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Abstract

We prove that for every p > 1 and for every potential V € LP, any nonnegative function satisfying —Au 4+ Vu > 0 in an open
connected set of RY is either identically zero or its level set {u = 0} has zero w2p capacity. This gives an affirmative answer to
an open problem of Bénilan and Brezis concerning a bridge between Serrin—Stampacchia’s strong maximum principle for p > %
and Ancona’s strong maximum principle for p = 1. The proof is based on the construction of suitable test functions depending on
the level set {# = 0}, and on the existence of solutions of the Dirichlet problem for the Schrodinger operator with diffuse measure
data.
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1. Introduction and main result

We investigate the strong maximum principle for the Schrodinger operator —A + V where V : £2 — R is a given
potential and £2 C R¥ is an open connected set. More precisely, let u : 2 — R be a nonnegative function satisfying

~Au+Vu>0 inf. (1.1)

Assuming that # vanishes somewhere in £2, is it true that u vanishes identically in £2? This is indeed the case when
V =0, but in general the answer is negative. For instance, the function u : RY — R defined by u(x) = || x||? satisfies
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—Au + u=0 inRVN.
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A similar example is given by the function u(x) = ||x||; in this case the differential inequality (1.1) holds in the sense
of distributions in RY.

In this paper, we provide a condition on the potential V and on the set where u vanishes which ensures that u
equals zero in £2. Our main result is the following:

Theorem 1. Let 2 C RN be an open connected set, p > 1 and V € LP(2). If u € L' (2) is a nonnegative function
such that Vu € L' (£2) and

—Au+ Vu >0 inthe sense of distributions in 2,

and if the average integral of u satisfies

lin%) u=>~0 (1.2)

B(x;r)

or eve oint x in a compact subset o, with positive P capacity, then u = 0 almost everywhere in 2.
ry point pact subset of §2 with positive WP cap. th 0 almost everywh Q

Since u is nonnegative, the vanishing condition (1.2) identifies exactly the Lebesgue points of # where the precise
representative of u vanishes. By abuse of notation, we sometimes denote this set as {u = 0}; there is no ambiguity for
instance when the function u is continuous.

The W7 capacity of a compact set K C R is defined as

capy2, (K) = inf{||<p||pW2’p(RN) :¢ € C2°(RY) nonnegative and ¢ > 1in K }.

This capacity has the same sets of positive capacity as the corresponding Bessel capacity by Calder6n’s isomorphism
between W2” and L” via Bessel potentials [1, Theorem 1.2.3], [32, Chapter V, Theorem 3]. By the relation be-
tween the Sobolev capacity and the Hausdorff measure [1, Theorem 5.1.13], we conclude that a nonnegative function
satisfying (1.1) is either almost everywhere zero or has a level set {# = 0} with Hausdorff dimension at most N — 2p.

When p > %, by the Morrey—Sobolev imbedding every singleton {a} has positive W27 capacity. In this case, by
Theorem 1 above we deduce that if u(a) = 0 for some a € §2, then we have u = 0 in £2. We then recover the strong
maximum principle based on the Harnack inequality. Such an inequality is obtained by a clever adaptation of Moser’s
iteration technique [25], and was implemented independently by Serrin [30, Theorem 5] and by Stampacchia [31,
Corollaire 8.2] for solutions associated to the Schrédinger operator —A 4V, and then by Trudinger [33, Theorem 5.2]
for supersolutions.

The counterpart of Theorem 1 for p = 1 and potentials V € L'(£2) is given in terms of the — Newtonian — W12
capacity. This beautiful result was originally proved by Ancona [2, Théoreme 9] using tools from Potential theory,
and extends a unique continuation principle of Bénilan and Brezis [5, Theorem C.1] for nonnegative functions with
compact support. An alternative proof — in the spirit of elliptic PDEs — may be found in [9]; see also Section 2
below.

Theorem 1 above gives an affirmative answer to a question raised by Bénilan and Brezis [5, Open problem 4] asking
whether there would be a bridge between Serrin—Stampacchia’s strong maximum principle for potentials V € L? (£2)
with p > % and Ancona’s strong maximum principle with p = 1. The link between Ancona’s result and ours relies
on the fact that the W12 capacity may be seen as a limit of the W2? capacities as p tends to 1 [8, Theorem 4.E.1]
[28, Chapter 12]; see also Section 6 below.

The proof of Theorem 1 is based on a suitable choice of nonnegative test functions w for which we have the
inequality

/u(—Aw + Vw) >0.

Q
By assumption this holds for test functions w € C2°(£2). We justify via an approximation procedure that for every
€ > (0 it is possible to choose w = w, such that

—Aw+Vw=pu—exa,,
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where u is a positive measure supported by the set {u = 0}, and (A¢)e=0 is a family of measurable subsets of £2 such
that the Lebesgue measure of £2 \ A, converges to zero as € tends to zero. The assumption V € LP(§2) ensures the
existence of solutions of this equation for any measure x which is diffuse with respect to the W>? capacity. For a
measure pu supported by the set {u = 0}, we have — at least formally —

/ud,u:O,

Q
and we deduce that, for every € > 0,

e/ufo.

Ac
The conclusion follows as € tends to zero. The tools needed to justify this argument are developed in Sections 2—4.
In Section 6 below we prove the following converse of Theorem 1: for every compact set K C §2 with zero
W2P capacity there exist V € L”(£2) and a nonnegative smooth function u vanishing precisely on K such that
—Au 4 Vu = 0. An adaptation of the proof also gives the counterpart for p = 1 in terms of the W!-? capacity, which
is also new in this context. Our construction is motivated by de la Vallée Poussin’s interpretation of sets of zero
capacity in terms of level sets {w = 400} of functions w with finite energy [14, §70].

2. A strong maximum principle in terms of the Lebesgue measure

One of the ingredients in the proof of Theorem 1 is a particular case of Ancona’s strong maximum principle when
the vanishing condition is stated in terms of the Lebesgue measure, which is enough in some applications [5,21]; see
also [34]. We present a sketch of the proof from [9] for the sake of completeness.

