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Abstract

Motivated by models of fracture mechanics, this paper is devoted to the analysis of a unilateral gradient flow of the Ambrosio—
Tortorelli functional, where unilaterality comes from an irreversibility constraint on the fracture density. Solutions of such evolution
are constructed by means of an implicit Euler scheme. An asymptotic analysis in the Mumford—Shah regime is then carried out.
It shows the convergence towards a generalized heat equation outside a time increasing crack set. In the spirit of gradient flows
in metric spaces, a notion of curve of maximal unilateral slope is also investigated, and analogies with the unilateral slope of the
Mumford—-Shah functional are also discussed.
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Many free discontinuity problems are variational in nature and involve two unknowns, a function # and a discon-
tinuity set I" across which # may jump. The most famous example is certainly the minimization of the MUMFORD—
SHAH (MS) functional introduced in [37] to approach image segmentation. It is defined by

1
5 / |Vu|2dx+%N_1(F)+g/(u—g)zdx,
Q\r Q2

where £2 C R" is a bounded Lipschitz open set, 7V ~! is the (N — 1)-dimensional Hausdorff measure, 8 > 0 is a
fidelity (constant) factor, and g € L°°(§2) stands for the grey level of the original image. In the resulting minimization
process, we end up with a segmented image u : 2 \ I — R and a set of contours I" C £2. To efficiently tackle this
problem, a weak formulation in the space of Special functions of Bounded Variation has been suggested and solved
in [22], where the set I is replaced by the jump set J,, of u. The new energy is defined for u € SBV?(§2) by
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1 2 N—1 p 2
3 |Vul“dx + (Ju)—f-E (u—g)dx, (1.1)
k%) 2

where Vu is now intended to be the measure theoretic gradient of u.

A related model based on Mumford—Shah type functionals has been introduced by FRANCFORT & MARIGO in [27]
(see also [9]) to describe quasi-static crack propagation inside elastic bodies. It is a variational model relying on three
fundamental principles: (i) the fractured body must stay in elastic equilibrium at each time (quasi-static hypothesis);
(i) the crack can only grow (irreversibility constraint); (iii) an energy balance holds. In the anti-plane setting, the
equilibrium and irreversibility principles lead us to look for constrained critical points (or local minimizers) at each
time of the Mumford—Shah functional, where u stands now for the scalar displacement while I is the crack. Unfortu-
nately, there is no canonical notion of local minimality since the family of all admissible cracks is not endowed with a
natural topology. Seeking local minimizers of such energies has consequently become a great challenge, and a lot of
works in that direction have considered global minimizers instead, see [18,15,25]. In the discrete setting, one looks at
each time step for a pair (u;, I';) minimizing

(u,F)HE*(u,F)::% / \Vuldx + N,
\r

among all cracks I" D I;_; and all displacements u : £2 \ I — R satisfying an updated boundary condition, where
I;i_1 is the crack found at the previous time step. A first attempt to local minimization has been carried out in [19]
where a variant of this model is considered. At each time step the L?(§2)-distance to the previous displacement is
penalized. More precisely, denoting by u;_; the displacement at the previous time step, one looks for minimizers of

(u, ) = Eclu, T) + Al = wi—11175 g (1.2)

on the same class of competitors than before, where A > 0 is a fixed parameter. We emphasize that this formulation
only involves some kind of local minimality with respect to the displacement. A notion of stability which implies
another local minimality criterion has been introduced in [33]. It focuses on what the author calls ‘“accessibility
between two states”. In the case of global minimization, when passing from one discrete time to the next, all states are
accessible. From the point of view of [19], a state u is accessible from u;_; if and only if there is a certain gradient
flow beginning at u#;_; which approaches u in the long-time limit. The main idea in [33] is that a state u is accessible
from u;_ if and only if both states can be connected through a continuous path for which the total energy is never
increased more than a fixed amount.

While static free discontinuity problems start to be well understood, many questions remain open concerning their
evolutionary version. Apart from the quasi-static case, the closest evolution problem to statics consists in finding a
steepest gradient descent of the energy, and thus in solving a gradient flow type equation. A major difficulty in this
setting is to define a suitable notion of gradient since the functional is neither regular nor convex, and standard theories
such as maximal monotone operators [ 12] do not apply. However, using a time discretization, an implicit Euler scheme
can always be defined. Letting the time step tend to zero, the possible limits of such a discrete scheme are referred to
as DE GIORGI’s minimizing movements (see [1,21]), and can be considered as solutions of the generalized gradient
flow of the underlying functional. In the Mumford—Shah setting, this approach reduces to the minimization of the
energy (1.2) exactly as in [19] with A replaced by (28)~!, § > 0 being the time step. The minimizing movements
of the Mumford—Shah functional have been first considered in [2], and further developed in [13]. Motivated by the
crack growth model as in [19], the authors apply the iterative scheme with respect to the variable # while minimizing
the energy with respect to I" under the constraint of irreversibility. Showing compactness of the resulting discrete
evolution as § — 0, they obtain existence of “unilateral” minimizing movements of the Mumford—Shah energy (we
add here the adjective unilateral to underline the irreversibility constraint on the evolution). In any space dimension,
the limiting displacement u(¢) satisfies some kind of heat equation (in the weak sense), and an energy inequality with
respect to the initial time holds. Assuming that admissible cracks are compact and connected, they improve the result
in two dimensions showing that u(¢) solves a true heat equation in a fractured space—time domain, and that the energy
inequality holds between arbitrary times.

The Mumford-Shah functional enjoys good variational approximation properties by means of regular energies.
Constructing L?(§2)-gradient flows for these regularized energies and taking the limit in the approximation parameter
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could be another way to derive a generalized gradient flow for M S. It was actually the path followed in [31] where a
gradient flow equation for the one-dimensional Mumford—Shah functional is obtained as a limit of ordinary differential
equations derived from a non-local approximation of M S. Many other approximations are available, and the most
famous one is certainly the AMBROSIO—TORTORELLI functional defined for (u, p) € [H )P by

1 1 1
AT, (u, p) =5 [(na + )| Vul*dx + 5/<e|vm2 +o0 - p)2> dx.
2 22

The idea is to replace the discontinuity set I” by a (diffuse) phase field variable, denoted by p : 2 — [0, 1], which
is “smooth” and essentially O in a e-neighborhood of I". Such energies are of great importance for numerical sim-
ulations in imaging or brittle fracture, see [8,9]. From the mechanical point of view, it is interpreted as a non-local
damage approximation of fracture models, where p represents a damage density. The approximation result of [5,6]
(see also [29]) states that AT, I"-converges as ¢ — 0 to M S (in the form (1.1)) with respect to a suitable topology. For
the static problem, it implies the convergence of A7,-minimizers towards M S-minimizers by standard results from
I'-convergence theory. However, the convergence of general critical points is a priori not guaranteed. Positive results
in this direction have been obtained in [26,35] for the one-dimensional case. The Ambrosio—Tortorelli approximation
of quasi-static crack evolution is considered in [30], where the irreversibility constraint translates into the decrease of
the phase field t — p(#). The main result of [30] concerns the convergence of this regularized model towards the orig-
inal one in [25]. Motivated by the formulation of a model of fracture dynamics, a hyperbolic evolution related to the
Ambrosio—Tortorelli functional is also studied in [34], but the asymptotic behavior of solutions as ¢ — 0 is left open.
A first step in that direction is made in [16] where the analysis of a wave equation on a domain with growing cracks
is performed. Concerning parabolic type evolutions, a standard gradient flow of the Ambrosio—Tortorelli functional is
numerically investigated in [28] for image segmentation and inpainting purposes.

The object of the present article is to study a unilateral gradient flow for the Ambrosio—Tortorelli functional taking
into account the irreversibility constraint on the phase field variable. The idea is to construct minimizing movements
starting from a discrete Euler scheme which is precisely an Ambrosio—Tortorelli regularization of the one studied in
[2,13]. As in [30], the irreversibility of the process has to be encoded into the decrease of the phase field variable, and
leads at each time step to a constrained minimization problem. More precisely, given an initial data (ug, pg), one may
recursively define pairs (u;, p;) by minimizing at each time #; ~ i§,

1
(, p) > ATo(u, p) + <l = it 72 (1.3)

among all # and p < p;_1, where (u;_1, pi—1) is a pair found at the previous time step. The objective is then to pass
to the limit as the time step § tends to 0. A main difficulty is to deal with the asymptotics of the obstacle problems
in the p variable. It is known that such problems are not stable with respect to weak H!(§2)-convergence, and that
“strange terms” of capacitary type may appear [14,17]. However, having uniform convergence of obstacles would
be enough to rule out this situation. For that reason, instead of AT, we consider a modified Ambrosio—Tortorelli
functional with p-growth in Vp with p > N. By the Sobolev Imbedding Theorem, with such a functional in hand,
uniform convergence on the p variable is now ensured. We define for every (u, p) € H L(2) x whr(2),

1 ) 2 gP~! p, o »

Ecw,p):== | (ne+p°)IVul"dx+ [ | —|Vpl? +—I[1—p|” Jdx, p>N,

2 p p'e
2 2

where « > 0 is a suitable normalizing factor defined in (2.2). Note that an immediate adaptation of [29] shows that &,
is still an approximation of M S in the sense of I"-convergence.

Considering the incremental scheme (1.3) with &, instead of AT, we prove that the discrete evolutions converge as
& — 0 to continuous evolutions ¢ > (ug(t), pe(t)) that we call unilateral minimizing movements (see Definition 3.3).
The first main result of the paper (Theorem 4.1) gathers properties of unilateral minimizing movements. The limiting
differential equation satisfied by u, is

due —div((ne + p?) Vi) =0 in 2 x (0, +00),

dut (1.4)
a— :O on 89 X (0, +oo)v
Vv
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while the irreversibility and minimality conditions for p, are

{ t— pe(t) is non-increasing, (15)

Ee(ue (1), pe(1)) < E:(ue(r), p) foreveryr>0and p € WP (£2) such that p < pe(7) in 2.

The system (1.4)—(1.5) is by construction supplemented with the initial condition

(1 (0, s (0)) = (w0, po)  in 2.

In addition, we prove that the bulk and diffuse surface energies, defined by

1
t 5 f(ng + pg(r))wus(t)yzdx
2

and
P! p, @ p
m—>/ — Vo] + =1 = pe)|” ) dx
A p pPé

are respectively non-increasing and non-decreasing, a fact which is meaningful from the mechanical point of view.
Moreover, the total energy is non-increasing, and it satisfies the following Lyapunov inequality: for a.e. s € [0, +00)
and every t > s,

t
Ex (us (1), p: (1)) + / e ()32 dr < Ee (e s). e 5)). (1.6)

Note that the above inequality is reminiscent of gradient flow type equations, and that it usually reduces to equality
whenever the flow is regular enough. In any case, an energy equality would be equivalent to the absolute continuity in
time of the total energy (see Proposition 6.3). The reverse inequality might be obtained through an abstract infinite-
dimensional chain-rule formula in the spirit of [38]. In our case, if we formally differentiate in time the total energy,
we obtain

d

T Ee(ue (), pe () = (0uEe (ue (1), pe (1)), due (1)) + (0, E: (ue (1), pe(1)), 01 pe (1)). (.7
From (1.5) we could expect that

<8pgs (ue(t)v Pe (t))s 01 Pe (t)> =0, (1.8)

which would lead, together with (1.4), to the energy equality. Now observe that (1.8) is precisely the regularized
version of Griffith’s criterion stating that a crack evolves if and only if the release of bulk energy is compensated by
the increase of surface energy (see e.g. [9, Section 2.1]). Unfortunately, such a chain-rule is not available since we
do not have enough control on the time regularity of p,. In the quasi-static case, one observes discontinuous time
evolutions for the surface energy. Since the evolution law for p, is quite similar to the quasi-static case (see [30]), we
also expect here time discontinuities for the diffuse surface energy. Adding a parabolic regularization in p, i.e., a term
of the form

o=t le = pimtllyin o,

in (1.3), is a way to improve the time regularity of p., and to get an energy equality. Unfortunately, it also breaks the
monotonicity of the surface energy, an undesirable fact in the modelling of the irreversibility. Moreover, this energy
monotonicity is an essential ingredient in the analysis when ¢ — 0.

As just mentioned, the natural continuation (and motivation) to the qualitative analysis of Ambrosio—Tortorelli
minimizing movements is to understand the limiting behavior as ¢ — 0, and to compare the result with [2,13]. We
stress that the general theory on I"-convergence of gradient flows as presented in [39,40] does not apply here since it
requires a well defined gradient structure for the I"-limit. A specific analysis thus seems to be necessary. In doing so,
our second main result (Theorem 5.1) states that (u,, p¢) tends to (u, 1) for some mapping ¢ — u(¢t) taking values in
SBV?(£2), and solving in the weak sense the equation
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Vu-v=0 on 382 x (0, +00), (1.9)

{ oru —div(Vu) =0 in £2 x (0, +00),
u(0) = uyg.

In addition, using the monotonicity of the diffuse surface energy, we are able to pass to the limit in (1.5). It yields the
existence of a non-decreasing family of rectifiable subsets {I"(¢)};>0 of £2 such that J, ) C I'(¢) for every ¢t > 0, and
for which the following energy inequality holds at any time:

t
1
(. )+ [ [6) [} g ds < 5 [ 19w a.
0 2

Comparing our result with [13], we find that u solves the same generalized heat equation with an improvement in the
energy inequality where an increasing family of cracks appears. The optimality of this inequality and the convergence
of energies remain open problems. Note that the (pointwise in time) convergence of the bulk energy usually follows
by taking the solution as test function in the equation. In our case it asks the question whether SBV?(£2) functions
whose jump set is contained in I"(¢) can be used in the variational formulation of (1.9), see [16] and Subsection 4.4.
It would yield a weak form of the relation

ou(r)
av

(u (@) —u= () =0 on (),

where u™ () denote the one-sided traces of u(¢) on I'(t). This is indeed the missing equation to complement (1.9),
and it is intimately related to the finiteness of the unilateral slope of the Mumford—Shah functional (evaluated at
(u(t), I'(t))) defined in [20].

As already discussed, the nonlinear and nonconvex structure of M S prevents us to define a classical notion for its
gradient flow. A possible approach, actually related to minimizing movements, is to make use of the general theory of
gradient flows in metric spaces introduced in [23]. Here the notion of gradient is replaced by the concept of slope, and
the standard gradient flow equation is recast in terms of curves of maximal slope (see [4] for a detailed description of
this subject). This idea was the starting point of [20], where the unilateral slope of M S defined by

* aF - ,FU +
0610 ) = Timsup 22D Z&Q@ TU )T

v—u in L2($2) lv— u||L2(Q)

is investigated. By analogy we introduce the unilateral slope of the Ambrosio—Tortorelli functional

Ee(u, p) — E (v, p)T
|0&|(u, p) := limsup  sup (Ce. p) = £ v, £)) )
v—u in L2(2) p<p lv— M”LZ(_Q)

Then, curves of maximal unilateral slope are essentially defined as curves for which inequality (1.6) holds and the
L2-norm of the velocity coincides with the unilateral slope of the functional (see Definition 6.2). In other words, these
generalized evolutions are L?(£2)-steepest descents of £ with respect to u in the direction of non-increasing p’s.
In our third and last main result (Theorem 6.7), we establish that any unilateral minimizing movement is a curve of
maximal unilateral slope. As a matter of fact, any curve satisfying (1.4)—(1.5)—(1.6) has maximal unilateral slope. If
one drops the energy inequality (1.6), system (1.4)—(1.5) admits infinitely many solutions which are not in general
curves of maximal unilateral slope. The question whether or not curves of maximal unilateral slope are solutions
of (1.4)—(1.5), is actually connected with the validity of the generalized chain-rule formula (1.7). Finally, we obtain
some estimates in the spirit of [20] for the limit as ¢ — 0 of |0&,| along minimizing movements. However, a complete
asymptotic analysis of |0&,| remains an open problem.

