Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

- 5. ANALYSE
NON LINFAIRE

ELSEVIER Ann. L. H. Poincaré — AN 33 (2016) 575-595

www.elsevier.com/locate/anihpc

A classification of semilocal vortices in a Chern—Simons theory

Jann-Long Chern *, Zhi-You Chen, Sze-Guang Yang

Department of Mathematics, National Central University, Chung-Li 32001, Taiwan
Received 5 October 2011; received in revised form 29 August 2013; accepted 25 November 2014
Available online 3 December 2014

Abstract

We consider a Chern—Simons theory of planar matter fields interacting with the Chern—Simons gauge field in a SU(N)glgbal ®
U(1)ocal invariant fashion. We classify the radially symmetric soliton solutions of the system in terms of the prescribed value of
magnetic flux associated with this model. We also prove the uniqueness of the topological solution in a certain condition.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous étudions une théorie Chern—Simons de champs de matiere plans interagissant avec le champ de jauge de Chern—Simons
d’une maniere invariante par le groupe SU(N)global ® U(1)1ocal- Nous classons les solutions solitons radialement symétriques du
systeme en fonction de la valeur prescrite d’'un flux magnétique associé a ce modele. Nous prouvons également I’unicité de la
solution topologique sous une certaine condition.
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The theory of semilocal vortices has a global SU(N) symmetry in addition to the local U(l) symmetry,
SU(N)global ® U(1)10cal, Which is described by the Lagrangian:

1
L= %WF,WA,X + (D) (D"9) = 16 (191 - 1)%,
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where A,, u =0,1,2, is the gauge field on the (2 + 1)-dimensional space R2! of metric tensor (guw) =
diag(1l, =1, —1), F,,, = (3/9x*)A, — (9/0x")A,, is the corresponding gauge curvature tensor, D, = (3/9x*) —iA,
is the gauge covariant derivative, ¢ = (¢1, ¢, ..., ¢g) is K-component scalar field with ¢ = (@7, 85, ..., ¢%)
(here * denotes complex conjugation), €, is the totally skew-symmetric tensor with €p;2 = 1, and « > 0 is the
Chern—Simons coupling constant. We mention that there are more interesting background and further studies of the
corresponding Abelian Higgs model with SU(N )giobal ® U(1)1ocal Symmetry, e.g., in Refs. [2,7,8] and [13].

In the static case, when the Bogomol’nyi bound is saturated, we deduce the following self-dual equations:

(D1 £i1D2)¢p; =0, j=1,...,K,
{ 6]

2
Fiz £ 11 (I¢* = 1) =0.

Without loss of generality, we will only take the upper (plus) sign into account. The flux corresponding to the magnetic
field Fij is given by

b =/F12dx.

R2
The system (1) is associated with one of the following boundary conditions that either

(G) |¢p(x)| > 1 as |x] = 400, or
@ii) |¢p(x)| = 0 as |[x| = +o0.

The first is called fopological boundary condition and the second is nontopological. The point vortices of the system
are identified with zeros of ¢, j =1, ..., K. We remark that the existence of the topological as well as nontopological
(multi-vortex) solutions has been proved by Chae in [2]. In the present article we set forth a classification of the radially
symmetric solutions to the system.

We locate the zeros of ¢; at the origin with the multiplicities N; (positive integers) for j =1, ..., K. For simplicity,
we set k = 2. With the substitution u; = log |¢; |2, j=1,..., K, orequivalently

u
¢j(Z)=eXp[7] +iNjArg(z)], Z=x1 +ix2, (x1,x) =x € R?,

the system (1) is reduced to the following semilinear elliptic system:

K
Auj:<2e”k>(26”" >+471N80 inR?, j=1,...,K,

k=1 k=1
B=pBu) = /(ZW)( Ze”k> dx € (0, 4+00),
g2 k=1 k=1
where u = (uy,...,ug), A= % + % and §¢p denotes the Dirac delta function with point mass at the origin. Note

that @ = 78 by definition. The topological and nontopological boundary conditions (i) and (ii) above are equivalent
respectively to the following statements:

K

eti —o0j as|x|— +ooforj=1,...,K witho; >0 and Zqi:l; 3)
j=1

e —0 as|x|—>+ooforj=1,...,K. %)

For simplicity, through a rearrangement we may assume that Ny > N, > --- > Nk > 0, and for purely mathematical
sake, that each N; is not necessarily an integer. Our first consequence is stated as follows.
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Theorem 1.1. Let u(r) = (uy, ..., ux)(r) be a radially symmetric solution of Eq. (2) with r = |x|, and let

o] = max{2(N1 +1),4(Ng + 1)}, oy = max{4(N1 — Ng),4(Ng + 1)}.

Then B € E :={2N1} U (a1, +00). Conversely, for a prescribed B € E, the following statements are true:

(a) If B =2Ny, then u is topological and can be characterized by

uj(r)=v(r)+2Njlogr +logcj, c¢;>0,j=1,...,K,

2

loc (R?) is a solution of

where v(|x]) € C

K
1
o v v_q , . 2Nj, 0,
v —i—rv = fe (fe ) f(r)_jE_Ier r>

&)
v(r)=—2Nilogr+ O(1) asr — 4oo0.
(b) If B € (a2, +00) then u is nontopological and can be characterized by
uj(r)=v(r)+2Njlogr +logcj, c¢;>0,j=1,...,K,
where v(|X|) € CIQOC(RZ) is a solution of
v”—i—lv/:fe”(fe”—l) f(r):XK:c,'FZN/ r>0
r ’ e T (©)
v(r)=—Blogr + O(l) asr — +oo.
Moreover, ] =ay =4Ng + 4 when N1 <2Ng + 1.
(¢) If N1 > 2Nk + 1, then there exists a constant a3 = a3(N1, ..., Ng) € (a1, op) such that (2) possesses a nontopo-
logical solution (uy, ...,ux) which is characterized in (b) for each B € [a3, 00). Moreover, B(u) € [a3, 00) for

any nontopological solutionu = (uy,...,ug) of (2).

Remark 1.1. As shown in Appendix A, each solution of (2) satisfying the (topological) boundary condition (3) is
automatically radially symmetric. So that the radial symmetry premise can be removed from Theorem 1.1 for the
topological solutions.

Remark 1.2. In the case N| > 2Nk + 1, it turns out that &1 = 2(N; 4+ 1) and ap = 4(N| — Ng) with a] < ap.

Remark 1.3. When K = 1, the semilocal system (2) is reduced to the well-known Abelian Chern—Simons Higgs
model

Au=e"(e" — 1) +47 N8 inR?,
1
,3=,3(u)=2—/e”(1—e")dxe(0,+oo), (7
T
R2
in which the sufficient and necessary condition for Eq. (7) possessing a radially symmetric solution is that § € {2N}U

(4N + 4, +00). This specializes the consequence of Theorem 1.1.

