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Abstract

The paper investigates the boundary controllability, as well as the internal controllability, of the complex Ginzburg-Landau
equation. Zero-controllability results are derived from a new Carleman estimate and an analysis based upon the theory of sectorial
operators.
© 2008 Elsevier Masson SAS. All rights reserved.

Résumé
Dans ce papier on étudie la contrdlabilité au bord, ainsi que la contrdlabilité interne, de 1’équation de Ginzburg—Landau com-
plexe. On obtient des résultats de contrdlabilité & zéro au moyen d’une inégalité de Carleman et d’une analyse basée sur la théorie

des opérateurs sectoriels.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The classical cubic Ginzburg—Landau (GL) equation
oju=(a+ic)Au+ Ru— (b+ iﬂ)|u|2u, >0, xe2cRY (1.1)

plays an important role in the theory of amplitude equations, and provides a simple model of turbulence. Here,

a and b denote some positive real numbers, that actually may be set to one by introducing the new variables ¢’ = at,
/

u' =./bj/au.
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The Cauchy problem for GL has been investigated in several papers (see e.g. [3,14,15,17,19]). It has been proved
in [17] with @ = b = 1 that (1.1) is globally well-posed in some uniformly local spaces L” (£2) when p > N and

lu
(i) N <2: (i) N =3 and |a| < v/8 or —(1 + aB) < +/3|la — B; (iii)) N >4 and |a| < 2¢/N — 1 /(N — 2). On the
other hand, the well-posedness of the initial-boundary value problem for the cubic GL equation has been addressed in
[5,11]. The quintic GL equation (|u|>u being replaced by |u|*u) has been investigated in [3,14] for the well-posedness
issue.

In this paper we are interested in the control properties of the GL equation. To our knowledge, only a few papers
have been devoted to the control of that equation. In [6], the authors develop a numerical method to solve a constrained
optimal control problem for a generalized GL equation. [1] is concerned with the stabilization of the linearized GL
equation around an unstable equilibrium state. Finally, [9] contains a Carleman inequality for the operator (a +ib)9; +
» ik A (a’ ka,) (where (a/%) is a smooth uniformly elliptic matrix) and a zero-controllability result for a linear PDE
of GL type with an internal control.

The class of GL operators d; — (a + i) A contains both the heat operator d; — A and the Schrodinger operator
i0; + A in the limit a — 0. One may wonder whether the control properties of the GL equation are similar to the ones
for the heat equation, or for the Schrodinger operator. Also of interest is the study of the singular limit @ — O (resp.
a— 0).

A first observation is that the GL operator 9; — (a + i) A is hypoelliptic (see [13]) when a > 0, so that the
solutions of the linear GL equation are C* smooth in the complement of the control region. As a consequence, no
exact controllability result can be obtained in the Sobolev space H*(§2) for any k € Z.

This paper will actually demonstrate that the control properties of the GL equation are very similar to the ones for
the (semilinear) heat equation. Zero-controllability results in the spirit of those in [8] will be established. Furthermore,
it will become clear that the geometry of the control region play no role in the results.

The proof of the results will follow the general pattern exposed in [10]. A linearized equation is first proved to be
zero controllable by means of some Carleman inequality. Then, a fixed-point argument is applied to extend the result
to the nonlinear equation.

The Carleman estimate proved here is interesting in its own right. Indeed, it is more precise than the one in [9] as
it contains in the left-hand side the terms u;, Au (exactly as for the heat equation). For the sake of clarity, the proof
given here is divided into two parts: the first one provides an exact computation of a scalar product, and may as well
be used for the Schrédinger equation (see [16]); the second one gives the estimates obtained thanks to the smoothing
effects of the GL operator.

The fixed-point argument applied here proves to be more tricky than for the heat equation, as many classical
properties of the heat equation (comparison principle, maximum principle, etc.) fail for GL. The smoothing effect
needed to apply Schauder fixed-point theorem is carefully proved with the aid of the theory of sectorial operators in
all the spaces L?(§2), N < p < oo. Notice also that the use of that theory allows to give almost sharp results, as far
as the regularity of the trajectories is concerned.

The paper is outlined as follows. The main results are stated in Section 2. Some background material on sectorial
operators is provided in Section 3. Section 4 contains the proof of the main result (Theorem 2.1) and of the Carleman
inequality (Proposition 4.3). Indications for the proof of the main corollary are given in Section 5. The annexe contains
some elementary lemmas.

2. Main results
Let £2 c RN be a bounded open set with a C? boundary 9£2. Let Iy C 952 denote an arbitrary open set. We
introduce the spaces
Co(2) ={ueC(R2); u=00n0df}
and
X={ueC(2); u=00nd82\ IH}.
Let f : C — C be a function such that
feC(C;C), fO=0, and f'(0)= ;iir%)f(z)/z exists (2.1)
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(i.e., f is differentiable at 0 in the complex sense). Clearly, f(z) = Rz—(1+iB)|z|*z (resp. f(z) = Rz— (1+iB)|z|*z)
are concerned.
We will consider first the following boundary control system

= (1 +iad)Au+ fu) in, 2.2)
u=1ph onosf2, (2.3)
u(0) = ug, (2.4)

where 1, (x) =11if x € I'p, 0 otherwise.
One of the main contributions of the paper is to show that this boundary control system is locally null controllable.

Theorem 2.1. Let f : C — C fulfilling (2.1). Then for any T > 0, the system (2.2)—(2.4) is locally null controllable
in X. More precisely, there exist a number R > 0 such that for any ug € X with ||ug|| L=2) < R, there exists a control
input h € C(952 x [0, T]) with supp(h) C Io x (0, T) such that the system (2.2)—(2.4) admits a solution

ueL*(0,T; H'(2))nC([0, T; X)
satisfying
u(T)=0.

Moreover, the solution u and the control h satisfy «/tu € LZ(O, T; HZ(.Q)), V1o € LZ(O, T; LZ(Q)), Jth €
L0, T; H%(G.Q)) and forall v <2, u € C((0,T]; C¥(£2)) and h € C((0, T]; C*(32)).

It is easy to see that the uniqueness of the solution of (2.2)—(2.4) in the above class holds provided that f is locally
Lipschitz continuous.

Remark 2.2. As f is only assumed to be continuous, one cannot expect more than u € C((0, 7], C 2(£2)). Since the
trajectory u provided by Theorem 2.1 is in C((0, T], C*%(£2)) for any « < 2, we conclude that the smoothness of
the trajectory given in Theorem 2.1 is almost sharp. Smooth trajectories associated with smooth control inputs were
given in [7, Theorem 4], but under the additional assumption that the nonlinear term f(y) in the Fourier boundary
conditions was of class C3.

Corollary 2.3. Assume that f(z) = Rz + u|z|*z with 0 € R™, R € R and w € C. Then the system (2.2)-(2.4) is
locally null controllable in the space LP (§2) for any p > o N, and in the Sobolev space H1(S2) for any q > % -1

(o2
provided that 20 > 1 and No > 1.

The space H7(§2) for g < 0 is defined as the dual space of the space D((—A p)!71/2) with respect to the pivot space
L2(£2).

Remark 2.4.

(1) It can also be shown as in [8] that if lim|; o f(2)/(zIn|z]) = 0, then the system (2.2)-(2.4) is globally null
controllable in X, i.e., R may be given any value in Theorem 2.1.

(2) An internal controllability result may be derived from Theorem 2.1 by an extension procedure similar to the one
used in [8, Theorem 2.2]. Pick any open set w C £2 and let us consider the following forced initial-value problem.

u=14+ix)Au+ f(u)+1,h in $2, (2.5)
u=0 onds, (2.6)
1(0) = ug. 2.7

where f satisfies again (2.1). Then for any T > 0, the system (2.5)—(2.7) is locally null controllable in Cq(£2).
More precisely, there exists a number R > 0 such that for any ug € Co(§2) with [[uollz(2) < R, there exists a
control input 2 € C(£2 x [0, T]) with supph C w x (0, T) such that the system (2.5)—(2.7) admits a solution

ueL*(0,T; H'(£2)) N C([0, T1; Co(£2))
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satisfying

u(T) =0.
Moreover, v/tu € L*(0, T; H*(£2)), /tdu € L*(0, T; L*(2)), /th € L*(0,T; H'(£2)), and for all v < 2,
ueC(0,T];C"(82)) and h € C((0, T]; CV~1(£2)).

