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Abstract

The goal of this article is to show a local exact controllability to smooth (C 2 trajectories for the density dependent incom-
pressible Navier—Stokes equations. Our controllability result requires some geometric condition on the flow of the target trajectory,
which is remanent from the transport equation satisfied by the density. The proof of this result uses a fixed point argument in
suitable spaces adapted to a Carleman weight function that follows the flow of the target trajectory. Our result requires the proof of
new Carleman estimates for heat and Stokes equations.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The goal of this article is to discuss the local exact controllability property for the non-homogeneous Navier—Stokes
equations.

Setting and main results. Let £2 be a smooth bounded domain of RY de {2,3}, T > 0 and denote (0, T') x £2 by
7. Let us consider a trajectory (&, y) of the non-homogeneous Navier—Stokes equations:

9,0 +div(ay) = fo in 27,

G0y +3(y-V)y—vAy+Vg=fy ingQr, (L)
divy=20 in 27,

((0), ¥(0)) = (50, Jo) in Q.
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Here, v > 0 is the viscosity parameter and the source terms (70, f'y) are assumed to be known.
We will focus on the local exact controllability problem around the trajectory (&, y) with a control exerted on the
boundary (0, T') x 9£2: Given (o9, up) small, find control functions (44, hy) on (0, T) x 3£2 such that the solution

(0,y) of

00 +div(oy) = fd in 27,
08;y+0(y~V)y—vAy+Vq=fy in 27, (12)
divy=0 in 27,
(0(0),y(0)) = (G0 + po. yo +up), in 2,
with the boundary conditions:
oc=0+hs for(t,x)e (0,T)x 982, withy(z,x) -n(x) <0, (1.3)
y=¥+hy on(0,7) x 342, (1.4)
satisfies
(o(T),y(T)) = (&(T),3(T)). (1.5)

Our goal is to present a positive answer to this control problem under suitable assumptions on the target trajectory
(¢,Y), and in particular one of hyperbolic nature on the flow corresponding to y. Besides, in the 2-dimensional case,
our strategy will yield a control acting on some suitable subsets of the boundary which correspond, roughly speaking,
to the complement of the part of the boundary in which the scalar product of the target velocity y with the normal
vector n is positive for all time ¢ € [0, T'].

Going further requires some notations. We denote by L2(£2), L®(£2), H" (£2), Hg ($2) etc. for r > 0, the usual
Lebesgue and Sobolev spaces of scalar functions, and we write in bold the spaces of vector-valued functions: L?(£2) =
(L2(2))?, H' (2) = (H" (£2))?, etc. We also define

Vi@2) & {veH)(2) | divv=0in 2}.
In the following, we will always assume that the target velocity ¥ belongs to C2(£27). It can thus be extended into a
C2([0, T] x R¥) function, still denoted the same for simplicity but not necessarily divergence free outside $27. This
allows to define the flow X = X (¢, 7, x) associated to that velocity ¥:

V(t,7,x) [0, TI* xRY, X (t,7,x) =§(t, X(t,7,%)), X(z,7,x)=x. (1.6)

Thus we define the outgoing subset of £2 for the flow X as follows:

Ql &f [xe 2|3t e, T)st X(t,0,x) e RN\2}. (1.7)

out =

One of our main assumptions is the following one:

Q=0r

out*

(1.8)

Note that this assumption does not depend on the extension ¥ on [0, T'] x R? and is intrinsic. This assumption is of
hyperbolic nature as it requires the time T to be large enough to guarantee that all the particles that were in £2 at time
t = 0 have been transported by the flow outside £2 in a time strictly smaller than T'. Of course, this is remanent from
the density equation (1.2)(1) in which the density is transported along the flow corresponding to the velocity of the
fluid.

As we said, in dimension 2, we will not require the control to be supported on the whole boundary (0, T) x 952,
but only on some part of it (0, T') x I'. where I, = 082\ I and I (the part without control) is an open subset of 92
satisfying the following conditions:

(1). 7 has a finite number of connected components,

(i). inf §-n>0. (1.9)
(0,71xT%
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Note that the above condition guarantees the existence of y > 0 such that y(z, x) -n(x) > y forall (t,x) € (0, T) x Ip.
It also implies that I is non-empty due to the divergence free condition divy = 0.
Our main result states as follows:

Theorem 1.1. Let 2 be a smooth bounded domain of R?. Assume that the target trajectory (&,¥) solution of (1.1)
satisfies

.5 € C*([0,T1 x £2) x C*([0,T1x 2) and inf & >0. (1.10)
[0,T]x 2
Assume that the condition (1.8) is satisfied for the time T.
Then there exists € > 0 such that for all (pg, ug) € L*°(§2) x V(l)(.Q) satisfying

leollLe(@2) + lluollgy () = & (1.11)
there exists a controlled trajectory
(0,y) € L®(827) x H' (0, T; L*(£2)) N L*(0, T; H*(2)) (1.12)

solution of (1.2)—(1.4) satisfying the control requirement (1.5).
Besides, if I'y denotes an open subset of the boundary satisfying (1.9), we may further imposey =Yy on (0, T) x I.
In particular, in that case, no boundary condition is imposed on the density on I.

Actually, we will only prove Theorem 1.1 when I'y # . When Iy = @, the proof is the same as for Theorem 1.2
below dealing with the 3-d case.
Indeed, when the control acts on the whole boundary, Theorem 1.1 can be extended to the 3-dimensional case:

Theorem 1.2. Let 2 be a smooth bounded domain of R3. Assume that the target trajectory (&, ¥) solution of (1.1)
satisfies (1.10). Assume that the condition (1.8) is satisfied for the time T.

Then there exists ¢ > 0 such that for all (pg,ug) € L*°(§2) x V(l)(.Q) satisfying (1.11), there exists a controlled
trajectory (o,y) solution of (1.2)—(1.4) and satisfying the control requirement (1.5) and the regularity (1.12).

We refer to Appendix C for the proof of Theorem 1.2 which can be done similarly as Theorem 1.1 up to some minor
changes. Therefore, in the following, except in Appendix C, we will only discuss Theorem 1.1, i.e. the 2-dimensional
case.

Strategy of the proof. The proof of Theorem 1.1 is based on a technical fixed-point procedure, and we briefly
explain below its general strategy.

Setting
p¥o 5, wy_y, (1.13)
and
def - — _ _ — —
f(p. ) /= —p(du+ (F+w - V)u+ @ V)y) - 5@ Vyu—p(3,5+F - V), (1.14)
Egs. (1.2)—(1.5) rewrite
o+ F+u- -Vo=—-u-Vo in 27,
cou+o(y-Viyu+aom-V)y—vAu+Vp=~£f(p,u) in 27, (1.15)
divu=0 in 27, ’
(p(0),u(0)) = (po, wo) in £2,
with the boundary conditions
u=0 on(0,7T) x Iy, (1.16)

and with the requirement
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(p(T),u(T)) = (0,0) in . (1.17)

To construct a solution of (1.15)—(1.17), the strategy consists in finding a fixed-point to some mapping
F(poug) - U u defined in such a way that u = .%(, u,) (W) is a suitable solution of:

hp+(F+u) -Vo=-u-Vo in 27,
Fou+a({-Vu+ou-V)y—vAu+Vp=~£(p,0) in2r,

divu=0 in 27, (L18)
u=0 on (0, T) x I,

(0(0),u(0)) = (po, up) in £2,

(p(T),u(T)) =(0,0) in 2.

The mapping .%(,,,u,) is defined in two steps. First, for a given u, we define % (U, po) :déf p, where p will be con-
structed as a suitable solution of the following control problem for the equation of the density:
%p+(F+u)-Vp=—u-Vs inS27,
0(0) = po in £2, (1.19)
p(T)=0 in £2.

Then, we define .%; (£, ug) :déf u, where u is a suitable solution of the following control problem for the equation of
the velocity:

cou+o(y-Vyu+aou-V)y—vAu+Vp=~f in L2,

divu=0 in 27,

u=0 on (0, T) x I, (1.20)
u(0) =ug in £,

w(7)=0 in 2.

The mapping %, u,) is then defined as follows:

F(po.up) (W) L'y, where p=Z1, po), and u=.%(f(p, W), up). (1.21)

Hence our strategy decouples the control problem (1.2)—(1.5) into two control problems, (1.19) for the equation of the
density, and (1.20) for the equation of the velocity, each of which having different behaviors.

Indeed, on one hand, the control problem (1.20) is of parabolic type, and it will be handled by using global Carle-
man estimates following the general approach of Fursikov and Imanuvilov [17] for the heat equations: in the case of
Navier—Stokes equations, this approach has already been successfully implemented in the works [22,14].

On the other hand, the control problem (1.19) involves a transport equation. This can be easily controlled provided
the time 7 > 0 is large enough to allow all the particles in £2 to go outside the domain, i.e. when condition (1.8) is
satisfied.

But the problem is that we want the above mapping % ,, u,) to map some convex set into itself. In order to do this,
we should be able to get estimates on the above control problems in spaces that behave suitably with respect to both of
them. In particular, this will lead us to introduce Carleman weights that follow the dynamics of the transport equation,
that is weight functions which are transported by the flow. This strategy then follows the one recently developed in
[11] for deriving local exact controllability results for the 1d compressible Navier—Stokes equations around constant
non-vanishing velocities.

Actually, the Carleman estimates we develop in this article also present the feature of not vanishing at time ¢t = 0.
This allows us to construct a solution (p,u) of (1.15) without using any property of the Cauchy problem for the
non-homogeneous Navier—Stokes equations.

Related references and comments. To our knowledge, control properties for non-homogeneous Navier—Stokes
equations have only been studied in [12], which proves several optimal control results in that context for various cost
functions.

For the homogeneous Navier—Stokes equations, the density is assumed to be constant and thus the equations reduce
to the equations on the velocity. In that case, several local exact controllability results have been established in [22,14]
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based on parabolic Carleman estimates, see e.g. [17,13]. Later on, several different strategies have been proposed,
see for instance [15,21,24]. We also point out that these results also use the Carleman estimate derived in [23] for
non-homogeneous elliptic problems in order to handle the pressure term.

Let us also quote the work [8] showing the global exact controllability for the 2-d homogeneous Navier—Stokes
equations on a manifold without boundary, the work [16] showing the global exact controllability for the 3-d homo-
geneous Navier—Stokes equations on a torus, and the work [6] focusing on the case of Fourier boundary conditions
and showing global approximate controllability in that case. These works actually rely on a similar strategy as the one
developed in the context of homogeneous Euler equations [7,20] based on the well-known return method. The case
of Boussinesq equations, introducing a coupling between a heat equation and the Navier—Stokes equations, has also
been widely studied [18,16,15].

But our problem also involves some transport phenomenon, and therefore also shares some features of the ther-
moelasticity equations [ 1], the viscoelasticity models [26,5], and the compressible Navier—Stokes equations [11]. Our
approach is actually close to the one developed in [11]. Though, the divergence free condition in the model we consider
here requires a specific treatment.

In this article, we will not use any result on the Cauchy problem for (1.2), as our strategy will automatically
construct a trajectory (o,y) solving Egs. (1.2). However, several results are available in the literature. We refer to
the work [12] for several results and comments on the Cauchy problem for the non-homogeneous incompressible
Navier—Stokes equations and to the references therein.

Let us also note that we will need a precise understanding of the transport equation when transported by a flow
entering the domain. More precisely, we will use in an essential way the compactness result in [3, Theorem 4], obtained
as a consequence of [2].

We also underline that Theorem 1.1 does not state the uniqueness of the controlled trajectory (o, y). This is due to
the lack of regularity for the density o which only belongs to L>°(£27), see [9] for the uncontrolled case. In our results,
the control set can be reduced to some part of the boundary only in the 2-d case. The reason comes from the fact that,
to handle the boundary terms, we use the stream function of the velocity, see Section 2, and that the gradient of this
stream function is bounded by the velocity pointwise, which is not true in dimension 3. Nevertheless, the results
in [24] seem to indicate that such use of the stream function could be avoided. But this would require significant
developments on the Carleman estimate we use, in particular to improve the powers of the Carleman parameters in
front of the boundary terms in Theorem 2.4.

Our result also allows the use of non-trivial trajectories. For instance, if [y = and (o, y) = (1, 0), one may con-
sider the trajectory (6*(¢), ¥*(t)) = (1, n(t/ T)U) for constant vector fields U and n = n(¢) € [0, 1] a bump function
taking value O at t =0 and t = 1 and with n =1 on [1/3, 2/3]. Note that (6*(¢), y*(t)) = (1, 0) at time ¢ = 0 and at
time t = T. But for T > 0 and large U, (6*(t), y*(¢)) satisfies (1.8) and all the assumptions of Theorem 1.1, while
whatever the time 7 > 0 is, the trajectory (o (¢),¥(¢)) = (1, 0) clearly does not satisfy (1.8). This suggests that the
geometric condition (1.8) may be avoided in some cases using “return method” type ideas, see e.g. [6,8].

The regularity conditions (1.10) seem strong but are required in our approach. The condition § € C2([0, T'] x £2)
is used to construct the weight function for our Carleman estimate, thus requiring the C? regularity. On the density,
we need at least V& € W10, T; L*®(£2)) to apply Theorem 2.4 to w solution of (2.18).

The geometric condition (1.8) is very likely optimal in general. However, there are some geometric cases of interest
in which, though it cannot be satisfied, we expect some results to hold. For instance, when considering a target
trajectory (&,¥) corresponding to a constant density o = cst, one can easily adapt our proof to show that if the
initial perturbation (pg, ug) satisfies (1.11) and the density pq satisfies Supppy € .let, then there exists a controlled
trajectory (o, y) solution of (1.2)—(1.4) and the control requirement (1.5) (indeed in that case, as V& = 0, the backward
density pp in (3.7) simply vanishes, so that we can simply take p = p in Section 3.2). Another case of interest arises
for instance when considering the stabilization of a (non-trivial) Poiseuille flow in a channel. Even thought this flow
cannot satisfy the geometric condition (1.8) due to Dirichlet boundary conditions, it is natural to expect that it can be
stabilized. But such case requires more work.

One can also ask if our result can be generalized to compressible fluids. Though we expect similar geometric
conditions as the one in (1.8) to be needed, the coupling between the density and the fluid velocity is stronger and the
question thus requires more work. This issue is currently under investigation.

Outline. This article is organized as follows. Section 2 explains how to solve the control problem (1.20) by the
use of Carleman estimates for the Stokes operator. Section 3 shows how to construct a controlled density satisfying
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(1.19) and to derive weighted estimates on it. Section 4 then focuses on the proof of Theorem 1.1 by putting together
the arguments developed in Sections 2 and 3. Appendices A and B present some technical proofs. Appendix C proves
Theorem 1.2.
2. Controlling the velocity

This section is dedicated to the construction of a solution of (1.20).

