follows, for any 1 < p < 400,

LPR?):={f |G 1 feLP(RY)) (14)

. . 1
with corresponding norms | fy, p := |G~ 2 f1,.
We are now able to state the main result of this paper:

Theorem 1. Letax e R, 0 <s <1and0 <y < % There exist &g > 0 and K > 0 such that, for any 0 < ¢ < g, if

1. bg belongs to L2 (R*) N LL(R?) N H*2(R?) with |bolw 2 < &, [bolw.co < &, and G~V by belongs to LI (R?)
for some q > max(4, %),

2. g belongs to L2 (R*) N H (R?) with |Wol|w,2» < & and [go o =0,
then there exists a unique solution (b, w) of (10) with initial data (by, Wwo) such that

be L2 (RT; HSP2(R?)),
G~ 2bhe L®RY; L2(RY) N L®(R2)), G2 Vb e L®

1.

2. o (RT; L1(R?)),
3. we LR HS(R?)) NLE (RY; HSTI(RY)),

4.

loc

G~ e L2R*; L2(R2) N L2(R*; L2(R?)), G~V € L2(R*; L2(R?)), G2 |¢|b € L2(R*; L2(R2)).
Moreover this solution satisfies |W(t)|y 2 < Kee VT, for any t > 0.

Theorem 1 shows that Oseen vortices, which are self-similar solutions of the density-dependent Navier—Stokes
equations, are stable with respect to small localized perturbations of the density and the vorticity. It is very important
to note that we do not make any smallness assumption on the parameter @ € R so that we do treat Oseen vortices with
arbitrarily high Reynolds numbers |«|. However, unlike in the homogeneous case [8], we are not able to consider large
perturbations of the vorticity, due to the lack of appropriate Lyapunov functions for the density-dependent system, and
unfortunately, in Theorem 1, the allowed size g( of the perturbations is a decreasing function of the Reynolds number
|| tending to zero as || goes to infinity.

Without loss of generality, we assume in Theorem 1 and throughout this paper that the vorticity perturbation w has
zero average. Indeed, if w = « G + w with w small and § := fRZ w # 0, one can always rewrite w = (o + )G 4+ w with
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w small and fRz w = 0. This zero-mean condition is preserved under the evolution defined by (10) and is necessary to
show that w(7) converges to zero as T — 00, i.e. to obtain an asymptotic stability result for the vorticity.

To make this asymptotic stability more concrete, we express it now in the original variables. Under the assumptions
of Theorem 1, if (p, w) is the solution of (3) defined by (7) with w =G + w and r = ﬁ, then the vorticity w (¢, x)
satisfies

2 c
13¢5 (w(t) — 2% ()], < =izl

Moreover this implies

1 C
77 () —a0f 0], <=L,

11 C
17 — aub ta
1274 |u(t) —au (z)|q <

=% and [wC (1), =
th(%fé). In contrast, since the density perturbation % — 1 is just transported by the divergence-free velocity field u,
formally it remains constant in law, thus in any L?”-norm.

The rest of the paper is organized as follows. In a preliminary section, we collect estimates on the Biot—Savart
kernel, thus on the velocity in terms of the vorticity, and on the pressure. In the second section, we establish various
estimates for the solution of a linearized density equation. Similarly, in the third one, we study a linearized vorticity
equation. The final section is devoted to the proof of Theorem 1.

However there is another underlying structure that the reader may find useful to keep in mind. Indeed, to establish
the existence part of Theorem 1, following [1], we build a sequence of solutions of a linearization of (10). In order
to show the convergence of this sequence, we will use local-in-time estimates in Sobolev norms for solutions of
this linearized system. To be more precise, in a first step, we establish global estimates for solutions of the linearized
system, which control the density in weighted L? spaces and the vorticity in H'. In a second step, we use the previous
results to prove first global estimates of the density in H>~¢ (with a loss of regularity), then local estimates of the
vorticity in HS*!, and finally local estimates of the density in HST2. Then we use these results to establish the
existence and uniqueness parts of the theorem via estimates on differences of two solutions. In both second section
and third section, where we study the linearized density and vorticity equations, we shall clearly indicate which
estimates are needed for the first step and the second step respectively.

Let us make clear that the global estimates show decay in time and enable us to keep some quantities small, leading
to stability, whereas the local estimates are only used to show the existence for all time of a unique solution, allowing
growth in time but precluding blow-up in a finite time. It should also be emphasized that since we consider infinite
energy solutions even the existence for small time was unknown. Actually, concerning local existence, one should also
note that the localization of the vorticity necessary to obtain a decay rate is also useful to get low regularity estimates
of the velocity field as provided by inequality (21) below.

In what follows, the original (and physical) time will never appear again, so for notational convenience henceforth
we use the letter ¢ to denote the rescaled time 7.

forany 1 < p <2,2<gq < +o00, t > 1. Note that self-similarity implies lw® ®lp = ct ¢

1. Preliminaries

If f is integrable over R?, we define its Fourier transform to be the function f defined for any € R? by

fap= f F(©)e'mtde.
RZ

Concerning function spaces, we will also need the following convention. For any ¢ € R, we denote by H° (R?)
the usual homogeneous Sobolev space on R? equipped with | f| g0 := |17 f|2, where [ 1= (—A)2.
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1.1. Biot-Savart kernel

The goal of this subsection is to enable us to estimate the velocity in terms of the vorticity. For this purpose, we
collect here some estimates on v in terms of w when v is obtained from w by the Biot—Savart law. Recall that, in this
case, for almost every & € R2,

& —n?t

v(é) = £l ——zwindn 5)

. . . 1
where (x1, xz)L = (—x3, X1), that is v = Kgg » w, where Kgg is the Biot—Savart kernel Kgs(x) = %I))CW Also note

that in terms of Fourier transform, (15) becomes

B(n) = Inpw(n) (16)

Most of these estimates are already known, but for the sake of completeness we try to give proofs rather than references
whenever this is not too long.
The following proposition gathers estimates in L”-spaces.

