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Abstract

This paper studies global existence, hydrodynamic limit, and large-time behavior of weak solutions to a kinetic flocking model
coupled to the incompressible Navier—Stokes equations. The model describes the motion of particles immersed in a Navier—Stokes
fluid interacting through local alignment. We first prove the existence of weak solutions using energy and L” estimates together
with the velocity averaging lemma. We also rigorously establish a hydrodynamic limit corresponding to strong noise and local
alignment. In this limit, the dynamics can be totally described by a coupled compressible Euler — incompressible Navier—Stokes
system. The proof is via relative entropy techniques. Finally, we show a conditional result on the large-time behavior of classical
solutions. Specifically, if the mass-density satisfies a uniform in time integrability estimate, then particles align with the fluid
velocity exponentially fast without any further assumption on the viscosity of the fluid.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In the animal kingdom, one can find several species where the action of individuals leads to large coherent structures
and where there are no external forces or “leader” guiding the interaction. Perhaps the most famous examples are
flocks of birds, schools of fish, or insect swarms. However, similar phenomena in self-organization are also relevant
for bacteria, in robotic engineering, and in material science. The past decade has witnessed a massive growth in
the attempts to develop mathematical models capturing these types of phenomena. These models are usually based
on incorporating different mechanisms of interaction between the individuals such as local repulsion, long-range
attraction, and alignment. These Individual Based Models lead to macroscopic descriptions by means of mean-field
limit scalings, see [7] for a review. These continuum descriptions can be written as kinetic equations in which there
is a mechanism of interaction in the velocity or orientation vector. A very simple idea implementing the consensus
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mechanism in velocity was introduced by Cucker and Smale in [9] and improved recently in [28]. These models take
into account nonlocal interactions of the particles by averaging in velocity space. Here, we will focus on a much
stronger local averaging of the velocity vector and the effect of a fluid in the tendency to consensus. We will explain
the relation to these classical models of alignment below.

The model under consideration governs the motion of particles immersed in a Navier—Stokes fluid interacting
through local alignment. By local alignment, we mean that each particle actively tries to align its velocity to that
of its closest neighbors. The particles and fluid are coupled through linear friction. If we let f = f(x,&,¢) be the
one-particle distribution function at a spatial periodic domain x € T3, Ee R3 at time ¢, and u = u(x,t) be the bulk
velocity of fluid, then our model reads

O f +&-Vof =aVe [ —uw) f]+BVe [ —upf]+onef
ou—+u-Viu+Vip=ulyu—apr(u—uy)

Vi-u=0 (1.1)
subject to initial data
f(x,8,0)= fo(x,§), u(x,0) =uo(x), (1.2)
where «, B, 0 > 0 are constants, and o and u y denote the average local density and velocity, respectively
o= [ fas. ppuy = [eras. (13)
R? R3

The model (1.1) contains as particular cases two previously studied models in the literature. If 8 = 0, the model
reduces to the fluid-particle model studied in [16,17], see also [3,8,18,26,27]. They analyzed the existence of weak
solutions and their hydrodynamic limit. On the other hand, if « =0, (1.1) decouples and becomes the kinetic flocking
model studied in [21-23]. This latter series of papers establishes existence of weak solutions and hydrodynamic limit,
but leaves out the question of large-time behavior.

In this paper, we shall be concerned with the case «, B > 0. This introduces new difficulties compared to the
previous studies, requiring non trivial arguments to overcome them. To prove existence of weak solutions to (1.1), the
main challenges are posed by the product fu s and the lack of regularity on u. In the first case, weak compactness
of fuy is not trivial as there does not seem to be any available regularity in a spatial domain. Moreover, u y is only
defined on regions with ¢ > 0 and hence does not belong to any L”-space. In this paper, we will obtain the needed
compactness from the velocity averaging lemma together with some technical arguments. This part of the proof will
be similar to the existence proof in [21] for (1.1) with ¢ = 0. However, the coupling with the Navier—Stokes equations
introduces new problems that are not straightforward to handle.

Since Eq. (1.1) is posed in 2d + 1 dimensions, finding an approximate solution is computationally expensive.
For this reason, it is of interest to identify regimes where the complexity of the equations reduces. In this paper,
we shall rigorously identify one such regime corresponding to strong noise and local alignment. That is, the case
where g ~ o ~ &~!, where ¢ is a small number. We will establish that in this case f is close to a thermodynamical

equilibrium f ~ cop fe"“f’g */2 and that the dynamics can be well approximated by a compressible Euler equation
for (o, u r) coupled to the incompressible Navier-Stokes equations for u (see Section 2.2 for clarity). We will achieve
this result by establishing a relative entropy inequality. Though this type of inequality was originally devised in [10]
to prove weak-strong uniqueness results, it has also been successfully applied to hydrodynamic limits for kinetic
equations [14,24,29]. The perhaps most relevant study is [22], where (1.1) with « = 0 is studied. However, with
B > 0, deriving a relative entropy bound is more involved and requires completely new arguments that does not have
a kin in the literature.

For the estimates of large-time behavior of solutions, when 8 = 0, i.e., no local alignment force, the particle-fluid
equations (1.1) reduce to the Vlasov—Navier—Stokes—Fokker—Planck equations. For this system, classical solutions
near Maxwellians converging asymptotically to them were constructed in [15]. More recently, the incompressible
Euler—Fokker—Planck equations (8 = 0 and p« = 0) were treated in [5] showing the existence of a unique classical so-
lution near Maxwellians converging to them. On the other hand, without the diffusive term (o = 0), the particle-fluid
system has no trivial equilibria, and as a consequence the previous arguments used in [5,15] for the estimates of large-
time behavior can not be applied. The large-time behavior of the Vlasov—Navier—Stokes equations, to our knowledge,
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has only been studied in periodic spatial domain [1,2]. By replacing the Cucker—Smale alignment force in [1] by
the local alignment one, we will show the emergence of alignment between fluid and particles as time evolves. Our
strategy to analyse the large-time behavior can be applied to the system discussed in [1], improving their results by
weakening the assumptions. Unfortunately, our framework can not be applied to the Vlasov—Navier—Stokes equations
in the whole space, since we do not know how to get information from the dissipation of the fluid equation replacing
the Sobolev inequality.

Let us now give some explanation for the term local alignment and how this pertains to the Cucker—Smale flocking
model. In the previous decade, Cucker & Smale [9] introduced a Newtonian-type flocking model using £2-based
arguments:

dx; ds N

— =k ’ Z (& —&), 1>0,ie{l,...,N}, (1.4)
where x; (t) € R? and &;(r) € R are the position and velocity of i-th particles at time ¢, respectively and were 1/fl‘jA is
a communication weight between particles defined by

1//5?Y = %1//“(|xi—xj|), i,je{l,...,N}. (1.5)
Subsequently, this flocking model and its invariants have been extensively studied in a vast number of papers such as
[4,6,19,20] to mention a few. However, more recently Motsch and Tadmor pointed out several deficiencies with the
Cucker—Smale model, and suggested a new model which take into account not only distance between particles but
also their relative distance [28]. More precisely, they considered a nonsymmetric communication weight normalized
with a local average density:

cs
W,,
ZN cs
k=1 "ik
As a result, the Motsch-Tadmor model does not involve any explicit dependence on the number of particles. Since
gﬁi’;” is nonsymmetric, they introduce a new tools based on the notion of active sets to estimate the flocking behavior
of particles.

On the other hand, when the number of particles goes to infinity, N — oo, one can formally derive a mesoscopic
description for system (1.4)—(1.6) with density function f = f(x, &, ) which is a solution to the Vlasov-type equation:

Yo = (1.6)

Wf+E-Vof+ Ve (FIf1f) =0,
Jrdga WEUx — YD G — &) f (v, Ex)dydé,
Jra VS (Ix = yDpr(y)dy

FLf1(x,8) =
Jo(x, &) :=f(x.§.0).

Now, notice that F[ f] can be rewritten as

)

f]RdX]Rd ¢cs(|x - Y|)-§*f(y7 é*)dydé*
Jra ¥ (x = yDps (¥)dy

and hence that this equation is a non-local version of (1.1);. However, we can localize the previous derivation by
assuming that the communication rate is very concentrated around the closest neighbors of a given particle, i.e.,
that ¥*(x) is close to a Dirac Delta at the origin. Under this localization of the alignment, it is reasonable to ex-
pect (1.1) as the N — oo limit of the Motsch—-Tadmor model. Some formal indications on its validity are provided
in [23].

In the next section, we state our main results. Then, in Section 3, we provide a priori energy and L” estimates.
Section 4 is devoted to the proof of global existence of weak solutions using Schauder’s fixed point theorem and
velocity averaging lemma. In Section 5, we rigorously investigate the convergence of weak solutions to the system

Flfl=uy—& whereiiy:=
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(1.1) when the local alignment and diffusive forces are sufficiently strong. In Section 6, we show a priori estimates for
long-time behavior of solutions.

