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Abstract

In a recent paper [6], the global well-posedness of the two-dimensional Euler equation with vorticity in L' NLBMO was proved,
where LBMO is a Banach space which is strictly imbricated between L and BMO. In the present paper we prove a global result
on the inviscid limit of the Navier—Stokes system with data in this space and other spaces with the same BMO flavor. Some results
of local uniform estimates on solutions of the Navier—Stokes equations, independent of the viscosity, are also obtained.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this work, we consider the problem of the inviscid limit of the 2D Navier—Stokes equations with rough initial
data. More precisely, we are interested in the situation where the vorticity lives in specific Morrey—Campanato spaces
(in the same flavor as already studied in [6,4] and very recently in [12]). Morrey—Campanato spaces are Banach spaces
which extend the notion of a BMO function (a function with bounded mean oscillation) describing situations where
the oscillation of the function in a ball is controlled depending upon the radius of the ball. These spaces have attracted
much attention in the last few decades due to their remarkable properties (John—Nirenberg inequalities, duality with
Hardy spaces, etc.). For example, the theory of Morrey—Campanato spaces is useful when the Sobolev embedding
theorem is not available and has proven to be particularly useful in the study of elliptic PDEs.
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We do not detail the literature about these spaces since it is huge. In this work, we only focus on the L%mo spaces
(see precise definitions in Section 2) where the oscillations of a function on a ball of radius r < 1 are bounded by
[log(r)|~*. What is interesting, is that the scale (L*mo)g<¢<1 can be thought of as an intermediate scale between
BMO (for @« — 0) and L*>® (for o — 1).

1.1. The Navier—Stokes system

The Navier—Stokes system is the basic mathematical model for viscous incompressible flows and reads as follows:
orut +uf - vVué —eAu® + VP =0,
(NS,) V.ué =0, (1.1)
Ujy—o = U0-
Associated to the viscosity parameter ¢, the vector field u® stands for the velocity of the fluid, the quantity P¢ denotes

the scalar pressure, and V.u® = 0 means that the fluid is incompressible. We also detail the fractional Navier—Stokes
equation, of order « € (0, 1):

du® +u - Vu® +e(—A)2u° + VP® =0,
V.au® =0, (1.2)
u ft:O = Uo,
where the diffusion term is given by the fractional power of the Laplacian operator. When we neglect the diffusion
term, we obtain the Euler equations
oru~+u-Vu+VP =0,
(E) V.au=0, (1.3)
Ujr=0 = Ug.
The mathematical study of the Navier—Stokes system was initiated by Leray in his pioneering work [24]. In fact,
by using a compactness method, he proved that for any divergence-free initial data v° in the energy space L, there

exists a global solution to (NVS;). In fwo dimensions that weak solution was proven to be unique. However, for higher
dimensions (d > 3) the problem of uniqueness is still widely open. In the 60’s, Fujita and Kato [19] constructed
for initial data lying in the critical Sobolev space H 51 4 class of unique local solutions called mild solutions. We
emphasize that the same result holds true when the initial data belongs to the inhomogeneous Sobolev space H*, with
s> % — 1. The global existence of these solutions is an outstanding open problem. However a positive answer is given

at least in both the following cases: either when the initial data is small in the critical space H2~! which is invariant
under the scaling of the Navier—Stokes equations, or in the space dimension two (this is because in two dimensions
the scale invariant space is the energy space).

1.2. The Euler system
In the two dimensional space and when the regularity is sufficient to give a sense to the Biot—Savart law, then one

can consider an alternative weak formulation: the vorticity-stream weak formulation. It consists in resolving the weak
form of (1.3) in terms of vorticity w = curl(u):

0w+ (u-Vyw=0, (1.4)
supplemented with the Biot—Savart law:
i
u=Kx*w, withKx)=——.
27 |x|?

The questions of existence/uniqueness of weak solutions have been extensively studied (see [10,7,25] for instance).
We emphasize that, unlike the fixed-point argument, the compactness method does not guarantee the uniqueness of the
solutions and then the two issues (existence/uniqueness) are usually dealt with separately. Existence and uniqueness of
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weak solutions to the Euler system were originally addressed by Yudovich in [32] in the context of the Euler equations
where the existence and uniqueness of weak solutions to 2D Euler systems (in a bounded domain) are proved under the
assumptions: ug € L and wy € L>°. Many works have been dedicated to the extension of this result to more general
spaces (see [28,15,21,9,30,31,33,14,17,20] for instance). In [6] we have extended Yudovich’s result to some class of
initial vorticity in a Banach space of BMO-type which is strictly imbricated between L° and BMO for which one has
the following three fundamental properties: global existence, uniqueness and regularity persistence.

1.3. The inviscid limit and the main results

The problem of the convergence of smooth viscous solutions of (1.1) to the Eulerian one as & goes to zero is
well understood (in the case of the whole space of the torus). Majda showed that under the assumption v° € H®
with s > d + 2, the solutions (#®).~¢ converge in L? norm when & goes to zero to the unique solution of (1.3). The
convergence rate is of order (st)%. This result has been improved by Masmoudi [26]. For Yudovich type solutions
with only the assumption that the vorticity is bounded this question was resolved by Chemin [11].

We now come to describe our results, and we first point out that all the current work is concerned with Navier—
Stokes system in the whole plane R?. The first result of this paper is the following (see Section 2 for the definitions of
the spaces).

Theorem 1.1. Assume p € [1,2). Let ug € L>(R?) be a divergence free vector field such that wo € L? N LBMO and
ug (resp. u) be the solution of (NS;) (resp. (E)). Then, for every T > O there exist C = C(ug) and g9 = eo(ug, T) such
that

42 (@) = u ()] 2 g2, < (Cre)2 PO v €10, T1, Ve < g0

Remark 1.2. In [6] the global existence and uniqueness for 2D Euler with initial vorticity wg € L” N LBMO have
been proved. The additional assumption ug € L?(RR?) is easily propagated and we get u € L>°L?.

The second result is the counterpart version for more regular initial data, with an improved rate of convergence.

Theorem 1.3. Assume p €[1,2). Let ug € L2(R?) a divergence free vector field such that wy = curl(ug) € L? N Lmo.
Then there exists a unique solution of the 2D incompressible Euler equations (1.3) such that, for every § € (0, 1),

w € L ([0, 00); L*mo N LP), where'
at)y=1-+1, 0<t<8,
=1-5, >34

Moreover for every T > 0 and every § € (0, 1) there exist C = C(ug, 8) and g9 = eo(ug, T, &) such that

4 @) = u(®)] 2z, < (C1e)2PD. Vi [0, T], Ve <eo,
with

B(t) =max(1 -8, (2 — eC’)§).