Proposition 1.

l. Let 1 < p <2 <q < +00 be such that 1 + % = % % There exists C > 0 such that, if w belongs to L? (R?),
then (15) defines a v in L4(R?) and

|U|q < C|w|p- 17)

2. Let1 < p<2<qg<+ooand0 <6 <1 be such that = 0 % = % There exists C > 0 such that, if w belongs to
LP(R?) N L9 (R?), then (15) defines a v in L>°(R?) and

[vloo < Clulplwly™. (18)

3. Let 1 < p < +00. There exists C > 0 such that, if w belongs to L? (R?) and v is defined from w by (15), then Vv
belongs to L (R?) and

[Vul, < Clwlp. (19)
In addition, in all cases, we have divv = 0 and curl v = w.

Let us emphasize that we do not estimate v in L2(R?). Indeed, one can easily derive from (16) that to make v
square integrable one must assume that w has zero circulation, that is fRZ w = 0. This would exclude Oseen vortices.

Proof. Part 1 follows from a Young-like inequality called Hardy-Littlewood—Sobolev inequality (see for instance
Theorem V.1 in [13]). Indeed, Kps is weakly L? but not square integrable.
Part 2 is trivial when w = 0. If not, we remark that from Holder’s inequalities, we obtain

1 1 1
vol <5 [ loE-mlans o [ fue =l

{InI<R} {InI=R}

_2 1
< Clwl,R'™7 + Clw|,—— -
R?™

for almost every £ € R? and any R > 0. Aiming to optimize this inequality, we choose R = (%)/3 with g = 2/1;—3 =

=377 and derive (18).

Part 3 holds since differentiating (15) yields that Vv is obtained from w by a singular integral kernel of Calderén—
Zygmund type (see Theorem I1.3 in [13]). O
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The following proposition gathers estimates in Sobolev spaces.
Proposition 2.
1. Let s € R. There exists C > 0 such that, if w belongs to H*~Y(R?), then, if v is defined by (15), v belongs to
H’ (R?) and
Wlgs < Clwlgs-1. (20)

2. Let0 <s < 1. There exists C > 0 such that, if (1+|&|)w belongs to L?(R?), then, if v is defined by (15), v belongs
to H*(R?) and

vl gs <CJ(1+ EDw],. @D

Proof. Part 1 is a direct consequence of the Fourier formulation (16).
Part 2 is thus reduced to estimate |w|gs-1. If 0 <s < 1, we note that

2 e[ BOF <C/ ()

i =C [y de<c [ R desc [ lae)ae.

R? 1§11 €11

|w

The second term of the right member is dominated by |w|%. Choosing p such that p > % and applying first Holder’s
inequalities then Sobolev’s embeddings, we obtain for the first term

() A A
/ P 95 S CIl, < Clbl.

€11

Finally, gathering every piece yields

Wi < Cli, +Clwl3 < C|(1+ € w]

This concludes the proof. 0O
1.2. Pressure estimates

Keeping in mind Eq. (13), we gather some estimates for a solution /7 of the following equation:
div((l +b)VH) =divF. (22)

We begin with estimates in L”-spaces.
Proposition 3.

1. Let 1 < p < +o00. There exist C > 0 and k > 0 such that if F belongs to LP(R?) and b to L (R?) with K|bloo < 1,
then (22) has a unique solution I1 (up to a constant) such that VII belongs to LP (R?), and

IVIT|, < [Flp. (23)

1 —xlbloo

2. Letl < p<4ooandl < q,r < +oo be such that % = %+ %. There exist C > 0 and k > 0 such that if F belongs
to L1(R?) and, for i = 1,2, b; belongs to L (R?) N L? (R?) with k|b;|so < 1 and IT; solves

diV((l + bi)VUi) =div F,

then V(ITy — ITy) belongs to L” (R*) and

|V, — )|, < 5|ba = bil,|Flg. (24)

<
(1= «lbloc)
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Proof. To prove part 1 we want to obtain VIT, the solution of (22), in terms of F as a perturbation of Leray projectors.
Let P be the Leray projector, that is the projector on divergence-free vector fields along gradients, and let Q =1 — P.
Remark that QF gives the solution VIT of (22) when b = 0. Now we can rewrite (22) as

divVII =div(F — bVII)

then VIT = Q(F — bVII) thus I+ Qb)VII = QF. Since Q is continuous on L”, there exists k > 0 such that
1Qbf 1y < klBlool f1,

for f € LP?(R?). Thus, if k|b|sc < 1, I+ Qb is invertible on L?, and
VIl =(1+Qb)"'QF (25)

gives the unique solution, with the expected bound.
To prove part 2 reminding (25) we write

VT = 1+ Qb)) ' (I+ Qby)(I+ Qb)) 'QF,
VI, = I+ Qby) '+ Qb))d + Qb)) 'QF
then subtracting and factorizing yields
V(IT, — M) = I+ Qb2) " 'Qb1 — b))+ Qby) ' QF.

Now the continuity of the operator Q on L” reduces (24) to an estimate on |(b; — b2)(I + Qb)) 'QF]|,. At last
applying first Holder’s inequalities then the continuity on L9 concludes the proof. O

In order to estimate solutions of (22) in Sobolev spaces, we first state some useful commutator estimates of Kato—
1
Ponce type (see [9]). Let us recall that / = (—A)z.

Lemmal.letO<s<lando > 1.