Proposition 2.1. Let 2 C RN be an open connected set and V € L' (2). If u € Wlt’f(.Q) is a nonnegative function
such that Vu € LY (2) and
—Au+ Vu >0 inthe sense of distributions in 2,
and if
lim u=0
r—0
B(x;r)

for every x in a subset of §2 with positive Lebesgue measure, then u = 0 almost everywhere in §2.

Proof. For every ¢ € C2°(£2), by an approximation argument we may use the test function 1('0 in the weak in-

equality satisfied by u to get

Vul|?
Q Q

2

Given a connected open subset w € §2 such that # = 0 in a subset of w of positive Lebesgue measure, the function
log (1 4+ u) also vanishes in a subset of w of positive measure, whence by the Poincaré inequality — proved for
example by a contradiction argument —, we have
Vul®

9 2
/|log(1+u)| §C1/|Vlog(1+u)‘ =C 7(14_”)2.

w w

Choosing ¢ such that ¢ = 1 in w, we deduce that

1
C—/ylog(l+u)\254/|w|2+2/v+¢2.
1
[0) 2

2
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In particular, the right-hand side does not depend on u; the constant C; arising from the Poincaré inequality depends
on the size of the level set {u = 0}. In view of the linear nature of the differential inequality satisfied by u, the estimate
above is thus invariant if we replace u by § for any § > 0. As § tends to zero, the function log(1 + §) diverges to
infinity on the set {# > 0}. On the other hand, by the above estimate the functions log(1 + %) are bounded in L%(w)
independently of 6. By Fatou’s lemma, it follows that {# > 0} must have zero Lebesgue measure in w. O

Compared with Theorem 1 we have assumed that u € Wll)f(.Q). We now explain why this is not a restriction for
establishing the strong maximum principle for merely L! functions by using a truncation argument. We first observe
that since u is nonnegative, we have

Vu < V+u,

so replacing V by VT if necessary, we may assume from the beginning that the potential V is nonnegative. Next, for
every k > 0, the function min {u, «} is also a supersolution for the Schrodinger operator —A + V. This may be seen
as a consequence of the following variant of Kato’s inequality:

Lemma 2.2. Let v € L' (2) and f € L'(82) be such that

Av < f in the sense of distributions in §2.

Then, for every k € R, we have

Amin{v, k} < x{v<x) f in the sense of distributions in 2.

Here, x4 denotes the characteristic function of a set A C RY. Kato’s inequality has been introduced by Kato to
study Schrodinger operators with singular potentials V. Strictly speaking, Kato’s inequality concerns functions v such
that Av e L'(£2) [19, Lemma A]. This need not be true in our case since Av may be a locally finite measure, but the
proof can be performed in the same way by approximation [27, Propositions 5.7 and 5.9], [28, Chapter 6]. A more
precise version of Kato’s inequality can be found for instance in [10,13], although Lemma 2.2 suffices for our purposes
in this paper.

If u is a supersolution for the Schrodinger operator with potential V > 0 — as in the statement of Proposition 2.1 —,
then it follows from Kato’s inequality above with f = Vu that, for every « > 0, we have

Amin{u, k} < X<y Vu < Vmin{u, k}

in the sense of distributions in £2, whence min {u, k} is also a supersolution. In particular, by Schwartz’s character-
ization of nonnegative distributions [29], A min {u, «} is a locally finite measure, and this implies by interpolation
that min {u, x} € ngcz(g)- We may thus apply the proposition above with min{u, «}, and deduce that ¥ = 0 almost
everywhere in £2.

The proof of Proposition 2.1 still applies under the weaker assumption that

lim u=0
r—0

B(x;r)

in a compact subset with positive W -2 capacity. Indeed, this assumption guarantees that the Poincaré inequality holds
for the function log (1 + u) and the rest of the proof remains unchanged. This argument due to Brezis and Ponce [9]
provides Ancona’s strong maximum principle for potentials V € L!(£2) in full generality.

3. Existence of solutions for the Schrodinger operator with measure data

Another ingredient — interesting on its own — in the proof of Theorem | concerns the existence of solutions of
the Dirichlet problem for the Schrodinger operator with measure data,

—Av+Vv=pu in£2,

v=0 on ds2. 3.1
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We look for solutions of this problem in the sense of Littman, Stampacchia and Weinberger [20, Definition 5.1]. More
precisely, given a finite Borel measure w in £2 and V € L 1(£2), we say that v € L' (2) satisfies the linear Dirichlet
problem above if Vv e L'(£2) and if, for every ¢ € C°°(£2) such that { =0 on 952, we have

/v(—A; + Vo) =/cdu.
2

2

In the sequel, we denote this class of test functions ¢ by C8°(§). For smooth bounded domains, this notion of

solution is equivalent to asking that v € Wé N (£2) and that the equation is satisfied in the sense of distributions in £2
[27, Corollary 4.5], [28, Chapter 6].

Proposition 3.1. Ler 2 C RN be a smooth bounded open set, p > 1 and let V € LP(§2) be a nonnegative function.

For every nonnegative finite Borel measure ju in 2 such that p € (W>P(£2) N Wol’p(.Q))/ there exists v € LP/(.Q)
satisfying the Dirichlet problem (3.1).

We denote by p’ the conjugate exponent of p,

1 1
p p

The assumption p € (WZP(2)N WO1 "7 (£2)) means that there exists a constant C > 0 such that, for every ¢ € C(?O(S_Z),
we have

/Cdu
2

By density of C{° (£2), this is equivalent to the existence of a — unique — continuous extension to W27 (£2) N
WO1 P (§2) of the linear functional

= Cligllw2r(2)- (3.2)

(eC(?°(§)|—>/§du.
2

When p > % , the existence of solutions of the Dirichlet problem is proved by Stampacchia [31, Théoréme 9.1]. In

this case, every finite Borel measure u satisfies u € (W2P(2)N Wé "7 (£2)) by the Morrey—Sobolev inequality, and
the existence of solutions is obtained using the Riesz representation theorem in Lebesgue spaces.
The functional estimate (3.2) is equivalent to the fact that the solution of the Dirichlet problem

{—Aw:,u in £2,

w=0 on 052, (3.3)

belongs to LP (). We explain the direct implication, which we shall need in the proof of Proposition 3.1. By the
assumption on u and by the Calder6n—Zygmund elliptic estimates [ 18, Theorem 9.14], for every ¢ € C;°(£2) we have

o]
2 2

Thus, for every ¥ € C®(£2), we get

[
2

and this implies w € L? (£2).