3. Background on sectorial operators

In this section, we recall some basic properties of a sectorial operator (the reader is referred to [12] for the details).
Our focus is on the Ginzburg-Landau operator with Dirichlet boundary conditions.

We begin with a definition (see [12] or [2]). (Let us point out that an operator A is sectorial according to [12] if and
only if —A is sectorial according to [2].)

Definition 3.1. A closed operator A on a Banach space X is said to be sectorial of angle 6 € (0, /2] if there exists
some number a € R such that for any 6 < 6y, the set

b4
Yag = {)»G(C; £} -0 < |arg(k—a)| <, A;«éa}
is contained in p (A), and there exists some number My > 1 such that

jo -7 <

My
forall A € X, 9.
A —a ’
Let A be a densely defined sectorial operator A of angle 6y in a Banach space X. We recall some of its well-known
properties.

Proposition 3.2. (See [2,12].) The operator — A generates a (strongly continuous) analytic semigroup on X.

Assume in addition that o (A) C {* € C; ReA > §} for some § > 0. Then we may define the operator A? for any
y > 0 as the inverse of A™Y, where

o0
A7V = L/r”_le"” dr.
I'(y) J

The following estimate [12, Theorem 1.4.3] reveals a strong smoothing effect.

Proposition 3.3. For any y > 0 there exists a constant C,, > 0 such that

|AYe 4| < CptVe™ Wi >0. 3.1

It is well known that the negative Laplacian with Dirichlet boundary conditions is sectorial in L?(£2) for any
p € (1, 400). We extend that property to the operator —(1 +ix)A.

Proposition 3.4. Let a € R and p € [2, +00). Let A}, denote the operator Au := —(1+ia)Au with domain D(Ap) :=
W2P(2) N WyP(2) C LP(2). Then

(i) A, is a densely defined sectorial operator on LP (§2), which generates an analytic semigroup (e=Ar"y on LP(£2);
(ii) 0(Ap) C {1 € C;ReA = 8} for some § > 0 which does not depend on p.

Proof. The first part is essentially [17, Theorem 4.2]. For the second part, it is well known that the spectrum of the
operator — A with Dirichlet boundary conditions is a nondecreasing and unbounded sequence of positive real numbers

(An)n>o0. Clearly, o (Ap) = {(1 +ia)A,} C {A € C; Re A > Ao}. The result follows by taking § =40 > 0. O

Notice that a similar result holds for p = oo, provided that L°°(£2) is replaced by Cy(£2).
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Proposition 3.5. Let A denote the operator Au := —(1 + i) Au with domain D(A) :={u € Co(£2); Au € Cp(£2)} C
Co(82). Then A is a densely defined sectorial operator on Co(82), which generates an analytic semigroup on Co($2).
Furthermore, o (A) C {) € C;Re X > 8} for some § > 0.
Proof. According to [2, Theorem 6.1.9] the Dirichlet Laplacian

Au:=—Au,  D(A) :={uecCy(f); AuecC()}

is sectorial on C (£2) of angle /2. Notice that A is not densely defined. To overcome that difficulty, we change A
into A, with

Au=—Au,  D(A) :={ueCo(2); AucCo(2)} CCo(£2).

Then A is also clearly sectoria! of angle /2 on Cy($2). Therefore A = —(1 + ia) A is sectorial of angle /2 — |0|
on Co(£2), where 1 4+ ia =: pe'?, || < /2. This is because for any A € C with || + & < |arg()| < 7, A # 0,

-1
(A _ mei(arg(k)6)> H < E
0

A=A =
o 27| -

The proof is complete. O
The next result relates the domains of the operator A}/, to the classical Sobolev (or Holder) spaces.

Proposition 3.6. Let A, be the sectorial operator defined in Proposition 3.4, where p > N, and let y € [0, 1] be a
given number. Then

N N
D(A}) c Wh(2) when1—— <2y ——,q > p, (3.2)
q P
Y VO N
D(A}) CCY(2) when0O<v <2y ——. (3.3)
p

Proof. A sketch of the proof is given in [12, Theorem 1.6.1] for the negative Laplacian (¢ = 0). As the result

is crucial, we provide the details here. According to the Gagliardo—Nirenberg inequality, we have for 1 — % <

02—-N/p)—(1—-0)N/p=20—-N/p,0<6 <landg>p
lullwracey < Cllelyay o lullprlg)-
As |lully2r o) < CllApullLr(2) foru € D(Ap), we obtain that
lullwia) < CIIA MIILp(g)IIMIILp(Q) (3.4

Forany y > 6 and u € D(AH_V)

o0
_ 1
u= A[,VA}/,M = — / tyflefAl’tA}/,u dt.
I'(y) )

Applying (3.4) with v = A%u,

[e¢]

lullwia 2y < C/ ' IHA ey tv”L!’(.Q)”e_A tU”LP(.Q)dt
0
o0
< c(/ﬂ‘%f” dt) lvllLr o)
0

< C”””D(A;)
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where (3.1) has been applied twice. It follows that D(A%) c wha() continuously. The second statement of the
proposition can be proved along the same lines in using the following Gagliardo—Nirenberg inequality

1-6
el oy < Clluly o) Il 7o)

valid forv <62 —-N/p) — N(1 —0)/p =20 — N/p. The proof is complete. O
4. Proof of Theorem 2.1

Let £2 ¢ RY be a bounded smooth open set such that
Rc and 92N0R2=02\ .

Let I':z € X > Z € Co(£2) be a extension map such that z =7 in £2 and ||Z|| = ||z|| x. Introduce the spaces

folt7))
Vi=C([0, T} X),  V:=C(0,T]:C(2)) and Vo:=C([0,T]; Co(2))

all being endowed with the uniform norm.

In what follows, the letter C will denote a positive constant which may vary from line to line, and which may
depend on the geometry (f), S, etc.) or on the time 7', but not on the functions z, d, or on the number R.

To prove Theorem 2.1, we need first to establish the null-controllability of a corresponding linearized equation.

4.1. Null controllability of a linearized equation

Let g € C(C,; C) be defined as

-9 ifzs0,
g(Z)_{—ff(O) if z7=0.

For any given z € V,set 7 :=1'(z) € Vo and d := g(@) € V. We are first concerned with the following “linearized”
control problem:
For any given initial state ug € X, find a control input h such that the solution u = u(x,t) of

oou—(I+ia)Au+du=0 inQ:=82 x(,T7T),
{u:lroh on X =092 x(0,T), 4.1)
u(0) =ug
satisfies
u(T)=0. 4.2)

This problem will be solved by adapting the method developed by Fursikov—Imanuvilov in [10] to prove the null
controllability of semilinear parabolic equations.
Consider the initial-boundary-value problem (IBVP)
v —(1+ie)Av+dv=0 inQ:=2x(0,7T),
v=0 on X : =092 x(0,7), 4.3)
v(0) =uo := I"(uo)
in which the initial condition in (4.1) comes into play. We first show that this problem is well posed in V. As the result
will be needed later with a forcing term, we incorporate it now.

Lemmad4.1. Let d € 17, F e 17, and vy € Co(.{~2). Then the system

dv—(1+ie)Av+dv=F inQ,
v=0 onx, 4.4)
v(0) = vg

possesses a unique mild solution v € Vy. Furthermore, we have that

v ooy < CIvoll o) + IFI1g)e 17" vi e 0, T] (4.5)
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and
v “D(A%) < C(fyllvolle(fz) +1Fly + lIdliglvlg) (4.6)

forany p € (N, 00) and any y € (0, 1).