1. There exists C > 0 such that if I* f belongs to L>*(R?) and g to H® (R?), then I*(fg) — fI°g belongs to L*>(R?)

and
|I°(fg) — fI°g|, < C|I° f|,lgluo. (26)
2. There exists C > 0 such that if I* f belongs to H° (R?) and g to L*(R?), then I*(fg) — fI°g belongs to L*>(R?)
and
[1°(f8) = FI°8, <C[I* f| o I8 2. 27

Proof. Let us first note that there exists C > 0 such that
A1y < Clhlge,
for any h in H° (R?). This comes applying Hélder’s inequalities to
A 1 [N
fhon|dn= [ (14 1P )| .
/ (1+1n1%2
R? R?

Therefore in order to prove the lemma it is sufficient to establish

[I°(fe) — fI°g|, <C|I° f|,1 11, (28)
[I°(f9) — f1°g|, < C| " f], Il (29)

Now set h = I°(fg) — fI°g. We have

hn) = f(w =) @80 — o) de

R2

(2m)?



L.M. Rodrigues / Ann. I. H. Poincaré — AN 26 (2009) 625-648 633

for almost every 7 € R?. Thanks to the following basic fact:
[l =P <=0, 0<s<1, (30)

for n, n’ € R%, we obtain

A 1 oA R
| < f@PU@nmm—cwﬂ.
RZ

(2m)?
At last depending on how we apply Young’s inequalities we obtain either (28) or (29). O
We now state the announced estimates in Sobolev norms.

Proposition 4. Let 0 < s < 1 and o > 1. There exists C > 0 and k > 0 such that if F belongs to H® (R2), b to L®(R?)
with k|b|se < 1 and I°b belongs to H (R?), then, if IT solves (22), I*VIT belongs to L*(R?) and

s ¢ S 1_ s
|1°vi|, < T <|1 Fl,+ 1—/<|b|oo|l b|Hg|F|2>. (31)

Proof. Applying I° to (22) and commuting b and /° yields

div((1+b)VI*IT) =div([b, I'|VIT) + div(I° F).
Applying then (23) to this equation we obtain

C

rvio|l, < ——(|I'F b, I*|VII|,).

Now using first (27) then applying (23) once again yields
C
b, I*|\VII|, <C|I°b| ., |V < ——————|I’b| ,,, | F|>.

|[ ] |2 | |H | |2 l—K|b|oo‘ |H | |2

Gathering everything leads to (31). O

2. Density equation

In this section, we gather information on the following linearization of the density equation:

8tb+<<v— %g) -V)b:O (32)

where ¥ is a divergence-free vector-field, « € R and v = avf + 9. By linearization, we mean that we do not assume
that v is obtained from a solution w of the vorticity equation in (10), which involves b.

Actually in the cases we will consider v — %S generates a flow since Vv belongs to L%OC(R"’; L>®(R?)) (and
v belongs to Lﬁfc(R*; L>(R?)). Thus our point is not to prove the existence of a solution to (32) but to establish
bounds for such a solution.

We begin with estimates in LP-spaces, weighted or not. We recall that L} (R?) for 1 < p < oo is the weighted

space defined in (14). The next proposition is the density part of the announced first step of the proof.

Proposition 5. Let T > 0. Assume that v is a divergence-free vector field belonging to L*>(0, T; L°°(R?)). Then b, the
solution of (32) with initial data by, satisfies

1. forany 1 < p < 400, provided by € L? (R?),
|b@)|, < lbolpe™ 7. for0 <t <T: (33)
2. forany 1 < p < 400, provided G*%bo € LP(R?),

b(@)] < Ibolw, pe 7es 0 PORds  for0 <t < T, (34)

w,p
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Proof. In order to prove part 1 for 1 < p < 400, multiply (32) by sgn(b)|b|”~!, where sgn is the usual sign function,
and integrate by parts to obtain

d 1
swip== [ ((v=3¢)-v)er =
R2

since divv = 0 and div& = 2. Integrating gives (33) in this case. The case p = oo follows letting p go to infinity.
To prove the weighted part of the proposition for 1 < p < 400, start as in the former and obtain

bt = —R/ G€<<v - %s) -V>Ib|p =R[ G”(is (v— —s) - 1>|b|1’

since VG™% = G~ 7 2&. Now, since & L vO (£), we have

P
1
1 1 1
<V($) - §5> (@) — gl < 5|ﬁ(§>|2

hence

P~
|b|w p < (—1 + §|v|§o>|b|5,p.
Again integrating achieves the proof for finite p and the case p = 400 follows letting p go to infinity. O

The next proposition corresponds to the density part of the announced second step: local-in-time estimates in
Sobolev norms. In order to prove some part of it we will need the following commutator lemma.

Lemma 2. Let s > 1 and o > 1. There exists C > 0 such that if 1* f belongs to L*(R®) and g to H° (R?), then
I*(fg) — f1°g belongs to L*(R*) and

\I°(fg) — fI°g|, < C|I* f,l8lue + CIV flue |IF gl (35)
Proof. The proof is essentially the same as Lemma 1’s except that here (30) is replaced by

161 = 18| < Cle = &1(1g = &' PTH 18P, forg &' e R2. (36)
Note that we could have obtained, as in Lemma 1, various estimates depending on the way we apply Young’s inequal-
ities. O

Proposition 6. Ler T > 0.

1. Let 0 < s <2 and 0 < € < 5. Assume v is a divergence-free vector field with Vv € L'(0, T; H' (R?)). Then there
exists Ct > 0 independent of ¥ such that, for any initial data by € H*(R?), any solution b € L>(0, T; H*~¢(R?))
of (32) satisfies

L 2
b®)] 5 < Crlbolps exp((cT/\Vv<r>|H.dr> ) for0<r<T. (37)
0

2. Let s > 2. Assume v is a divergence-free vector field with Vv € LY, T; H*~Y(R?)). Then (32) has a unique
solution b € L0, T; H (R?)), for any initial data by € H* (R2). Moreover there exists C > 0 independent of by
and v such that b satisfies

t

|b@)| s < C|bo|Hse%fexp<c/yw(z)ym_ldr>, for0<t<T. (38)

0
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Proof. We refer to Theorem 0.1 in [2] for the first part of the proposition. Let us only add that here we apply the
former theorem witho =s,e =¢c¢and p=r =pr = r2 =2.