It is also possible to show that for every compact set K C £2 with positive W27 capacity there exists a positive finite
Borel measure p supported in K such that p € (W2'1’ )N Wol‘p (£2))’. This is an application of the Hahn-Banach
theorem. Indeed, the function p : C°(K) — R defined for all continuous functions f : K — R by

= Cligllwzr(2) = C'lIAL ILr(2).-

<C'N¥lr ),
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p(f) =inf{lI¢ Iy : £ € CE(R), ¢ = f inK)

is a sublinear function, and p(xx) > 0 by our assumption on the W27 capacity of K. By the Hahn—Banach theorem,
there exists a nontrivial linear functional L : CO(K ) — R such that L < p. In particular, L is nonnegative, whence
by the Riesz representation theorem in C 0(K) the functional L can be written in terms of a positive measure pu [28,
Appendix A].

Proof of Proposition 3.1. We apply an approximation argument based on the potential V. For this purpose, let
(Vi)ien be a nondecreasing sequence of nonnegative bounded potentials converging pointwisely to V — each V;
could be taken as a truncation of V. By Stampacchia’s existence result for bounded potentials, for each i € N there
exists a function v; satisfying the Dirichlet problem with potential V;,

—Avi+Viv;=un in £2,
vi=0 on 052.

Using Kato’s inequality (Lemma 2.2), we show that the sequence (v;);en is (1) nonnegative and (2) non-increasing.
To verify the first assertion, we observe that since the measure  is nonnegative,

Av; < V;v; in the sense of distributions in 2.

Since the potential V; is nonnegative, it follows from Kato’s inequality that

Amin{v;, 0} < xqu <0 Vivi <0

in the sense of distributions in £2. Applying the weak maximum principle (Lemma 4.3), we deduce that min {v;, 0} > 0
almost everywhere in §2, whence v; is nonnegative.
For the second assertion, we subtract the equations satisfied by v; and v; 1. Since v; is nonnegative and V; 1 > V;,

AW —vi+1) < Viy1(vi —vig1) in the sense of distributions in £2.

We deduce as above that v; — v; 41 is nonnegative.
The weak maximum principle (Lemma 4.3) implies that, for every i € N,

v S w,

where w is the solution of the Dirichlet problem (3.3). It follows from the Monotone convergence theorem that the

sequence (v;);en converges in L!(£2) to its pointwise limit v. By the functional assumption on the measure u, we
/ . . . . / ..

have w € L? (£2), whence the nonnegative pointwise limit v also belongs to L? (£2). In addition,

0<Vivi<Vw,

where the function in the right-hand side belongs to L' (£2). By the Dominated convergence theorem, we deduce that
the sequence (V;v;);cn converges in L!(£2) to Vv. Therefore, the function v satisfies the Dirichlet problem (3.1) with
potential V. O

There is an alternative proof of Proposition 3.1 based on the method of sub and supersolutions via Schauder’s fixed
point theorem. Note that the function identically zero is a subsolution, and w is a supersolution by the functional
assumption on . We refer the reader to [24], [27, Proposition 6.7], [28, Chapter 20] for the implementation of this
strategy.

The class of measures for which the Dirichlet problem (3.1) has a solution is actually larger and includes all finite
Borel measures 1 which are diffuse with respect to the W27 capacity. By diffuse we mean that for every compact set
K C $£2 such that capy2,, (K) =0, we have u(K) =0.

Corollary 3.2. Let 2 C RYN be a smooth bounded open set, p > 1 and let V € LP(2) be a nonnegative function. For
every finite Borel measure v which is diffuse with respect to the W>P capacity, the Dirichlet problem

—Av+Vv=u inS2,
v=0 on 082,

has a solution.
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In this case, Vv € L1(£2) but it need not be true that v € LP,(.Q). The corollary above has a counterpart for
potentials V € L'(£2) and for measures which are diffuse with respect to the w2 capacity [26, Theorem 1.2].

We do not use this corollary in the sequel, so we only give a sketch of the proof. This existence result follows from
two main tools. The first one concerns the absorption estimate,

IVollpiey < 1nl($2) (3.4)

which can be obtained using as test function a suitable approximation of the sign function sgnv [8, Proposition 4.B.3],
[27, Lemma 7.2], [28, Chapter 21]. The second ingredient is a property of strong approximation of nonnegative
measures which are diffuse with respect to the wp capacity by nonnegative measures in (W2P(2) N Wé P (82))
[4,6,12,16,17]; we refer the reader to [27, Proposition 7.6], [28, Chapter 14] for the complete argument.

Proof of Corollary 3.2. Since the equation is linear and the measure w can be written as a difference of nonnegative
diffuse measures — for instance the positive and negative parts of © —, we may assume without loss of generality
that p is nonnegative. By the property of strong approximation of diffuse measures, there exists a sequence (i;);eN

in (W2P(2) N W,”(£2))' such that
lim [p — p;|(£2) =0.
11— 0

By Proposition 3.1, the Dirichlet problem with datum w; has a solution v;. By the absorption estimate (3.4) and the
strong convergence of the sequence of measures (u;);cN, we deduce that (Vv;);en is a Cauchy sequence in LY(2).
Thus, the sequence of measures (Av;);en converges strongly in the sense of measures, whence (v;);cn is a Cauchy
sequence in L'(£2) and converges strongly to a function v. In particular, the sequence (Vv;);en converges in L'(2)
to the function Vv. Therefore, v satisfies the Dirichlet problem with datum . 0O

4. Choice of test functions

In this section we explain how we can enlarge the class of nonnegative test functions used in the differential
inequality (1.1): from C2°(§2) functions to solutions of a Dirichlet problem with measure data. The first step consists
in passing from test functions with compact support in 2 to test functions merely vanishing on the boundary 9£2. The
main ingredient is the following:

Proposition 4.1. Let 2 C RY be a smooth bounded open set and let w € Wé o1 (£2) be a function such that Aw is a
finite Borel measure in 2. If w is nonnegative, then for every nonnegative function ¥ € C*(§2) we have

/1//Aw§/wA1ﬁ.
Q

2

The integral in the left-hand side is to be understood as the integration of y» with respect to the measure Aw; we
avoid the notation d(Aw). In the proof of Theorem 1, we choose as ¥ a regularized version of u via convolution.
Observe that if w € Cgo (£2), then by the Divergence theorem we have, for every ¢ € C*°(S2),

where n denotes the exterior normal derivative on d§2. When w and i are both nonnegative, the integrand on the
boundary 9£2 is nonpositive and we get the inequality. For w as in the statement of the proposition, we rigorously
justify this argument by studying an extension of w to RV,

Proof of Proposition 4.1. Consider the extension w : RN — R defined by

B(x) = wx) ifxe 2,
=10 if x e RV \ 2.
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Since w € W(}’l(.Q) and Aw is a finite Borel measure in £2, one shows that ([11, Proposition 4.2], [28, Chapter 10])
(1) Aw is a finite Borel measure in RV supported in £2, and (2) there exists a measure v supported in 32 such that,
for every Borel set A C RY, we have

AW(A) = Aw(AN )+ v(ANIN).

Hence, using any smooth extension J of ¥ with compact support in RV, we get

Q/wmp =R{ DAY =R[$Aw=9/¢Aw +a£¢dv.

To conclude, we need a property discovered by de la Vallée Poussin [15] and generalized by Brelot [7]. It says that the
diffuse part of the measure A with respect to the W2 capacity is nonnegative on the minimum set of the precise
representative of w [10, Corollary 1.3], [28, Chapter 6]. In our case, the measure v is absolutely continuous with
respect to the Haudorff measure HN=1 40 [3],[11, Proposition 4.2], [28, Chapter 10]; in particular v is diffuse with
respect to the W12 capacity. Since w is nonnegative and has zero trace on 32, v is supported in the set where
achieves its minimum, whence by the de la Vallée Poussin property v is nonnegative and

/1//dv20.
482

The conclusion follows. O

The second step consists in constructing nonnegative solutions w of a Dirichlet problem involving the Schrodinger
operator —A + V in such a way that —Aw + Vw is nonnegative in a prescribed set; in the context of Theorem I,
a subset where u vanishes.

Proposition 4.2. Let 2 C RY be a smooth bounded open set and let V € L' (§2) be a nonnegative function. If . is a
positive finite Borel measure in §2 such that there exists a function v satisfying the Dirichlet problem

—Av+Vv=u inS2,
v=0 on 082,

then there exists C > 0 such that for every € > 0 the solution v, of the Dirichlet problem

—AvVe + Ve = Xv>e} in 82,
ve =0 on 082,

satisfies eve < Cv almost everywhere in §2.

The existence of v, for every € > 0, is obtained for example by minimization of the functional
1
Ew) =3 /(|Vu|2 + Vu?) - /fu
Q 2

in Wol’z(.Q) with bounded function f = x{y>e). In the proof of this proposition we need the following weak maximum
principle adapted to solutions of the Dirichlet problem in the weak sense ([8, Proposition 4.B.1], [27, Corollary 4.5
and Proposition 5.1], [28, Chapter 6]):

Lemma 4.3. Let 2 C RN be a smooth bounded open set. If v € W(}’l (£2) is such that

Av <0 in the sense of distributions in S2,

then v > 0 almost everywhere in 2.



L. Orsina, A.C. Ponce /Ann. I. H. Poincaré — AN 33 (2016) 477—493 485

The proof of this lemma is based on an approximation of functions in CSO(S_Q) by functions in C°(§2). One
deduces that for every nonnegative function ¢ € Cg° (),

—/vA;:/Vv-V{ZO,
2 2

which implies that v is nonnegative.
Proof of Proposition 4.2. We first observe that the family (v¢)e~o is uniformly bounded. More precisely, we show
that for every € > 0 we have
Ve <C in 2,
where ¢ is the solution of the Dirichlet problem

—At=1 ing2,
=0 on d52.

Note that ¢ is a supersolution of the equation satisfied by v, since
—A{ + V; > —Af =1> X{v>€}

in the sense of distributions in §2. Then, by Kato’s inequality (Lemma 2.2), we have
Amin{¢ —ve, 0} < X{§<v€}V(§ — Ve).

By nonnegativity of V, we deduce that
Amin{¢ — ve, 0} <0 in the sense of distributions in £2.

The weak maximum principle (Lemma 4.3) gives min {{ — v, 0} > 0 almost everywhere in £2, whence v, < ¢.
We claim that

eve <Cv in £2,
where the constant C > 0 is such that, for every x € 2,
f(x)=C.
Firstly, since
A(Cv —€ve) < V(Cv — €ve) + € X{v>e)
we have, by Kato’s inequality (Lemma 2.2) and by nonnegativity of V,
Amin{Cv — €ve, 0} < x(Cv<ev}[V(CV = €ve) + €X(u=e) | < €X(Cv=eve) Xiv>e)
in the sense of distributions in §2. By the choice of the constant C, for every x € 2 such that v(x) > € we have
€Ve(x) <€l(x) <Ce <Cuv(x).
Hence,
{Cv<ev}N{v>e}=0.
Thus,
Amin{Cv — €ve,0} <0 in the sense of distributions in £2.
From the weak maximum principle (Lemma 4.3) we deduce that
min{Cv — €ve,0} >0

and the proposition follows. O
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5. Proof of Theorem 1

Let w € £2 be a smooth open connected set containing a compact subset K C §2 with positive W2 ? capacity such
that, for every x € K,

lim u=0.
r—0
B(x;r)

By the Hahn—Banach theorem, there exists a positive finite Borel measure y supported in K such that ;o € (W27 (w) N
WO1 "P(w))'. Let C > 0 be a constant given by Proposition 4.2 such that for every € > 0,

€ve < Cv almost everywhere in w,

where v and v, are the solutions of the Dirichlet problem in the statement of the proposition with §2 replaced by w.
The assumption V € L”(£2) guarantees the existence of v and v, in LY (w) in view of Proposition 3.1.