Proof. Rewrite the IBVP (4.4) in its integral form
t
v(t) = e Mg —i—/e_A(’_S)[F(s) —d(s)v(s)]ds. 4.7)
0

Here the operator A is as defined in Section 2, the notation A meaning that the functions on which it operates are
defined on £2. ~ 5
Define a map I" on the space Vo(T) = C([0, T']; Co(£2)) by
t
FW)(@) =e Ay, +fe—f‘<’—s>[F(s) —d(s)v(s)] ds.
0
Then
t
/e_A(t_S)[F(s) —d(s)v(s)]ds
0
< C”U()”LOO(_(}) + Ct(”F”\?O(T) + ||dv||\70(T))-

Let R = 2C(||v0||Loo(_(~2) + T||F||‘70(T)) and pick a time T’ < T such that CT’||d||‘~,(T) < 1/2. Then

[T ) < e v0] o) +

L($2)

Wl gy SR = [T @) 57y <R
1
|7 @) = P g,y < S 01 =020,

Thus, by the contraction mapping theorem, the map I" admits a unique fixed-point in the ball Bz (0) C Vo(T"). Notice
that T’ does not depend on |jvg|| LoD The solution v to (4.4) may be extended from [0, 7] to the interval [0, T'] by

a standard argument. Let us proceed to the proof of (4.5) and (4.6). It follows from (4.7) that

1
0

Hence an application of Gronwall lemma gives (4.5). Finally, (4.6) follows from (4.5) and Lemma 6.3 presented in
Section 6. The proof is complete. O

According to Lemma 4.1, the IBVP (4.3) admits a unique mild solution v € V. Furthermore, according to Lem-
mas 6.1, 6.2 and 6.3, we have that

ve L*(0,T; Hy(2)),  ~tveL*(0,T; H*(2)), and +1dveL*(0,T;L*($2))

with
lllg + vl 20,7, @) F VTV 20,72 5206y + IVl 20,7128y < €T gl x (4.8)
andv e C((0,T]; D(A;)) for all p € (N, +0o0) and all y € [0, 1) with
[ iy < CElluollx + NP uglx) - Ve ©,71. (4.9)
Let & be any function of class C* on [0, T'] such that
1 fort < %
&)= 0t t}%. (4.10)



656 L. Rosier; B.-Y. Zhang / Ann. I. H. Poincaré — AN 26 (2009) 649-673

Let S~ C 952 be an open neighborhood of 862 \ I, with S~ # 952, and let
StT:=902\S™, 2:=02x(0,7T), and ¥ :=5%x(0,T).

To define a solution u of (4.1)—(4.2), we seek an extension of it on Q, again denoted u, in the form
ulx,t) =)v(x,t) +w(x,t),

where v denotes the solution of (4.3). Set
L=Ld):=0—(1+ia)A+d.

Then 0= Lu = &'(t)v + Lw in Q. We are led to “define” w as a solution of the system

Lw=08w—((+ie)Aw+dw=f inQ,

w=0 on X, (4.11)
w(0)=w(T) =
with
fx, 1) :=—€t). (4.12)

Indeed, if w solves (4.11), then up solves (4.1)—(4.2), the boundary control & being defined as the trace u|,,,, on-
Notice that

= T 2T

Supp f C 2 x |:—, —i| (4.13)
3°3

by (4.10), and that f € V N L2(0,T; H*(£2)) N H'(0, T; L?(2)) N C([0, T]; D(A})) for all p > N and y < 1.

Furthermore, by (4.8)—(4.10), for any p > N and any y < 1 we have

1 leqo.rpaigy + 1 207 m2@y + 1 T mo.r@y <07 luollx. @.14)

To prove the existence of a solution w € L%(0) to (4.11) we need a Carleman estimate associated with the
Ginzburg-Landau equation, which is stated and proved in the next subsection.

4.2. A Carleman estimate

Let n denote the unit outward normal vector to 2, and 9,u = du/dn. The following lemma, which is essentially a
result from [10], will be needed.

Lemma 4.2. There exists a function € COO(.{:Z) such that ¥ > 0 and Vi # 0 on S:2 and o,y <0on S™.

Proof. According to [10], there exists a function ¥| € Cz(ﬁ) such that ¥; > 0 and V¢ # 0 on 2 and a1 <0
on S~ . We claim that there exists a function ¥, € CZ(RN ) such that 9,y < 0 on 9£2. Notice that the lemma follows
at once from the claim, by smoothing by mollification the function /1 + &y, where & > 0 is a small enough number. It
remains to prove the claim. Since 2 is of class C2 and bounded, there exist some charts H; : U; — RN i =1,... k,
such that (i) (U;)1<; <k 1s an open covering of 982; (i) H; is a bijection from U; onto B;(0), H; € C>(U;, By (0)) and
Hi—1 € C2(B1(0), U;) fori =1, ..., k; (iil) H;(U; N 2) = B1(0) N {xy > 0} and H;(U; N 3$2) = B1(0) N {xy = 0}.
Then we consider a partition of unity (6;);—o,... x satisfying (i) 6; € C®M®RN)and 0<6; <1fori=0,...,k and
Zf:o 0; = 1 on RV (ii) the support of 6; is a compact set included in U; fori =1, ..., k, and the support of 6y does
not intersect d52. Let us define ¥ as

k
Ya(x) =Y 0:(x) pw (Hi(x))

i=1

where py(x1,...,xy) = xy is the projection along the xy axis. Notice that py (H;(x)) =0 for x € U; N 92, hence

k
O (x) =Y 0;()0 [ pn (H;i (x))]

i=1
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Clearly, d,[pn (H; (x))] <0, since py(H;(x)) > 0for x € U; Ne. Actually, o, [pn (H;(x))] <0in U; noas2, otherwige
we should have V[py (H;(x))] =0 and also (V py)(H;(x)) = 0, which is absurd. We conclude that 9,,¢» < 0 on 952,
as desired. O

Pick a function ¥ as in Lemma 4.2. Replacing ¢ by ¥ + C, where C > 0 is a large enough number, we may as
well assume that

w»%nwnm@ Vx € 2. (4.15)
That property will be used later. Set Cy = 3/2) [ V]| (g and
V) ACy _ U ) 5
O(x,t):= T o(x, 1) ::w, V(x,t) e 2 x(0,T) (4.16)

where A denotes some positive number whose range will be specified later. We also introduce the set
Z .= {q € C2’1(S:2 x [0, T]); g =0on E}
The following result is a Carleman estimate for the Ginzburg—Landau equation.

Proposition 4.3. Let a > 0 and b € R. Then there exist some constants Ao > 1, so > 1, and Cy > 0 such that for all
A= Xy, s =80 and all g € Z it holds

T T
//[(se)—l (13:q1* + 1Ag1%) + 2%(s0)|Vq|* + 1% (s0)*|g1*]e > dx dr + // A0V |10 |>e 2% do dt
05 0s-

T T
< Co<//|8tq + (a+ ib)Aq|2e—2W dxdr + // A($50)|0, W ||0ng|>e 2% do d;). 4.17)
06 0s+
Proof. In what follows, the letter C will denote a constant (independent of s, A, ¢) which may vary from line to line.
Let g € Z be given. Set u = e*?q and w = e *? P(q) = ¢ 5% P(e*u), where P denotes the operator
P=0;+(a+ib)A.
Straightforward computations yield that
w=Mu:=u; +seu+ (a+ ib)(Au +2sVe - Vu+s(Ap)u + s2|V<p|2u)

with the convention that
N
z-z’=Zzizl’- forall z=(z1,...,zv) € CN, 2/ = (], ..., Zy) e CV.
i=1
Let M| and M, denote respectively the (formal) adjoint and skew-adjoint parts of the operator M, i.e.,

Miu = alAu + ib(ZSVgo -Vu + s(A(p)u) + spiu + as2|V(p|2u, (4.18)

Mou = u; +ib(Au + 5*|Vol*u) +a(2sVe - Vi + s(A)u). (4.19)
Thus

lwll* = IMyu+ Mau|)* = || Myu|* + | Mau|)* + 2Re(Myu, Mau) (4.20)

where (u, v) := fOT Joulx,H)v(x, 1) dxdt and ||w||* = (w, w). From now on, for the sake of brevity, we write [f u
(resp. [[s+ u) instead of fOT [ u(x,1)dxdt (resp. fOT [sru(x,t)do dr).