To conclude this introduction, let us briefly discuss some numerical aspects of our analysis. First, a practical
drawback of the implicit Euler scheme defined in (1.3) (with &, instead of AT,) is that the pair (u;, p;) obtained at
each time step might not be unique since & is not strictly convex (although it is separately strictly convex). This lack
of uniqueness may generate some troubles from the point of view of numerical approximations. For that reason, it
is of interest to consider an alternate scheme as follows: given the initial data (u, po), one recursively defines pairs
(u;, pi) at each time #; by
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. 1
i :=argmm{£g<u, pim1) + ool =ity u € Hlm)},
pi = argmin{&; (ui, p): p € WHP(2), p < pi—y in 2}.

It turns out that this alternate minimization scheme is precisely the algorithm used in numerical experiments for
quasi-static evolution in brittle fracture (see [8,9]). As the time step § tends to zero, this scheme gives rise to the same
time continuous model (i.e., limiting evolutions satisfy (1.4)—(1.5)—(1.6), see [7]). Another difficulty for numerics is
to deal with the asymptotics when both ¢ and § tend to zero. Using the arguments developed in this paper together
with [13] and [30], one should be able to prove a simultaneous convergence result similar to Theorem 5.1, and that
the limits commute.

The paper is organized as follows. In Section 2, we provide the functional setting of the problem, and define in
details the Ambrosio—Tortorelli and Mumford—Shah functionals. In Section 3, we introduce the implicit Euler scheme
generating unilateral minimizing movements. In Section 4, we establish an existence result for unilateral minimizing
movements through a compactness result of discrete evolutions when the time step tends to zero. Then we study some
qualitative properties where we establish the heat type equation, the unilateral minimality of the phase field, and the
energy inequality. Section 5 is devoted to the asymptotic analysis as ¢ — 0. Finally, Section 6 is concerned with curves
of maximal unilateral slope for the Ambrosio—Tortorelli functional.

2. Preliminaries

Notations. For an open set U C RY, we denote by .# (U; R™) the space of all finite R”-valued Radon measures
on U, i.e., the topological dual of the space %n(U; R™) of all R"-valued continuous functions vanishing on dU.
For m = 1 we simply write .# (U). The Lebesgue measure in RY is denoted by ., while .V ~! stands for
the (N — 1)-dimensional Hausdorff measure. If B; is the open unit ball in RY, we write wy := .ZN(B)). We use
the notations C and = for inclusions or equalities between sets up to .7V ~!-negligible sets. For two real numbers a
and b, we denote by a A b and a Vv b the minimum and maximum value between a and b, respectively, and at :=a V0.

Absolutely continuous functions. Throughout the paper, we consider the integration theory for Banach space valued
functions in the sense of Bochner. All standard definitions and results we shall use can be found in [12, Appendix] (see
also [24]). We just recall here some basic facts. If X denotes a Banach space, we say that a mapping « : [0, +00) — X
is absolutely continuous, and we write u € AC ([0, +00); X), if there exists m € Ll(O, +00) such that

t
u(s) —u@)|, < | m(r)dr foreveryt>s >0. (2.1)
X

If the space X turns out to be reflexive, then any map u € AC([0, +00); X) is (strongly) differentiable almost every-
where. More precisely, for a.e. t € (0, +00), there exists u’(¢) € X such that

u(t) —u(s)
s

p — u'(t) stronglyin X ass — f.

Moreover u’ € LY(0, +00; X), u’ coincides with distributional derivative of u, and the Fundamental Theorem of
Calculus holds, i.e.,

t
u(t) —u(s) = / u'(rydr foreveryt>s>0.
N
If further the function m in (2.1) belongs to LZ(O, +00), then we write u € AC2([O, +00); X), and in that case we
have u’ € L*(0, +00; X).

Special functions of bounded variation. For an open set U C RY, we denote by BV (U) the space of functions of
bounded variation, i.e., the space of all functions u € L 1(U) whose distributional gradient Du belongs to . (U; RN).
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We shall also consider the subspace SBV (U) of special functions of bounded variation made of functions u € BV (U)
whose derivative Du can be decomposed as

Du=vVu N + (u+ - Lf)vu NI,

In the previous expression, Vu is the Radon—Nikodym derivative of Du with respect to .#, and it is called approxi-
mate gradient of u. The Borel set J, is the (approximate) jump set of u. It is a countably .7#"¥ ~!-rectifiable subset of
U oriented by the (normal) direction of jump v, : J, — SV~!, and u* are the one-sided approximate limits of u on J,,
according to v,, see [3]. We say that a measurable set E has finite perimeter in U if xg € BV (U), and we denote by
9*E its reduced boundary. We also denote by GSBV (U) the space of all measurable functions u# : U — R such that
(=M vu)AM e SBV(U) for all M > 0. Again, we refer to [3] for an exhaustive treatment on the subject. Finally
we define the spaces

SBV2(U):={ue SBV(U)NL*(U): Vue L*(U;RY) and 2V~ (J,) < o0},
and
GSBV*(U):={ue GSBV(U)NL*(U): Vue L*(U;RY) and 2V~ (J,) < o0}.

Note that, according to the chain-rule formula for real valued BV -functions, we have the inclusion SBV?2(U) N
L®U) Cc GSBV2(U) (see e.g. [3, Theorem 3.99]).

The following proposition will be very useful to derive a lower estimate for the Ambrosio—Tortorelli functional. It
is a direct consequence of the proof of [10, Theorem 10.6] (see [11, Theorem 16] for the original proof).

Proposition 2.1. Ler 2 C RN be a bounded open set, let {uplpeny C H'(£2) N L®(82) be such that
sup,en lunllLo@2) < 0o, and let {E,},en be a sequence of subsets of 2 of finite perimeter in §2 such that
supneNj‘fN_l(S*En N 2) < oo. Assume that u, — u strongly in L*(2), and that £V (E,) — 0. Setting
ip == (1 — xg,)un € SBV?(£2) N L*®(2), and assuming in addition that SUpen | VitnllL2(0.ryy < 00, then
ueSBVE2)NL®(2) and

Uy — U strongly in L*(£2),

Uy —u weakly* in L*°(£2),

Vit, — Vu weakly in Lz(.Q; RN),

25N (1) <liminf 2V 1 (3*E, N £2).

n—od

The Ambrosio—Tortorelli & Mumford—Shah functionals. Throughout the paper, we assume that £2 is a bounded
open subset of RY with at least Lipschitz boundary. We consider p > N, 8 > 0, and g € L>°(£2) given. For ¢ > 0 and
ne € (0, 1), we define the Ambrosio—Tortorelli functional &, : L2(£2) x LP(£2) = [0, +00] by

1 b1 o
—/(ng+,02)|Vu|2dx+/ —|Vp|P 4+ —1—p|? dx+éf(u—g)2dx
2 P p'e 2
g&‘(”v IO) = 2 2 2

if (u, p) e H'(2) x WP (£2),
+o00 otherwise,

where p’:= p/(p — 1) and « is the normalizing factor given by

r
o= (%) . 2.2)

The Mumford—Shah functional & : L2(§2) — [0, 4+00] is in turn defined by

1
§/|Vu|2dx+%N_l(Ju)+g/(u—g)zdx ifu e GSBV*(R2),
2 2

E) = 2.3)

+00 otherwise.



786 J.-F. Babadjian, V. Millot / Ann. 1. H. Poincaré — AN 31 (2014) 779-822

It is well known by now that the Ambrosio—Tortorelli functional approximates as ¢ — 0 the Mumford—Shah functional
in the sense of I"-convergence, as stated in the following result, see [5,29]. Let us mention that Theorem 2.2 is not
precisely a direct consequence of [5,29]. In [5], the case p =2 is addressed, while [29] deals with energies having the
same p-growth in Vu and Vp (recall that p > N > 2). However, a careful inspection of the proof of [29, Theorem
3.1] shows that the I"-convergence result still holds for &.

Theorem 2.2. Assume that ne = o(g). Then E I'-converges as € — 0 (with respect to the strong L*(2) x
LP(§2)-topology) to the functional &y defined by

. 2 1
ol p) 1= {E(u) ifuc GSBVX(2) and p=1in £,
+00  otherwise.

3. Unilateral minimizing movements
3.1. The discrete evolution scheme

Throughout the paper, we shall say that a sequence of time steps & := {6'}; <+ is a partition of [0, 4-00) if

8" >0, sup 8' < +o0, and Zsi = 400.
izl i>1

To a partition 8 we associate the sequence of discrete times {¢'};cy given by t0:=0, 1! := Z;zl 8/ fori > 1, and we
define the time step length by

|8] := sup st
i>1
To an initial datum ug € H'(£2) N L (£2), we shall always associate (for simplicity) the initial state ,08 determined
by

&

P := argmin & (uo, p). 3.1)
PEWLP(2)

It is standard to check that the above minimization problem has a unique solution (by coercivity and strict convexity

of the functional & (ug, -)), and it follows by minimality that 0 < ,og < 1. Given a partition § of [0, +00), we now

introduce the discrete evolution Euler scheme starting from (uo, ).

Global minimization. Set (uo, ,00) = (ug, pg), and select recursively for all integer i > 1,

. 1 . .
(u'.p') € argmin{f:g(u, P+ ol —u'™! 2y ) € H'(2) x WHP(£2), p<p'~"in 9} (3.2)

The well-posedness of this scheme requires some care. Since the sublevel sets of &, are clearly relatively compact
for the sequential weak H!(£2) x WP (§2)-topology, one may apply the Direct Method of Calculus of Variations
to solve (3.2). We only need to show that the constraint in (3.2) is closed, and that &, is lower semicontinuous with
respect to weak convergence.

Lemma 3.1. Let {(itn, pn)}nen C H'(2) x WLP(82) be such that (uy, pp) — (u, p) weakly in H'(2) x WhP(£2).
Then,

Ee(u, p) < lifgiogfgs (Wns Pn)- (3.3)

Moreover; if for each n € N, p, < p in 2 for some p € W'P(Q), then p < p in 2. Finally, assuming that
Ee (U, pn) = Es(u, p) as n — 0o, then (uy, pn) — (u, p) strongly in H' (2) x WhP ().
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Proof. Step 1. Ihe sequence {(un, py)} being weakly convergent, it is bounded in H L) x Wl-P(£2). Therefore
pn — p in €°(£22) by the Sobolev Imbedding Theorem. Hence p < p in 2 whenever p, < p in £2 for every n € N.
Then p, Vu, — pVu weakly in L>(£2), and consequently,

/(ng + p?)|Vul*dx < liminf/(ng + p2) | Vun | dx.
n—0oo
2 2

Since all other terms in & are clearly lower semicontinuous with respect to the weak convergence in H'(§2) x
WP (£2), we have proved (3.3).
Step 2. Let us now assume that & (u,, p,) = & (u, p). We first claim that

[t Pvur an = tim [+ o)1V P (3.4)
n—oo
2 2

Indeed, assume by contradiction that for a subsequence {n ;} we have

/(T}g + p2)|Vu|2 dx < li.rngéf/(n‘s + p,%j)Wunl_ 1>dx.
j— '
2 2

Using the fact that u,, — u strongly in L>(£2), we deduce from Step 1 that

i)n;oga(unjv )Onj)
J

o] 2 2 o gl o B 2
> liminf — (n8+pn_)|Vu,,.| dx + liminf —— Vo P+ — 1= pu,|1? )dx+= | (u—g)°dx
j—oo0 2 j J =00 p 7 ple ! 2
2 2 Q

> g&‘(uv p)v

which is impossible. Therefore (3.4) holds. Then, combining the convergence of & (u,,, p,,) with (3.4), we deduce that
lonllwir 2y = llollwip(e), whence the strong Wl'p(.Q)-convergence of p,.

It now remains to show that u,, — u strongly in H'!(£2). Using the uniform convergence of p, established in Step 1,
we first estimate

n—oo

/ 0% = P2 | Vun* dx < <2“§ IVurl 2 ) 02 = 02 gy =0
€
2

Then we infer from (3.4) that

f(ns +p?) I Vun|* dx = /(ns + )| Vun|* dx + /(p2 — p3)IVun|* dx n:;/(ng +p?)|Vul* dx.
2 2 2 2

Consequently [lun |l 12y = llull g1(s2)> whence the strong Hl(.Q)-convergence ofu,. 0O

We state below a maximum principle on the iterates {(u’, p')};cy which easily follows from minimality and stan-
dard truncation arguments.

Lemma 3.2. For everyi € N,
! ||Loo(9) <max{lluollze(@), lIghe@} and 0<p' ™ <p' <1 ins2. (3.5)
3.2. Generalized unilateral minimizing movements

To a partition § of [0, +00) and a sequence of iterates {(ui, pi)}ieN given by (3.2), we associate a discrete trajec-
tory (us, ps) : [0, +00) — H'(£2) x WP (£2) defined as the left-continuous piecewise constant interpolation of the
(u', p')’s below. More precisely, we set
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us(0) = uo, 05(0) = pg,

and for ¢ > 0,
i ) .
{”58 Ty ifre(r ] (3.6)
ps(t) :=p

By analogy with the standard notion of minimizing movements, we now introduce the following definition.

Definition 3.3 (Unilateral Minimizing Movements). Let ug € H'(£2) N L>°(§2). We say that a pair (u, p) : [0, +-00) —
L2(2) x LP(82) is a (generalized) unilateral minimizing movement for &, starting from (uo, oj) if there exist a
sequence {8x}ren of partitions of [0, 4-00) satistying |dx| — O, and associated discrete trajectories {(us,, 05,)}keN
such that
(s, (1), ps, (1)) = (u(t), p(t)) strongly in L*(£2) x L (2) for every ¢ > 0.
—>00

We denote by GUM M (u, p;) the collection of all (generalized) unilateral minimizing movements for & starting
from (uo, pg)-

Remark 3.4. At this stage we do not claim that the collection GUM M (uo, p;;) is not empty. This will be proved in
the next section through a compactness result on discrete trajectories (see Lemmas 4.3 & 4.5, and Corollary 4.7).

4. Existence of generalized unilateral minimizing movements

The object of this section is to provide an accurate information on the evolution laws of generalized unilateral min-
imizing movements. To avoid some technicalities in the analysis, we shall restrict ourselves to generalized unilateral
minimizing movements arising from a sequence of discrete trajectories whose time partitions {84 }xen satisfy

8i+l
sup<sup k—l) < 00. 4.1
keN\i>1 &

This condition is not essential and can be removed (the alternative argument, based on De Giorgi interpolations, can
be found in the preliminary version of this paper [7]).
The main result of this section can be summarized in the following theorem.