Notation. We provide several simplified notations that are used throughout the paper. For a function f(x, &) ((x,&) €
T3 x R?), we denote by || fllLr the usual LP(T? x R3)-norm, and if u is a function of x € T3, we denote by |lu|lLr
the usual L?(T3)-norm, otherwise specified. We also drop x-dependence of differential operators dy;, Vy, and Ay,
ie,0if =0y f.Vf =V fand Af :=A,f.

2. Main results

In this section, we state the three main results of this paper. Our first result concerns the existence of global weak
solutions to (1.1). In the second result, we rigorously study a hydrodynamic limit of (1.1) corresponding to strong
noise and strong local alignment. Our final result is an estimate on the large-time behavior of solutions to (1.1) with
o = 0. The latter result assumes that the solutions are sufficiently integrable and the particle density is uniformly
bounded in time.

2.1. Existence of weak solutions

Let us define
Hi={wel*(T*)|V.-w=0}, Vi={weH'(T?)|V w=0]

and denote by V'’ the dual space of V.
Existence will be proved using the following notion of weak solutions.

Definition 2.1. Suppose the initial data ( fo, o) satisfy
foe (LLNL®) (TP xRY), [P foe LY(T® xRY), wupeH. 2.1

For a given T € (0, co0), we say that the pair (f, u) is a weak solution of (1.1)—(1.2) provided the following condi-
tions are satisfied:

(1) feL®,T;(LLNL®N(T?> xRY), |§]2f € L, T; LI(T? x RY)).
(2) ueL®0,T;H)NL*0,T;V)nC°([0, T, V).
(3) Forall ¢ € CH(T3 x R3 x [0, T)) with ¢ (-, -, T) =0,

T

[ [ s@s+e e dearas
0 T3xR3
T
—/ / (a(u—é)f—i—ﬂ(uf—é)f—anf)ngqbdédxds
0 T3xR3
= / Jop (-, -, 0)dédx.
T3 xR3

(4) Forall ¥ € [CY(T? x [0, T]]?, and V - ¢ =0, for a.e. 1,

t
/u(t) - (t)dx —l—//(—u Y — (V)Y u+uVu : Vw)dxds

T3 0 T3
t

=—//(u—uf)~1ﬁ,ofdxds+/uo-1p(0,~)dx.

0 T3 T
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Our existence result is given by the following theorem.

Theorem 2.1. Suppose the initial data ( fo,uo) satisfies (2.1). Then for any T > O there exists at least one weak
solution (f,u) to (1.1)—(1.2) on the time-interval (0, T).

The proof of Theorem 2.1 is the topic of Section 4.
2.2. Hydrodynamic limit

In our second result, we study the regime where the noise and local alignment are relatively strong compared to
the other terms. That is, for & small, we consider the system

1
O f +E- VI 4 Ve [(u =)/ ]= Ve [Vef = lup =[],

duf +uf - Vut +Vpt — pAut =—/(u"3 —£) fedE,
R3
V'ué‘:O. (2.2)

Now, observe that the right-hand side can be written

f&‘
Ve - [Véfg — (uyge —S)fg] = Vg - <M8V§(W )
where we have introduced the Maxwellian
1 le—u e (.01
——e .
(27-[)3/2

Consequently, if we have that u pe — uy and u® — u, then we expect that f* converges to the thermodynamical
equilibrium

ME(x,&,1) =

pr(x,t) Js—uf;x.m?
(27.[)3/2 e

In this case, it can be readily seen that p s, u 7, and u evolves according to the fluid-particle model

as ¢ — 0.

f€ - Mpf,uf(xv%_st) =

dpr+V-pruy=0,
O (prup)+V-(pruy@ug)+Vor=pr—ur),
ou+u-Vu+Vp—puAu=—pru—uy),

V-u=0, (2.3)
subject to
(py(x,0),up(x,0),u(x,0)) = (pf, tfy,0), x€T. (24)

In our second result fact, we prove that weak solutions of (2.2) are close to a strong unique solution of (2.3). Hence,
if ¢ is sufficiently small, (2.3) provides a good approximation of (2.2).

Theorem 2.2. Assume that there exists a unique strong solution (py,u s, u) to the system (2.3)-(2.4) in the interval
[0, T*]. Furthermore suppose that ( fy, uo) satisfies (2.1), and fy is given by

. le—u g, ()
P f (X A
fo ( 3) 6‘_+ )

(2m)2

fox, &) =

Then, for any sequences of weak solutions (f€,u®) to the system (2.2), we have

sup (lluge —upl2s +llpge — ppl2s + |u® —ul|7) < CVE.

0<t<T*
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As a consequence, as € — 0,

. oFf e_lé—;f\z
@)}

pfeUfe = pruf in L}OC(O, T*, LI(T3)),

preluge? = prlugl® in Ly, (0, 7% LY(T?)),

u® > u in L}OC(O, T*; L2(T3)).

in L}, (0, T*; L' (T* x R?)),

2.3. Large-time behavior

Our third result is a large-time behavior estimate for our kinetic model. To state this result, we introduce several
energy-fluctuation functions:

1
erti=5 [ 1 —upiravas,

T3 xR3
1
ev0i=5 [ lur@ - w0 prwes0)dady.
T3 xT3
Er(r) == %/|u —u.(t)| dx,
3

2
)

1
1) =3 |uc(t) — &)
where u, and &, are the mean bulk velocity of the fluid and the averaged particle velocity:
Ue = / udx and & := / Ef dédx.

T3 T3 xR3

We finally set a total energy function &:

E@)=2Ep(t) + Ey(t) +2EF (1) + E1(2).

For this analysis, without loss of generality, we assume o = 8 = 1.
Theorem 2.3. Let (f, u) be global in time classical solutions to the system (1.1)—(1.2) with o = 0 satisfying
£(0) <oo, lim [P f(x.&1)=0, (x.,1)€T’ x[0,00).
|§]—>00
Assume that |0 || oo (0.00: L3/2(T3)) < OO, then the total energy fluctuation function &(t) satisfies
d
Eé‘(r) <—-C&(), fortel0,00),
where C is a positive constant depending on [, py.

Remark 2.1. Since the total momentum u.(¢) + &.(¢) is conserved, we find

2

2

1 1 1
Egl(t) = |uc(t) — E(‘gc(o) + ML(O)) (1) — 5(&(0) + ML(O)) .

Thus this deduces the emergence of exponential alignment between particles and fluid, and they asymptotically con-
verge to half of the initial total momentum. Notice that the previous theorem makes no assumption on the viscosity of
the fluid.
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3. Preliminary material

The purpose of this section is to derive a priori energy and L? estimates for the system (1.1). We will also provide
two technical lemmata that will be frequently applied in the subsequent analysis. In this process, we shall use the
following notations for the k-th local and global momentums

me(f)(x. 1) = / el rde, MuH@) = / €1 £ (v, E)dxdE,
R3 T3 xR3

where k =0, 1.... We also observe that

pr=mo(f)(x,1), lofurl <=mi(f)(x,1), and Mk(f)(t)=/mk(f)dX~

T3
3.1. A priori energy and LP estimate
The following proposition provides an energy estimate.

Proposition 3.1. Let (f, u) be any fast decaying at infinity smooth solutions to the system (1.1). Then, the following
properties hold

. d _
G f fdedx =0,
T3 xR3
.. d
(ii) E(/ udx + / Efdédx) =0,
T3 T3 xIR3
Lo Ld 2 2 2
(iii) EZ( / €] fdédx+/|u| dx)—}-u/lvm dx
T3 xR3 T3 T3

=—« f lu—&° fdedx — B f lusp — &> fdedx + 30 / fdédx.

T3 xR3 T3 xR3 T3 xR3

Proof. (i) and (ii) are readily obtained from the system (1.1). For the estimate of (iii), we multiply (1.1); by |& |2 /2
and integrating over T3 x R? to get

- v 2
> / £ fdedx
T3 xR3
—q / E-(u— ) fdedx + / s — EP fdedx
T3 xRR3 T3 xRR3
+30 / fdedx, 3.1)
T3 xR3

where we have used that

/ g (uy—€)fdédx =0.

T3 xR3
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On the other hand, from (1.1)3, we get

1d
ﬁfmﬁdxwfwmzdx:—a / u- (- £) fdedx. (3.2)
T3 T3 T3 xR3

We now combine (3.1) and (3.2) to conclude the desired result. O

Remark 3.1. Throughout the paper, without loss of generality, we assume

Mo(fo) = / folx,&)dxdE =1.
T3 xR3

Then it follows from mass conservation (Proposition 3.1(i)) that

Mo(f)(t) = / FGEndxde =1, 130,
T3 xR3

We next provide an L”-estimate for the particle density function f.