STEP 1. EXACT COMPUTATION OF THE SCALAR PRODUCT IN (4.20).
The scalar product in (4.20) is decomposed into the sum of six integral terms, namely
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2Re(Myu, Mou) =1 + L+ I3+ 14+ Is + Ig

with
I ::2Re//aAu(ﬁ, — ibAir),
L:=2Re // aAu(—ibs* |Vl + 2asVe - Vil +as(Ag)i),
= 2Re/ (ib)(25Ve - Vu + s(Ap)u) (i, — ib(Ai + 5*|Vo|?i)),
I :=2Re //(ib)(zsw Vu+s(Ap)u)a(2sVe - Vi + s(Ag)i),
Is:=2Re f/ (spiu + as?|Vol*u) (i, — ibAii + 2asVe - Vi),

Is:=2Re // (sgo,u + as2|Vg0|2u)(—ibs2|Vg0|212 + as(Ago)ﬁ).

First, observe that

I :—a// 3| Vul? =0.

We obtain after some integrations by parts that

12=2Re{iabs2// Vu-(V|V<p|2ﬁ+|Vg0|2V12)+2a2s// AuVg - Vi

—a’s // Vu - (V(Ap)i + A(szZ)}

=2Re{iabs2// Vu-V|V<p|2ﬁ+2a2s// Aquo-Vﬁ} +a2s//(A2g0|u|2—2A<p|Vu|2).

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

Let us compute the integral term J := [ Au(V¢ - Vir). Using the convention of repeated indices, we obtain that

J= /f allzua,’(pailz = —// 0;ju(0;0;¢0;ui + 0;d;0;u) + //(8ju)nj8i<p8,-ﬁ.
by
Sinceu =0on X, Vu = (0pu)n, we have Vo - Vit = 9,90, u and

//(3ju)njaiwaiﬁ=// an‘p|8n”|2'
5 x

)
On the other hand

ZRC// ajuai(paj3ib_t=// ai(pai(ajuﬂjb_t)
=—// 33¢|aju|2+//(a,»<p)n,-ajuajﬁ
z

=—f/ A¢|Vu|2+// 3p | Onue|?.
b
Thus
2ReJ=// Agoqu|2—2// ajai¢ajuaiﬁ+// 0n@|Out|?
b

and, consequently,

(4.30)
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L= 2Re{iabs2 //(w : V|V<p|2)ﬁ}

+a2s<f/ A2¢|u|2—4/f ajai¢ajuaiﬁ+2/f 8n(p|8nu|2>. 4.31)
b

We now turn to the computation of /3. Rewrite I3 as

Iy = 2Re{b2 //(%w -Vu + s(Ap)u) (Ait + s2|V¢|2ﬁ)} + 2Re{ib//(2sV<p Vu+ S(Ago)u)ﬁ,}
=: 131 + 132.
Expanding 131, performing integrations by parts and using (4.30), we find that

I :2Re{2b251+b2//s(A<p)uAﬁ+b2//2s3V<p~Vu|Vg0|2ﬁ+b2/fs3A(p|V<p|2|u|2}
=2b%*s(2Re J) — 2b*sRe / / (V(A@)u + ApVu) - Vid (4.32)

+2b2s3f/|V¢|2V¢-V|u|2+2b2s3// A|Vo|*ul?

:2b2s<f[(A¢|Vu|2—za,-aigaa,uaiﬁ)jL// an¢|anu|2>
b
+b2s<// A2<p|u|2—2// A¢|Vu|2> —2b%s3 f/(V|V¢|2-V(p)|u|2. (4.33)

On the other hand, integrating by parts with respect to x or ¢ in 132, we obtain
;= ib//(Zngo -Vu+ s(A)u)ii, —ib //(2sV<p Vit + s(A@)it)uy
= —ib// (25Vg; - Vu 425V - Vu, +s(Ap)u + s(Ap)u,; )it
+ ib// (2s(A@)iu; + 25V - Vugii — s(Ag)ituy)
=ib //(SV(p, Vu)* =25V - Vuﬁ)

—ib / / Vs - (uVii — Vi), (4.34)

Gathering together (4.33) and (4.34), we arrive at

g:b%(// —4ajai¢ajuaiﬁ+2f[ an<p|anu|2+f/ A2<p|u|2>
b

—2b%s3 //(V|V¢|2-V(p)|u|2—|—2Re{ibs // V(p,-(uVﬁ)}. (4.35)

Note that

I4=0 (4.36)
obviously. Furthermore,

Is = 2Re // (s<p,u + as2|V(p|2u)12t +2Re // (s<p,u + as2|Vg0|2u)(—ibAﬁ +2asVe - Vir)

=1+ 12



660 L. Rosier; B.-Y. Zhang / Ann. I. H. Poincaré — AN 26 (2009) 649-673

Integrating by parts with respect to ¢ in 151 yields
- / f (s@rr +as?3,|Vel?) lul. 4.37)
As for 152, we have
2= // (s@r + as*|Vo|?)(=ibuAit + ibii Au + 2asVe - V|u|?)
= —//(sV(p, +as2V|V(p|2) . (—ibquZ +ibuVu + 2as|u|2V(p) — //(Sfﬁz —i—as2|V<p|2)(2asA(p)|u|2
:—2Re{ibf/(sV(p, +as2V|V(p|2)IZVu} —//{2as2V-(<ptV<p)+2a2S3V (IVel*Vo) Hul®.  (4.38)

Finally,

Is =2//(s(p, +as?|Vol?)(asAp)|ul*. (4.39)
Gathering together (4.31), (4.35), (4.37), (4.38), and (4.39), we infer that

2Re(Mu, Mau)

—2Re{zabs // Vu VlV(p| }—i—a s(//Az(plm — //8 0;@d; u8u+2// On@|onu| )
+b2s<f/ —48j8i(p3ju8iﬁ+2/:/ 8n<p|8nu|2+ff A2¢|u|2> —2b2s3/f(V|V¢|2.V¢)|u|2
£

+2Re{ibs // w,-(uw)} —/f(sgon+as23,|v¢|2)|u|2+2//(s¢,+as2|w|2)(asA<p)|u|2

—2Re{ibf/(sV(p,+as2V|V(p|2)ﬁVu} —//{ZaSZV-((p,Vg0)+2a2s3V- (IVel* V) }ul?

=2(a* + b%)s ( f/a,algoa u8u+//8,,(p|8nu| >+4Re{zb//ng0t uVu)}

+/ ul*[s((a® + b*) A%p — @) — 2as%3|Vo|* — 2(a* + b*)s’ Vo - V|Vg|*]. (4.40)
Consequently, (4.20) can be rewritten as

lw? = | Myul® + || Moul|®
+2(a® +b%)s < //3 3 pd; u8u+/f 30| 0n u|2)+4Re{zb//sV(pt (uVu)}

+ / u*[s((a® + b*) A0 — ¢1) — 2a5%3,|Vo|* — 2(a* + b*)s> Ve - VIVe|?]. (4.41)

STEP 2. ESTIMATION OF THE TERMS IN (4.41).
We now have to bound from below the terms in the right-hand side of (4.41). We begin with the

Claim 1. There exist two numbers A1 > 1 and s1 > 1 and some constant A > 0 such that for all . > )1 and all s > s1,
/ |u|2[s((a2 + bz)A2<p - <pn) — 2as28,|V<p|2 - 2(a2 + bz)s3V<p . V|V¢|2]

>Aks3/ lul?|Vol|>. (4.42)
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Proof of Claim 1. Easy computations show that

)Le)»w(x)aiw PraACy) )
ip=——-——, 0;0;p = — A“0;Yr0; A0;0; 4.43
i ¥ (T —1) joi t(T—t)( iy JW+ j 11,0) ( )
and
) V) 3 4
—VIVg| 'pr:—2(3j3i¢)3i¢3j<ﬂ=2<t(7,_t)> (MYt + 000090, v).