2.1. Statement of the result

In order to solve the control problem (1.20), we will consider (1.20) in an extended domain O as follows: O is a
smooth bounded domain of R? satisfying

RcCO, 3d0isofclass C2, d0NIN D I. (2.1)
We then extend (o, ¥) on [0, T'] x O, still denoted the same for simplicity, such that
@,§) € C*([0,T1x O) x C*([0,T] x ©) and inf &(z,x) > 0. (2.2)
[0,T]1xO

Remark that this is possible due to the assumption (1.10). As ug € Vcl)(.Q), extending it by zero outside £2, we get an
extension, still denoted the same, such that

weH)(O) and divup=0 inO. (2.3)

By also extending f by zero outside £2 and setting O = (0, T) x O, I'T = (0, T) x 9O we then consider the following
system

c(@u+(y-Vu+@-V)y) —vAu+Vp=£f+ th\§ in O,

divu=0 in O, 2.4)
u=0 onlT,
u(0) =uy in O.

Here, 1 o\e is the characteristic function of @ \ §2 and h € L2(Or) is a control function. Note that the presence of
log in (2.4) implies that the action of the control is supported in O \ £2.

We thus intend to solve the following control problem: Given ug € H(l)(O) satisfying (2.3) and a source term f in
some suitable space, find a control function h € L2(OT) such that the solution u of (2.4) satisfies

w(7)=0 inO. (2.5)

Indeed, if we are able to solve this control problem, the restriction of the solution u to £2 would yield a solution of
the control problem (1.20). In order to solve the control problem (2.4)—(2.5), as it is classical by now, we are going to
establish a suitable observability estimate for the adjoint problem
—0,(6v) — D(@Vv)y—ovdivy —vAv+Vp=g inOr,
divv=0 in O, (2.6)
v=0 onlTr,
where Dv := Vv+ ! Vv is the symmetrized gradient. At this step, note that, though div y vanishes in the set (0, T') x £2,
there is no reason to further assume that it vanishes in O7, as we do not assume that the domain §2 is simply connected.

To state our result precisely, let us introduce the weight functions we will use in the Carleman estimate. We assume
that we have a function ¥ = ¥ (¢, x) € C2(Or) such that

V(t,x) € Or, ¥(t,x)€l0,1],
- def V(t,x) € Ir, ¥ (t,x) <0,
y:=¢x) such that vt €[0,T], ¥ (1)}50 is constant,

Viel0,T], info () =3 0)po-

2.7)
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We also assume the existence of two open subsets @y € wr of_[O, T1x (O\ £2) (here and in the following, the symbol
€ means that there exists a compact set K7 of [0, T'] x (O \ £2) such that @7 C K7 C wr) and a constant & > 0 such
that

inf {|[Vy|}>a>0. 2.8
OT\(Z)T{| ¢|}_ (2.8)

For m > 1, we set

U, x) G, x) + 6m. 2.9)
We then set 7o > 0 and 77 > 0 such that 71 < 1/4 and Ty 4 277 < T and choose a weight function in time 6,, , (¢)
depending on the parameters m > 1 and p > 2 defined by
Vi €[0,Tol, O =1+ 1= 1),
Vie[To, T —2T1], Opu(t)=1,
def
Om i= O (t) suchthat {Vie[T =Ty, T), 6, ()= el (2.10)
Om, . 1s increasing on [T — 2T, T — T1],
O, € C*([0,T)).
For simplicity of notations in the following we omit the dependence on m and u and we simply write 6 & Om, ;- We
will then take the following weight functions ¢ = ¢(¢, x) and £ = &£(¢, x):

ot x) L 0@) (e "D —exp(hyr(t, 1)), E(t,x) = 0(1) exp(hy (2, X)), @.11)

where s, A are positive parameters with s > 1, A > 1 and p is chosen as
w=sa2erom=4, (2.12)

which is always bigger than 2, thus being compatible with the condition 6 € C%([0, T)). Note that the weight functions
¢ and &, depend on s, A, m, and should rather be denoted by ¢s ; m, resp. & 1, ,, but we drop these indexes for
simplicity of notations.

Remark that, due to the definition of ¥ in (2.9) and the conditions (2.7), we have, for all A > 1 and (¢, x) € Or,

3
ZG(t)Xeﬁ)‘(mH) <o(t, x) <6()rTD, (2.13)
Finally, we introduce

~ def . % def

@(r) := ming(t, x), @™ (1) = max e(t, x) = @0 (1), (2.14)
xeO xeO

= def % def .

§(1) 1= max§(z, x), £°(1) ;== min&(r, x) =§po ). (2.15)
xeO xeO

Using these weight functions, we prove the following Carleman estimate for the Stokes system (2.6):

Theorem 2.1. Assume that O is a smooth bounded domain extending §2 as in (2.1), let w, ® be two subdomains of
O\ such that & € w and set wy = 1[0, T] x w and &7 =[0, T] X &.

Let 1} asin (2.7)-(2.8) and ¥, 6, ¢, & as in (2.9)-(2.11).

Then, for m > 5, there exist some constants so > 1, Lo > 1 and C > 0 such that for all smooth solution v of (2.6)
with source term g € Lz(OT),for all s > sg and L > Lo,

Sl/z)t_l/z/(é*)4_2/m|v(0, .)|2€—2s¢;*(0)+S}\2//€4|V|26—2S(p
@ Or

T

-1 2 2 —2s¢ 1/24-1/2 x\4=2/m __25p* 2
s / E2Vv2e 2 4 51/ /(s Y 2,
Or 0



536 M. Badra et al. / Ann. I. H. Poincaré — AN 33 (2016) 529-574

SC(S5/2X2//E_-\6|V|262_Y¢*4S$+S1/2k1/2 //(5)42/m|g|2e2_¥(p>' (216)
wT Or

Remark 2.2. Estimate (2.16) can be completed with higher norms on v in the left-hand side of (2.16). Namely, looking
carefully at the proof of Theorem 2.1, in particular in (2.52), we can add in the left-hand side of (2.16) the terms

57127302 (g*)3/2_3/(2’")ve‘s‘/’*(t) ”iZ(O,T;Hz(O))

and also, thanks to maximal regularity results for the equation satisfied by the pair s—3/22=2(£*)~1/Gm e =s¢* ) (y | p),

57374 (E*)—I/Gm)ve—sw*(t) ||21(0’T;L2(O)).

The proof of Theorem 2.1 is done in Sections 2.2 and 2.3. We are first going to prove a slightly improved version
of the Carleman estimates (2.16) for solutions v of the simplified version of the adjoint problem (2.6):
—ov—vAv+Vp=g inOr,
divv=0 in O, (2.17)
v=0 onlr.

Our approach then consists first in taking the curl of Eq. (2.17) and consider the equation of w = curl v:
—Gw—vAw=curlg+ ,v-V+5 inOr. (2.18)

Thus, in Section 2.2, we derive estimates on w solution of (2.18) in terms of the right hand side of the equation of
(2.18) and the boundary terms. It turns out that the boundary conditions and source terms strongly depend on v itself.
Hence in Section 2.3, we explain how to estimate v in terms of w by using the stream function ¢ associated to u,
which is given by

Ac()=w@) inOr and ¢(@)=c;(t) on[0,T]x vy fori=1,...,K, (2.19)
where {y;,i = 1,..., K} is the family of connected components of dO and ¢;(¢), i = _1 ,..., K are some constants
characterizing ¢ (¢) which are chosen such that, for some Lipschitz subdomain @ of O\ 2 satisfying @ € @ € w,

/C(t) =0. (2.20)

Among the new features of the Carleman estimate of Theorem 2.1 with respect to those in the literature, let us
point out the following facts:

e The weight function in time 6,, ;, in (2.10) does not blow up as the time ¢ goes to 0. However, our proof requires
a strong convexity property close to r = 0, tuned by the choice of the parameter x in (2.10) as a suitable function
of the parameters s and A, see (2.12).

e The weight function v depends on both the time and space variables. As we shall explain, this is not a big issue
as long as we guarantee that for all ¢ € [0, T'], ¥ () is constant on the boundary 9O, thus allowing to apply the
Carleman inequality of [23] for elliptic equations.

Based on Theorem 2.1, following standard duality arguments, we prove the following control result:

Theorem 2.3. Within the setting and assumptions of Theorem 2.1, there exists a constant C > 0 such that for all s > s¢
and A > Ao, if ug verifies (2.3) and f € LZ(OT) satisfies

//g—4|f|2e2~“ﬂ < 00, (2.21)
Or
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there exists a control function h € L2(O7) supported in wt and a controlled trajectory u € L2(Or) such that u solves
the control problem (2.4)—(2.5) and (u, h) satisfies the estimate

3sp* 112 1/245/2 2/m—4 12 2 —-3/2 T—6n (2 450—25¢0*
||e4s</) u”LZ(Hz)mHl(LZ)"'S /2)5/ //5 /m lu2e®? + s / //g |h|2e*s9—2s¢
OT wr

—41012 259 350*(0,") 2
SC(//& If]“e +e2 “uOHH(lJ((’)))' (2.22)
Or

The proof of Theorem 2.3 is given in Section 2.4.
2.2. Carleman estimates for the heat equation
The goal of this section is to show the following estimate:

Theorem 2.4. Let wr be an open subset of Ot satisfying wr € wr and let 1} asin (2.7)~(2.8) and ¥, 0, ¢, € as in
(2.9)-(2.11).

For all M > 0, there exist constants C > 0, so and Ly such that for all s > so and ) > Lo, for all smooth functions
w in Of, such that

d
—00w — VAW =aow + A1 - Vw + go + Zbl-a,-g,- +bgy10:84+1 in Or,
i=1
with ag € L®(O7), A; € L®(0, T; W-*(0)), go, gi € L*(Or), and coefficients b; € L0, T; WH*(0)), byy1 €
W10, T; L>®(0)) satisfying

d
laollLor) + 1ALl Lo 0, 7: W0 (0y) T Z 16ill oo 0,7 w100y T 1Da+illwioo0,7: 1000y = M, (2.23)
i=1
we have
d
Or Or Or i=l Or
+cs3,\3/§3|w|2e—2sw+cs3x4 //g3|w|2e—2W. (2.24)
I'r ar

The proof of Theorem 2.4 is long and is divided in three steps:

1. a Carleman estimate for the heat equation with homogeneous boundary conditions and source terms in L*(O7);
see Theorem 2.5;

2. energy estimates on controlled trajectories of a heat equation with a source term in L>(O7); see Theorem 2.6;

3. aduality argument.

This proof is inspired by the ones in [25], see also [13]. Below, we only state Theorems 2.5-2.6, whose proofs are
postponed to the appendix. Let us also emphasize that Theorems 2.4-2.6 hold in any dimension d.

Proof of Theorem 2.4. As said above, the proof is done in three steps.
An L2-Carleman estimate. The first result is the following L>-Carleman estimate for the heat equation:

Theorem 2.5. Assume the setting (iT heorem 2.4. For all m > 1, there exist constants Coy > 0, so > 1 and Ay > 1 such
that for all smooth functions z on O satisfying z =0 on I'r, for all s > 59, . > Ao, we have
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/|VZ(0)|2 —25(p(0)+s2)\‘3 2A(6n1+1)/| (0)|2 _2S¢(0)+S)\2//$|VZ|2 _2s¢+53)»4/ £ |Z|2 —25¢
OT OT

<c0/ (=53 —vA)z| e 2S¢+Cos3k4/ £3)z17e Y. (2.25)

Or CUT

The proof of Theorem 2.5 is given in Section A.1. It is rather classical except for the weight function ¢, which does
not blow up as ¢+ — 0 and for the weight function ¥ which depends on both time and space variables. This introduces
in the proof of Theorem 2.5 several new technical issues, though our proof follows the lines of [17].

Estimates on a control problem. We then analyze the following control problem: for f € L?(Or), find a control
function & € L%(@7) such that the solution y of

8,(Gy) —vAy=f+hlg, inOr,
y=0, onlTr, (2.26)
y(0,-) =0, in O,

solves the control problem:
y(T,)=0, in0O. (2.27)
We claim the following result:

Theorem 2.6. Assume the setting of Theorem 2.4. For all m > 1, there exist positive constants C > 0, so > 1 and
Ao > 1 such that for all s > sg and A > Ao, for all f satisfying

/ / E73 f12e™Y < o0, (2.28)
Or

there exists a solution (Y, H) of the control problem (2.26)—(2.27) which furthermore satisfies the following estimate:

3)\.4//|Y|262Y(p+//§ 3|H|262Y(‘0+S)\.2//§ |Vy|262§‘(p
//s (18, Y1* +1AY]%) MH/& 3|anY|2e2“"<C//s S| f17e®e. (2.29)

The proof of Theorem 2.6 is given in Section A.2. Again, the proof is rather classical and is based on the du-
ality between the Carleman estimates, which are weighted observability estimates, and controllability, and then on
energy estimates. Note however that these energy estimates have to be derived using the weight functions defined in
(2.7)—(2.11), and this introduces some novelties in the computations.

A duality argument. The proof of Theorem 2.4 then relies upon the estimate (2.29) on the solution (Y, H) of the
control problem (2.26)—(2.27) for f = §3we_25‘/’. Indeed, if (Y, H) solves (2.26)—(2.27) for some f satisfying (2.28),
multiplying the equation satisfied by ¥ by w, we obtain

//w(f+Hla’,;)+/w8nY

/ / (aowY wdv (A )+ g0Y =3 in(br¥) — gn+1a,<bn+1Y>) (2.30)
OT i=l1

In particular, as f = &3we ™% satisfies

//s e = / EwPe .
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according to (2.29) we can construct (Y, H) solution of

3 (@Y) —vAY =&3we % + Hlg, inOr,

Y=0, on I, 2.31)
Y(©,-)=0, in O,
Y(T,)=0, in O,
for which we have the estimate:
//s (13, Y1> + VY ? 2W+A/§ |0nY [2e>¢ <c/ E3w|Pe 9. (2.32)

Using then the identity (2.30), we infer

e [[emtee) (o2 [ [ ereriye)
(w/ ) (o f fore)
A e
et e
re(s [ ) (] s3|anylzezs¢)lf2
ey

which immediately yields the claimed result by (2.32). O
2.3. Proof of Theorem 2.1

This section aims at proving Theorem 2.1. This will be done in two steps.
We first prove the following Carleman estimate for v solution of (2.17):

Theorem 2.7. Within the setting and assumptions of Theorem 2.1, for any m > 5, there exist some constants sy > 1,
o > 1 and C > 0 such that for all solution v of (2.17) with source term g € L*(Or), for all s > so and A > Ao,

sl/zk—l/z/(é )4 2/m’ , )’2 —2s¢* (0)+Sk2/ £ |v|2 —2s¢
@] Or
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T

0 Or

Or
Sc<S5/2A’2//§6|V|262S(p*4S$+s1)\’2//§2|g|2623(p
wT Or
T
+s1/2A_1/2/ 4 2 g=2s¢” IIgIIH 1(o)+s_1/2A 3/2// 3 g% _2w) (2.33)
0

The proof of Theorem 2.7 is done below in Section 2.3.1. In Section 2.3.2 we then explain how Theorem 2.7
implies Theorem 2.1.