In the case K = 1 we remark that radial solutions of (7) depend uniquely on the values of §; please see e.g. [5] and
[4] for the such uniqueness results. In the case K > 2, there can be two solutions u; # u, such that S(u;) = (uy). In
fact, as shown at the beginning of Section 2, any solution u = (u1, ..., ux) of Eq. (2) can be written as

uj(ry=v(@)+2N;logr +logc;, ¢;j>0, j=1,...,K,

where v =v(B, cy, ..., cx) satisfies the equation
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K
1
"o v U_17 .2Nj’ 0,
v +rv—fe (fe ) f(r)—jglc]r r >

3
v(r)=—Blogr + O(l) asr — +o0.
In other words, u depends on § and the K-tuple parameter T = (cy,...,ckx). Let B be fixed. Assume that v =
v(cy,...,cx) and v =wv(cy, ..., Ck) are solutions of (8) corresponding parameters (cj)i.(:l and (Ej)f:l respectively.
So we have two solutions u, it of (2) given by u ;(r) = v(r)+2N;logr +logc; and it j (r) = v(r) + 2N logr +logc;,
j=1,..., K.If u=nu, then there must be a constant A > 0 such that
cj N
log===v—v=A, j=12,...,K
Cj
Consequently, we may select two different parameters (c;) 5.(:1, ) f: | on the spherical region
Y= {(cl,...,cK): c%—i—~~+c%< =1withcy,...,cx >O}, ©)]

so that u # u. Although a solution of (2) cannot be uniquely determined by any prescribed 8 in the case K > 2, the
following theorem shows that a solution of (5) is unique under a certain condition. Such a result represents some kind
of uniqueness for the model. We state the theorem as follows:

Theorem 1.2. I[f Ny — Ng < 1, then for any given c;j >0, j=1,..., K, the solution of (5) is unique. Moreover, the
topological solution of (2), which is denoted by u; on, = U, is uniquely determined by the parameter t belonging to
the region X given in (9).

By the way, we remark that Theorem 1.2 can be equivalently characterized from an alternative viewpoint by means
of the initial value at the origin. Since all topological solutions of (2) are radially symmetric with respect to the
origin as we have shown in Appendix A of the present paper, we may rewrite the system (2) as the following system
associated the initial value at the origin:

K K
1 , .
M/j/(r)+;u/j(r)+(Ze”])(l—Zeu/)=0, }">O, (10)
j=1 j=1
with behavior at the origin that

uj(ry=2Njlogr +p; +o(1) asr — 0%, (11

According the uniqueness result in Theorem 1.2, we obtain the following assertion about the structure of topological
solutions of (10) in terms of (p1, - -+, pk).

Corollary 1.3. Suppose that Ny — Nx < 1. Then for any € = ({1,...,Lx_1) € RK™V there exists a unique
(PT @), ..., px(0) € RX such that (o},  PR)s - ug (P}, ..., px)) is a topological solution of (10) with
pf;(ﬁ) —pf)=Lj_yforj=2,....K.

The paper is organized as follows. In Section 2 we show that the solutions of (2) can be reduced to a single profile
equation, and furthermore make an analysis on its solution structure. In addition, we carry out a uniqueness result
under a certain condition. In Sections 3 and 4 we exhibit the existence of the nontopological solutions with respect
to prescribed values of magnetic flux, in order to detect an optimal lower bound of the possible values. Finally, in
Appendix A of the present paper, we include a proof about the radial symmetry for the topological solution of the
system (2).

2. Analysis of the solution structure

In view of the K -component system (2), we see that A(u; —u ;) =4mw(N; — N;j)do forany i, j € {1, ..., K}, which
indicates that
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ui(r)y=uj(r)+2(N; — Nj)logr + h;;(r),

where h;; is a harmonic function. Since 8 < +o00, we have limr_moru;(r) =2N; — B fori=1,...,K and it is
possible to extract a positive constant C such that

|u1(r)|+-~-+}u1<(r)|§C10g(1+r), r>0.
It follows that £;; is in fact a constant. For the sake, through a simple substitution that
uj(ry=v(r)+logc; +2N;logr, (12)

where ¢c; > 0 for j =1,..., K, we obtain a further reduction of the system (2), namely

1
v+ —v/=fev(fev — 1), r>0,
r

oo (13)
,B:/rfe”(l — fe")dr € (0, +00),

0

where f(r) = Zle cerNJ' with Ny > Np > --- > Ng > 0. We set off a structure analysis for the solutions of (13).
First of all, for any given K-tuple (c1, 2, ..., ck) with ¢; > 0, we consider the solution v(r) = v(r; s) solving the
initial value problem

1
1 ’r_ v v
{v +;v_fe (fe 1), (14)
v(0)=s, V(0)=0, seR.
The solution of (14) can be classified into three types; in fact, we have:
Theorem 2.1. Let v be a solution of (14). Then v belongs to one of the following classes given in the sense that
0-Type: f(r)ev(r) -0 asr— +oo;
1-Type:  f(r)e'® > 1 asr— +o0;
oo-Type: v(r) blows up at a finite r. (15)

Before proving Theorem 2.1, we introduce properties that 2Ng < rf’/f < 2N and that

/7 /
1
<i> (ry= 2—Z4Ni(Ni —Nj)Cierz(Ni+N-i)_l > 0. (16)
f £20) &=
J
They can be obtained by simple calculations. Note that the properties are independent of the choice of (cy, 2, ..., ck).
So in the following content we assume c; = ¢y = --- = cg = 1 for simplicity.

Lemma 2.1. Let v solve the problem (14). Then the function fe' — 1 cannot attain a nonnegative local maximum at
any finite r > 0.

Proof. Assume g = fe? — 1 has a nonnegative local maximum at r = r{. Then g’(r;) = 0 and there is a small € > 0
such that (rv')’ > 0 on [rq, r1 + €). Note that

v /

e rf ,
h(r), where h(r)= 7 +rv'.

g'r) =
.

Hence h(ry) =r1g'(r1)/f (r1 )e”(’l) =0, and furthermore,

W(r)= (%’M) +(rv') =0

on [ry,r| + €). It follows that 4(r) > 0 on [r{,r; + €). Therefore, g’(r) > 0 on [ry, r| + €). This contradicts the
assumption that g(r) is a local maximum. O
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Lemma 2.2. Let uj(r) = 2Ny logr 4+ v(r) where v solves (14) in an interval I = [0, ), v € RU {oo}. Ifu’l(rl) <0
for some ry € I, then v must be of the 0-Type.