Since Vi # 0 on .{:2 it follows that for A large enough, say A > A1, we have
~VIVgl*- Vo > Cr Vgl .
According to (4.15),
|A%] + loul + |3 Vo *| < CAIVgI,
we infer that for s large enough, say s > s1, and for all A > X1, we have that
s((a® + %) A% — ¢1) — 2as,|Vo|* — 2(a* + b*)s> Ve - VIVg|* > Ars®|Ve|? (4.44)

for some constant A > 0. Integrating in (4.44) leads at once to (4.42). O
Thus, using the fact that 9,¢ = —Ae)"/’(x)(anl//)t_l (T —1)~!'>00n X, we conclude that

||M1M||2+||M2M||2+A?»S3f |V<o|3|u|2+2(a2+b2)s//|an<o||anu|2
.
< ||w||2+2(a2+b2)s/ |8n(p||8nu|2+4(a2+b2)s//3j3,'(p3ju3,'ﬁ

Z‘+
—4Re{ib / / Vg, (uVﬁ)}. (4.45)

To control the two last terms in (4.45) we need to prove the following claim.

Claim 2. There exist some numbers sy > s1, Ay = A1, and a positive constant C such that for all . > L, s > 52
,\s//|V<p||vu|2+As—1/f|V¢|—1|Au|Zgc(s—1||M1u||2+,\s3f/|V¢|3|u|2>. (4.46)
Proof of Claim 2. By (4.18)
a’s~! // Vol HAu? =57} / Vol | Miu — ib(25Ve - Vu + s(Ap)u) — soru — as2|V(p|2u’2

< Cs—lf Vo " IMul* + 4b°s* | Vo | [Vul* + s*(b*| Al + ¢ *) lul*

+a*s*1Vol*|ul?}

(MMl s Gup i Yol Tyl 4.47
< 57 [ IVePlul® +5 | [ Vel Vul (4.47)

for some constant A’ > 0, where we used (4.15) in the last line to bound ¢;. On the other hand, for any & > 0 small
enough,

,\s//|V¢||Vu|2=)\sRe{//|V¢|(—Au)ﬁ—//(V|V<p| -W)a}
gA _ As3 AS

<—//|V<p| 1|Au|2+—ff|V<o|3|u|2+—/fA|w||u|2
2s 2¢ 2




662 L. Rosier; B.-Y. Zhang / Ann. I. H. Poincaré — AN 26 (2009) 649-673

cA’
<ﬁ<s‘||M1u||2+xs3//|V<o|3|u|2+xs/ |V¢||VM|2)

+ Chs® / Vo3 |ul? (4.48)

by (4.47), provided that s > 55, A > Ao. (Here, C depends on ¢.)
Therefore, if we pick ¢ so that (¢A”)/ (2a%) <1 /2, we obtain that

,\s/ |V¢||Vu|2<c<s—1||M1u||2+,\s3[ |V(p|3|u|2> (4.49)

and also, by (4.47),

,\s—I//|V<p|—1|Au|2gc(s—1||M1u||2+,\s3 //|V(p|3|u|2>. (4.50)

Then (4.46) follows from (4.49)—(4.50). O

We infer from (4.45) and (4.46) that

||Mzu||2+xs//|wnw|2+As—1//|w|—l|Au|2+As3//|V<o|3|u|2+sf (O 132
)

C<I|w||2+2(a2+b2)s/ |8n(p||8nu|2—|—4(a2+b2)s// 30108 judi
>+

—4Re{ib//sV<p, . (uVﬁ)}). 4.51)
Since

S//|V§0Z'(MVIZ)| <Cs//|V¢|2|Vu||u|
< [[1ver e+ cs'” [[1vaivar,

the last term in (4.51) may be removed for s large enough. On the other hand, by (4.43)

paACy)
//Ba,waué)u Sk//t(T 0;0;Yd;ud;iu
<Csf |Vg0||Vu| .

Therefore, for A large enough,

||Mzu||2+xs3//|w|3|u|2+xs//|V¢||W|2+xs*1/f|V¢|*1|Au|2+s/ 19,018

-

< C(||w||2+s/ |ango||8nu|2). (4.52)
E+

Using (4.19) and (4.52), we see that for A large enough

As”/ |V¢|—1|ut|2<cxs—1/ Vol [IMaul* + | Aul® + s* Vo * |ul* + 52| Vo *|Vul* + s*| Ap|*|ul*]

<C<||w||2+s//|an¢>||anu|2).
2+

We conclude that there exist some numbers s3 > 1, A3 > 1 such that for all s > 53, A > A3
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As3f/|wﬁ|u|2+xs//|V<p||Vu|2+xs—1/ |V¢|—1(|Au|2+|u,|2)+s//|ango||anu|2
s
<C(||w||2+sf/|an<p||anu|2). (4.53)
E+

Replacing u by e*¢q in (4.53) yields (4.17). O

Remark 4.4. An internal Carleman estimate may be derived along the same lines. Let @ be any given open subset
of .{2, and let ¢ denote now some function of class C* on 2 such that (4.15) holds true, 9,4 < 0on 8.(2, and Vi #£0
on 2 \ w (see [10]). The functions 0 and ¢ being again defined in (4.16), we have the following Carleman estimate.

Proposition 4.5. Let a > 0 and b € R. Then there exist some constants Aoy > 1, so > 1, and Cy > 0 such that for all
A= Xy, s =80 and all g € Z it holds

T
J[ 1607 g+ 180P) + 22 00TaP 24 00) g Ple > dxar

0G
T
+ff A0, Y ||0ng 2e >V dx dt
052
T T
< CO(//|a,q +(a+ib)Ag| e > dx dt +/f A (s0)3 g 2e 29 dxdt).
05 0w

Corollary 4.6. Leta > 0, b € R and R > 0. Introduce the set Zt:={qeZ;89,q=00n Xt). Then there exist some
numbers kg =ro(2,T), Co = Co(£2,T), and so = so(82, T, R) with so < C(1 + R*3) where C = C(22,T), such
that for all .. > Ao, all s > sq, all d € L*°(Q) with ||d||L°0(Q) <R, andall g € Z*, it holds

T
/ f [s0)~ (18,91* + 1Aq1%) + 22(s0)| Vg |* + 1*(s0)*|q|*]e > dx dt
00

T
< Co / / |0:q + (a +ib)Ag + dq|2e*2>‘¢ dxdt. (4.54)

05
Indeed,
|0iq + (a +ib)Aq|” <2|0iq + (a + ib) Ag +dg|” + 2R?|q)?

and the last term is dominated by (A*63]s3|q|? for s ~ CR?/3.
The (formal) adjoint to the operator Lw = d,w — (1 +ia)Aw +dw is

L*w=—-8w— (1 —ie)Aw + dw.
Let H denote the completion of the space Z* for the Hilbertian norm || - || i defined as
2 * 12 . < 12
g3, = 1L%12, 5, = //|a,q +(1—ia)Aq — dg|*dx dr. 4.55)

Qo
The proof of the next result is only sketched.
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Lemma 4.7. Let R > 0 and d € L®(Q) with ldll () < R, and let so = 50(82, T, R), ko = (2, T), Co =

CO(S~2, T) and  be as gi'ven in Corollary 4.6. Set {o(x) = 250(e*Cv — A0V )Y < Const. Then H is constituted
of the functions g € L} (Q) such that

loc

! 2 1 2 B 2 2 _ box)
//{13(T—t)3|q| +t(T—t)|Vq| + (T t)(|3t6]| + |Aq| )}exp( t(T—t))dth
0

+ gl < o0 (4.56)

and

g=0 onX, 9g=0 onXt. (4.57)

Proof. (4.56) readily follows from Corollary 4.6. The boundary conditions (4.57) readily follow from (4.56) ar~1d
from the density of ZT in H. The proof of the fact that Z* is dense in the space of the functions g € LIIOC(Q)
satisfying (4.56) and (4.57) is left to the reader. O

Now we turn to the existence of solution for the system (4.11).

