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Abstract
We study the existence of positive solutions on RV *1 to semilinear elliptic equation —Au + u = f(u) where N > 1 and f is
modeled on the power case f(u) = |u|1’_1u. Denoting with ¢ the mountain pass level of V (1) = %llullél(RN) — f]RN F(u)dx,

ueH! (RN ) (F(s) = fos f(t)dt), we show, via a new energy constrained variational argument, that for any b € [0, ¢) there exists
2
L2(RN)
|x| = 400 uniformly with respect to y € R. We also characterize the monotonicity, symmetry and periodicity properties of vp.
© 2013 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

a positive bounded solution v, € C2(RN*1) such that Ey,(y) = %Ilayvb(', W — V(vp(-,y)) = —b and v(x, y) — 0 as
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1. Introduction

In this paper we study the existence of positive solutions on RN *! to semilinear elliptic equations

—Au+u= f(u) (E)

where N > 1 and f is a nonlinearity which can be thought modeled on the power case f(u) = |u|?~'u with p
subcritical and greater than 1. Equations of this kind are used in various fields of Physics such as, for example, plasma
or laser self-focusing models (see [28] and the references therein). They arise in particular in the study of standing
waves (stationary states) solutions of the corresponding nonlinear Schrédinger type equations.

Starting with the work by W.A. Strauss, [29], the problem of finding and characterizing positive solutions v €
H'(RN*! of (E) has been widely studied. We refer to the paper by H. Berestycki and P.L. Lions [8] (in the case
N > 2, see [9] for N = 1) where nearly optimal existence results regarding least energy positive solutions (also
ground state solutions) for (E) are obtained. Their mountain pass characterization, and so information about their
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Morse index, is given by L. Jeanjean and K. Tanaka in [17]. In the pure power case, uniqueness and nondegeneracy
properties of positive solutions of (E) in H'(RY*!) was derived by M.K. Kwong in [18]. Regarding the uniqueness
problem for more general nonlinearity f, we refer to the paper by J. Serrin and M. Tang, [27], and to the references
therein.

A new kind of entire solutions of (E) has been introduced by N. Dancer in [13]. Denoting (x, y) € RY xRa point
in RVt we note that a ground state solution ug(x) of (E) in R¥ can be thought as a solution of (E) on RN+ which
is constant with respect to the y variable. In the pure power case (or anyhow assuming the nondegeneracy of the
ground state solution) Dancer proved, by using bifurcation and continuation arguments, the existence of a continuous
branch of entire positive solutions of (E) in R¥*! bifurcating from the cylindric type solution uq. These solutions are
periodic in the variable y and decay to zero as |x| — 4-o00. Different periodic Dancer’s solutions (suitably rotated)
were then used in the pure power case as prescribed asymptotes in the constructions of multiple ends solutions of (E)
by A. Malchiodi in [21] and by M. del Pino, M. Kowalczyk, F. Pacard and J. Wei in [14].

Related to the above papers is the one by C. Gui, A. Malchiodi and H. Xu, [16], where qualitative properties (such
as radial symmetry with respect to the variable x and evenness with respect to y) of positive solutions v(x, y) of
(E) which decay to zero as |x| — +o0o (uniformly w.r.t. y) are established. Their study is based on moving plane
techniques together with the use of some Hamiltonian identities which are connected with the Lagrangian structure of
that kind of problem.

To describe the Hamiltonian identities which are used in [16] and to introduce precisely the problem studied in
the present paper, note that prescribing the decay properties of a solution v only with respect to the variable x € RV,
naturally gives to the variable y the role of an evolution variable. In this respect, as usual in the evolution problems,
all the solutions v of (E) described above belong to the space X = leo (R, H LRM)Y N Hll) (R, L?(RM)) and verify
(at least in a weak sense) the evolution equation

Ry =V'(v(.y). yeR, (1.1)

where V' is the gradient in H L(RN) of the Euler functional relative to Eq. (E) on RY,

1 1
V(u):/§|Vu|2+§|u|2—F(u)dx, ue H'(RY),
RN

where F(s) = fos f(t)dt. We will refer to this kind of solutions as layered solutions of (E).

Noting that Eq. (1.1) has Lagrangian structure, one can think to the variable y as a time variable and to the functional
U = —V as the energy potential of the infinite dimensional dynamical system. Every layered solution v defines a
trajectory y e R - v(-,y) € H L(RN), solution to (1.1). In this connection, any u € H Y(RN) which solves (E) is
an equilibrium of (1.1) and the solutions found by Dancer are periodic orbits of the system. Since the system is
autonomous, if v is a layered solution to (E) then the Energy function

1
¥ = Eo() = 30060 Ly, = V(06 )

is constant (a formal proof of this Hamiltonian identity for a general class of elliptic equations can be found in [10]
and [15], see also [3] for the case of Allen Cahn equations).

In the present paper, in analogy with the study already done for Allen Cahn type equation in [3-5] (see also [2] and
see [1] for Allen Cahn system of equations), we study the problem of finding layered solution of (E) with prescribed
energy. In particular we study the problem of looking for connecting orbit solutions with prescribed energy.

To be more detailed, we precise our assumption on the nonlinearity f. We assume that

(fD) feC'®),
(f2) thereexist C >0and p e (1,1+ %) such that | f ()| < C(1 + |#|?) for any f € R,

(f3) there exists u > 2 such that 0 < wF(¢) < f(¢)t for any t £ 0, where F(t) = f(; f(s)ds,
(f4) f(r < f'()t? for any 1 # 0.

As it is well known, (f1)-(f4) are more than sufficient to guarantees that V € C L(HY(RN)) and that it satisfies
the geometrical assumptions of the Mountain Pass Theorem (see [26]). Setting ¢ = infy e sup,¢[o 1) V (v (7)), where
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I ={y e C(0,1], HY(RMY) ly(©0) =0, V(y(1)) < 0}, it is nowadays standard to show that ¢ > 0 is the lowest
positive critical level of V. Then, the definition of the mountain pass level implies that given any b € [0, ¢) the
sublevel {V < b} is the union of two disjoint path connected sets V2 and Vi, where we denote with V2 the one which
contains 0. The main result of the present paper establishes that given any b € [0, ¢) there exists a layered solution v
of (E) with E,, = —b and which connects (in some sense precised below) the sets VP and V_l;. Precisely we prove that

Theorem 1.1. If F satisfies (f1)—(f4) then for any b € [0, ¢) Eq. (E) has a solution v, € C2(RN*1) with energy
E,, = —b and such that

@) vp >0on R,
(i) vp(x,y) =vp(|lx], y) = 0as |x| = +00, uniformly w.rt. y € R,
>iii) d,vp(x,y) <Oforr=|x| >0andy e R.

Moreover, if b > 0,

(iv) there exists Tp > 0 such that vy is periodic of period 2Ty, in the variable y and symmetric with respectto y =0
and y = Tp.
(V) yvp(x,y) >00n RN x (0, Tp), vp(-,0) € V7, vp(-, Tp) € V2.

Finally, if b =0,

(vi) vo e HY(@RN*Y) is radially symmetric and 9,vy < 0 forr = |(x,y)| > 0,
(vii) vo(-,0) € V_?r and vg is a mountain pass point of the Euler functional relative to (E) on HIRN+),

Theorem 1.1 gives the existence for any b € [0, ¢) of a positive layered solution v, to (E) with energy —b which
is radially symmetric and decaying to O as |x| — +oo uniformly with respect to y € R. When b > 0 the solution
vy, is a periodic solution of period 27, which is symmetric with respect to y =0 and y = T},. It can be thought as
a trajectory which oscillates back and forth along a simple curve connecting the two turning points vy (-, 0) € V?
and vy (-, Tp) € Vi. These solutions, which we call brake orbit type solutions, have the same behaviour of the above
described Dancer solutions. When b = 0 the solution vy defines a trajectory which emanates from 0 € H L(RN) as
y — —o0o, reaches the point v(-,0) € V_?_ and goes back symmetrically to O for y > 0. It can been thought as a
homoclinic solution to 0 € H'(RY) and it is in fact the mountain pass point of the Euler functional relative to (E) on
H'(RN+1). Finally we can think at the mountain pass point of V in H'(R") as an equilibrium of (1.1) at energy —c.
The Energy diagram here below wants to summarize these considerations.

E=0 N + 1 Mountain Pass point = Homoclinic orbit type solution
—¢c< E< 0{ Dancer Solutions = Brake orbit type periodic solutions
E=—c N Mountain Pass point = Equilibrium

To prove Theorem 1.1 we make use of variational methods and we apply an Energy constrained variational argu-
ment already introduced and used in [3-5]. Given b € [0, ¢), we look for minima of the renormalized functional

1
<P(U)=/§H3yv(-,y)Hiz(RN)—l—(V(v(-,y))—b)dy
R

on the space of function v € X which are radially symmetric with respect to x € R, monotone decreasing with
respect to |x| and which verify

.. . b .
yglirgdlstu(m)(u(-, ¥),V2)=0 and yllelﬂg V(v(-,y) =b. (1.2)
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Thanks to the constraint infycg V (v(-, y)) > b, the functional ¢ is well defined on this class of functions. Moreover,
its minimizing sequences admits limit points v € X (a priori not verifying (1.2)) with respect to the weak topology of
le)c (RN +1 ).

Defining & = sup{y € R/i(-,y) € V2} and T = inf{y > & /0(-, y) € Vi}, we can prove that —oco < 0 < T < +00
(indeed 5 > —oo when b > 0) and lim,_, 5+ dist(d(-, y), V2) =0, (-, 7) € V4 and V(0(-, y)) > b forany y € (5, 7).
Then, the minimality properties of © allow us to prove that ¥ solves in a classical sense Eq. (E) on RN x (&, T)
and Ej(y) = —b for any y € (0, 7). This will imply that v satisfies the boundary conditions lim,_, 5+ d,v(, y) =
limy_, ;- 8yv(-, y) =01in L? and the entire solution vy, is recovered from v by translations, reflections and, eventually,
periodic continuations.

The variational approach that we used is similar to the one already applied in the study of the Allen Cahn type
equation in [3-5], but the present case is more complicated due to some natural lack of compactness and weak
semicontinuity of the problem. This mainly depends on the competition between the terms ||« ||12L11 &) and fRN F(u)
which enter in the definition of the potential functional V () with different sign.