Theorem 4.1. Let 2 C RN be a bounded open set with €'\ -boundary. For an initial data ug € H'(§2) N L (§2)
and p( given by (3.1), let (ug, pe) € GUMM (uo, p;) be a strong L2(£2) x LP(£2)-limit of some discrete trajectories
{(ur, pr)}ken obtained from a sequence of partitions {8 }ren of [0, 400) satisfying |8;| — O and (4.1). Then, the

following properties hold:
ue € AC*([0, +00); L*(£2)) N L*(0, +00; H'(£2)) N L, (0, +00; H*(£2)),

pe € L%(0, +00; WIP(2)),  0< pe() <pels) <1 foreveryt >s >0,

and
ul, = div((ne + p?)Vuz) — Blus — g) in L*(0, +00; L*(£2)),
% =0 in L*(0, +oo; H'/2(382)), 4.2)
u:(0) = up,

with
Ee Eg;;(t), ,Sg(t)) <& (ug(t), p) foreveryt >20and p € Wl”’(.Q) such that p < pg(t) in $2, 4.3)
pe(0) = p.

Moreover, t — E.(ug(t), pe(t)) has finite pointwise variation in [0, 400), and there exists an (at most) countable set
N C (0, +00) such that
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() (ug, ps) : [0, +00) \ Ny = HY(2) x WLP(82) is strongly continuous;
(ii) for every s € [0, +00) \ N, and every t > s,

t
Es(us(t)a Ps(”)"‘f””é(")”iz(g)d” ggs(”s(s)a ;08(5))- 4.4

The entire section is devoted to the proof of this result, and we now describe the main steps. We first obtain suitable
compactness results on discrete trajectories which prove in particular that the collection GU M M (uy, p(;) is not empty
(Corollary 4.7). Then we consider an arbitrary element (i, p¢) in GU M M (uo, pgy) arising from discrete trajectories
{(uk, px)}xen and partitions {8 }xen satisfying (4.1) and the established compactness properties. Defining the (diffuse)
surface energy at a time 7 > 0 by

ep~! p, @ p
&) = / (—|Vpg<t)| +—(1— p:(0) )dx, (4.5)
P pe
2
and the bulk energy
1
B (1) = / (ne + p2(0))|Vue (1) |* dx + g f (ue(t) — g)° dx, (4.6)
2 2

we prove a preliminary minimality property of the phase field variable p, leading to the increase of the surface
energy S;. In turn, it implies the strong WP (£2)-continuity of # — p,(f) outside a countable set. Then we establish
the inhomogeneous heat equation satisfied by u,. Exploiting a semi-group property for this equation, we show the
decrease of the bulk energy B, and, as a byproduct, the strong H ' (£2)-continuity of 7 - u(f) outside a countable
set. At this stage, we are able to derive the pointwise in time strong convergence in H'!(£2) x W17 (£2) of the sequence
{(uk, pr)}ken away from a countable set. The announced minimality property of p, as well as the Lyapunov inequality
on the total energy are mainly consequences of these strong convergences.

4.1. Compactness of discrete trajectories

We fix an arbitrary ug € H(£2)N L°(£2), and we consider the function ,03 determined by (3.1). Let {8x}xen be
an arbitrary sequence of partitions of [0, +00) satisfying |8x| — 0. We write

i
8 =: {8;;}1.61\,*, t):=0, and 1 := ZS,? fori > 1.
=1

For each k € N we consider a discrete trajectory (ug, px) = (us,, ps,) : [0, +00) — HY(£2) x WLP(£2) associated
to §; which is obtained from (3.6). We next define for every k € N a further left-continuous piecewise constant
interpolation p, : [0, +-00) — WP (£2) of the iterates {pp}ien setting o, (0) = p;j, and for ¢ > 0,

-1

pp (1) :=pi ' ifre (i 1] (4.7)

We also consider the piecewise affine interpolation vy : [0, +00) — H L(£2) of the u};’s defined for each k € N by
t—1!
5

vr(t) := u}';l +

(uh —ui™") ifre[d '] (4.8)

We first state a priori estimates based on a (non-optimal) discrete energy inequality. It is obtained by taking the
solution at time t,’;l as competitor in the minimization problem at time t,i. An optimal energy inequality will be
proved later on (see Proposition 4.18). The higher order estimate on the sequence {u;} is obtained by means of an
elliptic regularity result postponed to Appendix A (see Lemma A.1).
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Lemma 4.2. There exists a constant C, > 0 (independent of k) such that
+00

sup| Vuk )] 20y + 590 V0] oy + [ 103 01 < € @9
>0 >0 o

Moreover, uy(t) € HX(£2) and % =0in H1/2(8.Q)f0r everyt >0, and for each T > 0,

T
[l gy d < Cer (4.10)
0

for a constant Ce 7 > 0 (independent of k).

Proof. Taking (u;':] , p,’tl) as a competitor in the minimization problem (3.2) yields

1 . . .
Sl = ey <& 27,
k

Summing up fori =1 to j leads to

Ee (U, pp) +

J
. 1 . 2
Exluf. o)+ 30 5 Itk =7 o) < (0. ).

i=1 k

or still, for every ¢t > 0,

t
1
Ee (e (), p() + 5 / |0£) |7 202) 45 < & (0. ) (4.11)
0

The first upper bound (4.9) now follows from the expression of the energy &.
To show estimate (4.10), let £ > 0 be such that r € (t,;1 , 1) for some integer i 2> 1. By minimality u (¢) solves

—div((ne + 07 (1)) Vur (1)) = —v (1) — B(ux (1) — ) in H™'(2), @.12)
(ne + PF(®) Vur(t) -v=0 in H=2(3%2). ‘

From Lemma A.1 we deduce that uy(t) € H2(£2) and % =0in HI/Z(B.Q) with the estimate

i (1) “H2(.Q) <Ce(1+ Vo) “LP(Q;RN))V(“UI/c(t)”LZ(.Q) + Bl () - g“L2(Q) + ”Mk(t)”Hl(.Q))'
In view of (4.9) and Lemma 3.2, we infer that (4.10) holds. O

We are now in position to establish a compactness result for the sequences {u}xen and {px}ren. We start with
{0 }ken and {p; }ren.

Lemma 4.3. There exist a subsequence k, — 0o and a strongly measurable map p; : [0, +00) — WP (2) such
that py,(t) — pe(t) weakly in WLP(2) for every t > 0. In addition, ps € L*(0, +00; WP (£2)), pe(0) = g, and
0<pe(t) L pe(s) < 1in 2 foreveryt =25 > 0.

Proof. By Lemma 3.2, pg : [0, +00) — L'(£2) is monotone non-increasing, and 0 < px () < 1 in §2 for every ¢ > 0.
By a generalized version of Helly’s selection principle (see [36, Theorem 3.2]), we deduce that there exists a subse-
quence k, — 0o and a map p; : [0, +00) — L!(£2) such that Pk, () = pg(t) weakly in L'(£2) for every t > 0. On
the other hand, since

B
€ (1o, §) < Ee o, D) <NVuol 72 gigmy + 5 140 = &l 720

we derive from Lemma 4.2 that
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ts;g”pk(t)uwl,p(g) < C&v

for some constant C. > 0 independent of k. Therefore, p, (f) — p¢(¢) weakly in wlr (), and Pk, (1) = pe(t) in
¢9(2) for every t > 0 by the Sobolev Imbedding Theorem. In particular p.(¢) € wbr($2) for every ¢t > 0, and by
lower semicontinuity,

[S;I())”pa(t) ” WI-P(.YZ) g Cg.

Moreover, since 0 < pr(t) < pr(s) < 1 in £2 whenever s < ¢, we deduce from the uniform convergence that 0 <
Pe(t) < pe(s) < 1in 2 foreveryr > s > 0.

Since p; : [0, +00) — WP (£2) is a pointwise weak limit of a sequence of measurable (locally) simple functions,
we deduce that p; : [0, +00) — WP (£2) is weakly measurable, hence strongly measurable thanks to the separability
of W-P(£2) and Pettis Theorem. O

Through the same argument we obtain the convergence of the sequence {0, Jxen (defined in (4.7)).

Lemma 4.4. Let {k,},eN be the subsequence given by Lemma 4.3. There exist a further subsequence (not relabeled)
and a strongly measurable map p, : [0, +00) — WP (2) such that oy, () = pg (1) weakly in WP (82) for every

t 2 0. In addition, p; € L*(0, +00; wlr(2)), ps (0) = ,08, and 0 < pe(t) < p; (1) < p; (s) < 1 in §2 for every
t>s5>0.

We continue with the compactness of the sequences {uy}ren and {vg}ren (defined by (4.8)).

Lemma 4.5. Let {k,},eN be the subsequence given by Lemma 4.4. There exist a further subsequence (not relabeled)
and a strongly measurable map u. : [0, +00) — Hl(.Q) such that uy, (t) = ug(t) and v, (t) — us(t) weakly in
HY(2) for every t > 0. In addition,

(i) ue(0) =uo;
(ii) |lue (@) Loo(2y < max{|lugllLoe(2), lIgllLo(2)} for every t > 0;
(iii) u, € L*(0, +00; H'(£2)) N L} ([0, +00); H*(£2));

loc
(iv) %e =0in L2(0, +o0; H'/2(302));
(V) ug € AC?([0, +00); L*(£2)) and

+o0 ﬂ

2
/ e @2y 4t < IVHOIZ2 @ igry + 5 N0 — 8172
0

(vi) v — u} weakly in L*(0, +00; L*(£2)).
Proof. We start by establishing the compactness of the sequence {vy}. First Lemma 3.2 yields for every r > 0,

[0k, O] oo 2y < [0 O] oo 2y < max{ lluollzoe (), gz }- (4.13)

Then, combining the bounds in (4.9) together with (4.8), we infer that

SUP”VUk,, (t) || LZ(Q;RN) < Sup” vukn (t) “ L2(.Q;RN) < Cé‘» (414)
>0 >0

for some constant C; > 0 independent of k,. Consequently, for every T > 0 the set | J, vk, ([0, T]) is relatively
compact in L2(£2). On the other hand, (4.9) yields

+00

2 B
f [0k, O 12y dr < Ee(u0, p5) < Eeluo, 1) < IVuolIT2 g,y + 5 100 = &2 (4.15)
0
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Since for any r > s > 0 we have

t
o1, 0) = 01,5 2y < [ 121, 02 416
s

we deduce from (4.15) and Cauchy—Schwarz inequality that

t
|| 2 o < )32 dr < Vuol? £ 2 4.17
Ukn(t)—l)kn(s)”LZ(Q)\(t—S) ||Ukn(r)||[,2(9) r\(t_s) ” u()”LZ(_Q;]RN)+§”u0_g”L2(Q) . ( )
N

By the Arzela—Ascoli Theorem we can find a subsequence of {k,} (not relabeled) such that
Uk, = Ug 1IN ‘50([0, T, Lz(.Q)) for every T > 0, (4.18)

for some u, € €%1/2([0, +00); L2(£2)). In particular, vg, (1) — u(¢) strongly in L2(£2) for every ¢t > 0, which yields
(1) since vg, (0) = uo.

On the other hand, in view of estimates (4.13) and (4.14), we obtain (ii) and the fact that vi, (f) — u(¢) weakly in
H'(£2) for every t > 0. By lower semicontinuity we also deduce from (4.14) that

‘We next show the compactness of the sequence {uy, }. Let us now consider an arbitrary ¢ > 0. For each n € N there
is a unique i € N such that t € (z‘,’(;l , t,’{n]. We then have uy, () = ux, (t,in) = vy, (t,in). Consequently, by (4.17),

””kn (1) — ue(t) ”LZ(Q) = “ Uk, (tlin) — ue (1) ||L2(Q)
< v, (,) = v, () “LZ(Q) + ok, (1) — ue () HL2<:2)

< CV18k, | + | vk, (1) — ue (1) ||L2(Q) —.0. (4.20)
Hence uy, (1) — u(t) strongly in L2(£2) for every ¢t > 0, and in view of (4.14) we infer that uy, (1) — u,(t) weakly in
H'(£2) for every t > 0. The mappings ¢ > uy, (t) being (locally) simple and measurable, we conclude as in the proof
of Lemma 4.3 that u; : [0, +00) — H'(£2) is strongly measurable. Moreover u, € L>(0, +-00; H!(£2)) by (4.19). In
view of (4.10), uy, — u, weakly in L (0, +o0; H2(£2)) which shows that u, € L2 (0, +oo; H*(£2)). Item (iii) is
thus proved.

We next show that the Neumann boundary condition % =01in L%(0, +o0; H'/?(3£2)) holds. To this purpose,

dug (1)

let us fix T > 0 and select an arbitrary test function ¢ € L0, T; H'(£2)). By Lemma 4.2 we have =5~ =0 in

H'/2(382) for every t > 0, and consequently

T T T T

//(—Aug)wdxdtz lim //(—Aukn)godxdtz lim //Vuk,, 'prdxdtszVu€~V(pdxdt.
n— oo n—od

0 2 0 2 0 0

2 2

From the arbitrariness of ¢ and T, we conclude that % =0in L2(0, T; HY*(3£2)) for every T > O which completes
the proof of item (iv).

We next show the absolute continuity in time of u,. We note that (4.15) tells us that the functions Ay, : ¢ €
0, +00) — || v,/cn @l 12(2) are bounded in L2(0, +00). Hence we can find a further subsequence (not relabeled) such

that Ay, — A weakly in L%(0, +00), fora nonnegative function A € L%(0, +00) satisfying

+00

B
/ A% dt < Vil 2 g, + 5 140 = 8ll72(q)-
0
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Letting n — oo in (4.16), we conclude that for every t > s > 0,

t

e (@) = ue()] 20 < / A(r)dr,

N

which shows that u, € AC?([0, +00); L>(£2)), whence (v).
Now, since {v,’cn} is bounded in L?(0, +00; L2(£2)), up to a subsequence, {v,’(n} converges weakly in L2(0, 400
L2(£2)) to some element in L2(0, +00; L2(£2)) which has to agree with u/, by (4.18). This implies that (vi) holds. O

Remark 4.6. As a consequence of (iii) and (v) in the previous lemma, u, : [0, +00) — H L(2)is weakly continuous.

As an immediate consequence of Lemmas 4.3 & 4.5, we obtain that unilateral minimizing movements starting
from (uo, p) do exist.

Corollary 4.7. The collection GUM M (ug, pj) is not empty.
4.2. Time continuity for the phase field variable and the surface energy

For the rest of this section, we consider an arbitrary element (u., ps) € GUM M (ug, ,08) and discrete trajectories
{(uk, px)}ken associated to partitions {8y }xen satisfying (4.1). Without loss of generality, we also assume that all the
results of the previous subsection do hold.

We first establish several properties of the phase field pg, starting from a (weak) minimality principle with respect
to the diffuse surface energy.

Proposition 4.8. For every t > 0,

gP1 o gh1 o
/(—|Vps<r)|” - pgm)”) dx < /(—IWI” +La- p)f’) dx
S\ p'e S\ pe

forall p € WP(R2) such that p < pe(t) in 2. In particular, the surface energy &, defined in (4.5) is non-decreasing
on [0, +00), and thus continuous outside an (at most) countable set S, C [0, +00).