Given a sequence of positive numbers (k;);en converging to zero and given a nonnegative function p € CZ° (RM)
such that fRN p =1, let (p;)ien be the sequence of mollifiers defined by

= (X
p,(x)—KNp(Ki).

L

If «; is sufficiently small, then we have diam (supp p;) < d(w, 3§2). In this case,
Ap; *xu) = p; x Au

pointwisely in w. Since the function p; * u € C°° () is nonnegative and Cv — €v, is also a nonnegative function in
Wol’l(a)) such that A(Cv — €v,) is a finite Borel measure in w, by Proposition 4.1 we have

/(,oi *U)A(Cv —€ve) < /(Cv — €ve)A(p; *u). 5.1

We now study the limits of the left and right-hand sides as i tends to infinity. For this purpose, we first consider the
case where u is a bounded function,

u € L®(£2).
By the differential inequality satisfied by u,

Api *u) = p; * Au < p; x (Vu).

We are assuming that u € L°°(§2), whence the sequence (p; * (Vu));cn converges to Vu in L? (w). Since Cv — €,
is nonnegative and belongs to L? (§2), we then have

limsup/(Cv —€Ve)A(p; xu) < lim /(Cv —eve)pi * (Vu) = /(Cv —eve)Vu. 5.2)
i — 00
! o w l w w
On the other hand, by the equations satisfied by v and v we have
/(p,- <u)A(Cv — €ve) =/(pl- <[V (Cv — €ve) + € Xpme)] - C/(p,- su)dp.
w w w

Since u € L*°(S2),

Jim (pi*u)[V(Cv—eve)JrGX{ux}]=/u[V(Cv—6ve)+e)<{v>e}].
w

w
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By assumption, the average integral of u on balls converges pointwisely to zero in the support of w, whence the
same is true for the sequence of convolutions (p; * u);cn. Since we are assuming that u € L°°(£2), by the Dominated
convergence theorem we have

lim | (p; *u)du =0.

1—>00
w
Hence,
lim /(,ol- * U)A(Cv — €ve) = /u[V(Cv — €Ve) + € Xfv=e} |- (5.3)
11— 00
w w

Therefore, as i tends to infinity in (5.1), it follows from the limits (5.2) and (5.3) that

/u[V(Cv — €Ve) + €X(ve} | < /(Cv —eve)Vu.
w

w

Simplifying the common term on both sides, we get

6/“X{v>e}§0-

w

Thus, dividing both sides by € and letting € tend to zero, we get

/ u<0.

{v>0}

Since by the strong maximum principle involving the Lebesgue measure (Proposition 2.1) the set {v = 0} is negligible,
and since u is nonnegative, we deduce that # = 0 almost everywhere in . Since the domain £2 can be covered by the
sets w, we get the conclusion when u € L*°(£2).

We may now remove this restriction on u by observing that, by Kato’s inequality (Lemma 2.2), for every « > 0O the
function min {u, «} satisfies the same differential inequality as u:

—Amin{u,k}+ Vmin{u,x} >0

in the sense of distributions in §2. Moreover, since 0 < min {, k} < u, the assumption on the limit of the average
integral of min {u, «} is satisfied. By the previous case,

min{u,xk} =0 almost everywhere in £2,

whence u = 0 almost everywhere in §2. The proof of the theorem is complete. O
6. Prescribing the level set {u = 0}

In this section, we investigate the role played by the W27 capacity in the strong maximum principle by proving
the following converse of Theorem 1. Later on, we consider the counterpart of the case p = 1 in terms of the W1
capacity.

Proposition 6.1. Let 2 C RY be an open set and p > 1. For every compact set K C §2 with zero W?2P capacity there
exist a nonnegative function u € C*°(§2) and V € LP(82) such that

K:{xeﬁ:u(x):O},
and the equation

—Au+Vu=0

is satisfied pointwisely and in the sense of distributions in §2.
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The idea is to construct a nonnegative function u of the form % where w € C*®(£2 \ K) is a function diverging to
+o00 in K. In this case, we have pointwisely in §2 \ K the identity

1 Aw _|[Vw[*\ 1
Al=)=-——F+2—75)—
w w w w

The heart of the matter is to find a suitable estimate for the function in parentheses in the right-hand side. For this
purpose we need the following estimate:

Lemma 6.2. For every p > 1 and for every nonnegative function ¢ € C>° (RN), we have

Vel _ |D¢pl|P

(I+¢)2r — (1+@)P’
RN RN

for some constant C > 0 depending on p.

Proof. We rely on the pointwise identity

div[wwzp—zqu_( _1 VP div([Ve[?’*Ve)
(1+¢)?r-! (1+¢)?  (1+gr!

Applying the Divergence theorem, we have

Vol _ . [ [D?¢lIVel?P—D
(1+¢)? ~ (1+¢)2r~!
RN RN
This is the estimate we want when p = 1. In the case p > 1, we obtain the conclusion applying Holder’s inequality in
the right-hand side. O

The lemma above is reminiscent of Maz’ya’s inequality [22, proof of Theorem 11] valid for p > 1:
|V§0 | 2r / | D2

(I+g)P </))” -

with the same proof.
Before proving the proposition, we also observe that for any compact set K C RV with zero W7 capacity, we may
choose in the definition of the capacity of K a minimizing sequence (¢;);en in C2°(RV) with support in some fixed
open set w D K. Indeed, it suffices to multiply any given minimizing sequence in C2°(RV) by some fixed nonnegative

function in C2°(w) which is greater than or equal to 1 in K. Thus, for every € > 0 and for every open set w D K, there
exists a nonnegative function ¢ € C2°(w) such that

RN

||<P||W2»17(RN) <e€
andgp > 1in K.