To prove the second part, we start computing [/°, ] f==5I $=2div £, for any vector field f. Thus applying I°
to Eq. (32) and commuting yield

1
I°b+ <<v - 55) -V)]Sb = %Ifb —[1°,v]- Vb.

Then multiplying by I°b and integrating lead to

—/1%[15, v]- Vb

R2

|ref; -

2dt

since divv = 0. Now use Cauchy—Schwarz’ inequality and apply Lemma 2 (witho =5 — 1) to get
1d, 2
EE IYb‘Z ‘I b’z C|VU|H_3 1|b|H_s

At last combine the former with 1 3 |b|2 3 |b|2 0 to obtain

1d s—1
—— b3 — T|b|%,s < CIVV| ys=1|bl3ys

which yields (38) by a mere integration. O

The last estimate we state for the linearized transport equation (32) is intended to be used for the proofs of the
convergence of our iterative scheme and of the uniqueness of our solutions. Indeed we estimate the difference of two
solutions of equations of type (32).

Proposition 7. Let T > 0. Assume that, for i = 1,2, V; is a divergence-free vector field belonging to
L2(0, T; Whoo (R2)). If, for i = 1,2, b; is a solution of

() oo

where v; = av® + U, with initial data by, then by and by satisfy

1. provided that G~ 5 Vb belongs to L (R?), for some 1 < p < +00,
(Vi0)],, < Vol pe ™ 72 b R B0 s o 19016 ds (39)

fori=1,2and0<t<T
2. provided that G_%bo belongs to L?(R?) and G2 Vb belongs to L1(R?), for some 1 < p < q < +00,

t

2
(b2 = b)(®)],,, < et OO sup |9y (s)], [ (2 —1)(s)], ds (40)
P 0<s <t
0
for 0 <t < T, where r is such that % = é + %

Proof. In order to prove the first part of the proposition, we start differentiating the equation for b; to get for j =1, 2,
1 1
0,0;b1 + ((vl — 55;') . V)ajbl =—0;v1- Vb1 + zajbl.
From this, following the proof of (34), we obtain for j =1, 2,

d P, D,
E|8jbl|5,p < (—1 + 5 + §|V1|go)|8jbl|5,p + pIVile| Vb1 .
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Now combining the inequalities for j = 1, 2 and integrating lead to (39).
Then to prove part 2 observe that b, — b satisfies

1 O
0 (b — b1) + ((Vz - 55) : V)(bz —b1)=—2—1y) - Vby.
Now following again the proof of (34) yields
d J22 —1 - -
E|5b|5],p < (—1 + gl\&lio)lr%lﬁ,p + pI8bli p VD1 g |02 — Dilr
where §b = by — by. It is now straightforward to derive (40). O
3. Vorticity equation
As announced, we now study a linearization of the vorticity equation:
b — (L —a D)W + (- V) =div(b(Vw + VIT)) 1)
where £ and A are as in (11), b is a real function, ¥ is a divergence-free vector field, @ € R,

U= Kpgs* W, v=av’ 4+,
w=oG+w, v=av’ 4+,
and VIT is obtained by solving
div((1+b)VIT) =div((1 + b)Av— (v- V)v). (42)

Remind that we always assume [, o = 0.
3.1. Weighted estimate
In this subsection we establish a global-in-time estimate in weighted L>-spaces.

Proposition 8. Let o« € R, K¢ > 0. There exist g9 > 0 and C > 0 such that if b is a real function and v a divergence-
free vector field such that

1. forO<t <T, forany 1 < p <400, 2< g < +o0o,
_L _L
@], <lbolpe™ 7, [b@®)], , <lboluge 75

2. forO<t<T,
t
[P()], <K TP
v g 0> |v|oo\ﬁ
0

3. and
|bolw,4 < €0, 1bolw,c0 < €0

then any solution w € L*°(0, T sz(Rz)) of (41), with initial data w € L%} (R?), satisfies, forany 0 <t < T,

t
~ 2 ~ ~ ~ 12 ~
O, ,+ c/(|w|2w,2 + Vil 5+ |IElD], ) <2lwol;, 5+ Clellbolu,a- (43)
0
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Note that the assumptions on b corresponds to the first proposition of the previous section. Note also that once
o and Ko are fixed, since Lw is embedded in any L?, 1 < p <2, and H' is embedded in any L9, 2 < ¢ < oo,
inequalities (18) and (43) enable us to make f() |v|2 as small as we want provided we take wg and by small enough.

At last note that the proposition enables us to bound fo V3|2, which can be used in (37).

H”

Proof. Our strategy is to multiply (41) by G~ and integrate to bound % |w |3) »- In what follows, we examine each

term arising once multiplied by G~ !4 and integrated on R.

e Letus emphasize first that (41) preserves [p> w. Hence [po w =0.
LetL := -3 (- E)Gz A direct calculation shows that L = —A + ﬂ — % is a harmonic oscillator with spectrum
{0, é, 1, g, . .}. Moreover 0 is a simple eigenvalue with eigenvector G 3 . In particular, if f belongs to the domain of L

with fR2 G? f =0, then fRZ fLf > %|f|§. Coming back to £, we obtain: if G™1w belongs to the domain of L with
Jr2 W =0, then, forany 0 < y < %,
—1~ _l _ ~12 —1~
G wlw < 2(1 Mwly,+v | G wlw
R2 R2
thus integrating by part from the formula for L

1
/G‘lzi)ﬁﬁ) S—50- 20Dl — V(|V(G_% )|2 + ‘EJ’D

R2

w,2)

and expanding

1
/G*‘uvcuvg ——( =2l , -y (IVDl,, +2 |§—| +2/G*‘vw-§w
2 ’ N 4
R2 ’ R2
hence
I 1 - IEI
G w£w<—§(1—2y)|w|w’2 IV w2+ . (44)
R2
e Recalling that Aw = v - Vib + ¥ - VG, we obtain
/G*la)Aa)zo. (45)
R2
Indeed, from vG(“g‘) 1 & and vVGl= —%G’l, we derive
1
/G*lu“)vG-va)z——/G*‘éuGJ)z:o.
2 2
R2 R?