Proof. Fix ¢ > 0 and leti € N be such that ¢t € (t,i_l, t,i]. Consider a function p € W7 (£2) such that p < p,(r) in £2,
and define py := p A pr (). Then pr € WP (£2) and pr < pi(r) < p,’fl. By the minimality properties of the pair
(ug (1), pi (1)),

Ee (ur(0), pr (1)) < Ee (ur (1), pr)

and since pr < pr (1),
gp~l o gl o R
/<—|Vpk(l)|p +—(1 —pk(t))p> dx < /<—|V;0k|p +—0- pk)”) dx. (4.21)
A p pée A p pée

Let us now define the measurable sets Ay := {p < px(¢)}. By definition of g, we have

/|Vﬁk|de:f|Vp|de+ / Vor()]|” dx,
2 Ak

2\ Ay
and thanks to (4.21), we infer that

gP~1 o gp~1 o .
- |vpk(t)|f’dx+—/(1—pk(r))”dxg—/|vp|l’dx+—/(1 — pi)P dx. (4.22)
p p'e P p'e

Ak 2 Ag 2
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Since pg () — pe(¢) strongly in L?($2) and p < p.(¢) in 2, we deduce that N \ Ax) — 0. As a consequence,

/IVplpdx%fIVpl”dx,
2

Ak

and x4, Vo (t) = Vpe(t) weakly in L?(£2; R™) which in turn leads to

liminf/|Vpk(t)|pdx 2/|V,Og(t)|pdx.
k— 00
Ak 2

Passing to the limit in (4.22) as k — oo yields
g1 o g1 o
f(—|Vpg<t)|” +—-(1- psu))”) dx < [(—Wm” + (- p)") dx.
D pe D pe
2 2
In particular, taking p = p.(s) with s > ¢ leads to the announced monotonicity of the function S,. O

At this stage we do not have any a priori time-regularity for t — p. () except that it is non-increasing, and thus
it has finite pointwise variation (with values in L!(£2)). In the following result we show that this mapping is actually
strongly continuous in W7 (£2) outside a countable subset of (0, +00) containing the discontinuity points of the
surface energy G,.

Lemma 4.9. There exists an (at most) countable set R, C (0, +00) containing Sg such that the mapping t +— p.(t) is
strongly continuous in WP (§2) on [0, +00) \ Re. In particular, p; is strongly continuous at time t = 0.

Proof. Let R, be the union of the set S, given by Proposition 4.8 and the set of all discontinuity points of

t— /,og(t)dx. 4.23)
2

Note that R, is at most countable by the decreasing property of the latter function. Let # € [0, +00) \ R, we claim
that p, is strongly continuous in WLP(2) at ¢. Consider a sequence 7, — ¢ and extract a subsequence {t,;} C {f,}
such that pg ;) — px weakly in WP (£2) for some p, € WP (2). Upon extracting a further subsequence, we may
assume without loss of generality that tn; >1 for each j € N (the other case In; <1 can be treated in a similar way).
Then p¢(tn;) < pe(?) in §2, and passing to the limit yields p. < pg(7) in §2. On the other hand, by our choice of 7 as a
continuity point of the mapping (4.23), we have

/Ps(t)dxz lim /Ps(tn/)dx:/p*dX,
j—o0 :
2

ko) 2

and thus p, = p¢(¢). As a consequence, the limit is independent of the choice of the subsequence, and the full sequence
{pe(t,)} weakly converges to p(¢) in whr(). Finally, using the fact that ¢ is a continuity point of G., we get
that S, (1,) — G,(1), and thus || o (t) lw1.r(2) = 1P () lw1.p(e)- We then deduce that pe(7,) — pe(¢) strongly in
whr(2).

It now remains to show that p. is continuous at t = 0. Let #, | O be an arbitrary sequence. By Remark 4.6 we
have u.(t,) — up weakly in H'(£2). By Lemma 4.3, p, € L°°(0, 4-o00; WP (£2)), and we can extract a (not rela-
beled) subsequence such that p,(#,) — p« weakly in WP (£2) for some p, € WhP(£2). According to the energy
inequality (4.11) proved in Lemma 4.2, we have E (uk (tn), px(tn)) < E¢(uo, p;) for all n € N and all k € N. Now
we apply Lemma 3.1 to pass to the limit first as k — oo and then as n — oo, which yields &, (ug, px) < & (uo, ,08).
From the minimality property (3.1) satisfied by ,05 , we deduce that & (ug, ps) = & (ug, ,08). By uniqueness of the
solution of the minimization problem (3.1), we have p, = ,08. Moreover, we infer from the discussion above that
limy, & (ue (tn), pe(tn)) = Ee(uo, pg), which implies that o, (t,) — pf strongly in WP (£2) by Lemma 3.1. This con-
vergence holds for the full sequence {#,} by uniqueness of the limit. O



J.-E. Babadjian, V. Millot / Ann. I. H. Poincaré — AN 31 (2014) 779-822 795

Thanks to the just established continuity of ¢ — p(¢), we deduce that p;” and p, actually coincide almost every-
where in time whenever (4.1) holds.

Corollary 4.10. There exists an fl-negligible set Mg C [0,400) such that p_ (t) = pg(t) for every t €
[0, +00) \ M..

Proof. Let us consider the function ¢y : [0, +00) — [0, +00) defined by

0 if r € [0, 11,

Li(2) := -1
tk 51+1

(4.24)

(t—tk) ifr e, 1] withi > 1.
Notice that

sup| (1) —t| < 3|8x| — 0.
120 k— 00

Setting
P (1) := pe (L (1)),

we infer from Lemma 4.9 that p; (t) — pg (1) strongly in L'(£2) for every ¢ € [0, +00) \ Rs. Since 0 < p, < 1, by
dominated convergence we have ,06 — pe strongly in L1(0, T; L' (£2)) for every T > 0. Similarly, by (3.5) we have
that pr — p¢ and p, — p, strongly in LY(0, T; LY(£2)) for every T > 0. Given T > 0 arbitrary, we estimate
loe = pell 107112y
- - -k k
<|os = “Ll(O,T;Ll(.Q)) + o — o2 ”Ll(o,T;Ll(Q)) +oc = o ||L1(0,T;L1(.Q)) kjo)oo

Indeed, observing that p,” (t) = pr (€x(¢)) and £4(t) < t, we deduce from (4.1) that

/ |06 @) = PE@ | 1y a1 = / ok (€x®) = pe () 1 41

8]

l+1
<< )/”Pk(t) pe®] L1y dt —. 0.

i1

Hence [lo; — pellpio,7:11(2)) = 0 for every T > 0, whence p; (1) = pe(7) for all 7 € [0, +00) \ M, for some
£ -negligible set M, C [0, +00). O

4.3. Time continuity for u, and the bulk energy
We start proving that u, solves the inhomogeneous heat equation.

Proposition 4.11. The function us € AC?([0, +00); L*(£2)) solves
w, = div((ne + p7)Vue) — Blue —g) in L*(0, +-00; L*(R2)),

oug _

v
ug(0) = uyg.

in L*(0, +o0; H'/?(382)), (4.25)

Proof. In view of (4.12), uy satisfies

//(v/&p + (e + pf) Vuk - Vo + Blug — g)p) dx dt =0
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for every ¢ € L>(0, T; H'(£2)) and T > 0. Using the convergences established in Lemmas 4.3 and 4.5, we can pass
to the limit k — oo in the previous formula to derive

T
//(ué(p + (e + p2) Ve - Vo + Bus — g)¢) dx dt =0.
02

The proof of (4.25) is now an immediate consequence of the previous variational formulation together with
Lemma 4.5, items (i) and (iv). O

We are now in position to prove the decrease of the bulk energy ‘B,.

Proposition 4.12. Let ty > 0 and set 00(1) == pe(t +10). For any wy € H'(£2) N L>®(2) there exists a unique solution
ws € AC([0, +00); L2(£2)) N L>(0, +00; H'(£2)) of

wl = div((ne + (02)°)Vwe) — Bwe —g) in L2 (10, +00); H™1(2)),

(ne + (1)) Ve - v =0 in L, (10, +00); H~2(382)), (4.26)
we (0) = wo,

and wy satisfies the following energy inequality for every t > 0,

3 [ Ot eE @) P s+ 8 [ .= g)7 s

2
2 2
1
S3 /(ﬂs + p2(t0)) [Vwol* dx + g /(wo —g)%dx. 4.27)
2 2

In particular, for any ty > 0 the function uc(- + ty) is the unique solution of (4.26) with initial datum wq := uc(ty).
As a consequence, the bulk energy ‘B defined in (4.6) is non-increasing on [0, 400), and thus continuous outside an
(at most) countable subset B, of [0, +00).

Proof. Step I. Uniqueness. Let w1 and w, 2 be two solutions of (4.26), and set z; := we 1 — we 2. Then z,(0) = 0.
The variational formulation of (4.26) implies that for any 7 > 0 and any test function ¢ € LZ(O, T:H' (£2)),

T
/f(z;¢> + (1 + (01°))Vze - V§ + Bzegp) dx di = 0.
0 2

Choosing ¢ (¢) := z¢(¢) xj0,7](t) as test function above yields

T
//Z;zgdxdtgo for every T > 0.
0 2

On the other hand, since z; € AC2([0, +00); L2(£2)), we have ||z (-) ||iz(9) € AC(]0, +00)) and

d
E”Zg(t)“iz(g) =2 / ZL(t)ze(t)dx forae.t € (0, +00).
2

Therefore,

T
1
02//z;z8dxdt=5||ZS(T)||22(9) forevery T > 0,
0 2

which shows that z, =0, i.e., we 1 = We 2.
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Step 2. Existence. For what concerns existence, we reproduce a minimizing movement scheme as before. More pre-
cisely, given a sequence i | 0, we set 7 :=it; for i € N. Taking w,? := wp, we define recursively for all integer
i>1, w;'C € H'(£2) as the unique solution of the minimization problem

) 1 i ﬂ 1 i—
min {3 [0+ G ar+ § [ograne o [o-uiPa),
2 2 «

veH! (£2)

Using the minimality of wk at each step and the fact that 0 < ,08 (rk) é‘) (r,i_l), we obtain that for every integer
i>1,

L[t e i Pas+ 2 [ (o - d+22,k/ (= ™)as

1
<3 f (ne + p2(10)) Vo> dx + § / (wo — g)* dx. 4.28)
22

Let us now define the following piecewise constant and piecewise affine interpolations. Set wy (0) = W (0) = wy, and
fort e (r,i_l, 71,

wk(t) = w};,
0 (1) == p} ( ),
wk(t) —w +Tk (t - t,i ])(wk w;{ ]).
By Lemma 4.9, we have Qk (1) = pP(1) strongly in Whr(82) forall t € [0, 4+00) \ (—tg + Re). Arguing exactly as in
the proof of Lemma 4.5 we prove that (for a suitable subsequence) wy (#) — w,(t) weakly in H L(2) for every t >0
and W) — w), weakly in L?(0, +00; L?(£2)), for some w, € AC?([0, +00); L*(£2)) N L°(0, +o0; H'(£2). Then we
can reproduce with minor modifications the proof of Proposition 4.11 to show that w; is a solution of (4.26).

Since 0 < p (1) < Q O (¢) and wy (t) — w,(t) strongly in L?(£2) for every t > 0, we infer from (4.28) that for every
t >0,

1 2
3 [ e ) wolax + /(wo—g) dx
2
1
> 1inigf<§/(ng + (02 ))?) | Vur ()] dx +§/(wk(t) —g)zdx>
2 2

1
2 f(”s + (P )) Ve dx + g f(ws(r) ) dx.
@ 2
and (4.27) is proved. O

Remark 4.13. We notice that the proof of Lemma 4.9 together with Remark 4.6 show that the function ‘B, is actually
continuous at time t =0, i.e., 0 ¢ B;.

As a consequence of Lemma 4.9 and Proposition 4.12, we obtain the strong continuity in H!(£2) of the mapping
t — u.(t) outside a countable subset of (0, +00) containing the discontinuity points of G, and B,.

Corollary 4.14. The mapping u; : [0, +00) — H'(2) is strongly continuous on [0, +00) \ (R U Be).

Proof. Let us consider ¢y € [0, +00) \ (R: U Be) and {t,} C [0, +00) an arbitrary sequence such that t, — fy. Since
1o ¢ Re U B, we have B, (1) — B (to) and p(t,) — pe(to) strongly in WP (§2). Therefore & (ue(1,), pe(tn)) —
Ee (s (1o), pe(tp)). On the other hand u.(f,) — u.(fy) weakly in HY(2) by Remark 4.6, and the conclusion follows
from Lemma 3.1. 0O
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4.4. Strong convergences and limiting minimality

Thanks to the equation solved by u,, we are now able to improve the weak H!(£2)-convergence of the sequence
{ur(t)}ren into a strong convergence. We start proving that the bulk energy converges in time averages.

Lemma 4.15. For every t > s >0,
hm // Ne + Py (r))|Vuk(r)| dxdr = // Ne + pg (r))|Vug(r)| dxdr. 4.29)

Proof. Taking uy(7) as test function in the variational formulation of (4.12) and integrating in time between s and ¢
leads to

t t t
//(ns + p,f(r))|wk(r)|2dx dr = —//u,g(r)uk(r) dxdr — ﬂ/f(uk(r) — g)ur(r)dxdr.
s

From Lemma 4.5 we have uy — u, strongly in L? ([0, +00); L?(£2)) and v,/c — u, weakly in L?(0, +00; L2(£2)).

Therefore,

loc

t t t
klim //(ng + p,f(r))‘Vuk(r)|2dx dt = — //u’g(r)us(r) dxdr — B / /(ug(r) — g)ug(r) dxdr.
s s s 2

On the other hand, according to Eq. (4.25) solved by u,, we have
1

t t
—//u’g(r)ug(r)dxdr—ﬂ//(ug(r) —g)ug(r)dxdrsz(ng —i—pgz(r))‘Vug(r)‘zdxdr,
s 2 s 2

s 2

which leads to (4.29). O

Starting from Lemma 4.15, we now localize in time the convergence of the sequence {Vuy}ren by showing that
Vuy(t) = Vug(t) strongly in L>(§2) at every continuity times ¢ of the bulk energy B,. The proof is inspired from
[13, Lemma 5].

Lemma 4.16. For every t € [0, +00) \ By, uy(t) — us(t) strongly in H'(£2).

Proof. Let 1y € [0, +00) \ B.. Since B, is continuous at fg, for every o > 0 there exists 8, > 0 such that B.(¢) <
B, (f9) + o forall t € [ty — Su, to]. _

Let us fix a > 0 arbitrary. Since &, (u;;, ,o,i) < Se(u}:l, p,i) and ,o,i <p
infer that the function

1
P 5/(’76+013(1))|Vuk(t)|2dX+ / ur(t) — g
2

2

i !in £ for each integers k and i > 1, we

is non-increasing on [0, +00), and thus

1
60[(5/(778 +P;%(to))|Vuk(t0)|2dx+§/ ug(to) — dx)

2
fo

1
< / (5/(178-I-p,%(t))’Vuk(t)‘zdx—i—g/(uk(t)—g)zdx) dt.
2 2

10—3e

By Lemma 4.15 and the strong convergence of uy to u, in L? ([0, +00); L%(£2)), we infer that

loc
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1
byl sup(i [ @+ ) Tt dx+ 5 [ o) - ) dx)

)

< lim (% /(ng + P2 ()| Vur (0] dx + gf(uk(t) - g)zdx> dt

k—o00
t0—3¢ 2 2

0]
= / B, (1) di < (Be (1) + )da.

t0—8u

Dividing the previous inequality by §, and using the strong convergence of u (fp) in L2%(£2), we derive in view of the
arbitrariness of « that

limsup/(r]g + p2(10)) | Vur (t0)|* dx < /(ng + p2(10))| Ve (10) | dx.

k— 00
2

As in the proof of Lemma 3.1 we obtain

2 o 2
f (ne + P2 (10)) | Vite (t0)|”dx < lim inf / (e + P2 (10)) | Vaur ()| dx.
2 2
Combining the last two inequalities we conclude

. 2 2

Jim / (ne + pE (10)) | Vaur (t0) | " dx = / (e + P2 (10)) | Vuee (1) | dx. (4.30)
Q Q

Finally, using (4.30), the weak convergence of pi(#p) to pg(tp) in WLP(£2), and the weak convergence of u(tp) to

ug (fo) in H'(£2), we can argue as in the proof of Lemma 3.1 to show that u (fo) — u.(fo) strongly in H'(£2). O

We now derive the (strong) minimality property for p (¢) at all times, and as a byproduct, the W 1-? (£2)-convergence
of {pr(t)}xen at all continuity points of the bulk energy. We would like to stress that the proof of the minimality prop-
erty of p, strongly relies on the fact that the surface energy in the Ambrosio—Tortorelli functional has p-growth with
p > N (which ensures the convergence of the underlying obstacle problems).