Proposition 3.2. Let (f, u) be any smooth solutions to the system (1.1). Then we have

4o(p —

d 1 P
SN+ Ve £5 12 = 3@+ B~ DIFIE.

In particular, we have that
If Nl o3 xr3xgo,r7) < C(Ts e, Bl foll oo (T3 xr3)-

Proof. (i) Multiplying (1.1); by pf?~! and integrate over T> x R to obtain

d
e / fPdxde

T3 xRR3

=—ap f PV - ((u = &) f)dxdé

T3 xR3

— Bp / fp_1V§~((uf—§)f)dxd§+op / Ag fdxd&
T3 xRR3 T3 xR3
=L+ L+ L.

For the estimates of 1;, i = 1,2, 3, it is straightforward to get by integration by parts

I =3a(p— 1) / fPdxde,
T3 xR3
L=38(p—-1) / frdxdg,
T3 xR3
do(p—1
L=t =l / Ve £ 4 Pdxde.
P
T3 xR3

This concludes the proof. 0O
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3.2. Integrability and velocity averaging
Let us now provide two useful lemmas for later reference. For the proofs of these lemmas, we refer to [3,13,21].

Lemma 3.1. Let ky > ky and f be a nonnegative function. Suppose f satisfies

f Nl poo (3 xR3x[0.77) <005 and  mp,(f)(x,1) <00, a.e (x,1).
Then the following inequality holds

k43

4 i B
Mi, (f)(x, t) < (?n”f”LOO(T3XR3X[0,T]) + 1)”1k2(f)(x, l‘)k2+3 , a.e. (.X, t).

We conclude this section by stating the following version of the celebrated velocity averaging lemma.

Lemma 3.2. For 1 < p < ?T’ let {G™},, be bounded in LP (T3 x R3 x (0, T)). Suppose that
f" is bounded in LOO(O, T:L'n L‘X’(']I“3 X R3)),
€12 £ is bounded in L>(0,T; L! (']I‘3 x R3)).

If f" and G" satisfy the equation
fl+E- VT =VEG",  f"li—o= foe LP(T> xRY),

for a multi-index k. Then, for any ¥ (§), such that |\ (§)| <c|&| as |&| — oo, the sequence

{/ () dé}n,

R3

is relatively compact in LP(T? x (0, T)).
4. Global existence of weak solutions (Theorem 2.1)

In this section, we will prove the existence of weak solutions to the system (1.1) and thereby prove Theorem 2.1.
Our strategy will be to pass to the limit in a sequence of approximate solutions. To define the approximate solutions,
fix a small ¢ > 0, let 6 be a standard mollifier:

0>0, 0eC(T%), supp,6 C Bi(0), /Q(x)dx =1,
T3
and set 6, (x) := (1/&%)0(x/¢). The approximate solutions are obtained by solving:
0f+E-V Ve [f(tr) — )] = Ve - [f () — €)] + 0 Ac £,
du~+ O xu) - Vu+Vp=pAu+ mys—oru)lgu),
V.u=0, 4.1)
where m y = fR3 &fd&. Compared to (1.1), we have introduced the regularizations

I, |w|<R, m g
xr(w)=wlg(w), and u"}:

1z(w) = { (4.2)

0, otherwise or+e’

and in addition, we have regularized the convection velocity 6, x u. Notice that we do not need the notation of u 7.
We shall also need to regularize the initial data:

ub = 0 % uo, &= folr@). (4.3)
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Remark 4.1. In our approximation scheme (4.1), for simplicity, we set « = 8 = 1. We also dropped the subscript ¢
and R, for instance &% or u®® by f or u.

Before we can start sending ¢ — 0 and R — oo in (4.1), we need to make sure that (4.1) actually admits a weak
solution. We will establish the following proposition.

Proposition 4.1. For a given T > 0, suppose that (fo, uo) satisfy (4.3). Then there exists a weak solution (f,u) to
(4.1) in the sense of Definition 2.1 (with xg (u?) replacing u 7).

For the proof of Proposition 4.1, we will consider another decoupled system which is defined in the next subsection.
4.1. The regularized and linearized system

We shall prove Proposition 4.1 using a fixed point argument. For this purpose, we will use the space
S:=L*(T* x (0, 7)) x L*(T? x (0, T)).
For (w, ) € S given, let (f, ) be a weak solution to
Of+&-Vf+Ve [fxew)—&)] ==V [f(xr@ — )] +0Acf.

O+ (B xu) - Vu+Vp=pAu+ (my —orw)lg(w),
V.u=0, 4.4

and define the operator 7 : S — S through the relation

— e _ my
Tlw, i] := [u,uf] = |:u, 8+in|.

Observe that a fixed point [u, ugf] =Tlu, ugf] is also a solution of (4.1). Hence, Proposition 4.1 follows if we are able
to establish the existence of such a fixed point. In this subsection, we shall achieve this by verifying the postulates of
the Schauder fixed point theorem.

4.1.1. The operator T -, -] is well-defined
Lemma 4.1. Let (fo, uo) satisfy (4.3), and assume that we are given (w, ) € S. Then there exists a unique solution

(f.u) of (4.4) satisfying

2
Py 2
||f||L°O((),T;Lp(11‘3xR3)) + ” Ve f2 “52(0,T;L2(T3xR3)) =C(R,o, T)||f0||LP('JI‘3><R3)7

sup / flEF dgdx < C(R, k,0,T), (4.5)
te(0,7T)

for p € [1, oo] and all finite k, and moreover,

1 1
§||u||LOO(o,T;L2(T3)) + M||v”||L2(0,T;L2(T3)) = ) ||M0||L00(0,T;L2(T3)) +C(R,T). (4.6)

Here, C(-) denotes a generic constant depending on -.

Proof. First, we observe that the two equations in (4.4) are decoupled and a solution can be obtained by first deter-
mining f and then u. Let us begin by discussing solutions to the first equation.

1. Since both xg(w) and xg(i) are bounded in L>®(T3 x (0, 7)), existence of a unique function f €
C([0, T1; (L' N L*®)(T? x R3)) solving (4.4) is by now standard and can be found in [11] (cf. [21]). The L? bound in
(4.5) can be found in [21]. We also notice that for a smooth solution f to (4.4) provides
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% / FIEl dedx < / FRKRIER +ok(k + Dig ) ddx
T3 xR3 T3 xR3
§C(R,k,cr)< / fo dedx + / f|s|kdsdx>.
T3 xR3 T3 xR3

Since [13, g3 fodédx < ocoand [13 g3 fRIE|F d&dx < oo for any finite k, we obtain that

sup / fle* dedx < C(R,k,0,T) for any k finite. 4.7)
te(0,T)
T3 xR3

This bound continues to hold for the unique solution f of (4.4). To see this, one can for instance localize |§ |k as (| |k )
where ¢ (r) =1 when r < D, and ¢ = 0 when r > 2D, make the corresponding calculations and send D — oo. This
concludes the second inequality in (4.5).

2. Let us now turn to the Navier—Stokes equations for u. First, since all (finite) moments of f are bounded (4.7),
Lemma 3.1 gives in particular

or, mfeLoo(O,T;Lz(T3)), 4.8)

where the inclusion constant depends on R. Due to (4.8), we see that the right-hand side in the equation for u is also
in L0, T; L%(T?)), that is,

|| (mf - QfU))1|w|§R HLOC(O,T;LZ(T3)) < C(R)

Standard parabolic theory then asserts the existence of a unique solution u satisfying (4.6) (cf. [12]). O
From the previous lemma, it readily follows that 77, -] is well-defined and maps into a bounded subset of S.

Corollary 4.1. There is a constant C(R, €), such that
|TTw.al| g <C(R.&), VY(w,i)eS.

Proof. By definition, we have that

_ 1
| 70w, ] < Nl 2o o,y + Sl s l2eixo.ry

E C(R’ S’ T)7

where the last inequality is (4.5) and (4.6). O

4.1.2. The operator T |-, -] is compact
Lemma 4.2. Let (fo,uo) and T be as in Proposition 4.1, and let {(wy, iy)}o2, be a uniformly bounded sequence

in S. Then up to a subsequence {T[wy, i,]},2, converges strongly in S.

Proof. Let {(«,, f,)}, be the sequence of solutions to (4.4) corresponding to {(wy, i,)},. We will prove compactness
of the two components of 7, -] separately.