Remark 1.4. The first part gives the global existence of solutions for the Euler equations, with a loss of regularity as
small as we want (since 1 — & < o <1 and § is arbitrary small). This improves some results of [12] in the particular
situation of L%*mo with a = 1.

Remark 1.5. The order rates of convergence (of Theorems 1.1 and 1.3) are equal to % at ¢t = 0 and then they are

decreasing with the time. Moreover, the order of rate of convergence in Theorem 1.3 is bigger than % (for § as small

([0, 00); L¥mo N LP) if

! For a given function o : R — R¥ we say o € L

C

tes[l(;?T] Hw(t)H Lo monLp < 09 VT > 0.
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as we want) which is just below the optimal rate in the case of % strong solutions. This rate beats all of the previous
rates of convergence for weak solutions: for example, the rate given in the case of weak solutions with bounded
vorticity is exponentially decaying in time [11]. See also [13] and [23].

Remark 1.6. Since the L*>°-norm of (u®).~¢ is uniformly bounded then, by interpolation, the convergence to the
Eulerian solution u# holds in every L9 with g € [2, +00[.

The uniform (with respect to the viscosity parameter ¢) bound of the family of solutions to (1.1) in the adequate
space remains essentially open. The difficulty is due to the nature of BMO-type norms which prevents us from dealing
with a transport and diffusion at the same time. To overcome this difficulty we use an idea which is based on Trotter’s
formula: we discretize time and alternate the Euler and Heat equations in small time intervals and then let the length
of the interval go to 0. The implementation of this algorithm is heavily related to the values of the universal constants
appearing in the logarithmic estimates. In the favorable case this gives us a local uniform bound of solutions to (1.1)
in the adequate space. To explain this let us recall first logarithmic estimates. For @ is defined on ]0, +oo[ x ]0, +o0[
one denotes

1Vl kg = sip<1>(|w(x> =¥ lx = yl).
XFy

for every 1 a homeomorphism on R<.
A logarithmic estimate in some functional Banach space X is of the form

Ifovla < [Ci+ Caln(I1¥lcam) ]Il Fllx

for any Lebesgue measure preserving homeomorphism . The constants C1, Cy are of course universal and C ()
a constant describing the required regularity of ¢.

These estimates arise naturally in the study of transport PDEs, associated to a free-divergence vector field. Indeed,
such a vector field gives rise to a bi-Lipschitz measure preserving flow, which plays a crucial role for solving the
transport equation. In [31] Vishik obtained a logarithmic growth for the Besov space (X = Bgo,l and Lipschitzian
flow) with applications to Euler equation. More recently, the authors have proven a similar result for ¥ = BMO and
Lipschitz flows [5] and X = L? N LBMO [6]. In the last case, the flow is not Lipschitz and @ is defined by
max(llt_‘}ﬁfi)‘l, lﬁjl{;“(;)‘l), if (1—s)(1—7r)>0,

(A4 Ins))(1 4+ |Inr|), if (1 —s)(1—-r)<0.

In these results the sharp values of C| and C, are not important so no attempt to determine these values were made.
Our conjecture about this issue is:

D(r,s) = {

Conjecture 1.7. In both cases considered in [5,6] the constant Cy can be taken equal to 1.

We are able to confirm this conjecture only in the BMO-case and L*mo-case with a bi-Lipschitz flow ¢. More
precisely we have the following improvement of a result in [5] for the composition in BMO.

Theorem 1.8. In RY, there exists a constant ¢ := c(d) such that for every function f € BMO and every measure-
preserving bi-Lipschitz homeomorphism ¢, we have

If o ¢liBmo < Il flIBMO[ 1 + clog(K )],

where

K (¢) = Ky := supmax
XFEYy

<|¢(X)—¢(y)l lx —yl )
x=yl Tle) oI/

Remark 1.9. In [5], such result was already obtained with a control by c{[1 + clog(Ky)] with an implicit constant c;.
The aim here is to improve it by proving that ¢; may be chosen equal to 1, which brings an important improvement
when the map ¢ converges to the identity or any isometry (which is equivalent to K4 converging to 1).
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As an application, our second result is then the following:

Theorem 1.10. Take p € [1,2) and o > 1 and set By o := LP N L¥mo. Then for every ug € L?*(R?) a divergence free
vector field such that wy =rotug € B, o there exist T = T(llwollB,, ) and Co = Co(llwollB,, ) such that the family
(u®)e=0 of solutions to (1.1) satisfies the following bounds uniformly with respect to € > 0:

”“8 ”LOC([O,T],LZ) + ”mt(”g) ||L°°([O,T] Bp.o) = Co.

The same holds for the fractional Navier—Stokes equations (1.2).

The remainder of this paper is organized as follows. In the next section we describe some preliminaries about
functional spaces and how they appear in the study of 2D Euler equation. Theorem 1.1 is proved in Section 3. Section 4
is devoted to the study of the Euler equations with initial vorticity in Lmo, Theorem 1.3. Then in Section 5, we prove
Theorem 1.10 by a discretization scheme.

2. Definitions and preliminaries on functional spaces

In this preparatory section we recall some definitions of useful functional spaces and we give some results which
are needed later.

2.1. The scale of L*mo spaces
We first define the L*mo spaces.

Definition 2.1. Let « € [0, o0) and f : R — R be a locally integrable function. We say that f belongs to L%mo if

1
1 2 2
1f lzemo = sup [Inr|*(Avgg|f — Aveg f17)7 + ( sup /|f(x)| dX) <00,

O<r§% |Bl=1

where the first supremum is taken over all the balls B of radius r < 5. For convenience, L'mo is denoted by Lmo.

Remark 2.2. As dictated by a variant of John—Nirenberg inequalities (see [18.3]), if we replace the L?-control of the
oscillations by an L?”-control for some p € [1, 2) then we obtain an equivalent norm.

We also recall the functional space LBMO, introduced in [6].