Proposition 4.17. For every t > 0 the function p,(t) satisfies

Ee(ue (1), pe(1)) < Ex(ue(t), p)  forall p e WP (82) such that p < pe(t) in £2. 4.31)
In addition, if t € [0, +00) \ B then

P (1) = argmin{E, (u (1), p): p € WP (2) such that p < p; (1) in 2}, (4.32)
and py(t) — pe(t) strongly in WP ().

Proof. Letus fix an arbitrary 7 > 0. Since uy (f) — u,(t) weakly in H 1(£2), we can find a (not relabeled) subsequence
and a nonnegative Radon measure 1 € .# (R") supported in £2 such that

IVur )72V L 2 = |Vue )P 2V L 2 + 1
weakly* in .# (R"). Then we consider the functionals F; and F defined on W7 (£2) by

1
& (1), p) + 5/(178 +p%)dp it p < p; (1),

Eelu®).p) Fp<p . 4 (.o

+00 otherwise, Q )
+00 otherwise.

Note that by the Sobolev Imbedding W7 (£2) — %9(82), the functional F is well defined on the space wlr().

Fi(p) == {
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Step 1. We claim that Fi I"-converges to F for the sequential weak W!-?(£2)-topology. For what concerns the
lower bound, if {5} € WP (£2) is such that liminfy Fi(fx) < oo and pp — p weakly in WP (£2), then for a
subsequence {k;} we have lim; ]-"kj (ﬁkj) = liminfy 7% (0r), and ,5;{‘,. — p in €0(£2) by the compact imbedding
WLr(2) — €%R2). Consequently p < p; (7) in §2, and
N 2 A 2 N
/p,fj|wkj(t)| dx—)/p2|Vus(t)| dx+fp2du.
o J

2 2

Since the remaining terms in the energy JFj are independent of k and lower semicontinuous for the weak
wlp (£2)-convergence, we deduce that

F(p) < liminf Fy (0r).
k— o0

To show the upper bound, it is enough to consider p € WI’P_(Q) satisfying p < p; (t) in 2. Let us set ps :=p — 8
where § > 0 is small. Since p, (f) — p, (¢) uniformly in £2, we have 05 < Py (¢) in £2 whenever k large enough
(depending only on §). Hence,

limlim sup % (0s) < F(p),
80 k500

and we obtain from {0;s}s~¢ a suitable recovery sequence for p through a diagonalization argument, which completes

the proof of the I"-convergence.

Step 2. Since

pr(t) = argmin Fr(p),
pEWLP(R2)

and py (t) — pe(t) weakly in W17 (£2), we infer from Step 1 that

pe(t) = argmin F(p). (4.33)
peWLrP(£2)

Let us now fix an arbitrary p € WP (£2) such that p < pg(7) in §2, and set p* := p A 0. Then pt € WP (),

0< pt < pe(r) in 82, and E (ue (1), pT) < Ee(ue (1), p). Since pt < pe(r) < pg (1) in §2, we have F(pe (1)) < F(p™)
which leads to

1
gs(us(t)v ;Os(t)) < &;(us(t), ps(t)) + ) /(pgz(t) - (p+)2) dp < 58(”80)7 P+) < 5s(us(t), P)7

2

and (4.31) is proved.

Next we observe that if 1 € [0, +00) \ B, then u = 0 by Lemma 4.16. Hence F(p) = & (u(t), p) for every
p € WHP(£2) such that p < P, (t) in £2, and (4.32) is a consequence of (4.33). From the I"-convergence of Fj to F
we also have min F;, — min , and thus

Ee (Mk(t)» ;Ok(t)) kjo)o Ee (ue(t)a ,OS(I)),
and the strong convergence in W17 (£2) of py(¢) follows from Lemma 3.1. O
4.5. Energy inequality

We are now in position to establish the Lyapunov type inequality between almost every two arbitrary times. The
argument below is inspired from [13, Proposition 3]. It formally consists in taking u/, as test function in the variational
formulation of (4.25). Since we do not have enough time regularity, we will make this argument rigorous by working
at the time-discrete level and approximating u/, by a sequence of smooth functions.
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Proposition 4.18. For every s € [0, +00) \ Be and every t > s,
t
2
Ec(us (1), pe (1)) + f 1) 22 g dr < Eu(ite5), 00 (8)).
N

Proof. Let us fix ¢ € €°°(£2 x (0, T)) arbitrary. We define for each integers k > 0 and i > 0,

i+1
I

. 1
¢ (x) = pramy / ¢ (x,r)dr.
(Sk /
t’

Atastep i + 1, we can test the minimality of the pair (u"H, p,’(“) against the competitor (u}; + 8,’;+1¢,’;, p,i). It yields

i+1

Ee (u;€+l’pli+l) + 251+1 oy ”k“LZ(m
k
i i+1 i\2 i i (¢k)2
< Ee(uy, pp) +8; (ne + (01)") Vit - Vo + B(up — )i + >
2

L) [ (190 + (6))°)
2
According to Jensen’s inequality, we get that

5( l+1’p/t€+1)+ 1

2814—1 ” l+1

“i”iZ(Q)
gss(u;;,p;;)Jrf/[(ns+(p,g)2)vu;;.v¢+,s( )¢>+¢2}dxdr
i 2
+|6k|f/ VP + B%) dx dr.
tk

Let us consider the time-shift function £ : [0, +00) — [0, +-00) defined in (4.24). Setting u () := urp(£x(t)) we
rewrite the previous inequality as

t+1

Ee(u l+l’pll<+l /”vk(r)”LZ(.Q)

tll(Jrl
2

< Ee(uy, pp) + / /[(ns + (0 ) )Vuy - Vo + Blugy —g)o + 7] dxdr

i £
l]l(+l

+ [8k] / f |V¢| + B¢ )dxdr (4.34)
I

Let us now ﬁx s € (0, 400) \ B, and ¢ > s. Given k, we consider the two integers j > i > 1 such that s € (t,i_l, t,i]
and ¢t € (tk 2 B ]. Iterating estimate (4.34), we are led to
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Ee (ur (1), pr (1)) + / |9 72y

2
<€£(uk(s),,0k(s))+//|:(ng+(,0k)2)Vuk-V(b—i-ﬂ(u g)o + ? :|dxdr

T
+|8k|//(|V¢|2+,3¢2)dxdr. (4.35)

As in estimate (4.20), we have
||M,:(l") - us(r)|’L2(Q) g CV |8k| + ”Uk(r) - ué‘(r)”LZ(Q) kjo)oo

for every r > 0. On the other hand, sup,.> llu; (r)[ g1 (o) < 00 by Lemma 4.2. Therefore u; (r) — u,(r) weakly in
H'(£2) for every r > 0. Since P, (r) = pe(r) for a.e. r 2 0 by Corollary 4.10, we infer that p, (r) — p.(r) weakly
in Wl*”(.Q) for a.e. r > 0. In particular, p, (r) — p¢(r) uniformly in £2 for a.e. r > 0. Using those convergences,
the uniform bound 0 < p, < 1, Lemma 3.1, Lemma 4.16, and Proposition 4.17, we can pass to the limit in k in
inequality (4.35) (invoking Lebesgue’s dominated convergence theorem) to get

Ee (uet), pe (1)) + / | )| 72 dr

2
€ (e (5). pe () //[nﬁpg)ws Vo + Blus — 9+ o ]dxdr

Using Eq. (4.25), we now infer that

t
2
Ee(ue (1), pe(1)) + /||u (V)HLz(Q) (us(S),ps(S))+//[—u;¢+%]dxdr-
s Q2

By density, the previous inequality actually holds for any ¢ € L?(0, T'; L?(£2)). Choosing ¢ = ul, yields the an-
nounced energy inequality. O

5. Asymptotics for unilateral minimizing movements in the Mumford-Shah limit

The main goal of this section is to analyse the behavior of a unilateral minimizing movement as ¢ tends to zero. We
prove that in the limit ¢ — 0, we recover a parabolic type evolution for the Mumford—Shah functional under the irre-
versible growth constraint on the crack set similar to [13]. The result rests on the approximation of the Mumford—-Shah
functional by the Ambrosio—Tortorelli functional by means of I"-convergence proved in [5,6,29]. The main result of
this section is the following theorem.

Theorem 5.1. Let ¢, | 0 be an arbitrary sequence, ugy € HY(2) N L®(2), and ,08" determined by (3.1). Let
{(ug, . ps,)IneN be a sequence in GUMM(uo,pS"). Then there exist a (not relabeled) subsequence and u €
AC2([0, +00); L%(82)) such that

Pg, (1) = 1 strongly in LP (£2) for every t > 0,
ug, (t) = u(t) stronglyin L2(.Q)f0r everyt >0, (5.1

“/sn —~u weakly in L2(O, +o00; LZ(Q)).
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For every t > 0 the function u(t) belongs to SB V2(£2) N L®(R) with
o) HLDC(Q) <max{|lugll (@), 1gll=2) }- (5.2)
and Vu € L*(0, +00; L*(£2; RN)). Moreover u solves
u' =div(Vu) — B(u—g) in L*(0, +o00; L*(£2)),

Vu-v=0 in L*(0, +o0; H™'/2(382)),
u(0) = uo,

and there exists a family of countably 7€~ ~-rectifiable subsets {I" (®)}1>0 of §2 such that
1) I'(s)CI'(t)forevery0<s<t;

(i) Ju@ C I'(t) foreveryt > 0;
(iii) foreveryt >0,

/IW(:)| dx + NN (r @) + g/ ut)— g dx+/||u(s)”L2(.Q)
2

2

1/IVMOI dX+ﬂ/(uo—g)2dx

2 2

This section is thus essentially devoted to the proof of this theorem. To this purpose, we consider for the rest of the
section a sequence &, |, 0, and an arbitrary sequence {(us, , p¢, ) }nen in GUMM (ug, pg)-

5.1. Compactness and the limiting heat equation
We start by proving compactness properties for the sequence {(ug,, 0g,) }neN.

Proposition 5.2. There exist a (not relabeled) subsequence {ug,},en and a function u € AC 2([0, 400); L2(£2)) such
that (5.1) holds. In addition, u(t) € SBV?(§2) N L*(2) with (5.2) for every t > 0, and the mapping t — Vu(t) €
LZ(Q; ]RN) is strongly measurable with Vu € L*°(0, +0o0; L2(.Q; RN)). Moreover, for every t > 0 and any 0 <
81 < 8 < 1, there exists s, = sp(t,81,82) € (81, 82) such that the set E, := {pg,(t) < sp} has finite perimeter in £2,
g, (t) = (1 — xg,)ue, (t) € SBVZ2(§2) N L®(£2), and

e, (1) — u(t) strongly in L*>(£2),
g, (t) = u(t) weakly* in L™ (£2),
Viig, (t) = Vu(t) weakly Lz(.Q; ]RN).

Finally, for any open subset A C §2,

N A) < < liminf = f(1 — e, ) [V e, ()| dx,

A (5.3)
/|Vu(t)|2dx < 1irgiogf/(n5,, + 2 ()| Vue, 0| dx.
A

A

Proof. Step 1. We first derive a priori estimates from the energy inequality obtained in Proposition 4.18. Indeed
according to that result together with the minimality property (3.1) of pg”, we infer that for every ¢ > 0,

1
2 /(nen +,Og (t))’Vusn

2

(1= e, ()" dx
Q
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n ﬂ
/”M (S)”LZ(_Q) 8n (MO :0(8) ) 58,, (1o, 1) < / |VM0|2dx + E (uo — g)zdx~ (54
2
Then, applying Young’s inequality and using (2.2), we obtain
a p -1
O dx +—— [ (1= pe, )" dx > 5 / (1= pe, )" Vs, (0)| dx, (5.5)
"2 2
from which we deduce the following uniform bound
2 -1
|, |3 L20400:L2(2) T /(ng,, + 0% (1)) |Vue, ()] dx + /(1 — 06, (D)7 |V, (1) dx < Co, (5.6)
2 2

for some constant Cy > 0 independent of ¢, and ¢.

Step 2. We now establish the weak convergence of {u,} and the bound (5.2). Recalling that 0 < pg, < 1, the fact that

pe(t) = 1 strongly in L?(§2) for every ¢ >0,

is a direct consequence of (5.4). According to items (v) and (ii) in Lemma 4.5, the sequence {u,} in uniformly
equi-continuous in L?(§2), and for each 7 € [0, +00), the sequence {ug, (1)} is sequentially weakly relatively com-
pact in L?(£2). Therefore, according to Ascoli—Arzela Theorem, we can find a (not relabeled) subsequence and
u € AC%([0, +00); L*(£2)) such that ug, (t) — u(t) weakly in L?(£2) (and also weakly* in L°°(2)) for every ¢ > 0,
and u;, — u’ weakly in L%(0, +00; L*(£2)). In particular, (5.2) follows from item (ii) in Lemma 4.5.

Step 3. We now examine more accurately the asymptotic behavior of the sequence {u,,} as in [5,6,29], and prove (5.3).
Letus fix r >0, 0 < §; < > < 1 and an arbitrary open subset A of £2. According to the BV -coarea formula (see [3,
Theorem 3.40]),

1
A 0
)

2/(1 — )P N0 pe, (1) < s} N A) ds. (5.7)
8
Consequently, by the mean value theorem there exists some s, = s, (¢, §1, 82, A) € (81, 62) such that

P _

_ 8
/(1 — pe, )" |V e, (1) | dx > 2 5 O jpn- H(0*E, N A), (5.8)
" P
where E,, := {pg,(t) < s,} N A. Note that from (5.4) we have
1 Ce
N n
& (En) < m /( — Pe¢, (t)) m -0 asn— o0, (59)

for some constant C > 0 independent of n.
Let us define the new sequence

Ug, (1) == (1 — xE,)ue, (7). (5.10)
By (5.9) we have

||u8n(t) uS,;(t) ||L2(A) ||u8,1(t)||L00(_Q)V ZN(EI’!)_)O (511)
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as n — oo, from which we deduce that i, (1) — u(¢) weakly in L2(A). On the other hand, according to [3, Theo-
rem 3.84] we have i, (1) € SBVZ2(A) N L®(A) with
Jiig, (1) COEp,
Vi, (1) = (1 — xEg,) Ve, (1),
lite, (t)||LOO(A) < max{lluoll Lo (@), gl }-

By the energy estimate (5.6) together with (5.7) and (5.8),

- 1 C
[Vite, 022 o) < / P2 (0| Vue, 0P dx < 2,
; 52 J 5
and
Cop

N—1 N—1
AN Ty iy VA S AN THOTE, N A) < o7

We are now in position to apply Ambrosio’s compactness Theorem in SBV (see Theorems 4.7 and 4.8 in [3]) to
deduce that u(r) € SBV2(£2) (by arbitrariness of A), and that

Ug, (1) = u(t) strongly in L%(A),
e, (1) — u(t) weakly* in L™ (A),
Viig, (t) = Vu(t) weakly L*(A; RY).