1. We take the first component of T [wy,, it,], T [wy, iiy]]1 = u,. To show its compactness in LZ(O, T; L2(T3)), it
suffices to prove that

lunllp2or:mty =<C.  and  8unll 20,7,y < C,

due to the Aubin-Lions compactness lemma.
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e Estimate of [lu, ;29,7 g1y < C: From (4.4), we get

1d

T |un|2dx+uf|wn|2dx=— f (W —&) fuljw|<k - unddx

T3 T3 T3 xR
< log iz llunlizz 4 llm g, 12 lun i 2

2
<(logllg2 + llmpl2)" + lual3s.
Then it follows from Lemma 3.1 that
1d
5 77 72 + 1IValls < € + lunl7o,
and this yields
”un ”LOQ(O,T;LZ) S C, and ”VMn ”LZ(O,T;LZ) f C (49)

e Estimate of [|0;u 12,7,y < C: For this, it is enough to check the convection and drag force terms. For ¢ € V,
we obtain

T
//((08 *Uy) - Vun) -¢pdxdt

0 T3

T
/((95 *Uy) - V¢) ~uUp dxdt
0 T3
T
< f 16 % |22 [Vl 2t | 2l
0

T
2
< 162l o1 / IVl 2dt
0

<C(T, IVPl20.7:12)
by (4.9). This implies

T
¢ //((es*u,,) -Vu,)-$dxdt is bounded in L*(0, T; V).
0 T3
For the drag force term, we obtain
T
[ | w-ostuee sazasar
0 T3xR3
=< R||¢||L2((),T;L2)||Pf,, ||L2(0,T;L2) + ||¢||L2((),T;L5) lm g, |l

=Cloll20,1:H)-

5
L2(0,T;L4%)

Here we used again Lemma 3.1 and T? is bounded. Hence we conclude that the drag force term is uniformly bounded
in L2(0, T; V).
2. The second component of T [-, -] is given by

_ my,
TTwn. il = — 2,
etaof,

and hence strong convergence follows if we can prove the compactness of ¢, and m z,. From (4.8), we have that

of,, my, €5 L*(T? x (0, T)),
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where €, means that the inclusion constant is independent of n. To show the compactness, we write (4.4) in the form

O fu+&-Vf=Ve -Gy+0Asfu,

where we have introduced the quantity

Gp=fn (XR(wn) + xr () — 25)

For any finite 2 < p < 0o, an application of the Holder inequality provides

||Gn||1_p('[r3x1e3)

bt !
sC(R)nfnan(TaxRa)+2||fn||L’;C(T3xR3)( f |fn||s|f’dsdx) <Cw),
T3 xR3

where the last inequality is (4.5)—(4.6). Hence, we can conclude that
Gnep LP(T? x R? x (0,T)) forall p e (1,00).
The velocity averaging Lemma 3.2 is then applicable and yields that {o,}, and {m,}, are relatively compact in

L?(T? x (0, T)). This concludes the proof of compactness of the operator 7. O

Proof of Proposition 4.1. Through Lemma 4.1, Corollary 4.1, and Lemma 4.2, we have established that the oper-
ator 7[-, -] is well-defined, bounded, and compact. Moreover, continuity of the operator 77, -] is straightforward.
As a consequence, the postulates of the Schauder fixed point theorem are satisfied, and hence yields the existence of
a fixed point. This concludes our proof of Proposition 4.1. O

4.2. Uniform bounds

To consider vanishing approximation parameters, we will need some uniform (in ¢ and R) L? and energy bounds
on solutions of (4.1). We recall that the energy is given by

2 2
E(t) = / f'%'dgdwr %dx.

T3 xR3 T

Lemma 4.3. Under the conditions of Proposition 4.1, there exists a constant C > 0, independent of R and ¢, such that

2
p 2
||f||L°°(O,T;LP(T3><R3)) + ”st2 HZZ(T3><]R3><(O,T)) <C(p,o, T)||f0||LP(’E3xR3)1 (4.10)

T
2
sup E(1) + / IVl 2o, it + f flxrGo) — €[ dedx
te(0,7T) 0

T3 xR3
<E(0) + 30 Mo(fo)T. (4.11)

Proof. By direct calculation using (4.1), we deduce

4o (p —

d 1) 22
P
TN s sy + [ Ve £ 21 2 sy

- / (xR0 + xR (45) —28) - Ve £ dEdx =6 £17,
T3 xRR3

and (4.10) follows from the Gronwall inequality.
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Next, we calculate E'(¢) using both equations in (4.1);

E = /u,udx+ / f,ﬁdéd

T3 T3 xR3
- _M||vu||§2(T3) - /((ea xu) - Vu) - udx + /(mf — o) lg(u) -udx
T3 T3
+30 Mo(fo) + / F(xr@) — £) & dgdx
T3 xR3
+ / f(xr(u) —€)- & dédx. 4.12)
T3 xR3

By adding and subtracting, we deduce that

/ Flor@) —€) -£ dedx

T3 xR3
=- / f|XR(M)—f‘zdfdx‘i‘/(QfXR(u)—mf)'XR(M)dx
T3 xR3 T3
=- / fIXR(u)—Elzdéder/(qu—mf)lR(u)-udx. (4.13)
T3 xR3 T3
We also have
2
/ F(xr () —€) - € dax </' iy / E[2 £ dédx <0, (4.14)
T3 xR3 T3 xR3

where we used |mf|2 < pf(fR3 |E|? FdE). By applying (4.13) and (4.14) in (4.12), we obtain (4.11). O
4.3. The R — o< limit

We are now ready to send R — oo in our approximate equation (4.1). We begin by deriving some compactness
properties. Some of the arguments we shall use in this regard are similar to those of [21].

Lemma 4.4. Let ¢ > 0 be fixed, set R = n, and let {( f,, un)};'lo:O be the corresponding sequence of solutions to (4.1).
Then, up to a subsequence as n — 0o, we have

fo—f inC([0, T1; LP(T? x R?)), p e (1, 00),
of, —~> oy ae andin Lp(']I‘3 x(0,T)), pe (1, g),

mys,—my ae andin L9(T° x (0,T)), g € (1, f—1>

un — u  ace andin L*(T% x (0, 7)), (4.15)
where 05 = [ps fd€ andmy = [ps §f d&.
Proof. 1. We first apply the previous lemma and Lemma 3.1, to deduce that

of, € LP(T> x (0,T)),  my, € LI(T* x (0, T)), (4.16)
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for any p € (1, %) and g € (1, %). Using this, we apply the Holder inequality to find that

T
//8,un -vdxdt

0 T3

= ||Mn||L3(11‘3X(0,T))||V”n||L2('Jr3x((),r))||U||L6(11‘3x(o,T))

+ M||Vl4n||L2(T3x(0,T)) ||VU||L2(T3X(0,T))

+Pnll2er3 0,y IV - vliL2msx 0,1y

s, ”L°°(°’T;”(T3))”U”Ll(o,T;ch’TlmrS))

+lle s, unll 20,724 (13)) “””Lz(o,T;Llears))’ 4.17)

forg < % and all v € [C§® (T3 x (0, T))1*. To bound the last norm in the right-hand side, we shall need the calculation
le fuutnlli20,7; 10 (13)) = llo g, ”LOO(O’T;LSi_qu(T%)||un||L2(0,T;L5(T3))

=Cllegl 39 lunll 20,7 wi2(r3))- (4.18)
Lo(0,T; L3749 (T3))

We notice that 55qu < % since g < %. By applying (4.18) in (4.17), using (4.16) and (4.11), and using g = g, we
deduce that

diun €p L3 (0, T; W12(T3)).
Since in addition u, €5 L2(0, T; WH2(T3)), we can apply the Aubin—Lions lemma to conclude

u, - u ae.andin LZ(O, T; LZ(T3)), as n — oo.

2. To conclude compactness of g r,, we write the first equation in (4.1) in the form

atfn +‘§'an :VE -Gy +0A5fnv

where G, = f,, (xn(Un) + xn (ugfn) — 2&). By direct calculation, using the uniform bounds (4.10), (4.11), and (4.18),
we deduce

1Gn ||L‘1(’]1'3XR3X(0,T))
< W fattnll L3 xr 0.1y + 1fnt g ook 0,7y + 20 Fal€1| o rsro o,

< C(lunll oo, r;5m3y) + Im gl Lacm3xo,1y) + IV 18] ||L2(T3><R3><(0,T)))
S Ca

where we used
g—1 1

u IR = K a s Upll s
I futtnll pa (13 xR3) = ||fn||LOO(T3XR3)”an HL;qu 11‘3)” nllzs (s

(

g-1 1
q q
= ||f"“L°°('JI‘3><R3)”pfn ”Lﬁ(TS)Hun”LS(Tﬁ, 4.19)
1
and here ||pz, |7 5 is uniformly bounded in n since % < % Hence we can conclude that
L5-4(T3)
q (3 3 5
Gnep LY(T° xR x (0, 7)), VYgell, 7)) (4.20)

The velocity averaging Lemma 3.2 is then applicable and yields

ffrﬂﬁ(%‘) d$—>/f1/f(€)d$ in L9(T° x (0, 7)), (4.21)
R3 R3
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for any v (£) such that | (§)| <c|&| as || — oo, and any ¢q € (1, %). Ifwesety(§)=1and ¥y (§) =& in (4.21), we
obtain

ef, ey and my —my inLI(T x (0, 7).