Definition 2.3. The LBMO-norm is defined by

Aveg, (f) — Aveg, (f)
1 lemo = | flamo + sup —rgsl) — Aves, (D]

—Inrp
BBy I +1In (1 1an2)

where the supremum is taken over all pairs of balls By and B; in R2 with0 < r B <land 2B, C B;.
Remark 2.4. We gather here some easy properties of these spaces:

(i) All the spaces defined above are Banach spaces.
(ii) If & < B then LPmo c L¥mo.
(iii) If o =0 then L*mo corresponds to the intersection between bmo (the local BMO space) and L
uniformly locally integrable functions).
(iv) For o > 0 and p € (1, 00), the space L¥mo N L7 is included in BMO N L?.
(v) The convolution operator by an L!-normalized function is a contraction on all these spaces.

(the space of

uloc

The following lemma will be used in the sequel.
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Lemma 2.5. For a > 1, we have the continuous embedding L*mo <> L*°. The condition a > 1 is optimal, since there
exist non-bounded functions belonging to Lmo.

Proof. Let x be a fixed point of R? and consider B(r) = B(x, r) the balls centered at x. Then for a function f € L%mo,
it is well-known that we have for n > 1

n

|AVE gy [ — Avgpy f1 = ZlAVgB(H) | — Avgpo-k+1y fl
k=1

< llzemo Y (1 +K)7%.

k=1

Since o > 1 then the sum is convergent and so we deduce that
liI’IlSllp|AVgB(2—n) f| S ”f”LO‘mo-
n—oo
Since f is locally integrable, the differentiation theorem allows us to conclude that f € L* and

If Nz S Il Lemo-

For the sharpness of the result, we refer to [4, Proposition 2] where the function x — log(1 — log(|x|))1 <1 is
shown to belong to Lmo, in R%. O

We also need the following result:
Proposition 2.6. For every o > 0 and p € (1, 00), the space L*moN LP is stable by the action of any Riesz transforms.

We do not write the proof since it is essentially the same as the one in [27] (Theorem 1.1) except that we work
here with the local version of BMO-type spaces. What happens on the larger balls (ball of radius larger than 1) can be
easily studied using the L? norm.

In the sequel we will use the following interpolation lemma.”

Lemma 2.7. There exists C = C(n) such that the following estimate holds for every r € [2, +00) and every smooth
function f

I £l = Crilfll 2nBmo-

Proof. We consider the usual Hardy—Littlewood maximal operator:

1
M(f)(x) = sup — /|f<x>|dx = sup Avgg| f -
B>x |B| B>x
B
Let A := || fllBmo, , where BMO,. is the BMO-norm with oscillations controlled in L" and set
Ey={x:M(f)(x)>1r}.
Let (Q;); be a Whitney covering of E,. We have in particular
Qi CE, and 40; ﬂEi 0,

which implies

Avgyp,IfI<A andso Avgy (f) <4"A.

2 The main point in this lemma is the linear dependence of the interpolation constant. Actually, the interpolation itself is well known [22] but we
haven’t found in the literature this type of constants. For the sake of completeness we give the proof.
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One has, for every i € N,

1/r 1/r
(/|f(x)|’dx) < </|f(x) —Ang,.<f)|’dx) +4"2]0i|""
Qi Qi

< 101" (I fIBmo, +4"2)
< CalQil"" 1 f IIBMO, »

where C = C,, is a constant depending only on the dimension n. Summing on i € N one gets

|f@)|"dx <> [ |f0)] dx
/ /

o
S GlE fIsmo, »

where C is a universal constant. But, by maximal theorem (see [22] for instance),

|EAl S A2

This gives

/ £ OO dx < Coa21F 121 Wngo,

<Chllf Izl f nto, -
Trivially one has
|f(0)] <M(f)(x) <A, VxeEf.

This yields, via Holder inequality,

/If(x)l dx < (/lf(x>| dx)ﬂfnLOO(E(

< ||f||2 A2

< 1£1321f Igao, -
Finally, we get

/|f(x)| dx < C"|I £l 211 f gnto,

where C = C(n) is a universal constant.
One of the direct consequences of the John—Nirenberg inequality is (with I'-function satisfying I"(r) < r")

1
I flBMo, @) Sn (P T (1) 7 1| f IBMO(R?
Sarll fllBMO®?) -
Thus, we obtain finally

2 2
1—2, 2 1-2
1Al Snr P 1IN f lgvo

2 1-2
S I Igmos

as claimed. O

603
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2.2. Regularity estimates on the flow for L*mo vorticity

We first aim to obtain information on the regularity of the velocity vector-field u, associated to an L¥mo-vorticity w
via the Biot—Savart law:
1L

u=K*w, withK(x):zx

Let us first recall the following definition.

Definition 2.8. We say that a function f : R> — R? belongs to the class LA L for 8 € [0, 1] if

Lf ) = F)I
x — yllnlx — y||?

I fllpsr :==  sup + 1 fllze < oo.

0<|x7y|<% |
Note also that the space L? L may also be equipped with the following equivalent norm:

Il fl 6L = sup |f ()= f(Y)
vty [X = y[(1+|Injx — y||#)

+ 1 fllze.
For 8 = 0, this corresponds to bounded and Lipschitz functions and so L°L will be denoted by Lip.
We first give a refinement of [4, Proposition 5].

Proposition 2.9. For p € (1, 2), there exists a constant p such that for every a > 0, and every vorticity w € L*moN L?
the corresponding velocity u given by (2.1) satisfies the following:

o Ifae[0,1) thenu € L'~ L with

0
lullpi-op < m”wllmmomu:

o [fa > 1 thenu € Lip with
po
lullLip = — llwllLemonLr .
a—1

Proof. The L°°-norm of u can be easily bounded. Actually, a direct consequence of the Biot—Savart law yields

lullzoe < 1K Lppi<tliee @@y + 1K L1l 0@ ],
= CP(”w(t) “L"‘mo + ||w(t) ||Ll’)’
where p’ is the conjugate exponent of p and where we used (since 1 < p < 2) that LY C LPNBMO C L? N L%mo.

For « € [0, 1), we follow the same proof as in [4, Propositions 1 and 5] and keep track of the behavior of implicit

constants with respect to o (more precisely, we use that Z,I:]: s ﬁN I=ery,

For a > 1, consider w € L*mo. Then denote by Sp, (A,),>0 the standard Littlewood—Paley projectors. The fol-
lowing inequality holds (see [4]):
[AnwliLe S (1 +m) "ol Lemo-

Invoking Bernstein inequality and the well-known® |V A u| 1= >~ || Ao L

u(x) —u()| < x = Y[ VSo@) | oo + 1x = ¥ D IV Apl| oo

n>0

3 We recall that Vu = R(w) for some Riesz transform R.
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<lx = ylllullze +x =y AL

n>0

<lx - y|<||u||m +lollzamo ¥ (1 +n>“).

n>0

The first part of the proof and the easy fact ), (1 +n)™% =~ ;% conclude the proof. O

For a time-dependent divergence-free vector-field u := Rt x R? — R? we define the flow ¥ (z, -) as the solution
of the differential equation

Iyt x)=u(t, ¥, x),  ¥(0,x)=x.