Proof of Proposition 6.1. Let (w;);cn be a non-increasing sequence of open subsets of {2 containing K such that
ﬂ wi=K
ieN
Given a sequence of positive numbers (¢€;);eN, We construct by induction a sequence of nonnegative functions (¢;);eN
in C2°(£2) such that, for every i € N, we have

(@ i ||W2,p(9) <e€,
(d) ¢, >1in K,

(c) suppg;y+1 Cw; N{g; > 1}.
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We now consider the sequence of functions (w;) jen defined by

J
wi=1+) ai, (6.1

where (¢;);en is a sequence of real numbers such that o; > 1 for every i € N. The explicit choice of («;);en Will
ensure the smoothness of the pointwise limit of the sequence (ij) jeN-

By property (c), for every k, [ € N such that k > we have

W = Wy in [_2 \ wj. (6.2)

Thus, the sequence (w;) jeN is stationary and, in particular, converges in 7} \ K. On the other hand, if x € K, then by
property (b) we have w;(x) > j + 1 for every j € N. Therefore, K is the set where the sequence (w;) jen diverges
pointwisely to +oco.

For every j e N, we have w; € C>(£2) and

1 Aw; IVw;|?\ 1
Al —)=(——L+2—L)—. (6.3)
wj wj w* u)j

J

The sequence (w%-) jeN converges uniformly in 2. Indeed, by property (c) for every k, I € N such that k > [ we have
wr =w; in 2\ {¢; > 1}. Since wy > w; > 1+ 1 in {¢; > 1}, we get
1
<—
Hipeggs1y — 141

1 1

_ ) 1 1
Wk 1l L)

Wk

By (6.2), the sequence of functions (V;) jen defined by
Aw) Vw;|?
Awj Vw2

2

w]' u)j

is also pointwisely stationary in £2 \ K, and we take a measurable function V : £2 — R such that, for every x € 2\ K,

V()= lim Vj(x).
Jj—o0

Claim 1. For every j € N, we have

J J 2
172
IVillLr2) < C/|:Z€i + (Zei/ ) :|
i=0 i=0
Proof of the claim. By the triangle inequality and by the inequality w; > 1, we have

Ag;
wj

HAu)J

J
< Z 1A@illLr(2).- (6.4)

W Ll’(.Q) i=0 LP($2)

Concerning the second term, by the triangle inequality we have

2 j 2
=(x -
L2r(£2) i—0 L2r(£2)

Since for every i < j we have w; > 1 + ¢;, we may estimate the quantity inside the summation as

2
|VU)j|

2
wj

Vi

Wi

-5

LP(2)

Vo,
wj

” Vi
L2P () 1T+ (7}

LZI’(Q)'
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By the variant of Maz’ya’s inequality (Lemma 6.2), we have

Vi 2 Dz(ﬂi 2
e LS = IS T
@i ll 20 (2) + i llLr @)
Therefore,
i 2
Vw2 2 (12
|l eIl 63
wi e i=0

Combining estimates (6.4) and (6.5) with property (a), the estimate follows. O
Choosing the sequence (€;);en such that the series Z?io el.l/ 2 converges, it follows that the sequence (V;)jen is
bounded in L (£2). By Fatou’s lemma we deduce that V € L?(£2), and by Holder’s inequality the sequence (V;) jen
is equi-integrable in §2. Letting j tend to infinity in Eq. (6.3), it follows from Vitali’s convergence theorem that the
uniform limit « of the sequence (%) jeN satisfies
J
Au = Vu in the sense of distributions in £2,

regardless of the choice of the sequence (¢;);eN.
We now choose the sequence (o;);en by induction as follows. Let ag = 1. Take ap, ..., a; | for some j € Ny, and
define w;_1 accordingly as in (6.1). We observe that, for every £ € N, we have

=0, (6.6)
Le({p;>1)

1
lim H D‘( )
a—00 wj—1+ag;+ Bt

uniformly with respect to § > 0. Indeed, by differentiation of composite functions, this uniform limit is a consequence
of the one dimensional identity: for every k € N, and for every ¢ > 0,

L dhrl k!
tr—-)=—.
drk \ ¢ t

By (6.6), we may take «; > 1 such that, for every £ € {1, ..., j} and for every 8 > 0, we have

<1.
L>({g;>1})

o arae i)
wi—1+aj;+ Byt

This concludes the choice of the sequence («;);eN. Since

Wit] =Wj—1 +0jQ; +0j19+1,

for every j > ¢ we then have

> (55)
Wj+1

Claim 2. For every £ € Ny, the sequence (D* w%-) jeN is uniformly bounded in Q.

<1. (6.7)

L ({p;>1})

Proof of the claim. Given j € N such that j > ¢, we decompose the domain as

j—1
2=\ (e =) U (l¢i > D\ {pip1 = 1)) Ufg; > 1)
i={

By property (c), we have

Wit] =Wy in 2 \ {(pg <1},
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and forevery i € {{,..., j — 1} we also have

witr =wit1  in{g; > 1}\ {g;41 <1}

Therefore, by estimate (6.7) we obtain

¢ 1 ¢ L
D <max] |D
Wi+1/ Lo (2) wy

The right-hand side being independent of j > ¢, the sequence (D* %) jeN is thus uniformly bounded in 2. O
J

1}
Leo(2\{ge<1})

Since w; =11in £ \ supp ¢, it follows from the claim that the uniform limit u of the sequence (wi/) jeN belongs to

C>(£2), and for every £ € N, the sequence (D" w%) jeN converges uniformly to D‘u in 2. In particular, the sequence
(A %)neN converges uniformly to Au in £2, whence as j tends to infinity in (6.3) we get
J
Au=Vu pointwisely in £2.

This concludes the proof of the proposition. O
The previous construction has the following counterpart for p = 1:

Proposition 6.3. Ler 2 c RV _be an open set. For every compact set K C §2 with zero W2 capacity there exist a
nonnegative function u € C*°(2) and V € L' (§2) such that

K:{xef?:u(x):O},
and the equation
—Au+Vu=0
is satisfied pointwisely and in the sense of distributions in 2.
The proof of this proposition requires some minor changes compared to the previous one, which concern mostly
what we mean by the W2 capacity being a limit of the W27 capacities as p tends to 1. This should be carefully
explained since the W12 capacity and the W2 capacity are not equivalent [23, Chapter 1], [28, Chapter 17]. The

W21 capacity is in fact equivalent to the ”Hgv ~2 Hausdorff outer measures for any 0 < § < +o00. As a result, taking a
compact set K C RY whose N — 2 dimensional Hausdorff measure satisfies 0 < H" ~2(K) < 400, then one has

capy12 (K)=0 and capy21 (K) > 0.