Proof. It suffices to show that fe” < 1 for any r as far as v(r) is defined. In fact, since u is positive near r = 0 and

negative at » = rq, the function # attains its maximum sup_, < U1 (r) at some locus rg € (0, r1). From (14),
r

2N1—[rfe”(l—fe”)dr:rlu/l(rl)<0. (17)
0
Applying the fact u/ (ro) = 0 and using rq in substitution for | in the equality (17), we see that the derived integral
over (0, ro) has value 2Ny ; this indicates

r

frfe”(l ~ fe')dr > 0. (18)
ro
We conclude fe” < 11in (0, r;), because, by Lemma 2.1, once f(rg)e’"® > 1, the function f(r)e’") — 1 is positive
for r > ro and thus (18) cannot happen. Assume f (7)e?™ = 1 for some 7 > ri with the property f(r)e’”) < 1 for
r € (0,7) and f(r)e"™ > 1 for r > 7. Then u) (r) < 0 whenever rg < r < and therefore feV is strictly decreasing
on the interval (rg,r). Since fe' =1 at r = r in our assumption, we come to the conclusion that f (ro)e’® > 1,
a contradiction. O

Proof of Theorem 2.1. From Lemma 2.1, if f(ro)e’"® > 1 for some rg, then fe’ is increasing in the interval
(ro, +00) and then Av > Afe" for r > ry where X is a positive constant. Hence v blows up at a finite r (cf. e.g. [12]).
Otherwise, v is an entire solution of (14) satisfying fe’ < 1 all the time; in the meanwhile v is a decreasing function
which approaches to —oo as r — +4-00. Note that in the last case we have

ﬂ:/rfe”(l _ fe')dr < +oc. (19)
0

For, if the integral 8 = +00, it is possible to select r; > 0 such that riv'(r;) < —4N; — 4. By Eq. (14),
r
' (r) =riv' () —/rfe“(l — fe')dr <—4N1—4, r=>ry,
r

implying v(r) < —(4N; + 4)logr + C for large r; this yields that § < +00, a contradiction. Now by the fact that
fev < 1 for the entire solutions, there are only two possibilities that either (i) 7*V1e"") increases for all r > 0, or
(i) r2N1e?™) decreases in an interval (rg, +00) for some ro > 0. In the case (i), we have g = 2N; and f(r)e'") — 1
as r — 400 where we note that if f(r)e’") — ¢ < 1, it will contradict (19). In the case (ii), from Lemma 2.2 we
have f(r)e'") — 0 as r — 400, which indicates that 8 > 2N + 2 by (19). By the way, in either case of the entire
solution, we have

v(r)=—pBlogr+ O(l), r— 4o0. (20)

The classification (15) is concluded. O

Taking account of the initial value s for the solution v(r) = v(r; s) of (14) depending on s, we set
E(r,5) = [rv'(r: )] = 2 200 1272 f(r)e ).

Multiplying (14) by the factor rv’ and taking integration both sides, we obtain the following variational identity:

r r

%E(r,s):/ tg() f()e""H[1 —f(t)e”(’;s)]dt+/ tf2 (e dt, 1)

0 0
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where g(t) = [tf'(¢)/f ()] + 2. We define

Ji ={s € R: v(r;s) is of the i-Type according to (15)}, i =0, 1, 0.
Clearly, R=JoU J1 U J. E(r,s) > 0 near r =0 for any s € R. We remark that s € J if and only if E(rg,s) =0
for some ry > 0. In fact, if s* € Jy U J;, then

oE

- (rs) =rg() F@ O — f()e’ D]+ rf2(r)e ) (22)

is positive for all » > 0, where we apply the fact that fe” < 1. Thus E(r,s*) is positive whenever r > 0. On the
other hand, letting s, € Jo, it is not hard to see that E(r, s,) — —00 as r — w in the maximal existence interval
Imax = [0, w) of the solution v(r; s4). Hence E(r, s,) must vanish at some site r = r¢ > 0. In addition, we conclude
the following lemma.

Lemma 2.3. Both Jy and J are open sets. Moreover, Jo U Jy is bounded from above.

Proof. The assertion of the lemma about Jy can be concluded readily from Lemma 2.2 by means of the continuous
dependence of v(r; s) on the parameter s. We omit the details and straightforwardly account for the set J,. To show
that J is open, we take advantage of the variational identity (21). Let sg € J. Then there exists ry > 0 such that
E(rop, so) = 0. By definition, we have

[r0v )] + 13 £ (r)e* "2 — £ (r0)e* "] = E(ro,50) =0, v(r) = v(r; 50,

implying that f(rg)e’"® > 2. Hence by a rearrangement in the formula (22),

2—f(r, 50) = 215 £/ (r0)e""O[1 = f(ro)e’ "] + 2ro f (ro)e” " [2 — £ (rg)e’ "] < 0.

Using the Implicit Function Theorem, r can be represented as a C!-function of s in a neighborhood I (s9) =
(so — €, 5o + €) of sg, with a small € > 0, such that r(sg) = r¢ and

E(r(s), s) =0, se€l(so).

Therefore Ic(so) C Joo. As for the remaining part of the lemma, we first show that the set Jy has an upper bound.
Assume contrarily that there exists a sequence of real numbers s; € Jy such that s; — +00 as j — +o00. Through an
adaptation of the device in [4], we let

wj(r) = (e CNH D 5)) — ;.

Assume Ni > Ny > --- > Nk (without loss of generality). Then, by a direct computation from (14), w; solves the
equation

1
w;-/(r) + —w} (r) = G?(r) e2wi(r) _ e_sf/ON"H)Gj re¥i, r>o0,
r

w;(0)=0, w}(O) =0,

(23)

where

G(r)= XK: o~ 28) (Niw=Ng) ;2N
m=1
Note that v(r; s;) is decreasing in r; w; is thus decreasing and the right hand side of Eq. (23) converges uniformly on
any compact interval. By passing to a subsequence, it follows that w; approaches to a function w, which solves
w” (r) + %ﬁ)/(r) =K 200 s,
w(0)=0, w'(0)=0.

This is impossible because any solution of (24) is increasing and blows up at finite r. So that Jy is bounded from
above. The argument for s; € Ji is the same. We omit it here. O

(24)
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To make out how the solution v depends on s, we consider the function ¢(r) = ¢(r; s) = (dv/ads)(r; s). Directly
taking derivative on Eq. (14), ¢ solves the following equation

1
¢+ - ()= feV[2f e —1]e(r), v =v(r;9), 25)
v =1, ¢ =0.

Lemma 2.4. The functions ¢(r; s) and (3¢ /0r)(r; s) are continuously dependent on s for any fixed r.

Proof. Let s’ € R. Consider the function w(r) = w(r; s) = ¢(r;s) — @(r; s’) for |s — s’| <8 with a small § > 0. To
conclude the lemma, it suffices to show that w(r; s) — 0 as s — s’ for any fixed r. In fact, by a direct computation
from (25),

w’(r) + %w’(r) =P(r;)w(r) + Qs 9),
where P, Q are functions of r, depending on s and given by
P(ris) = f(r)e""[2f (e’ —1],
Q(r;s) = f(r){Zf(r)[ev(’;S) + e”(r;s/)] - 1}[6”(”) - e“(r;sl)]go(r; s').