We have the following regularity:

Proposition 2.10. (See [4, Proposition 6].) Let u be a smooth divergence-free vector field and v be its flow (and ¥~
its inverse). Then there exists a constant n (independent of u) such that for every non-increasing function o : Rt —
(0, 1] and for every t > 0 we have

_vl|1—a()
=y1#£0 = |yF ) —yE )| < lx — ylenV Ol

where
t
1403 :=/||u(r)||L1,a(,)Ldr.
0

We do not repeat the proof, since it is exactly the same one as detailed in [4, Proposition 6], where the implicit
constants are shown to be independent of «.
Similarly we have the same for a Lipschitz-velocity, which is more well-known:

Proposition 2.11. Let u be a smooth divergence-free vector field and r be its flow (and ¥~ its inverse). Then there
exists a constant n (independent of u) such that for every t > 0 we have

[t ) =",

where
1t
V(t) = /”u(r) ||Lipdr.
0

3. Inviscid limit for an initial vorticity in LBMO, Theorem 1.1

Proof of Theorem 1.1. This proof, which follows a rather classical scheme,* is based on two main ingredients: the
control of the BMO-norm of the solution of (E) (proved in [6]) and the refined expression of the constant appearing
in Lemma 2.7.

It is well-known since [24] that the bidimensional Navier—Stokes system (1.1) with initial velocity in L? has a
unique solution u® satisfying

t
| )]7 +2g/||w€(t/) |2,dt" = luol2,, Vi =o0.
0

4 See [11] for instance.
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The vorticity o® := 01u5 — du] satisfies the following convection—diffusion equation
0;0° +uf -V —eAo® =0, wft:O = wy.

The classical L? estimate for this equation yields
lo®®],, <llwoliLr, Vt=0.

Let U® =u® —u and 7% = P® — P. One denotes also £2¢ = w®* — w, where o is the vorticity of u® and w is the
vorticity of u.
The vector field U¥¢ satisfies

QUE +ut - VU +Vrt =U*® -Vu+eAu®, xeR% t>0,
V.U? =0,
Ufi_y=0.

The energy estimate gives

d 2
Ul = U v, Uf) [+ e Vu || L[ VU7 2
<I+Il
By L2-continuity of the Riesz-operator one has, for every f € [0, T],
1 =efof | (o] 2+ lloll2)
<eCy.
The last estimate follows from the uniform bound of the L? norm of the vorticities.’
On the other hand, by Holder inequality and the continuity of the Riesz-operator one gets, for every g > 2,
1< /|Vu(t, 0| |UF @, 0| dx
R2
< IVullza U
Using Lemma 2.7 we infer
1 SJ q ||Vlzl ||L20BMO ” Ué3 ”izq/ .
The continuity of the Riesz operator on L N BMO yields®
ST CICI S RO %
< qCoe“ | US (1) 72y

where we have used Theorem 1.1 in [6] (Co = Co(||wo|lLrnLBMO))- Using the Holder inequality and the Biot—Savart
law one obtains

g2 < & % & 2_%
U2 S NUF] 2 U7 2
2 22
slelnslve] e
e 2 e 27%
S (]| pongs +1elionrs) * JUE] 2"

2
Since ||w®(¢) ||Z PAL3 is uniformly bounded then the outcome is

5 By interpolation between L? and BMO we know that wy € L" for every r € [p, +00l.
6 The continuity of a Riesz operator on BMO was proved in [27], see also Proposition 2.6.
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d 2-2
Ttz = Cole + e Ue] 2 7). (3.1)

for all ¢ > 2 and some constant Co = Co(||wo||LrnLBMO)-
Take g¢(¢) := ||U’3(t)||%2 and define T¢ < T the maximal time:

1
T¢ := max{t <T: sup g°(r) < —2}.
7€[0,¢] e
For every t € (0, T?) one chooses ¢ = —In(g®(¢)) in (3.1) to get
&°(1) < Co(e — e In(g" (1)) " (1)).
Integrating this differential inequality, we get

1
g°(1) < Coet + / —Coe®" In(g* (1)) g (¢')dr'.
0
Assuming CoT gp < 1 and applying Lemma 3.1 below, we get
—ln(—ln(gs)) +1n(—ln(C0t8)) < (ec‘)’ — 1), vVt < TE.
This yields, for all t < T*
g° (1) < (Cote)’,
with B(1) = exp(1 — ¢€0). In particular,
g5(1) < (Cote)PV, vee[0, T

If we assume that g satisfies also
1
(CoTep)’ ™) < —
e

we get T¢ =T, for all ¢ < gy.
This gives finally and so

g (t) < (Core)P VD, Vi el0,T], e <eo,

for some constant Co = Co(||wo||LrnLBMO) and &9 = eo(||wollzrnLBMO, T), as claimed. O

The following Osgood lemma is a slight generalization of [2, Lemma 3.4] for which the function c is constant and
its proof is an easy application of it.

Lemma 3.1 (Osgood lemma). Let p be a measurable function from [ty, T] to [0, al, y a locally integrable func-
tion from [ty, T1 to RY, and p a continuous and nondecreasing function from [0, a] to RT. Assume that, for some
nonnegative nondecreasing continuous c, the function p satisfies

t

p(t)5c(t)+/y(r’)u(p(z’))dt’.
0]
Then
13

~M(p) + M(cw) = [ y(e)ar.
1o
with

o1
M = dr.
0 x/u(r) "
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4. Inviscid limit for an initial vorticity in Lmo
4.1. Existence and uniqueness of global solution for Euler equation with an initial vorticity in Lmo

In this section we will use Propositions 2.9 and 2.10 to prove that if we solve the 2D Euler equations with initial
vorticity wo € Lmo = L'mo then given § > 0, w(t) € LY®Dmo where «(r) is a continuous function with «(0) = 1 and
a(t) > 1 —4 for all 0 <t < oo. Prior to stating the precise theorem, we will make a few comments on the previous
results in this direction. It was proven in Vishik [31] that if w satisfies

n
D lA ool S (), (4.1)
-1

with a positive and increasing function IT which is such that the series D, ., IT (n)~! diverges, then we can solve the
Euler equations globally in time and for every ¢ > 0 we have

n
Y aje®] o SniI@m). (4.2)
-1
where the constant gets worse in time depending upon wy.
In particular, this result in Besov spaces flavor proves some propagation of the initial regularity but with a loss.
Let us then consider the space Lmo. It is easy to see that for wg € Lmo then (4.1) is satisfied with I1(n) = log(n).
Applying Vishik’s result gives us a solution of Euler equations satisfying (4.2). We claim that indeed the solution is
better and satisfies for # > 0 and any § > 0

Y lajem] . S0’ (4.3)
-1

(still with implicit constants depending on time and on wg). This will be a consequence of the following theorem
(since w(t) € L'~°mo implies (4.3)). So by this way, Lmo appears as a subspace of vorticities satisfying (4.1) with
IT =log where we improve Vishik’s result and the loss of regularity is as small as we want (in terms of exponent of n
in (4.3), improving (4.2)).