This explains why we assume in (f2) that p <14 4/N. The exponent p =14 4/N is in fact critical with
respect to the existence of a solution for the minimum problem inf{V (x) | u € H'(RN), |ul| r2@®vy = 1}. Indeed,
when p < 1+ 4/N, bounded L? sequences are bounded in H' when V is bounded from above. Another (related)
criticality of p =1+ 4/N is the fact that the sets Vj’t have positive L2(R") distance if and only if p < 1 +4/N (one
can simply verify it by using dilations in the pure power case). We finally mention for completeness that the exponent
occurs in the study of the orbital stability being that the ground state solutions of (E) in H!(RY) are stable when
1<p<1+4+4/N (see[12]and [11]) and unstable when 1 +4/N < p (see [7,30]).

The paper is organized as follows. In Section 2 we recall some properties of the functional V studying in particular
the structure of the sublevel sets V7. The study of the functional ¢ and the use of the energy constraint variational
principle described above is contained in Section 3.

Remark 1.2. Since we look for positive solution of (E) it is not restrictive to assume, and we will do it along the paper,
that f is an odd function

(f5) f(t)=—f(—t)foranyt > 0.
Moreover, we list also some plain consequences of (f1)—(f4).

(1) By (f1) and (f3) it is straightforward to verify that f(0) = f/(0) =0 and so f(t) =o(t) ast — 0.
(i) By (i) and (f2) we have

Ve >0, 3A, > O such that | f(1)| < elt] + Agt]”, V1 €RR, (1.3)

from which we also derive

A
Ve > 0, A, > 0 such that | F(1)| < §|t|2 + ﬁ'””l’ Vi e R. (1.4)
p

(iii) By (f3),ift # 0 and s > 0, we have %F(st) = %f(st)st > %F(st). Hence,
F(st) > F(t)s"* whenevert #0ands > 1. (1.5)
(iv) By (f4), one plainly verify that, for any 7 # 0,

1
the function s > — f(st)t is strictly increasing for s > 0. (1.6)
s

For the sake of brevity in the notation, along the paper we denote |[ull = |lullg1gny. llullp = llullzr@yy and
(u, v) = (u, U)Hl(Rn), (u,v)y = (u, v)Lz(Rn) for n = N or n = N + 1. Moreover dist(A, B) = disth(RN)(A, B) =
infyea, wep |[lv — w(l2 and dist(u, B) = infyep |lu — v|]2 for A, B C L2(RM), u € L*(RM). Given y € RV we set
B-(y) = {x e R"/|x| < r} and B, = B,(0).



E Alessio, P. Montecchiari/ Ann. I. H. Poincaré — AN 31 (2014) 725-749 729

2. The potential functional
In this chapter, we study some properties of the functional V : H!(RY) — R defined by

1
V(u)=§||u||2—/F(u(x))dx. @2.1)

RN
2.1. The mountain pass structure

Here we list some classical properties of V, in particular the ones regarding its mountain pass behaviour.
First of all we recall that V is regular on H! (RM) (see e.g. [6] and [22]).

Lemma 2.1. V € C2(H'(RY)) with V'(u)h = [pn VuVh + uh — fhdx and V"' wh - h = [ [Vh* + |h]* —
f'(w)h*dx forall h € H'(RV).

Moreover the functional V satisfies the geometrical hypotheses of the Mountain Pass Theorem. Indeed, since
p + 1 < 2%, by the Sobolev Immersion Theorem and Remark 1.2(ii) we obtain

Lemma 2.2. There exists p € (0, 1) such that if u € H'(RN) satisfies |u|l < p then V(u) > i||u||2 and V' (u)v >
w,v) = 3lulllvll for all v e H'RY).

By Lemma 2.2 and Remark 1.2(iii), V satisfies the geometric assumptions of the Mountain Pass Theorem. Hence,
defining

r={yec(o,11, H'(R")): y(0)=0, y(1) #0and V(y(1)) <0}

we denote the mountain pass level

¢ = inf max V(y(s)).
yel se[0,1] (J/( ))

Note that, by (f3), the following inequality holds true

-2
wV @) — V' uu = (% — 1)||u||2 + / fwu— pnF@u) > MT”””z’ (2.2)
RN

from which the Palais Smale sequences of V are bounded in H I(RM). Moreover, by (2.2), if V/(u) =0 and u # 0
then V (u) > “2—;2 ]2, showing that V has not critical points (or Palais Smale sequences) at negative levels.

The existence of a mountain pass critical point of V can then be deduced by using e.g. concentration compactness
argument. We have

Proposition 2.3. There exists wy € H'(RY) such that V(wo) = ¢ and V'(wy) = 0. Moreover wy € C*(RN) is a
solution of (E) on RY, wg > 0, wo(x) — 0 as |x| - +oo and, up to translations, wo is radially symmetric about the
origin with 0, wqy < 0 for r = |x| > 0.

We refer for a proof to [8], for N > 3 and [9] for N = 2, where a more general existence results regarding least
energy solutions for scalar field equations is given. Their mountain pass characterization is proved in [17]. The case
N =1 is easier and can be solved with similar arguments.

Fixed u € H'(RV), the assumption (f4) allows us to describe the behaviour of V along the rays {ru |t > 0} in
H'(RN). One plainly shows that

Lemma 2.4. For every u € H'(RV) \ {0} there exists t, > O such that

d d
EV(M) >0 forte(0,t,) and ZV(M) <0 forte(t,,+00). (2.3)
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Moreover V (t,u) > ¢ and for any b € (0,c) there exist unique o, p € (0,t,) and w,p € (t,, +00) such that
V(o pu) = V(wy pu) = b. Finally the function t — V' (tu)tu is decreasing in (t, +00).

Proof. We have

d , , 1
V=V (tu)u:t<||u|| - / f(tu)udx). (2.4)
RN

By (f4) the function ¢ — <+ 1 fRN f (tu)u dx is strictly increasing in (0, +o0) for any u # 0 and so, by (2.4), the function

V(tu) can change sign at most in one point #, > 0. Then (2.3) follows since V(0) =0, V(su) > 4s2||u||2 for
s e (0, o/llu]l) and V (su) — —oo as s — +oc0. By (2.3) we deduce V (t,u) = max;>o V (su), and, by the definition of
the mountain pass level, we have V (t,u) > c. Given b € [0, ¢), since V(0) =0, V(tu) < 0 for ¢ large and V (t,u) > c,
by continuity there exist (unique by (2.3)) 0 < ayp <ty <wyup such that V (ay pu) = V(wy,pu) = b. We finally note

thatby (f4) wehave V(tu)— |u||2 fRNf (tuw)u?dx < ||u||2 fRN f(@u)udx <0 forany ¢t > t,. We conclude
that dtV (twitu = 4 (tdtV(lu)) —t V(tu) + dtV([u) <Oforanyt>1t,. O

Remark 2.5. Note that if V/(u)u =0 and u # 0 we have %V(tu)h:l = V'(u)u =0 and so t, = 1. Then, by
Lemma 2.4, V(u) = V (t,u) > ¢ whenever u # 0 and V' (u)u = 0.

Remark 2.6. We note that, since by (f2) we have p < 23| — 1, all the results stated and proved in the present
sections hold unchanged for all m € {1, ..., N + 1} considering the functionals

1
Vin ) = 2112 gy — /F(u(x))dx, ue H'(®"),

Rm
In particular, denoting ¢, the mountain pass level of V,,, in H Lrmy, Proposition 2.3 establishes that V;,, has a positive,
radially symmetric, critical point w € H'!(R™) at the level c,,.

2.2. Further properties of V on the space of radial functions. The sublevels V° and V_lf_

From now on we reduce ourself to work on the subspace of H'! constituted by radial functions: Hr1 RV ={ue
HI(RM) Ju(x) = u(]x|)}. We recall that by the Strauss Lemma (see [29,20]) H, 1(RN ) is compactly embedded in
L4(RN) for all q€@2,2% »)- Thanks to the Strauss Lemma the functional V is weakly lower semicontinuous on
H!(RN). It is indeed standard to prove the following

Lemma 2.7. Let u, — u and v, — v in H'(RN). Then

lim F(un)dxsz(u)dx and ETOO/f(u,,)vndx=/f(u)vdx.

n—-+00
RN RN RN RN

Hence V(u) < liminf,— 0oV (1), V'u < liminf,— 00 V'(un)u, and, for every h € HI@RY), V'(u)h =

limy, s 100 V' (uy)h.

For our study it is important to understand the structure of the sublevel sets Vo ={ue H,1 (RN)/V (u) < b}. By
definition of the mountain pass level the set M’ is not path connected for any b € [0, ¢). Given b € [0, c), recalling
Lemma 2.4, we denote

VP ={tu|ue H (RV)\ {0}, 1 €[0,0up]} and V2 ={tu|ueH' (RY)\{0}, 1 € [wyp. +00)}.
Clearly
V=V uve.



E Alessio, P. Montecchiari/ Ann. I. H. Poincaré — AN 31 (2014) 725-749 731

Remark 2.8. The set 1 is clearly path connected (starshaped indeed, with respect to the origin). The same holds true
also for Vﬁ. Indeed, given u1, us € Vﬁ such that b > by = V(u1) = b, = V (u2) we can connect them considering the
path y (s) = @p,,(1=s)u;+sus (1 — $)u1 + suy) for s € [0, 1] and y (s) = swp, 4, for s € [1, 1/wp, 4,]. The function y
is continuous since the mapping u € H!(RY) — w, ;, € R is continuous for any b < c.

Remark 2.9. By definition of mountain pass level and Remark 2.8, if y € C([0, 1], Hr1 (RM)) is such that y(0) € Vi
and y(1) € VjI; then maxeqo,1] V (¥ (s)) = c. Secondly note that by Lemma 2.4

VP ={ueH'(RY) /oy, >1}U{0} and V2 ={ueH'[R")/w,,<1} forallbel0,c).

Moreover if b € (0, ¢) then

uel’ \ {0} if and only if V (u) < b and V'(w)u > 0. (2.5)

Indeed, if u € V2 \ {0} then 1 < o, < 1, and so, by Lemma 2.4, V' (u)u > 0. Vice versa if V(u) < b and V'(u)u > 0
then u # 0 and 1 < o, from which V(1) < b. Analogously if b € [0, c¢) then

ue V_l; if and only if V (1) < b and V' (u)u < 0. (2.6)
Lemma 2.10. If b € [0, ¢) then VP and Vf’r are weakly closed in Hr1 (RM).

Proof. Let (u,) C Vb be such that u, — uo in H, LRM). By Remark 2.9 we have V(u,) < b and V'(u,)u, <O0.
Since V' (uy)u, <0, by Lemma 2.2 we deduce ||u,|| = p for any n € N. Moreover since V (u,) < b, by Lemma 2.7
we obtain V (ug) < b. By Lemma 2.7 we know also that fR,, fup)u, dx — fRn f(up)ugdx and, since V' (uy)u, <0,
V' (up)uop < 0. By (2.6), to prove that ug € Vi we have to show that V' (ug)ug < 0. For that, assume by contradiction
that V' (ug)ug = 0 and note that, being V (1) < b < ¢, by Remark 2.5 we have ug = 0. Then fR” fup)u,dx — 0
and s0 0 > V/(un)u, > p% 4 o(1) as n — +o0, a contradiction which shows that Vj’_ is weakly closed.