Theorem 4.8. For any given z € V, the system (4.11) admits a solution w € L*(Q) satisfying
lwll 25, < eI g (4.58)

where we recall that d = g(2).

Proof. We claim that the antilinear form

Iq) = / f fadxdi
5

is well defined and continuous on H. Indeed, using (4.14), (4.12), (4.13), (4.54) and the fact that so < C(1 + ||d||é/3),
we get
ca+)d)>? _

1@ <N £l a0z Nl < eSO ugllx g 4. (4.59)
It follows from the Riesz representation theorem that there exists a unique p € H such that

(L*p.L*q) 25, =1(q) VqeH. (4.60)
Set w = L*p. Clearly, w € L2(Q). Taking ¢ = p in (4.60) and using (4.59) we obtain

2 2 c+ldll;

Iwl325, = 121G =1(p) < e gl x |1 p1l 4
from which (4.58) follows. Choosing any ¢ € Cgo(Q) as a test function in (4.60) yields

(Lw. 4)p ), Do) = - 4D (6) D)
Thus

Lw=0qw—(1+ie)Aw+dw=f. 4.61)

Notice that w € H'(0, T; H=2(£2)) since w € L?(Q) and dw = (1 +ie) Aw —dw+ f belong to L*(0, T; H~*(£2)).
In particular, Igoth w(0) and w(T') belong to the space H™ (). Taking g in (4.60) in the form g (x, t) := q1(x)g2(¢)
with g1 € D(£2) and g> € C'([0, T]), we obtain
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ff dexdtszw(—f)tq—(1+ia)Aé+dc})dxdt

Q

[}

(drw — (1 +i0)Aw +dw, g)dt — [(w, q)])

S—

- T
= ff fqdxdi —[(w,q192)], (4.62)
0
where (-, -) denotes the duality pairing (-, -) H-2(2), HA(D)" Since g1 and g» can be chosen arbitrarily, we conclude that

w(0) =w(T)=0in H2(2).
Finally we Ve~rify that w =0 on 952 \ Ip. From Aui =1 +ie) ' Ow + dw — f), we readily infer that w €
H~1(0, T; H*(£2)) and that w5 € H~Y0,T; H3?(352)). Pick now g € Z* in the form g (x, 1) = g1 (x)g2(¢) with

q1 € Cz(.(:2) fulfilling (4.57), g» € D(0, T), and apply (4.60) once again. We obtain
T
// fgdxdt = // w(—8q — (1 +ie)Ag +dg)dxdt
0 04

T
= //(Lw)q dxdt — (1 +ia){w, 0,q) (4.63)
03
where (-, -) stands for the duality pairing between H=0,T: H3/2(8S§)) and HOl o, T; H_3/2(8S§)). Since d,q was
arbitrary on f‘, we infer that w =0 on X~ and, in particular, w=0o0n (02 \ Ip) x (0,7). O

At this stage, we know that the control problem (4.1)—(4.2) has (at least) one solution u € L2(2 x (0, T)), namely
the restriction of £v 4+ w to Q. To apply a fixed point argument we need more regularity on u. This is done in the
following subsection.

4.3. Regularity of w

The function w inherits additional regularity properties due to the fact that the operators A, are sectorial. Some of
them are gathered in the following proposition, whose proof is inspired in part from the one given in [8].

Proposition 4.9. Under the assumptions of Theorem 4.8, we have for any v < 2
we L*(0,T; HX(2)) N H'(0, T; L*(£2)) N C ([0, T1; C*(£2))
and

lwll 2007 22 + 18wl 200y + 1wl o, cvizyy < €€ fluoll .- (4.64)

Proof. Let ny € C °°(S:2) denote a cut-off function such that 0 < 59 < 1, no = 1 in a neighborhood of £2, no =01in a
neighborhood of S*. Set wg := now. Then wq solves

dwo — (1 +ia)Awg +dwy= fo in Q,

wo=0 on X,

wp(0) =0 and wo(T)=0,
where fo =10 — (1 +i@)[2Vno - Vi + (Ano)w]. )

Since fy € L20,T; H1(2)) and dwg € L2(Q), it follows from Lemma 6.1 in Annexe that wg € L2(0, T; HOl (£2))

N C([0, T1; L%(£2)). Furthermore, using the definition of fy, (4.14), (4.58), and (6.4), we infer that

lwoll 20,711 52y + w0l o, rsz2dy < €1 luollx (4.65)
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Let n; € COO(EZ) be a second cut-off function such that 0 < n; < 1, 1 = 1 in a neighborhood of £2, and suppn; C
{no = 1}. Observe that n; = n1no. Let w1 := niw = nywo. Then wy solves

dwi — (1 +i)Aw; +dw; = fi in Q,
w; =0 on f],
wi(0)=0 and wy(T)=0,
where f1:=n1f—(1+iax)[2Vn1-Vwo+ (Any)wg] € L%(Q). We infer from Lemma 6.2 that w; € L2(0, T; H2(£2))N
C([0, T; H} (£2)) with
lwill 20,7205y + 1wl cqo,rys s < e lluollx. (4.66)
Using (4.61), we infer that
weL*(0,T; HA(2))NC ([0, T1; H'(2)) N H' (0, T; L*(£2))
with
lwllz200.7: 202 + 1Wleqo.ry ey + 10wl 220y < €€ g x. (4.67)

In particular, it follows that wj € L%, T; H% (052)). To prove the continuity of w as a function of (x, ¢), we define
by induction a sequence of cut-off functions (1 )x>2, with n € C °°(S~2), 0 < nx < 1, ¢y =1 in a neighborhood of £2,
and supp nx C {nx—1 = 1}. Then wy := nrw = nrwi_1 satisfies

owry — (1 +ia)Awg +dwg = fr in Q

wr =0 on 5‘,

wig(0)=0 and wi(T)=0,

where fr :=mf — (1 +ia)[2Vn - Vwg—1 + (Anqp)wi—1]. We notice that f, = n f — (1 +ia)[2Vn - Vw +
(Am)wi] € L0, T; H'(£2)) N L>®(0, T; L?(£2)). (Recall that the function f, given by (4.11), satisfies f €
L0, T; H2(2)) N C([0, T1; D(A})) forall p> N,y < 1.)
Let po defined by 1/pg=1/2* =1/2—1/N, so that H'(£2) C LP0(£2) by virtue of the classical Sobolev embed-
ding
1

L~ .~ 1 1
whP(@2)c LP (2) for —=—— —>0. (4.68)
p* p N

Thus f> € L0, T; LP°(£2)) N L>(0, T; L?(£2)) which implies, by interpolation,
freL’(0,T; LP(2))
fs)r any r > 2 and some p(r) < po, with p(r) - po asr — 2. Let A p be the operator introduced in Section 2 (with
£2 instead of £2). We claim that for some y > 1/2
wz € C([0, T1; D(A])).
Indeed,

'
”A;wﬂt)”u(fz) < /”Age_gp(t_ﬁ[f? - dwz](s)””(g) ds
0

t
<C [ =972~ dwal g ds
0

t 1—2

< C(/ sV ds) 1f2 = dwall 0.7, 103
0

SCyllfa—dwalipr o700y
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when 1/2 <y < 1—1/r. Since y > 1/2, it follows from Proposition 3.6 that D(A}) C W'7(£2). Thus
wy € C([0,T1; WP(£2)) and  f3€C([0,T]; LP(2)) ¥p < po.