We now state the main theorem of this section.

Theorem 4.1. Let 0 < § < 1 and p € [1, 2) be given. Suppose that wy € Lmo N LP. Then there exists a unique solution
of the 2D incompressible Euler equations such that w € Li’o‘;([O, o0); L¥mo N LP), where

at)y=1-+1, 0<r<é
= 1 — 8, > 82.
Moreover, for some constant C = C(wq), we have

Cot
”w(t)”LO‘(’)moﬂLp = CO CXP(%)

Remark 4.2. We can take any function « of the form
a(t)=1—1", 0<t<s'/r,
=1-5, t>38'°,

for some p € (0, 1) and § > 0.
The reason that p = 1 is not admissible is that the regularity loss must be enough so that
t =0, as will be clear from the proof. We do not believe that this is an artifact of our proof.

1_%% is integrable near

The proof of Theorem 4.1 relies on Proposition 2.9 and Proposition 2.10 as well as the following:

Proposition 4.3. Let p € [1,2), a € (0, 1) and i be a homeomorphism (preserving the measure) such that for every

XF#Yy
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‘la

[y ) — yE )] < |x — yleV P!

for some constant V. Then for every wg € L*mo N L?
oo (¥ ™) Lemonzr S A+ V) llwoll Lamontr- (4.4)

We then easily deduce the following corollary:

Corollary 4.4. Let fix p € [1,2), « € (0, 1) and  be a homeomorphism (preserving the measure) such that for every
xXFy

_yl|l—a
[y ) — )| < x — pleV =

for some constants V, . Then for every wy € Lmo N LP,

lwo(¥ ™) eporrr < (1 + V) llwollLmonLe- (4.5)
We only prove Proposition 4.3.

Proof. Since i preserves the measure, the L? norm is conserved. Hence, we only have to deal with the homogeneous
part of the L¥mo-norm. Let B be a ball of radius r < % then

1
Avgp|f — Avgg f1 < (Avgglf — Avgg f|2)2
1
= inf(Avep| f — CP?)2,

where the infimum is taken over all the constants C > 0.
Applying this inequality for f = = wo(¥ 1), it comes for every ¢ > 2 and every C > 0,

1
Avgglo — Avgg o] < (Avgg|wo(y) — C|7)

1
= (Avgy () loo — CI7)
Due to the modulus regularity of ¥, if B is a ball of radius r then ¥ (B) is included in B a ball of radius

So, for every C > 0

1
Avgglo — Avng|<( ) (Avglwo — C|P)¢

’Qh\)

1
AvgB|a)0 - C|‘1)‘1

N | Oa|bc1

/—\

2y 1- 1
a1 (Avg s lwg — C17) 7.
Then we may chose C = Avg 7 wo and using the L*mo, regularity of wp, we obtain

2y r|l-

Avgplo — Avgg ol <ed |lnr|_a”w0”Lo‘moqa

where L%mo, is the L*mo-space equipped with the equivalent norm involving oscillations in L9. Using the John—
Nirenberg inequality, we estimate’

7 We note that using Proposition 4.6, this inequality may be weakened with a growth of order q5 for § > 0 and maybe just some logarithmic
growth on ¢. Unfortunately, this improvement does not really help to get around the (as small as we want) loss of regularity from the initial condition
w € Lmo and the solution. We just point out that taking into account this improvement, the solution can be shown to live into a Morrey—Campanato
space smaller than LYmo with only a log — log loss of regularity. Without details, we could bound the oscillation on a ball of radius r by l()gll(gg%

|57l

instead of |log(r) as we are doing here.
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llwoll Lamo, = CqllwollLamo.
for a universal constant C. This yields

2Vinr|'-

AVgB|w_AVgB Cz)| = quq |1nr|7a||w0”L°‘m0-

Optimizing in ¢ > 2 (which means to chose g =2(V + 1) [Inr|i—®) gives
Avgplo — Avgg ol < C(1+ V)lnr|' = [Inr| = o]l Lomo-
Hence

IIn(r)|* Avgglo — Avgg | < C(1+ V)l|lwoll Lemo- ]

Proof of Theorem 4.1. Using Propositions 2.9, 2.10 and Corollary 4.4, we get the following a priori estimate:

t

1
”CL)(I) ”L"(’)moﬂLz S ||CUO||LmomL2 (1 + C/ m ”Cl)(s) ”La(s)moﬂLz ds) . (46)
0

We are free to choose «(¢) as we wish in order to get something useful out of the previous inequality. We wish to
choose « so that «(0) = 1. However, in order that inequality (4.6) not be an empty inequality, we will need o (?)
to decrease very sharply near t = 0 in such a way that l%x(t) is integrable near ¢ = 0. To simplify things, we will
define «(¢) in the following way:

at)y=1—+1, 0<t<8,
a(t)=1-35, t>8°

Note that « is continuous on [0, 00). Using Gronwall inequality for (4.6), we see that w satisfies the following a priori
estimate:

|| w (t) || Lo monL2 S || o ”LmoﬁL2 exp(cy (t) ” wo ”ngﬂL2) ’ (47)

where

t

1 25,  1€[0,8%]
y(t)z/lidsz ; 5
—a(s) d+3, tels, ool
0

The easy fact that y (¢) is bounded by 2 + % concludes the proof (remember that § < 1). O
4.2. The inviscid limit when wo € Lmo, Theorem 1.3

In this section we will prove a sharper result on the rate of convergence in the inviscid limit of the Navier—Stokes
equations in Theorem 1.1 when the initial data is taken in Lmo. Indeed, in the proof of Theorem 1.1, all we used is an
a priori estimate on u in BMO. However, when we take initial data in Lmo, we will be able to use a priori estimates
on L'~%mo for all 8§ > 0. This fact, coupled with a sharper version of Lemma 2.7 in the L¥mo case will allow us to
give a better rate than the ¢ from Theorem 1.1.