So that w satisfies the integral equation

w(r):/t(log ;)P(r;s)w(t)dt—f-/t(log ;)Q(r;s)dt.
0 0

Therefore, by the continuity of v(r; s), we have

r

lw(rs s)| < (/I|Q(t;s)|log;dt) exp</1|P(1;s)|1og;dt)
0

0
r

§C/]Q(t;s)|dt
0

<C sup lv@t; ) —v(t;s")| >0
te[0,r]

as s — s’. This concludes the proof. O

Lemma 2.5. If s € Jo, then there exist numbers C, R, € > 0 such that

lo(r; s)| < Clogr (26)
forallr > Rands € JyN{s e R: |s —sg| < €}.
Proof. Let sy € Jyp. We show that o (r) = ¢(r; sp) does not change sign for » sufficiently large. In fact, by comparison
@ with the function w.(r) = rv'(r) + ¢, here v(r) = v(r; so) and ¢ being a constant, we have

rn
[ (g0, — wegh)] = / wo(rwl) — we(rol) dr
1
rn
=/r[2fe”(fe”—1)+gcfe”(2fe”—1)](p0dr, 27

r
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where g.(r) = [(rf'(r))/f (r)] — c. Since rv'(r) vanishes at r = 0 and decreases to —8 with 8 = B(sg) > 2N + 2
for the 0-Type solution, there can be A € (2N + 2, 8) such that w; (r,) = 0 for some r, > 0, whereas w; > 0 in
the interval (0, r;) and w) < 0 in (), +00). If o changes sign no matter how large r is, it is possible to select two
successive zeros rq, o > r; of ¢g such that ry < r, (p(/)(rl) >0, (p(’)(rz) < 0 and ¢y > 0 in between. Note that g; < —2
and from (20) we have fe' ~ r~27% pear infinity, o > 0. Hence the left hand side of (27) is positive, but the right
hand side is negative. This is a contradiction. Now we consider the case ¢g > 0 in (79, +00) for some large rg; the
argument for its negative counterpart is similar. From the expression

r

o (r) = rogh(ro) + f tf ("D [2f (e’ ™ — 1]go(r) dt,

o
we have r0<p6(r0) —Cr?< r¢6(r) < roga(’)(ro) for r > ro and some positive constant C, where we use the fact that
fe¥ < 1in (rg, +00) for rg sufficiently large. Thus, there is C; > 0 such that
lpo(r)| < Cilogr, r=ro.

To conclude the lemma, we need to show that there exist o, cg > 0 such that

f(r)ev(r;s) < COr—Z—U
for any s in a neighborhood of sy and r sufficiently large. In fact, taking o > 0 so small that

o0

B =B(so) := / rf (e[ — f()e’ "0 dr > 2(Ny + 1) + 30,
0

we have

e ¢]

P ==p -+ [ 1O = e ar

Y
< —2(Ni1 + 1) = 30 + ¢;r?N1+2-8
<—=2(N1+1)—20, r=>=r
for some r1 > ro. Assume Jy D (so — €0, So + €o) for some €y > 0. By the continuity of v'(r; -) as a function of s, it is
possible to extract a small €1 € (0, €g) such that
rv'(r;s) <rv'(r;s) <rv'(r1;s0) +0 < =2(N1 + 1) — o,

and hence v(r;s) <cy — (2N1 + 2+ o) logr for all |s — sg| < €1 and r > r. This concludes the proof. O

Theorem 2.2. The function

o0

B(s) = / rf (e I1 = f (e’ dr

0

is differentiable on Jo and sup; j, B(s) = +00.

Proof. The differentiability of 8(s) follows readily from Lemma 2.4 by a direct computation. To see the unbounded-
ness of B, we pick so € Jo and define s* = sup{s’: [so, s") C Jo}. By Lemma 2.3, s* € J;. We show that B(s) goes to
infinity as s — s*. As a matter of fact, if we consider the sequence v;(r) = v(r; s;) with s; € (so,s*) and s; — s* as
Jj — +o00, from the variational identity (21), we have
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1 o0 (e.¢]
5/32(s,-)=f tg(t)f(t)evf([)[l—f(t)e”j(t)]dt—i—/ 1f2(1)e*i D ar
0 0
> f tf2(0)e*Vi D dt.
0

Assume B(s;) is bounded. Then rf2(r)e?*":*") € L' (R). This contradicts the fact that f (r)e’**") — 1 as r — 4-o0.
So that B(s) is not bounded. O

Lemma 2.6. Assume N| — N < 1. If s* € Jy, then there exists 1 > 0 such that

p(ris*)=n

for all r > 0. Moreover, lim,_, 4 ¢(r; s*) — +o00.

Proof. Note first that, from Theorem 2.1, the function rv’(r; s*) is strictly greater than —2N; for all r > 0 and
approaches to —2Np as r — +00. So that the function
w(r)=rv'(r) +2N;, v(r) =v(r;s*),
is positive all the time and w(r) — 0 as r — 400. Applying the identity (27) between the functions w(r) and ¢(r) =
@(r; s*) with the substitution r; =0, r, = R and ¢ = 2Ny, gives
R

R[p(R)w'(R) — w(R)¢'(R)] =f<p(ru/)’ —w(ry') dr
0
R

:/r[(gc +2)fe'(fe’ —1) +gef2e* |pdr <0 (28)
0

for all R > 0, where we make use of the fact that —2 < g. < 0 for ¢ = 2N;. Applying (28), we show that ¢ > 0
as follows. In fact, assuming contrarily that ¢ has the first zero at r = o > 0 and letting R = o, it follows that the
left hand side (LHS) of the identity (28) is positive while the right hand side (RHS) is negative. This contradiction
indicates that ¢ () must be positive for all » > 0. To conclude the proof, it suffices to show that ¢ is not a bounded
function. Assume contrarily that ¢ is bounded. Then from (25) it is not hard to see that

. ron
ri}gloorw (r)y=0.

Now applying (28) again and letting R — 400, the LHS of (28) approaches to 0, while the RHS approaches to a
negative number; that is a contradiction. Hence the function ¢ is unbounded and thus from (25) we note, in addition,
that ¢ cannot oscillate near infinity. So that ¢(r) — 400 as r — +o00. Therefore, ¢ has a positive lower bound. O

Remark 2.1. For s* € Jq, from Lemma 2.5 and (25) it follows that

9(r) = o(ro) + / r(log ;) FOe’D[2f )™ — 1]p() dt

o

,
1
> ¢(ro) + E/t(log ?)(p(t)dt, r>ro,
ro
for ry > 0 sufficiently large, where v(r) = v(r; s*) and ¢ (r) = ¢(r; s*). Thus, we may conclude further that ¢ (r; s*)
grows exponentially near infinity; in fact, the inequality
o(r;s*) =c exp(czrz)

holds true in a neighborhood of +oo for which ¢y, ¢ > 0 are suitable constants.
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Proof of Theorem 1.2. From Lemma 2.3, it is clear that the set J; is nonempty. To conclude the theorem, we are
going to show that J; consists of a single point. Let s* € J;. In view of Lemmas 2.4 and 2.6, as well as the continuity
of v(r; s), it is possible to select rop > 0 and § > 0 such that

(a) 2f(r)e"(”*) > 1 forr <rp;
() 2f(ro)e’"®) > 1 and ¢/(ro; s) > 0 for s € Iy = (s* — 8, s + 8);
(c) o(r;s) = x>0 for (r,s) €[0,ro] x Is.

We set 15+ =(s*, s*+38)and I; = (s*—4§,s™). Letting [0, w;) with wg € RU {400} be the maximal existence interval
for the solution v(-) = v(-; s) that solves (14), we have the following conclusion:

Claim 1. ¢(r, s) > A and 2f (r)e*") > 1 forall s € 18+ andr € [rg, wy).