The proof is now complete. O

In the next lemma, we establish convergence of solutions to (4.1) as R — oo. Specifically, we will send n — oo in
O funt+&-Vin+ VS : [fn(Xn(un) - S)] = _VE : [fn(Xn(uifn) - S)] +0A§fn,

Oty + (O %) - Vuy +Vp, = nwAu, + (mfn - anun)ln(un)s
V.u,=0. 4.22)

Lemma 4.5. Under the conditions of the previous lemma, (f, u) is a weak solution of

O f +&-VF+Ve [fu—8]=—Ve [fu—8)]+0Acf.

ou—+ (O *u) - Vu+Vp=puAu+ my —oru),

V.u=0, (4.23)
in the sense of Definition 2.1, where u? is defined in (4.2). Moreover, (f, u) satisfies

2
ZZ(O,T;LZ(T3><]R3)) S C(pv T)||f0||LP(']I‘3 XR3)’ (424)

P
I £l oo o, 720 (T3 xRy + || V£ 2

T
sup E) + f 190123, dt + / flu - &P dgdx
te(0,T)

0 T3 xR3

<E() 430 Mo(fo)T. (4.25)
Proof. The only problematic terms when passing to the limit in (4.22), are
Snxn(n), Jnxn (l/ljcn), 0 ftn 1y (up). (4.26)

1. Let us begin with the latter. From (4.18), we have that

5
”Qﬁlun”LZ(o,T;Lq(’]IG)) <C, ¢g< rh (4.27)

As a consequence, we can apply weak compactness to (4.27), (4.11) and use the strong convergences of py, and u,
in (4.15) to deduce

Of,n = 0fu asn—» o0oin L2(O,T;Lq(’}1‘3)), q<§. (4.28)
Now, by adding and subtracting, we see that

0 f,unln(n) = 0 ttn — 0 fttn (1 — 1, (un)), (4.29)
where the last term converges to zero as

”an“n(l - ln(”")) ” L1(T3%(0,T))

< C”an Un ”LZ(O,T:Lg (T3)) ” 1- ln (ul’l) ||L2(O,T;L6(T3))

¢ C
< —llunllp20,7:6¢13y) = —lnllz20, ;11 (13 2=,
n O.T:LT) =7 O,T;H!(T?))

where we have used g = g < % in (4.18) and the estimates of uniform bounds for the approximations (4.11). Hence,
we can send n — oo in (4.29) to conclude

5
ofunly(uy) = ofu asn— ocoin L*(0, T; LY(T%)), ¢ < T (4.30)



J.A. Carrillo et al. / Ann. 1. H. Poincaré — AN 33 (2016) 273-307 289

2. Let us now consider the first term in (4.26). For this purpose, we use (4.11) and (4.19) to find

I futtn |l 20,7 L9 (T3 xR3))
g—1 1

=/ ||LZO(T3 <R3%(0,T)) (A lunllz20,7;15(T3))

5
L°(0,T;L5-9 (T3))
< Cllunll20,7: 11 (13)) < C-

Then we use the similar argument to (4.28) to obtain

fatta = fu in L*(0, T; L9(T° x R?)). 4.31)
Next, by adding and subtracting, we write
Jnxn(n) = fottn + fn (Xn(”n) - un)» (4.32)

where the last term converges to zero as

” Jn (Xn(”ﬂ) - “n) ||L1((0,T)><11‘3 xR3)
= ”an”n(l - ln(”n))|’Ll((0,T)xT3)

<l et 200,726 |1 = 1n @) | 120 7167

L°°(0,T;L%(T3))

— 2 n— 00
=< n ”ny, ||L°°(O,T;L%(T3)) ”Mn ||L2(0,T;L6(T3)) —= 0.

This, together with (4.31), in (4.32) yields
faxn(uy) = fu in L*(0,T; L4(T? x R?)). (4.33)

3. Finally, we consider the second term in (4.26). First, we calculate

[t D oeio.1: 0 s sy = W falosio sy [,

C C
= ;”mf,, o0, 7249 (T3)) = s

L(0,T;L9(T?))

where the last inequality is (4.10), (4.16), and g < %. We also notice that the convergence estimates of p s, and m ¢, in
(4.15) and —— <1 yield

€+pfn
5
uh = oo, Ty pa(T3 % (0,7)), g <2,
" e+toyf, etor 4

for each fixed ¢ > 0, due to a simple application of Vitali’s convergence theorem. In particular, we again use the
similar strategy to (4.28) to have that

fnu?n — fujc asn — ooin LY (T3 x (0,7)). (4.34)
By adding and subtracting,
JnXn (“jfn) = fn“;n + fa (Xn (u‘j[n) - u‘;ﬂ), (4.35)

where the last term satisfies

| fo (xn () — e%,)

|L'(’]I‘3><R3><(O,T))

T
1
= Han”jfn(l - ln(u?n))”Ll(T3><(O,T)) = " //an
0 T3

since [ps 0, |45, 1 dx < [1a, g3 ful€]* d&dx, which is bounded by (4.11). By combining (4.34), (4.35), and (4.36),
we conclude

us, |* dxdr 2= 0, (4.36)

faxn(u§,) = fu’ asn— ooin LI(T? x (0, T)). (4.37)
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4. Equipped with (4.30), (4.33), and (4.37), there are no problems with passing to the limit in (4.22) to conclude
that (u, f) is a weak solution to (4.23). The bounds (4.24) and (4.25) can be proved as in Propositions 3.1 and 3.2. O

4.4. The ¢ — 0 limit and proof of Theorem 2.1

We will now send ¢ — 0 in (4.23) and thereby conclude the proof of Theorem 2.1. The largest challenge is pre-
sented by possible vacuum regions of ¢y rendering passing to the limit in u s non-trivial. To this end, we shall need
the following lemma:

Lemma 4.6. Let {(f¢, us)}e>0 be a sequence of weak solutions to (4.23). As ¢ — 0,
fe—f inC([0,T]; LP(T* x R?)), pe(l,00),

5
o — oy aeandinL?(T?x (0,T)), pe (1, Z)’

5
my —my a.e andin L’I(’]I‘3 x (0, T)), g€ (l, Z)’

ug —> u a.e andin LZ(T3 x (0, T)), (4.38)

where oy = fR3 fdé, my= ng &f d&, and where the convergence may take place along a subsequence.

Proof. Since (4.16), (4.18), and (4.20) hold independently of &, the proof follows by the exact same arguments as the
proof of Lemma 4.4. O

Theorem 2.1 follows as a consequence of the following lemma.
Lemma 4.7. Under the conditions of the previous lemma, (f,u) is a weak solution of (1.1) in the sense of Defini-

tion 2.1, where

J3 15 de ,
Iy er#0.

0, or=0.

U=

Proof. From (4.38), we easily conclude that

folte —§) = fu—§) in L2(0,T; LY(T3 x &%), ¢ < %,

mfs_Qfgué‘_\mf_qu in LZ(O,T, Lq(']r?’))’ q<§’

O % ue) - Vite = u-Vu in L3(T? x (0, T)).

Hence, in order to pass to the limit in (4.23), it remains to prove that
fgu*}g — fuy ase— 0in the sense of distribution.

For this purpose, let A > 0 be a small parameter and define

A, = {(x,t) top(x,t) > X}.

Since ¢y, — oy a.e., Egoroff’s theorem yields, for any n > 0, the existence of a set By ; with |A; \ B) ;| <7 and
where ¢ s, — oy uniformly on B;_;. In particular, for a sufficiently small &,

0 > h— g Ve <Z  (x.1) € Byp.
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By virtue of (4.38), we have that

my, my . 5

uto =—>>—— —- inLYB; ), g <-.

fe e+ 0. or ( A,n) q 4
In particular, since f; converges weakly, we can conclude that

feu, = fuy in L9(By, , x ]R3) as & — 0.