Let now (u,) C VP be such that U, — ug in H‘(RN) Again using Remark 2.9 we have V(u,) < b and
V/'(uyn)u, > 0. Hence, by Lemma 2.7, we deduce that V (ug) < b. To show that ug € Vb it suffices to show that
V' (uo)ug > 0. Assume by contradiction that V'(ug)ug < 0. Then, by (2.6), we have ug € V+. Consider the path
VYn(s) = ug + s(u, — uo), s € [0, 1]. Since y,(0) = up € Vﬁ and y,(1) =u, € VP, by Remark 2.9, for any n € N
we find s, € (0, 1) such that V (y,(s,)) = ¢. We note also that ||y, (s)|l2 < lluoll2 + llun — uoll2 < C1 < 400 and
Ve )l p+1 < lluoll p+1 + Nl — uoll p41 < C2 < 400 for any n € N and s € [0, 1]. Then, choosing & = 02 , by (1.3)
we get

‘ / f()/n(s))(”n —up)dx| < 8||7/n(s)||2||un —uoll2 + Ae “Vn(s)Hﬁ_HHMn —uoll p+1
RN

% + AeCY luy — ugll p+1 forany s € [0, 1].

Hence we derive that for any s € [0, 1] and n € N there results

V() = V(v () (un = wo)

2 c—b P
2 sllup —uoll” + (uo, un —uo) — — AeCy llup —uoll p+1-

Integrating on [s,, 1] we get

b—c »
b—c=2V(u,) — V()/n(sn)) = T + _Sn)(<u0’un — up) — A€C2 lun — ’40||p+1)~

Since (ug, u, — ug) — A8C§||u,, — ugllp+1 — 0 we obtain the contradiction 0 > b — ¢ > b%c. O
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Remark 2.11. Note that, by (2.2),if b € [0,¢) and u € VP | since V/(w)u >0, then

2 2
el < V) < b,
nw—2 n—2
In particular we obtain that V* is bounded in Hr1 (RN). Then, by Lemma 2.10, V? is weakly compact in Hr1 (RN and
if (u,) C V2 is such that u,, — ug with respect to the L?(RN) metric then ug € V2.

Lemma 2.12. If b € [0, ¢) we have v* (b) := inf, .y Ve

max{L, |u|3}

. . . / —_ 2
Proof. First note that, by (2.2), if u € VfL is such that ||u||§ % or V(u) <0 then “l/Tluz)u > 22 HZH% _
nw \‘I/(\Ifz) > £22. Assume now by contradiction that there exists (u,) C Vﬁ such that 0 < V(u,) < b, |lu, || %
-V’ (Mn)un

— 0. Then V'(u,)u, — 0. Since u, € V+, by Remark 2.9 we have #,, < 1. By (2.2) we have

max{1, lux 13}
lunll? < %b + o(1) and since, by Remark 2.5, ||t u, | = p, we deduce that 7, > IZT_})Z,O > 0 whenever # is large.
By Lemma 2.4 we have |V (sup)su,| < |V'(un)u,| for any s € (#,,, 1), and we conclude ¢ — b < flt”" % V(su,)ds =

flt”" %V/(sun)su,, ds < —log(ty,)|V'(un)us| — 0 as n — 400, a contradiction which proves the lemma. O

Lemma 2.13. If b € (0, ¢) then v™(b) := infuevgbm/z\vk V'(u)u > 0.

Proof. By contradiction, let (u,) C V(_b+c)/ 2 \ V? be such that V' (un)u, — 0. Then, by Remark 2.11, there exists

ug € V(,}H_C)/z such that, up to a subsequence, u,, — ug in Hr1 (RM). By Lemma 2.7, V' (ug)uo < liminf V' (u,)u, = 0.

Since ug € V(_b+c)/2 that implies #g = 0 and then, again by Lemma 2.7, fRn f(u)u, dx — 0. Hence V' (uy)u, =

llunll> + o(1) = 0 and so u, — 0 in H'(R") that gives the contradiction 0 < b < V(u,) = 0. O

Finally, we display some properties depending on the assumption p < 1 + %.
First, as a particular case of the Gagliardo Nirenberg interpolation inequality (see [25]), we have that there exists a
constant k = k (N, p) > 0 such that for any u € Hr] (RN ), there results
Np-—1

lull p1 < ellel§IVully ™, where 1 —0 = 57T 2.7)

Moreover, note that, by (1.4), we have F(¢) < 41T|t|2 + % 1|7+ for every t € R. Therefore, if u € Hrl (RM)\ {0}, by
(2.7) there results

(p+1)6
1 2kGNA1)2 fluell 15
V) > —||wn2<1 — —lul]3 (2.8)
2 2 pH1 vy 200 2
where, since p < 1 + %, by (f2), we have
N
(P+1)(1—9)=E(P—1) <2. (2.9)

By (2.8) and (2.9) it follows directly
Lemma 2.14. If (u,) C H'(RN), sup,cy llunll2 < +00 and ||[Vu, |2 — 400 then V (u,) — +00.
In particular Vi enjoys the following property.

Lemma 2.15. If b € [0, ¢), for any My > O there exists My > 0 such that ifu C Vb and |ull2 < My then || Vu|2 <
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Remark 2.16. Note that by Lemma 2.15 and Lemma 2.10 we derive that if (u,) C V_lfr is such that u, — ug with
respect to the L*(RN) metric then ug € Vﬁ.

Another consequence is the following one
Lemma 2.17. For any by, b € [0, ¢) there result §(by, by) := dist(V™', V2?) > 0.

Proof. Clearly 6(b1, b2) < +00. Let (u,,1) C Vfl and (u,2) C Vf_z be such that |lu, 1 — uy 2l = 8(b1, b2). By
Remark 2.11 we know that ||u, 1] < %b] and hence we obtain [|u, 2|2 < %bl +68(b1,b2) +0(1). Then (u, ) is
bounded in L2(R). By Lemma 2.14, since V (u,,2) < bz, we obtain that sup, .y [| Vi, 2[l2 < 400 and so that (u, )
is bounded also in H(R"). Then there exist two subsequences (un;1) C (Un,1), (un;2) C (up,2) which weakly

converge respectively to u; € H!(RV) and u, € H!(RV). By Lemma 2.10 we have u; € V2! and u, € V_bﬁ and by
the weak semicontinuity of the L? norm we deduce 8(b;, b) < |lu1 — uslz < limj, 400 ltn;,1 — un; 212 =8(b1, b2).
Since u| # up we have §(b1, by) = |[u; — uzl|2 > 0 and the lemma follows. O

As a further consequence of the assumption p < 1 4+4/N, we give a result concerning the behaviour of V along
sequences in H!(R") which converge to a point uo € H!(RV) with respect to the L>(R") metric.

Lemma 2.18. Let u,, ug € H! (RY) be such that ||u, — ug|l2 — 0 as n — +00 and liminf,_, » ||V (1, — ug)]|2 > 0.
Then there exists n € N such that

V(un) — V(uo + sy —uo)) = %(1 — )|V, —uo) ; Vs €[0,1], n > 7.

Proof. Setting w,, = u,, — ug, by (1.3), since w, — 0 in L2(IR{N ) we recover that there exists C > 0 such that, for any
s €0, 1],

/F(u0+wn)_F(u0+swn))dx
RN

1
/ f fuo+owy)w,do dx

RN s
1

2 —1 p p+1
</||M0||2||wn||2+U|Iwn||2+A12p (luollhy lwallp1 + o llwa 1) do

N

<CU =)o) + lwallp1 + lwall211)  asn — +oo. (2.10)

We now note that, since liminf,_, . » [|Vw, ||% > 0, we have

<VM(), an)Z

im =0. 2.11)
n—>+00  [[Vwy|3

Indeed, (2.11) is true along subsequences (wn_/.) such that ||anj 2 = +oo. If (wnj) C {wy,} is bounded in H,l (RM)
then, necessarily, w,; — 0 in Hr1 (RV) and again (2.11) follows.
Secondly we note that
1
lwallpr1 + lwallhy)

m 3
n—+00 ||an||2

2.12)

Indeed, we have either || Vw, |2 is bounded or limsup,, , | o, [Vwy [l2 = +00. If | Vwy ||2 is bounded then (w;,) weakly
converges to 0 in Hr1 (RV) and so strongly in LPT1(RY) giving (2.12). If | Vw, ||, — +oc along a subsequence, then,
since [|lwy |2 — 0, (2.12) follows by (2.7) and (2.9).
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Finally, by (2.10), we derive that for any s € [0, 1]

[Vw,|I? )
V(o +wn) = V(o + ) = ——=—(1 = 5%) + (1 = )(Vuo, Vwa)s + (1 = $)o(1)
—fF(u0+w,1)—F(u0+swn)dx
RN
) I4s  (Vug,Vun)y  wallprr + sl T +o(D)
> [Vw,l3(1 —5) + =-C !
2 ”an”2 ”an”2

1
> Vw51 — ”(5 +o<1>)
and the lemma follows by (2.11) and (2.12). O

Remark 2.19. By Lemma 2.18 we have in particular that if u,,, ug € H,1 (RM), s, € [0, 1] are such that u,, — ug in
L2(RN) asn — 400 and V (u,) — V (1o + 5, (un — ug)) — 0 as n — 400, then (1 — s,) |lun —uol*> = 0as n — +o00.
In particular, if V (u,) — V (up) as n - 400, then u, — ug in HY(RN) as n — +o0.

3. Solutions on RV+!

In the sequel we denote (x, y) € RN+ where x = (x1,...,x,) € RY and y € R, the gradient with respect to the
x € RN will be denoted by V. For (y1, y2) C R we set Sy, ,y,) := RN x (y1, y2) and, more simply, Sy, := S;—, ) for
L > 0. We denote by X’ the set of monotone decreasing radially symmetric functions in H'(RV):

X={ue H! (RY) [ u(x1) = u(x) for any x1, x> € R" such that |x;| < [x2]}.

Note that X is a positive cone in Hr1 (RM) (and so convex) and it is sequentially closed in H LRNY with respect to the
weak topology. In the following, with abuse of notation, given b € [0, ¢) we will indicate V4 = Vi nx.
We consider the set

H={ven,-0H"(SL)/v(,,y) € X forae. y eR}.