In view of (5.11) we deduce that u,, (f) — u(¢) strongly in L2(2) foreacht >0 (again by arbitrariness of A). Next
Proposition 2.1 yields

2N (Juwy N A) <liminf 2V 1 (3*E, N A).
n— o0
Combining this inequality with (5.8) we get that
14 p N—1 ... P p—1
(85 = 87) A" (Juy N A) < liminf = / (1= 02, 0)" Ve, (0)] dx,

A

and the first inequality of (5.3) follows by letting §; — 0 and 6, — 1.
For what concerns the bulk energy, we have

2 2 2
f(n,;n + 0% (1))|Vue, (O] dx > 55 f Vg, ()| dx > 8} f |Vug, (1)|” dx.
A A\E, A\E,
Since ig, (t) = (1 — xg,)us, (t), we have Viig, (1) = (1 — xg,) Vg, (1) = Vu(t) weakly in L2(A; RY), and thus
. 2 2 24 . ~ 2 2 2
liminf [ (ne, + oz, (1)) |Vue, ()| dx > 8{liminf [ |Viig, ()| dx > 87 [ |Vu@)| dx,
n—00 n n—00

A A A
and the second inequality of (5.3) follows by letting §; — 1.

Step 4. It now remains to prove the strong measurability in L2(.Q; RN) of t > Vu(t), and that Vu € L*°(0, +o0;
L2(2:RM)). Givent >0 and 0 < &; < 8 < 1 arbitrary, let us consider as in Step 3 the set E, and the function
its, (t) € SBV?(£2) given by (5.10) with A = £2. Then,

(ne, + 02, (D) (1 = xE,) Vg, (1) = (ne, + pZ, (1)) Vi, (2).

Note that this last sequence is bounded in L?(£2;RN). Since Ps, (1) — 1 strongly in L?(£2) with 0 < pg, < 1, and
Viie, (1) — Vu(t) weakly in L?(£2; RV), we deduce that

(ne, + 02, () (1 = xE,) Vg, (1) = Vu(t)  weakly in L*(52; RY). (5.12)
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On the other hand, from the a priori estimate (5.6), the Cauchy—Schwarz inequality, and (5.9), we infer that for every
@ e E€X(2; RY),

/ (M6, + P2, (1)) Ve, (1) - ® dx
Ep

12 12
LI P— ( / (1ey + 02 ()| Ve, (1) dx) ( / (1ey + P2 () dx)
2

n

<N oogemyy/ Coll + 16, ) LN (Ey) — 0. (5.13)

By (5.6) and the boundedness of pg, , the sequence {(n;, + s, (I)Z)Vugn (1)} is thus bounded in L2(£2; RM), so that
(5.12) and (5.13) yield

(ne, + P2, (1)) Vg, (t) = Vu(t) weakly in L*(2; RY). (5.14)

Finally, Lemmas 4.3 and 4.5 ensure that, for each n € N, the mappings ¢ — (¢, + s, (I)Z)Vusn (t) are strongly
measurable in L2(£2; RN). Hence t — Vu(r) is weakly measurable in L2(£2; RN), and thus strongly measurable
owing to Pettis Theorem. The fact that Vu € L*°(0, +00; L?(§2;RN)) is a consequence of the second relation in
(5.3) together with the uniform bound (5.6). O

Our next goal is to pass to the limit as &, — 0 in the inhomogeneous heat equation solved by u,,.

Proposition 5.3. The function u solves the generalized heat equation

W' =div(Vu) — Bu—g) in L*(0, +00; L*(£2)),
Vu-v=0 in L*(0, +o0; H™'/2(382)),
u(0) = ug.

Proof. By Proposition 4.11, u,, is the solution of the following variational formulation: for every T > 0

T
//(u;,,¢+(ng,,+,o§")w8n-v¢+ﬂ(ugn—g)¢>)dxdt=0 forall ¢ € L*(0, T; H'(£2)).
0 £

According to Proposition 5.2, u/sn + Bus, — g) = u' + B(u — g) weakly in L2(O, T; LZ(Q)), so that it remains to
pass to the limit in the divergence term. Thanks to (5.14), for a.e. t >> 0 we have

/ (15, + 02, (D) Vite, (1) - V§ (1) dx — / Vu(t) - V(1) dx,
2 2

and by the dominated convergence theorem, we deduce that

T T

//(nsn+p€2)Vu8n-V¢dxdt—>//Vu-V¢dxdt.
n n—o00

0 22 0 2

Hence, passing to the limit as ¢, — 0 in the variational formulation yields

T
//(u’¢+w-v¢+ﬂ(u—g)¢)dxdt=0 forall ¢ € L*(0, T; H'(2)).
0 2

Finally, the initial condition #(0) = u¢ is a consequence of the fact that u,, (0) = uo together with the strong conver-
gence in L%(2) of ug,(0) tou(0). O
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5.2. Limiting crack set and the energy inequality

Our main goal is now to pass to the limit as &, — 0 in the energy inequality established in Proposition 4.18. We
first notice that Theorem 2.2 and Proposition 5.2 (with A = £2) immediately imply that for every ¢ > 0,

E(u) = %/|Vu(t)|2dx + N Tuy) + g /(u(t) —g)’dx < Hminf &, (e, (1), ps, (1))-
2 2

We emphasize that this lower bound only involves the measure of the jump set of u(z). It will be later improved
in Proposition 5.7 by replacing J,(;) by a countably # ~l_rectifiable set I'(¢) containing Ju() and increasing with
respect to ¢. This monotonicity property of the crack acts as a memory of the irreversibility of the process characterized
by the non-increasing property of ¢ — pg, (t) together with the non-decreasing property of the diffuse surface energy
&, established in Proposition 4.8.

To prove the assertion above, we fix an arbitrary countable dense subset D of [0, +00), and we consider for each
t € D and n € N the bounded Radon measure

en?”! p, P\ N
@) i= (| V0, ] + (1 = p, (1) ) 2V L 2.
P P én

By the energy inequality (5.4), we infer that the sequences {u, (¢)},en are uniformly bounded with respect to ¢ € D.
Then, a standard diagonalization procedure together with the metrizability of bounded subsets of . (R") yields the
existence of a subsequence (not relabeled) and a family of bounded nonnegative Radon measures {14 (¢)};cp (supported
in £2) such that

fn(t) = u(t) weakly* in .2 (RV) for every t € D.

We first claim that the mapping # € D — w(t) inherits the increase of the diffuse surface energy.

Lemma 5.4. For every s and t € D with 0 < s <t we have
n(s) < p(@).

Proof. Letus fix s and 7 € D with 0 < s <¢. Let B C RY be an arbitrary Borel set, and K C B C A where A is open
and K is compact. Let us consider a cut-off function { € €°° (RN [0,1]) suchthat { =1 on K and z =0 on RV \ A,
and let us define

ﬁn ‘= (e, )+ 1- ;)Psn ().

Note that p, € WP (£2), and since ¢ > s, we have p, < 0g, (s) in £2. As a consequence of the minimality property
established in Proposition 4.8, we have

Pras » a » et » o IO
V06, (5)] e (=0, )" Jdx < [ = =1VAI + 7= p)” ) dox.
n
2 2

4 P'én

Since Vo, = ¢V g, (1) + (1 — )V pe, (s) + (pg, (1) — pe, (s))VE, there exists a constant C > 0 (independent of n)
such that

/IVﬁnI”dx
2

< [1evp, @+ 1= 0., o))
2
+€ [ 1961000, = pe, ) (14 900, 0 ™ + V0, 0 419617 o (0 = 1, )] i
2

< f (€]0e, O] + (1= 0|V e, )] ") dx + C(1+ | Ve, O |7y + [ V06, ) [ ¥ s
2
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where we used Holder’s inequality and the fact that 0 < p., < 1. Hence,

un<s)(RN)</:dun<r)+f(1—¢>dun(s>+cgff*‘
RN RN

-1 -1 —1 -1 -1
+Cay! )/p(”(g’(lp )/pV,ogn (I)HZP(Q;RN) + ”g,(f’ )/PV,osn (S)”ZP(Q;RN))’ (5.15)

and passing to the limit as n — oo yields

R EY) < [ cdio = [ cduts) +uis) @)

RN RN

From this inequality we deduce that

R < [ cdno) < [ cdnw < pia,

RV RN

Taking the supremum among all compact sets K C B, the infimum among all open sets A D B, and using the outer-
inner regularity of the measures . (s) and p(r) leads to w(s)(B) < u()(B). O

We can now define a family of increasing cracks for times in the countable dense set D.
Lemma 5.5. There exists a family of countably 7N~ -rectifiable subsets {f ()}sep of 22 such that

° ﬁ(s)aﬁ(t)foreverysétwiths,teD;
° JM(S)EF(t)foreveryteDandogsgt;
° p,(t)>%N’]Lf(t)forevewteD.

Proof. For ¢ € D, let us define the upper density of w(¢) at x by

X) .= plt X n(t B
O (t, ): llm SUPM —limsu M

w rN—l ] N—1
r—0 N—1 r—0 wWwN-—-1T

for all x € RY, and the Borel set
K@) :={xeR": 0*(t,x) > 1} c 2.

Note that the monotonicity property established in Lemma 5.4 ensures that D 3 ¢ — ®*(t, x) is non-decreasing for
every x € §2. Consequently,

K(s) CK(t) foreveryO0<s <t withs,te€D.
Moreover, from standard properties of densities (see [3, Theorem 2.56]) we infer that for every r € D,
ANTILK @) < (o). (5.16)

Let us now fix r € D and s € [0, #] (not necessarily in D), and let A and A’ C RY be open sets such that ACA.
We consider a cut-off function ¢ € €° (RY; 10, 1]) such that =1 on AN £ and ¢ =0 on RV \ A’. Arguing exactly
as in the proof of Lemma 5.4, we obtain inequality (5.15) from which we deduce that

1 (5)(A) < / cdpun(s) < / ¢ dun(t) + CelP~V/P, (5.17)
RN RN

for some constant C > 0 independent of n. By (5.5) and (5.3), we infer that

liminf 1, (s)(A) = 2N "1 (Jus) N A).
n—oo
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Passing to the limit in (5.17) then leads to

Ao 0 < [ du <p ()
RN

Taking the infimum with respect to all open sets A’ containing A yields

/L([)(Z) > N1 (Jusy N A)  for every open set A.
In particular, since J,s) is countably "N ~!-rectifiable, we infer from the Besicovitch-Mastrand-Mattila Theorem
(see [3, Theorem 2.63]) that @*(t,x) > 1 for Nl ae. x € Ju(s)» and hence

Juis) CK (1) forevery s €[0,1]. (5.18)

The Borel sets {K (f)};p have all the required properties, except that they might not be countably .77V ~!-recti-
fiable. However, since #N~"1(K (1)) < 400 by (5.16), it is possible to decompose each K (¢) into the union of a
countably .V ~1_rectifiable set I (¢), and a purely N ~I_unrectifiable set K (¢) \ r (t) (see e.g. [3, page 83]). This
decomposition being unique up to .7V ~!-negligible sets, and Ju(s) being countably 77’ N—=I_rectifiable, we deduce
from (5.18) that

Ju(s) c 1:'(I) forevery t € D and s € [0, £].

Moreover, for s,t € D with s <t we have f(s) C K(s) C K(t), and since f(s) is countably 2N =1 _rectifiable we
finally conclude that I"(s) C I'(t). O

We now extend our definition of crack set for arbitrary times. We set for each ¢ > 0,

() := ﬂ Fyne.

T>t, 7€D

Lemma 5.6. For every t > 0, the set I'(t) is countably N~ -rectifiable, and it satisfies

e ['(s) C I'(t)forevery0<s <t;
o Jun C () foreveryt > 0.

Proof. Clearly {I"(t)};>0 is a family of countably 7 N-1_rectifiable sets satisfying I'(s) C I'(¢) forevery 0 < s < t.
Moreover, for t > 0 we have

%Nﬁl(]u(t) \ F(l)) =N (]u(,) \ ﬂ ﬁ(":)>

t>t,t€eD

=%N‘1( U (Ju<r)\ﬁ(f))>

t>t, t€D

< Y AV i\ () =0,

>t, 1€D

since Jy (1) C f(r) for all T € D such that t > ¢ by Lemma 5.5. Consequently, J, () Cr@®. o

We are now in position to improve the energy inequality by replacing the jump set of u(¢) by the increasing family
of cracks I'(t) constructed before.
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Proposition 5.7. For every t > 0,

1
1
5/‘Vu(t)|2dx+<%”N_l(F(I))+§/(U(f) —g)de+f!|U'(S>||i2<g>ds
2 2 0

1
< §/|Vu0|2dx+§f(uo—g)2dx.
2 22

Proof. Step 1. We first consider the case t € D. According to the energy inequality in Proposition 4.18, we have

t
1
3 [ O RO, OF b 0 R 15 [ a0 = 7t [
2 0

2
< &, (o, pg")-
Since j1, (f) — pu(t) weakly* in .2 (RN) and pu(r) > sV~ I by Lemma 5.5, we have
liminf w, (1) (RY) > n () (RN) = 281 (P (1)).
n—>oo

On the other hand the second inequality in (5.3) with A = §2 yields

liminf/(ngn +p£n(t)2)|Vu8n(t)|2dx > /!Vu(;)|2dx.
n—>oo
o Q2

Therefore,

t
1 A
5/\W(t)fdxJr%”f*"l(F(r))+g/(u(t) —g)zder/H“'(S)Hiz(mds
2 2 0

1
1
< liminf{i /(nsn + ps, (1)2)|Vu8n (t)|2dx + ;L,,(t)(RN) + g /(ugn (t) — g)2dx +/||u/€n (s) Hiz(m ds}.
0

n— 00
2 2

Then, by the minimality property (3.1) of p", we have
gé‘n (MO, 10(8)”) g SS;«, (MO, 1)

1 1
_ +2Usn /|vu0|2dx+§/(uo —g)%dx — E/IVuolzdx + g/(uo —g)dx,
2 2 $2 e
which leads to

t
1 A
E/|W(z)|2dxijfN*‘(F(r))Jrgf(u(t) —g)de+/||u’(S>||iz(mds
2 2 0

1
< E/IVuolzdx-l-g/(uo—g)zdx. (5.19)
2 2

Step 2. We now extend the inequality above to the case where ¢ > 0 is arbitrary. In that case, there exists a sequence
{t;} C D suchthat t; — ¢ with #; > ¢. By (5.19) we have

S_ug{H”(U)”Lw(m +| Vu(tj)”Lz(.Q;]RN) + '%ﬁNil(Ju(fj))} < 00,
je
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since Ju(,j) c f(tj) by Lemma 5.5. On the other hand, u € AC2(0, +00; L2(£2)) by Proposition 5.2, and thus u(#;) —

u(t) strongly in L2(0). Applying Ambrosio’s compactness Theorem (Theorems 4.7 and 4.8 in [3]), we deduce that
Vu(tj) = Vu(t) weakly in L2(£2:RN). Since I'(t) C I'(t;) for all j € N, we finally conclude that

t
1
5/‘Vu(t)|2dx+<%”N_l(F(t))—i—g/(u(z‘) —g)zdx—l-/”u’(s)”iz(mds
2 2 0
Zj
1 .
gnjrggf{zf|wa,-)|2dx+%N—1(r(t,-))+g/(u(tj)—g)zdx+/||u/(s)||iz(mds},
ko) 2 0

which, in view of (5.19), completes the proof of the energy inequality. O

Remark 5.8. Note that the limiting bulk and surface energies are continuous at time ¢ =0, i.e.,

1 1

138Ef\w(mzdx+§/(u(r)—g)2dx=5/|w0|2dx+§/(uo—g)2dx,
2 22 2 2

and

lim 2N ~1(I (1)) =0.
110

Indeed, arguing as in the previous proof (Step 2), we obtain that Vu(¢) — Vug weakly in L%(£2:RN) ast — 0. Since
u € AC%(0, +00; L*(£2)), we then infer from the energy inequality that

t—0

%/lvuo|2dx+§/<uo—g)2dx>lims”p{%/fw(”‘2dx+%N_1(F(’))+§/(”(t)_g)2dx}
2 2 $2 @
;limsup{1/|Vu(t)|2dx+é/(u(f)—g)zdx}
t—0 2 2
Q 2
(1 2 B 2
2]1}2151f{5/|Vu(t)| dx + E,/(u(t)_g) dx}
Q 2

1
>3 / VuoP dx + 5 /(uo — o)dx,
Q Q
and the conclusion follows.