2.3.1. Proof of Theorem 2.7
Let v be a solution of (2.17) with source term g. As w = curl v satisfies (2.18), the Carleman estimate (2.24) applies
to w: for all s > sg and A > Aq,

//E3|U)|2€_2S¢SC(//E3|W|2€_2S(p+S/ $4|V|Ze—zstp
OT (l’)? OT
+k_1/§3|w|2e_2s‘p+s_lk_2/ §2|g|2e—2W). (2.34)
Ir O

Here and in the following @7 = [0, T] x @ where @ is a Lipschitz subdomain O\£2 such that & € ® € . Note in
particular that wy € w7 € wr.
Next, because v is divergence free we also have, for all t € (0, T),
—Av(t)=curlw() inO, v(t)=0 ondO. (2.35)

Thus, using elliptic Carleman estimates with source term in H~!(0) with weight e=*¢(") and integrating in time, see
[23], we immediately get

s—l//§2|vV|2e—2W+sx2 //§4|v|2e—2w < c(//g3|w|2e—2w+sx2 //§4|V|Ze_2”"). (2.36)
Or Or Or or

Combined with (2.34), and using the fact that w = curl v is bounded by d,v on I'r (recall that v=0 on I'7) and that
&*=¢& and ¢* = ¢ on (0, T) x 30, we immediately have that for some sy > 1 and A9 > 1, for all s > 59 and A > Ao,

SC(//S3|1U|2€_2S¢+S)\.2/ s4|v|ze—2ﬂp+)\‘—1 /(é*)3|anvl e—2€(p +S_1)\. / %- |g|2 —2Y(p>
ar or

I'r

(2.37)

We then introduce the stream function ¢ associated to v, i.e. v = V+¢, which can be computed explicitly as the
solution of (2.19) for some constants c;(¢) due to the dimension d = 2, see e.g. [19, Corollary 3.1]. Note that, by
adding a constant to ¢ if necessary, without loss of generality we can assume that (2.20) is also satisfied. Applying the
elliptic Carleman estimate to Eq. (2.19) (see e.g. [17]), we obtain that

314//5 |;|2e—2“/’+s,\2/ £ |v;|2e—2w<c<//s lw|*e 2W+s3/\4/ £%¢1%e —2“’)) (2.38)
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Note that the Carleman estimate of [17] is obtained for homogeneous Dirichlet boundary conditions. But it is easily
seen that it remains true for a boundary data whose tangential derivative at the boundary vanishes, which is the case
for ¢.

Of course, estimate (2.34) requires an observation term in ¢ in @7. But Poincaré Wirtinger inequality (recall here
that @ is assumed to be a domain, i.e. a connected open set) and condition (2.20) implies, for all ¢ € [0, T],

/|<:<t, I < C/|V¢(r, I = /|cur1;<t, I = /|v(r, )

and in particular:

//Eélzlze*”“’ sC//?élvlze’m- (2.39)
& &7

Let us stress the fact that the 2-d assumption is also used at this stage since (2.39) relies on the identity |V ¢ (¢, 2=
[curl ¢ (z, )|2.

Next, we use (2.38) to derive suitable weighted energy estimates for v, hence for d,v on the boundary 9O. But
since we do not have any estimate on the pressure in the Stokes equation (2.17), we are reduced to derive energy
estimates for v with weight functions independent of x.

Estimates in L2(0, T; H' (O0)). We set (Va, pa) - 6, (1) (v, p) with

2

01(1) & s/ VA (g7) 2 emset ),
Using
ap* <Cr(E*)V" inor (2.40)
and explicit computations, we get
0] = —Cs/ 334 (%) e O, (2.41)
The pair (v,, pg) satisfies
—50;Vq — VAV, +Vp, =61g—066;v inOr,

divv, =0 in Or, (2.42)
v, =0 on I,
v (T)=0 in O.

We want to obtain an estimate of the L2(H(1))-n0rm of v,, so we multiply the partial differential equation in (2.42)
by v,, we integrate in O7 and we integrate by parts. This yields:

1 — 2 _ 1 _
SIVEO W00, 4 VNl o = [ [ 08 va = [ [0 va=3 [ [ag . 243
Or

Or Or

First, we remark that

T
%
‘//elg-va <3 [[1vvrec [olied o (2.44)
Or Or 0

We then focus on the second term of (2.43) and use (2.41)
— // GOV Vg
Or

< Cs3/2)1/2 //(S*)S—l/mv ) VJ‘§e_2‘Y¢*(t)
Or
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—Cs32)\1/2 // ™ curly g e 250" (1)
1/29-1/2
<Cs5/2k3/2// |§|2 —2sptn) VS TA T /231 // 4 2/ Gy P29 0
< S/ / / () 1e 2290 4 ¥ / / Vval?
Or

The last term can be handled similarly:

‘ //amv 2l < cs'2a- 1/2//(5*)4—2/m|v|2 —2sg*
<Cs5/2A3/2// |§|2672S(p*(t)+£//|vva|2
Or

Plugging these three last estimates in (2.43), we obtain

2 6 _ *
[Va 0. )20y + I¥all 20 7m0y = € (ss/zk” / / (&) 1P +||91g||iz(0,T;H1(O))). (2.45)
Or

Estimate in L2(0, T; H2(O)). Let us now set (Vi, pp) 1 05 (1)(v, p) with
0(1) :défS71/4)L73/4(%.*)3/2*3/(2m)efstp*(t),

for which explicit computations yield:
1

5
0y > —Cs¥ )4 (E¥) 27 m e (2.46)
This pair (vp, pp) satisfies

—50;Vp — AVp + Vpp, =g —50iv in Or,

divv, =0 in Or, (2.47)
vp =0 onlr,
vy (T) =0 in O.

We then multiply the partial differential equation in (2.47) by (—Avp + V pp) /o, we integrate in Or and we integrate
by parts:

1 2 1 5 6> , 5
3 Vv (0, )| + —1=Av, + Vpy|* = =8 (A +Vpy) — [ [ 6:260)]VVI". (2.48)
O OT OT OT

Using (2.2) we can estimate the first term as follows:

12
’ / / g (A + V)
Or

For the second term, remark that by (2.46), we have

1 1 5 5
<3 [ 28w T+ Cloagl o, (2.49)

0205 > —Cs' /212 () e = o,
thus yielding

~ [ [ 08519V = €l a0 = MYl o
Or
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Therefore, using the above estimate and (2.49) into (2.48), we obtain
V617200 721200y < € / = AV, + Vpul* < C(I1628]1 20, + IVal 320 71101 0): (2.50)
Or

where we have used the classical H2-estimate for the stationary Stokes system, see e.g. [4, Theorem I1V.5.8].
Global estimate on v and its normal derivative. Since v =0 on 7, classical estimates yield

2 2
|nv(, ) HLZ(aO) =C(|va, ’)”H}J(O) v, ')HHZ(O) +||va, ')HH(I)((’)))’
and in particular, using the fact that 6>(¢) < 6;(¢) forallr € (0, T),
7_5 *
() F e ) o
2
= C([erve, ')“H(')(O) |62v (2, ) ||H2((9) + orv(. ) ”H(l)((’)))'

Putting together (2.45) and (2.50) with this last estimate, using (2.38) and (2.39) to estimate the term in ¢ and taking
into account that m > 5, we deduce that

*112

[Va 0. 220y + 101V gt o + 102V, 0 T3 1(E7) *dave

<c< 112 -5/2 / / E|we 29 4 §5/2)3/2 / / Ve 1 1018130 7.0 1<o>)+II92glle(oT)>
Or

(2.51)

Elimination of the boundary term. We come back to the Carleman inequality (2.37) and we combine it with
(2.51): for s large enough,

2 2 2
||Va(07 ) ||L2(O) + ”91V”L2(0 T'HI(O)) + ”92V||L2(0 T‘HZ(O))

—1 //%- |VV|2 —2S(p+//$ |w|2 —2S(p +S}\,2/ é: |V|2 —2S(p
<C<//S |w|ze—2Y¢+s5/2)L2// |V|2 —2Y(p

+ 101811720, 7:1-10y) + 10281120, +57 127 / £lgle 2“") (2.52)
Or

Removing the observation on w. We now estimate the local term in |w_|2. For this purpose, we recall that o =
[0, T] x @ € wy =[0, T] x w and we consider a positive function x € C2(0) such that

x=1 1in®, x=0 inO\ow.
Using

//é lw|?e 2”’<// Ew|?e 9, (2.53)

we are reduced to estimate the right hand side of (2.53):

//A3|W|2 2S(p<// |w|2 25(p<// |VV|2 a
// E3Avve 2P 4 - //Ax |v|2e25¢
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—1/2/\—2/2// 3 3/mIA |2 —2s¢* +C, s1/2/\3/2// 3+3/m’\6 |2 259" 4s¢

where the last estimate follows from Young’s identity and where ¢ > 0.
Using the last above inequality in (2.52) with ¢ small enough and recalling the definition of 8;, we get in particular

T

_ 4-2 2 _ogot _ 4=2/m _2gp*
§1/2) 1/2/(5*) /’"|v(0, o[ 250" 4 g1/2; 1/2/(5*) /m =25 ||V||f{1(o)
o 0

*1//.5 [Vv|2e 25 +sA2//s Iv|%e 2W+/ £3| curlv|2e2¢

T
< (5/2)\'2// |V|2€2S(p —4s9 ‘I‘S_l)\, //\E |g|2€_2S¢+S1/2)\, 1/2/ 4 2/m _ZSW ||g”H ](O)
0
157123732 / / () mlglze‘z‘w*) (2.54)
Or

This concludes the proof of Theorem 2.7.

2.3.2. Proof of Theorem 2.1
Let v be a smooth solution of (2.6) with source term g. Then v is a solution of (2.17) with source term

g=g+09,6v+D@GV)y+aovdiv(y).
Applying Theorem 2.7 to v with source term g, for all s > 59 and A > Ao we get
5,1/2)\71/2/‘(%_*)472/"1|v(07 .)|2672s¢*(0) +S)\2/ §4|V|2672A(p

o Or
T

+S1/2}L—1/2/ 4 2/m ~25¢* ”V||H1(O) //é | curlv[2e 2sgo+s—l/ £2|Vv|2e 29

0 Or Or
EC<S5/2)\'2//§6|V|2€2S(p*—4sa+S—IA'—Z//EZlg'Ze—ZS(p
wT Or
T
_ 4=2/m _2spt /2. 3-3/m <2 _250*
512 1/2/(5*) /m 25 IIgIIf{q(@)-FS 12, 3/2//@*) /™52 2w) (2.55)
0 Or

and we are thus reduced to estimate the last terms of the inequality.
But we have

<C( e //s g2 457 1a //s Ve 41" //s ve )
s [ [y e
Or
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< c(sl/zm/z [ [y g
Or
+s1/2)»3/2//(5*)33/m|v|2e2““’*+s1/213/2//(5*)33/m|Vv|2e25‘/’*>’

OT OT

in which all the terms in v, Vv can be absorbed by the left-hand side of (2.55) for s and A large enough.

We also have, forall t € (0, T),

-2 2 2
HG; ”H*I(O) <Clg@. ) ||L2((9) +Cv(. ) HLZ(O)'

Hence

T
4 2 — — 4 2 —
1/2)\' 1/2/ /m 23(/7 ||g||H_|(O)<CSl/2)\ 1/2// /m ZSQO |g|2
0

+Cs'2m 1/2// YRy 2,

Plugging these last estimates in (2.55), we obtain (2.16) for s and X large enough.

2.4. Proof of Theorem 2.3

545

(2.56)

We use the following simplified form of (2.16): for all s > so and A > A and all smooth solutions v of (2.6) with

source term g:

[E) 0 e 0 4 “W/ e
o

SC<S2k5/2//gﬁ|v|2€zsw*—4sa+//54—2/M|g|26—25(p).
T Or

(2.57)

Easy density arguments then show that this result extends to all solutions v of (2.6) with source term g € L?(Or) and

final data v(T) = vt € V(l)(.Q).
We then follow the proof of Theorem 2.6 and introduce the functional Js; defined by

1 $2).5/2
Jsivr.g) € //54 2mige2v 4 T2 / EO|y |2y 49

//fv—/uo() v(0, ),

defined for data (vr, g) € V{(£2) x L?(Or), where v solves (2.6) with v(T) = vr.

def o

We then need to define the functional Js; on the set X ops 1= th obs Illst.obs | where

Xgl,obs :déf {(VT, g) € V(I)(Q) X Lz(OT)}

and the norm || (v7, g)||ss.0ps is defined by

2 def - - *_ 450
[V @) 5 o0 = / / gHTM g e 45727 / v e,
O wr

where v is the corresponding solution to (2.6).

(2.58)

(2.59)
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According to (2.57), the functional Js; can be extended by continuity on Xs; 4ps if f satisfies (2.21). The functional
Js: then has a unique minimizer on Xg; 055, that we denote (Vr, G) and which corresponds to a solution V of (2.6).
We get, for all smooth solution v of (2.6) corresponding to a source term g,

0= / / EYTUMG . e 4 5205/2 / / EOV . 29 H _ / / fv— / uo() - v(0, -). (2.60)
Or T Or O

In particular, setting
u= 54_2/’"(}6_2‘?@, h — _S2)\15/2§6V62S(p*—4sale’ (261)

we obtain a solution in the sense of transposition of the control problem (2.4)—(2.5) with a control term acting only
on wr.

Besides, using again the Carleman estimate (2.57) and the fact that Js;(V7, G) < Js;(0,0) = 0, one immediately
derives that

2 c - 2/m—4
V. O = sz [ [ 670 4 [ e, 26
Or @

Hence, using (2.61), the controlled trajectory (u, h) satisfies

— 2 —4 *
Or

(2.63)

Finally, we can then derive H'(L?) N L?(H?) estimates on u by applying regularity results for Stokes equations to
the system satisfied by 15" u. The computations are left to the reader.