Note that, by the Fubini Theorem, we have that if v € H then v(x,:) € HZ}) (R) for ae. x € RN . Therefore, if
(1, y2) C Rthen v(x, y2) — v(x, y1) = yy;z dyv(x,y)dy holds for a.e. x € RY and so

/

RN

y2 2 y2

2
/ayu(x,y)dy dx < Iyz—y1|//|8yv(x,y)| dydx.
| RN Y1

f|v(x,y2>—v(x,y1)|2dx=
RN

According to that, if v € 7, the function y € R+ u(-, y) € L>(RV), defines a continuous trajectory verifying

2
[Cy2) = oG] SUITag5y, Y2 = Vil YOI, 72) CR. 3.1)
In the sequel we will consider the functional V as extended on L>(R") in the following way

V@ ifueH'RM),
V(u)_{—i—oo ifu e L2RN)\ H'(R").

Lemma 3.1. If v € H then the function y € R — V (v(-, ¥)) € RU {400} is lower semicontinuous.

Proof. Let v € H and y, — yo and let (yn;) C (yn) be such that liminf,— 400 V(v(, yn)) =limj oo V(U (-, yn;)).
By (3.1) we have v(-, yn;) = v(:, yo) in L*(RN) as j — +00. We consider the two following alternative cases:

(a) sup||v(~, ynj)H <400 or (b) limsup||v(~, ynj)H = +00.
jeN Jj—+o0
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In the case (a), since (v(-, y»;)) is bounded in X and v(-, y,;) = v(:, yo) in L2(RY), we deduce that v(-, Yn;) =
v(-,yo) in X. Then by Lemma 2.7 we derive lim;_ V(v(-,yn_/.)) = V(v(-, y9)). In the case (b) we have
lim SUP;j_, o0 IVV(, Y )2 = 400 since [[v(-, yn;)ll2 is bounded. Then, by Lemma 2.14, we get limj_, 10 V (v(:,
ya;)) =limsup;_, . V(v(-, yn;)) = 400, showing that also in the case (b) there results lim;_, 400 V(v (-, yn;)) >
V(v(,y)). O

Lemma 3.2. [f v € H is a solution of (E) on S(y, y,) then the energy function E,(y) = %||8yv(-, y)||% — VG, y)is
constant on (y1, y2).

Proof. Since v € 7 we have that v € H'(S.) for any L > 0. Then, since v solves (E) on S(y, y,) by regularity we have
vE HZ(S(;l,;z)) N Cz(S(yl,yz)) for any [£1, 221 C (y1, y2). Hence v(-, y) € H*(RY) N C*(RY) for all y € (y1, y2) and
SO Jx|=r lv(x, y)| + |Viv(x,y)|do — 0 as R — +oo for all y € (y1, y2). Denoting div, w = Z:’:I Oy, w, we derive

/divx[ayvvxv]dx = lim / div,[9,vVv]dx = lim / 9, 0V,v - —do =0.
R—+00 R—+00 x|
EN IxI<R IxI=k

Therefore, multiplying (E) by 9, v and integrating over RY with respect to x, we obtain

O:/—Byz,vayv—Axv8yv+v8yv—f(v)8yvdx

RN
1 2 . 1 2 1 2
= —an|8yv| —dlvx[a),vvxu]+ia},|vxv| + 9y §|v| — F(v) )dx
RN
Lo, o o 19
=3y _E|8yv| +§|VXU| +E|U| — F(v)dx
RN

1
=9, [—5 |9y vC, 0|3+ V (ve, y))} = —0dyEy(y)
and the lemma follows. O

3.1. The variational setting

Fixed b € [0, ¢) we consider the space
X:[ liminfdist(v(-, y), V%) = 0 and inf V (v, >b}
y=1veH/ lim inf dis (v(-.y), V1) =0an inf (v(,y)
on which we look for minima of the functional

1
p(v) = / 5||8yv(~, |3+ (V(o(, ») = b)dy.

R

Remark 3.3. The problem of finding a minimum of ¢ on A}, is well posed. In fact, if v € &), then V (v(-, y)) > b for
every y € R and so the functional ¢ is well defined and non-negative on X},. Moreover X}, # ¢} and

mp = inf @(v) < +o00.
UEX[,

Indeed, for any u € X, recalling Lemma 2.4 and considered the function
wb,uu(x) X e RN, y= Wb,u»
v(x, y) = yu(x) x€RY, ayp <y <wpu,
au,bu(x) X € RN» y <Qybp,

we have that v € X and ¢ (v) = fw”‘b %Ilullg + V(yu) —bdy < (%Ilu”% + V(tyu) — b)(wu.p — ay.p) < +00.

Oy b
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Remark 3.4. More generally, given an interval I C R we consider the functional

1
w(v)=/§||ayv<~,y)||§+V(v(-,y))—bdy
1

which is well defined for any v € H such that V(v(-, y)) > b for a.e. y € I or for every v € H if I is bounded.
We will make use of the following semicontinuity property

Lemma 3.5. Let v € H be such that V(v(-, y)) > b for a.e. y € I CR. If (v,) C X}, is such that v, — v in H'(Sy)
forany L > 0, then ¢;(v) < liminf,_ o @7 (v,).

Proof. Let L1 < L, € Rbe such that (L, Ly) C I. The sequence (v,) is weakly convergent to v in H! (S,,1,)) and

constituted by radially symmetric functions in the x variable. By Lemma II1.2 in [20] we derive that v, — v strongly

in LP+1(S(L1,L2))- Then, by (1.3), we deduce fS(L . F(vy)dxdy — fS(L . F(v)dx dy and the lemma follows by
1:52 1.£2

the weak semicontinuity of the norm and the arbitrariness of L and L,. O

Remark 3.6. In the sequel we will study coerciveness properties of ¢. One of the key tools is the following simple
estimate. Given v € H, and (y1, y2) C R we have

y2 v
1
¢(y1,y2)(v) = E/Hay”(" y) ||§dy +/ V(U(.’ y)) —bdy
Y1 1
1 i 2 »
RN )1 "

y2
1 2 /
> [ty — (-, V(v ) — bdy.
2(yz_yl)llv( yD)—vCy) |+ | V(v y) y
Y1

In particular if V(v(-, y)) > b+ v for any y € (y1, y2), then

1
P (V) > 3o JoC, v = vC )| + 002 = 31) = V20 [0 1) = v ) (3.2)

Remark 3.7. In the sequel we will denote
80
s

By (3.2) we can plainly prove that m;, > 0. Indeed, note that if v € X}, since by Lemma 2.17 we have §o > 0, by (3.1),
there exist y; < y» € R such that ||v(-, y1) — v(-, y2)|| = 80 and V (v(-, y)) > (b + ¢)/2 for any y € (y1, y2). Then, by
(3.2) we obtain @y, y,) (1) 2 +/c — bdy > 0. In particular

mp = /¢ — bdy.

So=8((b+)/2, (b+¢)/2) :=dist VT2 VY2 and rp =

One of the basic properties defining &}, is the fact that if v € X}, then V (v(-, y)) > b for a.e. y € R. This condition

is not necessarily preserved by the weak H lfj . convergence and we overcome this point by using the following lemma,

whose proof can be obtained by rephrasing in the present context the one of Lemma 3.4 in [5].
Lemma 3.8. Let v € H and —o0 < 0 < © < 400 be such that

i) V((,y))>bforanyy € (o, 1);
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(i) either 0 = —o0 and liminfy_, _ dist(v(-, y), Vﬁ) =0oroeRandv(-,0) € Vb,
(iii) either T = +00 and liminfy_, 4o dist(v(-, y), V2) =0 or t e Rand v(-, 1) € V2

then ¢(s,r)(v) 2 mp. Moreover if liminfy_, ,+ V(v(-, y)) > b or liminf,_, .- V(v (-, y)) > b then ¢(s,7)(v) > mp.
3.2. Estimates near the boundary of VP and Vf’r

To study coercivity property of ¢ we first establish some technical local results. We define the constants (depending
on b)

Bb+ 0 and A=, /SZbT0 3.3)
= —_— ans = —_— .
4 0 2 4

where §p and rq are defined in Remark 3.7, noting that

dist(V2, V2) > dist(V?, VF) > 5. (3:4)

Given ug € X we denote

X, = {v EH/V0) =uo, inf V(e(.y) > b. liminfdist(u(-. ). V) = o},

. .. . b
lefuo = {v eH/v(-,0) =uo, (0,1220) V(v(,y)>b, ill)nirgdlst(v(',y),vg =O}.

Next lemma establishes that if v € be o (resp. Xb_’ uo) is such that @, 100) (V) (T€SP. Q(—c0,0)(V)) is sufficiently
small, then the trajectory y — v(-, y) remains close to the set Vf (resp. VE ) with respect to the L%(RM) metric.

Lemma 3.9. If ugp € X, V(ug) > b, v € X+ (resp. vE Xb_,uo) and @0, +00) (V) < Ag (resp. ¢(—o0,0)(v) < Ag) then
dist(v(-, y), V+) < ro for every y € [0, +00) (resp. dist(v(-, y), Vf) < ro for every y € (—o0, 0]).

Proof. By (3.1) the function y € [0, +00) — v(-, y) € L2(R") is continuous. Hence, using Remark 2. 16 the map y €
[0, +00) > dist(v(-, y), V +) is continuous too. If, by contradiction, yp > 0 is such that dist(v(-, yp), V. +) > rp, since
liminfy_, 4 oo dist(v(-, y), V+) = 0, by continuity there exists an interval (y1, y2) C R such that 0 < dist(v(-, y), V+) <

ro forany y € (y1, y2) and ||[v(-, y1) —v (-, »2)|l2 = ro/2. By (3.4) we derive v(-, y) ¢ Vﬁ UVE andso V(v(-,y))—b >
B—b=(c—Db)/4forall y € (y1,y2). By (3.2) we conclude

b
Hv( ) = v )|, = —r—o_on,

(ﬂ(() +00) (U) P(y1.y2) (U) =

a contradiction which proves the lemma. Analogous is the proof in the case v € & b O

Clearly the infimum value of ¢, +00) On X; o is close to 0 as dist(uo, V?) is small. Next result displays a test
function w;; y €y + which gives us more precise information.