The main issue in the proof of Proposition 6.3 is to make sure that all estimates are given in terms of [[A]| 11 o)
instead of || D%¢|| L!(s2)- The reason is that the capacities associated with the quantities

/|V<a|2 and /|A¢|
2 2

are equal up to a multiplicative constant [8, Theorem 4.E.1]. We actually need a weaker property, namely for every
compact set K C RV and for every € > 0 there exists a nonnegative function ¢ € cx (RV) such that ¢ > 1 in a
neighborhood of K and

”AgD”LI(RN) < Ccapwl,Z (K) +€,

for some constant C > 0 independent of K [28, Chapter 12]. Next, when p = 1 the proof of the variant of Maz’ya’s
inequality (Lemma 6.2) gives the stronger property,

/ IVol> _ [ 1Agl
(1+¢)? ") 1+¢’
RN

RN
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and in this case estimate (6.5) becomes

J 1
<C| Y I18¢il}1 g,

|Vw;|?
lU2 1
i L) i=0

Combining theses modifications, we get the proof of Proposition 6.3 by mimicking the proof of Proposition 6.1.

As a final remark, it is possible to merge Theorem 1 and its counterpart for p = 1 in a single statement by using a
suitable capacity defined in terms of the Laplacian. Indeed, given a smooth bounded open set 2 € RY and a compact
set K C £2, for every p > 1 consider

cappp (K; 2) = inf{||A<p||£p(_Q) : ¢ € C2°(£2) nonnegative and ¢ > 1 in K }.

This capacity has the same compact sets of zero capacity in £2 as capy2,, by the Calder6n—Zygmund estimates, while
for p =1 it has the same compact sets of zero capacity in §2 as capy 2. In this respect, we can interpret capy 1.2 as
the limit of capy,2,» as p tends to 1 through this equivalent capacity cap,p.

Conflict of interest statement
No conflict of interest.
Acknowledgements

The second author (ACP) was supported by the Fonds de la Recherche scientifique-FNRS under grant number
J.0025.13. He warmly thanks the Dipartimento di Matematica of Sapienza-Universita di Roma for the invitation and
hospitality.

References

[1] David R. Adams, Lars I. Hedberg, Function Spaces and Potential Theory, Grundlehren Math. Wiss., vol. 314, Springer-Verlag, Berlin, 1996.
[2] Alano Ancona, Une propriété d’invariance des ensembles absorbants par perturbation d’un opérateur elliptique, Commun. Partial Differ. Equ.
4 (1979) 321-337.
[3] Alano Ancona, Elliptic operators, conormal derivatives and positive parts of functions, with an appendix by H. Brezis, J. Funct. Anal. 257
(2009) 2124-2158.
[4] Pierre Baras, Michel Pierre, Singularités éliminables pour des équations semi-linéaires, Ann. Inst. Fourier (Grenoble) 34 (1984) 185-206.
[5] Philippe Bénilan, Haim Brezis, Nonlinear problems related to the Thomas—Fermi equation, J. Evol. Equ. 3 (2004) 673-770, dedicated to
Ph. Bénilan.
[6] Lucio Boccardo, Thierry Gallouét, Luigi Orsina, Existence and uniqueness of entropy solutions for nonlinear elliptic equations with measure
data, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 13 (1996) 539-551.
[7] Marcel Brelot, Sur I’allure des fonctions harmoniques et sousharmoniques a la frontiere, Math. Nachr. 4 (1951) 298-307.
[8] Haim Brezis, Moshe Marcus, Augusto C. Ponce, Nonlinear elliptic equations with measures revisited, in: Mathematical aspects of nonlinear
dispersive equations, in: Ann. Math. Stud., vol. 163, Princeton University Press, Princeton, NJ, 2007, pp. 55-109.
[9] Haim Brezis, Augusto C. Ponce, Remarks on the strong maximum principle, Differ. Integral Equ. 16 (2003) 1-12.
[10] Haim Brezis, Augusto C. Ponce, Kato’s inequality when Au is a measure, C. R. Math. Acad. Sci. Paris 338 (2004) 599-604.
[11] Haim Brezis, Augusto C. Ponce, Kato’s inequality up to the boundary, Commun. Contemp. Math. 10 (2008) 1217-1241.
[12] Gianni Dal Maso, On the integral representation of certain local functionals, Ric. Mat. 32 (1983) 85-113.
[13] Gianni Dal Maso, Francois Murat, Luigi Orsina, Alain Prignet, Renormalized solutions of elliptic equations with general measure data, Ann.
Sc. Norm. Super. Pisa, CI. Sci. (4) 28 (1999) 741-808.
[14] Charles de la Vallée Poussin, Extension de la méthode du balayage de Poincaré et probleme de Dirichlet, Ann. Inst. Henri Poincaré, Anal.
Non Linéaire 2 (1932) 169-232.
[15] Charles de la Vallée Poussin, Potentiel et probleme généralisé de Dirichlet, Math. Gaz. 22 (1938) 17-36.
[16] Denis Feyel, Arnaud de la Pradelle, Topologies fines et compactifications associées a certains espaces de Dirichlet, Ann. Inst. Fourier (Greno-
ble) 27 (1977) 121-146.
[17] Thierry Gallouét, Jean-Michel Morel, Resolution of a semilinear equation in L', Proc. R. Soc. Edinb. A 96 (1984) 275-288, Proc. R. Soc.
Edinb. A 99 (1985) 399 (Corrigendum).
[18] David Gilbarg, Neil S. Trudinger, Elliptic Partial Differential Equations of Second Order, Grundlehren Math. Wiss., vol. 224, Springer-Verlag,
Berlin, 1998.
[19] Tosio Kato, Schrodinger operators with singular potentials, Isr. J. Math. 13 (1972) 135-148.