3. Controlling the density

This section is devoted to explain how to solve the control problem (1.19). As we said in the introduction, the main
difficulty is that we need to provide a controlled trajectory that can be estimated with the use of the weight functions
introduced in Section 2.

3.1. Basic properties of the flow

Let y be an extension of y on [0, T'] x R2 and X the corresponding flow, defined in (1.6). Asy € CZ([O T] x Rz)
the flow X is continuous with respect to the variables (¢, 7, x) € [0, T1? x R2.
We first discuss the stability of property (1.8):

Lemma 3.1. Assume that § € C2([0, T1 x R?), and that the flow X defined by (1.6) satisfies (1.8). B
There exist € > 0, TO* > 0 and T}* > 0 such that for all Ty € (0, TO*), for all Ty € (0, T}) and for all x € $2, there
exists t € [Ty, T — 2T1] such that d(X (¢, Ty, x), £2) > 2e.

Proof. The proof is done by contradiction. Assume it is false. Then for all & > 0, there exist 7;j > 0 and T} such that
Ty, T{ converge to 0 as ¢ — 0, and an x, in £2 such that
vie[Ts, T —2T], d(X(t,T5,x). 2) <2e. (3.1)

But x, is bounded in £2. Hence, up to a subsequence, it converges to some X in £2. As the flow X is continuous in
[0, T]2 x IR? and the distance function is continuous, for each ¢ € (0, T'), one could then pass to the limit in (3.1):

vie(0,7), d(X(,0%),8)=0.

This is of course in contradiction with (1.8). O
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Foru € L2(0, T; H2(R?)) we denote by X the flow defined by
aX(t,1,x)=F+0)(t, X(t,7,0), X(zr,7,%) =x. (3.2)

Note that in dimension 2, the flow X associated to a velocity field in L2(0, T: H? (Rz)) is well-defined in the classical
sense thanks to Osgood’s condition, see [28]. R
We then show that, provided U is small enough, the property (1.8) also holds for X:

Lemma 3.2. Under the setting of Lemma 3.1, there exists ¢ > 0 such that for all@ € L*>(0, T; H>(R?)), satisfying

I8l 220,710 R2)) < 26, (3.3)
the flow X defined by (3.2) satisfies the following property: for all Ty € (0, Ty), for all Ty € (0, T}") and for all x € 2,
there exists t € [Ty, T — 2T ] such that d(X (¢, Ty, x), §2) > &.
Proof. Set L = ||Vy|lr>,1:L>2))- For 7,t € [0, T1? with t > 7 and x € R2, we have:

X(t, 7,0 = X(t, 7,0 = [X(t, 7,0 = X (7,7, 0) + X (7,7, %) = X (¢, 7, )]

t

/ (X (.7, x) — 0, X(1,7.x))dr’

T

t

/ S R( 7 x) + 5 R (1 7x)) — 5 X (7x) )

T

t
<t =210l 20 o)) + L/}f(r’, T,x) = X(', 7, x)|dr'.
T

Then Gronwall’s Lemma yields for all # € [0, T] and x € RZ:
1X(t,1,0) = X(t,7,.0)| < T2 T | p2p e m2))- (3.4)

According to Lemma 3.1, Lemma 3.2 thus holds by setting ¢ =712 LT¢/2in (3.3). O
3.2. Construction of the controlled density

In this section, we assume that
e L?(0, T:H*(R?)) and (6]l 20 7. 002y < 26 (3.5)

where ¢ is given by Lemma 3.2. We then choose Ty € (0, Tj") and T € (0, T}"), where 7", T are given by Lemma 3.2.
The construction of the controlled density p solution of (1.19) is then done as in [11]: we construct a forward
solution oy and a backward solution pj, of the transport equation in (1.19) and we glue these two solutions according
to the characteristics of the flow.
Indeed, we define p ¢ as the solution of

dpor+F+uw-Vpor=—u-Vs inS2r,
prt,x)=0 fort € (0,T), x €952, with (J(z, x) +u(z, x)) - n(x) <0, 3.6)
pr(0)=po in 2,

and pp as the solution of
O;0p +(F+10)-Vpp,=—u-Vs in 27,
op =0 fort € (0,T), x € 382, with (§(z, x) +u(z, x)) - n(x) > 0, (3.7
op(T)=0 in £2.



548 M. Badra et al. / Ann. I. H. Poincaré — AN 33 (2016) 529-574

We also introduce x the solution of

hx+F+u)-Vx=0 in 27,
X = lLie. 1) (1) fort € (0,T), x € 382, with (¥(¢, x) +1(, x)) -n(x) <0, (3.8)
x0)=1 in £2.

We finally define p(z, x) as follows,

p(t,x) (1= x(t,)) oot %) + x (0, )0 (1, %). (3.9)

It is easy to check that this function p satisfies the transport equation (1.19)1) and the required initial condition
(1.19)(2. The final condition p(7T') =0 in (1.19)) is satisfied due to the properties of the flow proved in Lemma 3.2,
which guarantees that x (7)) = 0.

In the next subsections, we describe how to get estimates on the function p constructed in (3.9) in the weighted
spaces adapted to the Carleman estimates derived in Section 2.

3.3. Explicit description of the density

To begin with, let us remark that the function yx is explicitly given by:

1 ift<Ty
x(t,x)y=31 ift>Tpand X(7,t,x) € 2 forall T € [Ty, ], (3.10)
0 else,

so that from Lemma 3.2 we have in particular

x(t,x)=0 and p(t,x)=pp(t,x) for(t,x)e[T —2T,T] x $2. (3.11)
We also give explicit expressions for p s and pp. In order to do that, for # € [0, T'], we introduce

Qi) E {x € 2 | X(z,1,x) € 2 forall T € [0, 1]}

Q@) £ {x e 2 | X(r,1,x) € 2 forall T [1, T]} (3.12)
and for all (¢, x) € [0, T] x £2:

tin(t, %) 2 sup{t € [0, 1) | X(x,1,x) € 082},

o (8, ) ‘= inf{z € (1, T1 | X(z,1, %) € 082}, (3.13)

In the above definitions, we use the convention sup¥ = 0 and inf@ = T'. This way, #, (¢, x) = 0 iff x € £2[9;(¢) and
tout(t, x) =T iff x € .Q[T](t).
Using these notations, o and p;, are explicitly given by

)= po(X(0,1,x)) — [3@- V&) (r, X(z,1,x))dr  if x € 2()(2), G
FREA= —]Zn(t’x)(ﬁ~Vc?)(r, X(z,t,x))dt else, '

t
pp(t,x) = / (ﬁ~V5)(t, f(r,t,x))dr for x € £2. 3.15)

Tout (7,x)

We are now in position to derive weighted estimates on p.
3.4. Weighted estimates on the density

In order to derive weighted estimates on p based on the Carleman weights ¥, 0, ¢, & described in (2.7)—(2.11), we
will need some further assumptions.
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Assumptions on the weights. We assume that T and 77 in the definition of 6 in (2.10) satisfy
Ty € (0, TO*), T € (O, T1*)» (3.16)

where Tj' and 7" are given by Lemma 3.1.
We also assume that the function ¥ in (2.7) can be extended in [0, 7] x R? such that

Yy eC'([0,T1xR*) and &y +§-Vy=0 in(0,T)xR%. (3.17)

Assumptions on u. In order to derive estimates on p, we shall assume that U is in a weighted Sobolev space.
According to Theorem 2.3, it is natural to assume
e’ € L2(0,T; L*(£2)), divi=0 in £2r7, (3.18)
T30 /4 2 .12 s |5, 350% /4
e e L*(0,T; H*(22)) with |[te ||L2(0’T;H2(Q)) <c. (3.19)

Extension of U. To fit into the setting of Section 3.2, we extend W on [0, T] x R2 that we still denote the same: U =
E(W), where E denotes an extension from H?(£2) to H?(R?) such that [|[E(¥V) g2 g2y < 2[I V]2 for all v € H*(£2).

This allows us to define the flow X by (3.2) for (¢, 7, x) € [0, T]2 x RZ,
Note that, for s large enough, this last assumption is stronger than (3.5) and is thus perfectly compatible with the
construction of Section 3.2, as it implies in particular that

1091 120, 7 Lo 2y < €50, (3.20)
where cp > 0 is independent of s and A. For the following we suppose that s > sy and A > 1 with s¢ large enough such
that (3.5) and (3.20) are satisfied. L

On the flows X and X. We first establish a lemma on the closeness of X to X.
Lemma 3.3. There exists ¢ > 0 independent of s and A such that for all (z,t) € [0, T]> and x € R?:

X (z,1,%) — X(t,1,x)| < cge™ 0%, (3.21)
Moreover, if To <t <t <T, we also have

0| X (z,1,x) — X(1,1,x)| < cge™ 0™, (3.22)

Proof. Estimate (3.21) is an immediate consequence of (3.4) and (3.20). From (3.4), we also have
00| X (z,1,%) = X(1,1,0)| < T2 00 181l 121 p: Lo 2

where L = || VY|l Lo (o, 1:100(r2))- Using the fact that 6 is increasing on [7o, T,
00| X (z,1,x) — X(t,1,)| < T2 16T 12, .10 2

for all Ty <t <t < T, which concludes the proof of Lemma 3.3 by (3.20). O

On the weight functions. Here, we shall deeply use the fact that ¥ is assumed to solve the transport equation
(3.17), thus implying in particular that
V(t,7,x) €0, T1* xR?, (1, X(t,7,%)) = ¥ (7, x). (3.23)
We then show the following lemma:
Lemma 3.4. There exist ¢ > 0, ¢ > 0 and c3 > 0 independent of s and A, and so > 1 such that for all s > 5o, A > 1,
the following inequalities hold:
1. Forallt €[0,T —2Ti], T € [0, ] and x € R?,
o, %) —¢(t, X(z,1,%)) < crge” >, (3.24)

S(Ta X(Tv t’ x)) < zeclgefczsk.

50 < (3.25)
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2. Forallt €Ty, T, T €[t, T] and x € R?,

o(t,x) — (7, X(1,1,%)) < crge™®* —c3(0(x) — 0(1)), (3.26)
E(t, X(z,1,x)) - (1) cicemeash (3.27)
E(t, x) 0(1)

Proof. We focus on the proof of item 2, the first one being similar and easier because 0 takes value in [1, 2] close to
t = 0. Estimate (3.26) follows from the following computations: for 7o <t <17 <T,

o(t,x) — (p(r, 5(\(1,', t, x))
_ Q(t)(ke6x(m+1) _ ew(z,x)) _ Q(r)(/\eéx(mﬂ) _ ew(r,X(r,z,x)))
_ Q(t)(ew(r,)?(r,z,x)) _ ew(t,m) +(00) - Q(T))()Leék(m—i-]) _ ew(r,?(f,,,x)))
<O (HV XL VD) ey (0(0) - 0(1),
for some c3 > 0, where we used in the last estimate that 6 is increasing on [Ty, T]. We then use (3.23) and (3.22):
’9(,)(ew(r,ﬁ?(r,z,x)> — V)| = 9(,)’em//(nﬁ?<r,r,x>) — MV EXE)|
< OOV oo VX (1, 1,0) = X(1,1,%)] < c1ge 2,

for s large enough, as announced in (3.26). Next, by construction we have

@ X@ LX) 0 hye Xy X
(1, x) 0(t)

<00 vyl n-X @l (3.28)
)

which immediately yields (3.27) by (3.22). O
We immediately deduce from Lemma 3.4 the following:

Proposition 3.5. Introducing the weight function

NG, x) (£, x)) e, (3.29)

there exist sy > 1 and ¢ > O independent of s and ). such that for all A > 1, s > s, forall (z,t,x) € [0, T] x [0, T] x 2
satisfying t <t <T —2Tyor Ty <t <,

N(t, x) < eR(7, X(1,1,%)). (3.30)

Proof. If t <t < T — 2T then (3.30) follows immediately from (3.24) and (3.25).
If Ty <t < 7 then (3.30) follows from (3.26) and (3.27):

92(1.)676'3.&‘9(‘[)

R(t,x) < (W

)eﬂ S(s42)e2 R(z, X(t,1,%)).

But, for s > 2/c3, the function x x2

62(.[)6—033“0(1) < 92(t)e—6339(t)_ 0

e~ “%* is decreasing on [1, +00) and then, since 6 is increasing on [Ty, T'],

On the controlled trajectory p. We now derive estimates on the controlled trajectory p given by Section 3.2:

Theorem 3.6. Let s, 0, @, & are defined in (2.7)—(2.11) and assume (3.16), (3.17). Further assume that U satisfies
(3.18) and (3.19) with s > 59, A > 1 and sg large enough such that (3.5) and (3.20) are satisfied.
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There exists ¢ > 0 independent of s, . and W such that the solution p given by Section 3.2 satisfies

INoll 22 < CUIRTI 200 7122 + €7 Pllooll2(2))- (3.31)
where R is given by (3.29), and
SA 6)»(m+1)9(t) 2 S ())x(nH»l)g(t) 2 SA 61(m+1)
o O gy PO+ Ul e

Proof. The proof of Theorem 3.6 follows from the precise description of ps and p, given in (3.14)—(3.15).
Let us begin with the proof of estimate (3.32). On one hand, as  — sAe%*"+Dg(r) is non-increasing on (0, T —
2T1), from (3.14) we get, for all (t,x) € (0, T —2T7) x £2

t
63.(m+1) 2 61 (m+1) = SAGm+1) u
eS}\.e (1) |)0f (t, x)| < 265‘)\6 6(t) ”;OO”%OO(_Q) + 2||VO. ||iOO(QT) /eS)\.E o(r) ||u(-[’

0

2
) HLOO(.Q)dT'

On the other hand, using that # — sAe®*mtDg (1) g non-decreasing on (7o, T'), from (3.15), similarly, we have, for
all (¢,x) e (Ty, T) x £2,

T
AeBHm+Dg 2 —2 eSHmtg u 2
e (’)|pb(t,x)| < ||Vo'||Loo(QT)/gS e @) [a, .)||L00(9)dr.
t

Together with the fact that the solution x of (3.8) takes value in [0, 1] on 27 and the properties (3.10), these two
estimates easily yield (3.32).

We then focus on the proof of (3.31), that mainly relies on the two following estimates: for all time ¢t € (0, T —2T1),
we get

JIZCESGE c<e2w*<°> [ioofa+ [ [ |ﬁ|2x2dxdr), (3:33)
2 2 r

and for all time 7 € (T, T),
/ oo ()| R2()dx < ¢ / / @2R2dxdr. (3.34)
Q Qr

Indeed, once estimates (3.33)—(3.34) are proved, we can bound the L?(£27)-norm of 8 o by the sum of the L*°((0, T —
2T1); L?($£2))-norm of py and of the L™ ((Tp, T); L2(£2))-norm of pj, and estimate (3.31) immediately follows.