In particular, we will be able to prove the following theorem.

Theorem 4.5. Assume p € [1,2). Let ug € L>(R?) be a divergence free vector field such that wg € Lmo N LP. Then,
for every T > 0 and for every 6 € (0, 1) there exist C = C(ug, §) and &9 = eo(ug, T, 8) such that

& LB
|u® @) —u@®) | 2 g2y = (CTe)2, V1 €[0,T], Ve <&,

eCor —1\73
ﬁ(t):max(l—B,(l— > ) >

with
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To prove this theorem we will rely upon a generalized version of the John—Nirenberg lemma in L%mo.

Proposition 4.6. Let o € [0, 1), then there exist C1 and C, depending only upon the dimension and 0 < o < 1 such
that given any cube Q in R", any function f € L*mo and any A > 0,

[{xeQ:|f) —Avgy f] = 2}| = Ci exp(—”f%klla)Ql.

The proof of this proposition can be found, for example, in the paper of Caffarelli and Huang [8, Remark 2.4] and
in the work of Spanne [29]. The proof is a simple adaptation of the original proof of the John—Nirenberg inequality
using the Calder6n—Zygmund decomposition.

Based upon this proposition, we have the following John—Nirenberg inequality (uniformly in r >> 1)

1—
”f”L”mor ,S r a”f”L”mm
where L*mo, stands for the L*mo-norm with oscillations controlled in L”. Then, one can use the proof of Lemma 2.7

to prove:

Lemma 4.7. There exists C > 0 depending upon o € [0, 1) such that the following estimate holds for every p €
[2, +o0[ and every smooth function f

1—
I lLr = Cp N fll 2nLemo-

Proof of Theorem 4.5. Theorem 4.5 follows from the proof of Theorem 1.1, replacing Lemma 2.7 by the last one.
With the same notations, g#(¢) := ||U®(¢) ||i2 and

Té := max{t <T: sup g°(1) < l}.
t€[0,1]
Repeating the same calculus as in the proof of Theorem 1.1 we get for every 6 € (0, 1):
t
§°(1) < Cet + / e [in(gt ()| g (1) dr
0
with C = C(|lug|lLrnLmos §). Using Lemma 3.1 we infer
—|In(¢) |’ + |In(Cre)|” <€ —1, Vi <T".
This yields
lIn(g°)()|* = [In(Cre)|* — (" — 1)
> B(1)°[In(Cre)|’,

with

ol eCz -1 %
— — — s T Mn(Cre)ld
B(t) = max(l J, (2 e ) ) = (l |ln(Ct8)|8) .

The previous inequality holds for ¢ < g9 where ey = eo(ug, T, 8) is chosen so that:

>z<1—8)5.

Then we conclude by reproducing the same reasoning as for Theorem 1.1, with these slight modifications. O

eCT -1

In(CTep)|>1 and (1— ————
[In(CTep)|
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5. Uniform estimates for solutions of Navier—Stokes equation with a vorticity in L%mo for o > 1

In this section, we aim to describe more results when we assume that the vorticity is more regular, and more
precisely when wgy € L*mo for some « > 1.

Remark 5.1. When the velocity u is associated to an L*mo vorticity for some « > 1 by the Biot—Savart law (2.1), the
combination of Lemma 2.5 and Proposition 2.6 yields that u is Lipschitz.

We first aim to prove a slight improvement of results in [5], about composition in L*mo-spaces by a bi-Lipschitz
measure-preserving map.

5.1. Composition in L*mo by a bi-Lipschitz map

Theorem 5.2. In RY, there exists a constant ¢ = c(d) such that for every function f € BMO and every measure-
preserving bi-Lipschitz homeomorphism ¢, we have

If o @lmo < Il flIBMO[1 + clog(Ky)],

where

K (¢) = Ky := supmax

<|¢(X)—¢(y)l lx — yl )>1
xX#y B

x =yl 1) — oK)

Remark 5.3. Let us first point out that this property of BMO space is not invariant by changing with an equivalent
norm. So the precise statement should be: there exists a norm such that Theorem 5.2 holds for BMO equipped with it.

Remark 5.4. In [5], such a result was already obtained with a control by (on the r.h.s.) ¢i[1 + clog(Ky)] with an
implicit constant ¢; > 1. The aim here is to improve by proving that ¢; may be chosen equal to 1, which brings an
important improvement for when the map ¢ converges to the identity or any isometry (which is equivalent to Ky
converges to 1). This improvement will be very important for our purpose in the next subsections, as we will see.

Proof of Theorem 5.2. We will consider the norm of BMO, based on L2-oscillation. If Ky > 2 then the desired
result was already obtained in [5] since then

1+ clog(Ky) =~ log(Kyp).

So let us focus on the more interesting case, when Ky € [1, 2]. Consider such a function f € BMO and map ¢. Fix a
ball B = B(xg, r) and look for an estimate of the oscillation

Osc(f o ¢, B) := (Avgg|f o ¢ (x) —AVng°¢|2)%~

Then, it is well-known that

Osc(f o b, B) = inf (Avgy|f o) — C[?)?

inf
CeR
and so in particular
2\ 1
Osc(f o, B) < (Avgy|f 0 p(x) — Avey, 3 f|')7,

where B := B(¢(xo),r) and Kd,f? is the dilated ball. Using the measure preserving property and the fact that
¢»(B) C K¢§, it comes

Ose(f o6, B) < (Avgyp)|f — Aveg, 5 /1)

< (Kg)"*(Avgg, 3l f — Aveg, 3 1)

d/2
<Kyl f IBmo.

=
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Since Ky € [1, 2], we have

Ky =1+ Ks =) <1+01(Kg — 1) <1+ calog(Ky),

for some numerical constants c1, ¢ only depending on the dimension d. We conclude to the desired estimate: uni-
formly with respect to the ball B

Osc(f o ¢, B) < [1 + clog(Ky)]Il f IBmo- ]
We can also produce a similar reasoning for the L*mo spaces:

Theorem 5.5. In RY with « > 1, p € (1,2, there exists a constant ¢ ‘= c(d, «, p) such that for every function f €
L%mo N L? and every measure-preserving bi-Lipschitz homeomorphism ¢, we have

I £ 0 dllLemonrr < Il fllLemonrr[1+ clog(Kg)]”,

where

K (¢) = Ky := sup max
XFEy

<I</)(X)—¢(y)l lx —yl >>1
x=yl o) —oWI/)

Moreover, « — c(d, a, p) can be chosen increasing on RT.
The importance of the result is the behavior for ¢ almost an isometry, which means K almost equal to 1.