And, on the other hand, using the identity nt-&=—¢% .7 and the explicit formula (15) for the Biot—Savart law, we
derive

/G’ld)ﬁ-VGz—/w(g)ﬁ(E)Edé

R2
1
__L // ”)l C = E Gy anae

R2 xR2

L /f w(n)dnds

R2><R2
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/ / s dids

R2><R2
= —/G’]u”)f)-VG.
R2

Thus [ G~'id - VG =0.
e Using Holder’s inequalities, we also obtain

==

o Integrating by part, we obtain

-2~ I _.
W] <6513, |D2 5 + ﬁ|Vw|2w’2.

1
fG_ldeiv(bVﬁ))z—/G_lbWzMz—E/G—lbﬁ,g.vuj

R? R2 R2

then, using Holder’s inequalities and the fact that |b(f)]so < |D0]0o,

‘ / G lwdiv(bVw)

e In the same way, since |b(t)|2 < |b()|2€ , we have

’/G lﬁ)dlv(bVG)‘

bé Vw+4/
R2 R?

thus

’/G‘lﬁ)div(bVG)‘ < Clbola(e™ + IVBI;, , + D3, ).

5 . 1 -2
< Z|bo|oo|Vw|i,2 + Zlboloollélwlw,z-

_L ~ ~
< Clbolae™ 2 (Vw2 + [Wlw,2)

(46)

(47)

(48)

o Finally, integrating by part, using Holder’s inequalities and applying inequality (23), we obtain, for by small enough

in L,

1
’/G L div( van)‘ ='§/G1ba)g-vin+/G‘bvw-vin‘

R? R2

< C
<—
1 —«lboloo

+ [bolw.aeX0e™ T |a(1 + ) AvS — (v V)ul,).

Now, on one hand, since |b(t)|c < |bo|co, €stimate (20) yields
|(1+b)AD|, < C(1 + |boloo) I VD2
On the other hand, similarly, we have

|(1+b)AvE |, < C(1 + |boloo)-

At last, Holder’s inequalities, estimate (19) and Sobolev’s embeddings yields

|- V)|, < C(lel + 19ls) (lee] + [iD]g) < C(Jeel + 1Bs) (lee] + D] g1 ).

Taking this into account yields when « |bg|co < %

(|1g10],, 5 + 1V®lw,2) (1bolw,coe™[(1 + b) AT,



L.M. Rodrigues / Ann. I. H. Poincaré — AN 26 (2009) 625-648 639

‘/G Lo div(bVIT) | < e 2C|a|eK0|b0|w4(l+|oz|+|v|g)
F1P,  CeXolbgly a(1+ ol +19]5)
+ |Vw|w,20e’<0(|bo|w,oo + 1bolw,4 (1 + lee| + [713))
~12
+ 15101, ,CeX0 (1bolw,00 + 1bolw 4(1 + lal)). (49)

It only remains to us to gather everything after setting y = i in (44) and integrate in time in order to obtain, when
K1boloo < %,

t t
|a)<z)|2w‘2<1 —12/|ﬁ|§0> +cf|w|%,,,z(1 — 5o lbol, 4 (1 + lal + [715)°)
0 0
+ cf IVl 5 (1 — X0 (1bolw,oc + 1boluw.a(1+ ler] + [T]s)))

+C / 16183, (1 = % (1b0lu,0 + Bl (1 + [a)))

~ ~ \2
<ol 5 + Clallbolw.ae® (1 + || + [ls)

which yields the proposition since fo |v|2 ﬁ O

3.2. Sobolev estimate

In this subsection we prove a local-in-time estimate in Sobolev norms for solutions of Eq. (41). Remind that
1
I =(—A)z.

Proposition 9. Ler 0 <s <1, 1 +s <s' <2, 1 <s5” <2 — s and o € R. There exists &g > 0 and, for K > 0, there
exists C > 0 such that if b is a real function and v a divergence-free vector field such that

sup |bloo < [boloo < €0, sup |b| v <K,
[0,T] [0,T]

T
sup [, < K, /|w|2wz<K,
[0,T]

0
T T

2 ~12
/|Vw|2<K, /|V|OO<K,
0 0
T

sup | I* ‘)‘2 €0, /‘I“‘H( <K,
[0,7] o

then any solution w € L*°(0, T, H* (R?)) of (41), with initial data g € H*(R?), satisfies forany 0 <t < T,
13
1P a)|; + cf|1~?vw\§ < CeC!(| il + K). (50)
0
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Note that (33) and (37) can provide us the validity of the assumptions on b, and (43) both the validity of the
assumptions on w and, thanks to estimates (18), (20) and (21), the validity of estimates on v when ¥ = v. Conversely
(50) can be used in (38), again when U = v.

Proof. We choose o suchthat 1 <o <1+s,5+0 <s’ and o <s”. The only role of o is to make clearer our use of
commutator estimates (26) and (27).