Let us first present the proof of (3.33). We fix ¢t € [0, T — 2T1]. From (3.14) and (3.30) we deduce that, for x €
2101(2),

t
oy, 021, x) 5C(|p0()?(0,t,x))|2x2(0, X(0,1,x)) +/|ﬁ(z, X(r,1,0)R(z, )?(r,r,x))dz>,
0

whereas for x € £2\§2(0(1),

t
oy, 07821, x) < C / [G(z, X(x,1,0)) "8 (x, X(z, 1, x))dr.
tin (t,X)

Combining these two estimates, for all t € (0, T — 277) we get:

/|pf(t,x)}zz<2(t,x)dx5c / lp0(X(0, 1, ))["8%(0, X (0, 7, x))dx
2

2[0)(1)

t
+C//l[,m(,,x),t](r)m(r, X(r,1,0)) |82 (z, X(z, 1, x))dxdr. (3.35)
0 2
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Since y + W is divergence free in £27, the Jacobian of x X (t, T, x) equals 1 identically. Therefore,

/ |p0(X(0, 1, ))["%%(0, X (0, 7, x))dx = / |,00(x)|2N2(0,x)dx§/|,00(x)|2&2(0,x)dx.
2p0)(t) X(0,t,2(0)(1)) 2

Similarly, we get

//l[tm(t X), ,](7:)| (1’ X(r t, x))| Nz(r X(‘L’ t, x) dxdt //|ﬁ(r,x)|2N2(t,x)dtdx
0 £

Estimate (3.33) then follows from (3.35).
The proof of (3.34) is based on (3.15) and follows the same lines. It is therefore left to the reader. O

4. Proof of Theorem 1.1

We are now in position to prove Theorem 1.1. The idea is to construct suitable convex sets which are invariant by
the mapping .# = .#(,,.uy) in (1.21) and relatively compact for a topology making .% continuous. In all this section,
we assume the assumptions of Theorem 1.1.

4.1. Main steps of the proof of Theorem 1.1

In the introduction, we introduced formally a mapping .%. We are now in position to define it precisely.

In order to do this, the first step in the proof of Theorem 1.1 is to construct a weight function ¥ which is suitable
for both Section 2 and Section 3, i.e. suitable in the same time for controlling the velocity equation and the density
equation. We claim the following result, proved in Section 4.2:

Lemma 4.1. Let 2 be a smooth bounded domain. Further assume the regularity condition (1.10) on (G,Y¥), the
geometric condition (1.8) and condition (1.9).

Then one can find a smooth (C2) bounded domain © satisfying (2.1) such that there exists a C2([0,T] x
R2)-function  satisfying the transport equation (3.17) for some extension y§ of ¥ in [0, T] x R? and satisfying
assumptions (2.7)~(2.8) for wp = [0, T] x w and &1 = [0, T] x & where w, & are two subdomains of O\£2 such that
w E w.

We then consider the extension y given by Lemma 4.1. Next, we take T, T}" and ¢ > 0 given by Lemma 3.2 and
fix To € (0, T;) and Ty € (0, T}"). We then use the function ¥, 6, ¢ and & given by (2.9), (2.10), (2.11) for m > 5,
s > 80, A > Ao, and the notations given in (2.14)—(2.15). Moreover, we suppose that sg, Ao are large enough given by
Theorem 2.3 and Theorem 3.6. Now, we define the spaces X;  and Y ; depending on positive parameters s > so and
A > Ag as follows:

X, = {u e L2(2r), with div(u) =0 in 27,

s1/4€l/m—2es(pu c LZ(QT),
e3¢ tue L2(0, T HX(2)) N H' (0, T; LA (£2)) ], 4.1
endowed with the norm

def ” 3s5¢* /4

||“||X uHiZ(HZ)ﬂHl(LZ) +s!/2 Hfl/mﬂes‘p“”?ﬂ(m)’

and
Yo 2 {p e L%(Qr). with§ 2 p e LA(2r) and ™" 02p e L% (27)),

endowed with the norm

lolly, = |62 o) 2o + ”ewwmwg/zp“Lw(fzr)'
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We also introduce the space F; ; defined by

Fo & {fe L2(0, T; L2(2)), with £ 26’ € L2(0, T; LA(%2)))

. def 12 s
endowed with the norm|/f||g, , := ||.§ fe (pHLz(LZ)’
Note that, in the above definitions as well as in the following results, we keep the dependence in both parameters A
and s to be consistent with notations of Section 2. However, only the dependence in s will be needed in this section.
We then derive the following results.

Theorem 4.2 (On the mapping #1). Fix py € L™ (£2). For all 0 € X ; with ||fi||xM < ¢, the construction in Sec-
tion 3.2 yields p = F1(U, po) solution of the control problem (1.19). Besides, p € Y5 and for some constant C
independent of s > so and X > X,

I *
ol < C(mnunm + e ‘°>||po||Loo<9>>. “2)

Furthermore, the application ¥ satisfies the following compactness property: If W, is a sequence of functions
in X, with o, Ix,; < ¢ which weakly converges to some uin X 2, the corresponding sequence p, = % (U,, po)
strongly converges to F1 (U, pg) in all LY(27) for q € [1, 00).

The proof of Theorem 4.2 is done in Section 4.3. Let us point out that the compactness property stated in Theo-
rem 4.2 is of primary importance for our result and follows from [3, Theorem 4].
We then focus on the study of the mapping .%5:

Theorem 4.3 (On the mapping %,). We can define a bounded linear mapping %5 : Fy ) % V(l)(.Q) — X 5 such that
for all ug € V(l)(.Q) and f € Fy 5, u= F(f, wg) solves the control problem (1.20) and satisfies, for some constant
C > 0 independent of s > so and ) > )Ly,

S ok
lulix,, < C(Ifllp,, +e5*" ol q))- (4.3)

Theorem 4.3 is a direct consequence of Theorem 2.3: the mapping %, is obtained by restricting the controlled
trajectory given by Theorem 2.3 to (0, T') x £2. Of course, this depends on the extension O of £2, but this choice is
done once for all. Estimate (4.3) is then a rewriting of Theorem 2.3 by taking into account that f and uy are extended
by zero outside £2.

We are then able to derive the following properties on the mapping .% in (1.21), whose proof is postponed to
Section 4.4:

Theorem 4.4. Let pg € L*®(£2) and ug € V}(£2).
Then for all s > so and ). > Lo the mapping % in (1.21) is well-defined for allu € X; ; with |[0]x, , < . Besides,

s h —

for alla € X with |ullx,, <¢, w=.%@) belongs to Xy ;, and satisfies, for some constant Cy independent of s
and X,

1 ~ ~ 2 * 250 2 S ok
IIUIIXS;AS%(mllullxs,x+IIUIIXM+€W Dol +e* Pllpolgoe(e) +e# Oluollgy o) ). @4)

Moreover, if W, is a sequence of functions in X; ; with ||[a, lIx,, << which weakly converges to some uin X, ,, the
corresponding sequence w, = .F (0,) strongly converges tou = .F W) in L*(0, T; L*(£2)).
We may then conclude the proof of Theorem 1.1. For R € (0, ¢), we introduce the closed convex set
XK, ={ueX;, with lulx,, < R}.

We then choose R small enough such that CoR < 1/4, where Cy is the constant in (4.4), A = A¢ and s > 5o large
enough to guarantee Co < s'/4/4. We then get from (4.4) that for all @i € Xf’ o U= Z (0) satisfies
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R * * S o %
lulix, s = 5 + Co(e Vlpollei) + ¢ @llpolloeg) + 3 Vlluollyyg))-

Thus, choosing ¢ > 0 sufficiently small in (1.11), we can guarantee that the mapping .% maps Xff 5o O itself.

We then check that the set X, is compact in L2(0, T; L2(£2)) as H'(0, T; L2(£2)) N L%(0, T; H2(£2)) is com-
pactly embedded in L%(0, T; L2(£2)) due to Rellich’s compactness theorem and Aubin—Lions’ theorem.

Besides, the mapping .% is continuous on Xﬁ 5, endowed with the L*(0, T; L?(£2))-topology from Theorem 4.4.
Indeed, if U, is a sequence of functions in Xﬁ " which strongly converges to U in L2(0, T; L?(£2)), it necessar-
ily weakly converges in kao. Thus, from the last item of Theorem 4.4, u, = .% (1,)) strongly converges to u in
L2(0, T; L2(£2)).

Schauder’s fixed point theorem then implies the existence of a fixed point to the mapping .%, and concludes the
proof of Theorem 1.1.

4.2. Proof of Lemma 4.1

We do it in several steps.
Construction of O. In a neighborhood of I, according to Assumption (1.9), there exists a C? extension O of £2
such that

e 2CO,;
e [pCcdf2NdVandforallt €(0,7T)and x € 92 N3O, y(t,x)-n>7y/2;
e 30N 3£ and O\ 2 have a finite number of connected components.

Let w, @ be two subdomains of O\S_Z such that ® € w and fix dy = dist(®, £2).
Construction of an extension y, of y in [0, 7] x R2. We then construct an extension Ve € CZ([O, T] x Rz) of y
outside 27 (i.e. y. =Yy in £27) satisfying

I¥ellc2j0,71x@) < O© [O’Tl?;fwye ‘n>0, (4.5)

and

Ye=0 in(0,7) x . (4.6)

Before going into the detailed construction of y,, let us remark that y, cannot be divergence free as it would not be
compatible with the condition infy 7150 ¥e - 1 > 0.

In order to construct such extension ¥,, we proceed as follows. First, we consider any extension of § in C2([0, T'] x
R2). By continuity, there exists d; > 0 such that for all (z, x) € (0, T) x 00 with d(x, 2) <dy, y(t,x) -n>y/3. We
also introduce a function m in CZ([O, T] x R2) such that m - n = 1 on the whole boundary 3O and m =0 in @, and a
smooth non-negative cut-off function n = 1 (x) taking value 1 in 2 and O for all x € O with d(x, £2) > min{dy, d1},
and we then consider

Ye(t,x) =n()¥(t, x) + (1 — n(x))m(x).
This function indeed belongs to C2([0, T] x R?). Besides,

. _ . Y
inf -n>ming =, 1%,
[O,T]xa(ﬂye - { 3 }
and (4.6) is trivially s~atisﬁed asm=0and n=0in o.
Construction of v in [0, T] x O. We then construct a function 7 = ¥ (x) such that

° @T is a non-negative C2(O) function;
e The critical points of 7 all belong to @;
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° {h\r satisfies the following conditions on the boundary 9O:

Yr(x) =0 on 30,
Fe(T,x) - Vir(x) = —1 on 90, (4.7)
3 Fe(T, x) - VU7 (x) — Fe(T,x) - V)2Pr(x) =0 on dO.

o info Y = (Yr)po =0.

Note that such function exists according to the construction of Fursikov and Imanuvilov in [17] suitably modified to
handle the conditions on the first and second order derivatives on the boundary of O. This can be done easily following
the lines of [27, Appendix III].

We then consider the solution 17] of

ai$+ye.v$=0 in Or,
v, x)=t—-T onlrp, 4.8)
V() =yr inO.
Note that this problem is well-posed as, by construction, ¥.(¢, x) - n > 0 for all (¢, x) € (0, T) x d0. We then want to
check that

° 8n1p(t x) <O0for (t,x)€(0,T) x 00;
e ¥ belongs to C2([0, T] x O);

e For all ¢ € [0, T'], the critical points of @ (¢, -) belong to @;
e Forallz € [0, T, info ¥/(1,-) = ¥ (1) 30;

Using Eq. (4.8) and the fact that tangential derivatives of 1//} vanish due to the boundary conditions, we get, for all
(t,x)e(0,T) x 00,
Vet x) - mdny(t,x) = =8, ¥ (r,x) = —1.
Using (4.5), we thus deduce that
—1

V(t,x) € (0,T) x 90, (1, x) < d <. W)
infio, 71550 ¥e(t, ) -1

To describe more precisely the function 1’[ , we will introduce the flow X, corresponding to ¥, i.e. the solution of
V(t,1,x) € [0, T x R%, 8, Xo(t, 7, %) =F.(t, Xe(t, 7, %)), Xe(r,7,%) =1x. (4.10)

The fact that @ € C%([0, T] x O) follows from the following lemma, whose proof is postponed to Appendix B:
Lemma 4.5. Under the above assumptions, 1///\ € CX([0,T] x O).

We then have to check that the critical points of flr\ (t,-) all belong to @.
We first remark that (4.9) implies that there is no critical point on the boundary 9. We then remark that Vi solves
the equation

VY + Fe - VIVY 4+ Dy.Vy =0 in Or. (4.11)

From Eq. (4.11), if the point x. is a critical point for 1’/7 (¢, -), then for all ¢ in a neighborhood around f., X (t, t., x.)
is a critical point for 1//1\ (¢, -). This neighborhood actually corresponds to the set I, of time ¢ € [0, T] such that the
trajectory T > X, (T, te, X¢) stays in O for T between ¢ and 7.

Since there is no cr1t1cal point on the boundary 0O and thanks to conditions (4.5), for all time > Ic € [0, T], the
critical points x. of 1//(tc, -) are hnked by a trajectory 7 > X, (z, 1., xc) to a critical point x. 7 of WT, that is x, =
X e(te, T, xc. 7). By construction of WT’ X, 7 necessarily belongs to @. But, according to condition (4.6), as long as
X e, T, xcT) € ,
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al‘}_(e'(t’ Tst,T) = 07

so that X, (¢, T, Xe, 1) =x¢ 1 forall t € [0, T]. This implies that the set of critical points of $ (¢, -) is invariant through
the flow X, and is then included in &.

We finally check the condition infp I’ﬂ\ (t,)= l’ﬁ\ ®po for all ¢ € [0, T'] by contradiction. If this were wrong, there
would exist # € [0, T] and x; € O such that x; € Argmlm/f(t -). Thus, X would be a critical point, and as above,
X.(T,t, x;) would belong to O and be a critical point of 1//7 Following, lp(t X)) = WT (X (T, 1, x¢)) would be larger
than O due to the assumption on lpT But from the boundary conditions, it follows that infy l/f(t) cannot be strictly
smaller than fﬁ\ ()15, which is negative for all time ¢ € [0, T').