http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4164616D735F486564626572673A31393936s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib416E636F6E613A31393739s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib416E636F6E613A31393739s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib416E636F6E613A32303039s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib416E636F6E613A32303039s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib42617261735F5069657272653A31393834s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib42656E696C616E5F4272657A69733A32303034s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib42656E696C616E5F4272657A69733A32303034s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib426F63636172646F5F47616C6C6F7565745F4F7273696E613A31393936s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib426F63636172646F5F47616C6C6F7565745F4F7273696E613A31393936s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4272656C6F743A31393531s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4272657A69735F4D61726375735F506F6E63653A32303037s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4272657A69735F4D61726375735F506F6E63653A32303037s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4272657A69735F506F6E63653A32303033s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4272657A69735F506F6E63653A32303034s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4272657A69735F506F6E63653A32303038s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib44616C4D61736F3A31393833s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib44616C4D61736F5F4D757261745F4F7273696E615F507269676E65743A31393939s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib44616C4D61736F5F4D757261745F4F7273696E615F507269676E65743A31393939s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib444C56503A31393332s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib444C56503A31393332s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib444C56503A31393338s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib466579656C5F44656C6150726164656C6C653A31393737s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib466579656C5F44656C6150726164656C6C653A31393737s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib47616C6C6F7565745F4D6F72656C3A31393834s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib47616C6C6F7565745F4D6F72656C3A31393834s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib47696C626172675F54727564696E6765723A31393938s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib47696C626172675F54727564696E6765723A31393938s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4B61746F3A31393732s1

L. Orsina, A.C. Ponce /Ann. I. H. Poincaré — AN 33 (2016) 477—493 493

[20] Walter Littman, Guido Stampacchia, Hans F. Weinberger, Regular points for elliptic equations with discontinuous coefficients, Ann. Sc. Norm.
Super. Pisa (3) 17 (1963) 43-77.

[21] Marcello Lucia, On the uniqueness and simplicity of the principal eigenvalue, Atti Accad. Naz. Lincei CI. Sci. Fis. Mat. Natur. Rend. Lincei
(9), Mat. Appl. 16 (2005) 133-142.

[22] Vladimir G. Maz’ya, Certain integral inequalities for functions of several variables, in: Problems of mathematical analysis, No. 3: Integral
and differential operators, Differential equations, Izdat. Leningrad. Univ., Leningrad, 1972, pp. 33—68; English transl.: J. Sov. Math. 1 (1973)
205-234.

[23] Vladimir G. Maz’ya, Tatyana O. Shaposhnikova, Theory of Sobolev Multipliers, Grundlehren Math. Wiss., vol. 337, Springer-Verlag, Berlin,
2009.

[24] Marcelo Montenegro, Augusto C. Ponce, The sub-supersolution method for weak solutions, Proc. Am. Math. Soc. 136 (2008) 2429-2438.

[25] Jiirgen Moser, On Harnack’s theorem for elliptic differential equations, Commun. Pure Appl. Math. 14 (1961) 577-591.

[26] Luigi Orsina, Augusto C. Ponce, Semilinear elliptic equations and systems with diffuse measures, J. Evol. Equ. 8 (2008) 781-812.

[27] Augusto C. Ponce, Selected problems on elliptic equations involving measures, http://arxiv.org/pdf/1204.0668, 2012, winner monograph of
the Concours annuel 2012 in Mathematics of the Académie royale de Belgique.

[28] Augusto C. Ponce, Elliptic PDEs, Measures and Capacities. From the Poisson Equation to Nonlinear Thomas—Fermi Problems, EMS Tracts
Math., vol. 23, European Mathematical Society (EMS), Ziirich, 2015, winner of the 2014 EMS Monograph Award.

[29] Laurent Schwartz, Généralisation de la notion de fonction, de dérivation, de transformation de Fourier et applications mathématiques et
physiques, Ann. Univ. Grenoble Sect. Sci. Math. Phys. (N.S.) 21 (1945) 57-74.

[30] James Serrin, Local behavior of solutions of quasi-linear equations, Acta Math. 111 (1964) 247-302.

[31] Guido Stampacchia, Le probléme de Dirichlet pour les équations elliptiques du second ordre a coefficients discontinus, Ann. Inst. Fourier
(Grenoble) 15 (1965) 189-258.

[32] Elias M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Math. Ser., vol. 30, Princeton University Press,
Princeton, NJ, 1970.

[33] Neil S. Trudinger, Linear elliptic operators with measurable coefficients, Ann. Sc. Norm. Super. Pisa (3) 27 (1973) 265-308.

[34] Jean Van Schaftingen, Michel Willem, Symmetry of solutions of semilinear elliptic problems, J. Eur. Math. Soc. 10 (2008) 439—456.


http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4C6974746D616E5F5374616D706163636869615F5765696E6265726765723A31393633s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4C6974746D616E5F5374616D706163636869615F5765696E6265726765723A31393633s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4C756369613A32303035s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4C756369613A32303035s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D617A79613A31393733s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D617A79613A31393733s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D617A79613A31393733s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D617A5368613A32303039s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D617A5368613A32303039s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D6F6E74656E6567726F5F506F6E63653A32303038s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4D6F7365723A31393631s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib4F7273696E615F506F6E63653A32303038s1
http://arxiv.org/pdf/1204.0668
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib506F6E63653A32303133s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib506F6E63653A32303133s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib536368776172747A3A31393435s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib536368776172747A3A31393435s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib53657272696E3A31393634s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib5374616D706163636869613A31393635s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib5374616D706163636869613A31393635s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib537465696E3A31393730s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib537465696E3A31393730s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib54727564696E6765723A31393733s1
http://refhub.elsevier.com/S0294-1449(14)00103-6/bib56616E536368616674696E67656E5F57696C6C656D3A32303038s1

	Strong maximum principle for Schrödinger operators with singular potential
	1 Introduction and main result
	2 A strong maximum principle in terms of the Lebesgue measure
	3 Existence of solutions for the Schrödinger operator with measure data
	4 Choice of test functions
	5 Proof of Theorem 1
	6 Prescribing the level set {u = 0}
	Conﬂict of interest statement
	Acknowledgements
	References