We then write

fsunglAA = fsuijIB,] + fgu‘;cg IAA\By; s
where we see that the last term is small due to the following bound

L
7

1
H f&uj“glA)L\Bn ”LI(T3XR3X(0,T)) =n? ||mfg ”L‘I (T3x(0,7)) = O(TI‘Z ) (4.39)

Since we can choose 7 arbitrarily small, we must have that

feu, = fuyp in L9(A; x R3) ase — 0.
For the estimate on the set (T x (0, 7)) \ A;., we let ) be a small parameter and make another application of Egoroff’s
theorem to obtain a set C;,_, such that

(T X O D)\ A)\Cunl <n. @f <r+3. Vo<

On C;, ;, the product o 7, u y, is controlled by A + % as

L 2
| feu, “Ll(Cx,an}) = (/ Qfstd’> (//Qfs|”§‘s|2 dx‘“)

Con 0 T3

1
;77
<{r+=) C,

where we have used [1s 07, |u%, ?dx < [13, g fe|&]* d€dx which is bounded by (4.11), and the fact that |T* x (0, T)|
is finite to conclude the last inequality. As in (4.39), we also see that

1
[ Fete5 | oo mmamcamxes < O007).

Since n can be chosen arbitrarily small, we deduce

1
[ feu'y, I (T3 x (0, T)\A) xR3) = O(r2).

Hence by choosing sufficiently small A to conclude
. 5
feu, = fuy in LY(T° xR* x (0, 7)), g < e
This completes the proof. O
5. Hydrodynamic limit (Theorem 2.2)
In this section, we will study the flocking-Navier—Stokes system (1.1) under the assumption of strong noise and
local alignment. In this regime, we shall rigorously establish that the evolution can be accurately described by a cou-

pled compressible Euler and incompressible Navier—Stokes system, and thereby prove Theorem 2.2. For the reader’s
convenience, we recall the equations under consideration:
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1
WfE+E- VI +Ve [(u—&)f]= ng (Ve fe — (s —8) 7],

dut +u - Vu +Vp© — pAuf = _/(”5 —&)fedé,

]R3
V-u®=0, (5.1)
subject to
(f*(x.6.0),u°(x,0)) = (folx, &), uo(x)). (5.2)

Our goal is to prove that solutions of this system can be well approximated by the Euler—Navier—Stokes system
8tuf + V. (quf) =0,
(ruf)i+V-(orur@uyr)+Vor=o5u—uy),
up+u-Vu+Vp—pAu=—o5ru—ug),
V-u=0,

provided ¢ is sufficiently small.
5.1. Entropy of weak solutions

We first show that the weak solutions obtained from Theorem 2.1 satisfies some entropy inequalities that are
uniform in &. For this, we set

2 12
F(fe,u®):= / f€<logf€+|57|>dxdé+/ '”2| dx,
T3

T3 xRR3

1
Di(f7)im [ oIV uge =05 s

T3 xR3

Dy(f2 uf) = / ut — &[> fedxds +,u/]Vu£|2dx. (5.3)
T3 xR3 T3

Then it follows from Proposition 3.1 that
d 1
E]-‘(fa, u®) + ng (f°) + Da(f*, u®) =3Mo(fo).

and this yields

t t
1
]:(fgyug)—j_"(fo,u())—i-g/Dl(fg)ds—f-/Dz(fe’ug)ds:3M0(f0)l. (54)
0 0

On the other hand, we notice that

1
/ f¢|log f¢|dxd§ < / fflog ffdxdE + 2 f (1+ &%) fédxdg + C.
T3 xR3 T3 xR3 T3 xR3
This implies that

e & 1 2 |“8|2
/ f (1+|logf |+Z|é-‘| )dxd$+/ 5 dx
T3

T3 xR3

T T
+ / Da(f*.u®)dr + é / Di(f*)dt < F(fo.uo) + C(T). (5.5)
0 0
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By expanding the square, one can check after some tedious computations that

/ VA CRIVAICR M —S*Izdxdédyd§*+/ﬂf£|”6 —uge|’dx

T6 xRS T
2 1 2
T3xR3 T3 xT3

Now we use the similar estimates in [22, Lemma B.3] to get

1
3 [ pr e mlup e —up ) dndy
T3 x T3

1 2
~3(Mo(f0)* + (D) + 2D (f / 705050 E S dagayae,. 5.7)

T6 x RO
Combining (5.4), (5.6), and (5.7), we obtain

F(fe,u )—|- /Dl ds+//pfa|u —ufsidxds+u//|Vu|dxds

0 T3 0 T3
< F(fo,uo) + C(T)S, (5.8)

where we used the fact that fy has a unit mass, i.e., Mo(fp) = 1. In light of the above arguments, we conclude the
following proposition.

Proposition 5.1. Suppose the initial data ( fo, ug) satisfies (2.1). Then for any T > 0 and & > 0 there exists at least
one weak solution (f€,u®) to (5.1)—(5.2) on the time-interval (0, T') satisfying (5.5) and (5.8).

We will prove Theorem 2.2 through a relative entropy argument. For this to be rigorous, we need a unique strong
solution (at least for short time) to the system (2.3)—(2.4). We claim the following result.

Theorem 5.1. Let s > 3. Suppose the initial data (pf,, u f,, uo) € H*(T?) and Pfy > 0. Then there exists a positive
constant T* > 0 such that the Cauchy problem (2.3)~(2.4) has a unique solution (pr, u r, u) satisfying

(or.up) ([0, 7] 1 (T) et ([0, 77 27! (1)),
ueC([0, T*]; H*(T?)) nL*(0, T*; HT!(T?)).

Since local existence theories for this type of balance laws have been well developed, we omit this proof. We refer
to [25] for the readers who are interested in it.

5.2. Relative entropy

We shall prove Theorem 2.2 using a relative entropy argument. For this purpose, it will be convenient to write the
equation in a more abstract form using the variables

U:= (mf> , A(U) = ”_’ff;’"f or 0],
u URuU 0 O

and

0
FU) :=< ofu—my ),
m¢—Qfu—Vp+ uAu
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where m s = pyu . The system can then be recast in the form

Ui+V-AU)=FQU),

and the macroscopic entropy (energy) takes the form

E(U):=oflogor+ |mf|2 + ﬁ
Using the newly defined variables, we define the relative entropy functional as follows:
o7
HVIU):=EWV)—-EU)—dEWU)(V-U), and V:=|m;|. (5.9)
u

Upon noticing that

2

m

—az tlogpr+1Y /o7 —py

—dEWU)V —U) =— Ty my—mjy
Puf u—u

Py Y -
= Flus P = FrlugP = (og oy + 1o = pp) + prlusl = ppu - = (i —u)-u,

we see that the relative entropy can alternatively be written

OF 1 _
HOVIU) = Flug —u gl + Sl = ul + Plog. pp).
where

1 (1 1
P(pf-,pf):=pf-logpf-—pflogpf+(pf—pf-)(1+logpf)zEmm{p—f,p—f}(pf—pf)z-

Hence, the relative entropy controls the L2-difference provided one of the densities is without vacuum regions.
To proceed, we shall need to derive an evolution equation for the integrated relative entropy.

Lemma 5.1. The relative entropy H defined in (5.9) satisfies the following equality

d
E/H(V|U)dx+u/|V(u_,;)|2dx+/pf—|(uf—ﬁ)—(uf_u)|2dx

T3 T3 T3
:/&E(V)dx—k/pflﬁ—uf|2dx+,u/|Vﬁ|2dx
']T3 T3 T3
—/v(dE(U)):A(V|U)dx—/dE(U)[V,+v-A(V) — F(V)]dx
T3 ']1'3

- f(pf — P —u)(u—uyr)dx,
3
where we have introduced the relative flux functional
AVIU) =AV)—AU)—-dAU)(V = U).