6. Curves of maximal unilateral slope for the Ambrosio-Tortorelli functional

In the spirit of [4], we introduce in this section the notion of LZ(Q)—unilateral gradient flow for the Ambrosio—
Tortorelli functional in terms of curves of maximal unilateral slope, accounting for the quasi-stationarity and the
decrease constraint on the phase field variable p. To this aim, we first define the unilateral slope of £ by analogy
with the unilateral slope of the Mumford—Shah functional, see [20]. Then we prove that (generalized) unilateral min-
imizing movements provide specific examples of curves of maximal unilateral slope. We conclude this section with
a preliminary step toward the asymptotic behavior of the unilateral slope as ¢ — 0, and a discussion on the related
results of [20].

6.1. The maximal unilateral slope
Definition 6.1. The unilateral slope of &, at (u, p) € H'(£2) x WP (£2) is defined by

_ 5))+
{(58(”,,0) Ee (v, p)) . ,(SGWI’p(.Q), ﬁgpinﬂ}.

|0&|(u, p) := limsup sup

v—u in L2(2) p lv— ’4||L2(Q)
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The functional |d&,| is then extended to L?(£2) x LP(£2) by setting |0&;|(u, p) := +oo for (u, p) ¢ H'(£2) x
wlr(2).

The unilateral slope being defined, we can now define curves of maximal unilateral slope for the Ambrosio—
Tortorelli functional.

Definition 6.2. We say that a pair (u, p) : (a, b) — L2(£2) x LP(2) is a curve of maximal unilateral slope for & if
u€ AC%(a,b; L*(2)), p is non-increasing, and if there exists a non-increasing function A : (a, b) — [0, 400) such
that for a.e. 7 € (a, b), E (u(t), p(t)) = A(t), and

1 2 1 5
K@) <=3 [0 O 2y = 5106 (). p0). ©.1)
This definition is motivated by the following proposition which parallels [4, Theorem 1.2.5].

Proposition 6.3. If (u, p) : (a,b) — Lz(.Q) x LP(82) is a curve of maximal unilateral slope for &, then

||u(t)||L2(Q) 10& | (u(t), p(1)) forae. t€(a,b). (6.2)

Moreover, if t > E.(u(t), p(t)) is absolutely continuous on (a, b), then
t
Sg(u(t), ,o(t)) —i—/”u’(r)”sz(Q) dr = Eg(u(s), p(s)) for every s and t € (a, b) with s <t
N

Proof. Let A be as in Definition 6.2. Since A is non-increasing, A has finite pointwise variation in (a, b). Let us
consider the set

A= {t € (a,b): €g(u(t), p(t)) = A(t), A and u are derivable at t},

and observe that .2 ((a, b) \ A) =0
Let 7 € A. Since A is non-increasing, we have A’(r) < 0, and thus
A1) — A(s) . Eeu(t), p(1) — E(u(s), p(s))

N =-N@®= lim ———= lim
sit, s€A s—1 slt, s€A s—1

Using the fact that p(s) < p(f) when s > t (by the non-increasing property of ¢ +— p(t)) and the strong
LZ(.Q)—continuity of u, we infer that

|A(1)] <limsup sup (Eel®. ) = (). P 1) = M(I)HLZ(Q)
sltseA p<p() llu(s) —u(®l L2 5=

|a£€|(u(t)s P(I))”ul(t) HLz(Q)

On the other hand, |A'(t)| > Z 5 ||u (t)||L2(Q) %|858|2(u(t), p(2)) by (6.1), and (6.2) follows as well as the fact that

M) =—|lu (t)||L2(Q) Finally, if r +— & (u(t), p(t)) is absolutely continuous on (a, b), then for every s,t € (a, b)
with s <1,

t

t
Es(u(0), p(1)) = e (u(s). p(s)) = / V() dr =~ f Ju' )72 dr

N

which completes the proof of the proposition. O

We state below necessary and sufficient conditions for the finiteness of the slope, as well as an explicit formula to
represent it.
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Proposition 6.4. Assume that $2 has a €' '-boundary, and let D(|dE;|) be the proper domain of |0Es|. Then,
0
D(|0&]) = {(u, p) € H*(£2) x WhP(£2): a—” =0in H'/?(02), and
v

Ee(u, p) < E(u, p) forall p € WHP(82) such that p < p in 2 } (6.3)
In addition, for (u, p) € D(|0&]),

10E: 1, p) = [div((ne + p%) V) = B — &) ;@)

and

lull g2y < Ce(1+ ||VP||LP(Q;RN))y(|3ge|(147 p)+Bllu =gl + ||14||1-11(Q)),

where y € N is the smallest integer larger than or equal to p/(p — N), and C¢ only depends on n., p, N, and S2.

Proof. Step 1. Let us consider a pair («, p) such that |0&|(u, p) < co. For ¢ € HY(£2) with ¢ # 0, we estimate

58(u7 10) - gs(u - 8¢7 10)
Sllellz2 2

[0 |(u, p) > lim sup
840

: (/(ng +p?*)Vu - Vodx +,3/(u - g)(pdx). (6.4)
2

“ el
2
L2(£2)

By density of H L) in L2(£2) and the Riesz representation theorem in L?(£2), we deduce that there exists f €
L2($£2) such that

/(ns+,02)Vu-V(pdx—i-ﬂ/(u—g)(pdx:/fcpdx
2 2 2

for all ¢ € H'(£2). Hence u solves (A.1) with f= f — B(u — g). We then infer from Lemma A.l that u € HZ(SZ),
and that ‘g—]‘j =0in H'/2(382). Next, taking ¢ € H'(£2) such that ¢l 2(e) = 1, integrating by parts in (6.4), and
passing to the supremum over all such ¢’s yields the lower bound

10E: 1w, p) = [|div((ns + p*) Vie) = Bu = &) 12
We now claim that the following minimality property for p holds:

Eeu, p) < Es(u, p) forall p e WHP(£2) such that p < p in £2. (6.5)

Since |0&|(u, p) < +0o0 we can find sequences {v,} C HY(£2) and {on} C WP (£2) such that v, — u strongly in
L*(£2),

On = argmin{gs(v,,, p): peWhP(2), p<pin .Q} foreachn € N,

58(”"7 pn) <g&'(uv p)v (66)
and

fimsup S0P = EeQup) e ) 6.7)

n—00 llvn — "‘||L2(9)

By (6.6) the sequence {Vv,} is uniformly bounded in L?(£2; RY). Hence, for a suitable subsequence (not relabeled),
Vo, 22V 2 — |VuPLNL 241

weakly* in .# (R") for some nonnegative Radon measure u € .# (RV) supported in £2. Let us now consider the
following functionals on W7 (£2) defined by
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1 2 oA
. Evn, p) if p < p, . 5s(u,,0)+—/(778+/) Ydu if p<p,
= d = 2
Fn(0) { 400 otherwise, and - F(p) o

+00 otherwise.

A similar argument to the one used in the proof of Proposition 4.17 (Step 1) ensures that F,, I"-converges to JF for
the sequential weak W7 (§2)-topology. Since the sublevel sets of F,, are relatively compact for the sequential weak
WP (§2)-topology (uniformly in 1), we infer from the I"-convergence of F,, towards F that

&y, pp) = min F, — min F.
Wlr(2) Wlr(2)

On the other hand, by (6.6) and (6.7) we have & (v, pn) = & (u, p) from which we deduce that

Ee(u,p)=min F =min{F(p): pe W'P(2), p<pin 2}
Whr(2)

We conclude from this last relation that = 0 and that (6.5) holds.
Step 2. Conversely, we show that if a pair (u, p) belongs to the set in the right hand side of (6.3), then |0&|(u, p) < 00
and [0 |(u, p) < ldiv((ne + p*)Vu) — B — &)l 12(q2)-
Consider a pair (u, p) € H*(£2) x WP (£2) satisfying 3“ = 0 in H'/2(3£2) and
58(”7 IO) < gs(us ﬁ)

for all p € WhP(£2) such that 5 < p in £2. Note that u € W7 (§2) for every r < 2* by the Sobolev Imbedding, and
since p > N, the product Vu - Vp belongs to L%(£2) and p € L*®(£2). Hence,

div((ne + p?)Vu) = (ne + p?) Au+2pVp - Vu € L*(£2),
and consequently, it is enough to check that
10E: 1, p) < [[div((ne + p*)Vau) = B = &) 1)
Consider a sequence {v,} C H'(£2) converging strongly to u in L2(£2) such that

E(u,p)—E oNT L . .
108, (u. p) = lim sup{( e 0) =8 n D)7 5 yin g, p<pm9},
n—00 lon — ullp20)

and let

pn = argmin{&, (vy, p): p € WP (£2) such that p < p in 2}.

Then
sup (E (. p) — Ee(Wn, §) T < (Eeltts p) — Ecvn, )
p<p
so that
_ +
9E.1(. p) = lim (& (u, p) — E(vn, pn)) _ 638)
n—00 lon — M||L2(_rz)

If for infinitely many n’s we have & (v, pn) > E:(u, p), then |d&|(u, p) = 0 and there is nothing to prove. Hence
we can assume without loss of generality that & (v, o) < & (u, p). In particular, {p,} is uniformly bounded in
whr($2), and {v,} is uniformly bounded in H 1(2). Asa consequence, for a subsequence v, — u weakly in H 1(2)
and p, — p, weakly in WP (£2). From Lemma 3.1 we infer that p, < p in £2, and

Ee(u, py) < lilfgicgfgs (Vn, o) < limsup & (vy, o) < E:(u, p). (6.9)

n— oo
By the minimality property of p, we have that & (u, p) < & (u, ps) which leads to & (u, p) = E:(u, px). By unique-
ness of the minimizer (due to the strict convexity of & (u, -)), we deduce that p, = p. Then Lemma 3.1 and (6.9) with
o« = p shows that p, — p strongly in W7 (£2).
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We now estimate

Ee(u, p) — E(n, pn) < E(u, pn) — E (v, pn)

g[(n€+pﬁ)vM.(vM—VU,,)dx+,3/(u—g)(u—vn)dx
2 2

=— /(u — v,l)(div((n€ + p,%)Vu) —Bu — g)) dx.
2

Note that in the last equality, there is no boundary term since g—"j =01in H'/2(3£2). Moreover, since u € H*(§2) and
on € WHP(£2), we have div((n, + pZ)Vu) € L?(£2). Applying Cauchy—Schwarz inequality we obtain

Eeu, p) — E (v, pn)
lvn — u||L2(Q)

< ”div((ne + ,o,zl)Vu) —Bu—g) HLZ(.Q)'
Since H2(£2) < W17 (£2) for every r < 2* and p, — p strongly in W17 (£2), we get that
div((ns + p,%)Vu) = (775 + p,%)Au +20,Vo,-Vu njgo(ng + pz)Au +2oVp-Vu= diV((ns + pz)Vu)

strongly in L2(£2). Hence

Ee(u, p) — E(vy, P
n—00 lvn —ull 22

) .
< div((me + pz)V”) —plu—g) ||L2(S2)'
Together with (6.8), this last estimate gives the desired upper bound for the slope [9&;|(u, p).

Step 3. Let (u, ,0~) € D(|0&;]). By the previous steps, f = —div((n. + ,oz)Vu) +Bu—g) e L%(£2) and u solves
(A1) with f = f — B(u — g). Applying Lemma A.l we find that

lull 22y < Ce(L+ VPl Loy (1 2@y + lull g1co))
<Ce(1+ ”VPHLP(_Q;RN))V(|a£€|(u’ p)+ Bllu—gll2o) + ||M||H1(_Q)),

and the proof is complete. O

The expression of the slope and the characterization of its domain provided by Proposition 6.4 enables one to show
the lower semicontinuity of |d&,| along sequences with uniformly bounded energy.

Proposition 6.5. Assume that 2 has a €''-boundary. Let {(un, pp)inen C L*(£2) x LP(82) be such that
Sup,en Ee(Un, pn) < 00 and (un, pp) — (u, p) strongly in L2(2) x LP(82). Then,

[0&|(u, p) < liminf [d&|(up, pp).
n—00

Proof. Let us assume without loss of generality that liminf,, [0&,|(u,, p,) < 00, and extract a subsequence {ny} such
that

liminf [0 | (. pu) = Tim (€|, puy).
n—oo k—o00

Since & (upn,, pn,) is uniformly bounded with respect to k, we deduce that the sequence {(uy,, ps,)} is uniformly
bounded in H!(£2) x WP (£2). Moreover (Uny, Pny) € D(|0&¢]), and as a consequence of Proposition 6.4, we deduce

that {u,, } is uniformly bounded in H?(£2), and that ag:k =01in H'/2(3£2). Whence Pn, — p weakly in whr(),
up, — u weakly in H 2(£2) for a (not relabeled) subsequence, and g—‘“} =0in H'/2(382). By the Sobolev Imbedding
we get that p,, — p in (Ko(ﬁ), while u,, — u strongly in H 1 (£2). Thanks to the uniform convergence of p,, to p,
we may argue as in the proof of Proposition 4.17 (Step 1) to show that the sequence of functionals Fj : W7 () —

[0, +00] defined by
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Fo(p) = {Sg(unk, p) if p < ppy, (6.10)

+00 otherwise,

I'-converges (with respect to the sequential weak W7 (£2)-topology) to the functional F : WP (£2) — [0, +-00]
given by

Eeu,p) ifp<p,

6.11
400 otherwise. ( )

Fp) = {
Since

pn, = argmin Fi(p),
pEWLP(2)

and p,, — p weakly in WP (£2), we infer from the I"-convergence of Fj toward F that

p = argmin F(p).
pEWP(2)

By the expression of the domain of the slope provided by Proposition 6.4, we infer that (u, p) € D(|d&|). From the
established convergences of (u,,, 0, ) we deduce that

div((ne + o, ) Vitn) = (ne + p3.) At + 200,V oy - Vit
— (1e + p*) Au+2pVp - Vu = div((ns + p*)Vuu)
weakly in L?(£2). Using now the expression of the slope given by Proposition 6.4, we conclude
liminf |9€ | (un. p) = i |0E¢ |Gty pi)
= klir20||div((n8 + ,o,%k)Vunk) — Bun, — 8) ||L2(.Q)
> ”div((ns + 102)V“) —Bu—g ”LZ(Q)
= [0&|(u, p),
which ends the proof. O

For completeness (and possible future investigations), we finally prove that the energy is continuous along conver-
gent sequences with uniformly bounded slope.