Taking y < 1 close to 1, we obtain

t
HAhanm%<Cfa—wﬂWﬁ—dwmﬂm
0

<G,y lf3— dw3||c([o,r];u(g}))-

Hence w3 € C([0, T, D(A;)) for any p < pg and any y < 1. Define the number p; by
1 1
ppo N
Then D(A;) c Wh4(£2) for some ¢ < py such that ¢ — p; when p — pg and y — 1. Therefore,
w3 e C([0,T]; WP(2)) and f4e€C(0,T]; LP(2)) Vp < pi.
Define the sequence (pi) inductively by
B
Pk Pkt N
Then the above argument shows that fry3 € C([0, T']; L? (Q)) for any p < py while py_1 < N. Let k be the last
index for which py_; < N. Then p; > N and
wi+3 € C([0, T1; D(AL)) ¥Yp <pi, Vy <1
It follows that
w43 € C([0, T, WHP(2)) and  fipa € C([0,T1; LP(82)) Vp < oo.

Therefore, wi+4 € C([0, T; D(A%)) for all p < oo and all y < 1. Using (3.3), we obtain that for any v < 2, wi44 €
C([0, T; C¥(£2)), and that
lwlcgo ey e ugllx vw<2. O

Gathering together the results in Theorem 4.8, Proposition 4.9, and (4.8)—(4.9), we have established the following
result.

Theorem 4.10. For any ug € X and any d € V, one can assign a solution {u, h} to the null controllability problem
oou— (1 +ia)Au+du=0 in2x(0,T),
u=1rh ondf2 x (0,7),
u(0) =uo, u(T)=0,

in such a way that u € V.0 L*0,T; H'(2)), h = uppe € C(32 x [0, T]) with supph C Iy x (0, T), /tu €

L20,T; HX(2)), Jidu € LX(Q), vih € L2(0,T; H3(382)), and for any v <2, u € C((0,T]; C*(2)), h €
C((0,T]; C*(32)).

We are now in a position to complete the proof of Theorem 2.1.
4.4. The fixed-point argument

Let V={zeC(Q);z=0in (382 \ I'p) x [0, T]} be endowed with the L°>*(Q) norm (recall that Q = 2 x (0, T)),
and let A denote the map from V into itself, defined as follows: for any z € V, A(z) is the restriction to Q of the
function u(x,1) = &(t)v(x, t)+w(x, t), where v and w are defined in (4.3) (with d := g(2)) and in (4.11), respectively.
The goal is to prove that A has a fixed point in some closed ball B, (0) by using Schauder fixed-point theorem. We
first check that for any r > 0, A(B,(0)) is relatively compactin V.
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Proposition 4.11. For any r > 0, the closure of A(B,-(0)) in V is compact.

Proof. For any z € V, we have that u = A(z) = (§v + w)|, € V by virtue of Lemma 4.1 and Proposition 4.9. Let
V= {v‘Q; z€ B,(0)} and W := {le; z € B-(0)}. We have that A(B-(0)) C £V + W. It is sufficient to prove that

both V and W are relatively compact in V. This is done in two claims.
Claim 3. The closure of V in V is compact.

Let (z") be a given sequence in B, (0), and let (v") be the corresponding sequence in V. Let t € (0, T'], and pick
p> N,y €(0,1), and v > 0 such that v <2y — N/p. By (4.8), (4.9) (with d = g(z")) and (3.3), we see that the

sequence (v") is bounded in the space C([z, T]; C”(f))) NH(, T; Lz([})). Since the first embedding in

C'(D)C C@) C LAX(D)
is compact, we infer from /_%ubin’s lemma (see e.g. [20]) that one can choose a subsequence (v”/) which converges
uniformly on C([z, T]; C(fZ)) to a function v. Using a diagonal process, we may assume that v € C((0, T']; C(S?))
and that v v uniformly on £2 x [z, T] forall T > 0. In particular, the sequence (") is uniformly equicontinuous
on 2 x [t, T] for each T > 0. We claim that this is also true on Q2 x [0, T']. Indeed, pick any ¢ > 0. Since

t
V() = e Mg — / e_A([_S)g(Z")v" ds,
0

we infer from (4.5) (applied with d = g(z"*), F = 0) and the fact that 7" € B, (0) that there exists a constant C > 0
independent of n such that

< Cr.

v () - e_AtﬁOHLOC(:}) S

On the other hand, by continuity of the map 7 > e —Ar fip, we may find a number 8y > 0 such that ||e_A’120 —

e‘ASIZOHLOO(_(Z) < eg/3 for 0 < s <t <. Therefore, if 0 < s <t < § =min(dp, ¢/(3C)), then
|lv" (@) — Un(s)”LOO(fz) Se

As the estimate [|[v" (f) — v”/(s)||Loo(_(~2) < ¢ is still valid on [§/2, T] for all n’ if |s — ¢| is small enough, we conclude
that the sequence (") is uniformly equicontinuous on £2 x [0, T]. Since that sequence is also bounded by (4.5), we
infer from Ascoli theorem that it possesses a convergent subsequence in V, hence in V.

We now turn to the relative compactness of W.
Claim 4. The closure of W in V is compact.

This follows from (4.64) and Aubin’s lemma. The proof of Proposition 4.11 is therefore complete. O
Remark 4.12. We stress that, in contrast to [8], no regularity assumption on ug is needed to prove the relative com-
pactness of A(B,(0)). Accordingly, we are able to design a “smooth” control input 4 steering the state ug to O in
Theorem 2.1.

Let us now establish the continuity of A.
Proposition 4.13. If 7" — z in V, then A(7") — A(z) in V.
Proof. Note first that " — Z in V. Set u" = A(Z") =&v" + w" foreach n, and u = A(z) = év + w. Accordmg to

Proposition 4.11, a subsequence u" ) converges uniformly on Q to a function & € C(Q). To prove that u = u, it is
sufficient to show that u” — u in L2(Q).
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Claim5.v" - vin V.

Let " =" — v. Then &” solves the system

de" — (1 +ia)Ae" + g(Z)e" = (g(3) — gEN" in Q,
e"=0 on X, (4.69)
e"(0)=0

By (4.8), [[v"||y < Const. Hence (g(2) — g(z"))v" — 0in V as n — 00, and therefore ¢ — 0in V by virtue of (4.5).

The claim is proved.
Let R > sup, >0 82"l (5, and Lng = L(z")q = d:q — (1 +ia)Aq + g(z")gq for any n. In addition, let H,

denote thg completion of ZT for the norm defined in (4.55) (with d replaced by g(z") and let 59 = 50(2, T, R),
A0 =A0(82, T), and Cy = Co(82, T) be as given in Corollary 4.6 for a +ib=1—ia. Set f"(x,t) = —&"(H)v"(x, 1).
It follows from Claim 5 that

"= f inL*0). (4.70)

By construction w” = L p", where p" is the unique function in H, satisfying

// Lip")(Liq)dxdt = / f"gdxdt forallqge Z™. 4.71)
By (4.58),
C(1 1
”wn “LZ(Q) <e (+lgEIy) || fn ||L2(Q) < Const.

Using (4.54),

//{t‘3(T —023p" P+ T = Ve 1T =08 0" + | A"} eXp(—t(CTO(f)t)) dx dt

< Const.

Therefore, there exist a function p € L? (0, T, H 2(.(})) and a sequence n’ — +o00 such that

loc

P —p in L2< 3T — exp<—t(§£(f)t)> dx dt), 4.72)
vp" ~Vj in L2<Q, T =) exp<—t(§]?(f)t)) dx dt), 4.73)
Ap" = Ap in L2<Q, 1T —1) exp(—té?(i)t)) dx dt), (4.74)
9 p" — o p inlL> <Q, H(T —1) exp(— ZfTO(i)t)) dx dt). (4.75)

Letw:=L*p=—8,p— (1 —ic)Ap+g(2)p.
Claim 6. w" — % in D'(0).