Proof. Although this lemma is essential for the proof of Theorem 2.2, it is rather lengthy and technical. Thus we
postpone its proof in Appendix A for the smooth flow of reading. O
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5.3. Relative entropy bound
The proof of Theorem 2.2 will follow as a consequence of the following proposition.
Proposition 5.2. Suppose all assumptions in Theorem 2.2. Set

of o e
U:=|pruy and U®:=| preuge |,
u u®

where (pr,uyp,u) and (f°,u®) are a unique strong solution to the system (2.3)—(2.4) and weak solutions to the system
(5.1)—(5.2), respectively. Then we have

f% (UtIV) (t)dx+,u//|Vu—u)|dxds+ ffpf;

0 T3 0 T3
<Cye,
forallt €0, T*].

Upe —U ) (uf—u)| dxds

Proof. From Lemma 5.1, we know that

/7—[ U6|U (t)dx—}—,u/./w u—u)|dxds+f/pfs ufe—u) (uf—u)| dxds

0 T3 0 T3

]:/@ ) 4 oy u —up|—%uﬁmlcuds—/i/ (dEW)) : A(UF|U)dxds

0 T3 0 T3

t t
- //dE(U)[Uf +V. A(Ug) — F(Us)]dxds - / /(pf — pfs)(us - u)(u —uys)dxds,

0 T3 0 T3

4
= ZI,'
i=1

o Estimate of /;: We first notice that fT3 EWU?®) dx < F(f¢,u), where F is given in (5.3). Then we obtain

t
I (t):f(E(US)(t)—E(Uo))dx—l—//,ofs

u® —upe 2 —|—,u|Vu8|2dxds
T3 0 T3
:/Ewamm_fgmmm
T3

+f(f8’u€)(t)+//Pff}us — upe|* + u|Vu* [Pdxds — F(fo, uo)
0 T3

+ F(fo, uo) —/E(Uo)dx
sl
<C(T%)e,
where we used the facts that (5.8) and F( fy, ug) = fT3 EUy)dx.
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e Estimate of I,: Straightforward computation shows that
A(U*IU) = A(U®) — A(U) —dAU)(U® - U)

0 0 0
W —u)® (u® —u) 0 0

This implies that

/’A(U8|U)‘dx=/pfe|ufe —uf|2dx+/|u8 —u]zdx§2/H(U£|U)dx,
T3 3 T3 T3
and

t
h) < C//”H(UﬂU)dxds.
0 T3
e Estimate of /3: One can find that p e and u y= satisfy

dipge +V - (pgeiuge) =0,
8t(,0feufs) +V. (pfz-‘ufs ®ufs) + V,Ofs — ,Ofs(l,tfs — us)

—v. (f(ufs ®uye —s®s+ﬂ>f€ds),
R3
in the distribution sense on T x [0, T*). Then we deduce that

j/dE(U)[Uf +V-A(U®) — F(U®)]dxdt

0 T3
t
< //inE(U)|/(ufs@)ufs—f@f-l-l)fsd% dxdt
0 T3 R3
t
5C///(ufs(g)ufs—§®5+H)f8d§dxdt.

0 T3 R3
Then we now apply the same argument in [22, Lemma 4.8] to have
t
//dE(U)[U; + V- A(U®) — F(U®)]dxds| < /eC(T¥).

0 T3

e Estimate of I4: The strategy is to use the third term in the dissipation. By the Cauchy—Schwartz inequality and
using the fact

11
1§min<—,—>(x+y), for x,y >0,
Xy

we get

/(Pf —ppe)(u® —u)(u—up)dx

sl
(11 , \?
<llu—uglpe| [ min| —, — )lpy — pye|"dx (or + pye)
pr pge

T T

1

u— u8|2dx) ’
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5C/H(U€|U)dx+ %/,ofe|u—ug|2dx. (5.10)
T3 T

On the other hand, the second term of the last inequality in (5.10) is again estimated as follows
)2
/,Ofs u—ut| dx:/,ofs
T3 T3

< 2/ pfs|(u — Mf) — (I/tg — ufs)|2dx +2/pfs|uf - ufs|2dx,
T T3

u—uf+uf—ufs+ufs—u£|2dx

and this implies

i/pfg u—u[*dx
sl
1 2 1 € 2
§§/pfs|uf—ufs| dx+§/pfs‘(u—uf)—(u —ufe)’ dx
T T
1
S/H(U”U)d)“LE//’ffl(u—u.f)—(us—uff)|2a’X-
sl 3

This concludes that

/(Pf — pre)(u® —u)(u—ug)dx

sl

5C/H(U€|U)dx+ %/pfe|(u—uf)— (u® —u )| dx.
T3 e

From the above, we have

1
/H(U8|U)(t)dx+uf/\v(u—u8)|2dxds
T3

0 T3

t
1
# [ [ ol =)= - Pasas

0 T3

t
gcﬁ+C//H(Uf|U)(s)dxds, forall t € [0, T*].
0 T3

We now apply Gronwall’s inequality to derive that

t
/H(U€|U)(t)dx+uff|v(u—u€)|2dxds
T3

0 T3
t
A
2) )P

0 T3

(upe —u®) — (s —w)|’dxds <Ci/e. O
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5.4. Proof of Theorem 2.2

The entropy inequality in Proposition 5.2 and arguments in [22] yield that
pre = py in Lig (0. 7% LY(T)),
preufe — priy in L}OC(O, T* L' (']I‘3)),
prelupe|* = prlugl® in Ly, (0, T*; L1(T?)),
u®* —-u in L}OC(O, T*, L2(T3)).

Furthermore, we can also use the same argument in [22] to conclude that

—u
e LI Ll (0.7 LY(TY x BY).
(2n)3

This completes the proof.

6. A priori estimate of asymptotic behavior (Theorem 2.3)

In this section, we provide a long-time behavior estimate for the system (1.1)—(1.2) without diffusion, i.e., o = 0.
Since the constants « and S do not play any crucial role in our analysis as we mentioned before, we assume that
a = f = 1. For the estimate of large-time behavior, we first notice that local density p; and velocity u ¢ in (1.3)

satisfy the following hydrodynamic equations.

dpy+V-(prus)=0,
dppup)+ V- (ppuy@up)+V-P=ppu—uy),

where P is given by
Pi= [G-upoE-upsas.
R"ﬁ
We recall energy-fluctuation functions Ep, &y, EF and &;:

1
er0yi=y [ le—usPraxde.

T3 xR3
1
fu =5 / iy () — 1 ()07 oy ()dxdy.,
T3 xT3
Ep(t) = %/W —u ()| dx,
T3

1
E1(0) = 3 [ue(t) - g0

Then we next investigate the time-evolution of the above energy-fluctuation functions.

Lemma 6.1. Let (f, u) be classical solutions to the system (1.1)—(1.2) with o = 0 satisfying

‘Sl‘im €2 f(x,6,0)=0, (x,1)eT>x][0,T].

6.1)
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The following identities hold:

M) %=[(v.ﬁ)-ufdx_4gp.

3
(ii) ‘i%“:—z/(v.i)).ufdx+2/pf(u—uf).ufdx
sl 3
—2/,ofufdx-/pf(u—uf)dx.
3 T
dgF 2
(iii) 7:—#[|Vu| dx + / (e —u)-(u—§&)fdédx.
I T3 xR3
a&€
@ =2 [ Wt w-ofdear
T3 xR3

Proof. For the estimate of (i), it follows from the system (1.1) that

& 1
P—_ / (& —up)-uly fdxdg + 5 / |& —uysl?0, f dxd&

dr
T3 xR3 T3 xR3
1
=5 [ P s Ve [ = upf] - Ve[ - ) fl)dxds
T3 xR3
3
=:ZI,~, (6.2)
i=l1
where uff = %uf, and Z;, i =1, 2, 3 are given by
1
Ti=; / V(I ~uyl?) - £f dxds =~ / (6 —up)-Vus)-&f ddx,
T3 xR3 T3 xRR3
T - f & —u g2 dxds,
T3 xRR3
g / (€ —up)- (u—&)f dudé = - / £ (6 —up)f duds
T3 xR3 T3 xRR3
S / & —upl* fdxde. (6.3)
T3 xR3

A further integration by parts leads to
3

Li=-)Y /(gl’—u;)aiu;s/’fdxds

L =lps g3
3 . .
=-> / (€' —ulr) (0iuy) (€7 —u{f)fdxdg=/(v-15)-ufdx.
Lj=lrs | p3 T3

Thus, (i) is obtained by combining (6.2) and (6.3) with the above equality. For the identity (ii), we use the hydrody-
namic equations (6.1) to find
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sy

— = f (w0 = up() - (1, 0) = uy (1)) o (¥)py (v) dxdy

T3 xT3

g (x) —ur|* 0} (007 () dxdy
T3 xT3

=2fuf-u’fpfdx—2(/pfufdx)~</,0fu/fdx>
T3 T3

el

+2/pfuf~(uf-Vuf)dx—2</pf(uf~Vuf)dx>~(/pfufdx)

T3 3 T3

= —2/(V -P)- urdx +2/,of(u —uyf)-urdx
T T3

—2</pfufdx> . (f,of(u—uf)dx>,
T I

where we used the fact that [|o¢|| 113y =1 and

,Ofu/f~|—,0fuf-Vuf+v~ﬁ=,0f(u—uf).