Assume our assertion fails. Then by the statements (b) and (c), we may extract s" € [ 5+ and r1 € (rg, wy) such that
¢/(r;s') > 0 for r € [ro, r1) and ¢’ (r1; s') = 0. Thus, from the statement (a), we have 2 £ (r)e""") > 1 for r € [rg, r1).
So that

"
0=ri1¢/(r1;5") =rog'(ro; s') + / f@)e'®s) [2f(t)e”(m/) —1]e(t;5")dt > 0, (29)
ro

which is a contradiction. So we conclude Claim 1. Since f (r)e??%) — 0 as r — +oo for any s € Jp, it follows from
Claim 1 that 1 5+ N Jo is empty. Now we continue to the following claims.

Claim 2. If there exist two points sy, sy € J| N Is, then there must be a point s’ € Joo which lies between s| and s».

To see this, we assume, in contrast to the assertion, that v(r; s) is an entire solution of (14) for all s € (s, 52)
where we suppose s2 > s1. This implies that (sq, s2) N Jo is empty. Indeed, if there is sg € (s1, s2) N Jo, then, since
f(r)e’T50) — 0 as r — +oo, we can find (+',s') € [rg, +00) x I5 such that ¢'(+’, s") = 0. Consequently, as have
done with (29), we may arrive at a contradiction. Now we conclude that (s, s) C J;. Therefore, we have

v(r;s2) —v(r;s) = @(r; $)(s2 —s1) = A(s2 —s1)=c >0, 5€(s1,5),
for all r > ry, where we apply the statement (c) and the formula (29) again. However, this contradicts the fact that
both f(r)e?" sV and f(r)e’"*52) approach to 1 as r — +o0.
Claim 3. If so0 € Is N Joo, then [Soo, 8™ 4+ 68) C Jxo.

The proof of Claim 3 is essentially the same as that of Claim 1. We omit it here. From Claims 1, 2 and 3, we
conclude that ]8+ C Joo and Iy C Jo. If Jy consists of more than one elements, then, in terms of Lemma 2.3, it is
possible to select s1, 52 € J1 with 51 < 53 such that either the interval (s, s2) C Jo or (s1, $2) C Jo. In either case, it
contradicts the conclusion we have just mentioned. Therefore, the proof is complete. O

3. Sharp lower bound of flux for Ny <2Ng +1

In the preceding section we have proved that it is possible to find a radially symmetric nontopological solutions
of the system (2) whose flux assumes an arbitrarily large value. We are going to make an effort to grasp the optimal
lower bound for the value g associated with the (radial) nontopological solutions. Notice that, letting » — +o00 in the
identity (21), we have 8 > 4Nk + 4. Combining this with the constraint (19) thus gives

B > max{2N| +2,4Ng + 4}. (30)

To sharpen the lower bound, we take advantage of the radially symmetric solutions of the Liouville system in corre-
spondence with (2), namely
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K
Avj == €% +47N;8y inR? j=1,....K, 31
k=1

and take account of the value

1 K
w = 2— ( Ze‘vk) dx.
]TRZ k=1

Letting v;(r) = 0(r) +logcj +2N;logr forc; >0, j =1,..., K, wereduce (31) to

1
'+ -0'=—fe’, r>0,

r
[ oer; (32)
00;9)=seR, w()= / rf(,,)ev(r,s) dr,
0
where f(r) = Zj.(:l c;jr*Ni Ttis clearly to see that w(s) is continuous on (—00, 00) and ¥ (r; s) = —w(s) logr + 0(1)

asr — +oQ.

Remark 3.1. An important problem is concerned with the structure of total curvature w(s) for generalized Gaussian
curvature equation that has been extensively studied by many authors. From Cheng and Lin [6] and (32), we see that

i) if Ny <2Ng + 1, then limg_, _ o w(s) =4(N; + 1) and limg_, 4 oo @ (s) =4(Ng + 1);
ii) if N1 > 2Ng + 1, then limg_, _ oo w(s) =4(N1 + 1) and lims_, 400 @ (s) =4(N1 — Ng).

This implies that w(s) is a bounded function. To attain a greatest lower bound of w(s), we take account of the
variational identity

r

%[rﬁ’(r)]2 — 21 (1)’ — 21 f(r)e’ ™) = /t[—tf/(t)
0

0(t)
0 +2]f(t)e dt,

which is obtained by multiplying Eq. (32) by the factor rv’ and using integration by part on both sides. Adding
(4Nk + 4)rv/(r) to the identity and letting r — +00, it follows that

tf' (1)
f@

a)(a)—4NK—4):2/t|:

0

- ZNKi| F()e’® dt > 0.

Hence it is necessary that w > 4Nk + 4 in order for (32) to be solvable. This, together with the statement i) above,
indicates that the lower bound 4Nk + 4 for w is optimal provided Ny < 2Nk + 1. When N| > 2Nk + 1, it is not
clear whether Eq. (32) has any solution with total curvature between 2(N7 + 1) and 4(N; — Nk ). It could be natural
to conjecture that w(s) is not a monotone function in case the solution behaves too dramatically. However, as shown
in [9], the function d0(r; s)/0s changes sign at least twice; it seems to be a choke point for the monotonicity of  to
be established.

In fact, w(s) is not a monotone function on (—o0, 00) when N1 > 2Nk + 1 and we will prove it in the next section.
Here is an existence result that depends on the system (31).

Theorem 3.1. Let v1, ..., vk solve (31) with w being given. Then there exists a family of the nontopological solutions
(u, ..., u%y) of the system (2) such that B¢ therein is dependent continuously on & in a small neighborhood of the
origin and

Be > w, ase— 0. (33)
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In advance of going into the details of the proof of Theorem 3.1, we now carry out the conclusion of Theorem 1.1
for the case: Ny < 2Nk + 1 beforehand.

Proof of Theorem 1.1. That 8 € {2N} U (w1, +00) with w; = max{2N| 4+ 2,4Nk + 4} as well as the first assertion
of Theorem 1.1 follows readily from Theorems 2.1, 2.2 and (30). To complete the proof, we consider Eq. (32). From
Remark 3.1, Eq. (32) is solvable for any prescribed value w € (w4, ™) where w* =4N| + 4 and w, = 4Nk + 4 by
Ni < 2Nk + 1. So that Theorem 3.1 together with Theorem 2.2 indicates the solvability of (13) for any prescribed
B € (w4, +00); this concludes the proof of (b). Finally, the result (c) can be obtained by Theorem 4.1 and hence we
complete this proof of Theorem 1.1. O

On purpose to prove Theorem 3.1, we make some preliminary settings as follows. Define the inner products (, ) x,

and (, )y,, 0 <a < 1, for functions in the spaces L% (R?) and leo’cz (R?) respectively by

loc
(w,v)x, = /(1 + |x|2+°‘) uvdx, u,ve L%OC(RZ),
RZ

(u,v)y, = (Au, Av)x, ~|—/

R2

uv

2
Tr e dx, u,ve WloC (R?);

we define two specific function spaces X, and Y, in the following:
Xo={ue L} (R?): (u,u)x, <+oo},
Yo = {u € W22 (R?): (u, u)y, < +00). 34

Clearly, X, and Y, are Hilbert spaces with the inner products (, ) x, and (, )y, while the X,-norm and Y,-norm are
given respectively by

lullx, =/ (u, u)x,, lully, = v/ (u, u)y,.

We recall the imbeddings X, < L!(R?) and Y, < C_(R?) which are introduced in [3]. Moreover, the following
properties of Y, [3, Lemma [.1] are useful in the construction of solutions.