Since p" N p inD’ (Q) we only have to check that g(z )p — g(z)p in D'(Q). This is true since g(z” )— g(2)
in V and p” — pin LlOC(Q)
As ||w" ||L2((2) < Const., we infer that w € LZ(Q) and that

w' —~ % in L*(0).
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It remains to show that w = w. To this end, write w = L*p, where p € H is the unique function in H satisfying

//L*pl?qudt:f[fc}dxdl VgeZT.
0

0
Claim 7. p = p.

Since in L2(Q) L:,p", =w" =P = L*p, LY,q — L*q (for 2" — Z in L®(Q)), and f" — f (according to
Claim 5), we can pass to the limit in (4.71) to obtain

/f L*ﬁLquxdz=// fgdxdt VYgqeZt. (4.76)
0 0
We need to show that p € H. The condition (4.56) is clearly satisfied. The boundary conditions ﬁ|i =0, 9y ﬁ|f . =0
follow from (4.72)—(4.74). We have thus proved that p € H. Moreover, it follows from (4.76) that p = p. Hence

w=w.A standa~rd argument shows that the convergence in (4.72)—(4.75) holds for the whole sequence (p”), and that
w”" — w in L?(Q). Finally,

w' ooy = [[IezePaxar= [[ yravar— [[ spaxar=wid, g,
0 0 0

thanks to (4.70), (4.72), and the fact that supp f" C .(:2 X [%, ZTT]. Consequently, w" — w and u”" — u in LZ(Q). The
proof of Proposition 4.13 is complete. O

We are now in a position to apply the fixed point argument. Take r > 0 and pick any z € V with ||z]|y <r. Let
R =sup{|g(&)]; |€] <r}. Setu = A(z) € V. By (4.8) and (4.64),

lully < |E@v], + Iwlv

C(1 Dl
<e (+|\g(z)\|v)”u0||x

1+R
<SR g .

Therefore, if |lug|| x is small enough, the closed ball B, (0) = {z € V; ||z||lv < r}is mapped into itself by the application
A : z+— u. On the other hand, A(B,(0)) is relatively compact according to Proposition 4.11, and A is continuous
according to Proposition 4.13. By virtue of Schauder fixed-point theorem, A has a fixed point z = u in B, (0). The
regularity of u is the one depicted in Theorem 4.10.

5. Proof of Corollary 2.3

To prove Corollary 2.3, we follow the argument developed in [17, Proof of Theorem 4.3] to prove that the GL
equation with homogeneous boundary condition (2 = 0) is locally well-posed in L?(§2) for p > o N when f(z) =
Rz + 1]z]%° z. More precisely, given any 7 > 0, we may find a number rg > 0 such that for |[ug|lrr2) <7 < ro, the
solution of (2.2)—(2.4) with h = 0 exists on [0, T /2] and satisfies

()

with G(r) — 0 as r — 0. Next, we choose r > 0 so that G(r) is less than the number R(7/2) given in Theorem 2.1.
Applying the control /& given by Theorem 2.1 on the interval [T /2, T'], we conclude that u(7") = 0.

When the initial state ug € H9($2) for some g > % — é and o > sup{2_1, N~'}, we proceed in a similar way in
using a local well-posedness result in H?(£2), namely [15, Theorem 4]. However, the result in [15] was stated and
proved only when 2 = TV, the N-dimensional torus. The proof, based upon the knowledge of the corresponding
Green function, essentially established that the semigroup S(¢) associated with the operator Lu = (1 +io)Au + Ru
was a smoothing operator from H9 to L?, and from L2 to L? for some p > o N (20 + 1). We provide here alternative

<G(r)
Co(R2)
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proofs of the corresponding estimates for any bounded, smooth open set £2 C RY and for the Dirichlet boundary
conditions. Notice that we can take R = 0 without loss of generality.

Lemma 5.1. Let S(t) be the semigroup associated to the (formal) operator Lu = (1 + i) Au with Dirichlet boundary
conditions. Let ¢ <0 and p € (2, 00). Then the following estimates hold true fort € (0, T)

q
IS@w],> < Cr2|wllaa, 5.1)
_N_1y
ISOwl|,, <Ct™ 2277w 2. (5.2)
(Here, H? denotes the dual space of D(Alzq‘/z) for o = 0 with respect to the pivot space L*(£2).)
Proof. Let (e;),>0 be a Hilbert basis in L?(£2) constituted of eigenfunctions of the Dirichlet Laplacian; that is,

—Aey(x) = Anen(x), ey € H™®(2) N Hy(2), and 0 < A, /100 as n — o0. If w =3, 5 cnen, then [[w]|7,y ~
Zn>0(1 + An)?|cy|?. Furthermore, S(f)w = Zn>0 e~ I+t o Tt follows that

|Sw|72 =" e P cul? < € sup[e 2 (1 + 1)~ wil s
n=0 n=0

The function s > 0 — e~ 2/ (1 + 5) ™4 is easily found to be bounded by [|g|/(2e1)]'?'e? , hence (5.1) follows at once.
To prove (5.2), we first notice that, by (3.1) (applied with y =1/2 and p =2),

—4t
[S@yw], < C%Illﬂllu- (53)

Then (5.3), combined with the Gagliardo-Nirenberg inequality
[sowl,, <clsow]j|sow],’

where 6 =1 — 5 + &L, gives
[s@wl],, < ce TP 2.

With (5.1) and (5.2) at hand, the local well-posedness in H? of the GL equation follows exactly as in [15]. Further-
more, the solution enters the space Co(£2) at once, so that Theorem 2.1 may be used as above. O

6. Annexe

Let 2 c RY and o € R. We collect a series of simple regularity results for the forced initial-value problem

dv—(1+ie)Av=f inf2 x(0,T), (6.1)
v=0 ondR x (0,T), (6.2)
v(0) = vo. (6.3)

Lemma 6.1. If f € L*(0, T; H~'(£2)) and vy € L*(£2), then v € L*(0, T; H} (£2)) N C([0, T1; L*(£2)) with
”””LZ(O,T;H(} @2y T lvlleqo,r;22) < C(If 2.7 5-1(2)) + Vol 2¢2))- (6.4)

Proof. Simple exercise. O

Lemma 6.2. If f € L*(Q) and vy € L*(£2), then /tv € L*(0, T; H*(2)) N C((0, T1; Hy (2)) with
||\/ZU||L2(0,T;H2(_Q)) + ”\/ZUHLOC(()’T;H(}(Q)) < C(”f”LZ(Q) + ||UO||L2(.Q))' (6.5)

If moreover vy € Hy (82), then v € L*(0, T; H*(£2)) N C([0, T1; Hy (2)) with

||U||L2(0,T;H2(_Q)) + ”v”LOO(()’T;HOl(_Q)) < C(||f||L2(Q) + ||UO||L2(.Q))- (6.6)
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Proof. Simple exercise. O

Lemma 6.3. Let p € (N,00) and y € (0,1) be given numbers, and let A, be the sectorial operator defined in
Section 3. If f € L*°(0,T; LP(£2)) and vg € LP(82), then v € C((0, T, D(A%)) and we have for some constant
C=C(y,pT)

[v@ | peazy < € Mv0llr@) + 1 IL>@.1:Lr(2)) V1 €O, T]. (6.7)

Proof. According to Duhamel formula
t
v(t) =e" vy + / eI [ (s)ds,
0

hence

1
[v @1 peazy < 14be™ " voll o) + / [ADe™ 4 F )] 1y ) a5
0

t

< hulir@ + [ € =97 |6 0, ds
0
-y

||f||L°°(0,T;LP(SZ))>~

<C(t_y||vo||u’(.o)+
l—y

The proof is complete. O
Note added in proof

The results in this paper have been announced in [18]. After this paper was submitted, the authors learned that J.L.
Boldrini, E. Fernandez-Cara and S. Guerrero have obtained a result similar to Theorem 2.1 in [4].
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