Proof. Since the case of the logarithmic growth for K4 > 2 was already studied in [5], we only focus on the case
K¢ € [1,2]. We first describe the norm we will consider on L%mo N L?:

I fllzemonrr = I f | o + 1 Fllr

where the L¥mo-part is the homogeneous part, obtained by considering L !-oscillations and more precisely:

1f | e == sup |Inr|inf(Aveg|f — cl).

1
O0<r=<3

We know that this norm is equivalent to the above defined norm for L*mo N L?. So let us work with this norm and
write

Osc(f, B) := ilclf(AVgB|f —c).

First @ preserves the measure so || f o @||L» = || f|lLr. Let us consider the same notations as in the previous proof.
So we fix a ball B = B(xg, r) of radius r < % and a constant c. If Kyr < % then we just repeat the previous reasoning
and we get

Osc(f o ¢, B) < (Kg)? Osc(f, Ky B)
< (Kg)! [log(Kgr) |~ 11f | g < (Kp)? (1 + log(K))* [log () |11 f | o

where we used that

[log(r)| _ log(Ky) <1 log(Ky)
[log(r)| — log(Kg) [log(r)| —log(Ky) — log(2) *

Since Ky € [1, 2], we have (since o > 1)

(Kp)? (1 +1og(Kg))" < (1 +clog(Ky))

for some (large enough) numerical constant ¢ > d + «. We then conclude to

Osc(f o ¢, B) < (14 clog(Ky)) [log()| ™I £ | zoms-
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If Kyr > % (which means that r > }T) then we know that

|Avey gl f1 — Avegl f1] S (Kp = DI fllze

since ¢ (B) C K¢t~? and K(;I[? C ¢ (B) so that

|¢(B)\ B| +|B\ ¢(B)| < (K — Dr?.

Due to Lemma 2.5, we deduce that

|Avgy )| f1 — Avgs| fI] S (K — DILf | Lamo-

Consequently, it comes
Osc(f o, B) = irclf(Avg¢(B)|f — cldx)
< Osc(f, B) + C(Kg — DI fll Lamo
< [log™)| "I £l gz + C (K — DI f Il Lemos
1

where C denotes here a universal constant and may vary from line to another line. Since r > ; we get

Osc(f o ¢, B) < [log()| ™ (I f Il zayg + C(Kg — DIl £ Il Lmo).-

Finally, we also obtain that

I fodllLrnremo < (14 C(Kg — 1) 4 clog(Ke)) | fll Lrnzemos
and we conclude since for Ky € [1,2], (Kg — 1) Slog(Ky). O

5.2. Uniform estimates for discretized solutions of the 2D Navier—Stokes equation

In this paragraph the small parameter ¢ in Navier—Stokes equation (1.1) is fixed. For simplicity we drop the in-
dex . We aim to discretize this equation, using the so-called Trotter’s formula to combine the two phenomenons: the
transport part and the diffusion part.

Let T > 0 to be chosen later. For every n € N* one denotes
Ti’lziz, i=0,...,n.

n

We consider the following scheme: for every n € N* one constructs u” as follows:

e u" belongs to C([0, T, L?) with the initial condition
u"(0) = uo,

o ift €[], T/ Jwithi €2Nandi <n

{9u" —2eAu" =0, xeR% >0, (5.1)

° ifte[]}",]"l.'_"_l]withi€2N+1andi<n

{8,u"+2u"~Vu"+2VP":O, xeR2 >0, 52)

V.u"=0.

Let us note that u” exists and it is smooth. In fact, the first step (i = 0) preserves the divergence free condition and
regularizes the solution and so that u"(T}') € H ®(R?). By the classical result of Kato, the Euler system (5.1) has a
unique solution on [77*, T;'] which belongs to H>°. And then we iterate the same argument to get a (unique) piecewise
smooth solution #” on (0, T].

Let us now give a more convenient form of the different systems (5.1) and (5.2), in terms of the vorticity " :=
curl(u").
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The system (5.1) can be exactly solved by the heat semigroup (since it preserves the divergence free condition and
commutes with the curl-operator), we may rewrite (5.1) as follows: for t € [T", T/ ;] withi € 2N and i <n

> Ti+l
0" () = ezs(t*Tin)Aw”(Ti"). (5.3)
The system (5.2) may also be written on the vorticity as follows: for 7 € [T}", T, ;] withi € 2N+ 1 and i <n
{B,w” +2u" - Vo' =0, xeRZ >0, (5.4)
supplemented with the Biot—Savart law:
i
uW'=Kx*xo", withKx)=——.
27 |x|?

As a consequence, we know that " () = " (T/") o¢t__1T,, where ¢z—T,." is the flow corresponding to the vector-field u”.

Then, our aim is now to prove that the family (u"), above is uniformly bounded on the interval [0, T'], as soon
as T is small enough (depending of the initial vorticity). More precisely, one proves the following with the notation
Bp.oi=L*moNLP:

Proposition 5.6. Let p € [1,2) and o > 1, wp € By o. There exists T ~ such that the family (0"),en+ is

1
ool By o
uniformly bounded in B, . More precisely,

H”n HLDC([O,T],LZ) + ”“n HLOO([O,T],Lip) + Hwn HLOO([(),T],B,,,Q) =2|lollB, .-

Proof. For h := % with n large enough such that 4 <« 7!, consider the discrete solution " given by (5.3) and (5.4).
We write X := ||a)(0)||3m and for k € {1, ..., n}

X = "t .
¢ [S,lzlcgl e ()HB”*“

If k e 2N and k <n — 1 then " on [kh, (k 4+ 1)k] is given by (5.3) and so by Remark 2.4
X1 < Xk.