Lemma 3.10. Let b € [0, ¢), then there exists C(b) > 0 such that for every ug € V+ \ V+ there exists w+ € X;‘uo
such that

1
iupl\w ¢y = 0Hz<v+—(m(v(“0)—b) and 9100 (i) < C1 (D) (V (o) — )%,

Proof. Note that, since ug € Vf, by Lemma 2.4, we have V'(ug)up < 0 and there exists a unique sg € (1, +00)
such that V(sug) > b for any s € [1,s9) and V (soug) = b. Moreover j—SV(suo) =s(V'(ug)ug + fRN fuo)uo —
%f(suo)uo dx) and since, by (1.6), fRN fuo)ug — %f(suo)uo dx <0 for any s > 1, we deduce that < 75V (sug) <
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sV'(ug)ug for any s > 1. Integrating this last inequality on the interval [1, sg], we obtain V (soug) < V (uo) + %(sg —

1)V'(ug)ug and so the estimate so — 1 < |¥/(Zj’g)u3| . We define

MO(-X) y < O’
2
W (6,0 =1 1+ D)o ye0,4/200— D).
SoUQ y 2= /2(0s0—1)
V (ug)—b

noting that w;" 0 € XbJ“uO and Supy > l|w;t , () —uolla = (so — Dlluoll2 < m”uonz Moreover, since so — 1 <
V(ug)=b

m,weget
Vg, o 2
P(—00.0)(wy) = / 28<1+ )uo() dy + f v<<1+ )uo())—bdy
0 0
«/ml V2(so—1)
< f S luol3dy + [ V(o) — bdy
0 0

—1
= /2(s0 — 1)((“’ ) uoll2 + (V (o) — b))

3

2 1 ) 32
< 1)(V o) — )2
V 1V ool <3IV’(M0)MOI luollz + >( () = b)

By Lemma 2.12 we know that |V’'(ug)uog| > v (8) max{1, ||u0||%} and the lemma follows considering C4(b) =
2 1
Vir@ e T O

For any b € [0, ¢) we fix S+ € (b, B] such that the following inequalities hold true:

Br—b 1 1
v-:(,B) =3 max{l,C+(b)}(ﬂ+_b)1/4<Z’ C.(b) (B4 — b)*? < A. 35)

Next Gronwall type result will play an important role together with Lemma 3.10.

Lemma 3.11. Assume that ug € Vﬁ+ \ V_if_ and v € X;’uo are such that

if y €10, 1) is such that V (5(-, y)) < By then ¢y, +00) (@) < C4 (b)(V (5, y)) — )", (3.6)

Then there exists y € (0, 1) such that V(v(-,y)) =b, v(-,y) € V_i; and v(-,y) =v(-,y) forevery y € [y, +00).

Proof. We first note that, since ug € V \ V+ and v € Xl:,Luo we have V (v(-,0)) = V(up) < B+ and hence, by (3.6)
and (3.5), we have 0,4+ o0) (V) < C+(B)(V (o) — b)*>/? < Ag. By Lemma 3.9 we then deduce that dist(v(-, y), vf) <
ro for any y > 0 and, by the definition of r(y, we obtain that v(-, y) ¢ VE * for any y > 0. In particular, if y > 0 and
V() < By then v(-, y) € VI

We claim that there exists a sequence (&) C [0, %) such that

By —b\"* 1 Bs—
Ci—1 <& <1+ (m < B and V(U(-, {n)) -b<

b
G Vel (3.7)

Indeed, defining {y = 0 by (3.5) and (3.6) we have that for any ¢ > &



E Alessio, P. Montecchiari/ Ann. I. H. Poincaré — AN 31 (2014) 725-749 739

¢
[ V069) = bds <00 @ < CLOV (6. 00) - )"
o

1
<CL(B) By — D) (By —b)(Br — b))/ < 7B+ —D)(By — b4,
and so
B+ —b
T

Note that, by (3.5), §o + (B+ — b)'/* <o+ § < § and s0 ¢1 € (0, D).
Now, if ¢, verifies (3.7) by (3.6) we obtain that for any ¢ > ¢,

3¢1 € (¢0, o+ (B+ —b)V/*)  such that V (3(-, ¢1)) — b < (3.8)

¢
/ V(u(., ) —bds < @, 100 @) < C+B)(V(v(-, &) — )

n
1/4 1/4
s By —b\(Br—b B+—b(By—b
S Cy(b)(By —b) ( n )( 42 < T 421 ’
implying that
8. — b\ /4 B —b
Ay € <;n, o+ ( 12’1 ) such that V (v(-, §p41)) — b < :{n“ )

with, by (3.5),

By — b\ i~ 11
§n+l<jz(:)< 42] ) =(B+—-b) JZ;)§<§

Then, by induction, (3.7) holds true for any n € N.

Now, note that by (3.7) we have ¢, — y € (0, %] as n — +o0o. Moreover, since v € X, there result
V(v(-,&,)) = b for all n € N and hence, by (3.7), V(v(-, {,)) — b. Then, by Lemma 3.1, we deduce V (v(-, y)) = b.
Moreover, by (3.1), v(-, &) — v(-, ¥) in L?(RN)Y. Then we can conclude that v(-, y) € V_li and hence, using (3.6), that
PG, 400) (V) < C1(B)(V (v(-, 3)) — b)¥/? = 0, which implies v(-, y) = v(-, §) forevery y > y. O

Lemma 3.11 and Lemma 3.10 have in particular the following consequence which will be a key tool in constructing
minimizing sequences for ¢ with suitable compactness properties.

Lemma 3.12. Let b € [0, ¢) then, for every ug € Vf+ \ Vi and v € X,;"'MO there exists v € X;uo such that

sup 0. y) —uoll, <1 and @, 4o0) (D) < min{Ag, 90, 400)(v)}.
y€(0,+00)
Proof. Note that, by Lemma 3.10 and (3.5), we have in that if ug € Vﬁ* \V_b|r then <p(0,+oo)(w,j0) < Ap and
||w,j;)(~, y) —upll < % for any y > 0. In particular if ug € Vf* \Vi and v € X;’FMO are such that ¢, o0)(v) > Ag
then the statement of the lemma holds true with v = w;z).
To prove the lemma we argue by contradiction assuming that there exist ug € Vf* \ Vi and v € le,_ o with

©(0,+00) (V) < Ag such that

©(0,400) (V) > @(0,+00)(v) for every v € X;uo such that  sup ||17(-, y) —up ||2 < 1. 3.9
y€(0,+00)

By (3.9) we have SUP (0, 400) lv(-, ¥) — uoll2 > 1 and since v(-, 0) = ugp, by (3.1) we recover that

1 1
dyg > 0 such that Hv(~, Yo) — ug H2 = 2 and Hv(~, y) — M0H2 < 3 for any y € [0, yo). (3.10)
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As already noted in the proof of the previous lemma, by Lemma 3.9, since ¢, 4+00) (v) < Ag, we have that if y > 0
and V(v(-, y)) < B+ thenv(-, y) € V_'ﬁ*. We deduce that

o~ ~ ~ 3/2
if § € 0, y0) and V (v, ) < B then @5 400y (@) < CLB)(V (v(, ) — ). (3.11)
Indeed, considering the function

T v, y) 0<y<y,

(-, y) = ~ ~

S LA O I

we have v € X;‘u Now note that for every y € [0, y) C [0, yo), by definition of yy we have ||v(-,y) — upll2 =
lv(-, y) —uoll2 < 5 Whlle if y > y, then by Lemma 3.10 and (3.5)

Br—b 1
< —.

vi(By) 2

Hence we recover that sup,,. I5(:, ) —upll2 < 1. Then, by (3.9) we obtain ¢, +c0) (V) < @(0,400) (V) < @(5,+00) (D) =

®(0, +oo)(wv( ) and (3.11) follows by Lemma 3.10.

[5¢. ) = uoll, = w5 ¢y =) —uof, <

We now note that, by Remark 3.6 we have ¢, y,)(v) > ﬁ lv(:, yo) — u()||2 and s0, by (3.5) and (3.11), we
deduce yg > W > 1. Then, by (3.11) and Lemma 3.11, we derive that there exists y € (0, 1) such that

v(-,y) € V+ and v(-,y) = v(-, y) for any y > y. Hence, usmg (3.10), we obtain 1 < SUP (0, +00) lv(-, ¥) —uoll2 =
supyeo,51 1V, ¥) — uoll2 < supye(g, 1 IV C ,y) —upll2 = 2, a contradiction which proves the lemma. O

The following lemma is an analogous of Lemma 3.10 for & “when b > 0. We omit the proof since it is bases on
an argument symmetric to the one used proving Lemma 3.10, using Lemma 2.13 instead of Lemma 2.12.

Lemma 3.13. Let b € (0, ¢), then there exists C_(b) > 0 such that for any ug € VE \Vf there exists w,, € Xb_,uo such
that

_ 3/2
9000y (i) < C-(B)(V (o) — )™,
For any b € (0, ¢) we fix _ € (b, B] such that the following inequalities hold true:
1
max{1,C_(b)}(B- —»)'/* < 3 and C_(b)(B— — b)*'? < Ao. (3.12)

Analogously to Lemma 3.11 we can prove

Lemma 3.14. Let b € (0, ¢) and assume that ug € Véf \V? and v € Xl;,uo are such that

. . 3/2

if y € (—1, 0] is such that V(v(-, y)) < B then ¢(—oo,y) (V) < C— (b)(V(v(-, y)) — b) . (3.13)
Then, there exists y € (—1, 0) such that V(v(-,y)) =b, v(-,y) € VP and v(-,¥y) =v(-,y) forany y € (—o0, y].

The situation is slightly different when b = 0.

Lemma 3.15. If b = 0 there exists fo € (0, 7) such that for any ug € pho \ {0} there exists w, € X, ~such that
P(—00,0) (Wy,) < 3V (o).

Proof. If uy € V™ for some gy € (0, ) we set

up(x) y =0,
Wy, (x,y) =1 (I +yuox) ye(=1,0),
0 y<—1
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noting that w,, € Xy, and @(—o,0)(wy,) < /91 Huoll3 + V(uo)dy < %lluoll3 + V(up). By Remark 2.11 and
Lemma 2.2, if By is sufficiently small, we obtain ||uo||2 4V (up) and s0 ¢(—oo 0)(wu0) 3V(ug). O

Remark 3.16. Eventually taking 8 smaller, we can assume that ¢(—s,0)(w Ag forug € Vfo.

) <
3.3. Minimizing sequences and their limit points

The local results that we have described in the previous section, allow us to produce a minimizing sequence of ¢
on X} with suitable compactness properties.

Lemma 3.17. For every b € [0, ¢) there exist Ly > 0, C > 0 and (v,) C Xp such that o(vy) = myp and

(1) dist(v, (-, y), VE) Lroforany y <0andn €N,
(i) dist(v, (-, y), Vﬁ) Lroforanyy > Loandn €N,
@ii) [[vp (G, )2 < C foranyy e Randn €N, .
(iv) for every bounded interval (y1, y2) C R there exists C > 0, depending only on y» — y1, such that ||v, || g1 Sy <
C.