Our strategy is to apply I* to (41), then multiply by /°w and estimate each term arising, in order to bound % [Ifw |§.
e First we compute the commutator [/*, £] = 51° and obtain

/1% 1%@:—/|W%}2+ l;rs /|I‘Yu”)|2 (51)
R? R? R?

since integrating by parts yields [g» fLf =— [p2 IV fI* + % re 1%
e On one hand, we have

/Isﬁ) 13((v0.v)w)=/1~“u~) (vG-v)15w+/1Suv ([75.v°] - V)w

R2 R? R?

with, integrating by parts,

: ‘ 1 ‘
/mz) (0O - V)i = E/(UG V) |[rFaf =0
R2 R2
and, using Holder’s inequalities and inequality (27),

/1%:) ([7°.vC]- V)W

R2

< C|IPw], | PO, Vi),

On the other hand, we have

/mz; 1-*((17-V)G)=/1%z; (ﬁ-V)ISGJr/ISw ([7*.9]- V)G
R? R? R?
with, using Holder’s inequalities,

/]Sﬁ; @-VI'G

R2

< C|IFwl, ||| VI° G,

and, using both Holder’s inequalities and inequality (26),

/zsw ([1°.5]- V)G

R2

< C|I'w|,|I°],IVG|yo.

Using estimate (21) and estimate (18) combined with Sobolev’s embeddings, we derive

/Isw ISAuv’ < (1Dl 5 + IVD3). (52)
R2
o In the same way, we have

/Isﬁ) -V =0

R2

and, applying Holder’s inequalities and inequality (26),

‘/ISVzI)-([IS,D]zb) SC|I°Vu |, | IV, W] go
R2
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thus, since 0 <o <1+,

‘/1% (- V)ﬁ))‘ <C|Io|, |V f; + C| P, o
R2

e Integrating by parts yields

/Isuv I8 div(quU)=—/b|1“Vu";|2—fISVu~) [1°,b]V.
R2 R2 R2

Applying (27), we derive
C
‘/1% I’ diV(qu?)‘ < (1boloo + e)|13vw|§ + — B340 VD3
e
R2
where ¢ > 0 is intended to be chosen small enough.

e Similarly,

S . 1
‘ /ﬂw r dlv(bVG)’ < (Iboloo + €) | I* Vb |3 + c<|b0|oo - E|b|i,x+(,>.
R2

o First, integrating by parts yields

flszb I div(bv+11) =—fISVzI)-bISVLH—fISVzI)-([Is,b]VLH)
R2 R? R?

with, using Holder’s inequalities,

‘/Isvw.blfwn’ <PV, lbole|1°VT|,
R2

and, using Holder’s inequalities and inequality (27),

‘/F‘va}-([ﬂb]VLn) < C|E Vb |, bl gs+o | VIT 5.
R2

Besides, on one hand, estimate (23) applied to Eq. (42) and Holder’s inequalities imply

IVIT|2 < C(loe| + lee* + |AT]o + [l [V ]2 + [Doo V]2 + o] P]oc)
thus with estimates on Biot—Savart kernel
V| < C (ol + [t [Bloo + a2 + (jorl + [Dloc) 112 + [V ]2).
On the other hand, estimate (31) applied to (42) and Holder’s inequalities imply
|V IT], < C(Ibl o VIT 2+ | I (14 B)Av) |, + I (v - V)vl, )
with, commuting /* and b thanks to (27), after some calculation,
[1°((1 +b) Av) |, < C1b| yso (l] 4 [ViD]2) + C (1 + [boloo) (Je| + |[I° Vi)

and, in the same way, commuting /* and v,

|5 (- V)|, < C(leel + | 1°9] o ) (lee] + [012) + C(lee] + [T]o0) (letl + |1°B)],).

Therefore, gathering these inequalities,

641

(53)

(54)

(55)
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‘ /Iw r div(van)‘ < C| P 1bolos (J? + 1512) + C| P Vi 3 (1bolos + )

R2
1 N NP N

+ C1b3;540 (; + |bo|oo>(|oz|2 + el 912 + lal* + (Jof* + [912.) 1915 + [V 13)

+ Clboloo (| (1 + 1bol% + la? + [71%)

+ (lal? + |53 ) (1 + [B13) + 162000 (1) + [V 3)). (56)

Putting all these points together and integrating yields

t
ymz)@ + C/\1~Yvw|§(1 — 1boloo (1 + let]) — [S(l).l[}‘[sﬁ‘z)
N3
0

t t
~ 12 ~ 12 ~ ~
< |Ifwo|2+c/|lfw|2(1 +|bo|oo|v|§o+|a|<1 +|bo|oo/|v|§o|a||bo|oo>>
0 0

t
4 [ 192 (1bolela + (1ol + sup 3) (1 -+ boloc) sup 6F3..c
[0,7] [0,2]

+C/|vw|%(|a|+(1+|bo|oo) sup [b13;0:. )
[0.7]
0

+c/|w|w2 el + 6ol + Supl 3] + (1 + Ibolo) sup b7 )

+Cf|1‘ o boloc (1P +sup|w|2)+Cr|a|( + ol )(1+|bo|oo)(1+[s31;;|b|%,s+n).
N

A Gronwall-type argument achieves the proof. O
3.3. Estimate for convergence

We now establish an estimate on the difference of two solutions of equations of type (41), intending to prove
convergence of our iterative scheme and uniqueness of solutions of (10).
For i =1, 2, consider

d i — (L —aA)i; + (3 - V)W = div(b; (Vw; + VIT;)) (57)

where £ and A are asin (11), b;, ﬁi are real functions, @ € R,

= Kps * W, U; = KBs * £2;,
v =av? + 7, v =av? + 7,
w; =aG + w;, 2; =aG + $2;,

and VIT; is obtained by solving
div((1 + b)) VIT;) = div((1 4 b;) Av; — (v; - V)vy). (58)

Note that we choose to write b = Kps  §2 to stress the symmetry of the hypotheses on 2 and .
In what follows for concision’s sake we denote 6f = f> — fi for any functions fi, f>.
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Proposition 10. Letx e R, K >0, 0 >2, 0<n<s <1 and max(%, 4) < p < +o00. There exists ey > 0 and, for
K', T >0, there exists C > 0 such that if w1, Wy satisfy (57) with