If k€2N+ 1 and k <n — 1 then 0" on [T}", T}, ] is given by (5.4) and so from Proposition 2.9, Proposition 2.11
and Theorem 5.5, we have

Xiyr1 < Xpexp(uXih),

for some numerical constant  (here we have used that (1 + x)* < exp(ax) for x > 0).
As a consequence, the sequence (X) satisfies the following growth condition: for every k € {1, ..., n}

X < Xp—1exp(uXg—1h) (3.5)

where u is a universal constant.
By iteration, we deduce that

Xi < Xoexp(u(Xo+ -+ + Xx—1)h). (5.6)
Let us assume that X ; < 2X for every j < k then by (5.6) we deduce

Xk < Xoexp(uT2Xjp).
One chooses T such that

exp(uT2Xo) =2,
to conclude

X <2Xp. (5.7)

By iterating this reasoning, it comes that (5.7) holds for every k < n which combined with Propositions 2.9 and 2.11
gives the desired estimate. O
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5.3. Convergence to a solution of the Navier—Stokes equation

According to Proposition 5.6, there exists a subsequence (1), *-weak converging to u € L* ([0, T'], Lip) and such

that " *-weakly converges to w € L>([0, T, Bp o).

Proposition 5.7. The limit (u, w) is a solution of 2D Navier-Stokes equation
orw+u-Vo—eAw=0
and satisfies uniform estimates with respect to € > 0:

lwll o< o, 71,Lip) + llwll Lo 0,71,8,..) = 2lwoliB,,,

where T = T (wy) is given in Proposition 5.6.

This also proves Theorem 1.10 for the solution of Navier—Stokes equations. We let the reader to check that for the

case of fractional Navier—Stokes is exactly the same, since for o € (0, 1) the heat kernel of e

non-negative L!-normalized function (see [1,16]).

° is given by a

Proof. The corresponding estimates on u and w directly follow from the uniform estimates of Proposition 5.6. So it

remains us to check that (u, w) is a solution of 2D Navier—Stokes equation.
Let ¢ € C*([0, T[ x R?) compactly supported. For every 4 small enough, we have

nj2 sl T3
Z / <8,a)" —2e A", ¢)ds + / <3,w" +2u" - Vo', (b)ds =
=01y T

since each term is equal to 0.

Using the initial condition on the interval [T5;, T5;_, ;] and the vanishing divergence of u", it comes

T T5iso
/ (0, + 2" - Vo', §)ds = — / (o 4+ 2" Vs + ([ 9171
it Tit
and
T it
/ (00" — 26 A", p)ds = — / (", 3¢ +2eAd)ds + [0, ¢)]%+‘.
T; T;
So by summing over i, (5.8) becomes
T n/2 Tﬁ'+2 T2ri+l
(w0, #(0)) + / ", dp)ds — Z (", 2u" - V)ds + 2¢ / (", Ag)ds
0 =i 7

(5.8)

(5.9)

The family 8;u,, is bounded in L°°([0, T'], H~2). Using Ascoli-Arzela and Rellich theorems we get that (up to
extracting a subsequence) we may assume that the convergence of u” to u is strong in L?([0, T] x K) for every

compact K C R2.
Due to the weak convergence of w,, we get

T

T
/(a)", dp)ds = /(w, 9,¢)ds.
0

0

We have (using the notation of Lemma 5.8)
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n2 2(i+1)h

> [ o aolas= / (@0, (A ), )dr

i=0 ;L 1yn

Since w" = curl(u"), by integration by parts in the physical space we have

nj2 26+Dh T
> / (", Ap)ds = / (u" (@), (curl* Ap(1)), ) dt
i=0 ;L 1yn 0

Then using that (u,), strongly converges into L2([0, T] x K) (where K is a compact including the space-support
of ¢) and according to Lemma 5.8 (curl* A¢(¢));, weakly converges in L? then we conclude that

2 20i+Dh
lim ", Ap)ds = =
h—0 < ¢)>

=0 2i 1 1yn

(u(r), curl* Ag (1)) dt

(w@), Ag(1))dt.

l\)lH

T
0
T
0
For the third term, we decompose u" = + (1" — it) with a smooth function # so that

(", 2u" - V@)= (0", 2ii - Vo) + (", 2(u" — i) - V).

As previously, using Lemma 5.8, we have

n/2 Qi+1h T
> / (wn,m-w)dsm/(w,a-w)ds
=0 9ip 0
Moreover,
n/2 QitDh nj2 Qi+Dh
D / @2 — ) - Vo)s| <3 [ o2 ]u” — il IVl ieds
=0 i =0 9
ST ”“) HLZ([O,T],L2) ”’; —u" “LZ([O,T],LZ(SUPP@)))

< ”” u ”L2([0,T1,L2(Supp(¢)))'

So finally, using the local strong convergence in L2([0, T1, L?) of (u™), we have

Z / (w”,2u"~V¢>>ds—/(a),2u~V¢)

=0 p

lim sup
h—0

< inf |l —u =0.
S ﬁecg"” l22q10.71.22)

0

So taking the limit when 7 — 0 in (5.9) yields

T

T T
a)oqb(O)—}—/a)at ds—/(wu quds—s/a)Aqb
0 0

which by integrations by parts in time gives (in a distributional sense)

(5.10)

(w~+u-Vo —eAw, p)ds =

St~

5.11)
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This last equality holds for every compactly supported smooth function ¢ € C3°([0, T') x R?), so we deduce that
(w, u) is a solution of Navier—Stokes equation. By uniqueness of solution, (w, u) is the solution of Navier—Stokes
equation and satisfies the uniform estimates. O

Lemma 5.8. With the previous notations, let f be a compactly supported smooth function on [0, T] x R?, then

N/2

fn = Z Liivnn26+)m @ f

i=0

weakly converges in L*([0, T1, L?) to %f when h goes to 0.
Proof. Since (f3)n~0 is uniformly bounded in L>([0, T'], L?), it suffices us to check that for every smooth function g

hlirr})//fh(t,x)g(t,x)dtdxz%//f(t,x)g(t,x)dtdx. (5.12)

So let us fix such a function g and set

N/2

Fo=Y " Mpin@ivym @) f

i=0

such that f = f, + fh However, it is clear (by a first order expansion in the time variable) that

Qi+Dh 2(i+1)h
/f(t,x)g(t,x)dxdt— / /f(t,x)g(t,x)dxdt <o (fo)| h*
2ih 2i+1)h

So summing over i yields

Sh

//fh(t,x)g(t,x)dtdx—/ fh(t,x)g(t,x)dtdx

and so

=0.

l}imo‘/ fh(t,X)g(t,X)dtdx—/ fa(t.x)g(t,x) dtdx
=
We conclude with the equality f = f + ﬁl which gives
f=fi=sh=F0. O
> h=5n = Jn)-
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