Proposition 6.6. Assume that $2 has a €' -boundary. Let {(uy,, pp)}neny C L*>(82) x LP(82) be such that

Sug{&s(una on) + 10E: | (uy, ,0,,)} < 00,
ne

and (i, pn) = (u, p) strongly in L>(2) x LP(82). Then Es(uy, pn) — E(u, p) as n — oo.

Proof. Arguing as in the proof of Proposition 6.5, we have u, — u weakly in H>(£2) and p, — p weakly in W7 (£2)
with (u, p) € D(]d&;|). By the Sobolev Imbedding, p, — p in €°(£2) and u, — u strongly in H'(£2). Hence the
functional F,, : WP (£2) — [0, +00] defined by (6.10) (with n in place of ny) I"-converges (with respect to the
sequential weak Wl'l’(.Q)—topology) to the functional F : W17 (£2) — [0, +00] given by (6.11). By the convergence
of the minimum values, we infer that

Ee(up, pp)= min F, — min F =E:(u, p),
Wl,p(_Q) n—o0o Wl.p(_Q)

and the proposition is proved. 0O
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6.2. Existence of curve of unilateral maximal slope

The main result of this section asserts that (under a mild assumption on 9d$2) any unilateral minimizing movement
is actually a curve of maximal unilateral slope for the Ambrosio—Tortorelli functional. For simplicity, we shall use
again assumption (4.1) on discrete trajectories. We refer to [7] for the general case.

Theorem 6.7. Assume that 2 has a ‘51’]-b0undary, and let (ug, pe) € GUMM (uy, ,08). If (ug, pe) is a strong

L2(2) x LP(2)-limit of some discrete trajectories {(ux, px)}xeN obtained from a sequence of partitions {8y }xeN
of [0, +00) satisfying |8x| — 0 and (4.1), then the mapping (ug, pe) : [0, +00) — L2(£2) x LP(82) is a curve of
maximal unilateral slope for ;.

Proof. Let us define foreach k e Nand ¢t > 0, Ax(f) := & (ur (t), pr(t)). By Lemma 4.2 the function Ay : [0, +00) —
[0, +00) is non-increasing and bounded uniformly with respect to k. By Helly’s Theorem for monotone functions we
can find a (not relabeled) subsequence of {k,} such that

Ak, (1) —> A(t) foreveryt >0,
n—o0
for some non-increasing function A : [0, +00) — [0, 400). Then we infer from Lemma 4.16 and Proposition 4.17 that

At =&, (ug(t), Pe (t)) for every t € [0, +00) \ B;.
Repeating the proof of Proposition 4.18 yields for any 0 < s <1,

t
A(r)+f||u;(r)||iz(mdr < AGs).

According to Propositions 4.11, 4.17 and 6.4, we have |0&|(ug(r), pe(r)) = ||u;(r)||Lz(_Q) for a.e. r > 0. Conse-
quently, if 7 is a point of derivability of A,

t t
1 1
MO =2 <=3 / e ()] 32y dr — 3 / 18E:1? (us (r), ps () dr,

and the conclusion follows by dividing the previous inequality by t — s > 0 and sending s — ¢. O

Remark 6.8. It turns out that any curve (u, p;) : [0, +00) — L2(82) x LP(§2) such that u, € L>®(0, +00; H' (£2)) N
AC?(0, +00; L*(£2)), pe € L%(0, +00; WLP(£2)), t = pe(t) non-increasing, and satisfying (4.2)—(4.3)—(4.4) is a
curve of unilateral maximal slope.

Remark 6.9 (Non-uniqueness for the system of PDE’s). Let us consider a given curve of unilateral maximal slope
(ug, pe). We are going to construct a different solution (it,, pg) from (i, pg) of system (4.2)—(4.3). To this aim, let
us assume without loss of generality that = 1 is a point of continuity of ¢ — & (u. (1), pe(¢)), and that p, (1) #£ 0.
Choose pf € W1-P(£2) such that 0 < P} < pe(1) and different from p,(1). Denote by p{ the unique solution of

min{& (us (1), p): p € WHP(2), p < pf in 2},
and let (vg, 0¢) € GUMM (ue (1), py). Considering the new curve (ii¢, o) defined by

(e (1), pe(2)) ifo<r <1,

(). 7:(0) = { (et — D, opt = 1)) ifr>1,

we have
ii; € AC?([0, +00); L*(£2)) N L*(0, +o0; H' (£2)),
fe € L(0,4+00; WP (2)), 0< :(t) < pe(s) <1 foreveryt >s5>0,

and (i, ps) solves the system (4.2)—(4.3). However, one can check that energy inequality (4.4) fails. In particular it
is not a curve of maximal unilateral slope.
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6.3. Relation with the unilateral slope of the Mumford—Shah functional
In [20], a notion of unilateral slope of the Mumford—Shah functional has been introduced. In that paper, the
Mumford-Shah energy is slightly different from the one we consider here (see (2.3)). It is rather given on pairs

(u, K) by

1
Eu, K) :=5/|Vu|2dx+%’v*‘(1<)+g/(u—g)zdx,
2 2

where u € SB V2(.Q) and K is a subset of §2 satisfying N1 (K) < oo and J, C K. The related unilateral slope of
&, is then given by

Exu, K) — &, KU )T
061, K) = limsup  x0K) & @ KUADT

v—u in L2(£2) lv—ullz20)

In [20], the authors proved that if |0E,|(u, K) < 00, then div(Vu) € L2(£2), and that a weak form of

— =0 onK
av

holds, where v denotes a unit normal vector field on K. They also obtained the inequality |0&|(u, K) > ||div(Vu) —
B — &)l 12(e). and that equality holds if u and K are smooth enough. By means of an explicit counterexample,
they have shown that |d&,| is not lower semicontinuous for any reasonable notion of convergence. In view of this
result, they have introduced a notion of relaxed slope corresponding to a lower semicontinuous envelope of [0&| with
respect to a suitable sequential topology. More precisely, the relaxed slope |d€,| is defined for a pair (u, K) in the
domain of &, by

0EI(u, K) := infil}ilrgggflag*l(un, Kn)},

where the infimum is taken over all sequences {(u,, K,)},en such that u,, — u strongly in L%(£2), Vu, = Vu weakly
in_Lz(.Q; RY), and Knoz—converges to K (see [15, Definition 4.1] for a precise definition). They established that if
[0€«|(u, K) < 00, then there exists f € L2(£2) such that

—div(Vu) = f in L2(£2),
|Vul?> —divuVu) < fu in 2'(2), (6.12)
Vu-v=0 in H12(382).

Again, there is an inequality [3€,|(u, K) > [|div(Vu) — B(u — g)  22(s2)- and equality holds in some particular cases.
Note that, in the case where u and K are smooth enough, the first line in (6.12) implies the continuity of g—‘: across K,
and the second one is then a weak reformulation of
(u+ —u_)a—u >0 onKk,
av
where u™ are the one-sided traces of u on K according to the orientation v.

In our context, the analogy between the definitions of the unilateral slopes |0, | and |0&,| is quite clear, and it was
actually one of the motivations to introduce |d&;|. In view of the relation between the Ambrosio—Tortorelli functional
and the Mumford—Shah functional in terms of I"-convergence, a very interesting issue would be to find a precise
relation between |9E.| and the asymptotic behavior as & | 0 of |d&,|. Even if we do not pursue this issue here, we
prove for completeness that a conclusion similar to [20, Proposition 1.3] holds for |d&;|. For simplicity we only state
the result in terms of the asymptotic limit obtained in Theorem 5.1.

Proposition 6.10. Assume that §2 has a ¢l -boundary. Let u € AC2([0, +00); L%(2)) be the limiting curve obtained
in Theorem 5.1. Then, for a.e. t 2> 0, we have

[div(Vu(r)) — B(u) — g) ||L2(_Q) < 1inniggf|asgn |(ue, (), ps, (1)) < 00, (6.13)
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and

IVu@)|* = div(u() V() < —u(@) div(Vu(®) in 7'(2).

Proof. From Proposition 6.4 and (4.25) together with (5.4) and Fatou’s lemma, we first deduce that

+00 +00

/liminf|8€8n|2(u£n(t),,ogn(t))dtgliminf/ 108, 1* (s, (1), pe, (1)) dt < C,
n— o0 n— oo

0 0

for a constant C > 0 independent of . Hence there exists an .#’!-negligible set £ C (0, +-00) such that
liminf [0, | (g, (1), pg, (1)) <00 fort € (0, +00) \ L.
n—od
Let us now fix t € (0, 400) \ £ and extract a subsequence (depending on ¢) such that
lim [9&;,. |(u8n,(t), ,ogn,(t)) = 1iminf|358n|(u8n (), pe, (t)).
j—o00 J J J n— 00
By Proposition 6.4, the sequence {diV((nsn/ + ,03 (t))Vugni (¢))} is thus bounded in L2(£2), and in view of (5.14) we
g nj g
deduce that
div((ne,, + 02 (1)) Vg, (1)) — div(Vu(r)) weakly in L*(£2). (6.14)
J nj J

Then (6.13) follows from the convergences in (5.1), and the lower semicontinuity of the L>(£2)-norm.
Using again Proposition 6.4, we next notice that

/ (e, + 2. (1)) |V, (0 0 dx + / e, (1) (Ne, + Pz, (1)) Vi, (t) - Vo dx
2 2
= [0 div((n, + 52, 0) Ve, ) o
2

for any nonnegative function ¢ € Z(£2), and the conclusion follows from (5.14) and (6.14). O
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Appendix A

The goal of this appendix is to prove the auxiliary elliptic regularity result used in the proof of Lemma 4.2 and
Proposition 6.4. We would like to stress that the following result strongly relies on the fact that the dissipation energy
has p-growth with p > N.

Lemma A.1. Assume that 2 has a €"'-boundary. For f € L*(2) and p € W'P(82), let u € H'(£2) be a solution
of
—div((ne + p*)Vu) = f in H ' (£2),

(A.1)
(ne +p*)Vu-v=0 in H'2(382).

9
Then u € HX(2), a—” —0in H'/2(302), and
v
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el <Ce(1+ Vol Lrorm) (171 + llull )
H2(2) X Ce PliLr(2;RN) L2(£2) H'())»
where y is the smallest integer larger than or equal to p/(p — N), and C, only depends on ng, p, N, and §2.

Proof. Step 1. We claim that
ou

— =0 inH "?00). (A.2)
av
To prove this claim, we first rewrite the equation as
—Au = 20 2V,0~Vu+ 5 in 7' (). (A.3)
Ne +p Ne +p

Hence Au € L9(82) with g :=2p/(p + 2) by Holder’s inequality. Then we observe that ¢’ := g /(g — 1) < 2* since
p > N,sothat H!(£2) < L4 (£2) by the Sobolev Imbedding. Hence the linear mapping

(peHl(.Q)r—> /(VM'V(p—i—(Au)(p)dx
Q

is well defined and continuous. Consequently, # admits a (weak) normal derivative 3—5 on 352 which belongs to the
dual space H~!/2(3£2), and for any ¢ € H'(£2),

ou
<—,<Pa.(2> =/(VM-V<P+(AM)§0) dx
av (H—I/Z(ag)’Hl/Z(ag)) o

_ 2 % 20
—/(Ug-f-/) )VM~V( n 2>dx+/<Au+Tp2Vp~Vu><pdx.
Q Q

Ne T P Ne

We observe that in the second equality above, we have used the fact that ; -(ipz € H'(£2) whenever ¢ € H' ().
Indeed,

\% 200V
v( @ > 7 POVE 120,

ne+p2)  netp2  (ne+pH)?
since ¢ € LY (£2), 0 €L>®(2),and Vp € LP(§2) with p > N. In view of (A.1) we have

/(na+02)Vu~V< Ld )dx: e dx,
2

Ne + p2 J Ne + p?

and by (A.3),

2
/(Au+ p 2V,0-Vu>(pdx=— f(p2dx,
A Ne +p A Ne +p

from which (A.2) follows.

Step 2. We now prove that u € H?(£2). By the previous step, u € H' (£2) satisfies

AueLi(Q),
9

{ M_0 inH200).
ov

By elliptic regularity (see e.g. [32, Proposition 2.5.2.3 & Theorem 2.3.3.6]), we deduce that u € W>%(£2) with
2
go:=q= p—fz, and

el 240 () < C(I1Aull Lao(2y + llull a0 (2))-
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for some constant C > 0 only depending on N, p, and £2. Observing that the function ¢ — /(1. + t%) is bounded,
we derive from (A.3) and Holder’s inequality that
lully2aog) < Ce(1f 122y + VPl Lo rm VUl 202 m8y + Nl 22))
< Ce(L+IVollLr@imm) (1f 22 + lull @)

where we used the fact that gg < 2. By the Sobolev Imbedding, we have u € w4 (£2), and thus Vu - Vp € L1 (§2)
with

1 1 1 . 2Np
—=—+—, le, qi=—7——
qa p 90 (N—=2)p+4N~
Note that g > 2 if and only if p > 2N, so we have to distinguish the case p > 2N from the case p < 2N.

Case 1). Let us first assume that p > 2N. Then Vu - Vp € L2(.Q) with
IVu- Vel < ClIVu - Vellia@) S CIVellLr@rm IVl g o pvy S CIVRILr @iy 10l w20 0)-
Using again (A.2)—(A.3) and the elliptic regularity, we infer that u € H?(£2) with the estimate

lull 22y < C(I1Aull 2y + lull2¢))
< Ce(If 2@y + IV ol Lo @immy el a0 o) + il 2(2))
<C(LH 1Pl Lo mm) (1 2y + el )-
Case 2). If p <2N then g1 < 2, and we have u € W2a1(£2) by (A.2)—(A.3) and elliptic regularity, with the estimate

Nl 2.4y ) < C8(||f||L2(Q) +1IVellLr2) ||u||W2~‘IO(Q) + ||u||L2(Q))

2
< Ca(l + ||V,0||LP(.Q)) (||f||L2(Q) + ||u||H1(Q))- (A4)
In particular, Vu € L9 (2) by the Sobolev Imbedding since g1 < 2 < N. We then continue the process by setting
1 1 1 i 2Np
—=—4+ > Le, ¢qi'=
qi P q (N-=2)p+2@+1)N

as long as g;—1 < 2, thatis i < y. Since g, 1 > 2, iterating estimates of the form (A.4) we obtain

lull g2y < Cs(||f||L2(S2) +1IVollLrery) lully2q,- 2t ||M||L2(S2))
< Cs( + ”V:O”LP(_Q;RN)) (||f||L2(Q) + ||’4||H1(Q)),

and the proof is complete. O
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