Proof. Let b € [0, ¢) and (w,) C A} be such that ¢(w,) < myp + 1 for any n € N and ¢(w;) — mp. We denote g* =
min{8_, By}. Let s, =sup{y € R| ¢(oo,y)(wn) < Ap} and note that by Remark 3.7, since Ag < mp < @(wy), we
have s, € R and ¢(_oo,5,) (W) = Ag. Since w, (-, - +5,) € X b Wi Ca5) and @(—co,0)(Wx (-, - +5,)) = Ag, by Lemma 3.9
we derive that dist(w, (-, y + sp), Vﬂ) < rp for any y < 0 and so, by (3.4), dist(w, (-, y), V+ ) = 4rg for any y < s5.
We conclude that if y <, and V (w, (-, y)) < b* then w,(-,y) € AN symmetric argument shows that there exists
t, > sy such thatif y > ¢, and V(w, (-, y)) < b* then w,(-, y) € Vﬁ . Define now

Yo =sup{y <tp | wa(-,y) € Vf*} and y; =inf{y >y, |wa(,y) € V_b:}.
Since liminfy_, 400 V(wys (-, y)) = b > B* we deduce that y, , ;7 € R.
Using Remarks 2.11 and 2.16 we also recognize that w, (-, y,) € VP and wn( e V+ Since the function y —

wy (-, y) is continuous with respect to the L>(RY) metric and dist(Vﬂ Vi i ) 5rg we deduce y, < y,. Moreover
V(wn (-, ) > p* forany y € (v, , ;) and [wy (-, y,7) — wa (-, y,)ll2 = 5ro. By (3.2) we derive

O v W) my + 1 mp+ 1
+ - < (Y sy ) < b =L d . — . - <7b .
Y Ve & B —b < B —b 0 an Slip+ ”wn(sy) wn(’yn)”Z\ /Z(ﬁ*—b)

YEWn »yn |

(3.14)

We now claim that, eventually modifying the function w, on the set RN x [(—o0,y,)U (y,J,r , +00)], w, satisfies

D (P(,oo’y;)(wn) < Ao,
(1D @5 ooy Wn) < Ao and wy (x, ¥) — wy(x, y;) 2 < 1 for any y >

Indeed, if (I) is not satisfied, since w, (-, ¥, ) € Vf ~, we can consider the new function

T
w:(.,)’)Z{ww n (Y )( y=y) fys<y
Wa (-, Y) ify >y,

noting that w} € A, p(w}) < ¢(w,) and w; satisfies (I) by Lemma 3.13, Lemma 3.15, (3.12) and Remark 3.16.

Now, assuming that (I) is verified, if (I) is not satisfied, since wy(:, y, e V and wy,(-, - ) € Xb+w oty

wi(-, +) such that Pyt +oo)(wn(‘ — ) < min{Ao, Pyt ooy (Wn)}
and ||y (-, y — y;7) — wu(x, y,)l2 < 1 for any y = y;. Then considering

by Lemma 3.12 there exists a function w,, € X
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W y)z{wn( =D ity =yl
wa (-, y) ify <y

we recognize that w}* € &), ¢(w;™) < ¢(w,) and w;*

indicated above our clalm follows.
We finally set v, = w, (-, - + y,;) obtaining that v, € A}, and ¢(v,) = ¢(w,) — mp. Moreover, by (I) we have
O(—00,0) (Vp) = (p(_ooﬁy”—)(w,,) < Ap and (i) follows by Lemma 3.9.

Since by (3.14) we have y,” — y,7 < Lo, by (II) we have ¢(1,, +00) (Vn) = Loty +00) (Wn) S @t Log) (Wn) <
and (ii) follows by Lemma 3.9.

To prove (iii) we first note that by Remark 2.11 we have |Ju||> < % Bforany u € VE . Then, by (i) we recover that

satisfies (I) and (II). Hence, eventually modifying w, as

v, (-, y)ll% < %,3 +ro forany y < O Since v, (-, O) =w,(,y,) € VP, by (3.14) we obtain moreover ||v, (-, y)||% <
lvn - O)l2 + 1o ¢, y) = va (-, O)l2 < = 2,3 + «/2(? forany y € (0, y,” — v, 1. Finally, by (II), we have ||v, (-, y) —

V() yn v, 2 <1 forany y > yn y,, and (iii) follows with C= M—2ﬁ +ro+ J% +1
To prove (iv) we use (iii) and (2.8). By (2.8) we know that there exists C > 0 such that

+1)06
on G, I

2— 1H)(1-6
Vv, ., 3~ PP

1 1
V(va(, ) = Euvm-, y)|\§<1 - ) + Z!|vn(~,y)}|§ vy eR.

We set
A, = {y cR | ”an(,, y) ”2 (p+1)(1-6) > ZCHUn( )||(17+1)9}

By (2.8), V(ua(-, ¥)) = Ll (, )% for every y € A, while [V, (-, I3~ P < 2C)ju, ¢, ») 1P for any

y € R\ A,. By (iii) we know that [|v,(-, y)|l> < C for all y € R and so [|[Vv,(, »)|I3 < C :=2CCP*+V for any
y e R\ A,. Given (y1, y2) C R we have

lonll3n s,y o = / 18y 0n oW 3+ [ Vol 5+ a0 |5 dy
Y1

<2<p(vn)+f||an(-,y>||§dy+é<yz—y1)

Y1
2 - ~
< 20(0m) + f [VunC 0|2y + € + E)ya — 1)
(yl s}'Z)mAn
<2¢(vy) + 4 / V(vn(,y)) —bdy + (C +C +4b)(y2 — y1)
1, y2)NA,

<69(n) + (C + C +4b)(y2 — y1)
<Cr=6(mo+ 1)+ (C +C +4c)(y2 — y1)
and (iv) follows. 0O
By (iv) of Lemma 3.17 we have that the minimizing sequence (v,) weakly converges in H'!(Sy) forany L > 0 to a

function v € H. Even if we do not know a priori that v € X}, thanks to Lemma 3.5, Lemma 2.10 and the semicontinuity
of the distance function, the function v enjoys the following properties

Corollary 3.18. For any b € [0, ¢) there exists v € H such that

(1) given any mterval I C R such that V(v(-,y)) = b for a.e. y € I we have ¢y (v) < mp,
@ii) dist(v(-, y), V )< roforanyy <0,
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(iii) dist(@(-, y), V}) <ro forany y = Lo,
@iv) [[v¢, )2 < C forany y €R,
() for every (y1,¥2) C R, 0lg1¢s,,, ) <G

A

where Lo, C and C are given by Lemma 3.17.

We define ¢ and T as follows:

& = sup{y € R/dist(i(-, y), V%) <rg and V (3(, y)) < b},
T=inf{y >6/V(0(,y)) <b},

with the agreement that ¢ = —oo whenever V (v(-, y)) > b for every y € R such that dist(v(-, y), Vb)) < rp and that
T = 400 whenever V(v(-,y)) > b forevery y > o.

Remark 3.19. Properties of o, T:

®

(ii)

(iii)

(iv)

v)

(vi)

(vii)

g € [—00, Lol and T € [0, +o0].

By Corollary 3.18(iii), if y > L¢ then dist(ﬂ(-,y),Vﬁ) < ro. Hence dist(ﬁ(~,y),Vf) > 4rg for y > Ly and
o < Lo follows. Moreover, by Corollary 3.18(ii), there results dist(v(-, y), Vﬁ ) < rg if y < 0. Then, by the
definition of &, we have that if ¢ < 0 then V (v(-, y)) > b for any y € (5, 0] and so T > O follows.

If & € R then o(-,5) € V2.

Indeed, by definition, there exists a sequence y, € (—oo, o] such that y, — ¢ asn — +o00, V(v(-, y,)) < b and
dist((-, yp), V2) < rg for any n € N. Then 9(-, y,) € V? for any n € N and since, 9 (-, y,) — (-, &) in L2(RV),
by Remark 2.11 we conclude that v(-, ) € Vb,

o<T.

It is sufficient to prove that if ¢ € R then, there exists § > 0 such that V(v(-, y)) > b for any y € (6,5 + §).
Assume by contradiction that there exists a sequence (y,) C (o, +00) such that V(v(-, y,)) < b for any n € N
and y, — o. Then, by definition of & we have dist(v(-, y,), Vf) > ro forany n € Nand so v(-, y,) € Vﬁ. Hence,
since v(-, y,) = v(-,0) in L2, by Remark 2.16, we obtain v(-,7) € V_lf_ while, by (ii) we know that v(-,0) € Vb,
If 7 € R then o(-, 7) € V5.

Indeed, by definition, there exists a sequence y, € [T, +00) such that y, — T asn — +o0, V(v(:, y,)) < b. By
definition of &, since y, > &, we have dist(3(-, y,), V) > ro for any n € N. Then (-, y,) € Vi for any n e N
and since, ¥(-, y,) — 0(-, 7) in LZ(R), we conclude by Remark 2.16 that v(-, 7) € Vj’_.

If [y1, y2] C (0, T) then infye(y, y,] V(V(-, ¥)) > b. Moreover ¢ 7) (V) < myp.

It follows by the definition of ¢ and 7 that V (v(-,y)) > b for any y € (o, 7). Then, by Lemma 3.1 we have
infye[y;,y,) V(0 (-, y)) = minye(y, y,] V(0(-, y)) > b whenever [y1, y2] C (o, 7). By Corollary 3.18(1) we fur-
thermore derive that ¢ 7)(v) < mp.

If 6 = —oo then liminfy_, _o V(v(-, ¥)) — b =liminfy_, _ dist(v(-, y), Vhy=o.

By Corollary 3.18(ii) we have dist(v(-, y), VE) < rg for every y < 0. Since 0 = —00 and @(—co,7) (V) < mp we
derive that there exists a sequence y, — —oo such that V(0 (-, y,)) — b, v(-, y,) € VE and dist(v(-, y,), Vi) >
4ry.

If b =0, by Remark 2.11, we obtain v(-, y,) — 0 and (vi) follows. If b > 0, arguing as in the proof of
Lemma 3.10, for any n € N, since V (v(-, y,)) > b, there exists a unique s, € (0, 1] such that V (s, v(:, y,)) = b,
$p0 (-, yu) € V2 with 1 — s, < (V(B(, y»)) — b)/v—(b) — 0. Since by Remark 2.11 ||v(-, y,)||2 is bounded,
dist(D(-, yn), V2) < (1 = s)|I9¢-, yn)|l2 = 0 and (vi) follows.

If T = 400 then liminfy_, 1o V (0(:, y)) — b = liminfy_, 4o dist(D (-, y), V2) = 0.

The proof is analogous of the one of (vi).