Construction of ¥ in [0, 7] x R2. As O may share some boundary with £2, we need to explain that fﬁ can be
extended as a C2 function in [0, T] x R2. In order to do that, we extend @ (0, ) as a C? function of RZ, denoted fﬁo,
and we solve

WU+ V=0 in(0,T)xR%, $(0,)=1vo inR% (4.12)
Of course, this is consistent with the definition of ¥ in (4.8), and the solution ¥ if (4.12) obviously is C2([0, T] x R?)
as Yo € C*(R?). o i
One can then suitably choose a > 0 and b € R such that = ay/ + b satisfies ¥ (7, x) € [0, 1] for all (z,x) € Or.
Then  satisfies all the required properties with y =y,. This completes the proof of Lemma 4.1.

4.3. Proof of Theorem 4.2

According to Section 3, the construction in Section 3.2 yields p = .%1 (W, pg) solution of the control problem (1.19)
for U satisfying (3.5). This condition is indeed satisfied for W € X, ; with [[u]lx,, < ¢, see (3.18)~(3.20).

Theorem 3.6 immediately provides estimate (4.2), as Ae6’\(m+1)9/2 <3¢*/4,see (2.13).

We then focus on the proof of the compactness property. According to the construction in Section 3.2, we introduce
O f.n the solution of

pfn+ F+U) -Vop,=-U, Vs in2r,

prnt,x)=0 fort € (0,T), x € 382, with (y(t,x) +0,(,x)) -n(x) <0, (4.13)
Pfn(0) = po in 2,

Ob.n the solution of

dppn+ F+U,) - Vop,=—0,-Ve inQ2r,

po.n =0 forz € (0,T), x €982, with (J(r,x) +U,(t,x)) -n(x) >0, (4.14)
obn(T)=0 in $2,

and x, the solution of

O xn + (¥ +ﬁn) -Vxu =0 in L7,

Xn = lic©,15)(®) forr € (0,T), x € 982, with (y(z, x) +U,(t,x)) -n(x) <0, (4.15)

xn(0) =1 in £2.
Since 0, is a bounded sequence of HY(0, T; L2(£2)) N L%(0, T; HX(£2)), which is compact in L0, T: L2(£2)), up to
a subsequence still denoted the same for simplicity, U, converge to o weakly in H'(0, 7; L(£2)) N L2(0, T; H>(£2))
and strongly in L?(0, T; L?(£2)). Then [3, Theorem 4] applies and for all ¢ € [1, +00) the sequence x, strongly
converges towards x in L9(§27) solution of (3.8).

Next, to pass to the limit in (4.13), we notice that o7, L5 + pfn solves
%ofn+ (¥ +u,)-Vor, =0 inQr,
ofn(t,x)=0 fort €(0,T), x € 382, with (¥(z,x) +U,(,x)) -n(x) <0, (4.16)
o1n(0) =60+ po in £2.

Thus, by applying again [3, Theorem 4] we deduce that, for all g € [1, +00), the sequence o7, is strongly convergent
in L4(£27) to the solution o s of
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dof+(y+u-Vor=0 in27,
or(t,x)=0 forr € (0,T), x € 382, with (§(z, x) +u(z, x)) - n(x) <0, “4.17
or(0) =00+ po in £2.
It follows that p 7, strongly converges in all LY (§27) for g € [1, 00) to py =0y — &, which solves (3.6) by construc-
tion.
Of course, the same can be done to show that pp , strongly converges in all LY (£27) for g € [1, 00) to the solution
op of (3.7). Consequently, the sequence p, = %1 (W, po) converges to p = .#| (U, pp) in L1(§27) for all g € [1, c0).

4.4. Proof of Theorem 4.4

Let pg € L®(£2),ug € V(l)(.Q) and U € X, with ||, , <¢.

According to Theorem 4.2, p = % (W, po) belongs to Y, and is bounded in that space by (4.2). Thus, according
to Theorem 4.3, for % to be well-defined, we have to check that f(p, W) given in (1.14) belongs to F; ;, and we will
get estimates on u = .% (0) from an estimate of f(p, ) in F ; according to (4.3). We thus estimate f(p, ) in F;
term by term from estimates on p € Y;, and U € X ;.

We easily check

|62 p(30+ F+W) - VE+1- V) ||L2(L2)
< e 0P |62 TOR (g 4 (W) - V)BT V)| 20,

< C”P”YM He3s¢*/4ﬁ”L2 2 sp—sheSmEDg 350 /4H

(H2)NH!(L?) ”57
where we used that

Iy + 0l 2q0) =€, and |‘€3W*/4Vﬁ”Loc(L2) = C||e3w*/4ﬁnL2(H2>0H'<L2)'

According to (2.13), s — sxe®+Dg /2 — 359* /4 < —s¢/4, and thus there exists some constant C independent of
s and A such that

”g—2es<p—sxe6*(m+1)9/2—3s¢*/4 ” L < C.
Following,
|62 p (38 + § +W) - VB)|| 1202, < Cllplly, , [Tlx, , - (4.18)
Next, we estimate & (i - V)U. Similarly as above, we write
||€—26S(p04ﬁ . Vﬁ” Lz(Lz) < C “ 638‘@ /4’\” Loo(L4) H e3y */4Vu || L2 ||%. 2€Sg0—3s(p*/2 || Lo < C ”ﬁ”§YA . (4 19)

Last, we estimate p(3;y + (¥ - V)¥):

|62 20 (003 + @ V9 20z) = CIE 0] 12 = Clloly,- (4.20)
Putting estimates (4.18)—(4.20) together, we obtain:
[, 0 = |62 F(p, W) ”Lz(Lz) <C(lply,, + ||p||yM + IIHIIX ) (4.21)

Combined with estimates (4.2) and (4.3), this yields the well-posedness of the mapping % for u € X, ; with
[U]x, , < ¢ and the estimate (4.4).

We now focus on the last part of Theorem 4.4. Let U, is a sequence of X; ; with ||’ﬁ,,||x3 , < ¢ which weakly
converges to U. Note that this weak convergence implies that ||ﬁ||XS1 . < ¢, so that .7 (u) is well-defined.

Besides that, according to Theorem 4.2, the sequence p, = %1 (0, po) strongly converges in all L7(£2r) with
q <ooto p=F (U, py) and the sequence p, is uniformly bounded in ¥; ;.

We then have to check that f(p,,u,) weakly converges in Fj ; to f(p,u). But (4.21) shows that the sequence
f(p,,U,) is bounded in F ;, and thus we only need to prove that the sequence f(p,, U,) weakly converges in D' (£27)
to f(, w). To obtain this convergence result in D’ (§27), as p, strongly converges to p in all L9 (£27) with ¢ < oo and
1, weakly converges to U in H L0, T; L2(£2)) N L0, T; H2(£2)), we only have to focus on the convergence of the
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term (& 4 p,)U, - Vli,,. But, using the compactness of H'(0, 7; L?(£2)) N L?(0, T; H>(2)) in L*(0, T; L*(2)), we
have the convergences
o+pn — o+p stronglyin LY(27), q € [1, 00),
n—od
u, — u strongly in L4(0, T; L4(.Q)),

n— oo

Vi, — Va weakly in L?(0, T; L*(£2)),

n—oo

so that, choosing ¢ = 4 for instance, we obtain the weak convergence of (& + p,)U, - VU, to (7 + p)u - VL.
Following, f(p,,u,) weakly converges in Fy , to f(p, ) and, since .%; : Fy 5 x V(l)(.Q) — X5 is a linear bounded
operator, we obtain that u, = % (0,) = %, (f(p,, U,), ug) weakly converges to Z»(f(p,0), up) = .Z W) =u in X ;.
Finally, as Xj ; is compact in L%(0,T:L3(£2)), u, strongly converges to u in L2(0, T; L2(£2)).
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Appendix A. Proofs of Theorems 2.5 and 2.6

For simplicity, we make the proofs of Theorems 2.5 and 2.6 for v of equal to 1. This can be done without loss of
generality by replacing o and f by & /v and f/v if needed.

A.l. Proof of Theorem 2.5

Let z be a smooth function on [0, T] x O satisfying z =0 on (0, T') x dO and set

¥ Fyz— Az, (1,x)€(0,T)xO. (A1)
Set then
W=y, (A2)

According to the definition of 8 in (2.10), w satisfies
w(T,x)=0, Vw((T,x)=0, xe€O, (A.3)

in addition to the conditions w(z, x) =0 on (0, T) x 00.
Besides, with f asin (A.1), w satisfies

e f=e(—0hz—Az)=e"" (_Eat (ng) - A(eww)) = Pyw,

where the operator P, is given by

Pyw =—00,w —s00,ow — Aw — 25V - Vw — s2|V(p|2w —sApw. (A4)
We now set Pj, P, and R the operators:

Piw=—50,w — 25V - Vw + 2522V |*Ew, (A.5)

Pgw:—Aw—sc?B,gow—s2|V<p|2w, (A.6)

Rw = sAAYEw — sA? |V 2w, (A7)

so that
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P¢=P1+P2+R.

We then use that Pyw + Pyw = fe™*¥ — Rw and then

559

//|P1w|2+//|P2w|2+2//leP2w=//|fe_“"—Rw|2§2//|f|26_2w+2/ |Rw|?.
OT OT OT OT OT OT

The main part of the proof then consists in computing the scalar product of Pyw with P,w and estimate it from below.

Computations. We write

//lePzw_ Z Lij,

i,j=1

where /; ; is the scalar product of the i-th term of Pyw with the j-th term of Prw.
Computation of 1.

_ _. (IVw]? _
I = hwAWw = — o 0; > — orwVa - Vw
Or Or Or
1 [_ 2 1 _ 2 —
=§/a(0)|Vw(O)| +5//8,0|Vw| —//B,wVU~Vw.
@] Or Or

Computation of 115.

S S
ta=s [ [ #awtow=—3 [ #0a00wof - [ [l -5 [ [Fa5060r
OT @] OT OT

Computation of 113.

Liz=s //aa w|Vel?w
=——/a<0>|w(0>| w()[? ——//aa, VP |w|2——//a,a|w| 2.

Computation of 1.

121=2s//Vg0~VwAw
Or

=2s/8n<p|8nu)|2—ZS//V(ng)-Vw)-Vw

Ir Or
:2s/8n<p|3nw|2—25//D2(p(Vw,Vw)—s//Vgo-V(|Vw|2)

I'r Or Or
=s/8ng0|8nw|2—2s//D2<p(Vw,Vw)+s//A<p|Vw|2.

I'r OT OT

Computation of 1.

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)
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I, =2s //ano Vwopw = — //dlv(08,g0V<p)|w|2
=—s //ale(&,(pVg0)|w|2 //va.wa,<p|w|2.
Or

Computation of 3.

by =2s° //V<p~Vw|V(p|2w=—s3 //div(|V<p|2V<p)|w|2.
OT OT

Computation of I31.

L= —2s,\2/ VY| *EwAw

zzsxz//|v¢|25|Vw|2+2s,\2//V(|vw|2§)w.w}.
OT OT

Computation of I3;.

132=—2s2)\2//5|V1ﬂ|253t¢|w|2-

Computation of Iz3.

I = —25%2 / VY PE Vg Rlw .
Or

Combining the above computations (A.9)—(A.17), we obtain the following:

// PiwPw
Or

1 1
- E/C—T(O)}Vw(o)}%r 5/|w(O)|25(0)(—s2|w(0)|2 — 55(0)d,9(0))
(@ (@

—ZS//DZ(p(Vw,Vw)+s//(A(p+ZAZ|V1/f|2§)|Vw|2
Or

/ |w|2( (—div(IVe|*Ve) — 222 |V €| Ve|?)

+5 a(—Bz(lvwl ) — (Mg + 222V 2E) d0)

1
)
—=0
+so < > tt‘/’))

+s/anso|anw|2+1n,
I'r

where

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)
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1
IRZ5//3:5|Vw|2+2s)»2//V(|V¢|2§)w'Vw—s//531531¢|w|2
OT OT OT
2
- %//atavmﬂwﬂ—sz//vawafww—//&wVEVw. (A.24)
Or Or Or

Positivity. Our main goal now is to check that the coefficients in the above integrals are positive, except perhaps
on the observation set wr. At this step, we will strongly rely upon the choice of the weight function ¢ in (2.11), and
on the formula

0,0 0,6
I == = Y§, 0§ =&+ A0 YE. (A.25)

In the following, to simplify notations, we will denote by C generic positive large constants that do not depend on
s or A and by ¢ generic positive small constants independent of s and A. The constants may change from line to line.
Positivity of the terms (A.18) at t = 0. Explicit computations yield

—3,0(0) = %(

Ae6).(m+1) _ e}»lﬂ(o)) + ZAatw(O)ell//(O) 2 CS)\,3€A<12’n+2)
whereas
Vo) < C32|E0)]* < Ca2ePEm+D,

Thus, with (2.2), for some A1 > 0, taking A > A1 > 1,

igf{—s2|V(p(O)|2 —55(0)3,p(0)} > cs223 2O, (A.26)
O
and, following,
1
3 / 5(0)|w(©O)[* (=s*[VeO)|* = 55 (0)d,0(0)) > cs223e?Em+D / lw()|. (A.27)
O O

Positivity of the terms (A.19) involving the gradient. For n € RN, we have
—25D*p(n. ) + s (A + 222V € In?
= 25A%E VY - 0P + sAPEIVY Pl + 2526 DY (n, 1) — sAEAY . (A.28)
Using (2.8), we get the existence of Ay = A2 («, ||D21//||oo) > A1 such that forall A > A, and 5 € RY,
V(t,x) € Or\ar, —2sD*¢(1,n) +s(Ag + 207 |VY %E) In]* = esh?|nl’€, (A.29)
whereas there exists a positive constant C = C(«, || D*¥||»0) such that
VneRN, V@, x) ear, —2sD*o(n,n) +s(Ap + 207V PE)Inl> = csA’E[n)* — Csa%E ).

Hence we obtain, for all A > Ay,

—25//D2<p(Vw,Vw)+s//(Aq)+2A2|V¢|2£j)|Vw|2zcskz//§|Vw|2—Csk2//€|Vw|2.
OT OT OT (Z)T

(A.30)
Positivity of the terms (A.20) involving w with scale s3. Using Vo = —AV &, we have
—div(|VelPVe) =30V [e? + 278 div(IVy V),
RV eIVl =22 vy e,

Hence
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—div(IVe|?Ve) — 222|Vy PE Ve |? = 24V [*6? + 1363 div(|Vy [P Vy). (A.31)
Using (2.8), we thus get the existence of Az = A3(c, ||D21p lloo) = A2 such that for A > A3,

V(t,x) € Or \wr, —div(|Ve|?Ve) — 222 |V €| Ve|? > cA*e?, (A.32)
whereas there exists a positive constant C = C(«, || D*¥||»0) such that

V(t,x) €dr, —div(|Ve*Ve) — 222V 2| Vel > eate® — Cate’. (A.33)

We thus obtain, for all A > A3,

s3/ lw|?(—div(|Ve|* V) — 222V %] Ve|?) zcs3,\4//s3|w|2—0s3)\4/ £3lw|?. (A.34)
5 .