Proposition 3.1. There exists a constant C > 0 such that for all u € Yy,
u®)| < Cllully, (log* x| +1),  xeR%, (35)
where log"‘ |x| = max{0, log |x|}.

Let X/, and Y/ be the spaces consisting of the radial functions in X, and Y,, defined in (34) respectively. We equip
the spaces

HXZ:X‘;xn-xXZ and HY;:Yéx-ané
—_— —_—
K K K

with the inner products

K K
<u(1) (2) <1) (2) . (U(l) (2) Z . (2)
/:1 j=1
where u® = (@, ... uf), v = ", ) foru e Xy v ey i=1.2and j=1..... K.

In order to use a solution of (31) as source material to manufacture a nontopological solution for the system (2),
we define auxiliary functions as follows:

1 r 1 2 .
nj(r)= 8—2uj(g> — ;vj(r) —w(r) — 8—210g8, j=1,...,K, 36)
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where w; is independent of & solving

Aw+<ZK:e“k)w= (ie”k>2. (37

k=1 k=1

It is not hard to see that
lw(r)| <clogd+r), r>0, (38)

for some ¢ > 0. Now set

K 2 K
2 2
Pi(e.ni,....nx) = Anj — ( > et (""“L“’)) o2y eute tntw)

k=1 k=1

K K K 2
—efzze“k — (Ze“k>w+ <Zevk) , j=1,...,K.
k=1 k=1 k=1

Clearly, by definition P;(e, n1,...,ng) = 0 for each j. Having such observation gives rise to a constructive scheme
that exhibits the existence of a nontopological solution of the system (2) through finding a number ¢ > 0 and functions
N1, ...,nk such that P; =0 for j =1,..., K under the prescribed solutions of (31) and (37). Specifically, we take
account of the mappings P; which are definedon I x Dy, j=1,..., K, where I = (—&p, &) and

Dy ={77=(771,---,'71<)EHY§1 Inilly, +---+ lInklly, < 1}-
K

We remark that P;: I x D; — X, is well-defined in the sense that it indeed maps into the space X[, with a given
a € (0, 1) provided that g9 > 0 is chosen sufficiently small in terms of (35) and (38). Moreover, the singularity at
& = 0 is removable; in fact, we define

K
Pj(0,n)=An;+ Y e%mn,
k=1

and by definition,

K
2
Pi(e.n) — Pi(0,m)=e"2) e[ ") — 1 — e2(ni + w)]
k=1
K K

Z Z | o ik nm+2w) _ 1].

k=1 m=1
Therefore, || Pj (e, n) — P;(0,n)|lx, — 0 as £ — 0; in particular,

Pj(0,00=0, j=1,...,K. (39)
By a direct computation, the partial derivative L of P = (P, ..., Pg): I x D; — [] x X!, withrespect to n at (g, n) =
(0, 0) is given by
K K
L: (51’ . "’EK) = <A€:1 + Zevmémv sy ASK + Z evmé:m).
m=1 m=1

Lemma 3.1. The mapping L: [ | Y, — [ X}, is surjective.

Proof. Decompose L = A + A, where A(§q,...,&k) = (A&, ..., Aék) and A&y, ..., Ex) = (A1, ..., Ak) with
Al=---=Ax = Zg=1 e’ &, . We claim that A is bounded and A is compact. In fact, from [3, Proposition 2.1]
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we see that the Laplace operator A is bounded. To prove the compactness of A, we let £(/) = (él(j ), ces Sg)) be a
bounded sequence in [ [ Y, such that

Il <M. m=1.... K, jer,

for some M > 0. It suffices to show that {A (E(f))};'.‘;l has a convergent subsequence. Let Bg = {x € R?: |x| < R}
for Ry > 0. Then

65" L2y, = ClE [y, <M, Vi,m.

By the Rellich-Kondrachov Theorem [1], the imbedding W?22(Byg) — C!'(Bpg) is compact. We extract a subse-
quence E(f ) and a continuous function f=(f1,..., fx) on Bg such that

||El§lj)_fm||Loo(BRl)_)O, m=1,...,K,

as j — +00. So that Aj(§)) — A;(f) pointwise on Bg. Repeat the processes on B, where Ry — +oc as k —
+00. We extend f to be an entire function such that A;(§/)) — A;(f) pointwise on R? by passing a subsequence.
Furthermore, since w > 2N + 2, we may pick o > 0 such that

e =0(r27) asr— 400 (40)
forallm =1,... K. Choose 0 < a < min{l, o}. Applying Proposition 3.1 gives

K 2

m=1

K
< Cz(l + |X|)—2—20+a Z|%_rs1/) 2

m=1
<e3(14Ix1) 272 log? (1 + Ix])

<cy(1+1x)) 77

for all j. By the dominated convergence theorem, ||A1($,f1" )) —A1(f)llx, = 0 as j — +oo. Therefore, the operator
A is compact. So we conclude that the image of L, denoted by Im L, is closed in the space [ [, XJ,; please see [3,
Proposition 2.1] or [10, Lemma 5.1]. Accordingly, [ [x X, =Im L & (Im L)*. Suppose L is not surjective. There can
be a nonzero element ¢ € [, X/, such that (¢, Ly)Xg =0, ie.

K K
> /(kayk—i-wkZe”’"ym) dx=0 forallye[]¥s. 1)

k:le m=1 K

where ¥ = ¢ (1 + |x/21%). Note that the space Y, contains Ccye (R?), the set of all smooth functions with compact

support. By elliptic regularity v is a C>-function for k = 1, ..., K. Hence applying integration by parts on (41) gives

K
Aiﬂk+e”"2wm=0, k=1,...,K. (42)

m=1

Moreover, by definition,

-1
/ Y (14 x171) 7 dx = |[&llk, < +oo,
RZ

which indicates that each ¥ € Y. Let ¥ = Zﬁ:l Y. By (42),

K
AV + (Ze”k)wzo.

k=1
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We have two cases in the following:

1) If ¥ =0, then from (42) we conclude that ¥; = cx where ¢y is a constant for each k. Note that |c1|+- - -+ |ck | # O.
We assume ¢ # 0. Taking y = (&€, 0, ...,0) in (41) implies that

/ClAEE:O forall§ €Y,

R2

which is evidently impossible.

ii) If ¥ is nontrivial, ¥ (0) # 0. We assume ¥ (0) > 0. Then ¥ is positive in an interval (0,2p) for some p > 0.
Let A(r) be a smooth cut-off function satisfying A(r) =1, 0 <r < p, and A(r) =0 for r > 2p. Let x solve the
equation

K
Ax + (Zd’k)x =\

k=1

Note that x € Y} and considering y = (x, ..., x) in (41) it follows that

K
0=/WAX+W<Ze”k>de= / A dx > 0;

R2 k=1 Ix|<2p

this is a contradiction.
Therefore, InL =[x X,. O

Proof of Theorem 3.1. Applying the Implicit Function Theorem [11, Theorem 2.7.5] on the mapping P (¢, ), it is
possible to represent 7 in terms of ¢ in an interval (—¢y, £1) for a small £; > 0 and

P(s, Ny, n5. ..., n%) =0 foralle e (—e¢1,e1).