L. 1bolw,4 < €0, |bolw,c0 < £0;
2. forO<t <T,fori=1,2, forany 1 <r <400,

(B0, <lbole™7, B0, < Klbolure ™7

3. forO<t <T, fori=1,2, |bj(t)|go < K';
4. forO <t <T, fori=1,2,

t
|§i(t)|2w,2 +/|V§i|i,2 < €0,
0

|$2:(1)

'

HS+/|WZ|%,S <K/,
0

5. forO<t<T,fori=1,2,

t
NT g
[wi (1], +/ Vi[5, 5 < 0.
0

t
B0+ [ 1V <K
0
thenforO <t <T,

t
|3111(t)|12,),2 + C/ |8ﬁ}|2w,2 + |V(5’1’)|i;,2 + ||§|(811))|120’2
0

t
< C/(l D115, + Vi30) (18615, , + 18213 5). (59)
0

Proof. Combining (60) fori =1, 2, we derive

3 (8W) — (L — a A) (W) + (2 - V) (W) — div(b2(V(8w) + VIT))
= —((89) - V)i +div((80)Vwy) + div(b2VER) + div(b2 V- (8S)) + div((8b) VA IT}) (60)
with I7, R, S1 and §; obtained by solving

div((1 +bo)VIT) = div((1 + b2) A(89) — (W2 - V)(8D)),
div((1 +b2)VR) = div(—a (Y - V)(80) + (8b) ATy — ((67) - V) 1),
div((1 +b)VS;) =div((1 +b1)Avy — (v1 - V)vy), fori =1,2.

Note that IT) =IT + R + S; and IT; = S.

Our strategy is again to multiply (60) by G~!(8w), integrate on R? and estimate each term arising to bound
% |[6w |ﬁ}’2. We deal with each term coming from the left member of equality (60) as we did in the linearized vorticity
equation (41). Let us only show how to deal with the other terms.

First of all, let us emphasize that |G"V(G” f)|% is controlled by |Vf|§}‘2 + ||§|f|12%2 provided that r +r' = —%.
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o First integrating by parts and applying Holder’s inequalities, we obtain

/G‘l(éﬁ))div(ﬁ)l((ﬁ))‘ < |GV (G )|, |62 |, 1871,
R2

where 2 < g < +00 is such that % + % = % Then using (17)
oy e (o on 1 1en C ~
‘ / G~ (8w) div (i ((Sv))‘ <e|G2v(G l(5w))|§ + ;|w1 b 1882055 (61)
R2
where ¢ is intended to be chosen small enough.
e Similarly, with the same ¢, we also have

1 1
/G*‘(aa))div((ab)vm) < |sz(G*‘(5uv))|2|G*z(5b)|p|Vw1|q
R2
thus using Sobolev’s embeddings

C

/G’I(Su”))div((ab)le) < 8|G%V(G’l(6ﬂ)))|§ + = |Vwi 318015, , (62)
e .

R2

where ¢ is again intended to be chosen small enough.

o In quite the same way, we obtain

< ClG2v (G (51))

|, 150100l VR

/G_I(Bﬁ)) div(b,V1R)
R2

With pressure estimate (23), estimate on Biot—Savart law (17), Holder’s inequalities and Sobolev’s embeddings we
can derive

w,00

C
/G—l(m)div(bvaR)‘ < g|G%v(G—1(5w));§+ ;|b0|2 |Viby (3 18b1,
R2
C - C - ~
+ ;|a||bo|%u,w|6w|% + ;|bo|3,,oo|w1|ﬁ,,2|m|3),2 (63)

where ¢ is once again intended to be chosen small enough.
1

o Using estimate (24) instead of estimate (23) and inequalities (17) and (19), since 5 < % — -, We can obtain

1
p

’ / G_I(Si))div(bQVL(SS))’ <e|GIV (G 5w)3
R2

C
+ — b0k, o8BI [Vt 3 + 182115, 5 1wi Ty, ] (64)

where ¢ is still intended to be chosen small enough.
e At last, integrating by parts and applying Holder’s inequalities, we have

<|Gv(c 6i)l,

/ G~ (8w) div((8b)V*IT})

R2

18b1w, | VT4 \q

where 2 < g < 400 is again such that % + é = % Again with pressure estimate (23), estimates on Biot—Savart law
(17) and (19), Holder’s inequalities and Sobolev’s embeddings we can derive

_ C
<e|GAV (G @) [; + 1001, [IVun s +121 ol ] (©3)

/ G~ (8w) div((8b)V*ITy)

R2

where ¢ is once again intended to be chosen small enough.
Gathering everything and integrating yield (59). O
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4. Main results
We now use our various estimates to derive our main results.
4.1. Existence and uniqueness

Before proving a result of existence and uniqueness of solution of Eqs. (10), we state a lemma that will make a link
between norm estimates and convergence of the iterative scheme.

Lemma 3. Let T > 0 and 1 < p < +00. Let (fi) be a sequence in L (0, T; RY), and (gi) a bounded sequence in
LP(0, T; RT) be such that for0 <t < T and k € N,

t
fk+1(t)</fkgk.
0

Then ( fi) is uniformly summable, namely, for O <t < T,

D fin<Cr.

k=0

1
Proof. Using Holder inequalities and iterating yield fi(r) < K Ck(;(—k!)l_ﬁ, where C is a bound for (gr) in
LP(0,T;RT). O

We can now prove the existence and uniqueness parts of Theorem 1.