Terms (A.21) involving w in the scale s2. We have to estimate

~3(IVel?) — (Ap + 222 VY %E) .

Explicit computations yield:

~3(IVel?) — (Mg + 222 |V °€) 9

= —AE2 Y |VY|? — 2022V - Vi — A28 AY (A.35)
+ %(—Azgmvw +AEAY @ — 2022 VY ). (A.36)

Before going further, let us remark that, using & > 1, there exists a positive constant C, only depending on the C2-norm
of ¥ such that for all A > 1, for all (¢, x) € (0, T) x O,

|=12620 VY P = 20282V Y Vo — 2620 Ay — 20767V P < CR°°.

This estimate is sufficient to handle the terms in (A.35).

We will then focus on the terms in (A.36). First remark that on (Ty, T — 2T7), 9,0 = 0, so the term in (A.36) simply
vanishes.

On (T — 2Ty, T), we use the fact that there exists a constant C > 0 such that

Vie (T —2T1,T), |3,0] <C6H%.
Hence there exists C = C(|| VY |loo, |AY |loo) such that for all (¢, x) € (T —2T7,T) x O,

00

5 —(=2%@| VY * + 26 Ay g — 2022V |?) | < CA%0Ep < CAYE3, (A.37)

where for the last inequality we have used |#¢| < A£2, which is a consequence of (2.13).

On (0, Tp), we are going to use that 3,0 < 0 and 6 € [1, 2] and thus the term in (A.36) has the good sign outside @7 .
Indeed, using (2.8), we can find A4 = A4(e, || A¥|lco) > A3 such that for all A > A4, for all (¢, x) € (0, Tp) x O such
that (¢, x) ¢ or,

— (=A% VY |* + AEAYrp — 202E2 VY %) = A,

whereas it is bounded by C )»zé ¢ everywhere in O7. We thus derive, for all A > A4,

/ W& (=3 (IVel?) — (Ag + 222 | VY 2€) )

>cs2,\2//|a,9|ggo|w|2 cﬁﬁ//s [w|? — Cs*)? // 10,0|&p|w|>. (A.38)

orN{te(0,Ty)}
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Term (A.22) involving w in the scale s. We have to estimate —0d;;¢.

0110

O = =9 = 2A—atws A€ — A2 (00)2E (A.39)

Let us first remark that we immediately have
| =18 vs = 22@ )| < CA2E.
For t € (0, Tp), we further have
Vi€ (0,Ty), |9:0] < Csa12m=8 15,0 < Csa2er©m—
so that, on (0, Tp)
80| < Cs225eH12m=8) GAm+1) | 033 M0m—De 4 03263 < 0423263,
Fort e (T — 2Ty, T), we have
Vi e (T —2T,,T), |0,60|<C6> and 1[9,6] < C6>.
Hence, using (2.13) and 0¢ < 1&2, for some positive constant C = C(||9; ¥ | o0),
V(t,x) € (T —2T1,T) x O, || < CO?p + CAOE + CA2E> < CA%&3.

Combining all these estimates, we get

1
s//62|w|2<—§8,t¢) 2—Cs3k2//$3|w|2. (A.40)
OT OT

Positivity of the terms (A.20)—(A.22) involving w. Here we combine the estimates in (A.34), (A.38), (A.40) in order
to derive suitable estimates for the sum of the terms in (A.20)—(A.22). To simplify notations, let us set I, the sum of
the terms in (A.20)-(A.22):

:def//l ( —div(IVe|*Ve) — 222|Vy |*E|Ve|?)

+525 (=3, (IVel?) — (A + 222V %) 8,0) +s€2(—%8n(p)). (A.41)

Putting together (A.34), (A.38), (A.40), we deduce that there exist s; > 1 and A5 > X4 such that for s > s; and A > As,

Iy >cs3x4/ £3|w| +cs2)\2//|a,9|s<p|w| Cs3k4//§ lw|? — Cs?A? // 10,6|Ep|w|>.

@rN{te(0,Tp)}
(A.42)

Positivity of the boundary terms (A.23). Here, we only have to remark that dp¢ > 0 since dp 1y < 0 by construction,
see (2.7).

A bound on I in (A.24). We also provide an upper bound on /.

First, we shall of course use the immediate estimate

1 — 2 2
> 85|Vw)®> <C |Vw|?.
OT OT

Using V(|Vy/|?£) < CAE, one easily checks that

2522 //V(|V1//|2§')w-Vw §Cs2)»4//$3|w|2+Ck2/ £|Vwl|?. (A.43)
OT OT OT
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Using (A.25), we have

sAZeMOm=4) 63 (m+1) 4 CAré on (0, Tp),
|al(p|5 C)\.f;: on (TO,T_2T1)7
oAt 4 Cag on (T —2T1,7T),

so that |8;¢| < CsA£> everywhere. Hence

s//58,58,(p|w|2 SCSZA//$3|w|2. (A.44)
Or

Or

Moreover, using |Vg| < CAE, (A.25) and O¢ < A&% we also obtain

2
z // 0,5 Vo lw?| < Cs222 //52|w|2,
OT OT

To
SZ//vawa,me 5csz)\//§¢|a,9||w|2+Cs2)\2//g3|w|2.
00 Or
Finally, we also have

Or
_ 1 1 2 2
wVa - Vw SC_A §|a,w| + Cs) E|Vw|~, (A.45)
s
Or Or Or

and combining all the above estimates,

To
c 1
|Ir| < —A//g|8tw|2+Csk//$|Vw|2+Cs2A//§|8,9|¢|w|2+Cs2k4//§3|w|2. (A.46)
R
OT OT 00 OT

A lower bound for the cross-product [ [ PywPw. This step simply consists in putting together all the above
estimates: for all s > sy and A > A3,

2//Pluu%wz/|Vw(0)|2+cs2x3e12*m+2/|w(0)|2

Or @) @

+CS)\.2//§|VU)|2—CS)»Z//$|VU)|2
OT or

Ty
+cs3x4//s3|w|2+cs2x2//|at9|s¢|w|2
Or 0O
_cS3x4//s3|w|2—Cs2A2 // 01wl — Iz,
or

orN{te(0,Ty)}
Thus, using (A.46), for some s, > 51 and Ag > A5, forall s > 55 and A > A¢

2//lepzwz/|Vw(0)|2+cs2A3e‘2*m+2/|w(0)|2+csx2//g|Vw|2—ch2//g|Vw|2
Or @] o Or or
To

+cs3,\4//g3|w|2+cs2xz//|a,9|g<p|w|2—Cs3,\4//g3|w|2
OT (V@) C:)T
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— Cs%)? // 10,6|&p|w|? ——//—|81w| (A.47)

orN{re(0,Tp)}

Conclusion. We first derive a Carleman estimate on w with observations on the gradient, and then explains how to
remove this term using a suitable multiplier.

A Carleman estimate on w with observations on the gradient. According to estimates (A.8) and (A.47), for all
s> sy and A > Ag,

//(|P1w|2—|—|P2w|2)+c/|Vw(0)|2+cs2)n3612)‘m+2/’w(0)’2
Or

+csx2//5|Vw|2+cs*x4/ £ |w|2+cs2A2//|8 0|p& |w|?
<c//|f|2 —2W+c//|Rw|2+cs,\2//g|Vw|2
+Cs3,\4//g lw|? + Cs?A? // EXI +—//—|3;w| .

&r0{te(0,To)}

To handle the term ||Rw]||?,, we recall that Rw is given by (A.7), hence

L?’

// |Rw|* < Cszx“/ £3w?,
OT OT

where C = C(||VV¥ |lco, | AV |loo) 18 @ positive constant.
Also note that

//—|a,w| <—//|le| +Csk//§|Vw| +Csk3/ £3w|>.

In particular, for some s3 > 52, for all s > 53 and A > Ag,

//(|P1w|2+|P2w|2)+c/|Vu)(O)|2+cs2k3e12)‘m+2/|w(0)|2
Or (@]

o

To
+csA2//EIVw|2+cs3k4//$3Iw|2+CS2)»2//|3z9|§<0Iw|2
<c//|f|2e—2w+cs)\2//g|w| +cs3)\4//s lw|* + Cs?2? // 19:01Elw]>.  (A4B)

orn{te0,Ty)}

In (A.48), the observation is done on @ and concerns both w and Vw. Below, we shall explain that this observation
can be done only on w provided we take an observation set slightly larger.

A Carleman estimate on w without observations on the gradient. Recall that @7 € @y, then there exists a non-
negative smooth function n = (¢, x) taking value in [0, 1] such that n =1 on @7, and n=01n (0, T) x O\ wr. We
then compute the scalar product of Pow and nsA’£w:

2
//Pzw(nsxzsw)=sA2//ns|Vw|2—%//A(n5)|w|2
Or Or Or
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—sZAZ//naatsaawP—s3x2//n|w|25|w|2.
OT OT

In particular, using (A.25) and (2.13),

Ty
skz//n$|Vw|2+cs2A2//5r;|3t9|§(p|w|2
Or 00
T
//Pgw (nsr’ew) +sA2/|A(n§)|Iw|2+s2A3 6x(m+1) / /na|a,e|g|w|2
T-2T,

1 O
+s2x3//na|a,¢f|s lw|? +s3k4//n|V1/f| £ wl.

Of course, this 1mphes that

skz//§|Vw|2+s2)»2 // 5119,01Ep|w|?

rN{te(0,Tp)}

//|P2w| +cs5/2,\4//n £ w|? +2Csk2/ |A®E)|lw]?

T
+2C s30T / /n|a,9|s|w|2 +2Cs%33 //n|a,w|§2|w|2 +2Cs3x4/ IV 263wl
T-2T1 O or
But there exists a constant C = C([[nll Lo (c2), IV lloo, IAY lloos 10:[l0c) such that
9,0
Am)| = Ca22, {' i } <c,
iT—21. 1)L 0

hence, using the fact that 7 is supported on w7,

ss/z/\“//nzézlwlz+sk2//|A(né)\|wI2+s2k3//nlazwlézlw|25Cs3/\4/ wl?,
OT OT OT Zl;T

whereas
T T
522704+ / /n|at9|§|w|25Cs2)\3e6*<m+1> / /n92$|w|2 5Cs3x4/ £lwl.
T-2T O T-277 O or

Hence, by combining the above estimates with (A.48), for some s4 > s3 and A7 > Ag, there exists a constant C such
that for all s > s4 and A > A7,

To
/\Vw(0)|2+s2A3eM12m+2)/|w(0)|2+sk2//§|Vw|2+s3k4/ §3|w|2+s2)»2//|8,9|§(p|w|2
O (@] Or Or 00
5C//|f|2e—2“"+cs3x4/ £3w|?. (A.49)
Or or

Back to the function z. We now go back to the function z = we®?. For that, let us first remark that there exists a
constant C = C(||V{||s) such that for all (¢, x) € (0,T) x O,
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2 —2s 2
|z|7e™ = |w|*,

IVz[2e™2¢ <2|Vw|* + 252 Vo2 lw|? < 2|Vw|* 4+ 2Cs>A%E2|w|>.

We immediately deduce from (A.49) that for all s > s4 and A > A7, for some positive constant C,

/‘VZ(O)} 2?()0(0)_’_5,2)“3 k(12m+2)/|z(0)| ZY(p(O)_‘_S)\'Z/ §|VZ| e 2s5¢
o Or

+s3,\4/ £3|z)%e= ¢ +s2)»2//|8t9|§<plzlze_zw

<C//|f|2 2**"+0s3x4//€ |z|%e™ (A.50)

We conclude the proof of Theorem 2.5 by setting so = s4 and Ag = A7.
A.2. Proof of Theorem 2.6

We divide the proof in several steps.
A duality approach. To solve the control problem (2.26)—(2.27), we first rewrite the control problem under a weak
form. Multiplying y solution of (2.26) by smooth functions z on [0, 7] x O such that z =0 on [0, T] x 30, we get:

/E(T)y(T)Z(T)—i—//y(—Ea[z—AZ)Z//fz+//hz. (A51)
O Or Or or

In particular, since 6 (7') > 0, the null-controllability requirement (2.27) is satisfied if and only if for all smooth
functions z on [0, T] x O such that z=0o0n [0, T] x 00,

//y(—c?atz—Az)=//fz+//hz. (A.52)
Or Or or

The trick now is to introduce a functional J whose Euler Lagrange equation coincide with (A.52): For smooth
functions z on [0, T] x O such that z =0 on [0, T] x 90, we define

J(Z)——//|( —00; — A)Z|2 _2S¢+ / & 3z)%e / fz. (A.53)
Or

But the set of smooth functions z on [0, 7] x O such that z =0 on [0, T] x 9O is not a Banach space. We thus
introduce

Xops = {2 € C%([0, T]1 x O) such that z=0on [0, T] x dO}Ilors (A.54)

where || - ||ops 1 the Hilbert norm defined by
||Z”¢2;bs =//|(—58; _ A)Z|2e—25(p +S3)\.4/ §3|Z|2@_2w)~ (A.55)
Or or

The set X5 is then endowed with the Hilbert structure given by || - ||,ps. Note that here we use the fact that || - ||ops 1S
a norm, which is a consequence of the Carleman estimate (2.25). Also note that X,ps and || - || ops strongly depends on
s and X and we shall follow these dependences carefully in the sequel.

The functional J can be extended as a continuous functional on X ;s provided (2.28) holds. Indeed, due to (2.25),
we easily have, for some constant C > 0 independent of s and X,
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| 172
‘ / fz scnzum(m / / §‘3|f|2e2“") . (A.56)
OT OT

It follows that, if condition (2.28) is satisfied, the functional J can be uniquely extended as a continuous functional
(still denoted the same) on X,,s. Besides, (A.56) also implies the coercivity of J on X,p. Since it is also strictly

convex on X,ps since || - ||ops is @ Hilbert norm, J admits a unique minimizer Z on X p;.
Setting
Y =(=G8 —A)Ze ¥ and H=—s263Ze >%15,, (A.57)

writing the Euler Lagrange equation of J at Z, for all smooth functions z on [0, T'] x O suchthatz=00n[0, T]x 00,

0://Y(—Ea,z—Az)—//Hz—//fz, (A.58)
Or or Or

which coincides with (A.52).

In particular, (A.58) holds for all smooth functions z on [0, T] x O such that z =0 on [0, T] x 90 with z(T) =0,
which implies that Y solves Eq. (2.26) with &~ = H in the sense of transposition. By uniqueness of solutions in the
sense of transposition, this is the solution of (2.26) in the classical sense. In particular, since H € LZ(OT), Y is
c(o,Ty; LZ(O)). Then, using again (A.58), we remark that it coincides with (A.52), hence Y solves the control
requirement (2.27).