Giving this back with the substitution (36), we obtain a family of nontopological solutions (u{,u5, ..., u%) of the
system (2), being dependent on ¢ and having the expression

u§(ry=vj(er) + 2w(er) + 8217§ (er) +2loge (43)
for j=1,2,..., K. Note that the solution v; of (31) is invariant under the scaling that
vj-(r) =vj(er)+2loge, j=12,...,K,

and thus o is independent of €. By virtue of (43) with the substitution u ; = ui into the system (2), we have

co K K

uj _ u; — o ’
/r(Ze ./)(1 Ze /)dr 2N r_llrlloorul(r)
0

j=1 j=1

(1) )

=w—¢> lim sw'(s)—¢&*> lim s
§—>—+00 §—>—+00
=w+o(e),
as ¢ — 0, where we use the facts that the limit
2

o0 K K
Sliriloosw’(s) :/r|:<ze”f) (Ze”1>wi| dr
0 j=1 j=1

converges; on the other hand, since X, — Ll(Rz),
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1
lim S(”f),(s) = | rAnjdr = E”Arﬁ “LI(RZ) = C”A’ﬁ Hxa = C”’ﬁ HYQ'

§—>—+00

Therefore, 8 > wase — 0. O
4. Sharp lower bound of flux for Ny > 2Nk +1
In this section, we are interested in studying the following initial value problem

V() + lv’(r) + f(r)e”(r)[l — f(r)ev(r)] =0, r>0
r - ’ (44)

v =6, V'(1)=mn,
where 6, n € R are given initial data, it will be shown that solutions of (44) can be categorized into various types
introduced in Definition 4.1.

Definition 4.1. Any solution v(r) of (44) is classified as follows according to its behavior as r — 0.

Type R-x: v(r) is regular at 0, i.e., v(r) converges to a constant as r — 0.
Type P-*: v(r) is positively singular at 0, i.e., v(r) — 400 asr — 0.
Type N-x: v(r) is negatively singular at 0, i.e., v(r) - —oco as r — 0.

To achieve our goal, we introduce the following initial value problems:

{ Vo) +rf eI = fe@]=0. r>o0, (45)
Vo(0) =a,

{rVéo(r)}/ + rf(r)ve(r)[l — f(r)ve(r)] =0, r=>0,

rl_i)rgo[Voo(r) +4(Ni — Np)logr] =b, (46)

where a,b € R. By Ny >0 and N; > 2Nk + 1, we denote the unique solutions of (45) and (46) by Vy(r; a) and
Vo (r; b), respectively. We note that from (44) and (45), rVé (r)y—>0asr— 0and

r

rvy(r) = —/Sf(s)€V0(s)[1 — f(S)eV"(S)] ds, r>0
0

since N1 > 0. Define

yi@) = (Vo(l;a), Vg(1;@)) and  ya(b) = (Voo (15 b), Vi (1; b))

for a,b € R, and let I} and I be the ranges of y| and y» over R, respectively. We note that both y; and y, are
smooth by the assumptions Nx > 0 and N| > 2Nk + 1 again. In fact, I'7 and I are the collections of initial data
corresponding to solutions of Type R-x and *-R for (44), respectively, where definition of Type *-R be described as
follows:

Type *-R: m converges to —1 as r — 00.

We now present some facts, stated in Lemma 4.1 below, which are involving the characterization of solutions of
various types in terms of Ey (r; v), where Ep(r;v) = E(r;v) + Lrv'(r) if 4Ng > L > 2Nk > 0 and E(r;v) =
E@r;v)if Ny =0.

Lemma 4.1. Suppose v(r) is a solution of (44), then the following assertions are true.

(a) Ifv(r) is of Type R-*, then EL(r; v) = Oasr — 0T,
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(b) If v(r) is of Type P-x, then E:L(r; v) — C for some C <0Qasr— 0T,
(©) Ifv(r) is of Type N-%, then E[ (r; v) — C for some C > 0asr — 0F.

Proof. By the proof of Lemma 2.1, we see that fe’™ < 1and [1— fe'™] <0 on [0, rg) for some ro > 0. Then it
is not difficult to obtain these results (a)—(c), and hence we omit the proof. O

Proposition 4.2. The following assertions on the solution v(r; 0, n) of (44) are true.

1) If v(r; 6o, no) is of Type P-x, then there exists § > 0 such that v(r; 0, n) is of Type P-x for (6, n) € Bs((6p, no))-
1) Ifv(r; 6o, no) is of Type N-*, then there exists § > 0 such that v(r; 0, n) is of Type N-x for (6, 1) € Bs((6o, no)).

Proof. (i) On the contrary. We may assume that there exists a sequence {(6;, 1,)}nen such that (6, n,) — (6o, no)
as n — 0o and v(r; 6y, 1,) is a solution of Type R-* or Type N-x for all n € N. Since v(r; 6, o) is a solution of
Type P-x and Lemma 4.1, there exist two constants Rg, 8 > 0 such that v'(Rg; 0, ) <0, Er(Ro; v(Ro; 0, 1)) <0 and

rf'(r)
f(r)
on [0, Rp] for all |(8,n) — (6o, no)| < &. Consequently, there exists a sequence {r,},eny such that r, be the
first local maximum point of v(r;6y,,n,) on [0, Rol, v'(ry; 0y, my) =0 and ry - 0 as n — oo. Then we have
EL(r§ v(r; On, mn)) > 0 on [ry, Ro] for large n by EL(rn; v(ry; Oy M) = 0 and %(I’; v(r; 6y, mn)) = 0 on [0, Ro]
for large n. It is a contradiction to E7 (Ro; v(Ro; 6o, o)) < 0 and hence we finish the result (i).

(>ii) Since v(r; 6y, no) is of Type N-x, there exist two constants § > 0 and Rg > 0 such that

L vt 0,m) = [2

Lilrfe”(r‘e’")[l _ fev(r:9ﬂ7)] +2rfev(r;9’") [2 _ fev(ﬁ@’n)] >0

V(Ro;0,m) >0 and [1— fe'®#M] <0 forall |(8,n) — (6o, n0)| <.

Then, by the proof of Lemma 2.1, we have (rv')(r; 0, n) = rfe? O fe? 30 _ 11 <0 on (0, R) for any | (0, n) —
(60, no)| < & and hence we finish the result (ii)). O

Theorem 4.1. If N1 > 2Nk + 1, then there exists a constant sy = so(N1, ..., Ng) € R such that B(sg) = min{S(s) :
s € R} and B(so) € 2Ny + 2,4(Ny — Ng)). Moreover, Eq. (14) is solvable for any prescribed value B € [B(so),
4Ny +4).

Proof. Since N| > 2Nk + 1, there exists constant § < 0 such that Nj + 28 > 2Nk + 1. Let w(s) satisfy

{ {sﬁ'(s)}, —l—sE(s)e’ms) =0, s>0, 47)

w0)=ceR, w(0)=0,
where I?(s) = s"_4f(%) and 0 =4(N1 — Nk + §). It is easy to see that
E(s) = foos2’7 near s =0 and I?(s) = fosz‘7 near s = 00,

where
(p.q)= (N1 —2Ng —2+28,2N; —3Ng — 2+ 26),
(fo, foo) = ( lim r 2N £ (r), lim r‘ZNKf(r))-
r—0o0 r—0

To prove this theorem, we need the following fact.