Thanks to the properties (ii)—(iv), (vi)—(vii) we recognize that the function v satisfies the assumption of Lemma 3.8
on the interval (¢, T) which allows us to derive the following properties of v.
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Lemma 3.20. There result

() ¢@.7) (V) =mp and liminf,_, ;- V(0(-, y)) =liminf, .5+ V(v(-, y)) = b,
(i) T eRforany b e[0,c) and 6 € R for any b € (0, ¢),
(iii) for every h € CP(RYN x (6, 7)), with supph C RN x [y1, y2] CRY x (5, ©), there exists f > 0 such that

0.5 +th) > ec 5 ), Vre(0,1). (3.15)

Then v € C2(RYN x (5, 1)) verifies —Au +u — f(u) =0 on RN x (&, %) and for any [y1, y2]1 C (&, T) there
results U € H2(RN x (y1, y2)),

(iv) Ey@(,y) = 313,80, I3 = V@(,y) =—b forevery y € (&, 7),

(v) liminf,_ z- [|9yv(:, y)|l2 = liminf,_, 5+ |9y v(-, y)[l2 = 0.

Proof. (i) By Lemma 3.8 we already know that ¢ 7)(v) = my, and by (v) of Remark 3.19 we conclude that
®(@.7)(v) = mp. Hence, using Lemma 3.8 again, we conclude that liminf,_,z- V(v(:, y)) = liminf, 5+ V(v(,
y) =b.
(i1) Assume by contradiction that T = +00. By (vii) of Remark 3.19 there exists yp > Lq such that ug := v(-, yg) €
Vfi+ \ Vi and v(-, -+ yo) € & lj,_ “o" To obtain a contradiction we show that
_ _ - 3/2
Yy > yo such that V(v(~, y)) < B+ we have ¢y, 100y (V) < C+(b)(V(v(-, y)) — b) .
By (3.16), using Lemma 3.11, we derive that there exists y € (yg, yo + 1) such that V(v(-, y)) = b which contradicts
that T = +o0.
If (3.16) does not hold, by Lemma 3.10, there exists y > yo with v(-, y) € Vf* and @5, 400) (V) > gp(wroo)(w;r(. y))'
Then, defining

(3.16)

5y {E(uy) y<y
v . = ~ ~
S L O I

we obtain @5, +00) (V) < @(5,+00) (V) = myp. On the other hand, defining T = sup{y > & | V(v(-, y)) > b}, we recognize
that 7 satisfies the assumption of Lemma 3.8 on the interval (o, 7) and we get the contradiction mj < ¢ 7) (V) <
PG +00) (D) < mp.

To prove that 0 € R when b > 0 we can argue analogously using Lemmas 3.13 and 3.14.

(iii) Let us consider # € C°(RY x (5, 7)) with supph C RN x [y1, yo] CRY x (6, 7). By (v) of Remark 3.19 we
know that there exists i > 0 such that V (v(-, y)) > b+ u forany y € [y, y2]. Let us consider (v +h)* the symmetric
decreasing rearrangement of the function v + th with respect to the variable x, i.e. the unique function with radial
symmetry with respect to the variable x € RV such that

{x eRY | @+ th)*(,y) >r}|=|{x eRY | |@ +1th)(-,y)| > r}| foreveryr >0andae.yeR

and (0 +th)*(x1, y) > (0 +th)*(x2, y) whenever |x1| < |xp|, for a.e. y € R. One recognizes (use e.g. [20, (12)—(14)],
and [23, (3), p. 73]) that |V (v + l‘]’l)*”Lz(RNx(yl’yz)) SIVQ@ + )| 2@ « (v, y,)) and f]RNx(y],yz) %|(1’) + th)*|? +
F((v+th)*)dxdy = fRNX(y1,y2) %|v +th|*>+ F(Jv+th))dxdy = f]RNx(y],yz) %|v +1th|>+ F(0+th) dx dy. There-

fore we have
1 ) 1, 2 _
/ E\V(u+zh)*| +§|(v+rh)*\ — F((W+1th)*)dxdy
R¥ x[y1,y2]
< / %|V(B+th)|2+%|6+th|2—F(6+th)dxdy. (3.17)
RN x[y1,y2]

We now claim that

3t > 0 such that V((ﬁ + th)*(., y)) >b+u/2forany s €[0,f]and y € [y1, y21. (3.18)
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Arguing by contradiction, if (3.18) does not hold, there exist a sequence #, € (0, 1) and a sequence y, € [y1, y2] such
that z, — 0, y» — yo € [y1, y2] and V(0 + t,2)* (-, yn)) < b + /2.

By Corollary 3.18(iv), since & has compact support, we have that there exists C > 0 such that || (0 +#,2)*(:, yn) |2 =
1@+ )Gyl < N0C y)llz + 1A, yu)ll2 < C for any n € N. Since V(U + t,h)*(-, y»)) < b + /2, by
Lemma 2.14 there exists a constant R > 0 such that ||V (v 4 t,A)*(-, y»)|l2 < R for any n € N. Then the se-
quence {(v + t,h)*(-, y,)} is bounded in H I(RM). Since the rearrangement is contractive in L%(RN) we have
1@ + tah)* (o yn) = DG y0) |2 < @ + tah) ., yn) — 8¢, y0) 2 = 0 and so (0 + t,h)* (-, yu) = D(-, yo) in H'(RY).
By Lemma 2.7 we then obtain the contradiction b + /2 > liminf,— 100 V(0 + 1,A)* (-, y4)) = V(0 (G, y0)) = b+ 1
which proves (3.18).

Since v(-,y) € X fora.e. y € R we have v = v* and (v + th)* = v for x € RY and y e R\ [y1, y2]. By (3.18) we
then recognize that (v + th)* satisfies the assumptions of Lemma 3.8 on the interval (&, T) for any ¢ € [0, 7]. Then
@67 ((V+1h)*) = mp = @i, 7)(0) for any 7 € [0, 7] and (3.15) follows by (3.17). Finally, by (3.15) we have

1 1 1 1 -
/ 5|V(5 +th)|2 + 310 +th|> — F(0 +th) — E|v17|2 — E|17|2 + F(0)dxdy >0 Vte(0,1).
RN x(3,7)
Since # is arbitrary we derive that fRNx(é,f) VoVh+v-h— f(v)hdxdy =0 for every h € CSO(RN x (6,7)), and
so that ¥ is a weak solution of (E) on RY x (&, 7). Then (iii) follows by (v) of Corollary 3.18 and standard regularity
arguments.
(iv) Fixed & € (6, 7) and s > 0 we define

v(,2+E€) O<y

and we note that vy verifies the assumption of Lemma 3.8 on the interval (6 — &, s(T — &)). Then

ﬁs('vy):{

P58 Vs) Zmp =G _ti-5 0, +§))
and so we have that for any s > 0 there results

0 < @—&,5(5—) (Us) — P—t,7—£) (VC, - +§))
S(f*E)1 .

S 18y55 ) |* 4+ (V (55, ) = b) dy — s19y¢» |*+ (V (3¢, ) —b)dy

2
ayﬁ(., % +$) + <V(v< % +§>> - b) dy — g0 w)
1

1 _ 2 ; - U
;ngByv(»wH dy+s/V(v(-,y>)—bdy—fﬂ@f>(”)
£ &

m\m

0

s(T—=§)
1

252

T

1 1 _ 2 7 _
<;—1>/§||3yv(-,y)” dy+(s—1)/V(v(~,y))—bdy.
£ 3

This means that, setting A = f; %naya(-, W|I?dy and B = f; V(v(-, y)) —bdy, the real function s — ¥ (s) = A(% —

1) + B(s — 1) is non-negative on (0, +00) and then that 0 < min v (s) = w(\/g ) = —(v/A — +/B)?, that implies
A=B,ie.,
T T |
_ — 2 - —
/V(v(~,y)) —bdy:/i”ayv(-,y)”zdy for any & € (5, 7). (3.19)
£ £
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Since, by (iii), 5 € H>(RY x (y1, y2)) whenever [y1, y2] C (5, T), we derive that the function y — %[19,8(-, y)|13 —
V(v(-, y)) is continuous and (iv) follows by (3.19).
(v) It follows by (i) and (iv). O

3.4. The case b > 0. The periodic solutions

Consider the case b € (0, ¢). By (ii) of Lemma 3.20 we have o, 7 € R. In this case, by reflection and periodic
continuation, starting from , we can construct a solution to (E) on all R¥*+! periodic in the variable y. Precisely let
o(x y)_{l')(x,y+6) ifxeRN and y €[0,7T — &),

' vx, T+ (T —06—y) ifxeRVandye[T—5,2(T —5)]
and v(x, y) =v(x, y + 2k(T — &)) for all (x,y) e RN*! ke Z.
Remark 3.21. Let 7T =7 —&.

(i) The function y € R — v(-, y) € L*(R") is continuous and periodic with period 27". Moreover by (ii) and (iv) of
Remark 3.19, v(-, 0) € V2 and v(-, T) € V4. Finally, by definition, v(-, —y) = v(-, y) and v(-, y + T) = v(-, T —
y) for any y e R.
(i1) v € H and, by (v) of Remark 3.19, V(v(-,y)) > b forany y e R\ {kT/k € Z}.
(iii) By (v) of Lemma 3.20, for any k € Z we have liminf,_, ;7= [|d,v(:, y)|l2 =0.
(iv) By (iii) of Lemma 3.20, v € C2(RN x (0, T)) satisfies —Av(x, y) + v(x, y) — f(v(x, y)) =0 for (x, y) e RN x
0,T).