Proof. Existence. We build a sequence ((by, Wx))ren+ such that, for any k € N*,

1
Orbry1 + ((Uk - 55) 'V>bk+1 =0,

I Wir1 — (L — M) Wps1 + Bk - VIgyr = div(bg (Vwesr + V1))
where £ and A are as in (11), (v¢) is obtained from (wy) by the Biot—Savart law,
v =av® + 3, wp=aG + 1wy, forkeN*,
and (VII}) is obtained by solving, for any k € N*,
div((1 + b) V1) = div((1 4+ be) Avgst — (v - V)ver1)

with initial data (bg, wq). For k = 0, we solve the system with vg () =0 and b (¢) = 0.
Let us show how we propagate bounds on (b, Wy).
Step 1. Fix Ky > 0 and choose gy > 0 small enough. We can propagate

1. forany 1 < p < +00, 2 < g < +00, thanks to Proposition 5,

_t _L
bk, <lIbolpe™ 7, [be(®)],, , < Ibolw,ge” 7"

and thanks to Proposition 8§,

t

[ @)%, + Cy f (1xl2, 5 + IV ikl + 1€ 13|, ) < Cro (01, 5 + 10lw.4)
0

which provides us, thanks to Proposition 1 and Sobolev’s embeddings,
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[Ukls < Clwg Ig Clwk|w,2 < Ko,

t
-2 1
lelSe < € (|wk| 2+|Vwk|) min TR Ko ).
0 0

Step 2. Again choosing g small enough independently of ¢ and using Proposition 2 we can obtain, when 0 < s < 1
and 1 <s”" <2 —ys,

t t 1 t
2
1 - ~
f|Vvk|H1 <c<r+ﬂ</|m|§,l> )gc(r+f|wk|’i,l),
0 0 0

[P o), , < c|fu;<<t)|w,2 < Ckyéo,

/!I i < /(iwk|w2+|wk|> Ko

and propagate, forO <7 < T,

1. when 1+ s < s’ <2, thanks to Proposition 6,

|br (1)
2. and thanks to Proposition 9,

HY < CK(),T;

t

|I“zbk(t)|§+C/|I Vwk‘z Cko.T
0

which provides us, for0 <t < T,
t t
) s~ |2
/IVkaHm < C(l+/(|wk|2+ |1 Vwk|2)> < Ck,,1
0 0
thus, thanks to Proposition 6, for 0 <t < T,

|bk(t)}Hs+2 < CKQ,T

Step 3. We now prove the convergence of the scheme. Set (8b); = bg+1 — by and (§w)x = W41 — wk. Choose
max (4, %) < p < q. Propositions 7 and 10 give us, for T > 0, for any 0 < ¢ < T and any k € N*,

t

@B O, , +|EDn O, , < Cr / (1 el , + IVi3) (| D), , + G0 ) (66)
0

for some 0 < 1 < s such that 2 < p < —4oo0.
Now in order to apply Lemma 3 with f = |(8b)k|w »t |(8w)k|w 5> remark that

— since (G~ 2iby) is bounded in L®(R™; L2(R?)) and (V(G~21y)) in L2(R™: L2(R%)), (G~ ) is bounded in
L"(RT;LP (Rz)), for some 2 < r < +00, by interpolation and Sobolev embeddings,

— since (1) is bounded in L®(R*; L2(R?)) N L2(0, T; H**1(R?)), (Vibg) is bounded in L" (0, T; H"(R2)) for
some 2 < r’ < 400, by interpolation.

Thus (by) converges in LY R2) and (wy) in L%U(RZ), locally uniformly in time. This implies at once that (bx) and
(wy) also converges in L%(R?%). Now by interpolation



L.M. Rodrigues / Ann. I. H. Poincaré — AN 26 (2009) 625-648 647

— since (by) is bounded in H5TZ(R?), (by) converges in H" (R?), for any 0 <n' <s+2,
— since (W) is bounded in H* (R?), (y) converges in H" (R?), for any 0 <7’ <s.

These properties enable us to take the limit in the sequence of equations.

Note that we recover the regularity on the limit by a mere application of Fatou’s lemma.

Uniqueness. We obtain a bound similar to (66) for the difference of two solutions. Then Gronwall lemma gives the
result. O

4.2. Asymptotic behavior

We now state the asymptotic part of Theorem 1. Note that under the hypotheses of Theorem 1, the following
assumptions are fulfilled.

Theorem 2. Let o« € R. Forany 0 <y < %, there exist &g > 0 and K, K' > 0 such that if (b, W) is a solution of (10)
with initial data (bgy, Wo), such that

1bolw,2 < €0, 160l w,00 < €0,
~ t ~
and for t > 0, |w(t)|i)’2 + /o |Vw|i)’2 < e,

b)],, 5 < lbolwae 2, [b®)], o < Klbolw.oo-

then, fort >0, |W(t)| w2 < K'e™ V" (Jwo|w,2 + bolw,2)-
Proof. Let0 <y <y’ < % Let us reformulate (44):

IR - 1 o LI1&l -
1 2 2

/G wﬁwg—y/|w|w’2_ (5_},/) (§|Vw|w,2+§ Tw
R2

2
). 67)

w,2

Then we deal with the other terms of the vorticity equation as we did to obtain estimate (43), except for the pressure
term and

/G‘wﬁ-vw’ < Clblwa(|@l, o + VDL, 2) (68)
R2
obtained thanks to estimate (18) and Sobolev’s embeddings.

We treat the pressure term as follows:

‘/G—lwdiv(van)‘ <ClGIV(G"B)|,|G bV |,
R2

with

bV, < C(1bolwae™ 2 [a(l +b)Ave —a?(vC - V)uC|

+ 1bolw,oo| (1 + B)AT —a((v7 - V)o + (5 - VI0I) = (@ - V)i|,)

and |(1 4+ b)Ad|y < C(1 + |boly.c0) | ViD |2

(% - V)B|, < C|wC] L,

(@ V)|, < C|Vv|,[5]4 < ClD]w2.

|(@ - V)B|, < Clloo] VOI2 < C(I]w,2 + | Vi]2) ]2

This yields

1d

2dt
which integrating gives our result, since 2y < 1. O

B

(1B12,2) + v 1813, + C(IVBL 5 + |1E10]2,) < Clbol? e (69)
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