Claim. (47) possesses a solution W(s) with limg_, ;‘Z% =—4(1+¢9 -9).

Proof of the claim. According to [6] and § > 2p + 1, we obtain that
lim y(s)=4(F —¢) and lm p(s)=—4(1+7),
c—>00 cC—>—0

where W(s; ¢) =y (c)logs + O(1) as s — 00. Thus we complete this claim. O
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Combining with the similarly argument of the proof in Theorem 3.1 and claim, we obtain that there exists a function

20(s) in C?[0, 00) which satisfies lim;—, 00 22 = —4(1 +7 — 8) and

{ {sz(/)(s)}/ + skv(s)eZO(S)[l — s4l?(s)ez"(s)] =0, s>0,
z20(0) e R, z,(0) =0.

According to [6] and N1 > 2Ny + 1, we have
lim y(a) = (—00,0), lim y;(b) = (—00,4(—1 — Ng)). (43)
a—>—00 b—+00

Moreover, by Lemma 2.3 and Proposition 4.2, we get that there exists a constant ag € Jo, such that for all a > ao,
y1(a) lie on the first quadrant which satisfies

lim |y1(a)| = o0  for some a; € (ap, o0] (49)
a—aj

and v(r; —log f (1), n) be of Type N-x for large n > 0. From (48), (49) and Proposition 4.2, we conclude that v(r; 8, 1)
is of Type N-x (resp., Type P-x) if (6, ) lies on the same side (resp., the opposite side) of nT-axis with respect to I7.
Now we let (r, vo(r)) = (s, zo(s) + & logs), and hence vg(r) be a solution of Type N-R for (44). Then I} and I
have an intersection point (g, o) in n-plan due to 1 + Ng > 0 and (48). Hence (14) possesses a solution vg(r) such
that

e ¢]

/rf(r)e”‘)(r)[l — f(r)e™ V] dr < 4(Ny — Ni).
0
Combining with lims_, _, B(s) =4(N1 — Nk ) and Theorem 2.2, there exists an sg € R such that

B(so) =min{B(s) :s € R} and B(so) € (2N1 +2,4(N; — Nig)).
Therefore, we complete the proof of Theorem 4.1. O
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Appendix A

In the appendix, we will prove the radial symmetry of the topological solutions for (2). Without loss of generality,
we also assume that N = Ny > N; fori =2,...,K and let (u(x), P(r)) = (u;(x),1 + Z,K:Q Lir?Ni=NDy where
L; = ¢“'7% and r = |x|. However, it is easy to see that if we want to discuss the couple equations (2), then we only
consider the following equation:

Au(x) + P(Ix1) (1 = P(Ix])e"™)e"™ =47 Nsy in R?. (A.1)

We give a result about the radially symmetric property of topological solution as follows.

Theorem A.1. All topological solutions (ui(x), ..., ug (x)) of (2) are radially symmetric, that is, all solutions u(x)
of (A.1) which satisfy limy|— oo u(x) = Cy are radially symmetric where C,, = —loglim|x| 00 P (|x1).
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Proof. We may assume P (00) = lim|y|— 0 P(|x|) =1 from scaling method with

(i(x), P(1x])) = (u(x) — Cu, e P(Ix])).

Combining maximum principle and P(|x|) > 1 for |x| > 0, we see that u(x) does not have nonnegative local max-
imum value on R?\{O}. Hence we obtain that u(x) < 0 for |x| > 0. Now we want to apply the method of moving
plane with some modifications to prove that u(x) is radially symmetric on R?. For 0 < o < R, we define the sets
Yo={xeR?*:x; >0}, T, ={x eR?:x; =0}, and uy (x) = u(x?) for x € X,, where x° is the reflection of x with
respect to the line x; = o, i.e., x° = (20 — x1, x2). Set wy (x) = u(x) — uy (x) for x € X, . Define
Su={p€(0,00):ws >0in X, foro € (p,o0)},
oy = inf {p}. (A2)
PESU

First, we show that S, # #. On a contrary and maximum principle, we may assume that there exists a sequence {x;};>
such that

klim |xg| = o0, wi(xx) <0 and Awg(xg) >0 for all positive integer k. (A.3)
—00
However, by lim|y| oo u(x) =0, P’'(r) <0 and P(r) > 1 on (0, 00), we obtain that

Awg (x) = P(|x,’§|)e”"(1 — P(|x]]§|)euk) - P(|xk|)€u(1 - P(|xk|)eu)
< P(|xk|)e“"(l - P(|xk|)e”") — P(|xk|)e”(l - P(|xk|)e“)
= — P(|xx]) e (1 — 2P (jxxe]) ™) Y wye () < O

for large k where u(xy) € [u(xg), ug (x)]. It yields a contradiction to (A.3) and hence the set S, is nonempty. Next, we
prove p, = 0. Suppose this is not true. Then, w.l.0.g., we can assume p, > 0. Then by continuity, we have w, (x) >0
in X, . Itis easy to see that w,, satisfies the following equation

Awp, +Cp, (x)wp, = 47 N18(20,,0) in X, ,

wpu 20 in EPuUTPu’ (A4)
lim w,, (x)=0
|x|—00

where §(2p,, 0) is the Dirac measure at the point (2p,, 0) and

P Ul —p Wy — P(lxPuyetou (1 — P(|xPu|)etru
Cpy () = (Ix]e( (Ix])e") (|xPu])eeu( (|xPe|)e'ru) forxe X,
U—Uup,

Thus, if w,, (x1) = 0 for some x; € X, , then by (A.4) and maximum principle, we have w,, =0 in X ,,. However,
this contradicts to the fact that w,, (204, €) =u(2py, €) —u(0, &) > 0 for small & > 0. Therefore we obtain that

Wy, (x) >0 forany x € X,

U)pu(x):O on T;Ou’ (AS)
lim w,, (x) =0.
|x]—00

By (A.4)—(A.5) and Hopf Boundary Lemma, we obtain

—— >0 onT,,. (A.6)

On the other hand, since p, > 0, there exists a positive sequence & such that p, — & > 0 and (p, — k) — py as
k — oo. By the definition of p,, for each i, we obtain that w,, _, is non-positive somewhere in X, _, . By the way,
we have limy|— o0 Wy, (x) =0 and wy, _s, =0 on T,,_, . Hence, for each g there exists xx € X, _, such that

Wo,—e,00) 0. V() = (0.0) and  Awp, g, (x1) = 0. (A7)
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From the similarly argument of proof of S, # ¢, we may assume that {x;} is a bounded sequence and there exists a
convergent subsequence, we still denote it by x, such that x; — xo. By (A.7) we obtain that

0> lim wpy,—g (xk) = wp, (x0).
k— o0

Hence, by the above inequality and (A.5), we conclude that xo € 7,,, and, by (A.7),

ow, _ ow
0= li Pu—Ek — Pu .
M T (VT Gy

This contradicts to (A.6), and hence p, = 0. Therefore, u(x) is radially symmetric on RZ2. O
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