‘We have

Lemma 3.22. v € C2(RV*1) is a solution of (E) on RNt Moreover, E,(y) = %||8yv(~, W=V, y) =—b for
all y e R and 9yv(-,0) = dyv(-, T) =0. Finally v > 0 on RN+

Proof. First, let us prove that v is a classical solution to (E). To this aim, we first note that by Remark 3.21(iii), there
exist four sequences (&), (), such that e, <0 <ef, n <0< nt foranyn e N, e, ¥ — 0 and

lim ||oyv(-.ey)|,= lim ||oyv(-. T +n;)[,=0. (3.20)

n—+400 n—-+00

Fixed any ¢ € C° (RN+1, by Remark 3.21(1)—(iv) we obtain that for any k € Z and n sufficiently large we have

Qk+1)T+n;
O=/ / —Avy 4+ vy — f(u)¥dydx
RN 2kT+ef
Qk+1D)T+n;,
= / f VoVy + v — f(v)¥ dydx + / ayv(x, 2kT + &)y (x, 2kT + &) dx
RN 2kT+ef RN
— / dyv(x, 2k + DT +n, )y (x, Rk + DT +n,, ) dx
BN
and
2kT+e;,
O=/ / —Avy + oy — f(u)Ydydx

RN Qk—1)T+n;"
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2kT+e;
:/ f Vvi/f—i—vl/f—f(v)l//dydx—/ayv(x,ZkT—I—sn_)l/f(x,ZkT—i—e;)dx
RN Qk—1)T 41, RV

+ f 8yv(x. 2k — DT + 5y (x, @k — DT + ;") dx.
RN

By (3.20), in the limit for n — +00, we obtain that for any k € Z we have

2kT Qk+1)T
O:/ / Vthﬁ—l—vtﬁ—f(v)gﬁdydx:/ / VoVy + vy — f(u)y dydx.
RN 2k—-1)T RN 2kT

Then, v satisfies

/ VoVy + vy — f(0)¥dxdy =0, Vi e CPRN )

RN+

and so v is a classical solution to (E) on RV +1A which is periodic of period 27 in the variable y. Since by (v)
of Corollary 3.18 we have |v(-, y)||Hl(S(0 ) < C depending only on T, by definition of v and using (E) we re-

cover that v € H2(RN x (y1, y»)) for any bounded interval (yg, y2) C R and ||U||H2(S(vl.v2)) < C with C depending

only on y; — y;. This implies in particular that the functions y € R — 9yv(-, y) € L RNy and y e R — v(-, y) €
H'(R") are uniformly continuous. Then lim, o+ V (v(-, y)) — b = liminf, ¢+ |d,v(-, y)||l2 = O and analogously
limy_,7- V(v(-, y)) —b=lim,_, 7 ||dyv(,, yj||2 = 0. By continuity we derive that dyv(-,0) =9d,v(-,T) =0. By (v)
of Lemma 3.20 and the definition of v it then follows that %llayv(-, W2 = V((,y)) = —b for any y € R.

To complete the proof we have to show that v > 0 on R¥*!. We know that v # 0 and since v € H we have v > 0
on RN*+1_ Since v solves (E) we have —Av 4+ v = f(@)>=0on R¥*! and v > 0 on RV follows from the strong
maximum principle. O

Lemma 3.23. We have 0,v > 0 on RY x (0, T) and oy, v<0on{(x,y)e RN*L | x; > 0} foreveryi=1,..., N.

Proof. To prove that dyv > 0 on RN x (0,T) we first note that since dyv(-,0) = 9yv(-,T) = 0 then 9yv €
HO1 (RN x (0,T)) and solves the linear elliptic equation —Adyv + dyv — f’(v)ayv =0 on RN x (0, T). Then
dyv € HI@RY x (0,T)) N H*(RY x (0,T)) is an eigenfunction of the linear selfadjoint operator £, : Hj (R x
0, 7)) N H>*RN x (0,T)) c L*RN x (0, T)) = L>*@RN x (0, T)) defined by L,h = —Ah + h — f'(v)h corre-
sponding to the eigenvalue 0.

The minimality property of v proved in Lemma 3.20(iii) implies (Lyh, k)2 > 0 for any h € C§° RN x (0,T))
and we deduce that 0 is the minimal eigenvalue of £,. Then d,v has constant sign on RV x (0, T). Assume by
contradiction that dyv < 0 on RN x (0, T). Since, by construction, v is even with respect to 7', that implies that
v(x,T) <wv(x,y) forall x e RN and 0 < y < 2T. We deduce that Bgyyv(x, T) > 0 for all x € RN and so, multiplying
(E) by v and recalling that v > 0 on R¥*! we deduce —A,v(x, T)v(x,T) + v(x, T7)? — f(v)v > 0. Integrating
with respect to x on RY we obtain V'(v(-, T))v(-, T) > 0 contrary to the fact that v(-, T) € Vi. This shows that
dyv >0 on RN x (&, 7). To prove that d,,v < 0 on {(x,y) € RV | x; > 0} we note that since v € H N C2(RVF)
we have d|,jv(x,y) <0 forall y € R and |x| # 0. Then ,,v <0 on {(x, y) € RV*! | x; > 0}. Since 3,,v < 0 solves
the linear elliptic equation —Ady, v + dy, v = f/(v)dy, v on {(x,y) € RN+ | x; > 0} we deduce —A0y, U+ 0y V <
(f'()+0x,v<0o0n {(x,y) € RN+ | x; > 0} and since dy; v # 0, the strong maximum principle assures d,;v < 0 on
{(x,y) eRN* | x; >0}, O

3.5. The case b = 0. The homoclinic type mountain pass solution

In the case b = 0 Lemma 3.20 establishes that T € R but does not give information about 6. We prove here below
that in fact 6 = —o0.
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Lemma 3.24. If b =0 then 0 = —oo.

Proof. Assume that 6 € R. Then, arguing as in the case b > 0, by reflection and periodic continuation, we construct
a solution v € C2(RN*1) of (E) which is 2(T — &)-periodic in the variable y with v(-,0) € V° and d,v(-, 0) = 0.
Since V° = {0} we have v(x,0) = 0 and dyv(x,0) =0 for any x € RV, Defining a(x,y) =1 — f(v(x, y))/v(x, y)
when v(x, y) #0 and a(x, y) =1 — f'(0) = 1 when v(x, y) = 0 we have that a is continuous on RN+ and v solves
—Av +a(x, y)v =0 on RN+, Defining the function v(-, y) = v(-, y) for y € (0,2(t — 7)), and v(-, y) =0 for
y<O0ory2>2(t —0),since v(x,0) = d,v(x,0) = v(x,2(T —0)) = d,v(x,2(T — o)) =0, we obtain that also v
satisfies —Av + a(x, y)v =0 on RN*!. But a local unique continuation theorem (see e.g. Theorem 5 in [24]) and a
continuation argument imply that ¥ = 0 on R¥*! while, by definition of & and 7, (-, y) = v(-, y) = (-, y + &) #0
forye (0,7 —0). O

By Lemma 3.24 we can define the function

v(x,y+7) ifxeRNandye (—o0,0],

VX, =
() {ﬁ(x,f—y) if x e RY and y € [0, +00)

and the argument of the proof of LLemma 3.22 shows that v is a classical solution to (E) in RN+,

Remark 3.25. Again by (v) of Corollary 3.18 and using (E) we recover that v € HZ(RY x (y1, y»)) for any
bounded interval (y1, y2) C R and |[v|| H2(S(yy 7)) < C with C depending only on y, — yj. This implies in particu-
lar that the functions y € R — 3,v(-,y) € L>(R") and y € R — v(-, y) € H'(R") are uniformly continuous and
so limy_, o V(v(-,y)) = liminfy_, o V(v(-, ¥)) = 0, limy_,o- |0yv(:, y)|l2 = liminf,_, ¢+ [[dyv(-, y)[l2 = O, and
Ey,(y)= %Ilayv(-, y) ||% —V(v(-,y)) =0 for any y € R. Note finally that v is radially symmetric with respect to x, not
increasing with respect to |x|, and, by construction, even in the variable y.

In the case b = 0 the functional ¢ (1) = fR % loyu(-, y) II% + V(u(-, y))dy can be written, by Remark 2.6, as ¢ (u) =
%”u”il'(RN“) — Jgne1t Fw)dxdy = Vi1 (u) for all u € H'(R¥*!) and in particular, denoting ¢y the mountain

pass level of ¢ in H'(RN*1), Proposition 2.3 establishes that ¢ has a positive radially symmetric critical point w at
the level cy 1. We have

Lemma 3.26. v € H'! (RN“) is a critical point of ¢ on HIY RN wirh ¢ (V) = cn+1. Moreover v € CEZ(RM) is a
positive solution of (E) on RNT such that v(x,y) — 0 as |(x, y)| = +oo, and, up to translations, v is radially
symmetric about the origin and 9,v < 0 forr = |(x, y)| > 0.

Proof. By Remark 3.25 we have limy_, _o; V (v(-, ¥)) = 0 and so there exists yo < —Lo < 0 (Lg as in Corollary 3.18)
such that V (v(-, y)) < B forany y < yg. Since by Corollary 3.18(ii) we know that dist(v(:, y), Vﬁ) > 4rg fory < —Lo,
we recognize that v(-, y) € VE for any y < yo. Then V'(v(-, y))v(-, y) = 0 and by (2.2) we obtain that V (v(-, y)) >
“2—;2 lv(-, y)||? for any y < yo. Since mo = @(—c0,0) (V) = f(—oo,yo) V(v(:, y))dy, using Corollary 3.18(iv), we then ob-

. 0 ! - —
tain 0012 vy = 2S00 WG 0IPdy <270 25 V(1) dy +2C 1ol < ;45mo+2Clyol, and v € H' RN

follows. Since v € H! (RN *1) solves (E) on RN*!, we deduce v(x, y) — 0 as |(x, y)| = 400, it is a critical point of
@ on H'(RN*1) and, by Remark 2.5, ¢(v) = 2mg > cn41.

We now show that 2mg < cy41 proving that v is a mountain pass critical point. The other properties stated in the
lemma will then follows by standard arguments.

As recalled above, ¢ admits on H!(RV*!) a positive, radially symmetric (in R¥*1) critical point w such that
@(w) = cy41 and 3, w < 0 on RVN*1\ {0} where r = |(x, y)|. In particular w(x, y) is radially symmetric with re-
spect to x and monotone decreasing with respect to |x| for any y € R and so w € H. By Lemma 3.2 we know
that the energy function E,(y) = %||8yw(~,y)||% — V(w(-, y)) is constant on R. Since w solves (E) we have
w e H2RNTHNC2RN ). Then ||w(-, y)|| — O and [|[dyw(-, y)[l2 — 0 as y — oo and we deduce that E,, (y) =0,
ie., %||8yw(~, y)||% = V(w(:,y)) for any y € R. Since w is even with respect to y we have d,w(-,0) =0 and then
V(w(-,0)) = 0. Since w is radially symmetric we have w(-,0) # 0 and so w(-,0) € Vﬁ. Finally, since 9,w < 0 on
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RN*1\ {0} we derive that dyw(0, y) > 0 for any y € (—o0, 0) and we conclude V(w(-, y)) = %Hayw(-, y)||% > 0 for
any y € (—00,0).

The above results tell us that w satisfies the assumption of Lemma 3.8 on the interval (—o00, 0) and ¢(—so,0) (W) >
my follows. Hence cy+1 = ¢(w) > 2mg and we conclude that cy 41 = 2my.

To conclude the proof we note that since v >0 and —Av 4+ v = f(v) >0 on RV the strong maximum principle
establishes that v > 0 on RV*! and so, by Theorem 1 in [19] we conclude that, up to translations, v is radially
symmetric about the origin and d,v <O forr =|(x,y)| >0 O
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