Besides, using (A.56) and the fact that J(Z) < J(0) =0,

ot [ [ivpeses [ [esmpee <c [ [ippe. (A59)
Or or Or

Estimates on VY. In the previous step, we found (Y, H) satisfying the equations

9,(0Y)—-AY=f+Hls,, inOr,

Y =0, in I7,

A.60
Y(,) =0, in O, ( )
Y(T,)=0, in O

and the estimates (A.59).
Our goal now is to obtain an estimate on VY. In order to do this, for ¢ > 0, we introduce

e (1, x) “E 0, (1) (1D — VD) g (1) E G (1) )
and 6, is given by:
Viel0,Tol, O:(0)=1+(1— 7",

6, :dg@g(t) such that Veello, T 2N +el, 0:() =1,
Vie[T —2Ti+&T), 6.(t)=0(—¢),
pasin (2.12).

We then multiply Eq. (A.60) by £72Y e2$¢:

1 1
-5 [ [ireateese) + [ [iwpaseem s [[emrpese -2 [ [iveaem)
Or Or Or Or
Z//f%.g—ZYeZS(pg +//H§€_2Y€2S%.
Or o7

Following, multiplying by sA2,
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Ty
2 2 25¢s ﬁ — v |2 =2 25¢;

SA £72|VY %e 5 o|Y| O (E77e™%)
,\2 e ,
=2 //am (e e+ 5 [ [iveagee)

Or

)\2
+ sA2 / / FET2PY 4522 / HET2y v — ST / 1Y 128,58 2> (A.61)
(@] or O
We then compute explicitly:
36 36
e B0, (6727 ) = 2525 oy — 2580 e + 2+ M0 (A.62)
8 £

On (0, Tp), we remove the dependence in ¢ > 0 as 6; =6 on (0, Tp). Using (2.13), 9,0 <0 and 6 € [1,2] in [0, Tp]
we have, for all s > sg and € (0, Tp),

0,0 0,0
—2sE g+ 267 > esla0IE 7,

whereas

12527 9,9 + 209, wE 2| < Csag .

)\2
_: //U|Y| 3 (8,72e™%%) >cs2,\2//a|a,9|g 2p|Y |2e>? — Cs2A3//|Y|2 59, (A.63)

On (T, T), from the identity (A.62), using [9,6;| < C@S, we derive

Hence

3,0 3,0
20E 20 — 2sg*2 0 ’Ss + 200, E72| < Cs
5
We thus obtain
)\'2
u //0|Y| 0y (7269 <Cs2k3//|Y|2 25¢c (A.64)

Straightforward computations yield |A (&, 2e25¢¢)| < Cs?A%e*¥  from which we get

A2 , ‘
%//|Y|2A(§;2e2“p9) 56s3x4//|y|2e2% (A.65)
Or

Using Cauchy—Schwarz estimates,

sA2 / / ((f + Hlg,)E 2> %)Y
Or

C C
OT OT aT

(A.66)

Since we obviously have

skz/ |Y 28,58 2>

<Csht / |Y |29, (A.67)



570 M. Badra et al. / Ann. I. H. Poincaré — AN 33 (2016) 529-574

combining estimates (A.63)—(A.67) and plugging (A.61), we obtain

Ty
SAZ//EJZIVleeZ‘% +s2,\2//5|a,9|§—2|Y|2e2W
Or 00
SCS3A4//|Y|2623(pg+C//%-;3|H|2625¢5+C//§g-3|f|2ezs(pg
Or or Or

Since the constant C is independent of ¢ > 0, we can pass to the limit ¢ — 0, and using (A.59) and the fact that & is
bounded from below away from 0, we get:

To
sk2//§_2|VY|2ezs‘”+s2A2//|8,9|$_2¢|Y|262W §C//5—3|f|2e2“0. (A.68)
Or 00 Or

Estimates on AY, ;Y. Multiplying Eq. (A.60) by —£.*AY % /s, we obtain

——//a, (Fee® ) |IVY | + //a,YVY V(FE e )

//g 4AY PP = __/ (f + Vg, — 8,GY)ET*AY >, (A.69)
s
Or
As in (A.62), we compute explicitly —d, (&, ~4¢2%¢) . Arguing as in (A.63), we get

——//aa, T ) vy | >c//a|8,9|“§ 4o|VY Pe®? — cx//s 2|IVY 2. (A.70)

Besides, arguing as in (A.64), we get

T
1 — —4 2 2
—g//oat(gg e>%)|VY|
Ty, O

One can also easily check that

1 ) 2
55 | [atete ey
Or

We then estimate the cross-term of (A. 69)'

//atYVY V(ag e )| < //gg 410, Y|2e>%: +CSA2//§8 2|VY|2e>, (A.73)

where G min :déf minO—T 0. From Eq. (A.60),

< Csi\? / / ET2|VY e, (A.71)
O

<Cs)? / / E72|VY 2>, (A.72)
(@]

1
&Y =—=(AY + f+ Hly, — 3,5Y), (A.74)
o

and thus we deduce

mm //E |a Y|262Y(pg < //E |Ay|262wpg+ //|Y|2 29(pg
= / / £ P4 / / £ H P (AT5)
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And of course,

1 ,
‘——/ (f + Hlyy — 3,GY)ET4AY 5%
S
Or

1 _
54—/ ETYAY PPV 4 / £ P
S
(@)

T
C ‘
+— / / E7 P + / ¥ e, (A.76)
or
Combining all the above estimates, we get

_//58 |AY|2625¢79 <CS)\,2//%_8 |VY|2 2S(pg+cs3)\’4/ |Y|2 25
+C//E 3|f|2e2“ﬁf+c//a§ 3| H 2%

Since the constant C does not depend on & > 0, we can pass to the limit & — 0:

—//g HAY[Pe?Y <CsA2//E |VY|2e2“ﬂ+cs3,\4/ D
+C//$‘3|f|2e2w+c//g—3|H|2e2W.
Or or

Using now estimates (A.59), (A.68) and (A.75), we get

%//5*4(|31Y|2+|AY|2)e2Wgc//s*3|f|2e2w. (A.77)
OT OT

Estimates on 9,Y in L2(I'7). Let 5 : O — R? such that n € C*(O; R?) and n =7 on dO. Since Y vanishes on
I'r, we have the following identity: for all ¢ > 0,

1
5/5;3|3HY|2€2S%Z//SE_3AYT)-VY€2‘%
I'r Or

, 1
+//D(s;3ne2“ﬂs)(vy,v1/)— 5//div(nsg3ezs%)|v1/|2.
OT OT
Hence

1

A/g;3|any|2e25% < —//§;4|AY|2e2Wf + CsA? //g;2|w|2e23%.
S

I'r OT OT

Passing to the limit in ¢ — 0 and using (A.68) and (A.77) we thus obtain

A/é‘ﬂanYFezw < C//$‘3Iflze2“"- (A.78)
I'r OT

Conclusion. Estimates (A.59), (A.68), (A.77) and (A.78) yield (2.29).
Appendix B. Regularity of the weight function

Proof of Lemma 4.5. The first remark is that the flow X, is C2([0, T'] x [0, T'] x R?) since y. € C2([0, T] x R?).
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In order to study the regularity of 1//;, we will introduce the Emction tout = tout (¢, x) defined for (¢, x) € (0, T) x O
as the supremum of the time 7 € (¢, T] for which V¢’ € (¢, t), X (¢, 1, x) € O. It is not difficult to check that this time
tout can also be characterized as the solution of

attout + S’e . Vtout = 0 in OT,
fout(t) =1 on I, B.1)
tout(T) =T in O.

For convenience, we also set

Xout(t, x) = X (four (1, x), 1, x). (B.2)

We first prove that 7oy is continuous in Or. In order to do that, let us remark that X, is C2([0, T] x [0, T'] x R?) and
forall (¢, 7) € [0, T1?, X (1, 7,-) is a C? diffeomorphism of R2.In particular, O7 can be decomposed into

Or =071 U072 U X7,
Or1={t,x)e(0,T)x O, x € X.(t, T, 0)},
with § O7, ={(t,x) € (0,T) x O, x € X.(t, T,R*\ O0)}, (B.3)
r={t,x)e©,T)x 0O, xeX(t,T,00)}.

In (B.3), Or 1 and O7 > are open sets whereas X7 = (’)T 10(’)T » is closed and of dimension 2. For (¢, x) € Or 1U X,
tout(t,x) = T and foy is thus continuous on OT1 The continuity on (’)T > is more involved. If (¢,x) € (’)T 2,
then xou(f, x) belongs to 3. Due to the condition (4.5), for any & > 0, there exists a neighborhood ¥; of
(fout(t, X), Xout (£, x)) in [0, T] x O such that |tou(t', x") — tou(t, x)| < € for all (¢, x) € ¥. In particular, for some
te € (0, T) close to tou(t, x), 7 is a neighborhood of (7., X, (te, tout(t, %), Xout(t, ) = (te, Xo(te, t, X)). Following,
(Xo(t—to 41,0, X)), (t',x)) € ¥} is aneighborhood of (¢, Xo(t,te, Xo(te, t, X)) = (¢, x) on which foy is at distance
at most & of oy (¢, x).
Thus, 7oy is continuous in Or. As f/? solution of (4.8) can be written as

U1 (Cout (1, X)) if tou(t, x) =T

. (B.4)
tout(t,x) =T  iftou(t,x) <T,

@(r,m:{

the continuity of 1//; in O7 follows from the first compatibility condition in (4.7). Also note that 1:0\ is obviously C? in
Or1.
We then focus on the C! regularity of 1# In order to do this, we remark that Vi, solves

0 Viou + (Ye - V)Viou + Dy Vigey =0 in Or,
Viow(t, X) = — 5oy on I'r, (B.5)
Viouw(T) =0 in O.

In particular, Vo, can be computed for any (¢, x) € Or 2 by solving for 7 between ¢ and 7o (7, x) the ODE

d - — —
d—r(Vtout(r, Xe(t,t, x))) = —Dye(r, Xe(t,t, x))Vtout(t, Xe(t,t, x)), TE (t, tout (2, x)),

n(xoue(t, X))
Ve (fout (2, X), Xout (2, x)) - M(Xou (£, X)) )

with Vioy (tout(ta X), Xout(Z, x)) =-

One then easily obtains that Vo is C 0 on Or and from Eq. (B.1) we deduce that oy is C Uin Or 2. From there, we
derived immediately from (B.4) that ¢ is C Lon Or 2 and that it can be extended as a C ! function on Or . as follows:
V1 can be computed for any (¢, x) € X7 by solving for v between ¢ and T the ODE:

j_T(va(f, Xo(r.1.1))) = —De(r. Xe(r 1. 0)VI (1. Kot 1,0)). T (1. T), (B.6)

. - = n()_(e(Tatvx))
h Vy (T, X.(T,t, = — — — . B.7
with VY (T X (T 1.0) = = ) AT ) ®-D
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On the other hand, 1///\ solves Eq. (4.11), and can be extended as a C! function on (ﬁ . For (¢, x) € X7, this yields
V{ﬁ\(t x) as the solution of the ODE (B.6) with VI;(T X, (T, t,x)) given. But, as 1//;(T) is constant on the bound—
ary and satisfies the second compatibility condition in (4.5), we get agam (B.7) for (¢, x) € X'r. Following, Vl/f is
continuous across X, hence on Or. Using Eq. (4.8), I/f belongs to clop).

The proof of the C? regularity follows the same path and is left to the reader. O

Appendix C. Proof of Theorem 1.2

The proof of Theorem 1.2 follows the one of Theorem 1.1. The main difference is that we assume that we control
on the whole boundary (0, T') x 9£2. In that case, the set §£2 can be embedded into a large torus O = T, where L is a
large number corresponding to the size of the torus.

The control problem (2.4)—(2.5) for the velocity field u can then be set on a domain without boundary. Therefore,
if we choose ¥ satisfying

{V(t,x)~€[0, T1x T, ¥t x) el0,1], n

inf{ s.t.d(x,.Q)§3}za>O,

the same strategy as the one developed for Theorem 2.1 applies, except that no boundary terms appear. In particular,
estimate (2.37) holds without the presence of the boundary term. This means that, for all smooth v solution of (2.17),
setting w = curlv, for all s > sg and A > Ao,

—1//5 VviPe —2“*’+//s w?e —2“”+sx2//s [vI%e™2¥

0 Ty, 0 Ty

ar o7

0T,

where o7 = (0, T) x {x € Ty, s.t. d(x, £2) > 2}. As in the proof of Theorem 2.1, one can then remove the obser-
vation in w and express it in terms of an observation in v. This easily yields Theorem 2.1 with wr = (0, T) x {x €
Tp, s.t.d(x,£2) > 1} and the control result corresponding to Theorem 2.3.

Concerning the controllability of the density done in Section 3, one can basically do the same thing as in the
2-d case thanks to the Sobolev embedding L>(0, T; H2(R3)) c L?(0, T; L*®(RR?)). However, one needs to be careful
as the flow X defined in (3.2) is not defined in the classical sense for a velocity field only in L2(0, T; H2(R?)).
One needs to consider the flow defined in the sense of [10], which solves Eq. (3.2) only almost everywhere. To
avoid this technical difficulty, given U € L%(0, T; H2(2)) satisfying (3.18)—(3.19), we approximate it by a sequence
U, of L%(0, T: H3(2)) of divergence free vector fields satisfying (3.18)—(3.19) and such that & 20,65 is strongly
convergent to £ 2ue’? in L2(0, T; L2(£2)) and ,e>*¢"/* strongly converges to Ge>* /4 in L2(0, T; H2(£2)). The
construction of Section 3 then applies without any change for any u,,, yielding a sequence of controlled densities p,
solving the controlled problem (1.19) with the velocity field U, satisfying the estimates of Theorem 3.6. Thanks to
the convergence results in [2,3] and following the proof in Section 4.3, this construction shows the existence of a
controlled density p solving the controlled problem (1.19) with the estimates of Theorem 3.6. Besides, thanks to the
convergence results in [2,3], this controlled density p coincides with the one in (3.9).

One can therefore conclude as in Section 4. The construction of ¥ satisfying (C.1) can be done as in the proof of
Lemma 4.1: one can then simply take an extension y, of the velocity field vanishing for x € T with d(x, £2) > 3,
and choose an initial data 1/}7 in (4.8) having its critical points localized in the set {x € T, s.t. d(x, £2) > 3}. The rest
of the proof of the fixed point argument is left unchanged.
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