For the estimate of (iii), we use the definition of £ and direct integration by parts to get

dgF f(u—uc) Btudx—u /(u—uc)dx_/(u—uc) orudx

—/(u~Vu)~(u—uC)dx—/(u—uc)-Vpdx

+Mf(u—uc) Audx / (U= e) - (4 — &) f dxdi

T3 xR3
=—u/|Vu|2dx— / (U= 10) - (4 — £) f dxdE,
T3 T3 xR3

since V - u = 0. Finally we employ the following facts

/(u—é)fd“g‘dx and u,=-— / (u—&)fdedx,
T3 xR3 T3 xR3

to derive the estimate of (iv)
=g —g) =2 —&) [ w-rasax. o
T3 xR3
Remark 6.1. Since fT_g ordx =1, we have that
/ iy = &prdx= [ &= &)fdedr=

T3 xR3
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Asa consequence,

1
Eun =15 f ) — u ) oy @os(v) dedy

T3 x T3

1
=3 / |uf(x)—§c+$c—uf(y)|2pf(x)pf(y)dxdy
T3 xT3

1
) / |”f(x)_§c|2/0f(x),0f(y)dxdy

T3 x T3

| 2
t3 / lus(y) — Ec|2,0f(x)pf(y) dxdy — (/(Mf —&)py dx)

T3 xT3 T

=/|uf — & [*psdx.
3

Proof of Theorem 2.3. For the sake of the reader, we divide the proof into two steps.
1. In this part, we will show that

@) %(25p+5u)=—85p—26'u+2 / (&—&) -ufdédx.

T3 xR3
d
(ii) E(25F+<€,)=25U +4Ep —2u/|Vu|2dx—2 / lu— &> fdxdé
T3 T3 xR3
—2 / (& — &) -ufdxde.

T3 xR3
For a detailed estimate of (i), we use Lemma 6.1 to get

d
E(ng-l-gU):—Sgp +2/,0f(u—uf)~(uf —&.)dx

']1"3

=—8&p +2/pf(u—§c)-(uf —éc)dx—Z/Pfo —&|Pdx
T3 s

= —8&p — 28y +2/pr (uy —&)dx,

T3
where we used

/pfufdx=$c and /pf(uf—éc)dx=0.
T3 T3
For the second part (ii), it also follows from Lemma 6.1 that

%(28F+51)=—2u/wu|2dx—2 / (=) (u— &) fdxds
T3 T3 xR3
:—Z/Lf|Vu|2dx—2 / lu— &> fdxdg

T T3 xR3

2 f u- (€ — £ fdxdE +2 / £ (& — &) fdxdE.

T3 xR3 T3 xR3

301

(6.4)

(6.5)
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On the other hand, the fourth term in the last inequality of (6.5) is estimated by

> f £ (5 — £ fdxds =2 / & — £ fdxdE =26 + 4€p.
T3 xR3 T3 xRR3

This yields the estimate of (ii).
2. We now combine two inequalities in (6.4) to find

d
Eg(t) =—4Ep — 2M/ |Vul?dx —2 f lu— & fdxdé.
s T3 xR3

We set a corresponding dissipation function D(¢) to £(¢):

D(1) ::45P+Z/L/|Vu|2dx+2 / lu— &> fdxdé.
T3 T3 xR3

Then we obtain
d E)+D)=0
dt o
Claim. There exists a positive constant C > 0 such that £(t) < CD(t) forall t > 0.

For the proof of claim, we estimate the last term in the function D(¢) as follows

/ u — £ fdEdx = / = tte + 1o — 0+ £ — E[2 fdEdx

T3 xR3 T3 xR3
=/pf|u—uc|2dx+|uc—sc|2+ / ke — £ fdEdx
T T3 <R3
+2 [ (U= 10) - (e — &) fdEdx
T3 xR3

=21+ 260 4 €0+ [ pylu— el

T3
+2 / (U —ue) - (e — &) fdEdx, 6.6)
T3 xR3

where we used

/ (e —&c) - (6. — &) fdEdx =0,
T3 xR3

and
/ b — EP fdEdx = / (b —ugP fdEdx + / uy — EP fdedx

T3 xR3 T3 xR3 T3 xR3
=&y +2&p.
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Furthermore we use the fact that
/ e — &2 fdxdg = f e — e + & — £ fdxdE
T3 xR3 T3 xRR3

_ / (e — El? + & — £P) fdxde
T3 xR3
=28 +28p+ &y

to find

4 / (u—ua-(uc—s)fdxdss4fpf|u—uc|2dx+ / e — £7 fdxde

T3 xR3 T3 T3 xR3
:4/p.f-|u—uc|2dx+2€1 +2&8p +&y. (6.7)
el

Then it follows from (6.6) and (6.7) that

261 +2Ep+Ey <2 / |u—§|2fdxdé+2/,0f|u—uc|2dx.
T3 xR3 T3

This deduces that

5(t)§/|u—uc|2dx+2 / |u—§|2fdxd:§+2/pf|u—uc|2dx

T T3 xR3 T
< C(1L+ sl Lo (0,00:232) / VulPdx +2 / lu =& fdxdg
s T3xR3
<CD),

where we used the following Sobolev inequalities

/|u—uc|2dx§C/|Vu|2dx,
T3 T3

/Pf|’4 —uclPdx < llpyllanllu —ucls
T3
2 2
<Cllipsllpsrliu—ucl3; < Cllogllooo.o0 132 VU2

This yields the proof of claim, and we have

d
for some positive constant C > 0. This completes the proof. O
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Appendix A. Proof of Lemma 5.1

In this part, we provide the proof of Lemma 5.1. It follows from (5.9) that

%/’H,(WU)dx = /a,E(V)dx—/dE(U)(V,—i—V~A(V)— F(V))dx
T3 3 3
+/d2E(U)V-A(U)(V —U)+dEWU)V-A(V)dx
T3

- /dzE(U)F(U)(V —U)+dEU)F(V)dx

T
4
=: ZL’.
i=1

Using integration by parts, we find

L= /(VdE(U)) ((dAUY(V = U) — A(V))dx
3
=— /(VdE(U)) H(AVIU) + AU))dx
3
= —/(VdE(U)) CA(VIU)dx.
3
Here we used the fact that
/(VdE(U)) tAU)dx = / V- 0U)dx =0,
T3 sl

where Q is an entropy flux function given by

Qi(U) =Y Aw(U)dE(U).
k
For the estimate /4, we claim that the following identity holds.

/d2E(U)F(U)(V —U)+dEU)F(V)dx

T3

=—fgf|uf—ﬁ|2dx—u/|Vﬁ|2dx
T3 T3
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+f9f‘|(uf—u)—(uf‘—ﬁ)|2dx+:“/|v(“_ﬁ)|2dx
T3 L

+/(Qf —op)u—u)(uy —u)dx.
el

Proof of Claim. We first notice that

m2 _mr
logoy+1— # * o3 0
dEU) = my ! and d’EU)=| 4« # 0
i 0 0 1

Then by direct calculation, we have

/dzE(U)F(U)(V —U)dx
T3
= / of [ufﬁ —ufu—ui+ uz] + Q];[—ufu + u? + Uju — ufuf-] dx
3
+ /(ft —u)uAu — (@ —u)Vpdx
3

and moreover

/dE(U)F(V) dx = / Qf-[ufﬁ —uguy+ugu— uul dx
T3 3
+ / uulAu —uVpdx.
T3
By combining (A.2)—(A.3), and using that V - u = V - u = 0, we obtain

fd2E(U)F(U)(V—U)+dE(U)F(V) dx
T3
:fgf[—ufu+u§c—2ufuf+2ufu+ufﬁ—ﬁu]dx
el
+‘/Qf[ufﬁ—ufu—uﬁ+u2] dx
el
+//L[uAﬁ+ﬁAu—uAu] dx =:J1+ Jo + J3.
el

By adding and subtracting, we rewrite J; as follows
Ji =/Qf-[—ufu+u§c—2ufuf+2ufu+ufﬁ—ﬁu] dx
T3

:/Qf-[—Z(uf—ﬁ)(uf—u)—IZ(uf—u)—ufu—i—u%c]dx.

T3

305

(A1)

(A2)

(A3)

(A4)
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Next, we add and subtract o ];|u f— u|? to discover

Ji =fé?f[—2(uf —)(up—u)+lus— u|2]dx

T3
+/Qf[—|uf—u|2—ﬁ(uf—u)—ufu+u}]dx

el

- 2 -
:/Qf|(uf—u)—(uf—u)| dx—/gflu/;—u|2dx

T3 T3
+/gf[ufu—u2—12uf+12u]dx.

3

As a consequence, we find that

- 2 -
J1+12=fgf|(uf—u)—(uf—u)| dx—fgf|uf—u|2dx

T T
+/(Qf—gf)[ufu —uz—ﬁuf—i—ﬁu]dx
Yl
_ 2 _
:/Qf-|(uf-—u)—(uf —u)| dx—/gfmj:—ulzdx
e T
+f(gf—gf><u i)y — wydx. (A5)
T3
Next, we apply integration by parts to write J3 in the form
5 =fﬂ[um7 +iAu —ulAuldx = —u/ |Vii|2dx + M/|V(u — ﬁ)|2dx. (A.6)
T T T

By setting (A.5) and (A.6) in (A.4), we obtain (A.1).
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